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Derivation of Sufficient Conditicns for 

Application of the Distorted-Wave Born 
Approximation to Turbulent Wake Backscatter 

1. iNTRODUCTIOIN 

The distorted-wave Bom approximation has been used with some success 

recently* in predicting the radar cross section of turbulent wakes illuminated at 

small aspect angles. In this model the actual incident electric field within the 

turbulent plasma is replaced by the electric field that would be present if the 

random electron density ne in the plasma is replaced by the average electron 

density ñ . (This field is then used in the right-hand side of the integral equation 

for the scattered field to obtain the scattering cross section.) This has been 

termed a "dishonest method" by Keller;1 and strictly speaking it should not be 

valid. However, its proponents can point to the fact that, while it should not 

(Received for publication 20 June 1974) 

»Among the corporationt employing this model, with various modifications, 
arc General Electric, AVCO Everett Research Laboratory, Stanford Research 
Institute, Aerosyne Corp, and Physical Sciences, Inc. 

1 Keller J. (1964) Stochastic equations and wave propagation in random media 
Proc. of Symposia in Applied Mathematics. Vol XVI (edited by R. Bellman) 
American Mathematical Society, Providence. R.I. 
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work, it does give reasonable results“' for many laboratory experiments and 

flight test vehicles. Unfortunately, there presently exists some confusion about 

the conditions under which this model can be employed; therefore, in this report 

we will carefully derive sufficient conditions for application of the distorted- 

wave Born approximation, and apply them specifically to the problem of radar 

backscatter from the turbulent wakes of reentry vehicles. 

2. 0KRIV4T10N OF SUFFICIENT CONDITIONS FOR APPLICATION OF 
HISTORTED-f AVE BORN APPROXIMATION 

Let us consider the case of a turbulent plasma in which the scale length of 

both the mean electron density and the fluctuation about the mean is large in com 

parison with the signal wavelength. In this case if a plane electromagnetic wave 

is incident on the plasma the incident electric field within the plasma can be ap¬ 

proximated by 

(1) 

where e = T + óe is the relative permittivity of the plasma, da/doo is the ratio of 

the area of the ray tube at position x within the plasma to that outside the plasma, 

kQ is the signal wavenumber in vacuum, and S is the stochastic ray path. The 

notation do ( e] denotes that the area of the ray tube depends on the random 

variable e. Equation (1) fails, of course, near the caustic (turning point) where 

£1/2do/doo = 0; in this region a different approximation must be used. For the 

incident field given by Eq. (1), the field scattered by a plasma region of volume 

V is 

(2) 

2. Pinson, U., Monsler, M., and Kaplan L. (1970) Aspect-Dependence Wake 
Scat»'- -ing-Final Report. AVCO Everett Research Laboratory, Document 
Ino. iU-945. 

3. Finson. M. (1971) Reentry Experiments Analysis and Predictions—Final 
Report, AVCO Everett Research Laboratory, Document 71-5^0. 

4. Finson. M. (1972) Interpretation of Recent Delco Ballistic Range Observations, 
AVCO Everett Résearch Laboratory, Document 72-385. 

5. Guthart, H. and Graf, K. (1974) Radar backscatter by turbulent wakes. 
Radio Science (to be published). 
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where R is the distance from the center of the plasma volume to the observer and 

k is the wave vector in the direction of the observer. Equation (2) neglects the 

scattered component of the field within the plasma. That is, in Eq. (2), instead 

of Ej we should have Et + EM where EM is the multiply scattered field within the 

plane. We will comment later on the condition necessary for the neglect of EM in 

comparison with Er From Eqs. (I) and (2) we then have for the ensemble- 

averaged scattered power 

(3) 

where S denotes the random path of the ray which terminates at x, S' is the path 

of the ray terminating at x', and < ) denotes an ensemble average. 

