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Harmonic gear drives. Ginsburg, Ye. G., 
"Machine-building" Publishing House, 1969, 
160 pages, 12 Tables. Seventy-eight illustra¬ 
tions. References 37 titles. 

This book presents questions of the theory 
design, and constructions of a new type of 
gear drive - harmonic. In these drives, in the 
process of their operation the displacement 
of the waves of deformation of one of the parts 
occurs, because of which a large kinematic 
and power effect is realized, and also the 
large multiple pairing of engagement and, as 
a result, high precision of the transmission 
of rotation is achieved. 

The book examines some questions of the 
technology of the manufacture of the basic 
parts of harmonic drives. 

The book is intended for technical- 
engineering personnel and scientists who are 
engaged in the creation of new mechanical drives 
and can also be used by students of higher 
- —i are technical educational institutions who 

studying this speciality. 

The reviewer is Distinguished Figure of 
Science and Engineering of the RSFSR, Doctor 
of Technical Sciences Prof. V. N. Kudrvavtse 

■ ....:,.1 .-.1.-. J_^_ 



One of the most important tasks in the field of domestic 

machine-building is the reduction in the overall dimensions, weight, 

and cost of the mechanical drive. In the solution of this problem/ 

a specific role should be played by the use of a new type of gear 

drive which has received the name "harmonic." A distinctive 

feature of the latter is the use of flexible gear wheels through 

which the drives acquirë new properties and possibilities. At the 

same time, the practical Introduction of harmonic drives into 

different fields of machine-building is connected with the ¡solution 

of a whole series of technical probleims not previously arisen and 

the creation of a method for the calculation of these transmissions. 

The purpose of this book is to acquaint the readers with the 

operating principle and examples of the rational use of harmonic 

drives, and also to present one of the first methods for their 

geometric and strength calculation. The book also examines 

questions of the study of kinematics and the efficiency of 

harmonic drives and recommendations are given regarding the design 

and technology of the manufacture of the basic parts and units. 4 

The author recognizes that not all of the recommendations 

given in the book are optimum and that all the questions interesting 

to the readers cannot be examined.for the present. The harmonic 

FTD-MT-24-690- 
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drives are very new and their investigation is continuing. At the 

same time, the use of the material in the book will aid the 

specialists who work in the field of reduction-gear building to 

create efficient and completely effective drives at the present 

stage of knowledge. Taking into account that this book is the first 

which illuminates the theory and the scientific bases of the 

calculation of harmonic drives, and intending to work further on 

the development of the optimum method for their calculation, the 

author will gratefully accept all observations and desires about 

this book. 
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BASIC DESIGNATIONS 

The letter designations of the parameters and values common 

for the flexible and rigid gears of a harmonic drive are marked 

respect!/ely by the subscript t and m or a numerical subscript 

according to the kinematic scheme. The subscript of value can 

consist of several letters and numbers. 

Designations whiah pertain to kinematic and geometric calculations 

of harmonic drives. 

0 
d=2r 

da 
d. 

' t H 

d r * h 
d. 
8 H 

D «2H e e 

B - width of toothed ring; 

the coefficient of radial clearance; 

the diameter of equivelocity circle; 

pitch circle diameter; 

the diameter of the central (neutral) circle of the 
flexible component in a nondeformed state; 

the diameter of the rolling contact; 

the diameter of the Internal circumference of the ring 
along which the rolling contacts roll; 

the diameter of the projection of the teeth; 

the diameter of dedendum circle; 

the elastic modulus of the material; 

the coefficient of the addendum; 

the working depth of the teeth; 

gear ratio (i>l); 

Di - 
i - 

fo - 

h, - 

1 

IV 
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kA - 
m - 

my - 

n - 

L - 

q - 

Rn - 

A min 

t 

z 

a. 
a3 “ 

‘cp 

5 - 

n - 

ô “ 

0 - 

£ - 

^ - 

a) - 

the deformation coefficient of the flexible component 

the modulus of engagement; 

the conditional modulus of engagement of the 
equivelocity curve; 

the rotational speed of the component; 

the length of the flexible component; 

the coefficient of the width of the toothed ring; 

the radius of the base circle of a rigid component 
with the involute profile of teeth; 

the minimum radius of curvature of the equivelocity 
curve of the flexible component; 

tooth pitch; 

the number of teeth; 

the shaped angle of the initial outline of the rack; 

shaped angle in the middle point of the tooth for 
height ; 

the wall thickness of the flexible component; 

efficiency; 

the coefficient of the wall thickness of the flexible 
component ; 

the polar angle of involute profile;* 

the extension factor of the initial outline; 

loss factor; 

the angular velocity of the component. 

Designations which relate to stress calculations. 

M - 

P - 
n 
P - 

Hp 

aB " 
Om - 

the torsional moment: 

the force of normal pressure; 

specific pressure in the contact of teeth; 

the theoretical factor of variation of pressure 
distribution along the length of teeth.; 

the ultimate strength of the material; 

the yield point of the material; 

«T translator's Note: May be 0. Illegible in original. 



endurance limit of material to bending w 
symmetrical cycle of change in the stres 

contact stress; 

the bending stress of the teeth; 

the endurance limits of material to torsi 
symmetrical cycle of change in the stres 

the coefficient of contact stresses; 

power 

safety factor for normal stresses; 

a safety factor for tangential stresses; 

she effective variation factor cf pressa 
along the length of teeth and between th 

the coefficient wbh ch considers the numb 
'which simultaneously participate in the 

the variation factor of load distribatio 
length of the teeth. 
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CHAPTER I 

HARMONIC GEAR DRIVES AND THEIR USE 

ENERAL INFORMATION ABOUT HARMONIC 

The harmonic drive is one of the varieties of mechanical 

transmissions. The name "harmonic", is connected with the fact 

that the conversion of motion in the mechanism of this drive is 

realized because of the displacement of the wave of deformation 

of one of the components which is made flexible, and the 

corresponding synchronous displacement of the zone of engagement 

or frictional contact of the components. Displacement of the wave 

of deformation of the flexible component is caused by a movable 

rod or oy a nonmechanical device called a wave generator. 

Harmonic drives sometimes include drives in which instead of 

the flexible component a chain or rigid components connected in a 

specific manner are utilized for the same purpose. 



rr" ^ .. ^.— — -- 

The possibility of obtaining a large kinematic effect lo» ' 

overau dimensions, rational layout, the realisation of trlnsUHon 

motion through impenetrable walls, and a number of other 

properties of harmonic drives attracted the attention of a large 

mber ol engineers and scientists. At present, harmonic drive's 

LTÎIso C°nSld;rable ProPaeation in the form of special-purpose 
and also several-purpose reducers. 

worldTlrrral'PUrPOSe r'edUCelä Proveed in the USA went on the 
la market ana are proving to be considerably more effective in 

tlonal parameters. ? ^ eeai’S Wlth the sa- “pera- 

The schematic diagram of a single-stage harmonic gear drive 
in accordance with V. Masser ' s nsf-An*- ^ , " ." rT, __ ^ -idoser o patent Is presented In figure 1. 

kinematic drive chain conn^ot-Q r-f* 
gererater , r , consists of three components: the wave 
generator 1 (subsequently designated as H) made in the form of an 

e°La tiTthT11 aiÍTlble bearlng’ fleXlble =°”P°"0hP P which is an 
I1 tain-waned container with external teeth connected with 

a shaft, and a rigid component 3 with Internal teeth and made 

together with the housing. The flexible and rHo-ia 6 iJ-exioie and rigid components 
nave respectively the number of teeth 2 and z 

* m* 
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The flexible component in the state of elastic deformation 

(from the direction of the free end) is mounted on the wave 

generator, and the shape of the latter assures the engagement of 

the teeth of the components at their full working height in the 

zone of the greatest deformation and the full disengagement of the 

teeth in the zone of smallest deformation. 

Rotation of the wave generator causes motion along the 

circumference of the wave of deformation of the flexible component. 

lf wlth e(3ual Pitches zw>Zj( and the difference in the numbers of 

teeth is a multiple of the number of waves of deformation, then 

Wlth a flxed rigid component during one revolution of the wave 

generator the shaft of the flexible component will turn through 

the angle which corresponds to z^z, angular pitches of the 

flexible component in the direction opposite to the rotation of 
generator. 

The drive can be made so that the flexible component will 

not rotate, then with the rotation of the generator the rigid 

component will accomplish rotation through an angle equal to z -z 

angular pitches in the direction of rotation of generator» 

It ls obvi°us that the absolute value of the gear ratio in 

these cases will be determined from the relations: 

witn a standing rigid component with a driving generator 

with a standing shaft of the flexible component with a 
driving generator 

To assure the minimum level of stresses which appear with 

the deformation of the flexible component it is advantageous 



to accept the difference in the number of teeth of the components 

as equal to the number of waves of deformation n, i.e,, 

% — te « «, 

Than simple expressions are obtained for determining the transm: 
ratio 

il »-and Í». 

s s i on 

tm ^ *1*'* 
il 

Ine subscript of the transmission ratio serves to indicate 

which component of the drive stopped. It is natural that by 

>topping the wave generator the mechanism for the transmission of 

rotation between the rigid and flexible component can be obtained 
with the transmission ratio 

ihe number of waves of deformation of the flexible component 

can be any number, beginning with n=l; however, it is advantageous 
to accept n*2, 3. 

rj-gure 2 shows diagrams of single-wave and three-wave drives. 

With n¿2 and symmetrical cams, the reactions on the part of the 

flexible component are closed in the body of the cam and are not 

transferred to the supports. Even from the examination of this 

simplified diagram of a harmonic drive its interesting possibilities 
are visible. * 

Attention is drawn to the feasibility of the multiple pairing 

of engagement, which makes it possible to lower considerably the 

loading of the teeth in comparison with other forms of gear drives 

and, consequently, also to decrease the dimensions of the teeth 

The great multiple pairing of engagement in several zones indis¬ 

putably makes it possible to raise the kinematic precision of 

transmission and the evenness of the transmission of rotation 



Figure 2« Diagrams of single-wave and 
three-wave drives. 

In the harmonic drives with a fixed wave generator the sliding 

speed of the teeth is very low, which shows up positively in 

their efficiency. 

Very tempting is the possibility of using the space within 

the flexible component for the placement of a motor or additional 

devices In it. At the same time, in spite of the external simplicity 

of harmonic drives, the creation of their rational and effective 

design required the solution of a number of problems. Bor several 

years in our country and abroad Investigations were conducted 

whose results make it possible to give concrete recommendations 

regarding the calculation and design of harmonic drives.at present. 

2. EXAMPLES OF APPLICATION 

This chapter examines the most typical of the entire variety 

of the harmonic drives of designs whose description is presented 

systematically in periodical and scientific literature. 

Single-stage drives find application in power and kinematic 

autonomous or built-in reducers and accelerators with a range of 

transmission ratios of 60<i<300, Up to now this range was not 

encompassed by single-stage drives of other types. 

'1 
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Figure 3 depicts the construction of the single-stage two— 

wave reducer of the "United Shoe Machinery" firm [29] produced in 

the USA from i960 restored by us from drawings and photographs 

which are encounted in the literature. 

6 7 9 10 

Figure 3. Reducer with single-stage harmonic drive. 

The design of the reducer is original. The wave generator 5 

is a rigid cam connected with a shaft 1 with the aid of an elastic 

rubber clutch intended to contribute to uniform load distribution 

over two zones of engagement. Between the cam and the deformed 

flexible component is a ball bearing 6 with flexible deformable 

races, -he flexible component 8 is made in the form of a thin- 

walled solid housing or tube with a welded-on bottom and it is 

connected with a shaft 12. The rigid component 7 is a rim with 

internal teeth connected with the left cover of the reducer 4 in 

which one support 3 of a high-speed shaft is also located. The 

second support 10 of the high-speed shaft is arranged within a 

low-speed one. 

i yfUM ... Mt _i__._. ilHÍÍÉMÍIÉIÉÉi¡ÍÍÍÍiÍKÍÍÍIlllÉÍttktÉHlÍÉill 



In the right part of the housing r) two bearings 11 of low- 

speed shafts are located. A bracket 13 is screwed to the housing 

which has grips for the emplacement of the reducer. On the housing 

i.u from the direction of the wave generator there are radial fin" 

to increase the cooling area and an impeller 2 is put on the high¬ 

speed shaft. According to the indicated design concept a number 

of reducers are produced with transmission ratios from 78 to 260 

and transmitted powers from O.O83 to 3.2 hp. The drive of the 

reducer is realized from motors with a rate of rotation of 1725 rpm 

With the greatest power, the diameter of the flexible component 

which determines the transverse dimensions of the reducer in the 

last analysis Is 16¾ mm. The length of the flexible component is 

approximately equal to the diameter. The efficiency of the 

reducer varies within the limits of n-0.8O-O.90, 

The overall dimensions and weight of the reducers of the 

examined series are considerably less than the serially produced 

reducers of other types with the same kinematic and power character* 
istics. 

Figure 4 shows a series single-stage three-wave motor-reducer 

produced by the "Dyura" company [as transliterated] (USA) [29] 

in which a plastic flexible component and so-called planetary wave 

generator are used. The motor-reducer consists of a motor 1 whose 

shaft 2 is in frictional contact with three double roller-planet 

pinions 4 which directly deform the flexible component 3 and create 

three symmetrical zones of deformation of the latter, and during 

rotation - three waves of deformation. The symmetry of the 

arrangement of the rollers Is assured by a separator. The flexible 

component is a cast plastic housing connected with a driven shaft 7 

with the aid of a spline joint. Located within the flexible com¬ 

ponent is a spacing shell 5. The rigid component is made together 

with the housing of the reducer 6. The planetary generator is 

seemingly a high-speed stage to which a harmonic slow-speed stage 

is connected in series. 



GRAPHIC NOT REPRODUCIBLE 
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Figure 4. Motor-reducer with 
three-wave drive and planetary 
wave generator. 

The principle of operation of the planetary generator is that 

;he rollers which create the deformation of the flexible component 

are planet pinions of the frictional planetary mechanism. The 

gear ratio of the planetary generator is determined from the formula: 
, , , <W,h*0 
W *= 1 +-WZT-- In the reducer being considered it is 1.,,,,=7, and 

64. The total transmission ratio i=448. 

<4«.,a 
the harmonic drive l ton* 

The reducer is used with small loads. The greatest torsional 

moment on the output shaft is 184 kgf‘cm, engine power 12 W. It 

is natural that with a planetary wave generator and frictional 

contact of the rollers with the shaft their slipping is possible, 

which does not assure rigid kinematics of the mechansim. 

ue single-stage harmonic drives can be connected successively 

or be made in the form of closed drives, which achieves the obtaining 

of very large transmission ratios. 

i__ _i_¡ ¡illlteiBiiiiii.ii.....— 



Figure 5 depicts a motor-reducer with a two-stage closed 

harmonic drive [293. The flanged electric motor 6, through shaft 

7, rotates the wave generator of the first stage, which produces 

the deformation of the flexible component 8 through the ball bearing 

with flexible races. The rigid component of the first stage 2 is 

fastened on a low-speed shaft 1 of the second stage and slowly 

rotates with the shaft. The bottom of the flexible component of 

the first stage is connected with the wave generator of the second 

stage 5» and the flexible component of the second stage 3 is 

fastened, to the low-speed shaft 1. The rigid component of the 

second stage 4 is motionlessly fastened in the housing of the 

reducer 

Figure 5. Motor-reducer with 
a two-stage closed harmonic 
drive. 

A ball bearing #ith flexible races is also placed between the 

wave generator 5 and the flexible component 3. The transmission 

ratio of the reducer with two-wave drives is determined by the 

expression 

(1) 

where - the number of teeth of the rigid component of the first 

stage; zgl - the number of teeth of the flexible component of the 

first stage; zz2 - the number of teeth of the flexible component 

of the second stage [sic]. 

There are descriptions of two-stage drives called double [29], 

A typical design of a reducer with a double drive is presented in 

figure 6. 
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Figure 6. Reducer with a double harmonic 
drive (type r-2W-H). 

The wave generator with intermediate rolling contacts 2 (balls) 

deforms the short flexible component 3 which has two toothed rings. 

One of the rings enters into a wave engagement with the rigid rim 

which is made together with the housing and the second rim is 

coupled in wave engagement with a wheel 6 connected with the 
output shaft. 

Chapter II will examine in detail the kinematics of this 

drive. It should be noted that in the indicated design the 

flexible component is not connected with the rotation of the shaft, 

by virture of which its length is determined only by the width of 

two toothed rings. This makes possible the use of the drive for 

mechanisms with limited overall axial dimensions with 250(Ki<100,000, 

Of interest is the use of harmonic drives for the transmission 

of rotation through an impenetrable wall. In this case, the task 

of the separation of hermetically sealed regions with the trans¬ 

lation of motion is solved without the use of seals or special 

diaphragms. Figure 7 shows the design of this drive [29], 

Fastened on the shaft of the electric motor 1 is a two-wave 

generator 2 with intermediate rolling contacts (balls). A flexible 

component 3 to decrease the stresses in the zone of the greatest 

deformation with two attached faces is made with a complex form. 

10 



Figure 7. Diagram of the use of a wave mechanism 
for the transmission of rotation through an 
impenetrable wall. 

In the middle portion the flexible component has external teeth 

meshed with the teeth of the rigid component The latter is 

made in the form of two screwed semirings. The region within 

the flexible component is hermetically sealed and turns out to be 

isolated from the surrounding space. Such a type of harmonic 

drive finds use in the drives of space craft [29]. 

The possibility of the realization of large gear ratios and 

assurance of high kinematic accuracy makes it advisable to use 

harmonic drives as kinematic. Figure 8 depicts a rotary dividing 

table, the precise rotation of whose face chuck is accomplished with 

the aid of a harmonic drive. The design feature of the table is 

the use of an encompassing wave generator 1 and the arrangement, 

within the flexible component 2, of a rigid component 3 connected 

with the face chuck of the table. 

2 3 

Figure 8. Dividing table with 
harmonic drive. 

11 
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The wave generator 1 is a ring with an internal oval surface, 

by rotation of which a wave of deformation of the flexible com¬ 

ponent 2 is created. The flexible component has the toothed ring 

which engages the rigid component, and a second ring for connection 

with the fixed housing of the table. 

The harmonic drives found application in the kinematic 

mechanisms of precision machine tools, as precision tape-drawing 

mechanisms, and in a number of other devices. 

As noted above, the creation of the waves of deformation of 

the flexible component can be realized not only mechanically, ~ 

Electrical, hydromechanical and pneumatic devices can be utilized 

as a generator. Figure 9 shows a schematic diagram of an electro¬ 

magnetic wave generator [29]. The rotating 

magnetic field forces the waves of defor¬ 

mation of the flexible component manufactured 

from magnetic material to displace. To 

increase the force of the magnetic field, 

different schemes of unipolar superposed 

magnetization are used. 

.Dlagram The electromagnetic generator makes it 

netic wave gener- possible to build a wave reducer directly 

£tor• in the motor. As a result of the absence of 

fast-rotating parts, the drive possesses 

extremely rapid response and comparatively high efficiency; however, 

the load ability of such drives is low and it is advantageous to 

utilize them mainly in instruments. A motor of such a type was 

invented by A. I. Moskvitin in 19^ (author’s certificate No 
68211). 

Figure 10 gives the design concept of a hydromechahical two- 

wave generator. Deformation of the flexible component and the 



displacement of the wave of deformation 

is realized by a piston stroke under the 

effect of the pressure of a liquid. 

Distribution of the fluid is accomplished 

through the rotation of a distributive 

roller; in this case, part of the diamet¬ 

rically opposite cylinders is connected 

in turn with a high-pressure cavity, and 

part - with a low pressure cavity which 

also creates the motion of the wave of 

deformation of the flexible component. 

Figure 10. Diagram 
of harmonic drive 
with hydromechanical 
wave generator. 

me use oi a nyaromechanical drive can insure a considerable 

gain in strength and substantially lower the sluggishness of the 

drive when using flexible components of large diameters. Expendi¬ 

tures of power on distribution of the fluid are insignificant, by 

virtue of which the distributive motor can have very small dimensions 

and the moment of inertia of the rotor is many times less than the 

moment of inertia of a mechanical generator. At the same time, 

transmissions with a hydraulic generator have low efficiency, and 

their cost and weight are more than when using mechanical wave 

generators. 

me principle o: design of a pneumomechanical generator 

consists of the fact that the deformation of the flexible component 

1 (figure 11) and the creation of several driving waves of its 

deformation are realized by gases emerging under pressure from 

openings 2 in the body of a rotating cylinder 3. The diameter of 

the cylinder is equal to the smallest internal diameter of th^ 

deformed flexibl component 

through the reactive moment 

nozzle U or 5. 

-..:.1.- u. 
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1 

Figure 11. Harmonic drive with pneumo¬ 
mechanical generator. 

flexible component has a so-called double bell shaped form [29]. 

¿Suggestions on the choice of this form of the component are given 

in the U.S. patent description [36]. 

In axial cross section, the line passing through the middle 

of the wall thickness, according to the patent, is a curve formed 

bv the generatrix of a cylinder and two circular arcs conjugate 

with it. The purpose of the assignment of this form entails the 

elimination of misalignments In the contact of teeth which appear 

with the deformation of the cylindrical component from the direction 

of one face. 

Figure 12 shows an end harmonic drive In which the flexible 

component 2 is flat and is made in the form of a disc which con¬ 

verts into a shaft and which has end teeth [10]. The rigid com¬ 

ponent 1 in this drive is made conical because of which the dif¬ 

ference in the number of teeth of the rigid and flexible components, 

is obtained. The presented drive has a two-wave planetary generator 

which consists of a disc 3, two balls 4 and a separator 5. The 

disc is the driving component of the drive. Teeth of the com¬ 

ponents are made with flat lateral faces and apex angle,of 60-40°. 
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Figure 12. Harmonie gear drive with flat 
flexible component. 

The end wave drive possesses small overall axial dimensions and can 

be both power and kinematic. 

The given examples are sufficient to demonstrate the properties 

and the very wide possibilities of harmonic drives. Unquestionably 

the rational introduction of harmonic drives in the practice of 

machine and instrument manufacture should provide a large design 

and economic effect. 
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CHAPTER II 

STRUCTURE AND KINEMATICS 

3. FLEXIBLE COMPONENTS AND THEIR 
PROPERTIES 

In connection with the fact that the distinctive feature of 

harmonic drives is the presence of flexible components in them, 

it is necessary to examine some questions of their theory. 

We will call flexible the component of the mechanism which 

undergoes elastic deformation in the process of motion. Sub¬ 

sequently, we will be interested in a special class of flexible 

components - closed. We call closed the flexible components 

which are thin-walled plates or shells whose initial central surface 

before deformation is a surface of revolution. We will call the 

central surface the surface passing through the middle of the 

wall thickness of the component. The motion of these components 

in the mechanism relative to a support or some other rigid component 

will occur around the axis of the initial surface. The deformation 

of flexible components causes a change in the form of the central 

surface. We will call the deformed central surface the surface of 

deformation. 

The initial surface of the flexible component can consist of 

one or several sections described by different equations. Figure 

13 shows some possible forms of the initial surfaces of the 
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Figure 13. Possible 
forms of the initial 
surfaces of flexible 
components. 

flexible components: cylindrical (a), 

flat (b) conical (c); they are developable 

and are called simple initial surfaces. 

The surfaces presented in figure 13d-g, 

are complex and respectively consist of: 

a cylinder and plane, cylinder and 

hemisphere, cylinder, two conjugate 

sections of tori and a plane, and five 

conjugate sections of tori. 

Since simple initial surfaces are developable, their bending 

along the linear generatrix does not cause a change In the lengths 

of any curves lying on this surface. The bending deformation of 

complex initial surfaces in any directions is linked with elongation 

or compression of the material of the component in these surfaces. 

The deformation of the flexible component with a given shape 

of surface of deformation can be realized geometrically with the 

aid of the corresponding arrangement or form of the conjugate 

components, and also the application of constants in accordance 

with the value of one or several concentrated forces. 

Motion can be imparted to the flexible component with which 

all points of its central surface will lie in the surface of 

deformation. For example, for the belt drive shown in figure 14a 

the surface of deformation will consist of two semicylinders 

and two planes; the rotation of the sheaves will cause the motion 

of all points of the flexible component in the surface of deforma¬ 

tion. Figure 14b shows a surface of deformation in which the 

flexible component which has an initial conical surface can move. 

In the examined cases, the vectors of the velocity of motion of any 

point of a flexible component lie in planes tangent to the surface 

of deformation at right angles to the generatrices of the initial 

surface. 
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Figure 14. Surfaces 
of deformation of 
flexible components. 

Lines on the surface of deformation 

which are trajectories of the points of 

the central surface of the moving flexible 

component are called conetant-velooity 

curves. For the closed components 

constant-velocity curves are also closed. 

If a point of a flexible component, 

moving along a closed constant-velocity 

curve, arrives at the initial position, 

the component completes a full revolution. 

It is possible to show [7] that the mean-integral angular velocity 

of point P of a flexible component that travels at constant speed 

V along a constant-velocity curve over the surface of deformation 

relative to the axis of the initial surface of the flexible com¬ 

ponent is equal to the angular velocity of point P which also 

moves with speed v over the circumference Ra, whose length L is 

equal to the length of constant-velocity curve (figure 15). This 

proposition ensues from the fact that 

1 *•»„<// « 2ix, 

l. 

V 

where j (•>„ dt - the angular path covered by the point during one 

revolution of the flexible component. 

Figure 15. For the determin¬ 
ation of the mean-integral 
angular velocity of rotation 
of a flexible component. 
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to draw the conclusions: 

1) that the value of the mean-integral angular velocity of 

all points of a flexible component at a constant velocity of motion 

of one point is a constant which does not depend on the form of 

the constant-velocity curves; 

2) if during the motion of a deformed flexible component the 

constant-velocity curve of even one point of the component is a 

circle, the angular velocity of the motion of this point is equal to 

the mean-integral velocity of the motion of all other points. 

Hence ensues a very important conclusion about the nature of 

the work of the flexible components (simple and complex) which 

change to a rigid shaft (see figure 1). The motion of the flexible 

component relative to the fixed surface of deformation, in which 

all points of the central surface of the component move along the 

constant-velocity curves (on the surface of deformation) at 

constant velocities, will cause the rotation of the shaft connected 

with the component at a constant angular velocity. The motion of 

the flexible component relative to the surface of deformation can 

„ Called simple since it is determined by one independent 

parameter - the mean-integral angular velocity. 

In mechanisms, the case occurs where the very surface of 

deformation also accomplishes motion with respect to the support. 

in this case, the motion of the flexible component becomes complex 

and the velocity of each point of the component is made up of 

velocity in relative motion (relative to the surface of deformation). 

Figure 16 shows a flexible component 1, the shape of the surface 

of deformation of which is provided by two sheaves 2 connected with 

a carrier.3. The carrier is connected with a support with the aid 

of a simple Joint and rotates with velocity The flexible 

component itself moves with velocity vr relative to the surface of 

deformation. In this case the Instantaneous absolute velocity of 

point A of the component equals 
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where ve=aJH»AO is the velocity in translational motion. 

Figure 16. Determining 
the absolute velocity of 
motion of a point of a 
flexible component. 

14 • kinematics of harmonic drives 

Let us examine the mechanism of a very simple frictional 

two-wave drive (figure 17) which consists of four components: 

the wave generator 1* flexible component 2, rigid component 3 and 

of support 4. Let us distinguish the following kinematic pairs: 

the wave generator and support which comprise a class V rotary, 

pair; flexible component and wave generator - class V rotary 

pair; flexible component and rigid component - highest frictional 

class IV kinematic pair with the linear or point contact of the 

components; and rigid component and support - class V rotary pair. 

The class V rotary kinematic pair which consists of a flexible 

component and support is passive in this mechanism and does not 

aliect the kinematics of the mechanism since the flexible component 

is reliably centered on the wave generator. 

It ls P°ssit)le to determine the number of degrees of mobility 

W of the mechanism with the aid Chebyshev's formula 

W ~ 3 (/i — I) — 2/¼ — pA, (2) 

where n - the number of all components of the mechanism; p - 

the number of class V kinematic pairs (not allowing for passive 

pairs) ; Pij - the number of class IV kinematic pairs. 

20 

¡i 



2(r) 3(H) 

Figure 17. Differential 
harmonic drive. 

In view of the fact that the axes of rotation of all com¬ 

ponents are parallel, the mechanism is considered plane. By 

accepting n=4; p5*3 and p^*! according to the scheme we obtain 

W 3 (4 - 1) - 2-3 - 1 - 2. 

The examined mechanism is differential and the motion of all 

its components is determined by two independent parameters (the 

angular rates of rotation of any two components). In order to 

leave the mechanism with one degree of mobility, it is necessary 

to stop the motion of one of the components after connecting it 

motionlessly with the support. 

If we stop the motion of the wave generator H, then we will 

obtain a simple frictional mechanism with a flexible component and 

transmission of rotation between the shafts connected with 

the flexible component and the rigid one. In this mechanism, the 

flexible component will accomplish simple motion. After stopping 

iiv-i rigid component 3» we obtain a planetary wave frictional 

mechanism whose flexible component accomplishes a complex motion. 

In this mechanism, the transmission of rotation will occur between 

components H and 2. After stopping the shaft of the flexible 

component 2, we obtain a planetary wave frictional mechanism in 

which the flexible component accomplishes motion relative to the 

wave generator and the transmission of rotation occurs between 

components H and 3. 

..." .. 
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Before beginning the determination of the tranamlssion ratio 

of the mechanism of harmonic drive in the differential version, 

one ought to examine the kinematics of a simple frictional mechanism 

with flexible and rigid components. 

In order that the rotation of the rigid component would cause 

the motion of the flexible component relative to the fixed wave 

generator, it is necessary to create in the zone of direct contact 

of the geometric elements of components a force of friction whose 

moment would be more than the moment applied to the rigid component. 

Creation of the necessary forces of friction requires the applica¬ 

tion of the corresponding normal forces on the part of the wave 

generator. There are designs in practice in which it is possible 

to create sufficiently large forces of friction. However, in 

frictional transmission because of unavoidable slipping of surfaces 

it Is impossible to Insure the constancy of the transmission ratio. 

If we disregard slipping and consider the flexible component 

infinitely thin, then during the rotation of the rigid component 

at angular velocity and accordingly the circular velocity v on 

tiie yiihdrical surface of a contact with radius R , the points 

of the flexible component which is in contact with the rigid 

component will move at the same velocity. These points can belong 

to one constant-velocity curve of the flexible component or, with 

the appropriate shape, of the surface of deformation and the initial 

surface - to the family of identical constant-velocity curves. 

