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1. Introduction.

e

e The omega-value of a matrix [a the formal definition of which

i1
is given in Section 3, is a function of a parameter ¢ and is obtained,
P roughly speaking, by applying an infinite chain of min and max operations

to convex combinations of the entries. As the already well established

Von Neumann's value

R A e

SRS
RIS

; the omega-value seems to be a mathematical concept interesting enough to

be studied on its own merit. However, like the Von Neumann's value before
+t, the omega-value has been born by game theory, and it was in that

b framework the author was first introduced to the omega~value by its father
i . John M. Danskin. We, therefore, include a section (Section 2)

i containing a brief description of the game-theoretical motivation leading

to this concept. The reader may, if he so wishes, skip that section with-

out any loss of continuity.

%é The main purpose of this paper 1s to show that the omega-value, as

-1.
defined in Sec. 3, exists for any matrix and can in fact be cbtained

explicitly from some systems of nonlinear equations. These results are

contained in Sec. 6. In the preceding two sections we study certain trans-

formations which serve as the main tool for the subsequent results. Some

general properties of the omegz-value and a formula for the two-by-two

case are also established.

TSee Remark on page 24.
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2. A matrix-differential game.

Consider a two-pcrson, zero-sum game with a payoff matrix [a,.],
where, as customary, Player 1 controls the row index and Player 2 the
column index. Unlike the usual matrix game, however, this game is tu be
played continuously for one unit of time and we wish to allow each player
to react "instantaneously" to his opponent's previous choice. The entries
aij are supposed to represent instantaneous payoffs in the sense that if
during some small time interval At the players play i and j respec-
tively the payoff to Player 1 is aijAt. Payoffs are assumed to be accumu-

lated during the course of play and thus one would be tempted to write the

total payoff as an integral

Of course, since the players are supposed to be able to change 1 and j
instantaneously the above symbol is meaningless. C(learly, we have to find
some other way to express the total payoff.

Such a problem, in a more general context of differential games,
has been encountered before. In his book on differential games [2] Rufus
Isaacs suggested an idea (attributed by him to Samuel Karlin) of first
permitting each player to change their control variables only at a fixed
sequence of time instances, and then letting the lengths of the resulting
time intervals shrink to zero in some orderly way. Many sophisticated
variants of this idea have been introduced since, most of which can be
found in recent Danskin's book [1}. It was also John Danskin who proposed
a specific approach to the matrix game described above, which he calls a

matrix—-differential game.

o
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The unit time interval [0,1] is first divided into n equal

subintervals E%?ﬂgﬂ, k=1,...,n. Each of these subintervals is further

n

subdivided into two parts in a fixed ratio o¢/(l1-0), where 0 <0 <1

¢ is a parameter. One of the players, say Player 2, is then allowed to change

the column index only at time instants tk = Eﬁl while Player 1 may change

the row index only at tk + %. Notice that the fraction ¢/(1-0) can be

interpreted as the ratio of reaction times of the two players. The trouble-~

some integral then becomes a finite sum

+%a . +Q§Qai.,
n-lJn an

and the game itself is now a well defined finite game with perfect informa-

tion and with alternate moves. Hence it has a pure Von Neumann's value

n
. 1

Qn(c,io) = m}n max ... m%n méx - Z oa, ; + (1 o)ai 3
Y i1 kel ek Kk

depending, of course, on n and the 1nitial row index 1 The next step

0"
is to let n increase to infinity. If the sequence Ql(c,iO),Qz(o,iO),...

converges and its limit is independent of iO then this limit Q(og) is

the omega-value and can be regarded as a solution of the matrix-differential

1.

game [aij

Alternate approach is to assign the time instants e to Player 1
and tk + lﬁg to Player 2. Here o must be replaced by 1-0 to preserve

the reaction time ratio. Clearly, if the whole idea is sound this ought to

lead to the same Q(o). As will be shown later it indeed does.