It is clear that in ordler to study Eq. (3) we shall have to make some approxima¬ 

tions. We first assume that the Huctuation 6e fn the relative permittivity is small 

compared with the average relative permittivity T. Of course, this may not be 

true near turning points but Eq. (3) is not valid there anyway. If ôe/e « I we do 

not expect fluctuations in the amplitude, 

about the mean amplitude. 

to be very large. If we are willing to accept errors of order of several dB in the 

radar cross section of the plasma we can then approximate Eq. (3) by 

7 



< E E*) - -S-, /// A IJJ<\ XJ) [7...7(,..] -'I* 
y 9 taV L j '3 s/ (4rR)2 V 

X I |'l/2 ^ [t(*)-l][e(K'.-l] 

X exp |iko f^) ds" -iko /v^) ds"| ). 

Since we have assumed that 6e « 7 we may further approximate 

.^-(7^.)^=7^4^. 

so that 

exp 

(4) 

I Ik f -/1 ds" - ik f /i ds"> ~ exp i ik f/T ds" - ik J ,/7 ds"| 
( ° S S' ) ( s S' ' 

X exp 1.^ /iil£2 
( 2 S 7(x") 

ds" 
2 S'VTlx77) 

(5) 

r.n order to put Eq. (4) in a form closer to that of the distorted-wave Born approxima- 

t'on we would next like to be able to replace the stochastic path S by the mean ray 

path ^ (FT is the ^ath folloved by the ray which reaches the point x after traversing a 

a plasma naving the relative dielectric constant 7). We would like to determine the 

error involved in replacing S by S, and then require that this be small. Let us 

consider successive scatterings of the ray by the turbulent eddies. From Figure 1 

it is clear that if dÇ is the element of arc length along the average path S ana ds" 

is the element along the random ray path, then 

dÇ = ds" cos ff . 

Therefore the first phase term in Eq. (5) can be written as 

4 » ko /vf ds- - ko fyr 
b 3 

- k /vT df - -f- f/f 02<Ç)dÇ . (B) 
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ACTUAL RAY PATH 

Figure 1. Geometry for Relating the Actual Ray Path to the 
Average Path 

Therefore if ÿ were 
would be 

replaced by k dÇ th» ensemble averaged phase 
0 S 

error 

(64) *--r ffz (e2m dÇ . 
5 

6 From Chernov we have that 

J 
<»2> 

dn 

whero Lq is the outer scale or the turbulence. Therefore, the ensemble averaged 
phase error is 

<0*>“-3T^ /^ [/ <flt2> dnjdC , (7) 

where the integral on S is along S with the path terminating at the poim 
Requiring the mean phase error to be small results in the condition 

7(17)/ dÇV^/ < ôt2) drj « 1. (8) 

6. Chernov, L. (1960) Wave Propagation in a Random Medh m, McGrawHill, 
New York. 
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When condition (8) holds we can write, correct to terms of order <6e ) 

expjiko //fds" -tk0 ^“/r ds"| 

i|ik0 //TdsM-lk0 / /fds"| [l + U40]. » exp ' (9) 

where b<b is the Incremental phase error in replacing S by S and S' by S'. Note 

that (à<b0) i 0, If we use Eqs. (5) and (9) in (4) we obtain 

4 ! 

/E E^N » —^2— /Ifd3x ///d3xlM(x,x')/[e<x)-ll ( e(x')-l] 
S 3 3 (4xR)2 V V ~ \ 

ik t . 1ik« r Kf 
-õ^ / da" ~ ~2~ J St (x") ^ i/ (1 2 S Vjbñ Z s, V e tx J 

X ll + »040 ]exp 

where 

Mix, ,.,, a [rwiix', ] j 

I iko f Vlix") ds" - iko / A(x") ds" j . 

l ° a ” S' 

■1/2 

X exp 

As our next step we desire to expand the exponential within the ensemble 

average in Eq. (10) in a Taylor series. We therefore require that the phase fluc¬ 

tuation 

6* * f ds" « 1 . 
2 s Vfhñ 

We can estimate 

2 í r r <*t<x")óe<x"') ) 
s -f- J ds" l ds"’ i r(x")?tx’") ]t7î 

s s -- 

K # ._ii f<X> 

= tl Í. « B 'ï"-51 • 
(11) 
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where 

Ô*. 
ik 

o 
T~ 

S ôe(x") 

S VTÕT7) 

ik 
de" - / ,_I- da" 

S' ‘/i(x") 