In this case, the shaft which is flexibly connected with the 

flexible component will rotate with an angular velocity determined 

according to the formula (see figure 15) 

I-»- the Initial surface of the flexible component on the section 

of the frictional contact is made cylindrical and the surface of 

deformation assures obtaining linear contact with low thickness 

and deformations of the flexible component. It is possible to 
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consider with accuracy sufficient for practical purposes that the 

radius of the external cylindrical surface of the nondeformed 

flexible component Rt.MHap ** Ä,. Then the transmission ratio of the 

mechanism being examined will be 

(4) 

The organic shortcomings inherent to frictional kinematic 

pairs, from the very beginning of the development of harmonic 

drives, forced turning primary attention to the use of gearing. 

Let us examine the same version of a harmonic drive with a 

standing wave generator with the use of toothed flexible and 

rigid components. 

Let us assume that assured in the process of the engagement 

of each pair of teeth is motion at identical velocities v of the 

points lying on some closed curves invariable along the length which 

belong respectively to the flexible and rigid component and called 

equivelocity curves (figure 18). We consider also that the pitches 

of the teeth t measured along these equivelocity curves are 

constant (see Chapter III). 

Figure 18. Equivelocity curves 
of flexible and rigid com¬ 
ponents . 

Then the transmission ratio of the mechanism will equal 
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where L# - the length of the equivelocity curve of the flexible 
component; L - ^ _ 

conçonent. 
w the length of the equivelocity curve of the rigid 

ratio^AV^T that L''tZ* and L»'tZ« and the i-ion 
ratio of the mechanism Is determines from the expression 

17., 
i.-* 

z.. (5) 

For the transfer to the differential version of the drive 

le„ us impart to the entire mechanism rotation with velocity «,’• 

t en it is possible to consider that flexible 2 and rigid 3 *’ 

(figure IT) components accomplish complex motion together with 

the generator and relative to it. In this case, the absolute 

angular velocities of the shafts connected with these components 
Will be equal to: 

(¾ sw («w I (»».,; (O 

Where „ and «>,„ are translational rotational velocities. 

Taking into account the fae-t- fha*- ,, 

take the form " ” ^ the ^Uatlons 

WIV ~ Ci» CO, 

rei..- ! Tv, are r0tatlonal velocities of the components 
relative to the wave generator, on the basis of expression (5) 

obtained with a stationary generator it is possible to record 
-•« Cil»,. 
‘.•jw 

or 

i", 1 Mti 
III,. — CD, 

<«J« — »I« 
it,, — n„ 
«.*-/i« » 

taking into account (5) we obtain 

— nH 
nM ~~ nH 

fwr 17 (6) 

The obtained expression is the known Willis formula. 
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With the stopped rigid component (n =0) from (6) we will have 
Hi 

•ni 
i - t”x 

(7) 

The minus sign before the expression of the transmission ratio 

means that the wave generator and the shaft of the flexible 

component have different directions of rotation. 

With the standing shaft of the flexible component (n#=Q) from 

(6) we obtain 

t* „ 
•war — 

** (8) 

From the formula it follows that the wave generator and rigid 

component have the identical direction of rotation. 

Thus, we obtained the expressions which establish the dependence 

of the transmission ratio of the planetary harmonic mechanism on 

the transmission ratio of the same mechanism in relative motion. 

This procedure finds application during the determining of the 

transmission ratio of standard planetary mechanisms. 

5. DRIVE SCHEMES 

For the designation of the components of an harmonic 

mechanism on kinematic schemes it is necessary to introduce 

arbitrary representations. Table 1 gives the recommended repre¬ 

sentations of the components of the mechanism and kinematic pairs. 

Figure 19a depicts the kinematic scheme of a very simple 

harmonic drive in the differential version. (Designations and 

the numbering of the components are taken as the same as in 

figure 17.) Figure 19b gives the scheme of a simple differential 

gear mechanism of the K-H-V type with a flexible shaft similar in 

kinematics for the transmission of the rotation of the planet pinion 

to a shaft coaxial with the carrier. Figure 19c and d gives the 
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Table 1. Arbitrary representations of com¬ 
ponents and kinematic pairs of harmonic drive 
mechanisms using kinematic schemes. 

Name Designation 

Mechanical wave 
generator Ch 
Rigid components a 

Kinematic pair: 
flexible component - 
mechanical wave 
generator r $ 
Flexible component with 
nonmechanical wave 
generator* a l-fK l 
*The sign for search on the digrams of the 
flexible component is the presence of 
’arrows which show in which direction 
the wave generator acts on it. 

b) 

m 
iM 

,? 

2 
/ 

Figure 19. Kinematic drive 
schemes of the F-l-H type. 

d) ^ 

fPTl CTI 

kinematic schemes of a harmonic gear mechanism with a wave gener¬ 

ator which encompasses a flexible component with internal teeth 

similar to a mechanism of the K-H-V type whose planet pinion also 

has internal teeth. For such mechanisms the transmission ratio 

taking into account the direction of rotation of the components, is 

also calculated from formulas (6), (7) and ’(8). 
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It should be noted that it is advantageous to utilize 

mechanisms with generators which encompass the flexible component 

in special cases where it is not possible to obtain the layout of 

the drive with an internal generator. In this case one ought to 

consider that the use of the encompassing generators causes an 

increase in the overall dimensions of the mechanisms and the 

complication of their construction. 

Thus, a standard differential or planetary mechanism 

corresponds to each wave mechanism. This circumstance .makes It 

possible to utilize a diversity of schemes of standard planetary 

mechanisms and also known kinematic relations for wave drives. 

At the same time, taking into account the specific character of 

harmonic transmissions connected with the presence of flexible 

components it is expedient to introduce arbitrary designations 

of mechanisms distinct from those used for standard planetary 

drives . 

The designation of a mechanism should characterize in short 

form the presence of different components. Let us designate the 

flexible components by the letter C, rigid - W, and the wave 

generator by the letter H. Then the above-examined harmonic 

mechanisms with one flexible and one rigid components and one 

wave generator will have the designation - f-W-H. 

Great interest is presented by the harmonic drives, at the 

basis of which lies the mechanism r-2W-H (with one flexible 

component, one wave generator and two rigid components). This 

mechanism is similar to the planetary mechanism 2KH with two 

internal engagements. 

The kinematic schemes of the different versions of the harmoni 

mechanisms r-2W-H are given in figure 20. The drive with the 

r-2W-H mechanism with high transmission ratios possesses very small 

overall axial dimensions, since the length of the flexible component 
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Figure 20. Kinematic scheme of drives 
of the r-2W-H type. 

here is determined in essence by the width of two toothed rings 

while in harmonic mechanisms of other types, in connection with 

the requirement for a decrease in the misalignments of teeth in 

engagement and for a decrease in the stresses in the walls of 

the component with its deformation, it is necessary to make the 

components with a length equal approximately to their diameter. 

The surface of deformation of the flexible components in the 

mechanisms is made in the form of a cylinder, in consequence 

of which the misalignments of teeth in engagement are eliminated. 

The first two schemes, given in figure 20, are extremely con¬ 

structional. 

For the mechanisms considered, the transmission iatio in 

relative motion is determined by the expression 

(9) 

According to (6) we also have 

The joint solution of (9) and (10) with n^O gives 

Small overall axial dimensions with the nominal transmission 

ratios close to one and given with a large degree of accuracy. 
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can be obtained by the use of the r-3H< mechanism, two kinematic 

diagrams of which are presented in figure 21. The analog of this 

mechanism is 3K planetary gear. 

M) 

jiff! 

ror m( 

ia¿a 

iij 
tm 

Zj 

Figure 21. T-3W kinematic 
drive scheme. 

A feature of the F-3W scheme is the presence of a passive 

wave generator, in consequence of which it does not figure in the 

designation of the mechanism. For the r-3W mechanism it is possible 

to find the transmission ratio in relative motion: 

‘¡4 = 4^ and = 

According to (6) we also have 

and íJ4 = üíuZÜ!í.. 
**4 ~ n4 “ nH 

From the latter expressions with n4=0, after conversion we 

obtain 

'is ±K 
«s 

1 - '14 
I _ ¡H 
1 *54 

J _ 

-, 

I _ (12) 

Table 2 presents the recommended regions of transmission 

ratios of the harmonic mechanisms examined above. The range between 

the fields of use of the f-W-H and f-2W-H mechanisms can be filled 

because of che use of combined drives which consist of a non¬ 

harmonic gear drive and a harmonic gear drive with a r-W-H mechanism 

By the sequential connection of harmonic mechanisms unlimitedly 

large transmission ratios can be realized virtually. In individual 

cases the use of drives with closed harmonic mechanisms can be 

effective. 
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Table 2. Recom¬ 
mended region of 
the transmission 
ratios of harmonic 
mechanisms. 
Designa¬ 
tion of 
mechanism 

Transmis¬ 
sion ratio 

iokii 
r-2)K-ii 
raw 

50--300 

asio’-io* 
1.02-1,05 

Figure 22 depicts schemes of combined drives which consist of 

sequentially connected gear and harmonic mechanisms. The transmis¬ 

sion (figure 22a) Includes a simple gear mechanism with a driving 

wheel 1 and idlers 2, the transmission ratio of which is equal to 

{ IN 
Ji 
*1 

(13) 

Figure 22. Kinematic schemes of combined drives. 

The transmission ratio of a harmonic mechanism according to 

(7) 

‘xl 

Then the total transmission ratio will equal 

;5 _ *i*4 

(14) 

For the scheme presented in figure 22b, the transmission 

ratio of the harmonic mechanism is also determined from formula 

(1*0. By accepting with the aid of drives (according to 
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figure 22a, b) it is possible to obtain the transmission ratios 

in the range 1^*300-1800. 

Drive (figure 22c) includes a planetary gear mechanism with 

a standing central wheel which has internal teeth. The wave 

generator is connected with the carrier of the planetary mechanism. 

The transmission ratio in this case equals 

0.5) 

With it is possible to achieve transmission ratios 

1^=350-2100. 

Similar drives, if necessary, can be obtained by employing 

encompassing generators* in harmonic mechanisms. 

The combined drives have high, efficiency and also make it 

possible to utilize extremely effectively the space within the 

flexible component for the location of a high-speed motor and a 

decrease, in this case, in the rotational speed of the wave 

generator (see Chapter VI). The selection of one or another 

combined drive with their approximately equal kinematic character¬ 

istics is determined in essence by the possibilities of structural 
layout. 

Figure 23 depicts the kinematic schemes of two drives which 

consist of successively-connected harmonic mechanisms. 

In the drive given in figure 23a, the rigid components of 
both stages do not rotate. 

lator's Note: This appears to be the best translation of the 
Russian word oxsaTbiBaiouiMx reHeparopoB bo/ih. Other possible 

gene?ator0"Sande*'embr«M10PÍng WaVe 8enerator," "encircling wave generator, and embracing wave generator.” 
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Figure 23. The successive connection 
of r-W-H transmissions. 

On the basis of (6) let us find the total transmission ratio 
from the formula 

•«i = •Vi 
(îa-iiHÎfj-Îi) ‘ (16) 

In the drive depicted on figure 23b, the flexible components 

do not rotate; the total transmission ratio in this case equals 

(17) 
‘«i _.£»*»_ 

(0 -’/J(V:-l4) 

Two-stage and multistage drives with a different connection 

of the components of the mechanisms and also with the use of 

encompassing wave generators can also be created; however, their 

kinematic possibilities will be identical since the greatest total 

transmission ratios are equal to the product of the greatest 

transmission ratios of the base harmonic mechanisms which are 
part of the drive. 

Closed drives are obtained with use as a basic differential 

wave mechanism in which the excess degree of mobility is eliminate, 

through the establishment of a connection between the motions of 

any two components, i.e., the closing of the mechanism is realized 

Simpie geared planetary and harmonic mechanisms can be utilized 

as closing mechanisms. The number of different combinations of 

these mechanisms is rather great and in each specific case the 

scheme of transmission which corresponds to the kinematic, energy 

and structural requirements can be selected. 
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Let us examine the schemes of several closed drives in order 

to shew the kinematic possibilities of the method of closing 

components. 

Figure 2k& depicts a very simple closed harmonic drive obtained 

from a harmonic mechanism in which the rotation of the components 

H and 3 is connected with the aid of a simple gear drive. 

a) 
,«P). 

b) 
7 

ta tí. 

rs 

n 7r= 
HO) 

L4 

1 
H 

W) 

Figure 24. Kinematic schemes 
of closed harmonic drives. 

7 Mil) 

According to (6) 

.¾ = = iL 
ni — *i (18) 

At the same time 

•»i «i a 

The Joint solution of equations (18) and (19) gives 

(19) 

L» —--1 --(:: h o' (20) 

Investigation of this expression shows that the use of such 

drives makes virtually no sense, since in all cases i*3 < iHain. 

It Is also interesting to conduct an analysis of the distri¬ 

bution of power flows in the drive according to the scheme given 

ln ! -• gw1,6 24a. Let us determine the transmission ratio within the 

mechanism .Si; f]i* We obtain 

.7, = _ ivi. 
V« • 

.a 
*21 it — 
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As is known [17], the ratio of the powers transferred by 

drives 2-H and 2-3-H which are part of the mechanism can be 

expressed in the following manner: 

N 
/V, 

li2_ - . an-; 

•ïi £nH_ 
¿■t/4 

Since 
z qj** z 2 

■^0> it is evident that a negligible part of the power 

will pass through the harmonic drive. This once again confirms 

ti.e inexpediency of the use of the examined scheme. 

The use of planetary gears of the type 2KN with one external 

and one internal engagement for closing the wave mechanism is 

also barely effective kinematically. Such mechanisms can be 

obtained from the mechanisms presented in figure 22a and c if we 

free components 5 in them after connecting the flexible components 
with the support. 

Broader kinematic possibilities can be obtained when using 

wave mechanisms as the closing mechanisms. In particular, 

closed drives can be formed from the mechanism presented in figure 

¿3a by stopping component 4 and releasing component 5 and from the 

mechanism depicted on figure 23b by the release of component 2 

and by the stopping of component 4. 

ine design of motor-reducer with a closed harmonic drive was 

given in figure 5. It should be noted that the use of closed 

drives to obtain large transmission ratios is not always expedient 

since the same effect can be obtained by simpler ways. 

Let us dwell on one scheme of a closed drive with the aid of 

which it is possible not to increase, but to reduce the transmission 

ratio and thus decrease its lower limit for harmonic mechanisms. 

This drive (figure 24b) consists of a base harmonic mechanism with 

a flexible driver component and closing harmonic mechanism with a 

standing rigid component. The rigid component of the base mechanism 

is connected with the flexible closing mechanism. The transmission 

ratio for components 2 and 3 In relative motion will equal 
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at the same time the transmission ratio of the closing mechanism 

«« . £j_ 
'«:» - <l( ^ r. — (22) 

The joint solution of equations (21) and (22) it makes it 

possible to obtain the expression for the transmission ratio of 

the closed drive 

•»* = 

a) ' 
(23) 

As an example, let us compute the value of 1m2 for the case 

where z2«90; 2^=92; Zj^lOOj z^=102. According to formula (23) 

we wi 11 have 

90 90 
•ul 

(102-100)(1 + ¾) 3,84 
-23,4. 

As is evident, the transmission ratio is half the minimum for 

the f-2W-H mechanism. 

We accomplish the investigation of the power passing through 

the basic and closing mechanism. The transmission ratios within 

the drive will have the following values: 

i" .— 

and 4 = - 
M 

The ratio of the powers transferred by the corresponding 

drives will equal 

Nin ‘21 ---= -,- 
N-Í.9.H 4 

1. 

The result shows that the basic and closing wave drives 

transfer approximately identical powers, and the positive sign 

of the ratio testifies to the absence of closed power in the 
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mechanism. Despite the fact that according to this index the 

e/amined scheme is completely satisfactory, its use for power 

drives is inexpedient since the same effect can be obtained by 

simpler ways. At the same time, in the mechanisms of instruments 

with high requirements for kinematic accuracy the use of the 

scheme given in figure 24b can be completely justified. 

Generally, the decision to use closed wave drives should be 

preceded by their thorough kinematic and energy analysis which 

can be performed by the same methods which are utilized for 

planetary gears [17]. 

Figure 25 gives the kinematic scheme of a two-wave T-W-H 

drive with a flat flexible component. Structurally, the flexible 

component takes the form of a mushroom 

with end teeth; its surface of defor¬ 

mation is a lined surface formed by 

three conjugate planes. 

The locus of the equivelocity 

circles of the rigid component is a 

conical surface. The difference in the 

number of teeth of the flexible and 

rigid components is equal to or a 

multiple of the number of waves of 

The transmission ratio of the examined 

Figure 25. Kinematic 
scheme of a drive 
with a flat flexible 
component. 

deformation of the teeth, 

drive is determined from formulas (7) or (8). 

The presented schemes of wave drives are sufficient to show 

the broad kinematic possibilities of the latter. The revealed 

range of the rational transmission ratios of harmonic drives makes 

it possible to determine their place In a series of different 

transmission mechanisms. In the majority of cases mechanisms of 

f-W-H and r-2W-H should be preferable for application. 
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As noted above, the presence of several zones of engagement in 

the harmonic drives and the multiple pairing of engagement in each 

zone make it possible to obtain high kinematic precision of 

drives. According to our investigation and according to published 

data, the kinematic precision of a harmonic drive can be one-two 

degrees greater than the kinematic precision of the toothed 

rings of the parts of the drive. Therefore, in a number of cases 

it turns out to be expedient to use for precise transmissions 

schemes which have even unsatisfactory energy indices. 



CHAPTER IH 

ENGAGEMENT IN HARMONIC DRIVES 

6. . DEFORMATION OF FLEXIBLE COM¬ 
PONENTS AND ITS EFFECT ON ENGAGE¬ 
MENT 

The presence in the mechanism of a harmonic gear drive of a 

flexible component deformed during operation requires a special 

approach to the examination of the laws of engagement in this drive. 

First of all, it is necessary to determine the deformation effect 

of the flexible component on the form of the teeth arranged on it. 

With the possible values of deformation of the flexible component 

and also with the real relationships between the diameter of the 

component and the wall thickness one can hardly expect substantial 

change in the form of the profile and position of the teeth relative 

to a neutral!surface. To test this proposition an experiment was 

conducted with a toothed ring having a wall thickness equal to 5 

moduli with the number of teeth z=50. The diametric deformation of 

the ring was equal to two moduli. The teeth were cut by a tool with 

shaped angle a =30°. 
o 

Figure 26 shows the form of teeth on the section of the greatest 

and smallest diameters of a deformed ring [5]. As is evident, even 

with so adverse a case, the zone of perceptible distortion of the 

shape does not exceed 1/3 the height of the tooth. When using 

thinner rings and a number of teeth z>90 the height of the zone of 

distortion does not exceed 1/6 the height of the tooth and lies 

basically on the section of radial clearance. 

38 



Figure 26. Deformation effect of a 
flexible component on the form of 
teeth. 

Thus, the deformation of a thin flexible toothed ring by an 

amount up to two moduli does not cause a change in the initial form 

of the profiles of the teeth on the working section. This conclusion 

is very important for subsequent conclusions. The invariability of 

the profiles of the teeth in the process of the motion of the flex¬ 

ible component along the surface of deformation makes it possible, 

in the explanation oí the laws of engagement, to examine the work 

of only one pair of teeth. Chapter II Introduced the concept of 

equiveloclty curved flexible and rigid components as the curves 

along which the speeds of the points of the components in motion 

relative to a fixed wave generator were equal. 

In connection with the fact that for each mechanism the number 

of pairs of equiveloclty curves is infinitely great, is expedient 

to select those curves which are disposed in the middle of the 

length of teeth and along which the speed of motion of the points 

will be constant with the constant value of angular velocity con¬ 

nected with the flexible component of the shaft. It Is natural that 

-.his curve of the flexible component should be located in Its neutral 

.:. ur fa ce, since only at this surface can the segments lie whose 

length does not change with the deformation of the component. 

If In the points which belong to the selected equiveloclty 

curves of flexible and rigid components we arrange the apexes of 

some three-dimensional coordinate systems oriented in a determined 

manner relative to the generatrix of the flexible component and to 
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the equivelocity curves themselves, then it is possible to establish 

the connection between the coordinates of any points in these systems 

and, consequently, to explain the relative position of the lateral 

surfaces of the teeth of the flexible and rigid components in the 

process of their motion relative to the wave generator. 

Basically, the task of the synthesis of engagement can have 

three solutions. 

1. For the given surface of deformation, and consequently, 

the given form of the equivelocity curve of the flexible component, 

to find the form of the profiles of the teeth with which the required 

multiple pairing of engagement and the geometry of contact will be 

assured. 

2. For the given technologically effective profiles of teeth 

of both components, to find the form of the equivelocity curve of 

the flexible component at which the required multiple pairing of 

engagement and the specific level of bending stresses in the flexi¬ 

ble component will also be assured. 

3. For the given forms of equivelocity curve and technologi¬ 

cally effective profile of the teeth of one of the components, to 

find the profile of the teeth of the other component. 

The concept of the "technologically effective shape of teeth" 

envisions the possibility of precise cutting of the teeth by highly 

productive methods with the use of a rather simple tool on wide¬ 

spread equipment. It Is natural that pertaining first of all to 

the technologically effective shape are the involute and also 

circular shapes which can be cut by the rounding method on gear¬ 

milling and gear-slotting machines by hob cutters and rams. One 

ought to consider rectilinear shapes less technologically effective 

although their cutting can be performed with a sufficiently simple 

tool. 

1 
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Special consideration is required by the question concerning 

the shape of the surface of deformation and, consequently, also 

concerning the shape of the equivelocity curve of the flexible 

component. It is possible to speak about the free deformation of 

the flexible component when It is realized by two or more equal 

oppositely directed forces which act in a radial direction and about 

the forced deformation in which the surface of deformation is deter¬ 

mined by the form of the profile of a cam type generator, subse¬ 

quently called a generator of forced deformation. 

With the free deformation of the flexible component the form 

of the equivelocity curve is determined by the equation of the 

elastic line in the calculated cross section. It should be noted 

that as a result of the application of a working load to the teetn, 

the form of the curve can change. The generator of forced deforma¬ 

tion has substantial advantages in this respect since it assures 

obtaining the given form of deformation and virtually its preser¬ 

vation in the process of the operation of the mechanism. 

Any required shape of surface of deformation can be obtained 

by the forced method including one corresponding to free deformation. 

For real harmonic prives with a cylindrical flexible component, the 

freedom of choice of the form of equivelocity curve is limited by 

che greatest possible radial deformation of the flexible component, 

by the condition of preservation of the length of the equivelocity 

curve, and by the inadmissibility of a change in the sign of the 

curvature of equivelocity curve. 

Since the value of the Indicated radial deformation A is a 

function of the transmission ratio of the mechanism and lies 

approximately within the limits of 0<A<1.5 m, for a two-wave drive 

with a difference in the numbers of teeth of the components equal 
to two and imln=50 

where d|M is the diameter of the equivelocity curve of the nonde- 

formed flexible component. 



The current value of radius-vector rf of the equivelocity curve 

for a cylindrical component with its free deformation by two forces 

is determined from Résal’s formula 

re* 0,297556" [ n ( 2 ¢) COS q> — Sin <p j , (24) 

where 4) is the polar angle of the radius-vector read from the di¬ 

ameter of the component (figure 27a) along which the deforming forces 

act, 

The upper sign in formula (24) pertains to the internal 

arrangement of the wave generator, and the lower sign pertains to 

the external arrangement (encompassing 

generator). 

The greatest r and smallest 
$ max 

r« min racili oi' t*16 curvature of the 

equivelocity curve determined by for¬ 

mula (24) can be found. For the in¬ 

ternal arrangement of the wave genera¬ 

tor 

'«IMX 

'* mm 

(r„-0j91828A)* 
r¿i -4"27899Ã 

- * + A)* 
" ^ + 5,278994 ’ 

(25) 

(26) 

Figure 2?. Different 
forms of equivelocity 
curves of flexible .com¬ 
ponents . 

The relative change in the radius 

of curvature of the equivelocity curve 

with the deformation of the flexible 

component characterizes the level of 

the stresses arising in it. It is 

natural that the radius of the deforming 

rollers of the wave generator of free deformation should be less than 

tue minimum radius of curvature rf mln after the deduction of the 

distance between the equivelocity curve and the surface along which 

the rollers roll. 
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Chapter VII examines the methods of shaping the wave generator 

of forced deformation with which the equiveloclty curve can be deter¬ 

mined by formula (24). At the same time the forced deformation of 

the equiveloclty curve can be given not a less technologically 

effective, but a simpler form. 

Let us examine as an example several possible versions of the 

deformation of a flexible component. 

Figure 27b shows the equiveloclty curve described by two con¬ 

jugate arcs of different radii. The equiveloclty curve given in 

iigure 27c consists of three sections of constant curvature outlined 

by circular arcs [37]» in this case, section 1 has a radius equal 

to r,=r '+A. 
X ÄH 

Figure 27d depicts the curve of variable curvature which has 

the form of an involute of a circle at angle ¢=900. 

The radii r^ ^ and r^ ^ of the sections of the curve given in 

figure 27b are connected by the following relationships: 

r,H -(- A /,, -I (r,. r„) sin (f,. 

«ht.. + ^ ( y -- «f,) -= t,. 2 ■ 

For = of (27) it follows that 

(27) 

t. min 
r..,, I* A -- 2r,„ mi. 45 

I --2. sin 45’ 

f. max r... 2t,, — r. 

(28) 

(29) 

The radii of curvature of the equiveloclty curve with three sections 

of constant curvature and the central angles of these sections (fig¬ 

ure 27c) are connected by the equations 

+ fits = -2- r,„ - (/,„ -Í- A) (( ,. 

r* cos «Pi t- (r» — r;) sin «j>B -- (r, „ -(- ¿\) cos (p,, 

<P, + Ip g b *P;i 
JI 

'2 • 

(30) 
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The equivelocity curve, according to figure 27d, consists of 

four arcs of involutes. A radius of evolutes of involutes is 

determined on the basis of the following considerations. 

The arc length of the involute is equal to 

V°-5V2, 
where r0 is the radius of the evolute; ip - the auxiliary angle. 

Then the arc length of the involute included between two mutually 

perpendicular normals is equal to 

1 = ^ ¿,|' “ 2 r'> ( 'I'l) t)‘ - i h.'Jn = (to f- y ) . 

Assuming that from the condition of the retention of length of the 

equi velocity curve L*|r|(< , we will have |^=|r0(t0+|) 

and r0 = (3D 

Tne value of the angle ipQ is found on the basis of figure 28 

On the strength of the known property of the involute which 

consists of the equality of the length of arc of the evolute and 

segment of the normal to Involute MA, we have 

whence 'I1»''« + ro = r» ^ a, 

(32) 

Prom the joint solution of relations (31) and (32) after ex¬ 

clusion of we obtain the expression for determining the radius 
of the evolute 

r° “ 0)214602 ^ 4,66 A- ( 3 3 ) 

The initial value of the auxiliary angle in this case equals 

¢0 ~ 0,214602 ~~ a 
n 
T- (34) 

44 



Figure 28. For the 
derivation of the 
equation of the in¬ 
volute of the equi- 
velocity curve. 

Then the parametric equation of the involute 

in coordinate system x0O0y0 (figure 28) will 

(35) 

be 

X» = r„ cos ^ -1 r0ij; sin 

f/a ~ rh sin i|i — r0i|) cos if, 

where ip is the current value of the auxiliary 
angle . 

Equation (35) can be rewritten in coor¬ 

dinate system xOy, whereupon it takes the 

form: 

* = r0 (i|) cos (i|) - ijO - sin (*|) - t«) + I ), 
y = r, (i|) sin (i|> — + cos - ^0) _ i ] 

or in polar coordinates 

( 36) 

P* - V + //a, 

V = arc tg (37) 

Unlike Résal’s curve in which the greatest positive and nega¬ 

tive deformations are not equal, the use of an involute curve 

assures the equality of these deformations. 

The smallest and greatest radii of curvature of the Involute 

oí the equivelocity curve on the section being examined are deter¬ 

mined respectively from the expressions 

r,, 

'i mm 

rjH - A -f h), 

r,* “h A — fn. 

(38) 

(39) 

To compare the properties of the equivelocity curves of differ' 

ent form, table 3 gives the maximum values of radii of curvature 

calculated according to formulas (25, 26), (28, 29), and (38, 39) 

using the following parameters of the nondeformed component and its 

deformation: r *50 mm, A=1 mm. 



Por the curve » two versions are examined according to figure 

27c where and but . 

As is evident írom table j, the smallest change in the radii 

of 2.4 mm is provided by the use of an equivelocity curve formed by 

two circular arcs at angles of • The involute curve has 

an amount of Increase in the zone of positive deformation equal co 

J * 65 m [sic]. In the same zone, Résal’s curve has an increase in 

radius o_ 3*b mm. The smallest decrease in the radius of curvature 

of the flexible component with the deformation of the latter along 

a curve with three sections of constant curvature and 4 =30° will 

Je - 2 mm, and with ¢^=10° - 3-81 mm, i.e. , the same as that of 

Resal's. curve. At the same time, in the stressed zone the radius 

of curvature of the curve will be only 1 mm more than the initial 

one. A maximum Increase in the radius with ¢^=10° and $ =<j> =4q° 

will be 4.56 mm, l.e., more than of all other curves,. Since the 

bending stresses with the deformation of the flexible component are 

proportional to an increase in the radii of curvature, most favorable 

i or obtaining the minimum stresses is obviously the form of the 

curve outlined along two conjugate circular arcs. 

Table 3. Comparison of the value of the radii of curva¬ 
ture of the equivelocity curve with different forms of 
deformation of the flexible component. 

Equivelocity curve 

According to Resal’s equa¬ 
tion 

Described by two conju¬ 
gate circular arcs 

Involute 

Described by three con¬ 
jugate circular arcs with 
¢-^30° 

Described by three con¬ 
jugate circular arcs with 
¢.,=100 

max 

52.7 

52.4 

53.65 
59.2 

53.56 

' min 

46.2 

47.6 

46.35 
39.8 

46.19 
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Table 4. Comparison of the form of different equivelocity curves. 

Involute 

Résal's 

Form of 
curve 

curve 

Polar angles 

51.0000 

51.0000 

51.0000 Two conju¬ 
gate cir¬ 
cular arcs 

Three conju- j 51.0000 
gate cir¬ 
cular arcs 

IO« 20« 

50.9386 

50.9372 

50.95^9 

51.0000 

30' 

50.7687 

50.7625 

50.8090 

50.9326 

50.5149 

50.5078 

50.5780 

50.7396 

40° 45° 

50.2032 

50.1993 

50.2359 

50.3894 

50.0347 

50.0362 

50.0327 

50.1606 

Let us also explain how the above examined curves on a section 

limited by a polar angle of 45° differ. 