3. Definition of the omega-value.

Throughout this paper let A = [aij] be an N x M matrix with
real entries aij and with I and J being reserved for the sets of ,
its row and column indices. The letter o will always denote a real

number in the interval [0,1]. To simplify the notation we abbreviate

k _ _
Aij(o) = dakj + (1 o)aij, (3.1)
and
Z = —
Bij(o) = (1 c)aiz + oaij, (3.2)

dropping the variable o whenever possible.

Definition: Let fer every n = 1,2,..., i0 €I, j0 €J and ¢ € {0,1]

n ik—l
min max ... min max 2 Ai . (9,
5,69 1,€1 €74 € " kel kK

(1)
Qn (c,io)

AN
Qéz)(o,jo) = max min ... max vin-% Bik ; (0).
. Il - b}
: 1€ 3,65 1erj ekl klk
- 1f 1w @ (6,1 ) and 1im 2% (0,5.)
n 0 n 0
n—m n>re

RERE e P e
RN ST T RO
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both exist, are independent of iO and jO’ and are equal then their

common value §(0) 1is called the omega-value of the matrix A.
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E* 4. The min-max transformation.
N -
g.. Let R be the space of all N-tuples x = (xl,...,xN) of real
FE numbers endowed with the maximum norm
1 lxll = max | x, |-
i€l

Also let X be a subset of RN defined by

x = {x € R ¢ ||x|| = |la]lt,

where

1Al = ey s | a;; |-

For every A € (0,1] we define a transformation

Do = @ o, o1y ()

{rom X into RN by

Tél)(l;x) = min max [AAij + (l—k)xi], k €1, (4.1)
j&J i€l

where Aij {s the expression (3.1).

We are now ready to investigate some properties of this transforma-

tion.

Lemma 1: For any A € 0,11

x €X = T(l)()\;x) € X.

llT(l)(A;x)H = max | T(l)(k;x) | =< max max max | )\Alfi + (=A% |
k€I KEL €I 167 =2

< llaf+ a-ofxl = fiall -

it e 3T ‘
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Lemma 2: For any A € (0,1], x € X, x' €X,

% It 00 - TP x| = @a)f|xx' ||

Proof: We apply the well-known inequalities

| min a, ~min B, | < max | a, -8, | , (4.2)

jel 3 g ) jeg 43

- B (4.3)

| max @, - max Bil < max | a

i
i€l i€l i€l

i

which hold for any real aj's and Bj's. We obtain

I[T(l)(k;x) - T(l)(k;x')” = max I min max [AA%, + (1-))x, ]
<€l jey ier M +

k
- min max [AA?, + (l—A)xi] | < max max | max [AA

C+ (1-0)x, ]
j€J 1i€I J kel jer  ier 1

- max [AAEj + (1—X)xi]|s max max max I (l—A)(xi-xi)|= (l—A)“x—x'”.

i€l k€l j&J i€l

Theorem 1: For every X € (0,1] there is a unique fixed point

X)) = T(l)(x;'f(x)).

(1)

Proof: By Lemma 2 the map T is for any fixed A € (0,1] a contrac-

tion and by Lemma 1 it maps a closed, bounded set X into itself. Hence,

the statement follows by the classical Banach's fixed point theorem.

To find out how the fixed point X()) changes with A we first

need the following lemma.

Lemma 3: There exists AO >0 and p = (p(L),...,pA)), q= (q(l),...,q(N)),

p(k) €I, q(k) €J, k €I, such that for every A € (O,AO], X(\) is

the unique solution of the linear system




Qg R T R L

7
% () = a8k + AT () k€T (4.4)
k p(k),q(k) p(l) "’ ' )
Proof: Let P denote the set of all N-tuples p = (p(1)y...,p(N)) of

row indices p(k) € I, let Q be the set of all N-tuples q = (q(1),...,

q(N)) of column indices q(k) €7J.
Since by Theorem 1 the system of equations

X, = min max [AA?. + (l-x)xi], k €1 (4.5)
jeJ i€l

has a unique solution x = X(\) for every A € (0,1], there is, for every

such A, a p€P anda ¢ € Q such that

~ N
+ (l—A)Xi(A)] - AAp(k),q(k)

. k
min max [AAij

j€1 i€l
+ (1—x)§b(k)(x) = §L(A), k € 1. (4.6)

Consider now the system of linear equations

< k€1, .7)

Xt A0 gy = Moy g (k)

where p €P, q €Q, and let Vp(l) be the determinant of such a system.