If we expand the terma within the enaemble average, uaing the fact that (ô^j) = 0 

and (ôe) = 0, we get, correct to aecond order in (ôe ) , 

/ E E *S = —-g-x ///d3x ¡Ü d3x' Mix, X') 

9 3 (4xR)¿ V V 

X |[ë(i)-l][ë(x')-l] + <ôe(x)ôe(x')) 

+ l[ê(x)-l][etx')-l] <0^ + i[l(x')-lj (ôeIxIó*,) 

+ i [rW-lj^ÓElx'Ió^j) [r(x)-l][í(x')-l]<ó^) j . (14) 

The firat, third, and aixth terma in Eq. (14) are sharply peaked in the forward 
20/3 .4 

direction and in the backscatter direction are at most of order Cj(T-l) V ^ < 

where C. is a const*nt common to all the terma in Eq. (14) [for example, 

k^/(4jrR) ..whereas the second term in Eq. (14) is of order Cj 

( ôe2) L "1/3k ”4V . Therefore, the ratio of the first, third, or sixth term in 
\ f o 0 
Eq. (14) to the second is at most 

If 

(TD2 
« 1. 

we can therefore neglect the first, third, and sixth terms in Eq. (14) to obtain for 

the backscattered intensity 

12 



ÏJU\ ¡II d3x' M(x, x' ) i < ô e (x)ô t(x' ) ) 
V V “ I 

+ i^tíx'í-’.J^Óeíxtó^j) . (15) 

If we could neglect the last two terms on the right-hand side of Eq. (15), we will 

have justified the use of the distorted-wave Born approximation. An estimate is 

ootalned by substituting j into Eq. (15). If we approximate Vf by unity, and 

tor purposes of an order of magnitude estimate only, replace 

exp Í ik /vr da" - ik / VT ds" 
( ° S ° S' 

by exp {iki• (x-x')} and define k = kj-Jig we obtain for the last term in Eq. (15): 

Last term in (15) ar koCj JJJ ^3x'l M*)-!) e1“ ~ ^ 

V V 

X /<ae(x,)ôe(x"))ds" JJJ d3x e*--(T(x)-1 ] 

S y 

X /ds"///d3x'B(x'-x")e'1-- , 
S 

where B(f) = (6e(x)ôe(x + £)> is the correlation function. Upon recalling that the 

wavenumber spectrum ♦ (k) =///d3Ç B(£)exp {-iic* £), we see that the above can be 

rewritten as 

Last term in (15) ~ Ik C. ♦ (k) J/f d3x e4-- [ e(x)-l) J as" e — . 
O 1 "" o 

If we approximate S by a straight line terminating at x, and write x" = x - AS, 

where AS is the distance measured from x along the ray, we have 

k-x" 1 k-x-]<• AS—k*x - kC. Then 

Last term in (15) 2: ikoCj* (k) JJJ d3x[e(x)-l] J dCe'*4 ‘ iko C£<t> (k)V[ e-11. 

13 
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In the backscatter direction k = l}tj" * ^o' ^^ ) *"0 ^0 ’ 

consequently the ratio of the last term in Eq. (15) to the first ie of ^»ir 

Last term in (15) 
First term in (15) 

[1-11 VCt L0'1/3 kQ'4 <fit2) (16) 

Therefore, in order to be able to neglect the last term in (15) in comparison with 

the first we must require that 

The same conclusion can be shown to hold for the second term on the right-hand 

side of Eq. (15). Therefore when Eq. (17) holds we can approximate Eq. (15) by 

<E E»\ X-2__ ///d*. ¡JJ d3x' M(x,x') <òe(x)ót(x')), (18) 
3 £ ' (4,rRr V V 

which is the distorted-wave Bom approximation. * However, as we showed in the 

course of our derivation the following conditions must hold if Eq. (18) is to be a 

valid representation of the backscattered intensity: 

(1) 

(2) 

(1Ç. « 1 

7 

/ "ST £J dr) <öe2(n))j dÇ « 1 , 

(19) 

(20) 

(3) f* B(x",f)df «1 , 
-uo 

(21) 

(22) 

(5) 7 - 1 « 1 . (23) 

* Eq. (18) has been evaluated by Finson; the result for the radar cross section 

of a cylindrical wake is 0 * (5k /Visin' 0 *(k))rr r, where t is the pulse length 

and.<k). 15.6 • (l.ikVr1'/6. 
o 0 c 

14 



In addition, in writing Eq. (1) we inherently assumed that 

Lq/X » 1 and V/X3 » I . 