The results of the computation of radii of the vectors of the 

s f 

table 4. 

curves for rfM»50 mm and radial deformation A-l mm are reduced to 

As is evident, the equivelocity curve determined by Résal's 

equation and the involute with <fr<45° virtually coincide (when 

)^1/50 this difference in the curves is still decreased). This 

agreement has great significance since it makes it possible to have 

the identical characteristics of engagement with different nominal 

laws of formation of equivelocity curves and makes it possible to 

approximate Résal's curve with the aid of an involute. 

One ought to focus attention on the comparison of different 

curves according to one more index which plays an important role in 

the process of analysis and synthesis of engagement. This index 

with the computation of the arc length of the curve is the possi¬ 

bility of operating with formulas which include integrals expressed 

by elementary functions. In this respect the assignment of the 

equivelocity curve in the form of an involute or conjugate circular 

arcs turns out to be very expedient. 
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The formulas for determining the arc length of a Résal curve 

Includes an Integral not expressed by elementary functions. A 

similar shortcoming is had by a number of other curves from which, 

in principle, it would be possible where necessary to assign the 

form of the equivelocity curve. 

Possible versions of the solution of the problem of the synthe¬ 

sis of the engagement of a harmonic drive were examined above, and 

the properties of equivelocity curves and shapes of teeth different 

In form are also explained. We will now turn to an investigation 

of the laws of engagement. The basic law of engagement, which is 

most conveniently formulated In the following form, can be applied 

to harmonic drives in quite general form: projections of the vectors 

of the absolute velocities of the contact points of the profiles of 

the teeth of flexible and rigid components (relative to the wave 

generator) to a common normal to the profiles at the point of their 

contact should be equal. 

Let us examine the engagement of two teeth, one of which belongs 

to a flexible, and the other to a rigid component. On the basis of 

the Bernoulli hypothesis and the above-expressed propositions about 

the deformation of teeth, we will assume that the axis of symmetry 

of the tooth of a flexible component regardless of the deformation 

of the latter is always normal to the neutral line of the walls of 

the flexible component with which the equivelocity curve coincides. 

On this normal lies the instantaneous center of curvature of the 

equivelocity curve at the corresponding point. Therefore, it can 

be considered that the tooth of the flexible component of interest to 

us at each point in time seemingly belongs to some cylindrical wheel, 

the radius of whose Initial circumference is equal to the instan¬ 

taneous value of the radius of curvature of the equivelocity curve 

of the flexible component (figure 29). 

The instantaneous pitch point will be located at the point 

of intersection of the straight line passing through the center of 

the rigid wheel and the instantaneous center of curvature of the 
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flexible wheel with the common normal to the profiles of the teeth 

¿ht* geometric point of the instantaneous pitch points can also be 

found. 

At the same time the distance from Instantaneous pitch point 

on the straight line which connects centers 0 and 0, (figure 29) t 
Í-» /-¾ li-l. r-. . . j ». » - 

these centers should be inversely proportional to the angular 

velocities of the wheels (rigid and flexible). 

Instantaneous angular velocity of the replacing wheel is 

determined from the expression 

Ui .1 rfl- 
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where v is the rate of movement of the point of the component over 

the equivelocity curve; r# ^ - the radius of curvature of the equi- 

velocity curve at the point of its intersection with the axis of 

symmetry of the tooth. 

Knowing the form of the equivelocity curve, we actually have 

the capability to find the position of the pitch point at each point 

in time through which the common normal to the teeth should pass. 

If we now assign the profile of one of the teeth and find that 

normal which at a given moment can traverse the instantaneous pitch 

point, then the point from which the normal Is drawn will be the 

point of engagement. The locus at the points of engagement will be 

the line of action. 

i-Æt us investigate the case of the synthesis of engagement with 

an Involute equivelocity curve and the involute shapes of the in¬ 

vernal teeth of a rigid component. This selection is Interesting 

in that the equivelocity curve will have variable curvature and 

approximate Résal's curve, and the profiles of the teeth of the 

rigid component will be most technologically effective since 

practically the only possibility of their cutting under production 

conditions is connected with the use of gear-slotting equipment and 
involute rams. 

Figure 29 depicts the equivelocity curves of a rigid component 

<vHi) and flexible (f). We will assume that at the moment of the 

greatest deformation of the flexible component the axes of symmetry 

of the teeth of both components coincide with each other and with 

coordinate axis Ox. If we now give motion to the components with 

regard to a fixed wave generator with which their points 0 and 0 

will displace along the equivelocity curves at equal velocities v, 

then after a certain time interval these points will cover identical 

paths of O^qO^ and 0<00|, and the normal to the equivelocity 

curves which coincide with the axes of symmetry of the teeth will 

turn toward the x-coordinate axis respectively by angles and X. 
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The connection between these angles is established on the basis of 

the equality of the path covered by points 0 „ and 0 
3*0 #0 

Let us designate the arc lengths: 0-.0=1 and 0 n0 =L. . 
3(CU MM *U * * 

Prom the properties of the involute we have 

but and then 

Zv " .1 ''„'I1’ — *,y /-,4,1 

Z-# —2~ r o (2J>4o + Ia)- 

At the same time, according to figure 29 0 =r ¢. By equating L and 

L, , we obtain 

f r-), 

where iJ/q Is determined from relation (32). 

(40) 

The center of curvature of any point of an involute curve f 

lies on an involute of radius rQ at the point of tangency with it 

of the normal to the Involute. These points at each point in time 

are the instantaneous centers of the corresponding replacing rigid 

wheels, to which the displacing tooth of flexible component belongs 

seemingly. 

If we draw a straight line through the center of the rigid 

component and the instantaneous center of the replacing wheel, then 

it is possible to determine the position of the instantaneous pitch 

point on it (figure 29). 

The distance from pole P to centers 0 and 0, should be inversely 

proportional to the instantaneous angular velocities of rotation 

of the axes of symmetry of the teeth œ and co 
9 I 0$C 

fur _ 

f * to«- 
(41) 

With equality of velocities v and v expression (4l) takes the form 
I M 
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L 

where r^ is the current value of the radius of curvature of the 

equlvelocity curve of the flexible component. 

■ —* 

Let us designate -a (where a Is the Instantaneous inter- 

axial distance)3 then 

«tv (42) 

Figure 29 shows that 

a ta ÿri(i — cos 'k)¿ +• rá(l — sin 

= roy 3 — 2 (cos X 4- sia X). 

After the substitution of (43) in (42) we obtain 

(43) 

L Vm /h — 2 (cos X -I- sin Í) 
r*c — 'e 

If we accept the instantaneous value of rf according to the relation 

re*= rM— q — r*X, 

in which q*r -r -A, then we obtain 
»C «N 

fy ^3 - 2 (COS X + Sill X) 

Ã \ i~X 
(44) 

This is the polar equation of the locus of the pitch points. 

Figure 29 depicts the plotting of curve 1, determined by 

equation ¢44) with c=Q. It is interesting to note that in this 

case the form of the curve depends only on the parameters of the 

rigid wheel and remains constant in any transmission respects. 

According to the statement of the problem, the teeth of rigid 

wheel have involute shapes and all normals to them are tangent to 

the basic circumference . In order to find the instantaneous 

point of engagement on the working tooth profile, it is necessary 

to draw a normal to the tooth profile from the Instantaneous pitch 
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point which corresponds to angle X. Tills normal should be tangent 

to the basic circumference and therefore is the only one for 

this position of the tooth determined by angle «{»“fCX). 

By changing the parameter X, the locus of the instantaneous 

contact points - line of action - can be found on the stationary 

plane. The intersection of the line of action with the addendum 

circle of the rigid wheel and curve of projections of the flexible 

wheel determines the working sections of the line of action. 

As is evident from figure 29, in which the possible working 

sections of lines of action 2 and 3 are separated by heavy line, 

the total length of these sections is very small and does not satisfy 

the requirements for the assurance of large multiple pairing of 

engagement. It must be noted that a change in the possible limits 

of parameterq(0<q<0.5A) does not give any perceptible effect. 

A similar picture in the overlapping part will occur when using 

other possible equivelocity curves of variable curvature. 

It is natural that in the examined case the shapes of teeth of 

the flexible component will be not the involute, but an envelope of 

the family of the involute profiles of the rigid component. The 

equation of these profiles can be obtained by rewriting the equation 

of the line of action in a mobile coordinate system with the vertex 
à 

lying on the equlvelocity curve and axes which coincide with the 

directions of the normal and the tangent to the curve. However, 

the very fact of the impossibility of obtaining the desired multiple 

pairing of engagement makes superfluous the finishing of the solution 

of problem to the end with the mathematical determination of the 

form of the profiles of teeth of the flexible component. 

Let us examine the possibilities of the synthesis of engage¬ 

ment with an equlvelocity curve given on the working section in the 

form of a circle (figure 27b) and the Involute profile of the teeth 

of the rigid component. Correct engagement In this case is possible 
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if the profiles of the teeth of the flexible component are also 

involute, since we are dealing with common involute Internal gear¬ 

ing. As is known, the engagement factor in internal gearing with 

a standard Initial outline cannot be more than 3, which immediately 

determines the low theoretical multiple pairing of engagement in 

such a drive (actually multiple pairing will be somewhat higher). 

Thus, it is impossible to obtain correct engagement with the 

assurance of simultaneous participation, in the work, of at least 

.20¾ of the teeth with the technologically effective involute shapes 

of the teeth of the rigid component. As investigations showed [6], 

she same conclusion can also be drawn with the use of involute teeth 

of the Ilexible component. An exception is the case where the 

equivelocity curve is given in the form of three conjugate circular 

arcs (see figure 27c) so that the radius of curvature on section 1 

would be equal to the radius of the equivelocity curve of the rigid 

component. In this case the simultaneous engagement of the teeth 

along the length of section 1 occurs. 

It should be noted that in certain cases engagement in accor¬ 

dance with this scheme can be extremely rational since almost 

complete gear contact on section 1,even with its limited length, 

and also the absence of slipping the teeth completely compensate 

for the shortcoming of the scheme which consists of the higher level 

of bending stresses on the adjacent sections of the component. 

It is Interesting to focus attention on the fact that with the 

transmission of the torsional moment in one direction not only the 

teeth lying along one side from the axis of symmetry of the wave 

of deformations participate in the work, but also the teeth lying 

along the other side of the axis symmetrically arranged in zone 1. 

Furthermore, the total area of the lateral surfaces of the teeth 

which are in contact and which transmit circular force will be 

approximately twice as large as in the case of using other forms of 

equivelocity curves with identical polar angles of the sections of 
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engagement. That Is, according to the nominal value of specific 

pressure in the contact of teeth the drive with the form of the 

deformation of the flexible component according to figure 27c and 

¢^10° will be equivalent to the drive with the equivelocity curve, 

for example, in the form of an involute (figure 27d) with the polar 

angle of each of the two sections of engagement equal to 40°. 

It is extremely expedient to employ engagement according to 

the examined scheme in drives of the r-2W-H type in the assurance 

of the permissible stress level, and also in drives of the T-W-H 

type with a gear ratio more than 150; in this case, the use of 

flexible components of tubular construction is preferable. 

Above we noted that circular profiles can pertain to the 

technologically effective profiles of teeth. The fact is, that with 

the cutting of such shapes by the rolling method and the arrangement 

of the center of the arc on the initial curves of machine engagement, 

the circular profiles of the tool are completely duplicated on the 

workpiece [20]. The design and methods of manufacture of rams with 

circular shapes have been developed and are Illuminated in [28]. 

Figure 30 depicts a scheme for the synthesis of engagement with 

circular profiles of teeth of the rigid component. The equivelocity 

curve of the flexible component has an Involute form and, for the 

sake of simplicity of the solution of the problèmes tangent to the 

equivelocity curve of the rigid component at the point on the axis 

Ox (q=Q). On figure 30 the construction of the line of Instantaneous 

pitch points determined by equation (44) is also carried cut. 

The circular profiles of the teeth are drawn for each value of 

angle X and of the corresponding value <J> computed according to for¬ 

mula (40). In this regard, the centers of the circle of the profile 

have coordinates a+r^ and b in the coordinate system connected with 

the axis of symmetry of the tooth of the rigid component. 



Figure 30. Synthesis of the engage¬ 
ment of a harmonic drive with cir¬ 
cular profiles of teeth of the rigid 
component. 

From the points of line of instantaneous pitch points normals 

are drawn to the corresponding circular profiles. The intersection 

of the normals to the profiles and of the profiles themselves deter¬ 

mines the contact points, and the locus of the contact points is 

the line of action in a fixed plane. 
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As is evident from the construction, the line of action can be 

disposed within the limits of the height of the teeth of the rigid 

component on a considerable arc which assures the large multiple 

pairing of engagement. The profiles of the teeth of the flexible 

component will envelop the family of circular profiles of teeth of 

the rigid component in relative motion. 

Examined below in general form is the analytical solution of 

the problem of determining the equation of the line of action and 

profile of the teeth of the flexible component. 

The equation of the circular profiles of the teeth of the rigid 

component in a mobile coordinate system ÇOní (figure 30) 

5 = p cos Q, 
p sin 

ÍJ. } 

0. I 
(45) 

where p is a radius of the arc of the profile; Q - the polar angle 

read from axis O^Ç. This equation, rewritten in coordinate system 

xOy, is an equation of the family of circles and takes the form 

X = p cos (Q + q>) + (a + rH) cos <p — ft sin cp, 

p ~ p sin (Q + <p) + (a 4- /•*) sin <p 4- ft cos <p, 
(46) 

where a+r and b are the coordinates of the center of the circle 0 . 
jpt n 

The equation of the normal to the circles of family (46) 1: 

written in the following manner: 

0, (47) x'(X-x) I y’ (Y — y) 

where X and Y are the current coordinates of the normal; x and y 

are coordinates of the point of the circle through which the normal 

passes. 

After the computation of derivatives the equation takes the 

form: 

C(K(n + <r) sin -I-f) 
(48) 



If we separate from the congruence of the normals those normals 

which for a given position of the axis of symmetry of the tooth 

determined by the angle <j> pass through the corresponding instanta¬ 

neous pitch point, we will obtain the coordinates of a specific 

pitch point. 

îne coordinates of the position of the instantaneous pitch 

point are found from the construction given in figure 30, taking 

onto account (¿14) 

r _ i I — On X) 

(49) 
/vil — er» Xl 

Equating in (48) X=x and Y=y , after conversions we obtain 
ir P 

the equation of the engagement 

(50) 

The connection between angles <j> and X is established on the 

basis of (40). Angle is determined from formula (34), and r^ 

from (33). 

Utilizing expressions (46), (49), (50), (40), and (32), we 

obtain a system of equations which determine the coordinates of the 

points of the line of action (in figure 30, /1. 3.) for each value 

of angle ¢: 

X -- p cos (Í2 -¡- <[ ) I (a I r^) cos ip — h sin (p, 

y =- p sin (Í2 -+- <() -)- (« -I rM) sin «p -f b cos(p, 

(51) 
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With the aid of the f omul as of conversion, equation v ^ ' o^r> 

be rewritten In a mobile coordinate system connected with the axis 

of symmetry of the flexible component. In this form it will repre¬ 

sent the equation of the profile of the flexible component. The 

profile of the teeth of the flexible component is a curve of the 

equidistant trajectory of the center of the circular profile of the 

rigid component in relative motion. In connection with this, by 

knowing the equation of this trajectory it is possible to find the 

tooth profile of the flexible component. By rewriting the coordi¬ 

nates of the center of the circular profile from the coordinate 

system of the rigid component in the system connected with the axis 

of symmetry of the tooth of the flexible component taking into 

account the designations given in figure 30, we obtain equations 
(with q*0): 

X -- (a Í- tj,.) cos (i| - 

I r„ (sin X — cos X 

y (a -i- rM) sin |.j 

I- r0 (sin X 

X) — h sin ((¡' — X) i 

I * X) (rM (/), 

X) ; /1 COS ((( — X) ; 

COS X I), 

in which, on the basis of (40) and (51) with r +A=r -a 
*C H 

■"( 2 

Figure 31 shows the tooth profile of a flexible component ob¬ 

tained by bending the teeth of the rigid component with a circular 

profile with 2^=100 and p=1.55my (see section 8). Chapter VII 

examines a method of cutting the teeth of the flexible component in 

which the process of the bending of these teeth by the teeth of the 

rigid component Is automatically reproduced. 

It Is also necessary to explain the possibility of using cir¬ 

cular profiles of teeth in the case of using an equivelocity curve 

outlined by two conjugate circular arcs. 

With convex circular shapes of the teeth of the rigid component 

and the constant curvature of the equivelocity curve of the flexible 



component, on the working section an extra-centroid epicycloidal 

cogging with large multiple pairing will occur [1?]. A diagram of 

this engagement is shown in figure 32. 

Figure 31. Determining the form 
of the profile of the teeth of a 
flexible component with circular 
profiles of a rigid component. 

Figure 32. Diagram of extra¬ 
centroid epicycloidal cogging of 
a harmonic drive. 
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Thus, the construction of theoretically precise technologically 

effective gearing with the assurance of large multiple pairing is 

possible on the basis of the use of circular profiles of the internal 

teeth of the rigid component. At the same time, an essential short¬ 

coming of such gearing is the impossibility of giving the value of 

radii of circular profiles p greater than the pitch of the teeth, 

in connection with which the extremely low cited* radii of curvature 

are obtained which causes the appearance of high contact stresses 

in the places of gear contact. This circumstance should be con¬ 

sidered when selecting the scheme of engagement, especially for power 

drives. Furthermore, the use of small moduli in harmonic drives 

can cause great difficulties during the manufacture of special tools 

for cutting teeth with circular profiles. 

Above it was shown that the use of technologically effective 

involute profiles of teeth does not assure obtaining the correct 

engagement with large multiple pairing in harmonic drives. At the 

same time, in the practice of reduction-gear construction approximate 

engagements with the theoretically nonconjugate lateral surfaces 

of teeth are widely applied. At the basis of the construction of 

the approximate engagements lies the requirement for the assurance 

of minimum nonconjunction commensurable with the errors in the 

manufacture of the elements of the gearing. By nonconjugation in 

this case we mean the disruption of the constancy of the velocity 

of motion of the vertex of the coordinate system connected with a 

tooth of the flexible component along the equiveloclty curve of this 

component with a constant velocity of motion of the vertex of the 

coordinates of a tooth of the rigid component along the corresponding' 

equiveloclty curve. 

In connection with harmonic drives the task of the synthesis 

of the approximate engagement should be reduced to determining the 

form and parameters of the deformation of the flexible component 

in which the technologically effective shapes of the teeth will 

“Translator’s Note: May also be "reduced radii." 
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assure their minimum noneop.J unction In the process of Joint opera- 
tion, ^ 

investigations on the selection of the most advantageous form 

f°rmatl0n °f the nexlble comPonent with the technologically 
eec ve involute profiles of the teeth show that a decrease In 

tne nonconjunction of the teeth 1-¾ aovnk cog en is achieved by means of an Increase 

a 6 raaiu5 ^ ™™ure of the equlvelocity curve of the flexible 

component at points lying on the greatest diameter, and by the 

approach of the value of this radius to the radius of the equi- 

veloclty curve of the rigid component. With the Identical value of 

diametric deformation, an increase In the Indicated radii of curva¬ 

ture leads to an Increase in the stresses which appear In the wall 
oí the flexible component. 

now should the problem of the selection of the form and param¬ 

eters of deformation of the flexible component be solved? 

The goal Is reached most effectively by the assignment of an 

equlveioclty curve with three conjugate circular arcs according to 

-■ture ¿7c with ^=10°. In this case, the selection of the value 

the shaped angle of the teeth plays virtually no role although 

at the moment of the emergence of the teeth from contact, to avoid 

their Interference It Is desirable to have the largest possible 

value of the angle. There Is considerable Interest (at least at 

the present stage of development of the designs of harmonic drives 

and their placement into production) In the use of widespread tools 
with a =20°. 

Tne required Increase In the shaped angle of the teeth of the 

liexlole and rigid components In this case can be accomplished 

outline the 3ele0tlOn °f the 00rreSP°ndl"S extensions of the Initial 

In connection with the f*cict thrit -p..n . 
work of n. ful1 investigation of the 

flexible components with an equlveioclty curve according 



h-- ”’ - ~ . , :‘'\f. ^Hf/f^'f.^t "Kj 

to ligure 27c still is not finished, we cannot recommend this form 

of deformation for drives of the T-W-H type with KI50, or with the 

flexible components which have the form of a cup with a stop-end or 

circular bottom. In these cases, one ought to recommend a simpler 

and more sufficiently investigated form of deformation of the flex¬ 

ible component in accordance with figure 27a, b, d. As will be 

shown below, because of the selection of the shifts of the initial 

outline and value of deformation, it is also possible with the In¬ 

dicated equivelocity curves to insure the sufficiently good coupling 

of the teeth and the multiple pairing of the contact. At the same 

time, the calculation of the geometry of the drives and the tech¬ 

nology of the manufacture of the parts of the wave generators for 

the achievement of deformation in accordance with figure 27a, b, d 

are sufficiently developed and simple. 

ihe recommended three forms of deformation with equivelocity 

curves according to figure 27a, b, d are approximately equivalent 

in their qualitative indices; therefore, we believe that the use of 

one form or the other of the curve should be determined by the tech¬ 

nological possibilities of the production in which the manufacture 

of the drives is assumed. 

7• THE GEOMETRY OP APPROXIMATE 
ENGAGEMENT 

Basically the task of the synthesis of the approximate engage¬ 

ment can be solved in the following manner. The equation of the 

family of profiles of teeth of the rigid component is written in 

a mobile coordinate system connected with the axis of symmetry of 

the tooth of the flexible component and the parameters with which 

the minimum width of the region occupied by the family on a specific 

section and also the required position of the region of the family 

concerning the assigned tooth profile of the flexible component 

will be obtained are determined. 
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Let us examine the synthesis of the approximate engagement of 

a two-wave drive with an involute equivelocity curve of the flexible 

component and involute profiles of teeth of both components. 

mie pitch of the teeth t on the equivelocity curve of the 

llexible component is determined by the ratio of the length of the 

curve L to the number of teeth zf. 

Since L=27ir 
tH 

2:tr. 

We introduce the concept of the conditional modulus m in ac¬ 

cordance with the equivelocity curve. Then the expression^will 
occur 

2r..H 

2.< 

it is possible to establish the relation between the conditional 

modulus ana the modulus of the tool by which the flexible component 
is cut 

mv = 7; - 2 (/0 + C«) -h 2Ç, - 0|, (52) 

■'Jhere f'0 and cQ are the parameters of the initial outline; Ç - the 

extension factor of the initial outline in cutting of the flexible 

6 6 
component; - the coefficient of the wall thickness of the 

y 
iexible component on the section of the arrangement of the teeth 

(6 - wall thickness). 

The value of the radial deformation of the flexible component 

û is expressed as a conditional modulus in the following manner: 

A=k.m . 
A y (53) 

Let us find the equation of the family of involute profiles 

of the rigid component in the coordinate system of a tooth of the 

flexible component. 
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According to fig. 33, the equation 

of the involute tooth profile of the 

rigid component in coordinate system 

x10y1 will be 

where 

•v i — K0 (co!i f 

y, K„ (sin , 

e is an auxiliary angle 

p sin p). I 

e cos p), I 
(5^) 

Figure 33. Diagram 
for the synthesis of 
approximate engage¬ 
ment with an Involute 
equivelocity curve. 

Rewriting equation (34) in the co¬ 

ordinate system xOy whose axes are tan¬ 

gent and normal to the involute equi¬ 

velocity curve which has the radius of 

the involute rQ determined from formula 

(33), we obtain : 

X - Ra I (cos e -f e sin p) cos (X — q — 0,) |- 

-h (sin e — v cos t ) sin (X - <| — 0,) | -j r0 (sin X — 

(55) — cos X -: I — X) — ( 1 — k¿) 

y -= R0 I (sin p — r cos p) cos (X — q. — 0,) — 

— (cos e 4- C sill e) sin (X — q' — (),) | -¡- r0 (sin X 

+ cos X — 1), 

where X is an auxiliary polar angle of the mobile coordinate system 

xOy in system XOY; <)>=f(X) - the polar angle of the mobile coordinate 

system of the rigid component XQOY0 in system XOY; 0 - a polar 

angle of the point of an involute profile lying on axis OX . The 

dependence of the angle ¢1 on angle X is established by formula (40). 

If we assume that the cutting of internal involute teeth of the 

rigid component is performed by the rolling method by gear cutters 

and at some radius R^the indentations will have angular thickness 

2Y’ then it; is Possible to write the expression for determining the 

angular difference (X - ¢-9g) which enters equation (55) 

X — q> — 0, ■ y— inv ax. (56) 

where 0^ is an angle of the profile of the involute on radius R 
OK 
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From an examination of equations (55) and (56) it follows that 

with given and the only independent parameter which affects the 

properties of the family is k¿. A change in value of leads to'a 

change in the form and slope of trajectory of the points of the 

involute profile of the teeth of the rigid component in the coordi¬ 

nate system of the flexible component with the relative motion of 

the teeth and to a change in the thickness of the layer of the family 

For ¡^>100, the trajectory curvature 

of the points of the involute tooth pro¬ 

file of the rigid component in the coor¬ 

dinate system of a tooth of the flexible 

component on a section characterized by 

i0o<A<45° is very small and approximately 

equal to the curvature of the Involute 

shape itself, i.e., fig. 34 (for z =100 

the height of the arrow of the arc of 

the profile does not exceed 0.015m and 

with an increase in the number of teeth 

it Increases somewhat). 

Equating the tangent of the angle 

between the tangent to the tooth profile 

of the rigid component at point M (lying on circumference and 

the axis of symmetry of the indentation of the tooth to the tangent 

of the slope angle of the secant of the trajectory of point M (in 

coordinate system xOy) which intersects the trajectory at the points 

determined by angles A=45° and A=15° will give us the equation for 

determining the value of the coefficient of k¿ with which the 

greatest thickness of the region of the family on the section 

characterized by values 5<A<45, for z >100 will have the minimum 
Jm' 

value. The conjunction of the teeth beyond the section limited by 

1=45° is impossible since the profiles of the teeth Interfere. The 

working depth of the teeth in this case should be such as to elimi¬ 

nate contact of the teeth beyond the limits of the section taken. 

f these profiles. 

Figure 34. Trajectory 
of point M of the tooth 
profile of a rigid com¬ 
ponent in the coordi¬ 
nate system of a tooth 
of the flexible compo¬ 
nent « 
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Extension oí the working section of engagement by an angle 

larger than 45° with the corresponding increase in the working depth 

leads to an Increase in the thickness of the region of the family 

and nonconjunction of the teeth. A decrease in the maximum angle X 

and in the nonconjunction of the teeth is connected with a decrease 

in the working depth and an increase in the working specific pressure 

on the lateral surfaces of the teeth, which is irrational. When 

X 45 the thickness of the region of the family on the average corre¬ 

sponds to the tolerance level for the profile for the involute 

wheels manufactured according to the 7th degree of accuracy (GOST 

(All-Union state standard) 9178-59). 

i-fi general form, the equation for the determination of the 

; of k^ wit: 

following form: 

value of k^ with an involute equivelocity curve is written in the 

/?„ [fl(cosP, — COSp.) — .1 (Mil ft, - sill ft.)I i- 
_ _ T f» ( sin —- sin I,, -! cos X, - cosX,) 

Ai,, |¿ ( sin fia — sin |}, j -j- A (c(k |'i_ côs 11,)1 -j ” 
*i fu {cos X| “ cos X| — sin X. sm A, -j- X.¿ — X, ) 

tg 

where 

~M—y 

a 

(57) 

i 
., innisei,/. 

r„ 4,í¡(»/hw/ca; 

»i,-m['- 1-- 

ß, Xi — s , — d.; 

ßa ~ X,¿ — i| j ~ (l(; 

for 1, = 45° ß, 

for 1,= 15° ß, = 

0,5a -f *A2,87439 

0,523598 -I- k A1,59688 

V -- mv a , 

mv a. 

cosaM = £. = 4’h 2^) 
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OÆn-j 2|* kî a,* , . 
y «-+ tfiva,, — inv aÂ; 

ß = sin e — e cos e; 

A cos f -j b sin e; 

(a* -h in va*) =- 

"if) 

V3K/ 

X| + Ag 
~2~'‘ 

depending on availability a tool with the initial outlines 

•jcoruing to the GOSTs 3058-6½ and 9587-61 or with the initial out¬ 

line used for involute^ spline joints can be utilized. The initial 

:atline for spline joints has a 

!-Q accept 
¢) '3--;0> in this case it is advantageous 

pg-O* F or the initial outlines with *20° , for purposes 

the rectification of the trajectory of point M (fig. 3½) one 

ought to use the angles of the profile on the circumference R a > 

:0 which is obtained due to ..- »c cp >25' V# Jwf 

the extension of the initial outline 

a flexible component. 

It is recommended that the extension 

1 actor be selected according to formula 

Ç-0.022 zf . Figure 35 depicts the graphs 

obtained as a result of the cal¬ 

culations for the cases ad = 30o, ^=0 and 

a^ = 20° and Çf=0.022 zf . Values of 

taken from the graphs are utilized for 

the geometric calculation of the drive. 

For the heavily loaded drives and drives 

with nonmetallic flexible components, for 

purposes of the compensation of the defor¬ 

mations of teeth one ought take 0.1 

more than on the graph (fig. 35). 

The formulas and an example of the geometric calculation of a 

drive with approximate engagement for aa=20° are given in table 5, 

in table 6. As is evident from the tables and the for a =30° 
õ 

gl 'ph slven in 35» the use of the angle a =30° makes it 
d 

possible to use the lesser value of deformation, and al so a lesser 
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working depth of the teeth, than with a#=20°; in this case, natural¬ 

ly , the use of special rams is required. 

Figure 36 gives the structure of the family profiles of the 
tooth of the x'igid component in the coordinate system of a tooth of 

the flexible component for a drive with z^lSO, z =178, a =30°, and 

kA=0’72' The dashed line shows the position of the tooth profile 

of the flexible component. From the figure it follows that on the 

section 10o<X<^5° the almost full coincidence of the profiles occurs. 

Figure 36 also shows that the trajectory of the edge of the internal 

t'00fc^ °"' the rl6id component after the point characterized by angle 

^.--45 intersects the tooth profile of the flexible component and 

if with ad-30° we accept h#»m, then in the first operating period 

oí the drive the teeth of both components will make contact actually 

with the upper edges in the zone 45°<X<550. Therefore the working ^ 

depth of approach is taken as hf=m with ^=20° and h^O.Sm with a = 

”30°i in this case, nevertheless, in the first moment of work the * 

teeth make contact with the upper edges. 