Since clearly Vp(l) = 1 the determinant cannot be identically zero. Hence,

it cen only have a finite number of zeros in the interval A € (0,1]. Since

the set P 1s also finite this implies that there must ue Al > 0 such

that

Ae O], P €P = VP(X) # 0. (4.8)

Consequently 1f X € (O,kl] and x(\) satisfies (4.6) with some p €,
q € Q then it 1s also a unique solution of the linear system (4.7) (with

the same p, ¢q). Hence as long as 0 <A< Al’ any x(A) is of the form

S fie it ",}nr. % e s e el . T
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~ -1 k
A) = AV AW A k I 4,
%0 = RO ), c1, 4.9)

where Wk (A) are polynomials in XA of degree not exceeding N.

P»4
Substitute now (4.9) for X into (4.5). After multiplying both
sides by Vp(l) and cancelling A we obtain
WE Q) = min max A5V 00+ a-nwPPonr, kel .10
P jET i€I Dot
Now, since =x(\) 1is a unique solution of (4.5) and any X(\) 1is of the
form (4.9) it is given by (4.9) for some particular p € P, q €Q and

A€ (O,Al] if and only if (4.10) is satisfied with these p, q and A.

Let for every p €P, q €Q

Ap . {x € (0,x,] : (4.10) holds with these p, q.}
s z

Writing the equations (4.10) as the system of 2N inequalities

min max f?.(A) > 0, k €1,
jer ier M

min max f‘i‘.(x) < 0, k €1,
j€J 1€

k

k 3 . _ p(i) ok
fij(x) = Aiij(A) F (1 x)wp’q M wp’q(x),

it is easily seen that

T TS R T R e i gt B T e S o T \ e e e e . - e i - g
45, %xmm . RS G O T Trmr ST L S NI - e TR Lt Ol e L ) il T N =¥

A = nln UD S0 ncu Al £5 ) son].

Prd  per jeJ i€l 1 j€J 1€l 1]
Now, since for every A € (O,Al] there is a pair p € P, q € Q such that

(4.10) houlds the finite union

Y e e r sl e

A b R St

et WAy BTG S N R A S BB e s
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Uu u Ap .
peP q&Q °’
covers the entire interval (O,Al]. On the other hand the functions
f?j(k) are all polynomials in A. Hence, each Ap q must ne a finite
]

union of closed intervals, some of them possibly vacuous. Therefore,

there must be a pair p €P, q € Q and A0 > 0 such that

(O,AO] c Ap’q,

i.e. (4.10) and consequently (4.6) must be satisfied with this p, q for
every A € (O,AO].

The lemma is proved.

Theorem 2: There is a number w such that for every k €1

~

1im xk(k) = u, (T2.1)
A0+

Furthermore, there 1s a nonempty interval (O,ko] and a constant C such
that the functions §L(A), k € I are infinitely differentiable on (0,A.]

and

| %, -x QY [ sc A= (T2.2)
1
for all A € (O,AO], A€ (O,AO].

Proof: By Lemma 1 I Ek(k) | < ”AH for every X € (0,1]. By Lemma 3
there is a AO > 0 such that for X € (O,AO], §£(X), k € I 1s a unique
solution of the linear system (4.4). Hence, it can be written as a ratio

of two polynomials

T O T R R Y TS O IR A D IR R RS
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where Fk and Gk have no roots in common. Next since Lemma 1 implies

that Fk(l)/Gk(A) is bounded cn (O,AO] there is an € > 0 such that
Gk(x) can have no root in the interval (-c,AO+e). Hence QL(A) is

d o~ oy )
o xk(A) is uniformly bounded on (O,AO].