The gradual increase in the load in process of the breaking-in 

of the drive and the deformation of the teeth occurring in this case 

cause the rapid wear of the edges of the teeth, which will continue 

to the start of the work of the teeth on the entire arc of engage¬ 

ment and the equalizing of the level of specific pressures in their 

contact. As the experimental study showed, this process of breaking- 

in the teeth with the rounding of the edges occurs extremely rapidly. 

Realization of contact in the period of break-in wear by 

precisely the upper edges of the teeth is intentionally envisioned 

during the development of the system of engagement since this con¬ 

tact occurs at the moment when the teeth of the flexible component 

are located on the section of the equivelocity curve, the radius of 

curvature of which is equal to the radius of the central line of 

the nondeformed part. Local bending stresses in the root of the 

teeth in the wall of the flexible component as a result of its 







deformation are absent on this section, and the higher level of 

bending stresses of the teeth is not dangerous. 

Figure 36. Family of the profiles of 
teeth of the rigid component in the coor¬ 
dinate system connected a tooth of a 
flexible system. 

Analogously, the synthesis of the approximate engagement Is 

accomplished with the circular form of the equivelocity curve of 

the flexible component on the working section and the involute 

shapes of the teeth. Above it was noted that the use of this form 

of equivelocity curve makes it possible to accomplish precise 

involute gearing; however, in this case one of the important 
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properties of harmonic drives cannot be realized - the large multiple 

pairing of engagement. 

The equation of the involute profiles of teeth of the rigid 

component assigned in coordinate system x00y0 (fig. 37) and rewritten 

in the coordinate system xOy, the horizontal axis of which coincides 

with the radius of the circular equivelocity curve and the vertical 

axis tangent to this curve, takes the form 

X = /?0icos(e 4- 0, f — Ã) i- r sin (t -r 

0, -}- ip — X) 1 — u cos Xj 

y --= R„ |sin (k f 0, f ff — X) — e cos (f -J 

! 0, I «(' - X)| -f « sin X, 

(58) 

where $ and X are the polar angles of x0Oy0 and xOy coordinate 

system in the fixed coordinate system; a is the distance between 

centers of curvature of equivelocity curves of the rigid and flex¬ 

ible components. There is the following connection between angles 

$ and X : 

(59) 

where and rg ^ are radii of curvature on the working section of 

the equivelocity circumference of the rigid and the equivelocity 

curve of the flexible components. 

Radius r^^ is found from equations (27). 

Taking into account the effect of the deformation coefficient 

of the flexible component,the value r^^ is determined from the 

formula 

•Hi Cik ii 
;i ~ mi 

where Q is the angle at which the equivelocity curve is described 

by the radius r^. When íí=tt/4 

0,41422r ,(1 -k.mu 0,5 0,11422;, - k 
-nfrir,3-~ - niu-X7Î-.«:,— 
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harmonic drive with the equlveloc- 

Pigure 37. Por the synthesis of 
the approximate engagement of a 

ity curve which consists of two 
conjugate circular arcs. 

After substitution of the value X from (59) in equations (58) 
we obtain 

X =* R0 |cos (e -f 0# (- «i (/,( ) (-f sin (k (-0,-( <| (/,( ) I — 

~ «Ci)S(l - (/.(,)'i'. 

ÿ = /?„ |sin (b f Ü, j- fp(/lj) — i- cos (e f 0, f <t ^ ) \ -(- 

+ osin(l — (/,,) q*, 

(61) 

where q,t - ( 1 — 

Expressions (6l) are the equation of the family of the involute 

tootn profiles of the rigid component in the coordinate system con¬ 

nected with the tooth of the flexible component. The parameters of 

thlíj family with fixed values of m^ and ft depend on the deformation 

coefficient ol the flexible component k^. By the selection of the 

corresponding value of it Is possible to attain the minimum 

thickness of the layer of the family of Involute profiles on the 

possible working sections of the teeth. 

The task of the determination of the optimum value of k is 

solved by equating the slope angles to the axis Ox of the secant 

trajectory of point M in the coordinate system xOy and the tangent 

to the involute profile at point M. The indicated secant passes 

through two points of the trajectory determined by the parameter 

of bending <p with values ¢=5° and <p=n. 



The equation utilized for the search for the optimum value of 

takes the form: 

Ä, I ¡un (i- -f 0 -f 5>( ) - sin (F M) |- ) I F |cos o -i o 4 uv,,) - 
— cos(f 4-0 4 54,,)11 | _ojsin jl -- y,,) 51' — sin (I — y,,) U|_ 

R\ |c«(f4 8 + Uy^) — «R(f 40 h5 y,) — 1 |sin (i-f 0 I S'yi,) — 
— sin (e + ö 4- Uyf )|¡ - o leus (I — y,,) U — cos ( 1 — y,,) 5°| 

" tK [«* ” V - <7.p -2 5 - j * ( 62 ) 
where y and e are found through the same expressions as for 
formula (57). 

For the computation of the value my and the same formulas 

are utilized as in the previously examined version of engagement. 

Determining the value of k¿ for a different number of teeth of 

wheels is carried out in the "Minsk-D" computer. A graph of the 

function kA*f(z#) is presented in fig. 35 by a dashed line (for 

*20°, Q-45). The working depth of the teeth is taken as equal to m. 

Figure 38 shows the families of the involute profiles of teeth 

of the rigid component in the coordinate system of the teeth of the 

flexible component with 2^*100. As is evident, the thickness of 

the layer of the family is extremely low and does not exceed 0.015 m. 

Inscribed in the family is the Involute tooth profile of the flex¬ 

ible component (dashed line). 

Table 7 gives the formulas for the geometric calculation of a 

two-wave drive with the equlvelocity curve of the flexible component 

outlined at angle tt/2 by two conjugate circular arcs. 

Let us examine the geometry of engagement with the assignment 

of an equivelocity curve of the flexible component by three conjugate 

circular arcs according to fig. 27c, and with assurance of full 

contact of the teeth on the working depth on arc <|>1 • In order that 

the stresses which appear in the flexible component with this form 

of deformation would be approximately the same as in the case of 

the assignment of the equlvelocity curve according to Resal's 
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equation. It Is necessary to select the radii of the conjugate arcs 

and their central angles from the condition 

r2*rmln (Re'sa1)- (63) 

The accomplished Investigations show that for the satisfaction of 

this condition it is possible to recommend the following values of 

angles : <^=10°; <fr2 = 4o°, and ^ = 40°. Then the radii of the conjugate 

circular arcs are determined from the formulas: 

r Cti 

f £H 

A = /• 
3,81 A, 

3.5GA, 

ar» 

(6^) 

Figure 38. Family of profiles of the teeth 
oí the rigid component in the coordinate 
system of the flexible component with a 
circular equivelocity curve. 
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Formulas (64) are obtained by the transformation of relations 

(30) 

The connection between the parameters of the equivelocity curve 

and the dimensions of teeth with Involute profiles is established 

in the following manner. With the assigned number of teeth and 

modulus of engagement the pitch circle diameter of the nondeformed 

flexible component is determined 

dg. nu¿. 

To exclude the Interference of the teeth the extension factor 

of the initial outline is accepted according to the formula 

lt - 0,022*,. 

With this value of the shaped angle at the middle point for 

height of the teeth >111 be approximately equal to 26°. 
/ 

The conditional modulus of engagement according to the equi¬ 

velocity curve is determined from relation (52) 

m |?,-2(/0-|-rn) 1-2^-01, 
* J 

in which * is the coefficient of the wall thickness of the flexible 

component and can be determined from the graph fig. 51. The possi¬ 

bility of usip/j this graph for the case under consideration is based 

on condition .63)- The use of drives with the zone of full contact 

as kinematic /¿drives] with the low loading of the flexible component 

by the torque [torsional moment] makes it possible to increase arc 

¢-] to ¢^=30/. Being given angle and accepting from 

equation ('/0) we find the value ^mln=r2 and from relation (138) we 

determine the value of coefficient $; in this case it should be 

¡¡■>2.. 

It Is also possible immediately to find minimally allowable 

value r2 with a given number of teeth and a radius of the neutral 

circumference of the nondeformed flexible component. For this 

purpose, accepting 4=1, [a]=600 kgf/cm2 and E=2.0«106 kgf/cm2, from 
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îxpresslon (138) we find 

rt)|in 
r.H 

m 

Uh 

a.îôr^4-ï,^,a- 

The radius of the neutral circumference of the nondeformed 

flexible component will equal 

r.»‘0-5V* ' 

‘cordingly the radius of the equivelocity curve of the rigid com¬ 

ponent is determined from the formula 

bur “ 

The extension factor of the initial outline for the rigid 

component is calculated from the relation 

(65) 

With the selected extension factors of the initial outline E 

a-fid C^, the interference of the teeth at angle <P2 will net occur. 

It is expedient to take the addendum f0=0.8. 

8. GEOMETRY OF PRECISE ENGAGEMENT 
WITH CIRCULAR PROFILES OF TEETH 

Despite the fact that the use of a theoretically precise en¬ 

gagement with circular profiles of teeth in harmonic drives is in¬ 

expedient in the majority of cases, we consider it necessary, 

nevertheless, to examine the geometry of this engagement, which can 

be extremely usefully for the readers who are striving for deeper 

research on the problems connected with the theory of harmonic 

drives . 

Realization of precise engagement with circular profiles of 

the teeth of the rigid component requires the determination of the 

geometric parameters of the teeth and the components themselves. 

Calculation begins with the selection of the diameter of the center 
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line in the calculated cross section of the nondeformed flexible 

component. With the assigned kinematics of the drive and number of 

waves of deformation of the component, the conditional pitch or 

modulus m is found along the center line 

I'""-, (66) 

where dCp is the diameter of the average circumference of the flex¬ 

ible component in the calculated cross section equal to the diameter 

of equivelocity circumference (dc_*sd|Has2r<|( ) ; zg - the number of 

teeth of the flexible component. 

The amount of deformation of flexible component is expressed 

as the conditional modulus in the following manner: 

A ksIH,,, 

where is’the deformation coefficient. 

By considering that the central surface coincides with neutral 

[surface], it is possible to write the expression for the coefficient 

of the thickness of the flexible component on the strength of the 

permissible values of the bending stresses with its static defor¬ 

mation by the generator of waves of involute form (see chapter V) 

\>• A ,s M/o.i.m .iW., 
mu M ^ 1 ' 

Knowing the wall thickness 6 of the flexible component on the 

section of the arrangement of the teeth, we can determine the di¬ 

ameter of the tooth spaces of the nondeformed flexible component 

£>,,« = </,*-1-0. (67) 

According to fig. 39, the radius of the surface of the inden¬ 

tations of the flexible component in the direction of the greatest 

deformation will equal 



Then the radius of the circumference of the projections of the teeth 

of the rigid component is determined from the expression 

+ (69) 

where c is the coefficient of radial clearance. It is advantageous 

to take c"0.20. 

Prom an examination of fig. 30 it is evident that the length 

f the working section of the line of action depends on radius p of 

the circular profile of the teeth of the 

rigid component. An increase in the radius 

p will lead to a reduction in length of 

the working section. A decrease in the 

radius p is inexpedient in connection with 

the corresponding decrease in the value 

of the cited* radius of curvature in the 

contact of the teeth. 

The use of circular profiles is 

Justified in assuring large multiple pair¬ 

ing of engagement; therefore, for the 

determination of the optimum value of a 

radius p let us assign the requirement 

that the line of action intersects the 

circumference of projections of the rigid 

component at least with a polar angle X«60°. Determining the 

necessary value p is accomplished with the use of equations (51) for 

Vx^+y *R<Äewith the assigned values of parameters a, b, and X. 

For simplicity of the solution of the problem, we will consider 

that 

±+\-X~0. (70) 

Figure 39. Diagram 
for determining the 
diameter of the pro¬ 
jections of the rigid 
component. 

•Translator's Note: May also be "reduced radius. 
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Since q-<l-VV takin« int0 «««nt (33) and t53) condition (70) 
takes the form 

0,214602(^-- - |)+|_X»0. 

By taking X-60°, we will obtain the 

k^-0.81972, with which condition (70) is 

account (70), the equations which enter 

in tne following manner: 

corresponding value of 

assured. Taking into 

system (51) will be written 

X **= 

y » 

p cos (Q -|- <|) H- (a -f rM) cos 9 — b sin 
p sin (Q + 9) -f (a j- rM) sin 9 4- ¿ cos 

I — cosX , 
ï — siñX ~ 8 ^ V)t 

V. 
V. 

(71) 

There la no difficulty in determining the unknown value o. Th, 
value of angle « is found from the fourth equation and from the 

■ri'r' ‘ the ànele The flr3t and second equations after squaring 
and summation take the form 

^ 2n hR'n ií t (n I- rM)cos il| + b3 f (a 4. rM)3. ( 72 ) 

If we now assign values of parameters a and b¡ then the sciatic 

0 equation (72) can be accomplished and the value p found. Selec¬ 

tion of parameters a and b is accomplished on the basis of fig. to. 

-igure 40. Determining 
the position of the cen¬ 
ter of the circular pro¬ 
file of teeth of the 
rigid component. 

As calculations showed, it is ad¬ 

vantageous to take the value of angle a 

as approximately equal to 25°. At this 

angle, k^O. 81972 and the profile of 

the teeth of the flexible component has 

the smallest curvature. 

Being given the requirement that 

the thickness of the tooth of the de¬ 

formed flexible component on radius 
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is equal to 0.8 1T^ep/2zael we obtain formulas for 
determining the value of the parameters of interest to us 

u-i /■* •/?f„ 1-p sin 25", (73) 

0 = 0,8-^+ p cos 25'. (7H) 

With 2^*100, we obtain p»1.65m , with z *720 p-1.55m . 
jf jtQ y 

The diameter of the circumference of the projections of the 

flexible component is determined from the assumption that the apexes 

f tne teeth lie on the curve which with X*60° intersects the last 

.-oint of engagement. For this, accepting in formula (37) p *R 
9 iOK 

we eliminate x and y from (36) and find the value ÿ 

/■—r- 
* 0,36003 -f 1/ f- 0,13490. 

» rl> 

Taking into account that i|/=A+^0, with X»60°, we will have 

*0*ÿ-1.0472, 

whence 

~ ('I'« ‘f* 0,7854) 

or 

R.* '•[v / - -0,13490 -1- 0,10423 (75) 

Since the second term under the radical will always be considerably 

less than the first, formula (75) can be rewritten in the following 

form: 

R«^R,m + 0,10423/v (76) 

The cutting of the teeth with circular profiles of the rigid 

component can be realized extremely simply by rolling if we take 

for the initial circumference of machine engagement the circum¬ 

ference on which the centers of the circular profiles lie. The 
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radius of this circumference is determined on the basis of fig. 

kO from the expression 

rh = i (¡rr^íM7^*.' 

Taking into account (56; 57) and (61; 62) with p"1.65my we will 

have 

«. - «. v/(^+c+«.)’(h^]T - - 

+ 3,3 + c + 2ftA) (sin25° + -h >.65V (77) 

The modulus of the teeth on the circumference is determined 

from the formula 

m=Bl. (78) 
*9* 

By substituting the values of the R^ from (77) in (78) with 

1(^=0.81972 and c*0.2 taken above, we obtain 

«■»•—f- 1,8.3944 , 

+ 3,3 (^- + 1,83944) (sin25" -(- | 1,65». ( 79 ) 

In connection with the fact that in the derived formula z^lOO 

the values 0.00016 and 0.8tt cos 25°/2z(e<0.011 they can 

be disregarded and for practical purposes formula (79) can be pre¬ 

sented in the following form: 

m,« -h |,,83944)a + 

1,3946 + 1,83944) -f 2,7225. ( 80 ) 

For purposes of standardizing the tool for cutting teeth of 

the parts of harmonic drives it is expedient to take standard values 

of the modulus for circumference R^, and to find the value of the 

conditional modulus rn from formula (80). In this case 
J 
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where 

Por the construction of the initial outline of the rack which 

determines the geometry of the gear-machining tools, it is also 

necessary to find the mutual arrangement of the centers of the cir- 

juimerences whxch describe the opposite sides of the teeth or troughs 

of the outline. 

As io].lows from fig. AO, for determining arc O^A it is necessary 

uo find angle x from the expression 

tßX== KtP + P 

or 

>gx = 
- -, -- ! I* cos ' 

« 

H,p -f- p mi» 250 (82) 

Wlth ^100 tan x-0.04087 and with ^-720 tan x**0.00563. 

3y equating arc length O^A to the tangent of the angle, we find 

ihat 0,,/1 „.,00, ^ 2,04m and 0,,/1 „ 2."2m . 

Thus, the arc length 0^A is r function of the number of teeth 

of the rigid wheel. It is natural that for standardizing the tools 

ic is expedient to select a constanu value of this arc. Let us 

accept 0M/1 2.04/M. One ought to focus attention on the fact that 

according to (68) rnsfím^jz^) and, consequently, p«1.65my also is not 

a value constant for the entire range of the numbers of teeth used. 

However, considering that with widespread values of *-2 a 

change in the number of teeth of the rigid component from z^-100 to 

zxci720 will lead to a change in the value of the modulus only from 

0.953 to 0.995, and the corresponding value of the radius of the 
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profile from 1.57m to 1.5^5m, for practical calculations we take 

p«l.55m. 

^1 depicts the initial outline of a rack which can serve 

for the formation of teeth of the disk rams used in cutting the in¬ 

ternal teeth of the rigid component, and also the formation of the 

bobbing cutter for the cutting of the teeth of the flexible component 

by the method of the reproduction of the engagement of harmonic 

drive (see chapter VII). In cutting the teeth of flexible components 

by cutters with this outline, to assure the radial clearance it is 

necessary to increase the diameter of the projections of rigid wheel 

calculated according to formula (69) by 0.10m. 

Figure 41. Initial outline of 
the tool for a cutting teeth. 

The geometric calculation of flexible and rigid wheels with 

circular profiles of teeth is reduced to Table 8. 
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CHAPTER IV 

EFFICIENCY 

9. GENERAL 

The correct estimate of the efficiency of harmonic gear 

drives in many instances should predetermine the rational use of 
the latter. 

At present an insufficient quantity of experimental data on 

th5 evaluation of the efficiency of harmonic drives is accumulated, 

in consequence of which the recommendations given below for the 

determination of the value of the theoretical efficiency should 

be considered as tentative. At the same time an extremely full 

consideration of the different factors which affect the value of 

the efficiency gives the correct picture of che distribution of 

xosses in a mechanism, which is extremely important for the 

designers of harmonic mechanisms. 

We should consider the design in which too flexible component 

has the form of container flexibly joined wi-.h a shaft, and the 

wave generator - of a cam type with intermediate rolling contacts 

(balls or rollers) and a flexible external ring laid in the 

flexible component as most common for a harmonic drive. Lubri¬ 

cation of the drive is accomplished by spattering through the 

rotation of the wave generator. 
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Por the Indicated design the following power losses should 

be estimated: to friction in tooth engagement, to rolling friction 

in the wave generator during the action of the forces of elastic 

deformation of the flexible component and the backing ring of 

the generator, to rolling friction in the wave generator during 

the action of forces in engagement, to friction in the roller 

bearings, to friction between the backing ring and the flexible 

component, to the mixing of oil, and to hysteresis in the flexible 

component and the backing ring. 

Let us explain the possibility and expediency of the theore¬ 

tical estimate of the magnitude of the enumerated losses. 

The power losses to friction in tooth engagement can be 

determined if the scheme and kinematics of the mechanism, the 

form of the pro.lies of the teeth, and the material of parts are 

known. However, one ought to focus attention on the fact that the 

friction coefficient is not a stable value for the designated 

materials by virtue of which the accuracy of the calculation of 

losses will be relative. 

The determination of losses to friction in the wave generator 

during the action of the forces of elastic deformation of the 

flexible component and ring is connected with considerable 

difficulties. If the initial deformation of the flexible com¬ 

ponent and rings are obtained by the application of several 

forces, as occurs for example for the shape of a neutral line 

in the form of a Resal curve then, strictly speaking, with the 

*ull retention of the form of deformation the flexible component 

and the backing ring should affect the generator only at the 

points of application of the force. However, the presence of the 

elastic deformations of the parts, clearances in the coupling of 

the flexible component and the generator, and also forces of 

friction in the coupling of the flexible component and the backing 
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ring leads to some change in the form of deformation and scheme 

of the power effect of the components on the generator. Naturally, 

the forced deformation of the flexible component and ring with 

which the form of the elastic lines will differ from the R^sal 

curve will cause a completely different scheme of the power 

effect of the components. 

ihus, the nature of the distribution and magnitude of the 

* orces applied on the part of the deformed components to the 

wave generator depend on many factors and cannot always be taken 

into account. Furthermore, the accomplished calculations (see 

page 89) and experimental check show that the proportion of the 

losses in the wave generator from the forces of elastic deforma¬ 

tion in the total balance of losses is small, in connection with 

which a simplified scheme of the solution of the posed problem is 

proposed below. 

The losses to friction in the wave generator under the action 

of the forces which appear in engagement with the known law of 

distribution of the working load between the teeth theoretically 

can be determined. In this case the reliability of the computa¬ 

tions will depend in essence on the correctness of the designation 

of the value of the coefficient of rolling friction. 

Usually the connectors of the reducers load the cantilever 

shafts with some forces whose vectors rotate and whose value 

depends on the torque applied to the shafts. These forces, just 

as the radial forces which appear as a result of the nonuniformity 

of load distribution between the zones of engagement, load the 

shaft bearings. The value of these forces and the losses 

connected with their action obviously depend on the power transferred 
by the mechanism. 

For two or more hanronic drives and uniform pitch of the 

waves the losses in tbo antifriction bearings which support the 
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shafts are virtually low and, for standard designs, can be 

accepted on the order of 1-2* of the transmitted power. 

Power losses to friction will be also insignificant because 

of the elastic slip between the flexible component and the backing 

ring, and also hysteresis losses in these components. The need 

of assuring a long service life of the flexible component and 

ring forces us to emerge at a low level of bending stresses 

considerably less than the elastic limit of the material, by 

virtue of which the hysteresis loss need not be considered in 

practice. 

The power consumption uuring spraying and the mixing of 

oil in harmonic drives thus far cannot be taken into account with 

sufficient accuracy; for the quantitative estimate of this flow 

rate the conduct of a series of very fine experiments is required. 

Preliminarily, it can be noted that the Jamming and the extrusion 

of oil from clearances in the gearing require a certain consumption 

of power which will depend on the scheme and loading of the 

gearing, and also on the viscosity of the lubrication used. 

A rough estimate of losses in spraying and the mixing of oil 

was performed in the reducer shown in figure 60. 

The determination of the efficiency of the reducer was 

accomplished initially with the oil level passing through the 

middle of the balls of the wave generator. Draining the oil 

(measurements were made in the period of the subsequent short¬ 

term work of the reducer) led to raising the efficiency by 

approximately 2¾. The raising of the oil level to the middle of 

the height of the teeth of idle wheels caused a reduction the 

efficiency of the reducer by 5-6*. 

Thus, for determining the approximate value of the efficiency 

of the harmonic drive it is necessary to find first of all the 
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losses in engagement. In the wave generator from the action of 

the forces of elastic deformation of the components, and In the 

generator from forces in engagement. 

10. LOSSES TO FRICTION IN ENGAGEMENT 
AND THE GENERATOR OF A HARMONIC 
DRIVE 

Figure 19a depicts the kinematic scheme of the mechanism 

°f a narinonic drive of the T-W-H type. The condition of the 
steady motion of its components will be 

M* f- Af, + A*, 40, (83) 

Mr is the torque applied to the flexible component; M - the 

torque applied to the central rigid wheel; Mh - the torque applied 

to the shaft of the generator of the waves of the drive. 

In this case, we assume that the value of the moments remains 

constant both In the absolute motion of the components and In 
relative motion. 

The efficiency of the harmonic mechanism with the leading 

component H and power flux from the component H to the component 

W (subsequently designated H-*W) equal 

//here Nc^ is the power of the forces of useful resistance; N 

the power of the driving forces C*A 

Nr.n — = — 

Nr.d~ (Qi| ) 

The sign of power for the leading component Is designated 

positive since the coincidence of the direction of rotation and 

torque occurs. With different directions of rotation and torque 
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applied to the driven shaft, the sign of power is taken as negative. 

Then arbitrarily considering the sign of power 

»U 

__ 

According to formula (8) the gear ratio 

i — <1 
and then 

whence 

'U i'1' ( i _. " \ 
Mm ' 

•u 

(85) 

(86) 

With power flux from component W to component H (subsequently 

designated W-*-H) the efficiency will equal 

>u = -- Mw ' 
Mm 

Mm«‘m Mw _ |« _) • 

,WM = — — il.). (87) 

Let us write expressions (86) and (8?) in the general form 

AL •'M' d -/: ). (88) 

where k—1 with the power flux H-W; k«+l with the power flux 

Let us find the efficiency of the mechanism nH with a fixed 

component (H), for which we impart to the entire system rotation 
with speed -wh. 

Let component T be the driving component and W - the driven 
(-►HO, then 
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where 

JVf. „ = - — Mm («o* — wj, 

and after substitution we obtain 

_ __ Mw (W,«r —• W., ) 

^ ~Alt. (¿.. — w*) _ AL 

whence 

• I Aljr i« 
/»I* --- _ *j»i‘ 

»I 

If the driving component is component W («<-*■), then 

(89) 

(90) 

^ Al/ (l'h — Mw) ^ __ _ 
^ ^ Al¿ (h^ — w*) Ai^. ’ 

ai, -• - Ai,»rc. (91) 

We write expressions (90) and (91) in general form in the 

following manner: 

AI,- - Al,(92) 

where m»-l with power flux (-►«); m«+l with power flux OH-*-). 

After the substitution of (88) and (92) in (83) we obtain 

i-nîo-r*,)-(vr»*,=o. (93) 

In order to explain the effect of the value iH on the value 
wr 

of the efficiency of the harmonic drive, let us examine the relation 

of expressions (89) and (84) 

K Mm (to.* — <11») _ i (o* 
— /if*«»* ^ = 1 -iia 

or 

(94) 
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If the component W is the driven or driving siirtultaneously 

in absolute and relative motion, then there should be o>0. This 

condition obviously can occur with i”p>l which, for the harmonic 

drive considered according to the scheme depicted in figure 19a, 

is impossible since always zH4>zr.1 Consequently, only Í2 <0 can 

be, i.e., component W driven in absolute motion becomes driving 

in relative motion. 

Analogously by accepting 

and taking into account that only inequality i^w>l can occur, we 

clarify the condition under which ßr>l occurs. This will be 

if the component r is driving (or driver both in absolute and in 

relative motion of the components. 

Vo wil1 occur with 1wr<1 whlch* in turn, can be: 1) with 
k«-l and m«+l or 2) with k-+l and m—1. 

Let us examine both cases. 

I. In absolute motion driving is the H component and driven 

W; then k--lj m-+l; 0<i”r<l and from (93) we have 

’l« U - ¡Mt) + t)"1*.? — I 

or taking into account the fact that nH»i-^H 

'!«* — >)« — 

i-r (•-<:*) (95) 

II. In absolute motion driving is the w component, then 

k=+l; m—1; 0<i¡¿ <1 and from (93) 

An exception is the so-called heteropitch drive developed by 
V. K. Rubtsov. 
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»1.0-/;,) i- (•r)-'1';, -1 
or 

The analysis of expression (96) shows that with nH<iH » ^«O 

j-s obtained, i.e., the self-braking of the mechanism occurs. 

For a harmonic drive made according to the scheme presented in 

iigure 19a, with a fixed rigid component the efficiency of the 

engagement will be determined respectively from the formulas: 

with power flux H-*-r 

»IC, = '1- 

with the power flux r-*-H 

iS-l. '-{Êr- l-ICI). (98) 

Thus, the efficiency of the engagement of a harmonic drive 

depends only on the gear ratio and the efficiency of the mechanism 

in relative motion nH (with a stationary wave generator). 

In connection with the fact that in a harmonic drive virtually 

each of the components can be driven and driving, let us examine 

the determination of efficiency in relative motion for two cases 

where the driving is the rigid component and driven the flexible 

component and when the driving component is, on the contrary, 

the flexible and the driven rigid. Arbitrarily let us assume that 

each pair of teeth in engagement is loaded equally; then it is 

possible to be restricted to the examination of the engagement of 

one pair of teeth, considering that the entire load is transferred 
through it. 

. **. 

•i 

i -1". 

1 ¡ iC-i'T (97) 
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Figure ^2. Determination of forces in 
the tooth engagement of a harmonic drive 
(driving - rigid component). 

Figure 42 shows the forces which 

act in engagement and on the rolling 

rigid driving component and flexible 

contacts of the wave generator with the 

M in this case causes the appeax*ance 
Ht 

of normal reaction Pnw and of force of 

driven component. The action of torque 

friction F. Respectively equal in magnitude, forces P and 
Hi nr* 

Fr act on a tooth of the flexible component. We transferred the 

resultant P of forces Pnr and Fr along the line of direction of 

its action to point 0r lying on the axis of symmetry of a tooth 

of the flexible component, and resolved it in the direction of 

this axis and perpendicular to it. Force Pr has an effect on the 

rolling contact of the generator, causing the appearance of a 

moment of resistance to the rolling over of the rolling contact 

during the motion of the components. 

The condition of the equilibrium of forces which act on the 

tooth of the rigid component with involute shapes takes the form 

Mm PhmRo FmR» tß 0*,.. ( 9 9 ) 

At the same time 

(100) 

where f is the coefficient of friction. 

Taking into account (99) from (100) we will have 

Ro(\-ÍW*tpV (101) 
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Por determining friction horsepower it is necessary to find 

the average sliding speed of the teeth in the process of engagement. 

The value of this velocity can oe found on the basis of the 

following considerations. 

With the rotation of the rigid component by approximately 

an angle of tt/4 the tooth crest of the flexible component, 

slipping over the tooth profile of the rigid component, covers 

a path equal to the deformation of the flexible component divided 

by the cosine of the avorage shaped angle. Taking into account 

the propositions given on page 53, this path will equal Jbtln-- 
CUSCtip ’ 

then the expression for the average sliding speed acquires the 

form 

* 1.27324 fc A«Ä»i v 
a cos a, (,7,5 cos ã~p (102) 

where for the geometric parameters of the components according 

to table 5 or 6 

cos a,p = cus a,> 

If- 
(103) 

Then the friction horsepower will equal 

a/ r 
- Mvip — .,(I -./7« ttfn)‘ 

The power of torque M is determined from the formula n\ 

Nx = 'Vf*«».*. 

Loss factor ^3ai4 to friction in engagement will be determined 

from the expression 

'I'jflM — Ä.«r 
\,273ksmJ 

7mI -/ /,feus’p (10Ü) 

Let us determine the power expended on overcoming the 

resistance to the rolling over of the rolling contact of the 
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wave generator, considering that the entire load is absorbed by 

one rolling contact. 

Let us exPTrJ.ne the expenditures of power in points A and B 

of the contact of a rolling contact with the flexible component 

(backing ring) and the cam of the generator 

Na - />•», Nh = /> (<•*, « - <•».•). 

where \x is the coefficient of rolling friction; u>T h - the angular 

velocity of the rolling contact in motion relative*to component 

H; w" - the angular velocity of the flexible component relative 

to component H. 

In turn the velocity wT h is determined from the expression 

« >m 

,<r„ • (105) 

where rBH“dBH/2 ls the radius oi: the internal surface of the 

flexible component or backing ring in the nondeformed state along 

which the rolling contacts roll. 

Taking into account (105), accepting that the coefficients 

of rolling friction in points A and B are equal, we find the 

total power 

') (106) 

On the basis of figure 42 

Psln (oC, 4 '( )* 

where c*4p is the profile angle in the center point of the working 

section of the tooth of the flexible component. 

In practice it is possible to accept a' «a and then 
c p c p 

P, ~ (Sinaf/, 4- /cosa,,,) 

/ 
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or 

(107) 

Power expended on the rolling over of rolling contacts, 

taking into account (107)» will be determined from the expression 

- 1)(1 
7?o V tt 

and the loss factor connected with the rolling over of rolling 

contacts will equal 

The efficiency in relative motion with a rigid driving 

component in this case will be connected with loss factors ÿ 

anc* following manner: 

ni* = i --1« == i — (¢,0,, + 'I'«*)’ 

Here, as subsequently, the upper efficiency index designates 

the component with regard to which the motion of the remaining 

components is examined and the lower index means the direction of 

translation of motion; in this case, the first letter of the 

index pertains to the driving, and the second to the driven 

components. 

On the basis of expressions (104), (108) and (7), taking 

into account the fact that for a two-wave drive i* after a 

series of transformations we obtain 

(109) 

where 

1.27*y»/ 
^ C<IS Clin — ¡ Ml) a| 

(110) 
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Figure • Determination of forces 
in the tooth engagement of a harmonic 

Mr drive (driving - the flexible com- 
ponent ). 

/ 

A diagram of the forces which act 

in the tooth engagement of the 

flexible and rigid components and 

also on the rolling contacts of the 

wave generator if the driving component 

is the flexible component and the 

driven component is rigid is presented in figure 43. Taking into 

account the aforementioned assumptions, it is also possible to 

find the efficiency of the drive in relative motion for this case. 

There is the following relation between the torque applied to 

the components: 

r Af, - (in) 

Then, examining the equilibrium of the forces applied to the 

tooth of the rigid component, we find the force of friction in 

engagement 
. _ P Mj^çj 
* * £.7«+/!««„.)• 

The power of force Fr with the sliding speed determined from 

expression (102) is found from the formula 

or after the transformation 

cos ¿t, rR„ ( i r- / u; '.i, r) ’ (112) 

The loss factor for friction in engagement will equal 

(113) 
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Por detenr.ining the power expended on the rolling, over of the 

rolling contacts of the wave generator, we use expression vlOO) 

in which force Pr is found on the basis of figure and is 

equal to 

p , Al* mu (a„, — tj) 
' - (114) 

Taking into account (111) expression (114) acquires the 

form 

(I-/cl8o,J«■>«,„ 

and the value of tne power expended on the rolling over of the 

rolling contacta is found through the formula 

“ “ >7' '"( *) 0—/cl«af/,)sliia,p. CHS) 

The corresponding loss factor ij; , will equal 
K cl H ^ 

<' -/CS«,)»'"«,,. (116) 

The transmission efficiency in relative motion with a flexible 

driving component is determined from the expression 

»I.»“ II-<♦**.+ ♦««.)• 

Taking into account (110), (II3) and (II6) 

f ^ = >;?»?• dm 

The question concerning actual values of the coefficients of 

sliding friction in the engagement of teeth f and of rolling 

friction in the wave generator y which enter requires the organi¬ 

zation of special investigation. 

At the same time, the working conditions of teeth in the 

harmonic drives in the presence of lubrication are very close to 
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the working conditions of teeth of regular drives with internal 

gearing. Ohis circumstance makes it possible to utilize the 

available experimental data on the determination of the coefficients 

of friction f for regular drives in the calculations. On the 

basis of published data [17] it is possible to accept for harmonic 

drives with consideration of the special lubrication conditions 

f»0.05-0.07. The value of the coefficient of rolling frictior^ 

Just as for common antifriction bearings, should be designated 

u-0.006-0.008 (for balls). 

Let us compute values of the efficiency of a two-wave drive 

with different directions of translation of motion for the 

transmission ratios determined by the numbers teeth of the flexible 

component zr"156 and zr*520. In this case let us accept f«0.06; 

u*0.007 mm; d^r»156 mm; dBH/dT.K«19. P°r t*16 geometry of the 

approximate engagement recommended above the value k^ is found 

from the graph given in figure 35; a -26° (with a -20°). 
CP A 

Let us compute the value of coefficient k^ according to 

formula (110): for zr-156 

b ^ 1,27 <un 0,(1. . , 2 \ 
♦ 0,9--0:06 (Vi:w *' 0,(K)7 ( 1 '* 156 ) >: 

X (19 - 1) (0,436 4- 0,06 -0,9) « 0,1350 mm, 

for zr»520 

h =- ^7 0^1 0i*-"-06 i n iw»? /1 , 2 \ 
** 0.9 —(U« ( .4;jS“ ^ , ( * 520 ) X 

X (19- !) ,0,436 + 0,()6.0,9) = 0,0831 mm. 

e radius of the basic circumference of the rigid component will 

equal 

#. = -f- cos 20’ = 0,94 = 74,26 mm. 

Then on the basis of formulas (109) and (117) we find: for 

zr«156 
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for zr«520 

o.imi 
7\M - =* 0,001119; 

o,os it 
71.21) I- it.iw.il = O.IKH 118. 

Utilizing formulas (95). (96), (97) and (98), we find: for 

zr=156 

for zr*560 

•|U -- 0,77.=)1 i|*. - 0,774; 

i¡», -= OJití); i,l . (1,700. 

As is evident, the value of the efficiency drops with an 

increase in the gear ratio; with this, the efficiency of the 

reducer proves to be higher than the efficiency of the accelerator. 

One ought to focus attention on the fact that the computation 

of the loss factor in relative motion must be performed at least 

with five significant decimal places since otherwise substantial 

errors will occur during the computation of efficiency in absolute 

motion. 

Let us also examine the determination of power losses for 

rolling friction in a wave generator under the action of the forces 

of elastic deformation of the flexible component and the backing 

ring. 

With the initial deformation of the components under the 

action of two oppositely directed forces, the effect of the 

deformed components on the wave generator theoretically occurs 

at two points. If this effect is absorbed during the rotation 
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of the generator by the rolling contacts which consecutively 

enter the zone of action of the forces, then moments of resistance 

to rolling over appear whose power characterizes the losses. 

Forces with which the deformed components affect the generator 

are numerically equal to the forces which cause deformation. 

The value of these forces can be determined from the following 

expressions : 

for the flexible component 

Q, = c, ■ 13,443 - - jf-; 

for the backing ring 

EJ.kjn 
Q, = 13,443 —* . 

where Jr is the moment of inertia of the wall of the component in 

an axial cross section; J - the moment of inertia of the backing 

ring in the axial cross section; c^ - the coefficient which 

depends on the design of the flexible component; rrH<H - the 

radius of the neutral line of the backing ring. 

For a flexible component in the form of a tube with 

Z«1.5d c,-0.65, for a flexible component in the form of a 
f™ # H 1 

container with the same length c^-0.9* Recommended values of c^ 

also consider an increase in the rigidity of the ring gears in 

comparison with smooth rings [21]. 

The total force of deformation can be taken as equal (with 

m^m ) to 
J 

«-«. + % = IW«'*»"' /«, I' • 
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We determine the power expended on the rolling over of rolling 

contacts In absolute motion. Therefore by analogy with formula 

(106) for two zones it is possible to write the expression 

where dHap is the diameter of the external surface of the track 

of the wave generator which is considered as in a nondeformed 

state. 

The loss factor will be determined in this case according to 

the relation 

For power drives the value of the loss factor Is usually low, 

does not exceed ^'^at)*0.002, and need not be considered. However, 

in kinematic drives, especially with the use of flexible components 

with wall thickness more than recommended by the calculation 

(see Chapter V) and with dHap/dT<k>25, the need to consider these 

losses can arise. 

Thus, for determining the theoretical efficiency of the 

projected drive it is sufficient to consider losses to friction 

in engagement and in overcoming the resistance to the rolling 

over of the rolling contacts of the wave generator which are 

under the influence of the forces which arise with the application 

of the working load. 

Table 9 gives the formulas utilized for the calculations. 

Selection of the required formulas is accomplished depending on 

the direction of translation of the motion. 
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Table 9. Formulas for determining the effici¬ 
ency of harmonic drive with approximate engage¬ 
ment . 

Efficiency in absolute motion 
witn flxea component Loss factor 

Iã relative motion Flexible Rigid 

In. ac - 
çelera- 
tor 
mode 

* 

^ 1-V~ xO -I ICI) 

In the 
reducer 
mode 

*• 1 - s" 1 iTjClV' 
-k± ' 

^ r0 

'•ÎÏV,/ 
v cosaf/1 — f sin ntp '\ .-J / V « 

.. (mm Œ, ¡t 1 /crKOt.-,,) 

,)x 

One ought to focus attention on the fact that with large 

transmission ratios utilized in harmonic drives and the use of 

the latter as accelerators, extremely large dynamic moments arise 

with the starting of a mechanism. The value of these moments 

depends on the given moment of inertia of the mobile components 

referred to a slow shaft, and with massive generator cams turns 

out to be very large. This circumstance leads to the fact that 

the accelerator in many instances cannot be put into action although 

its efficiency with steady motion is extremely high generally 

speaking. In connection with the indicated, the designing of 

accelerators with harmonic drives should provide for their design 

with starting moments. 



CHAPTER V 

STRENGTH DESIGN OF BASIC PARTS 

11. STRESSES WHICH ARISE IN THE 
FLEXIBLE COMPONENT 

The load ability of a harmonic drive in essence is limited 

by the strength of the flexible component. In widespread designs 

the flexible component is a thin-walled cylindrical container 

dead-end sealed into a shaft or thin-walled tube which has free 

end faces. 

The very operating principle of a harmonic drive entails 

the creation of a moving wave of deformation of the flexible 

component; therefore, the latter, in spite of the external simpli¬ 

city of design, is a complex part which operates under very severe 

conditions. 

Figure 44. Picture 
of a isochrome in a 
transparent model of 
a flexible component. 

Stresses arise in the flexible component back during the 

assembly of the drive. Figure 44 shows the stressed state 
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in a deformed model of a thin-walled toothed rim (zr»88, m-2 mm) 

manufactured from optically active transparent material. The 

dark bands (isochromes) are lines at points of which a difference 

in the main stresses is equal to Just one whole number. In 

connection with the fact that on the surface of the part one of 

the main stresses is equal to zero, from the order of the isochromes 

one can Judge the maximum stress at the point of the isochrome 

lying on the surface. Zone I is arranged al ng the greatest 

diameter of the deformed ring and zone II is arranged along the 

smallest. As is evident, the neutral line of the ring (in the 

figure points of the lines are visible as the short dashes 

designated by the numeral 0) acquires a zigzag form. The order of 

the isochrome is designated on the figure by the corresponding 

numerals. In zone I, the greatest stresses in the spaces of the 

teeth (elongated side) are determined by isochromes of the 6-th 

order. In zone II (compressed side) - by isochromes of the 5th 

order. Zone III corresponds to $>*45°. 

Figure 1)5- Comparison of stresses in 
the smooth and serrated sections of 
the model of a rack. 

1 
. .... ..«J Figure i*5 shows a picture of 

isochromes in a serrated rack 

(z«») from the same material that has 

smooth and serrated sections. The height of the teeth of the 

rack is 1.25m, relation *sB6/m»2.5. The rack is loaded with a 

bending moment. As is evident, the presence of teeth raises 

he rigidity of the rack and causes the appearance of local 

stresses. The greatest order of the isochromes on the surface 

Jf the smooth section is the 3rd, while of the serrated it is 
the 4th. 

It is interesting to focus attention on the fact that on 

the elongated side the isochromes arranged on the tooth converge 

113 



in a beam at the root of the tooth. This proposition confirms the 

correctness of the basic prerequisite for the geometric calcu¬ 

lation of the teeth about the invariability of the form of the 

profiles of the teeth on the working section with the deformation 

of the flexible component. 

Rotation cf the wave generator before the application of the 

working load causes the synchronized displacement of the zone of 

deformation and the corresponding periodic change in the stresseí 

at each point of the flexible component. The stressed state of 

the flexible component before the application of the working load 

depends on its design. With free ends and the arrangement of the 

wave generator at one of them the greatest normal stresses will 

occur in a direction perpendicular to the generatrix on the greatest 

diameter of the deformed cylinder from the direction of the wave 
generator. 

For the flexible component made in the form of a container 

aead-end sealed into a shaft, the greatest normal stresses will 

occur in the direction of the generatrix which also passes through 

the greatest diameter of the deformed cylinder, but from the 

direction of the sealing of the latter. The value of these 

stresses depends on the length of the container and, with 

L-dr‘l-5 (dr - the diameter of the container), exceeds the stresses 

along the perpendicular to the generatrix with another end deformed 

by the generator. At the same time, considering that on the 

section of the flexible component in the zone of the arrangement 

of the wave generator there are teeth and that the deformation 

the wall of the container causes the appearance of considerable 

local stresses in the spaces between the teeth, the actual stresses 

on the section of the arrangement of teeth turn out to be greatest 
all the same. 

The application of the working load significantly changes 

the picture of the deformations of the flexible component and the 

value of the initial stresses which arise. First of all one 
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ought to indicate the appearance of tending stresses variable in 

value in the teeth and of local bending stresses of the rim. The 

greatest values of these stresses depend on the form and height 

of the teeth, and also the design of the wave generator. Local 

bending stresses of the teeth are superimposed on the local 

bending stresses of the wall of the component; in this, their 

distribution along the bottom of the indentations becomes asymmetric. 

In the zone of tension from that side of the tooth on which the 

load acts, the local stresses are added and from the opposite side 

they are subtracted. Furthermore, because of the moment in the 

root of the tooth created by the applied load, a decrease in the 

stresses occurs on the internal surface of the flexible component. 

Under the effect of the torque in the flexible component torsional 

stresses arise which are distributed along its length differently. 

From the direction of the transmission of rotation of the 

flexible component to the shaft, the torsional stresses are 

distributed over the perimeter of the container more uniformly than 

from the side of the toothed ring; in this, the zone of action 

of the maximum stresses displaces about the circumference at the 

speed of rotation of the wave generator. 

The frequency of change in the stresses in one revolution of 

the generator depends on the number of waves of deformation of the 

flexible component. Thus, all the stresses operating in the 

flexible component are variables and its working capacity is 

determined by the fatigue of material. 

The indicated circumstances require consideration of the 

features of the action of stresses in the strength design of the 

flexible component. The extremely small relative thickness of 

the wall cf the flexible component of a harmonic drive makes it 

possible to consider the flexible component as a shell and to 

determine the deformations and nominal stresses at any point of 

the component by methods developed in the theory of shells [27]. 
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At the same time, these methods are very cumbersome, barely 

suitable for the engineering calculations of harmonic drives and, 

in essence, are necessary for the disclosure of the qualitative 

aspect of the work of the flexible components. 

The engineering method for the calculation for durability of 

the flexible components of harmonic drives is examined below. 

As has already been indicated, most dangerous regarding the 

possibility of the emergence of fatigue failures are the sections 

of the flexible component in the area of cross section A-A 

(figure 46). With the arrangement of these sections in the zone 

of the greatest deformation the greatest normal stresses (from 

bending) will act in them which change in an asymmetric cycle and 

are close to the greatest tangential stresses which change 

according to a pulsating cycle. Here stresses close to maximum 

local stresses will occur which arise from the bending of the 

teeth and wall of the component and also local torsional stresses 

connected with a change in the cross section of the wall of the 

flexible component. 

* I 

Figure 46. Position of the design cross 
section of a flexible component. 

The wall thickness of the flexible component 

substantially affects the relationship between 

the indicated stresses in the zone being studied. 

An increase in the wall thickness leads to an 

increase in the normal stresses in the rim and teeth, and to a 

decrease in the tangential stresses. A decrease in the wall 

thickness leads to a decrease in the normal stresses in the rim 

and teeth and to an increase in the tangential stresses. A 

decrease in wall thickness is also limited by the stability of 

the component. Furthermore, with a decrease in the wall thickness 

the local normal stresses increase in the rim because of the local 

pliancy in the loading of the teeth. 
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If we proceed from the requirement Tor assuring the identical 

permissible level of the nominal stresses in the wall of the 

flexible component with its deformation, then with an increase 

in the number of teeth on the flexible component and, consequently, 

with decrease in the relative deformation of the component, it 

is possible to increase the thickness of its wall. 

12. DESIGN CALCULATION OF A HARMONIC 
DRI'/E WITH APPROXIMATE ENGAGEMENT 

Above, chapter III examined the question concerning the 

nature of the contact of the teeth of the flexible and rigid 

components with approximate engagement with the use of involute 

profiles of teeth. By the special selection of the parameters of 

the teeth and deformation of the flexible component the engagement 

is realized with which the surface contact of the teeth virtually 

occurs. It is senseless to examine the contact as corresponding 

to a higher kinematic pair in this case and to determine the 

contact stresses since the width of contact area turns out to be 

that commensurable with the height of the teeth, by which one 

of the conditions is disturbed with which the use of the available 

solutions of the contact problem is possible. 

The picture of the contact of the teeth is generally suffi¬ 

ciently complex. In the process of the initial operating 

period of the drive a certain breaking-in of the side surfaces 

occurs, which changes the initial contact. The operation of 

the drive with a liquid lubricant complicates even more the 

process of the Joint operation of the teeth. The lubrication of 

the side surfaces of the teeth in harmonic drives is accomplished 

very energetically. The engagement itself is seemingly a pump 

which drives off the lubrication along the length of the perimeter 

of the components; in this case, in the zone of engagement the 

oil which is located in the indentations of the teeth is wedged 
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and washes the effective surfaces at a high speed, creating con¬ 

ditions for the semiliquid friction mode. 

In connection with the fact that the kinematic pairs formed 

by the teeth for the nature of the relative motion of their 

geometric elements are close to the lowest pairs, the condition 

of assuring the required carrying capacity of the side surfaces 

of the teeth can be written in the following manner: 

P Ip I. 

where p is the greatest specific pressure; [p] - the allowable 

specific pressure. 

During a full cycle of engagement of a pair of teeth the 

contact area of their effective surfaces is continuously changed 

from zero to Fmaxj In this case, the magnitude of the force 

transmitted by the teeth is also changed. The mean specific 

pressure pcp can be determined from the following expression: 

*»=£;• (118) 

where Pcp is the mean value of normal force in the contact of the 

pair of teeth; F - the mean value of the contact area. up 

In turn value P is found from the formula up 

P ~ 
rp drptk, cm ntp ' ( 119 ) 

where k2 is a coefficient which considers the number of teeth 

which simultaneously participate In the transmission of the load. 

The mean contact area can be determined by the formula 

_ 
c««;;* (120) 
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Taking into account that for the adopted system of geometric 

calculation the depth of approach hon the basis of (118, 
<9 

119) and (120), we will have 

« . 
' dfptlt/mñ ' 

(121) 

In connection with the presence of the nonuniformity of 

pressure distribution along teeth and between the teeth, it is 

possible to write 

Pep* M0* (122) 

where k is the variation factor of pressure distribution over 
rip 

the width of the toothed ring which also considers the nonuniformity 

of pressure distribution between teeth. 

The increase in the load due to the dynamic phenomena with 

large multiple pairing of engagement can be disregarded. The 

condition of the working capacity of the side surfaces of the 

teeth taking into account (121) and (122) with z-z is written 
Hi 

(123) 

If we accept d *d 
cp flW (which is possible, since this assumption 

increases the safety factor of the part) and also introduce 

designation Qw*B/dflWssQr» then expression (123) will take the 

following form: 

J _-.y 
r tot* (124) 

The complexity of the scheme of engagement (with large 

multiple pairing), its change under load because of the deforma¬ 

tion of the teeth and wall of the flexible component, the effect 

on the engagement scheme of the number of teeth, and design of 

the flexible component do not make it possible to give a strict 

theoretical solution of the problem of the nonuniformity of load 
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« distribution between the teeth and along the teeth which is con¬ 

sidered by coefficient k . At the same time, in the n p 
procedure for the structural design of the flexible components this 

coefficient should receive a quantitative evaluation. Below 

is given the approximate solution of the problem in the computation 

of values of based on a number of conditional propositions 

and data of the experiment. 

We will assume that the flexible component in a C-W-H drive 

according to figure 19a, from the direction of the end which 

transmits rotation to a shaft, also has such connections with 

the shaft which permit the wave generators to retain the parallelism 

of its linear generatrices of the axes of rotation with the defor¬ 

mation of the component. In this case, the nature of the tooth 

engagement in any cross section perpendicular to the axis of rota¬ 

tion will remain constant. Figure- shows an idealized diagram 

of the contact of the teeth of the flexible and rigid components 

for the surface of the deformation of a flexible component developed 

to a plane. 

Figure 1*7. Diagram of the 
contact of the teeth in a 
drive of the f-W-H. 

It is completely obvious 

that with the action of 

force P the change in area 

and height of the contact 

of the teeth along the zone 

of engagement will lead to 

the nonuniformity of load distribution between the teeth. 

Let us replace the load distributed over the surface of each 

tooth participating in the transmission of forces with a concen¬ 

trated normal force applied on the middle of the height of the 
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area of contact. The sum of the moments of all these forces 

applied to the teeth of the rigid component relative to the axis 

of rotation of the latter, not allowing for forces of friction, 

can be equalled to the torque M applied to the rigid component. 

Por a two-wave drive 

If 

i 
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Figure 48. Graph of load distribution 
between teeth on an arc of 45° and 
graph of change in the contact area 
of the teeth. 

As particular experiments carried 

out on the models of engagement showed, 

the minimum value of force of P. 

acting on the teeth in zone œ v (figure 4?) can be half the force ° max 
in zone q>«0. 

Figure 48 depicts a typical graph of the loading of the teeth 

by force P^ on an arc of engagement 9-45°. It is also necessary 

to consider that the recommended engagement scheme (see chapter 

III) with an involute equivelocity curve envisions the initial 

contact of the teeth in a zone of 45°. This can lead to the 

fact that the approximate law of distribution of a load between 

teeth presented in figure 48 will be changed and force will 

increase substantially. 

Let us now move on to an examination of the specific pressures 

which arise on the effective surfaces of the teeth. The specific 

pressure on the surface of the teeth is determined by the relation 

Pi»Pi/Fi, where F^ is the contact area of the i-th pair of teeth. 

As is evident from figure 48 and the diagram given in figure 47a, 

the contact area upon transition from qp*0 to 9 x changes from 

F to 0 and, therefore, the specific pressure should change from 
max 
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the value P0/Fmax to infinity ( ‘ÍP = <*>). It is completely natural 

that this position virtually cannot exist. In the first operating 

period of the drive the wear of the profiles in the upper part 

of the teeth will occur where the value of specific pressure turns 

out to be very large and the greatest sliding speed occurs, as a 

result of which the load which acts on the teeth will be redistri¬ 

buted. On figure 48 the dashed line shows the possible form of 

the curve of the change in load on the teeth in a broken-in drive. 

With this law governing load change, the specific pressure cn the 

effective surfaces of all teeth participating in the engagement 

becomes approximately identical. In the realized drives with 

the recommended geometry of engagement, in the first operating 

period a bright strip appears on the upper edges of the teeth of 

the flexible and rigid components which testifies to the presence 

of wear and pressing-down of the surfaces. 

Let us clarify what will occur in the engagement of the above 

examined broken-in drive if we change the nature of the connection 

of the flexible component with the shaft after giving the form of 

a circle to the central line of the component in the cross section 

lying on the section of transition to the shaft. With this form 

of deformation of the flexible component the inclination of the 

cylinder generatrix with regard to its axis will appear. Figure 

49 shows how the generatrices change position with such deforma¬ 

tion of the component. 

Figure 49. Determination of the 
angles of the generatrices of a 
deformed flexible component. 
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In zone 9-0 the change in the position of the generatrix is 

determined by angle e0 . The value of this angle depends on the 

ratio of radial deformation k^m^ to the length of the component L 

(125) 

In this case the angle between the generatrices of the surfaces of 

the teeth of the rigid and flexible component (figure 49b) will 

equal 

(126) 

In the zone 9-45° the change in the position cf the generatrix 

is characterized by the angle (figure 49c). Determination 

of this angle with the shape of deformations accepted in chapter 

III is accomplished on the basis of the condition of the retention 

of arc length ab of the neutral line with the deformation of the 

flexible component. For 9-45° this condition takes the following 

form: 

r«(9o + —5- ro9u- 

Taking into account (33-34) and (53), after transformations 

we obtain 

I'V.f 0,3370947 -^-. (127) 

Utilizing equation (37), we find 

t(rir X)sinX-|-co»X-l 
Y (t* + Mc<*X — sin X4-1' 

In connection with the smallness of the angle ç«y-X, it is 

possible to consider that ç-tgç, and then 
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Por the accepted range of gear ratios angles 8q and prove 

to be approximately equal. Taking this circumstance into account, 

we will accomplish the determination of angles $0 and 8^ according 

to the simpler relation (126) subsequently accepting 8^^S!8q. 

As is evident from a comparison of figure 49b and of figure 

4 9c, with the passage of the arc of engagement q>«45° by a pair 

of teeth concentration of the contact changes from the end of teeth 

E to the end of F. The changes which occurred in the contact of the 

teeth are also shown on the simplified diagram in figure 47b. At 

the first moment of a change in the form of deformation of the 

flexible component the teeth of the rigid component occupy a 

flexible position relative to the teeth shown by the dashed line 1, 

and the entire load will be transferred by the first and last teeth 

in each zone of engagement. Under the action of this load the 

teeth will begin to be transformed until the subsequent pairs of 

teeth enter into work, and the forces of elastic deformation of 

all the teeth will not balance the external load. With the defor¬ 

mation of the teeth, their contact will occur not on the edge, but 

over the surface, but in this case the specific pressure along 

the length of the contact surface will be distributed unevenly. 

This nonuniformity can be estimated by theoretical coefficient 

6 , which ir this case will be equal to 

(128) 

where q „ is the maximum load per unit of length of the tooth; 
max 

q - the average load per unit of length of the tooth. cp 

The value q is found from the formula ^max 

<7„m = C/p, 

where C is the specific rigidity of the teeth; l - the length of 

the area of contact. 
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Accordingly 

„ - , r* V. /• h . 

where Pn is the normal force in the contact of the pair of teeth; 

B - the length of the tooth (width of the toothed ring). 

The value of the coefficient of specific rigidity C depends 

on many factors. Data on the value of coefficient C for harmonic 

drives as yet does not exist and it is possible to accept values 

of C»60,000-100,000 kgf/cm2 obtained for the thin-walled toothed 

rims of common involute gear drives extremely approximately. 

On the basis of known considerations [17], dicregarding the 

low relative width of the toothed ring the deformations of the 

twisting of the flexible component and considering that according 

to figure i*7b the length of the contact spot will be Z<B, the 

variation factor of load distribution along the length of the tooth 

will be determined according to the formula 

^-= ü I * (129) 

in which, on the basis of the conclusions drawn above, 

If we assume that the height of the area of contact of the 

teeth is constant along the length, then coefficient 8 will 

also equal Hp 

Let us examine an example of the determination of the value 

of coefficient 9 for a drive with the following data: iw *132; 
H F" 

my=0.6 mm; acp=26°; Pcp=700 kgf/cm2; kA=0.8l; L*dr>H; 080,000 

kgf/cm2; B*25 mm; 9*0 

125 



« k .n . P = - L U ShlC£i(l 
".fl 

sin 2b U,(N)|;i4. 

f'if ahjli - 0,0• 2.r» 15 mm* (1,15 (■.«*, 
?» = Pc,J\ » -7(km),i5-- ion sr. 

%, = B \nj¡£ = 2.5 j/£S»«ÛaS = 3.52 

In the zone of ¢-115° ooefflolent SHp will be even larger, 

out this will already be the index of the low loading of the 

contact. With the operation of the drive the picture of contact 

gradually changes. In zone <p=li5° intensive break-in of the teeth 
occurs because of the wear of their upper edges; the break-in of 

the teeth In zone 9*0 proceeds less intensively and consists 

not only of the wear, but also of the plastic deformation of 

the surface layers of metal. It is natural that an increase in 

uhe hardness of the flexible and rigid components worsens the 

condition of the breaking-in of the teeth. 

As a result of the break-in of the teeth the nonuniformity 

of pressure distribution over their length is decreased con¬ 

siderably. This circumstance makes Irrational the use of the 

values of the theoretical variation factor of pressure distribution 

9hP in calculations since in this case the dimensions of the 

transmission are unjustifiably exaggerated. 

At the same time the fact of the presence of large nonuniformity 

in the new drive is very dangerous since it can turn out that 

the time necessary for the break-in of the teeth, in which the 

nonuniformity of pressure will be eliminated, will prove to be 

more than the time during which the fatigue fracture of the teeth 

or wall of the flexible component will begin In places of large 

overloads. 

The way out of the apparent contradiction between the striving 

to decrease the dimensions of the drive through the use of lower 
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values of 6Hp and the striving to eliminate breakage of parts of 

the drive In the period of the break-ln of the teeth, which Is 

assured by the use of the theoretical coefficient of 6h during 

the calculation, can be found If we consider the break-in of the 

drive as a necessary element of the production process 

of Its manufacture and assembly. In this case, in the calculation 

of a drive the effective variation factor of pressure distribution 

along the length of the teeth k <6 should be utilized and 
H p Up 

the necessary break-in should be conducted in such a way as to 

eliminate the possibility of the emergence of inadmissibly 

large stresses in the parts in the process of its conduct. 

The criterion of achievement of the break-in can be the require¬ 

ment for obtaining the necessary length of the contact spot l on 

the effective surfaces of the teeth. The testing should be per¬ 

formed with the use of a paint with the minimum load on the driven 

component of the drive (the teeth of the rigid component are smeared 

with paint). If after the check of the length of the contact spot 

on the teeth of the flexible component and in the middle part 

the spot does not have gaps, this bears out the fact that the 

teeth were broken in and acquired a barrel-shaped form. 