This proves (T2.l) and establishes the existence of a finite limit of

infinitely differentiable and

')Zk(x) as A + O+.

& To show that for k € I all these limits are equal consider again

the equations for X(0)

~ k ~ .
¥, (A) = min max [AA,, + (I-XA)x,(A)], k €1I.
k jey i M >

By Lemma 3 there is an index q(k) € J such that for every X & (O,AO]

k

. k
min max [AA i,q(k)

1] + (1-x)§;(x)] = max [AA

+ (1-x)';{i(x)].
J€J €1 1€1

Hence, for every 1 €1 and k €1

k ~ ~
AAi,q(k) + (1~A)xi(A) < xk(k),

from which by letting A » O+ we obtain

1im '}?i(x) < lim 'Zk(x).
A0+ A0+

Interchanging i and k completes the proof.

Theorem 3: Let x(0),x(1),... be a sequence of points in X defined by

(1)(—l—;x(n)), n=0,1,...

x(0) € X, x(n+l) =T i}

Then the sequence converges and for every k €I

1im xk(n) = lim QL(A).
o A0+

e 5 T S o Ll s R M R e e o i S R o SR G e e
R S e R R R i e s el AR N e R j B T S M A s s iy L BT 2 R e o
AN 2 EhE e, ¥y Vi ERTPRN A VAT WS LA e
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Proof: Let n, be a positive integer such that

1
— = Ans
ﬁo 0

and let n be an arbitrary nonnegative integer. By Lemma 2

~c 1 1 1 1 1 e~ 1

Hx(no.{.n) - x(_ﬁ) “ = HT( )(n0+n;x(110+n-l)) - T< )[n0+n;X(n0+n))u
n0+n—l ~ 1

= n0+n “X(n0+n_l) - X(nd+n)ﬂ

By triangular inequality and (T2.2) of Theorem 2 we have

Jtagr-n) - A | < Intagra-b - Fe=mp) I+ I

n0+n
~r 1 ~ 1 C
- x(n +n)“ = “x(n0+n—l) - x(n +n—l)H+ (n.4n) (n, +n-1)
0 0 0 0
~ 1 R
Calling An =||x(n0+n) - x(n +n]H we obtain the inequality
n n0+n n-1 (n0+n)2 ’
from which by iteration
n n
£, = Sn A0 (-:+-n ]:i-k
) " k=0 "0
Hence
limA =0
n
n>re

since the harmonic series is Cesaro summable to zero. The statement now

follows from the convergence of the sequence §(£;), §T L ),... implied
0

‘n0+l

by (r2.1) of Theorem 2.




5. The max-min transformation.

Let this time RM be the space of all real M-tuples x = (xl,...,xM)

again with the maximum norm Hx”. For every X € (0,1] define the trans-

formation

from the set

X={x €R" x|l < |lal}  into R by

12 (0 = max min DBY, + A-0x ], ke, (5.1)
i€l j&J J

where ng is the expression (3.2).

, . t . .
Consider now the matrix -A~, the negative transpose of the matrix

ey

be the min-max transformation (4.1) for this matrix.

A, and let

The expression (3.1) now becomes

k
Aij (o) = —oajk - (l-o)aji, (5.2)

where j € J 1is now a row index and i € I, k € I are column indices of

the matrix -At, Substituting (5.2) into (4.1) and replacing o by 1 -

and x by -x it is easily seen that

T(?‘) ;x) = -T(l)(k;~><),

(2)

is the max-min transformation (5.1) for the matrix A with

2D

where T

is the min-max transformation (4.1) for the

S "_."'.} KagBEbi e R S waSi

some o € [0,1] while

matrix -At with o' =1 - g. Thus x(\) is a fixed point of T(l)(x;-)

o 2
if and only 1f -x()\) 1is a fixed point of T( )(A;-). Since the matrix

A in the previous section was an arbitrary matrix all the results obtained

St ,:ﬂfﬁ:é‘&%{;__;,:.;’;g".ﬁ, -

NS YA EANT 1) YA B e o 13 bt A B Nt s f o 4 s e T T 1o PTRAIY ;. B ety L e
ke ik At dens i 0 e e AR a0t R B S B b st s
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there for the min-max cransformation are also valid for the max-min

i transformation. We thus have:

Theorem 4: The statements of Theorem 1, 2 and 3 remain true if the min-

’ max transformation T(l) is replaced by the max-min transformation T(Z)

and the set of row indices I by the set of column indices J.

TN

w7

SR ST A

e
Zo

e AT
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6. Existence and further properties of the omega-value.

The results obtained in the previous two sections will now be used

to prove the main theorem of this paper.

3 Theorem 5: The omega-value (o), o € [0,1] exist;'for any N x M matrix

A= [aij]' Further, if x(A), X € (0,1], is a solution of the system

of N equations

~

xk(A) = min max{i[ca

+ (l—o)ai.] + (1—x)§;(x)}, k €1, (T5.1)
jeJ i€l ]

S

or the system of M equations

% (M) = max min{A[(l-0)a, + oa,,] + (1-\)X.(A)}, %€ J, (T5.2)
. i€l j€ 1t 13 ]
then
Qo) = lim Ek(x) for all % €I,
A0+
or Q(o) = lim QQ(A) for all & € J.

A0+
Proof: According to the definition (o) 1is the common limit of
1), .. ), ..
{Qn (0)10)} and {Qn (Oijo)}’ (6'1)

provided both these sequences converge to the same limit for any iO €I,

fﬁ i, € J.

Upon writing

Q(l)(o,io) = min fg a; . + max min ... max min {—l--[(l—o)ai ., +
t joaa™ Yol iearje i€l jer® 19
1 1 2 n-1 n

(1-0)

2; g1

ga, . + ...+ (l-g)a, , + oa ., ] + max
n-1’Tn i el n’Jn

132 *n-1"3n-1 i

Remark on page 24.
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+ 9(2)(0,3 ) + LEY max max a

1 (2) .
= =]l + 2 77 (053),
od1 Mojer jed n n-l

i ~

jed,

D (2)(0

and similarly beginning with @ ,jo),

(l)

0P @,1) sial+ oo,  1er,

we see thatr if either of the two sequences (6.1) converges the other must
also converge to the same limit.

Next since for any =n = 0,1,...

20 6,1 ))

(lhci) =mmrmx{riﬂ + (1-0)a, j]+tﬁl

;€ 1€ 1903y 103y

(1)

with QO arbltrary we see that

oD '@ M
Yo =10 e, ., ket

(1)

where T is the min-max transformation (4.1). Similarly

0D, = 1P 0P 0,0, r e

Application of theorems 2, 3 and 4 completes the proof.

Although the equations (T5.1) or (T5.2) can be used to compute

Q(o) (by finding X(A) for all X is some positive neighborhood of zero

and computing the limit X -+ 0) there is a related pair of systems of

equations yielding the omega-value directly.
:
;,f Theorem 6: The system of N equations
: H .
b

w = min max {o + (1-g)a,, +y, - v.}, k €1, (T6.1)
16 €1 B3 iy T V1 T Yk
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in N + 1 unknowns WyY g seeesYy has always a solution. Further, if

(w,yl,...,yN) is any solution of this system then

w = (o).

Proof: Let QL(A), k € I be the solution of (T5.1), and let ?L(A)
be defined by

Xk(U =5 + Ayk(x), k € 1.
Substituting into (T5.1) we obtain

w + A?@(A) = min max [AAE. + (1= + A (1-0)F, W ], kel
jeJ i€l ’

where again

AF = ga, , + (1-g)a,..
i ij

i ki
Subtracting w and dividing by A > 0 this becomes

~ . k
yk(l) = min max [Ai

-w + (1-x)§;(x)]. (6.2)
je&J i€l

.