The requirement for the loading of the drive during cnecking 

with the minimum torque (MnpOBs0*05MHQM) ensues from an examination 

of figure ^7b. The contact of the unloaded teeth with the 

propagation of the contact spot on their entire length and the 

absence of a gap in the middle part can occur only in the case 

where it occurs on sections designated by a heavy line which 

characterizes the form of the broken-in teeth. Until break-in 

attains the indicated stage, during checking (without load) the 

breakage of the contact spot in the middle part will be detected. 

The break-in of the transmission should be conducted with stepped 

loading and the greatest torque on the driven component 

M n/ut/t * 
"up M /inn • 
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It is necessary to show that if the safety factor for normal 

stresses during the checking of the flexible component for dur¬ 

ability (see page 143) will be n0>2, then the break-in can also 

be conducted with nominal torque M . I**, this case, in the 

determination of the safety factor na the bending stresses are 

calculated from the formula 

where o /, ^ is the bending stresses of the teeth found with 

the load coefficient k . wp 

In the calculations of drives of the T-W-H type and 

ïïiy/L<0.006 we recommend using a value of the effective variation 

factor of pressure distribution kHp“2. 

The reasonings carried out above concerned in essence pre¬ 

cisely drives of the r-W-H type for which the nonuniformity of 

pressure distribution along the length of the teeth is their 

organic shortcoming. 

In drives of the T-W-H type the nonuniformity of pressure 

distribution along the length of the teeth can arise only due to 

the twisting of the component and misalignments connected with 

the presence of gaps in the coupling of the parts and the errors 

in the manufacture of the drive; therefore it should be approxi¬ 

mately accepted that kHpsi1.5* 

In drives of the T-W-H type, for a decrease in the value 0U_ 

some design and technological measures can be adopted. As 

design measures, we can recommend in the first place the use 

of alloyed chrome-nickel steel for the flexible components with 

hardness HB<350 and endurance limit a_^>4000 kgf/cm^. As techno¬ 

logical measures, it is possible to recommend the shaving of the 

teeth of the flexible component with the formation of their barrel¬ 

shaped form. 
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The elimination of the initial edge contact can be realized 

with the cutting of the teeth of the flexible component with the 

reproduction of the process of the engagement of the harmonic 

drive (see chapter VII). 

Finally, the cutting of conical teeth on the flexible com¬ 

ponent can be realized through the creation of an angle between 

the directions of motion of the feed of the bobbing cutter and 

the axis of the flexible component being cut. This is achieved 

most simply by the inclination of the axis of the part through a 

shift of the holding support (with the spherical center of the 

mandrel of the flexible component) and by Introduction, between 

the platen and the mandrel, of the part of a synchronous guide 

clutch. The slope of the axis in this case should not be more 

than 0.6-4-*-, since a decrease of in zone <p«0 can cause an 
I* 

inadmissibly large value of 6Hp in zone 9»450. 

The breaking in of the teeth also pertains to technological 

measures. 

The value of coefficient k_ which enters formula (124) is 
c* 

determined by the selected engagement scheme. For a developed 

system of approximate engagement k «0.22-0.25. z 

The value of the permissible specific pressure [p] in the 

formula should be determined by experiment. For steel gears 

we recommend taking [p]*600-6r50 kgf/cm2. We obtained this value 

by processing data and characteristics of the realized and 

serially produced power harmonic drives published abroad and in 

our country in which the contact of the teeth over the surfaces 

is provided for. In particular, according to formula (124) with 

recommended values of [p] and k the dimensions of all basic 
H P 

general purpose reducers made by the firm "United Shoe Machinery 

Corporation" (USA) and having qr*0.15 are determined completely 
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accurately. The level of specific pressures permissible in 

harmonic drives uncommonly high for kinematic pairs is apparently 

possible because of the aforementioned special conditions of the 

lubrication of the surfaces of the teeth. 

Regardless of the type of engagement used, the task of the 

iesign calculation of a harmonic drive includes the determination 

jf the wall thickness of the flexible component. As noted above, 

che bending stresses in the wall of the flexible component arise 

with the assembly of the drive. The presence of teeth on the 

deformed part causes the appearance of stress concentration, as a 

result of which normal stresses in the wall of the component 

prove to be extremely great and depend on its thickness. For 

purposes of simplification, instead of a shell we will examine the 

deformation of a flexible ring in which its neutral line on arc 

tt/2 acquires the form of an involute of a circle. As a result of 

the deformation the radius of curvature of the neutral line of 

the ring changes. In the place of the greatest positive deformation, 

the radius of curvature of the neutral line instead of r(_H"0.5niyZr. 

becomes 

^mln ~ r/H 4" 

This change in the radius causes the tension of the material on 

the external and compression on the internal surfaces of the ring. 

Let us designate by Zq the length of the elementary arc of 

a neutral line in the cross section of the flexible component 

before its deformation (figure 50). Then the arc length of the 

external circumference Z of the same central angle is connected 

with Zq by the relation 

*•-—'fir1* (131) 

If we designate by rmln the minimum radius of curvature of 

the neutral line after the deformation of the flexible component, 

then the relationship 
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m 

(132) 

will occur where is the arc length of the external circumference 

of the deformed component. 

- 

Figure 50. For determination of 
stresses in a deformed flexible 
ring. 

Then the elongation of the material on the external surface will 

be 

A/ == /j —1,-0 -¿i-. (133) 

Equating (131) and (132), we find that 

Substituting the value 1' in (133), after transformation we find 
c 

If one considers that the second term in the denominator for 

real drives is considerably less the first, then it is possible 

to accept 
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After the conversion of this expression it is possible to write 

the condition of strength of the part in the Tcllowing form: 

<\0\, 
iHyti ^0,1366  I j 

wh nee the necessary thickness of the ring 6 is determined 

(135) 

6^-^-(0,1366 - I ) zjny. (136) 

For the preliminary design calculation of the flexible 

^mponent when value my is unknown, it is necessary to know th 

value of the coefficient of the thickness of the component 

¿ =|5/my (in view of the sma 

possible to accept $ =6/m). 

3=6/my (in view of the small difference in m and my it is also 

From (136) it follows that 

0 = -^(0,1366-^--1)¾ (137) 

For an equivelocity curve of arbitrary form the coefficient 

is calculated from the formula 

H 
J**... 
f min 

(138) 

Taking into account that the stresses in a loaded flexible 

toothed component differ significantly from the stresses in a 

deformed smooth ring, in formula (137) one ought to utilize the 

extremely understated values of permissible stress. Thus, for 
2 

steels with HB<350 that have endurance limit a ,>4000 kgf/cm , 
— —A— 2 

it is possible to recommend values [a]*500-750 kgf/cm . These 

recommendations correspond well to the uniform strength of the 

walls of the flexible component for bending and torsion. The 

condition of the strength of the walls of the flexible component 

with consideration of only torsional stresses takes the form 



- 1,1 
Xsr ,i . • •ITI* 

<«Ä (139) 

If we accept as dangerous stresses in the work of the component 

for bending and for torsion the corresponding yield points a and 

tt and proceed from the known relation tt»0.58ot, then with the 

identical safety factors for normal and tangential stresses 

taking into account expressions (135)» (139), it is possible to 

write the equality 

2Mj 0.58/-A - — S3 ■■■ ■ ■ - — , 
myzt ^0,1366 —ij 

(140) 

In (140) myzr»drH. Solving (140) relative to 6, we will have 

I 0.91/:/.,, (141) 

The relation Mr/drH in (141) can be also replaced by the 

relation Mw/dwî then we obtain 

1 

Au|o.nGG^--lj 

o.'J I/Jv 

The pitch circle diameter of the rigid component is connected 

with value Mw by relation (124), with consideration of which we 

will obtain the following formula for determining the wall 

thickness of the flexible component: 

b=d ÛM 1 
/ MJpl(«».i:«»-/'--!) 

(142) 

The coefficient of the wall thickness in this case will be equal 

to 

0 V rî ^ 

/ (o.i 'f/i /••- -1) 

} 3.(i l' ' ■ (143) 
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Figure 51 presents a graph for determining coefficient 

constructed within the limits of 250<zr<600 according to formula 

(143) with [p>650 kgf/cm2, kMp.2 and E-î.l-lO6 kgf/om2. As 

Will be shown below, the use of flexible components with wall 

thickness 6<m is inadmissible, in connection with which the minimum 

value is accepted on the graph. Formula (IH3) written in 

general form and suitable for determining * with any form of equi- 

velocity curve takes the form 

>vhere rmin is the minimum radius of curvature of the 

line of the deformed component. 

(144) 

equivelocity 

We investigate on which stress level the uniform strength in 

bending and torsion of the walls of the flexible component with 

thickness 6 will occur. For this purpose let us compute according 

'D -ormula (ISS) the value c for the corresponding values of 6. 

a graph of a change in the bending stress in the wall of a deformed 

flexible component with a change in the number of teeth from 

zr=100 to zr-600 is given in figure 52. it is natural that on the 

section from z^lOO to zr-250 the condition of uniform strength 

is disrupted. 

9 
kgf/cm' 

mo 

mo 

m 

600 

m 

200 

100 200 300 'too 500 Z 

Figure 52. 

Figure 51. Graph for 
determining coefficient $. 

Figure 52.Change in the 
stresses in the root of 
teeth of the flexible 
component depending on the 
number of teeth. 
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As is evident, the greatest nominal bending stresses in the 

wall of the flexible component with zr>150 turn out to be extremely 

low. However, on the section of the arrangement of the teeth a 

completely different picture will occur. First, the presence 

of teeth on the component causes a concentration of stresses which 

is well evident from figure An increase in the bending 

stresses in the tooth spaces with regard to the nominal stresses 

on the dedendum which are determined from expression (135) can 

be estimated by the theoretical concentration factor aa. The value 

of this coefficient depends on the relationship between the height 

of the teeth, the radius of transition curves in the spaces, the 

thickness of the teeth, and the wall thickness of the flexible 

component. The dimensions of the teeth and radii of the transition 

curves depend in essence on the modulus; therefore, the concentra¬ 

tion factor will depend on the relationship of modulus and the 

wall thickness of the component. Figure 53 gives a graph of the 

dependence of the concentration factor aa on the parameter $ 

(taking into account ruggedizing effect of teeth) with the 
» 

geometric parameters of the teeth and the initial outline taken in 

the proposed system of calculation according to the GOST 

[r0CT - All-Union State Standard] 3058-51*. For the initial outline 

according to the GOST 9587-61 values of aa from the graph should 

be increased 1.2 times. We constructed the graph on the basis 

of the study of transparent models of toothed rings and racks. 

The dashed line in figure 53 shows the relation without the 

Figure 53* Graph for determining 
theoretical concentration factor 

In the second place, the 

application of torque to the 

flexible component causes the 

appearance of bending stresses in the root of the teeth. These 

stresses along one side of the teeth are made up with the normal 

ruggedizing effect of teeth. 

1 
. 

/ ; 3 4- it » / ¿ it 0 
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stresses which appear in the same zone as a result of the deforma¬ 

tion of the wall of the flexible componentj along the other side 

of teeth the stresses are subtracted. 

Let us determine the value of the greatest local bending 

stresses of the teeth. According to the known relation for 

involute teeth 

Pew 

"««'W (145) 

where Poh is the maximum value of the peripheral force on the 

dividing circumference transmitted by one pair of teethj Y - 

the form factor of the tooth. 

In this case, on the basis of the considerations given on 

page 97 it is possible to accept 

PUK - phj) co*afr, ( 14 6 ) 

where p is the specific pressure in a broken-in drive determined 

according to formula (123). 

The value p according to formula (123) already considers 

the nonuniformity of load distribution along the length of the 

teeth. In spite of the fact that the nonuniformity of the stress 

distribution of the bending in this case can be less than the 

nonuniformity of the load, we will accept that nonuniformity 

during the computation for bending and for specific pressure are 

identical. 

Expression (1M6) already considers the greatest nonuniformity 

of load distribution between the teeth, which will increase with 

the breaking-in of the teeth and equalizing the amount of specific 

pressure in the contact. 

The value of the form factor of the teeth Y in this case 

for involute teeth of the flexible component can be approximately 
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.iiiiiiii rmiMfr -■ 1; i«it«« -h 

accepted according to known recommendations [16]; with this we 

equate Y»Ye, where Ye is the form factor of the teeth for the case 

of application of a load along the line of single pair engagement. 

If we select recommended values of Ye for the contact point 

distant by approximately the value m from the tooth crest (a height 

of regular teeth of 2.25m [sic] is envisaged), and in this case 

we consider the displacement factor of the initial outline, then 

for £-0.022z (see chapter III) as a result of the processing of c 
the corresponding graphs from [16] the following formula can be 

obtained: 

Y = 0,376 lg jr, — 0,0835, (1^7) 

which provides a sufficiently correct result for the recommended 

range of numbers of teeth of the flexible component. 

After substitution of the values of P_u from (146) in (145), 
O K 

taking into account that h3*m and cos 26°»0.9» we will have 

(148) 

On the graph given in figure 52, the dashed line shows the 

dependence of cm3 on the number of teeth zr obtained on the basis 

of formulas (14?) and (148) with pB[p]»650 kgf/cm2. 

The greatest bending stresses correspond to the minimum 

number of teeth zr mln« It should be noted that the indicated 

relation will occur with the sufficiently large wall thickness 

of the component. For fine walls the Joint examination of the 

deformation of the teeth themselves and the wall on the section 

between the teeth is required; in this case smother result will 

occur. 

In the general case it is possible to recommend using a 

wall thickness of the component <5>m. Then the nature of a change 
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In the stresses with an Increase in the number of teeth of the 

component and a corresponding increase in the relative wall 

thickness should remain without essential change. 

Figure 5^. Graph for determining concentra¬ 
tion a . 

As is evident, a specific relationship 

occurs between the stresses which appear 

in the wall of the flexible component with 

its deformation by the wave generator and 

the local greatest bending stresses of the 

teeth superimposed on them. Figure 5IJ 

depicts a graph which shows the value 

of relation oM3/a as a function of the number of teeth z . The 

use of relation c^/a at the present stage of development of the 

method for the calculation of harmonic drives permits not deter¬ 

mining separately and then totaling the nominal normal stresses 

in the wall of the flexible component obtained with different 

deformations but determining only greatest nominal stress which 

arises with the deformation of the component by the wave generator 

and multiplying it by some coefficient X» which considers the 

concentration and the action of the bending stresses of the 
teeth, i.e. 

X' — j- 
(1^9) 

Figure 51) also depicts a graph of the function i'-f(z ). 

The graphs depicted on figures 51, 53, 5^, can be used with all 

forms of deformations of the flexible components examined in 
chapter III. 
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13. DESIGN CALCULATION OF A HARMONIC 
DRIVE WITH PRECISE ENGAGEMENT WITH 
CIRCULAR PROFILES OF THE TEETH 

The precise engagement theoretically envisages the existence 

of linear contact of the teeth. For the developed geometry 

(page 69) with circular profiles of the teeth of the rigid 

component the value of the contact stresses with certain assumptions 

can be determined by the Hertz formula 

0,-0,418 loi (150) 

where p0 is specific load; Enp - the reduced* elastic modulus; 

Pnp - the reduced* radius of curvature of the teeth; [a] - the 

permissible value of contact stresses. 

The value of quantity p taxing into account the nonuniformity 
□ 

of load distribution between the teeth and along the length of 

the teeth is found from the expression 

(151) 

in this case 

(152) 

In these formulas: k is the coefficient which considers the 
H p • ¿ 

nonuniformity of the load distribution between the teeth parti¬ 

cipating in the work; Mw - the torque applied to the rigid 

component; R^ - the radius of the circle of the centers of the 

circular profiles of the teeth; a - the average value of pressure 
cp 

angle in engagement. 

In connection with the fact that almost on the entire height 

the profiles of the teeth of the flexible component have very low 

*[Translator's Note. May also be "given".] 
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curvature (see figure 31) it is possible to consider with suffi¬ 

cient accuracy that (see page 88^ the reduced radius of curvature 

P,-.® P*1 • 55m. For the geometry of engagement taken above a «25 
£ ^ P 

and coscxcp«0.906. After substitution and transformation formula 

(150) takes the form 

= 0,418)/ _Marfewp. //:/1/1_ 

cos 25~ ^ io,l. 

Squaring it, we obtain 

0.1741 
-W vfc.,;, tl’tlfl 

,55m cos 25“ Kla. 
(153) 

Multiplying expression (153) by 0.918, after a series of 

transformations we have 

0,9180* 

~ñ7p~ 
= 0,114 

Mifkpp ifkiifi 7 09)8(0, 
(15^) 

According to the method of the strength calculation of the 

gear drives of Professor V. N. Kudryavtsev [16], value 0.918 
£«/» 

is called the coefficient of contact stresses. The reduction of 

the calculated formulas for harmonic drives to form (15^) makes it 

possible to utilize permissible values [C] for the calculation 
K 

since the nature relative to the motion of the components and the 

very type of the kinematic pair in the engagement of teeth of 

common gear and harmonic drives with this version of engagement are 

similar. 

In formula (15*0 = -- in connection 

condition of contact strength of the teeth takes 

with which the 

the form 

0,114 2AtxfcwP gitpp. g 

Bd-^k, 
^[Cl 

*i)«r - - 1 
/0,228*1* A,„O*, 

'«MCI, 
HP f 

1*10 

whence 



Accepting for t'r.is geometry cf ‘Y.c teeth ve •, hs>-* 

I / Uj M*,bnp t 

1 «ici« ■' (155) 

Let us examine the determination of the values which enter 

the formula. The permissible value of the coefficient of contact 

stresses will equal ICI, =• where 1C)..-= is the 
*+np 

coefficient of contact stresses which corresponds to the limit 

of prolonged contact durability. Below are given values of 

LC]k.b determined depending on the least hardness of the 

material of one of the components [16]. 

IIB '¿70 280 290 j 300 J 310 j 320 330 310 350 

|C|«.. in 
Hgf/cm2 

19.4 20,3 
1 ! j 

21.2 1 22.1 1 22.9 1 23.8 
' 1 ! i ! 

24.G 25.4 26.1 

The coefficient of mode kpew is found through the formula 

utilized with the hardness of the flexible component HB<350 and 

the number of cycles of change in stress N <3*106, or according 

to the graph presented in figure 55 [16] with N >3«106. The 

number of cycles of a change in the stresses of the flexible 

component of a two-wave drive is determined from the formula 

AV-ltW. (156) 

where n is the rotational speed of the generator in r.p.m.; T - 

the period of service of the drive in hours. 

It should be noted that in actuality 



'2■ t"'it)' ■ nJT 

\)ntl r; 

However ¡í.^l* '1,50 and 1,02^ ^ . l.in connection with which for practical 

calculations formula (156) is completely suitable. 

3 tSb/iW o iCfOaO M3 U'3 ioo and more 
Number of cycles in millions 

Figure 55« Graph for deter 
mination of k 

P c m 

conclusions given in paragraph 

12, we consider it possible, 

for the practical calculations 

In accordance with the 

of drives of the f-W-H type 

with the hardness of the 

flexible components HB<350, to use the value kHp<M-2, trying with 

this to maintain relation my/L»0.006. 

By the coefficient of nonuniformity. of load distribution 

between the teeth of each zone of engagement we will mean the 

relation 

(157) 

where P is the greatest load per pair of teeth; P - the 
max CP 

average value of the load. 

On the basis of approximate calculations for the recommended 

range of numbers of teeth of the drive, the ratio of the maximum 

load to the minimum comprises approximately 3.8. Force Pmax occurs 

generally with the coincidence of the centers of curvature of 

the profiles of the teeth, by virtue of which the contact stresses, 

In spite of the action of the greatest load, turn out to be 
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minimum. The greatest contact stresses for the range of the 

rational numbers of teeth will be with <P =10-12° . Corresponding 

to this angle is 

Subsequent].y we recommend utilizing precisely these values in 

the calculation:-’. 

Thus, we have the data which make it possible to use formula 

(155) for the design calculation of a harmonic drive with 

precise engagement. 

Let us examine an example of the calculation. Determine the 

dimensions of a two-wave drive with zw=lü0; zr=98; Mw=15.5 kgf*m; 

kHp<H«2; kHp#z*1.3; B-1.5 cm; HB280-320; HBw>HBr; T=5000 hs; 

n=ii|¿40 r.p.m. 

We take [C ]=20.3 kg/cm^. 
K . 8 

The number of loading cycles of the teeth will be 

N =60*lM0*2x5000=8iJ0»10^. In this case, according to figure 55, 

k =1 and then pew 

|CJ = \CK„) It,,* = 20,3-1 20,3 icgf/cm2. 

/ 0, / kHp nkH;i 

' /»!< «1 

0,7 ir.r.n j i.n 
1.5-2",i -- 0,6 or 

It is necessary to note that the design calculation of a 

harmonic drive by the examined procedure, in spite of the fact 

that it reflects the physics of the phenomena proceeding 

sufficiently correctly, is approximate all the same and needs 

refinement according to the results of experimental studies. 



14. CALCULATION OF FLEXIBLE 
COMPONENTS FOR DURABILITY 

Above it was indicated that the efficiency of the flexible 

component is determined by its fatigue strength. Actually, al?, 

the stresses effective in the flexible component are variables 

and change according to a specific law, which should also be taken 

into account during calculations. It is expedient to perform the 

calculations on durability in the form of check calculations; in 

this case, the purpose of the calculation should be the determi¬ 

nation of the safety factor in the part. Obviously the cross 

section lying on the boundary of the smooth and toothed sections 

of the flexible component should be selected as the calculated 

cross section. In this cross section one ought to expect the 

greatest concentration of torsional stresses. 

By utilizing a known procedure for determining the safety 

factor for normal na and tangential nT stresses, in the plane 

stressed state we use the following formulas: 

(158) 

a 
(159) 

where a^ ra are the nominal values of the amplitude of the 

effective stresses; om; Tm - the nominal values of the average 

stresses of the cycle; - the coefficients which consider 

the difference of the endurance limits of a real part from endurance 

limit of the sample; the coefficients for reduction of an 

operating cycle to a symmetrical one. 

The value of the amplitude and average stresses is determined 

from the relations 

T ( 'ilII 
T 

: t ■i 
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For normal stresses taking Into account their concentration on 

the basis of (135) and (1^9) 

.vv 

*1 *<: 

I n.I.IMi ‘ — I i 
A'\ 

where is the concentration factor for the space between the 

teeth situated at the smallest diameter of the deformed flexible 

component; 

Here, instead of the nominal stresses we utilize the maximum 

local stresses. Subsequently, during the determination of n 
o 

this will be taken into account. For computation of a the use 
m 

of the maximum local stresses is completely admissible. 

For tangential stresses (with r=0). 

2AI, A 

T,n3x~ nO ; T"’ln-U- 

The value of coefficients \pa and depends on the kind of 

materials and their heat treatment. 

^T“0.05. 

Usually, for alloyed steel with hardness HB<350 üj *0 1* 
o ’ 

Coefficients and X^., in turn, are equal to 

where k and k are the effective concentration factors; e and u i a 
~ the scale coefficients which consider the difference in 

the dimensions of a part from the dimensions of the sample; 

ßa and ßT - the coefficients which consider the effect, on the 

endurance limits of the part, of finish and the method of surface 

hardening of the part. 
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With a change in the diameter of the flexible component from 

20 to 300 mm it is possible to accept eo«0.83-O.56 and e^O.89-0.63 
[38]. For the surface finish of the flexible component 77, 78 

it is also possible to accept ßa=0.9; 0T“O.9 [38]. 

As a result of the conclusions drawn above, on the basis of 

experiments and from literature sources we know the values of the 

theoretical stress concentration factors with the different 

examined types of deformation of the teeth and wall of the flexible 

component. Thus, the theoretical concentration factor with the 

calculation of teeth for bending according to the local stresses 

a0(H3)-2*2 ^173, 

The stress concentration factor with the deformation of the 

flexible component by the wave generator is determined from the 

graph given in figure 53» The theoretical torsional stress con¬ 

centration factor because of a change of the form of the cross 

section of the wall of the flexible component in the place of 

the transition from a smooth section to a toothed one, taking into 

account the nonuniformity of the torsional stress distribution 

because of the transmission of peripheral forces on several 

sections of the perimeter of the flexible component (in a two-wave 

drive - on two sections of arc tt/4 each), can be accepted equal 

to a,r=1.95 and depends little on the number of teeth and size 

of the components. 

As is known, values of the effective concentration factors 

are lower than the theoretical onej in this case the connection 

between them is established through the sensitivity index 

qa(qT). Thus, for normal stresses 

Value q0 depends on the hardness of the material. Figure 56 
depicts a graph for determining qö in the range of the hardnesses 

of material recommended for flexible components [22]. As is 

evident, it is possible to consider k^o^ and k^a . 
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Figure Sö. Graph for determining sensiti¬ 
vity index q. 

On the basis of the given propositions 

we convert formulas (158) and (159) after 

performing the corresponding substitutions 

in them 

n„ - 
(160) 

nx = (161) 

The overall safety factor is found through the formula 

/1 =v: —T — —z 

I "n I V«» 
(162) 

where v is the coefficient which considers the effect of axial 

normal stresses a : 
oc 

V ~ I — J niv 

1-/1 «*> 1 .1 

For this case we take v*0.7. 

In connection with the fact tiat the flexible component is the 

most important part of the drive, : ; is possible to recommend the 

minimum safety factor n>1.5. If during the calculation value 

n<1.5 is obtained, it is necessary tv investigate the reasons for 

this and to take the necessary measuu's to assure n>1.5 through 

a change in the various dimensions of the part. 

Example of cxlculatlon. Determine the dimensions of a two- 

wav( drive with approximate engagement ..id check for strength a 



flexible component manufactured from ateei KH2MA with the following 

initial data: Mr«120 kgf*m; i»132. The flexible component is 

driven. Hardness of the material of the flexible component HB300. 

We assign L“dw; qr*0.15; [p]«600 kgf/cm2j the approximate 

engagement is cut by a tool with a^-20°. According to formula 

(124), we determine the pitch circle diameter of the rigid com¬ 

ponent 

•doc ■■ M;ipf 
y 4 l2iio ¿ 

\ 0.25'(M5 16,2 cm. 

The gear ratio 1*132 is assured with z *264 and z *266. 
r M 

For zr*264 from the graph figure 35 we find kÄ*0.82 and, according 

to formula (142), we determine the wall thickness of the flexible 

component 

We find the engagement modulus 

m = d.tjr 
~*v 

162 
266 = 0,61 MM. 

We take the nearest standard modulus m*0.6 mm and finally 

obtain the pitch circle diameter of the rigid component 

dn “0.6*268*159.6 mm. The coefficient of the wall thickness of •MW 
the flexible component 

a_JL_ 429 
~ m ‘ (>,6 2,15. 

On the section of the disposition of the teeth we take the 

wall thickness: ômax*3m*l.8 mm, the coefficient of thickness: 

^max“3* For zr we flnd Çr“0*022,zr"°*022*264-5.71 and we determine 
the arbitrary modulus 
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nt,, 

.0,6 

m 

I2M - 2.1,35 + 2-5,71 -3) =* 0,614 mm. 

We also find 

mut,. 0,614 264 
2 

= 81,05 

We determine the greatest nominal bending stress of the wall 

of the component on the section of the disposition of the teeth 

o. - 
ÒL 

0,18 2,1 10* 

0,0614 264 (0,1366-(^*--l) 
494 kgf/cm2. 

Prom the graph given in figure 5^, we find value X’*3.55» With: 

^■3>2.15 value X’ is obtained somewhat exaggerated. Coefficient 

a'=01-1.45. We find amQV and <3. 
0 a max mm. 

0«« = = 494-3,55 = 1750 kgf/cm2; 

®min — — 

0.18 2,1 10^ 1,15 

264 0,0614 (0,1366- l) 

*/»„(0.1366 f--l| 

= — 790 kgf/cm2. 

The amount of torsional stress in the wall of the flexible 

component on the boundary of the toothed section is determined 

from formula (139) 
_2Mj_ 
nrfl.A 

2 12000 
304W0T8 = ,6° 

The amplitude and the average stress of the cycle in this case 

will be 

ou = ~y (amx — o,,,,.) = ¿ (1750 + 790) = 1270 kgf/o»2; 

-= + -= J- (1750 — 790) = 480 kgf/cm2; 

Tu = » -l2-Tm„ = = 80 kgf/cm2. 
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Safety factors for normal and tangential stresses are deter¬ 

mined from formulas (160) and (l6l) (o_1 and x_1 - see table 11). 

o.,_ 5000 

*uP« 

II 

1270 
0,6 0,9 

t i 

+ 480-0,1 
2,09; 

0.5tim\ j¡“ + ♦*) 

2¾ HI 
9,6. 

The overall safety factor (162) will equal 

Ho«» 2.00 9,6 = 2 42 
/«*+0,7n- k'2.00- I 0.7:9,6h ’ 

15. STRUCTURAL DESIGN OP A WAVE 
GENERATOR WITH INTERMEDIATE ROLLING 
CONTACTS 

The design of a wave generator with intermediate rolling 

contacts is similar to the design of a radial antifriction bearing. 

We should distinguish two types of generators: 1) with a stressed 

internal ring; 2) with an unstressed internal ring. 

A generator with a stressed Internal ring consists of the 

following parts: a cam which has a profile equidistant to the 

equivelocity curve of the flexible component; an internal cylin¬ 

drical ring with one or several races for the motion of the rolling 

contacts pressed on the cam of the generator; intermediate rolling 

contacts (balls or rollers); a separator (one-piece or composite), 

and external cylindrical ring smooth or with races for rolling 

contacts. With the assembly of the generator and the putting of 

the internal ring on the cam,bending stresses appear in the ring 

in consequence of which the thickness of the ring should be 

selected from the condition of assuring its static bending strength. 

A distinctive feature of a generator with an unstressed 

Internal ring is the fact that instead of a cam the generator has 
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a cylindrical disc on which the internal ring of the generator is 

pressed which has an internal cylindrical surface and external 

surface (along the races for rolling contacts) equidistant to the 

equivelocity curve of the flexible component. With this design, 

bending stresses do not appear in the internal ring after the 

assembly of the generator. 

The external ring of the generator is located under the most 

severe conditions and with any design is stressed and,, besides 

/ariable contact stresses, variable bending stresses arise in it. 

Below are given recommendations regarding the structural 

design of the basic parts of wave generator. 

An external ring with a smooth internal surface which works 

in a pair with balls is designed according to flexural and contact 

stresses. The bending computation is performed in the form of a 

check. For this the thickness of ring $u within the limits of 

26<6k<2.56 is assigned. The strength condition of the ring is 

written in the following form: 

\ f min n_/ . - 
S'.-«, i 

loi. (163) 

where 
__ — (6 -)~ flu) 

ffH. K 2 * 

'mm * = — 3,0^4^- 

The value of the permissible stress is accepted equal to 

The safety factor is taken as nm3-5- The ring is manufactured from 

ball-bearing steel. For steel ShKh-15 (GOST [TOCT - All-Union 
2 State Standard] 801-60) o_1=6900 kgf/cmi 
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Determination of the contact stresses c at the point of 

contact of the ring and the most loaded ball is performed bv 
formula [2] * 

oK 
(16*0 

.vhere Is a coefficient which depends on the reduced 

of the bodies in contact; Zk - the reduced curvature; 

constant of elasticity of the bodies in contact. 

curvature 

- the 

The value Lk is determined from the formula 

pm Ok i I>K, 

Figure 57. For the determination of radii of 
curvature in the contact of a ball and race 
of a generator ring. 

\ 

For an internal ring with a groove (figure 57) 

('«i > 0 and ,,^<0; 

for an axternal ring with a groove 

I'm <" 0 and <0; 

for an external ring without a groove 

Cm <0 and f>A2 =- oc . 

For chrome steel with E=2.1*106 kgf/cm2; y*0.3 

- 0,858-10*n cm2/itg. 

The value of coefficient np is found from table 10 depending on 
the value of the parameter 

1 i 
f*«i 1 p*. 
V* •• 

The amount of force Pmax is determined approximately from the 
relation 

F„ia, = (sin « -f- / cosa, .) — 
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where is the pitch of the rolling contacts. 

Table 10. Values of coefficient of n 

V* 

o.iHino 
O.OIOti 
0,107.r> 

0.1974 
0,2545 

0,3204 
0,3954 

0,4795 
0,5342 
0,5519 

0,0113 
0,0521 
0,0710 
0,0920 
0,7120 

0.7332 
0.7538 

V* 

1,0000 p 0.7579 
0,9ÍI90 1 0,7020 
0.9970 ¡I 0,7001 
0,9921 || 0.7702 
0,9852 i| 0,7743 

0,9750 

0.9033 
0,9434 ¡I 
0,9276 
0,9158 

II 

0.902ri 1 
0.8805 |l 
0,8772 i 
0,807.3 'j 
0,8501 I 

0,8460 I 
0.83.33 P 

0,7784 
0.7825 
0,7800 
0,7907 
0.7948 

0,7988 
0,8029 
0,8((09 
0.8110 

0,8150 

0.8190 
0,8230 

M _'M 
■ V* 

0,83(10 
0.827 s 
0.8201 

0,8230 
0,8197 

0,8177 
0.814» 
0,8117 
0,808» 
0,8005 

0,8020 
0,8()0(( 
0,71(03 
0,79 »7 
0.7899 

0.7871 
0,78.11 

0.8270 
O.s.tid 

0.835(( 
0.8389 
0,8 »28 

0,8108 
0.6507 
0.8515 
0.8584 
0.8623 

0.8061 

0,8099 
0,87.17 
0.8:74 
0.8S11 

0,8819 
0.888,5 

V* 

'.I 
•’«l 

0,78(10 

(i,77i»l 
0,7731 
0,7692 
0,7057 

0,7022 
0.7587 
0,7574 
0.7508 
0.7471 

0,7129 
0,7.186 
0,7 (12 
0,7299 
0,7257 

0.72((5 
0,7168 

0.8922 
0.8958 
0,8991 
0,9030 
0,9065 

0,9109 
0 9131 

0,9269 
0.9428 

'1 0,9158 
'1 
!| 0,9188 
j 0.9517 
! 0.9574 

0.9705 
0.9818 

ï 0.9999 

0.9979 

0.7123 
0.7062 
0.7027 
0,0983 
0.6925 

0,6873 
0.0821 

0,6(.00 
0.6297 
0.6227 

0,6101 
0.6089 
0.5915 
0.5531 
0.5038 

0,4109 
0.3503 

The condition of strength will take the form 

o* in.i\ lo 

The permissible value of contact stress for a ring and balls 

made of steel ShKh-15 and ShKh-15SG [a] *35,000 kgf/cm2. It 
K 

should be considered that the places of action of the greatest 

contact and flexural stresses coincide. By virtue of this, 

the contact compression of metal is accompanied by compression as 

a result of bending and local contact stresses seemingly create 

the effect of the concentration of bending stresses. This explains 

the designation of a high safety factor in the calculation of 

the ring for bending. 

The external ring with the ball race is designed only for 

bending according to formula (163). In this case, the thickness 

of the ring 6u is measured over the thickest cross section 
K 
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Figure '>8. Designation of the dimensions 
of the parts of a wave generator. 

(figure 58). The radius of the groove 

in the axial cross section of the ring 

is taken according to recommendations for 

antifriction bearings (p ,«0.515d ). The 
K X ID 

wall thickness under the ball should be 6 . *0.756 . With the 
K min K 

use of an external ring with a groove, the contact stresses are 

determined in the contact of the balls and internal ring from 

formula (164). 

When using generators with a stressed internal ring the 

check calculation of the ring for bending stresses is performed. The 

greatest wall thickness of the ring is accepted as 6 “(2-3)6; 
K • B 

in this case, the stresses are determined from the formula 

a = ' rmin «. « _/ 
(165) 

in which 

* • ■ ~y{J " - {f) ^ t- f 26, „„„ _ 6,. ,)1, 

rintn » « r. ». *. » — 3,GC)k^tnu. 

In these formulas designation SH mln; «H mln BH; «K 6 are 

according to figure 58. It is possible to accept 6 =26 ^ . h mln BH h min 
Permissible stress [6] »a /2.5. If the unstressed internal ring 

is made by the method of treatment in the deformed state (see 

chapters VI, VII), then the admissibility of the wall thickness 

of the billet is checked from the condition of bending strength 

according to the formula 

in which 

o = / f.-w « 
'^rtn.K Wmin* 

1 ) < l®). (166) 
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, . '*■ 1 
r > tf • K ^ » 

rmin K -- r¿„. « — 3,66A:Amv, 

where dÄ is the external diameter of billet; d. - the internal e 1 
diameter of the billet. 



HARTER VI 

DESIGNING DRIVES 

16. REDUCERS WITH A T-W-H DRIVE 

Chapter I examined the different designs of harmonic reducers 

with a mechanism having one flexible and one rigid components and 

one wave generator. Chapter II examined in detail the kinematic 

possibilities of these mechanisms and their structure. Taking 

into account that in the family of harmonic gear mechanisms T-HMH 

mechanisms are basic, it is advantageous first of all to examine 

the questions of the design of the latter In detail. 

The design of a reducer with a r-W-H mechanism in essence 

depends on which of the components (flexible or rigid) is driven. 

If the flexible component is driven, then it is required to carry 

out the transmission of torque from the deformed flexible component 

tc the output shaft and to connect the rigid component with the 

housing, and vice versa. The selection of the driven component 

thus requires completely different design solutions in the creation 

of the mechanism. 

Figure 3 presented the cross section of a general purpose 

series reducer of the United Shoe Machinery Corporation with a 

driven flexible component. The design of the reducer was thoroughly 

developed and is very efficient. The advantages of the design 

include: the use of a flexible component manufactured from a 
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tubular billet; the fastening of the generator cam to the driving 

shaft with the aid of a rubber washer, which creates the necessary 

conditions for uniform load distribution between the zones of 

engagement1; the use of a welded perforated bottom of the flexible 

component, thanks to which the circulation of air and oil within 

the housing is facilitated; the successful design solution of the 

housing itself with an interchangeable cover for the realization 

of different methods of fastening the reducer; successful use of 

one of the housing lids for the placement of the fins blown off 

by air. 

In the case of employing a similar reducer for the short-term 

working drive of coaxial devices the use of rolling contact 

bearings of a driven shaft with a smaller external diameter is 

possible, because of which best use of the volume within the 

flexible component and a reduction in the length of reducer are 

attained. The design of a unit for the support of the driven 

shaft with the use of the volume within the flexible component 

developed by the author is presented in figure 59, where 6 are the 

bearings of the driven shaft; 5 - the housing lid with an internal 

branch connection; 2 - the half-coupling of the flexible component; 

1 - the flexible component. In this design the flexible component 

is connected with the driven shaft with the aid of a toothed 

clutch. Since in work the flexible component has a tendency to be 

displaced in an axial direction, in a half-coupling 2 wire rings 

3 and 4 are laid which prevent the flexible component from axial 

d^ ^placement. 

In striving to decrease the volume of the reducer the thermal 

mode of its operation should be investigated. Small overall 

dimensions of wave reducers with comparatively high losses limit a 

further decrease in their dimensions. 

1 Because of the possibility of the radial shifts of the generator 
within the limits of the clearance between the aperture of the 
hubs and the shaft. 
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The design of the reducer presented in figure 3, with its 

fastening on feet and the carrying of the bearing assembly outside 

the volume of the basic housing is not by chance. 

the f-W-H type and the use of 
the volume for the placement of 
the support assembly of the 
driven shaft. 

The designers attempted 

to increase the surface blown 

off by air. The quantity of 

heat Q given off by the 

reducer is determined from 

the formula 

Q = 800^(1-,,) kcal/h (167) 

where N-^ is the power on the 

driving shaft of the reducer 

in kW ; T, - the efficiency 

of the reducer. 

The quantity of heat Qj 

removed from the reducer into 

surrounding air equals 

Qi - I a - U,), (168) 

where S1 is the surface area of the reducer from which natural heat 

removal is realized; S2 - part of the surface area which undergoes 

blowout; ktl - the coefficient of heat transfer from area ; kt2 - 

the coefficient of heat transfer from area S2; t - maximum 

temperature of the reducer; tBQ3 - the temperature of surrounding 

air. 

With natural heat removal ktl=10-l8 kcal/m2*deg-h2; with blow- 

out kt2*lij,/v (where v is the peripheral velocity of the impeller in 

m/s). 

2The recommended value k^, requires further refinement from the 

results of a large number of experiments. 
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The maximum temperature of Lite reducer depends on the type of 

oil used. In the general case, one ought to consider t=80-85°C. If 

we proceed from the published data on the efficiency of reducers 

of the "United Shoe Machinery Corporation", then with ^0.75-0.85 

they operate in a normal thermal mode because of their peculiar 

layout and the combined system of heat removal. 

For harmonic drives the use of a liquid lubricant is 

recommended. The addition of anti-scoring additives (of type 

23-K) is possible. The level of lubricant should not be higher 

than the middle of the balls of the generator. The assembled 

wave generator (without the flexible component) should be 

thoroughly balanced. 

Figure 60 shows a reducer with a T-W-H mechanism whose driven 

component is the rigid component. The kinematic scheme of the 

reducer was examined in chapter II and was presented in figure 22b. 

Resides the f-W-H mechanism the reducer contains a simple gear 

mechanism which is a high-speed stage. The total gear ratio of the 

reducer i=l432 ; the harmonic mechanism has i =115. 
B □ /1 

A high-speed direct-current motor 1 with a power of 2 kW with 

a built-in brake clutch which nas speed of rotation n=6500 r.p.m. 

is connected through a toothed clutch with the driving gear 5 of 

the reducer installed on two bearings 4 in the housing of the 

reducer 2. Through three idler gears 9 the gear 5 transfers 

rotation to a toothed ring 7 pressed in and fastened by pins in the 

unstressed internal ring of th; generator 8. The generator ring 

1.o l ixed and rotates on a bear.'ng 17. The ring has two specially 

profiled ball races 6 which ensure the appropriate form of 

loformation of the flexible component. The external smooth ring 

15 of the generator is presse l in the flexible component 18 and 

has a shoulder for support ir the latter. 
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within the flexible component for the placement of the rotor. 

The flexible component 18, which is a tubular part with two 

identical toothed threads, is Inserted in the half-coupling by the 

left end and is restrained from axial displacement by a split ring 

19 placed between the housing and flange of the half-coupling. The 

rigid component 16 is connected with the driven shaft 11 with the 

aid of a toothed clutch and is restrained from axial displacement 

by a spring ring 10. The driven shaft is installed on two bearings 

12 in the housing lid 13. The fastening of the reducer in the 

device for which it is intended is realized by clamps slipped over 

the cover. Above the reducer is an inspection window with cover 3. 

Below is a plug 1^ for an oil drain and a plug for determination 

of the oil level. The reducer is intended for periodic short-term 

operation with torque on the output shaft of 90 kg-m. Because of 

the arrangement of the motor with the brake within the reducer and 

the use of a compound scheme, the overall dimensions and the weight 

of the obtained unit prove to be 2.3 times less than of the unit 

with the same output parameters which consists of an engine with 

brake with n =2500 r.p.m. and planetary reducer 3K. 
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The combination of a simple geared f-W-H mechanism with the 

use of the volume within the flexible component for the placement 

of the motor can be widely used in the drives of different machines. 

In the case of intending a drive for prolonged continuous operation 

the electric motor can be equipped with a fan which blows air 

through the motor into the cavity between the motor and the 

reducer, which can create an additional cooling surface of the 

reducer. It should be noted that with the recommended relationships 

between the diameter, length, and the power of electric motors the 

radial dimensions of the reducer and weight prove to be greater 

than are determined by the strength of the flexible component, 

but, on the other hand, the acceptance of this scheme makes the 

heaviest parts of the reducer lightly loaded, which guarnatees 

their high reliability. 

In the examined reducer the equalizing of the load distribution 

between the zones of engagement is accomplished due to the movable 

connection of the rigid component with the driven shaft; the 

flexible component of the reducer is extremely effective 

technologically and can be made from a tubular billet. For this 

reducer the conduct of research of the thermal operational mode 

is also required and, in case of need, the adoption of the 

necessary design measures. 

In the planning of drives of the T-W-H type with a driven 

rigid component special attention should be given to assuring the 

rigidity of this component. The radial deformation of the toothed 

rim of the rigid cc.nponent under the action of the forces of 

engagement should not exceed 0.05m, since with large deformation 

tne scheme of engagement is disrupted, the progressive wear of the 

teeth begins, and even their slioping can begin. 

The amount of radial deformation of the rims of steel rigid 

wheels u is calculated approximately from the formula 
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(169) H 2M0-* 

where ßu*r/h Is the ratio of radius r of the average circumference 

according to thickness h of the wall of the rim on the section 

of the arrangement of the teeth to wall thickness h; m - modulus 

of engagement in cm; M - maximum torque on the rigid component 

j.n kgf*cm; B - the width of the rim in cm. 

17. REDUCERS WITH A r-2W-H DRIVE 

The kinematic possibilities of r-2W-H mechanisms were examined 

in chapter II. As follows from formula (11), the gear ratio of the 

mechanism can have both a positive and negative sign, thanks to 

which the required direction of rotation of the driven shaft in 

the invariable direction of rotation of the driving shaft is 

obtained. 

If, according to the scheme in figure 20, the number of teeth 

of the toothed rings of the drive will be connected by the 

following relationships: ^1=z2+2; z^z^+2; z2=z^+2, then the gear 

ratio has a positive sign, and the synthesis of the mechanism 

can be performed with the use of the formula 

*t 2 J 1, (170) 

obtained from expression (11). 

If the obtained number z2 turns out to be a fraction, the 

nearest whole number z2 is accepted and the actual gear ratio is 

determined 
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Figure 6 presents the design of an instrument reducer with 

a mechanism for a gear ratio 1^*10,818. 

A wave generator connected with the driving shaft 17 is made 

composite with intermediate rolling contacts (balls), without a 

separator and with an unstressed internal ring. The boss of the 

generator is made lightened (it is also desirable to use a light 

alloy for it). The internal ring 1 has two identical ball races 

2 which ensure the required form of deformation of the flexible 

component. After the seating of the internal ring on the hub the 

ends of the hubs are expanded. The external rings 7 with grooves 

are inserted in the flexible component 3 with the assurance of the 

fit A/C. To fix the axial position of the flexible component 3, 

rings 7 have shoulders which abut against the ends of the flexible 

component. 

The fixed rigid component is made together with the housing 

16. The mobile rigid component 6 with driven shaft is installed 

in the housing lid 10 on two radial ball bearings 9. The driving 

shaft of the reducer with the wave generator is also installed 

on two radial ball bearings 8 and 15, one of which is installed 

in the housing, and the other is installed in the mobile rigid 

component. The fixing of the axial position of the wave generator 

is realized by rings 12 and 14. Elimination of axial clearances 

is realized by selection of the thickness of the packing 11. 

The reducer is lubricated by liquid oil which is poured 

through a plug 5. The oil level is checked by plug 13. Engagement 

in the reducer is approximate. All rims have the identical 

modulus m=0.2 mm. Engagement of rings and z^ is accomplished 

according to the recommendation in chapter III, for which with the 

number of teeth of the flexible component z2=2-6 the displace¬ 

ment factor •022z2*0.022*206=4.532 an^ the number of teeth of 

the second ring of the flexible component z^=208. For the 

possibility of the arrangement of this number of teeth on the same 
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flexible component the displaoomont factor of the initial outline 

is taken one larger, i.e., in connection with which 

the engagement and Z2 falls out of the examined system. At the 

same time, the transmission of rotation at this stage is realised 

without the interference of the teeth and with a precise gear ratio, 

although with less multiple pairing of the engagement. 

The presented design can be recommended as standard in the 

planning of reducers with a r-2W-H mechanism. 

ihe dimensions of the rings for drive z^-z^ are determined 

from the same formulas as z2“zi» but wlth the use of a displacement 
factor £^. 

It is necessary to examine some questions of the structural 

design of drives of the r-2W-H type connected with design features 

of the latter. First, one ought to consider the absence of the 

organic misalignment of the teeth characteristic of drives of the 

r-W-H type. A consequence of this is a considerable decrease in 

the nonuniformity of load distribution along the length of the 

tooth. Instructions on selection of the value of the effective 

variation factor of load distribution are given on page 141. in the 

second place, in connection with the fact that the engagement of 

ihe teeth of the rings of the flexible component and rigid z^ and 

z^ in the recommended scheme does not correspond to the accepted 

method for geometric calculation, the number of simultaneously 

working pairs of teeth is decreased approximately by 50¾ and in 

determining d^ (for part 6, figure 6), taking into account that 

dfl4sdfl2’ one ou£ht to accept kz=0.15. 

In chapter III discussion centered on the peculiar advisability 

of the use of the scheme of engagement with the zone of complete 

contact of teeth for drives of the r-2W-H type and data were given 

for the calculation of engagement. Let us examine some features 

of the use of this engagement for r-2W-H drives. A diagram of the 

drive is presented in figure 20. After the synthesis of the drive, 
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the geometric calculation of the engagement of rings and is 

performed in the manner shown on page 78; in this case 

and • ^or rin6s and z¿j» the displacement 

factors of the initial outline are determined from the expressions: 

l. It I I: It It I l- 

Then the diameters of the projections of rings z^ and z^ will equal: 

</„ -: dtt and dn. 

In the planning of F-2W-H drives it is necessary to insure 

the rigidity of the rim of the component ^ (figure 20). The 

testing of rigidity is performed according to formula (I69) taking 

into account the considerations expressed on page 16I. 

18. MATERIALS AND CONSTRUCTION 
OF FLEXIBLE COMPONENTS 

Chapter V examined the features of operation of flexible 

components and their stressed state. It was explained that in a 

correctly designed drive the level of stresses, even taking into 

account their concentration, can be considerably lower than the 

endurance limit of the material. At the same time, requirements 

should be made on the materials of flexible components and their 

design with respect to the assurance of prolonged service life of 

the parts. 

The use of alloyed chrome-nickel steel with strength limit 
2 2 

ct,.>9000 kgf/cm and endurance limit a ->^500 kgf/cm is expedient 

as materials for the manufacture of the flexible components of 

power drives. 

The heat treatment should entail hardening with high tempering 

(improvement) and the obtaining of a fine-grained structure. The 

use of steels with this form of heat treatment is caused by the 
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requirement to Im'uve the nv.V. of the to.Ml., wh1oh 1/

especially Important for drivos of the r-'n-H typo.

The flexlMe components of T-2W-H drives can i.ave hif?:'.ev 

hardness (up to HRC 62). However, the use of a hlph hardness Is 

not always advantageous since the dimensions of the drive In this 

case will be limited by the overall dimensions of the parts of the 

wave generator, and the strength capabilities of the flexible 

component will not be com.pletely used. Furthermore, hardening 
to a high hardness Is fraught with the appearance of quenching 

cracks and Internal stresses, which Is extremely dangerous.

Table 11 gives t^e marks of steels recommended for the 

manufacture of flexible comronmis and also mechanical character­

istics and data on the modes for the heat treatment of these steels.

Flexible components with a welded-in bottom and the bottem 

itself, for example, can be made of steel 12Kh2HU which possesses 

a good weldability (see table 11). In the planning of flexible 

cempenents one ought to envision the use of standard seamless 

tube? as a billet.

The flexible components of kinematic drives can be made from 

nonmetalllc materials. Table 12 gives data on the nonmetalllc 

materials tested and recommended for flexible components by ^ 

engineer Ye. G. Matyushln. For these materials [p]<50kgf/cm .

Figure 61 shows the design of a flexible component with a 

welded bottom for a drive of the f-W-H type. The section of the 

arrangement of the teeth has a thicker wall than the smooth portion 

of the part. For purposes of a decrease In the stress concentra­

tion a smooth transition from the surface of the projection?, of 

the teeth to the external surface of the smooth tube Is realized.

From the direction of the deformed end there is a smooth band 
relieved of the torsional stresses and bending stresses of the teeth.
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This band eliminates the 

possibility of emergence 

of cracks on the end 

whose development usually 

leads to the destruction 

of the flexible component. 

From the direction of 

the bottom the wall 

thickness of the tube 

can be increased if 

according to the calcula¬ 

tions it proves to be 

6<1 mm. The diameter of 

the internal surface of 

the flexible component on 

the section of the 

installation of the 

external ring of the 

wave generator is made 

according to class II 

precision in the basic 

hole system; on the 

remaining length manu¬ 

facture according to class 

III precision is allowed. 

The finish of all surfaces 

of the flexible component 

should not be below V? 

(according to GOST 

2789-59). The sharp 

edges on the butt ends 

of the tube should be 

rounded off. 

Taking into account 

that we are dealing 
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actually with non-involute engagement, the precision norms in 

GOST 16^3-56 or in GOST 9178-^0 do not completely characterize the 

accuracy of the toothed rings of a harmonic drive. The questions 

of the study of the precision 

of harmonic drives have not 

yet found a complete solution. 

It is possible to utilize 

at present the aforementioned 

GOSTs and the corresponding 

indices of precision by 

applying the following 

complexes for the duct of 

the parts : 

for kinematic precision - kinematic error AFj, or the accumulated 

error of circular pitch At^. (with a known kinematic precision of 

the machine tool this index need not be checked); 

for the contact of teeth - the error in the direction of 

tooth ABq (it makes sense to check only for a f-2W-H drive). 

It is necessary to keep in mind that in kinematic two-wave 

f-W-H drives with non-floating flexible or rigid components and 

the presence of a side clearance the kinematic error of the 

drive proves to be approximately half the sum of the accumulated 

errors of the toothed rings. 

Checking the thickness of the teeth is performed, as a rule, 

by the measurement of the length of the total normal or according 

to rollers. Tolerance is selected according to the type of 

coupling C (with zero guaranteed clearance) for the degree of 

corresponding kinematic precision. 

The check of all dimensions of the flexible component is 

realized in the process of machining since in a finally prepared 

b) 

Figure 6l. Design of a welded 
flexible component. 
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part these dimensions cannot ho rested. The bottom of the flexible 

component is welded with a finally processed cup in the device. 

The bottom itself has a thickness equal to the wall thickness of 

the cup, and at the internal aperture is doubly thickened. In the 

bottom there should be three or four apertures for the circulation 

of the lubricant and fastening the bottom in the welding device. 

If the welding is performed by the contact method, then the bottom 

has a cylindrical band welded to the cup (figure 6l). The bottom, 

-i-n turn, is welded by two welds to the driven shaft of the reducer 

ralso ln the device). After trimming the welds, stress relief in 

a salt bath, and cleaning, the surfaces of the tube and bottom 

are coated with anticorrosive coatings or are parkerized. 

The welds are checked for strength using the formula 

(172> 

here dcp is the average diameter of the weld; h - the throat; y - 

concentration factor. 

ror an alternating load y=3/5, for a pulsating load y-3/k. 

The value of the permissible stress is accepted with automate 

welding [t]*=1100 kgf/cm , with manual welding [t]#=900 kgf/cm^. 

*or the connection of the bottom of the flexible component with* 

the shaft with two welds only the weld located on the large 

diameter is checked; in this case, in formula (172) instead of M 
the value 

is substituted where d¿ is the average diameter of the internal 

weld; de - the average diameter of the external weld. 
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The flexible components of solid construction do not have 

advantages over welded, since their manufacture is complicated 

and is fraught with the large consumption of metal and the high 

cost of machining. 

The pressing of components from the recommended materials is 

no less complicated. The pressed components should have a thicken¬ 

ing of the wall for a flange and for a toothed ring and, just as 

precision components, are welded to the shaft. Nevertheless, 

during the manufacture of single drives the use of solid components 

made of a forged billet with the observance of special technology 

can turn out to be advisable. A version of the construction of a 

solid flexible component is shown in figure 62. 

Figure 63 depicts the 

construction of the flexible 

component of a drive of the 

f-W-H type with a driven 

rigid component. The flexible 

component has two toothed 

rings with identical param¬ 

eters of the teeth. The 

toothed ring which is part 

of the coupling which connects 

the component with the housing 

is made half the width of the 

basic ring. Furthermore, a 

smooth transition from the 

surface of the projections 

of the teeth of this ring 

to the surface of the smooth 

portion is made in the form 

of rounding with a radius 

equal to 0.8m instead of a 

taper. This form of 

transition is necessary for the creation of a supporting surface in 

contact with the thrust ring which fixes the axial position of the 

'w 10 n\ 

« 

1 
Figure 62. Design of a flexible 
comp->nent with a flange. 

( 1} KpUi'OM ne twme V/ 
( 2 ) Ocwithie K/HHiKU c*pi/s*umb 

Figure 63. Design of a tubular 
flexible component. 
Key: (1) With a disk not below 
V7; (2) Round off sharp edges. 
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component in assembly (see 

elements of the flexible c 

examined above. 

The design of tubular 

technologically effective. 

figure 60). All remaining construction 

opponent are the same as in the one 

flexible components is very simple and 

figure 64 presents a flexible component of che r-2W-H drive. 

:ne component is ccaipletely symmetrical although the toothed rings 

nave a different number of teetn. The width of the groove between 

the rings is determined by the radius of the hob [11] and is 

calculated from the formula 

« s* J R+P — (/?„ — h,)', 

where Rçp is the external radius of the hob; h„ - the height of 

the tooth. 

) V 7 oi mii ’ibHoe 

Figure 6¾. Construction of the 
flexible component of a r-2W-H 
irive. 
Key: (1) remainder; (2) Round 
off. 

19. DESIGN OF WAVE GENERATORS 

The length of the end 

bevel b* at the height of the 

tooth should be b>3m, and the 

width of the cylindrical bands 

not less than 2m. 

The internal cylindrical 

surface Is machined along t ho 

entire length with a tolerance 

for diameter according to 2nd 

class in the basic hole system. 

We describe only the construction of wave generators of 

forced deformation with intermediate rolling contacts, since only 

tsey are capable of insuring and supporting the recommended scheme 

of tooth engagement with various types of load. 
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Section 15 has already given the classification of generators 

and some recommendations regarding the design necessary for an 

examination of the methods of their calculation. 

As rolling contacts for drives of the r-W-H type one should 

use balls and for drives of the r-2W-H type the use of rollers is 

permissible. Regardless of whether the internal ring is stressed 

or unstressed, the generator can be made with a separator or 

without it. 

For separatorless generators with a clearance between the 

rolling contacts of 0.02-0.03 mm the number of bodies n is 

determined from the formula 

arcMii 

18» 
•L, t~(».02 -Ml.O t) ’ 

Dip 

where d^ is the diameter of the ball (roller) in mm; D - the 

diameter of the arrangement of the center of the balls^rollers) 

with a nondeformed external ring in mm. 

In turn, on the basis of figure 65 

n. 'Kh -(^ '• ^.,) - <(, (173) 

After determining n the number of rolling contacts n ne 

lowest to n is taken. With a large clearance between the balls 

(rollers), during operation their collision occurs and the drive 

mazes noise; therefore, it is recommended that n-n <0.2. 

Figure 65. Determining 
the diameter of the 
circle of the centers 
of the balls. 

^ball- ] 
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Condition (W) can be satisfied through a change in diameter 

Dcp °r the selection of the diameter of the balls (rollers ï. The 

necessary increase or decrease in the nominal diameter D can be 
found from the formula cp 

\/) ^ I*_ 
1 • f (0,(Mi-e 

Ahere n^^ is the next smaller or larger number of rolling contact: 
to n. 

The possibility of a change in diameter D and a corresponding 

change in the wall thickness of the ring ¿h ^ should be checked 

by a strength calculation. 

The use of separatorless generators is possible with smooth 

external rings or rings which have a groove with a low collar 

through which the set of balls is pressed because of the deformation 
c! the ring. 

The height of the collar (figure 66a) is determined from the 
iormula 

A, = l,610-Mr„-(« + 

The smooth external rings 

height for a detent in the end 

(figure 66b). 

should have a shoulder 0.1-0.15 

of the flexible component 
in 

c a) b) 

Figure 66. Construction of the 
external rings of a wave genera- 

The use of external and 

internal rings with axial 

grooves for the consecutive 

laying of the balls is unde¬ 

sirable since the external 

deformed ring acquires a 

strong stress concentrator. 
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It is expedient to utilise :is separators li^ht toxtoUto 

or aluminum rings. The clearance between the interna] diameter 

of the separator and the greatest diameter of the internal ring Is 

determined by fitting lll3. The clearance between the external 

diameter of the separator and the minimum diameter of the external 

ring should be not less than O.Pd^. When using smooth externa] 

rings or rings which have a collar through which the balls are 

pressed, the separator is made one-piece, and when using rings 

with grooves - open or built-up of two halves. 

A built-up separator is made of two riveted parts: a ring 

with open slots and a smooth ring (figure 67a). The open separator 

is held in the generator because of the presence of an end collar 

on the hub or cam of the generator (figure 67b). The slots in the 

separator are made with flat parallel lateral surfaces or shaped 

(figure 67c). In the assembled generator the clearance between 

the spheres and the parts of the generator over the width of the 

slot should be within limits of from 0.03 to 0.05 mm. 
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$ 

Cam slots make it possible to restrict the freedom of motion 

of rolling contacts in the slots especially with their passage 

through the unloaded zone and thereby to decrease the possibility 

of the striking of the spheres against the separator. The shape 

of the cam slots is determined by analytical calculation and 

graphical construction. 