By (T?.2) of Theorem 2 the functions Qk(k) are uniformly Lipschitzian

in X € (O,AO]. Hence

lim y, (A) =y, , k €1
N0 k k
exists and (6.2) yields
. k
Y = min max (A, ~w+y.], kel,
j€J i€l t

which is the same system as (T6.1). Since by Theorem 5

1im S?k(x) = (o), k €I,
A0+

s

LA AR

Y st
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‘
i
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the system (T6.1) has at least one solution (m,yl,...,yN) with w = Qo).
To show that the w-component of any solution of (T6.1) is the

cmega-value we must prove that 1f (m,yl,w..,yN) and (w',yi,...,yﬁ) are

any two solutions of this system then necessarily w = w',

Let for any real SRR and k €I

k
F, (y,y.-+,y.,) = min max [A,, +y. -y ].
k"1 N j€J i€l i i k

By assumption
= 1 'Y = !
Fk(yl,...,yN) w and Fk(yl""’yN) w' for all k € I.
Write yi =y + Z5 i €I and let r € I and s € I be such that

2. 1.

z =min {z,,...,2
r 1’ ’ N

}, z = max {z
s

N 177"

(r)

. - _ (s) _ - i
Define v, =y + 2, -2, V.U Ty + z, ~ 2z, 1 ¢ I. Since adding

r

a constant tc all variables does not change the value of the function Fk

we must have

Fk(yir),...,yér)) = Fk(yis),...,ylgs)) =u' for all k € I.

Notice that yir) =Y. yés) =Yg and

(r) (s) .
vy > Yy > Yy for all i ¢ I.

Now consider the identi.cy

F oy Ly ey - BN
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Notice that since yir) =Y. the rEE bracket is zero while from (6.3)
and (6.4) it is easy to see that all the other terms in brackets are non-
positive. Hence

w-w' =<0,

On the other hand in the identity

n N
w-w' = 2 [F (y £/ y(s) y .,¥.) - F (y(s) y(s) y cees )]
s 71 *rrlqL107i TN s 71 "t di 741N

i=1 -

the sEE bracket is zero while by (6.3) and (6.4) all others are nonnegative.
Thus

w-w'>0

and the proof is complete.

Starting with the max-min transformation and repeating the above

argument we obtain a dual theorem.

Theorem 7: The system of M equations

w = max min {(1-¢)a, + oa,

+y. -y}, %L €J, (17.1)
1€l jeJ s J -

in M+ 1 unknowns w,y,,.s.,Y¥ has always a solution. Further, if
1 M

(w,yl,...,yM) is any solution of this system then

w = Qo).

N,

The systems (T16.1) or (T7.1) are particulary easy to solve if N = 2 or

SRR PR

I

M 2 resnectively. Just replace the difference Yy T Y, by a single

variable =z = Y1~ Yo plot the two functions of =z

..,5.:;;1;;.3712 PrR.

= ““-‘Hm’ :i"gx:;r;z-‘.-rv—' 3

Ep e AR

e
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F.(z) = min max {a,,, 0a,,+ (1-0)a,. - z},
1 je1 13 1j 2j

1 + (1~
FZ(Z) ?gg max {oazj (1 c)alj + z, aZj}’

and compute the ordinate w of their intersection. This way we can arrive

at a general expression for the omega-value of a two-by-two matrix

11 %12
821 %22
namely
; Vl if w(g) = Vl’
Q(a) = I w(o) 1if V2 < w(o) < Vl’
Y V2 if V2 < w(o),
= i AR = 3
where Vl m;n m?x aij’ 9 n?x m;n aij’ and

w(o) = %{C(V2+min a ) + (1-0) (V,+max a; )l
1,5 H 1,5

This is the same formula established in [3] directly from the system (T5.1).
O0f course, if N> 2 and M > 2 finding the solution of (T6.1) or

(T7.1) 1is no longer such & simple matter. We would like to mention, however,

that Alan Washburn [4] has recently discovered quite an efficient algorithm

for solving these systems.