For an involute equivelocity curve the shape of the slots is 

found in the following manner. From equations (17^) the coordinates 

are determined of the points of the curve, which is the locus of 

;;.e centers of the family of the circles whose envelope is also 

the known profile. 

Equations (17^) are written in a coordinate system whose 

horizontal axis is a normal, and vertical axis - tangent to a 

circle with radius R of the arrangement of the centers of the c p 
pheres of the generator in the nondeformed state of its rings. 

The indicated equations take the form: 

xt -■= r0 ((^0 + >•) cos (>. — t) — sin (A — <r) + 
-(- cos tp — sin «f 1 — Rrp, . 

y i 3 r„ Ktf, b A) sin (A — <r) + 
4- cos (A — <p) — sin «y — cos <f ], 

wnere 

I 

f ’ 

/ 2.|'„X -Xs \ 

In determining the points of the curve from equations (17*0, 

parameter A is taken in the range 15-75° every 15°. The plotting 

of the curve determined by equations (17*0 is accomplished in a 

scale of not less than 20:1, whereupon the family of circles with 

radius r=0.5^d^ is plotted and the envelope is drawn. The 
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Coordinates of the points of the envelope are plotted 

drawing of the separator. 

For determining the dimensions of a slot with flat surfaces 

the tangent to the envelope parallel to axis OX is drawn. The 

distance of the tangent to the axis determines the half the width 

of the slot 1/2. 

If the equivelocity curve is described by several conjugate 

circular arcs, then the profile of the walls of the slot will 

consist of the same number of sections. Determining the shape of 

the profile for each of the sections is performed with the use of 

the following equations: 

Xj *= r,cos [<p, (— I ) ] + o, cos<p, I- b, sin <p, — Rtn 

in which ^ is the radius of the arrangement of the centers of the 

balls on each of the sections; a1 ; b^^ - the abscissa and the 

ordinate of the center of the arc of radius r,, (see figure 27c). 

Angle ¢. for every section changes respectively from ¢. ^ to 
-1 1 min 

^i max according to geometric calculation. 

Construction of the family of curves and their envelope and 

the determination of the dimensions of the slot is performed just 

as in the case with an involute equivelocity curve. 

When using separators, the distance between the centers of 

adjacent balls is taken as approximately 2d^. Number of rolling 

contacts in this case Is determined from assembly conditions with 

the aid of the formula and the next smallest whole number is taken: 

n — 1.570,p -)- Id,,, — (ft, — ,..m) — ~ mm <!«)l 
ll. 
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in which the designations correspond to figure ^8. 

The cam of the wave generator Is a disc mounted on the driving 

shafl, and f1 xed w1 t.li a key or pul on with a clearance and connected 

with the shaft by a flexible element (in the design shown 1n 

Tgure 3, a rubber washer is vulcanized on the disc and shaft 

flange). The ends of the cam can have cylindrical necks for 

jutting on washers which fix the internal ring of the generator. 

The washers are fastened by 4-6 bolts. Dimension A between washers 

should have a positive tolerance from the nominal width of the 

Internal ring; tolerance for the width of ring is designated in 

the body. In assembly the clearance determined by fitting A^/X^ 

(figure 68) should be assured. 

The external surface of the cam is shaped depending on the 

selected parameters of deformation of the flexible component. The 

equation of the profile with an involute equivelocity curve in 

accordance with formulas (36) will be 

X * r„ |(i|-0(t -r ?.) cos }. — sin A. M ); 1 (1^5) 

!/ ^ ro Kto« '!• A.) sin A. -h cos A, — 11, J 

where 

'ta*= qr- "H (0,.,6 -f- 6* min 4- j- 6,, „„„ #n)l* ( 176 ) 

in equations (175) and (176) A is the polar angle; 6 . - the 

minimum thickness of the internal ring of the generator; ó 
’ h min 

the minimum thickness of the external ring of the generator. 

Generators with a stressed internal ring and grooves for balls 

in both rings are first assembled in an assembly (in this case for 

putting the assembled bearing on the cam a special device is 

utilized, and then the generator is inserted in the flexible 

component of the reducer. 
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In generators with an 

unstressed internal ring a disc 

with a cylindrical external 

surface is used instead of the 

cam, and the Internal ring 

itself has one or several 

grooves whose profile (in the 

cross section perpendicular to 

the axis of rotation of the 

generator) is made in accordance 

with the required form of 

deformation of the flexible 

component. The remaining parts 

of the wave generator and its 

general design remain the same 

as in the foregoing description. 

One of the interesting design features of the generator with 

the unstressed ring is the possibility of the arrangement of 

two-three rows of balls; in this case, each groove for balls can 

be made according to the form of the deformation of the flexible 

component in the cross section passing through the centers of the 

balls of a given row. This is especially important for drives of 

the r-W-H type when by design the external ring of the wave 

generator is made smooth and in the contact of one row of balls 

with the ring high contact stresses are obtained. 

For the grinding of the grooves of the internal ring on a 

regular cylindrical grinder a method can be utilized in which 

during machining the ring itself is In the deformed state. The 

essence of this method is clear from an examination of figure 69. 

The billet of the ring is machined over the internal surface in 

accordance with the drawing (figure 69a) with the aid of a special 

device deformed in the manner shown In figure 69b. In this state, 

the grinding of the external grooves of the ring on a cylindrical 

if 

Figure 68. Diagram of the 
fastening of the internal 
stressed ring of a wave gener¬ 
ator. 
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grinder to diameter D. equal to D. =D -2d (figure 6Qc. e^ 

is performed. Simultaneously the external surface of the ring is 

ground to the required size. After this, the ring is removed from 

the device and is pressed on a cylindrical disc - the hub of the 

wave generator (figure 6Qd). In this shape, the profile of the 

grooves will correspond to the required shape of deformation of 

the flexible component. 

Figure 69. Diagram of the 
shaping of the unstressed ring 
of a wave generator by the 
method of machining in the 
deformed state. 

The parameters of deformation of the ring necessary to 

obtain an involute equivelocity curve which approximates an arc 

of Résal's curve on the working section are determined in 

accordance with figure 69e with the following formulas: 

A = Di ,h — 2k\my. 

B = 2r0 [ ((p0)t + -2.) 0.70711 - 0,29289] ; 

c = 2r0 [(<p0Ä + -2-) 0.70711 + 0.29289], 

(177) 

where Dj, qh is the internal diameter of the ring; 

<{>•* = ~ (0,5D,. „ + k±my) — 1 ; 

£ = « + 2*Am,. 

180 



Dimension E is reference. The slackening to dimension E 1 

should be performed to the contact of the ring with prisms along ¡ 

dimension A. In the points of contact of the ring with the prisms 

over dimensions B and C the bending stresses in the ring with its 

full deformation will virtually be absent. It should be noted 

that as a result of a change In the stressed state in the ring in 

proportion to its grinding distortions will be obtained in the form j 
of deformation of the latter which affect its final dimensions. 

The investigations accomplished by us showed that when using 

approximate engagement distortions in the shape of a ring virtually 

have no effect on nature and the scheme cf engagement. For precise 

engagement the effect of distortions is excluded by the very method 

of cutting the flexible component with reproduction of the process 

of engagement in the drive with the cutting. 

In the case where several grooves are ground on the ring for 

a r-W-H drive, for each groove, depending on the parameters of 

deformation of the flexible component, a separate device should be 

envisioned in the corresponding cross section. 

Figure 70. Design of an unstressed 
internal ring of a wave generator. 
Key: Cl) remaining; (2) Diagram of 
deformation during machining DJ ; (7) 
aperture. i Hap* 

Figure 70 presents 

the drawing of the ring 

of a generator made in 

the aforementioned 

manner. If there should 

be grooves in both 

rings of generator, 

then the assembly of 

the generator unit Is 

performed before the 

removal of the Internal 

ring from the grinder 

or on a special device 

of similar design. 
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CHAPTER VII 

THE TECHNOLOGY OF MANUFACTURE OF 
THE BASIC PARTS, ASSEMBLY AND 
TESTING OF HARMONIC DRIVES 

20. THE TECHNOLOGY OF MANUFACTURE 
OF FLEXIBLE COMPONENTS 

The manufacture of thin-walled tubular parts by the machining 

method is usually connected with a number of technological diffi¬ 

culties and the use of specific procedures. The flexible 

components of harmonic drives combine the properties of precisely 

those parts and gear wheels which by themselves are sufficiently 

complex in machining. The scale of production affects the choice 

and sequence of operations in the manufacture of flexible components 

extremely substantially. 

Information is encountered in the literature [29] about the 

use, for the forming of the flexible components, of the methods 

of drawing, working with pressure, and the forming of the flanges 

and flanging the thickened part. The internal surface of the 

component is flattened by special heaus. The use of this technology 

in the series manufacture of harmonic drives is extremely effective 

since it makes it possible to lower considerably the consumption 

of metal and the cost of the manufacture of the flexible components, 

and also to raise endurance limits of the parts through the 

compaction of the metal. 
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. ' . . 

During the preparation of the production of harmonic drives in 

large series different methods for the manufacture of flexible 

components can be tested and the most productive and economically 

expedient for the corresponding production are selected. At the 

same time, at the present stage of development of harmonic drives 

when basically experimental drives or small series of drives used 

in the different branches of machine-building and instrument 

manufacture are produced, we consider it advisable to give 

recommendation regarding the technology of manufacture of flexible 

components in small-scale and individual production. 

The simplest technologically are the flexible components of 

r-w-H drives with a driven rigid component. As is evident from 

figure 63, parts of this type have a through smooth internal 

cylindrical surface for the machining of which methods developed 

in a number of production works can be applied (deep boring, 

honing, etc.). The external surface of the parts is also extremely 

simple and can be machined on lathes with the use of hydraulic 

duplicating devices; cylindrical and conical surfaces can be ground 

and polished. 

The open ends and the identical parameters of two serrated 

threads (basic and for a toothed clutch) make it possible to 

perform the cutting of teeth on gear milling machines of any types 

from one or two settings of the parts, and also in the case of need 

to grind the teeth. Let us examine in more detail the sequence and 

the content of the various operations of the manufacture of the 

indicated type of metal flexible components. 

The most rational form of billet should be considered to be 

seamless tubes from the appropriate marks of steel or tubes 

obtained by machining with the use of deep drilling and preliminary 

deep boring. Only during the manufacture of experimental drives 

is the use of rolled stock or piece forgings allowed. 
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ihe preliminarily machined flexible component should be a tube 

with the relations of wall thickness to the internal diameter 1:10 

and with the leaving of an allowance for finishing of up to s mm 

on a side. The allowance for the length of a part made from a 

niece billet necessary for the fastening of the part in the lathe 

chuck should be not less than 30 mm. If a tube is machined which 

s utilized on a multiple number of parts, then allowance for the 

length of the entire tube should also consider the width of cut 

luring the separation of the tube into separate parts. 

*he preliminarily machined tube undergoes heat treatment 

'quenching with high tempering); see the table 11. After preliminary 

machining a data sheet is initiated which accompanies it on all 

operations and is transferred on assembly. 

The finishing of the flexible components is accomplished in 

t.u following order. With individual production and the production 

of piece billets lathe boring and the polishing of the internal 

surface are performed with the placement of the part in a general- 

purpose chuck. In series production with the manufacture of 

several parts from one tube the clean deep boring of the tube (on 

tr.e appropriate machine tools), its honing, and cutting into the 

required number of parts are performed. Then both ends are 

undercut to size in turn with the formation of roundings-off. The 

turning of the parts over the external surface is accomplished on 

an expanding collet mandrel with a detent in one end. Turning is 

performed with a small depth of cut in several passes. At first 

the part is turned to a finish according to the diameter of the 

circles of the projections of the teeth, whereupon bevels are made 

and the smooth surface is machined to a finish. The final 

formation of the surfaces can also be performed with the use of 

hydraulic duplicating devices. The final machining of all 

cylindrical and conical surfaces separately can be performed by 

grinding. If finishing is realized by turning, then the external 

surfaces are polished to finish V8-V9 according to GOST 2789-59. 
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In this form, tho part:' arr t'lHN-Ut'd for th.> I'T .'r>u'k:- with

the aid of magnetic flaw detection.

The order of the firct stage of the techrological process of 

manufacture of flexible components for welding remains the same 
for r-W-H drives with a driven flexible component and for the 

T-2W-H drives.

The second stage ^gear formation) is usually -'ccomplished 
with gear milling machines of the corresponding, dimensions. The 

part is based on the clamping expanding mandrel of the same design 
as a turning mandrel; the flexible components of the T-2W-H drives 
are based on a smooth mandrel with a detent with the clamping of 

the part by a washer in the end.

Figure 71. Mandrel for macr.inlng 
of a flexible component.

Figure 71 shows a 
flexible component and the 

corresponding clamping 
m.andrel utilized both for 

turning and gear-cutting 
operations.

The flexible components 
of r-2W-H drives with modulus 

up to 1 mm whose hardness 
should be HP.r_>50, are flr.st 
machined with low allowances 

of h.5-0.7 mm at the diameter: 
In this form, the parts are'tubes are cut into separate parts), 

made red hot on the mandrels, whereupon the honing of the internal 
sur-face to size and the grinding of the external surfaces and 
end;; with tr.e placement of the part on a clamping mandrel (without 

detent) are performed. The roundings-off on the ends are done by 
polishing wheels. After the machining of all surfaces the parts 
are c;iecked for the absence of cracks. Teeth are cut through and 
are grouna on machine tools wl.lch have as a tool an abrasive worm
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disc (models 5832, 5833, and also machine tools of the firms 

"Reyskhauer [as transliterated] "Fellow", "Matrix", etc.) [11]. 

After the grinding of the teeth a careful inspection of the 

part for the ausence of cracks is performed. If the flexible 

components should have anticorrosive coatings, then they are made 

after the final inspection of the parts. 

A feature of the checking of flexible components is the fact 

-ha, as a result of small wall thickness the testing and recording 

of toe geometric dimensions of the parts and the dimensions of 

the teeth in the data sheet are performed in essence directly on 

the machine tool after the execution of the operation. The final 

checK, besides the checking of the parts for the absence of cracks, 

provides for the aggregate check of completion of the data sheet 

and conformity of recorded dimensions to the drawing. 

In chapter III It was said that for the cutting of the 

flexible components of the drives with precise engagement with the 

aid of hcbbing cutters the method of reproduction, in the process 

of cutting, of the tooth engagement of the flexible and rigid 

components can be utilized. 

Naturally, the simplest realization of the geometry of 

engagement would be the use of a ram with internal teeth which 

copies the rigid component as a cutting tool. However, this method 

of cutting is virtually unrealizable due to the extreme complexity 

of manufacture and short service life of the corresponding tool 

( ram ). 

Examined below is a method of reproduction of the engagement 

of the harmonic drive developed by the author with the cutting of 

the flexible components by hobs. This method is recommended for 

use with the cutting of flexible components with circular profiles 

of the teeth of the rigid component. 

186 



rotation qf the hob, the table (with the adjustment of the division 

swing bracket for the number of teeth of the rigid component), 

and the feed of the cui ter along the axis of rotation of the table, 

an inuginary rigid component is created in space, in engagement 

with which the cut flexible component assembled with the wave 

generator is introduced. 

By rotation of the generator relative to the flexible and 

imaginary rigid components rotating and being machined the operation 

of the drive is simulated and the cutting of the teeth of the 

flexible component with the formation of the required profiles 

occurs. A schematic diagram of the conduct of the process is 

presented in figure 72a. 

The shaft-mandrel if fastened on table 2 of the gear millinr 

machines carries the attached gear z1 with the aid of which, through 

toothed wheeIs z0 i z -, and z. thp wa vp crononon». o 4 __, , toothed wheels z-,; z-. 
z2 ’ z3 and 2i the wave generator 3 which rotates 

2 of the gear milling 
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ireely on the shaft-mandrel Is put. Into motion. The wave .oenerntor 

has exactly the same design and dimensions as a standard one. The 

flexible component 1 is also fastened on the table of the machine 

tool in a device and rotates together with the table. 

By the selection of wheels z2> and z^ it is possible to 

insure the desired lead or lag of the wave generator relative to 

the rotation of the table because of which the rotation of the wave 

of deformation of the flexible component relative to the table 

occurs. Since the division swing bracket of the machine tool is 

adjusted for the number of teeth of the rigid component, during 

the first revolution of the table with the presence of the feed 

of the cutter the cutting of the teeth will occur on the flexible 

component in the manner shown in figure 72b. With the subsequent 

revolutions of the table in connection with the displacement of 

the wave of deformation, the teeth on other sections of the flexible 

component are cut and completely profiled. The continuity of the 

displacement of the wave of deformation assures the complete cutting 

and profiling of all teeth of the flexible component. At the same 

time tne complete revolution of tue wave generator relative to the 

table should cause the rotation of the flexible component relative 

to the rigid one through two angular pitches of the teeth (for a 

two-wave generator) as occurs in the drive itself. Thus, during 

the full revolution of the wave generator relative to the table 

the table should accomplish an additional rotation in the correspond¬ 

ing direction through two angular pitches of the teeth. This 

additional rotation is realized with the aid of the differential 

circuit of the machine tool. 

One ought to focus attention on the fact that the complete 

machining of the teeth along the perimeter of the flexible 

component occurs during a half turn of the wave generator relative 

to the table, in connection with which the longitudinal feed of 

the cutter is calculated not for the revolution of the table, but 

for the revolution of the generator relative to the table. This 

feature of the process requires the use of very small feeds 
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(0.01-0.1 mm/rev). Such feeds ore not found 1n all models of 

machine tools; therefore, in a number of cases the modernization 

of the swing bracket for the feeds of the machine tool can be 

required for installation of a set of not four, but of six and 

even eight interchangeable wheels. 

During one revolution of the imaginary rigid wheel or, in 

other words, during revolutions of the cutter (with a single¬ 

thread cutter) the flexible component and, consequently, also the 

table should accomplish nr revolutions 

where 

The value of the transmission ratio iHr actually determines 

the circular feed. It is possible to take iHr=0.95-0.98 ; in this 

case the wave generator will accomplish rotation towards the motion 

of the taole. During a revolution of the table the generator 

will turn (l-iHr_) revolutions relative to the table itself. In 

order for the generator to turn 0.5 revolutions in relative motion, 

it is required to make 0.5/l-iHr revolutions of the table. Since 

the longitudinal feed is calculated for 0.5 revolutions of the 

generator, the feed for one revolution of the table 

25^(1 -/,,). 

where S¿ is the feed for 0.5 revolutions of the wave generator. 

Let us examine an example of the calculation of the adjustment 

of a machine tool model 5D32 for cutting teeth on the flexible 

component of a two-wave drive with z1«228. We take the circular 

feed iHr*0.96. 
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From formula (178) we find 

then in 230 revolutions of a single-thread cutter the table should 

:nake 1.0003^79 revolutions (with the adjustment of the division 

swing attachment of the machine tool to 230 teeth). The equation 

of the kinematic circuit in this case for the machine tool model 

5D32 will take the form 

(230-4 + A/i) X -J- X X ~ = I.0003179, (179) 

where An is the additional number of revolutions of the table 

obtained because of the circuit of the differential mechanism and 

computed according to the equation 

(180) 2. 

In expression (l80) the gear ratio of the feed swing bracket 

ig Is determined in the following manner: 

From the joint solution of equations (179) and (l80) we obtain 

the formula for the computation of the gear ratio of the swing 

bracket of the differential 

tj 15 -920 0,0003479 », * 

8 1.0003479 

We take S'=l mm; then we have 
D 

S4 — 2S, (1 — = 2 -1 (1 — o,9(») = 0,08 mm/rev 

'•= 3^?o«= 
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We see that can be realized on the machine tool bv a set of t s 
interchangeable wheels (100/20; 100/20; 100/60); therefore the 

modernization of the feed swing bracket can be required (the extended 

plate of the swing bracket is made). 

We finally find the gear ratio of the swing bracket of the 

differential 

: _ _8-1,(100.1-10.1 .. '>ik u-Hiwl 
•>" 1.5 920-0,000(»70.0,08 1 

According to this number, we select interchangeable gears of 

the swing bracket of the differential 

f, 20 20 
tt ’ *4 08 ' 85 

The required thickness of the teeth is assured through the 

precise setting of the distance between the axes of the part and 

cutter on the machine tool (with its known diameter). 

The examined method can be also applied for the cutting of 

teeth of the flexible component with approximate engagement. In 

this case, the use of a hob with a standard working outline makes 

it possible to obtain some localization of contact, which achieves 

a reduction in the time of the break-in wear of the teeth (for 

drives of the f-W-H type). Furthermore, the height of the teeth 

of the flexible component can be raised with the elimination of any 

interference in engagement. The diameter of the projections of 

the teeth on the billet is determined on the strength of the 

standard height of the teeth equal to (2f0+c0)m. In the process 

of cutting some shearing of the head of the teeth will be obtained 

automatically and the latter will acquire the form shown by the 

dot-dash line in figure 36. It is expedient to perform the cutting 

of the teeth of the flexible components with approximate engagement 

with the indicated method with small series of articles and with a 

value of the modulus of m>2 mm. 

191 



A general view of the device and the procers of cuttinr teet!-. 

by the described method are shown in figure 73.

m
Nt..

■■g'

&m

I
%

Figure 73. Process of cut­

ting teeth of a flexible 
component.

''1 . THE TECHNOLOGY OF THE 
MANUFACTURE AND AS.'^FMBLY OF PARTC 
'F A FORCED DEFORMATION GENERATOR

Depending on the type of wave generator, it is possible to 

distinguish the basic parts whose machining has certain specifics. 

For a generator with a stressed internal ring this part is the 

hub-cam, for a generator with an unstressed ring it is the internal 

ring itself. We will examine the technology of the manufacture of 

tiiese parts belov:.

The unstressed Internal ring of the generator is actually 

the Internal bearing race and the corresponding requirements are 

made of it with respect to the quality of machining and heat 

treatment. A distinctive feature of the ring is the fact that the 

ball races (rollers) have a form which ensures the necessary 

deformation of the flexible component. In connection with this, 

the clean grinding of the grooves requires the use of equipment 

and methods usually employed for the grinding of cam profiles.



Utilized for this purpose are copying cylindrical grinders with 

use of a disk master form or relieving lathes with special cams 

for the displacement of the support. In the absence of the 

corresponding equipment even during the series manufacture of 

drives the method of the grinding of rings in the deformed state 

whose substantiation is given a chapter VI can be used. 

the 

Figure Ik gives the approximate design of a mandrel for the 
grinding of rings in the deformed state. 

Figure 7k. Mandrel for the machining of 
of a wave generator the unstressed ring 

in the deformed state. 

The housing of the mandrel Ç has center apertures for placement 

on the centers of the grinder. Fastened to the face plate of the 

housing are two adjusting shoes 6 whose dimensions are made in 

accordance with figure 69. The shoes are also connected with each 

other by laths 7. In the slots formed by the shoes, two prisms 

8 move which are moved apart by a cam 3 rotating on the rod of 
the mandrel. 

In the shoes 6 there are also slots in which measuring mounting 
t ido are inserted through windows in the face plate which 

ensure the dimension A of the ring being ground (figure 69). A 

thrust ring 1 is put on the rod of the mandrel and Is pegged. Two 

stop screws 2 are Intended for the locking of the cam 3. 
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The ring being ground is rut on the shoes 6. The mounting 

pads 4 are laid in the slots and by the rotation of the cam 3 by th 

prisms 8 the deformation of the ring is performed, until the ring 

presses the mounting pads *». The cam is locked in this position by 

screws 2. Before installing the mandrel on the machine tool the 

adjoining of the ring to the end of the face plate is also checked. 

The grinding of the external surface of the ring which is in 

tne stressed state should be performed at low rates with abundant 

cooling since the ring can break as a result of the formation of 

burns and fine polishing cracks. 

ihe check of the external diameter and diameters of the 

grooves is performed before the removal of the ring from the 
mandrel. 

The hub-cam of the generator with the stressed internal ring 

is made of low-alloy improved steels and should have hardness 

HB<350. With this hardness of the billet, the external surface can 

be machined by any methods utilised for the machining of the cams. 

Simplest is the method of templet milling on a contour copying- 

mixling machine tool with subsequent filing according to two 

superimposed master forms (figure 75). With the presence of 

possibilities, it is advantageous first to grind thé machined 

external surface on special polishing or relieving lathes. 

figure 75. Superimposed master 
forms for the filing of the cam 
profile of a wave generator. 

Below is examined the 

method of slotting the cam 

profile on a gear-shaping 

machine with a special ram. 

This method is productive, 

precise, simple, and interesting 

by the fact that the manufacture 

of the ram can be easily 

accomplished by the same method 

as the unstressed internal ring 
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of the generator, i.e., by 

grinding in the deformed 

state. The design of the 

ram and the parameters of 

deformation of its rim during 

machining are shown in figure 

76. 

The ram consists of a 

hub 1 with an opening for the 

placement of the ram and cutting rim 2 of steel KhVG pressed on 

the hub. The cutting rim in the calculated cross section should 

have a profile mutually enveloping with the profile of the cam 

being cut. For this purpose the parameters of deformation of the 

cutting rim are designated during its machining according to 

figure 76 in accordance with the formulas 

5 2r, [ -I- 0,70711 + 0,29280] , 

2r0 [(«Po* !' v) 0,70711 -0,20280] , 

where 

Vo« = jr (0.51V n + k\my) - I ; 

£ IV u — 2Av'V 

Figure 76. Ram for the slotting 
of the cam of a wave generator. 

Dimension E is reference. 

The cutting rim is installed on the mandrel which creates the 

required deformation with the aforementioned parameters. In case 

of need and according to dimension E measuring packings which 

ensure the absence of play between the rim and the mandrel are 

laid. The rim is ground to a cone with dimension at the base 

Du“Di BH» where Di BH ls the internal diameter of the internal ring 
of the wave generator. 
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The cone is made for t'n.e creation of a rear cutting ?.:'.¿:le of 

5-6°. After grinding, the cutting rim is pressed on the hub and 

by means of grinding a front cutting angle of 0-1° is created. 

With the slotting of the cam the machine tool is adjusted as 

for the cutting of wheels with z=zu and the check during cutting 

is conducted along the dimension of the greatest diameter of the 

cam. Regrinding of the ram is performed on the front face. The 

manufacture of the hub-cam by the ramming method (as with grinding) 

permits making the part with a collar for the detent of the 

internal ring with the presence of a groove for the removal of the 

tool. The axial fixing of the ring in another direction is 

accomplished in this case by a spring ring. 

Pressing the ring on the hub-cam requires the preliminary 

deformation of the ring or the entire assembly which consists of 

two rings with balls (rollers). The deformation of the ring or the 

entire assembly requires the manufacture of a special device; 

furthermore, the cam should have a conical entry face which gives 

the required direction of the parts during pressing. 

22. ASSEMBLY AND TEST OF HARMONIC 
DRIVES 

A basic feature of the assembly of harmonic drives Is 

manifested in the case of using a generator without a separator 

with an unstressed internal ring and external smooth ring. In 

this design, the pre-lubricated external ring is inserted to 

detent in the flexible component. The internal ring, assembled 

with a hub, is coated with a layer of cooled technical vaseline 

or grease in which the balls are laid (assembly is conducted with 

the vertical arrangement of the axis of rotation of the generator), 

whereupon the flexible component with the external ring is 

installed from above. Light pressure on the flexible component in 

an axial direction leads to the fact that the spheres deform the 

ring and the flexible component to the required form. If the 
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asi-embled arlvo will work with liquid lubricant, the rrenao or 

vaseline should be thnrc'urhly removed by washing the reducer with 
the appropriate solvent. In other respects, the assembly cf the 

harmonic drives Is very simple and does not cause any difficulties.

The assembled drive should be rolled with stepped loading. 

Figure 77 shows a very simple device for rolling and testinr 

harmonic drives. The unit consl..ts of a frame 1 on which a band 

brake 3 and reducer 7 being tested are fastened with the motor 
(1,1 the reducer shown on figure 77 the motor Is located within the 

h:,,-mon1e .Irive). Tl,.- driven s.linl'l -.f (he r.-dne.-e is. eeuneet ed 

with* the brake drum I'y an Intermediate shaft 6 with two toothed 
clutches. The device has a control panel 8 for the measurement of 

the parameters of current. The brake has a superimposed shoe 5 and 

band 2 tightened by screws The shoe 5 has detents with which,
during the creation of the braking moment. It exerts pressure on 

the rod of one of two hydraulic cylinders 9. The amount of 
braking moment Is determined directly from the readings of manom.- 

eters 10. With prolonged operation water for cooling Is passed 

through the hollow brake drum. The block carries a pin whlcn, 

during rotation, presses on the contact device of a revolution

counter.

V

Figure 77. Unit for testing 
harmonic drive.

The rolling modes depend 

on the design of the drive 
and in each case should be 

determined experimentally 

taking Into account the 
conr. 1 il<‘1 on;', gl vii i>u [uig.- 

lOU.

The first copy of the 
reducer should be subjected 

to a prolonged endurance 

test; In this case the number 

of cycles of change in stress



in the flexible component during the test rpviod should be more 
7 

than 3'10 . After each million cycles it is recommended that the 

reducer be inspected and the condition of its parts recorded. 

After the first million cycles the flushing of the reducer .and 

replacement of the lubricant should be performed. 

For the experimental determination of the efficiency of the 

reducer the motor should be installed according to the motor- 

balance scheme or a special calibration chart should be available. 

Efficiency in this case is determined from the formula 

where M is the moment on the brake; M - the moment on the 

motor; i - the gear ratio of the reducer. 

It is necessary to note that this method of determining 

efficiency can give substantial errors. If possible, tht drive 

should be tested by the closed method. Figure 78 presents a dlagrarr 

of a closed device for 

testing drives of the r-W-H 

type. The shafts of two 

drives connected with the 

flexible components are 

interconnected with the aid 

of a coupling. The shafts 

of the wave generators are 

interconnected with the use 

Of two drives witli oylludi*!- 

cal wheels. The motor 

installed according to the 

motor-balance scheme rotates the shaft 1 of the loop. The loading 

of the loop is performed through the application of torque M 

to one of the drives. If we consider that the efficiency of the 

reducer is approximately equal to the efficiency of an accelerator. 

Figure 78. Diagram of a closed 
device for testing harmonic 
dri ves . 
Key: (1) Motor. 
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the efficiency cf each of the drives can be determined by the 

formula 

1, as 1 _,l, 
1 2/M. ” vt"1' 

where Mnp, is the moment on the axis of the motor; ip - loss 
fls ’ rycT 

factor in additional drives. 
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