To the end we present some general propertles of the omega-value
as a function of ¢. Few of them follow directly from the definition, for

instance

R R RS e




Q(0) = min max 3. Q(1) = max min ass
i€ ier M icl jer

or

@ >0, <B<4» = Q (@) = a@, (9) + 8,

aA+BI

where the subscript denotes the matrix in question. Similarly from the

relation between the min-max and max-min transformations discussed in

Section 5 we have

QA(c) = —Q_At(l_c)’

which in particular implies that if the matrix A is skew-symmetric then
QA(O) = —QA(l—o).
Some of the less obvious but perhaps not surprising properties are

states as the following last theorem of this paper.

Theorem 8: The omega value Q(¢), o € [0,1] 1is a continuous, nonincreasing,

piece-wise linear function of o.

Proof. To prove continuity we employ the min-max transformation. Let

x>0, 9y € [0,1], o, € [0,1]. Using again the inequalities (4.2) and

(4.3) we have

||§Yx,cl) = QKA,02)||S max max max | A[A?.(Ul) = A?.(kz)]
k€l j&J iel J J

+ (-0 [X,(A,0,) - X,(A,0,)] < Amax max max | A_ (0,) - A (0,) |
L kel jeJ ier 1 1372

+ (10X 0 - X(L0,) || (6.5)

However,

RO T S s s
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k
- Aij(OZ) | < 2lal} | o, -9, |

3 k
£t max max max | A (c

l)
K€L j€J i€r

. so that (6.5) becomes

L 0 < 2Mja] | o) -0, [-A|ZG,0p) - X0 |l-

2

Dividing by A and applying Theorem 5 we obtain

v e

| Q(cl) - 9(02) | < 2HA“ | o, =9, L

which implies continuity.
The remaining two properties of (o) are proved with the aid of

Theorem 6. Fix o € [0,1] and consider the system of equation (T6.1).

Let for each k € I, p(k) € I and q(k) € J be such that

k

WAL ,q T Y0 T Yk (6.6)

e e L

s . e

Next let K = p(I) be the image of I wunder the mapping p(*), and let

m be the number of elements in K. Since p restricted to K is a

-

bijection by adding (6.6) over k € K we obtain

e

k

mw = E A = g E a

+ (1-0) (6.7)

ké( %p (k) ,q () -

By Theorem 6 for every ¢ € [0,1] there exist p(+) and q(-) such that
Qo) = w satisfies (6.7). However, since there is only a finite number
of mappings p(-) and q(+) and since Qfo) is continuous it must in

fact consist of a finite number of linear segments of the form

1-o z

ag
1y kéK k900 " m KEK

2 (k) ,q (k) (6.8)

where 0, <0 < Jd,.
1 2



R TR SRR

Finally to prove that (o is nonincreasing notice that from

(T6.1) and by the definition of q(k) we have

k

S + =
w e Ai,q(k) yi yk

for every i € I, k € I. Hence, taking i = k and summing over the set

K we obtain

mo = § A

e a T kEK a0 L g0,

keK

Comparison with (6.7) yields

kEK a0 % g fpG0,a )

for every o € [0,1), which together with (6.8) completes the proof.
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After this report had been completed the author's attention was
¢roawn to the paper by R. J. Elliott, A. Friedman and N. J. Kalton,
"Alternate Play in Differential Games" (Journal of Differential Equations,
15, May 1974, p. 694), which contains a simple proof of the existence of
the omega-value. The proof consists of showing that the sequence Qn,

o which the omega-value is the limit, is a Cauchy scquence. However, this
method of proving the existence does not yield the equations (T5.1-2) nor

further results contained in this report.
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