In Section 4 we will apply Eqe. (19) to (23) to a decoy wake to determine when the 

distorted-wave Born approximation is applicable. 

I 

3. COMMENTS ON SOLUTION NEAR TURNING POINT 

As we commented earlier, Eq. (1) is incorrect near the turning point. Near 

the turning point we can rewrite the incident field as 

Et(x) = A(x) exp h /'Ad,| 
We note that the phase function is still given by ^ ds except that the phase 

jumps by ,/2 at the turning point (caus ic). It is extremely difficult to write 

down the amplitude function A(x). For a one dimensionally stratified random 

medium A(x) can be expressed in terms of the Airy functions. It can then be 

shown that "if n /n = exp(-0z) near the turning point, where /3 is a random variable, 

that as long as 03/(3) « 1 the amplitude fluctuations in A(x) will not be significant. 

This in turn implies the requirement - óne/ne [fn(sin a)) « 1, where a is the 

aspect angle defined in the next section. Since óne/ne « 1, then as long as a is 

small this condition will clearly hold. Therefore it is mainly the phase fluctua¬ 

tions which will concern and these have been treated carefully in the last 

section. For small aspect angles (see next section) the assumption that 6e « £ 

made in the last section will still hold and the treatment near the turning point for 

the phase parallels that at points distant from the turning point. 

4. APPLICATION OF EQS. (19) TO (23) TO TURBULENT »AKE BACKSCATTER 

For a turbulent wake we have 

n 
e = 1 n 

ón 
Ó£ 

15 



3 2 9 
where ne is the mean electron dens'ty (electrons/cm ) and nc = u /3.18x 10 Is 

the critical electron density. In terms of ne< the condition of Eq. (23) becomes 

(24) 

whereas Eq. (19) becomes [assuming Eq. (24) is satisfied) 

(25) 

Since (6n^) - 0.3 rT* in a turbulent wake, it is clear that if Eq. (24) is satisfied, 
'e e 

Eq. (25) will also be satisfieu. 

Next consider the condition expressed by Eq. (22). This is 

(26) 

From Eq. (26) we see that the wake volume must be much greater than the outer 

scale length of the turbulence. Generally, this condition is satisfied, since Lq is 

generally of order of 1/8 to 1/16 of the wake radius. 

Before going on to the conditions expressed by Eqs. (20) and (21) let us first 

examine in more detail when Eq. (24) will be satisfied. From ray optics it is clear 

that if a ray is incident on a wake at aspect angle a (see Figure 2), the turning 
o 

point will occur when ne - nc sin a. This point is proven in Appendix A. Therefore 

TURBULENT WAKE 

Figure 2. Path of a Ray Incident on a Turbulent Plasma Wake 

16 



To proceed further let us approximate 5 by two straight line segments, as 

shown on Figure 3, and assume that ñ is radially stratified according to ïïe = 

no exp(-r2/2rj). Then since ds = dr/sin o and Ç = r/sino we have from Eqs. 

(28) and (29) the requirements 

0.30 k n 
o o -5 2 . 

L_n_sin a « 

r ! ri2 

o c 
exp —T 

oc V r. 
dr' 

0. 15«/r k r n2 /c 
__ , ° 1 g I 

2 9 J 1-X 
2L n sin o 

o c 

dr erfc ft) « 1 

(30) 

17 
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Figure 3. Approximate Path Used in Deriving Eqs. (30) and (31) 

and 

0.30kjLnJ rrc 
-; 9 I dr exP 

n"slno /.Cdr“p(-7[); 

0*15^koLonorl /r -erfci-S-)« 1 . 
2n^sin a \rl/) 

To solv for rc we set ng = nc sin o = nQ exp or 

rca P1 7'2,n(irsln2«) • 

If we perform the integration in Eq. (30) we get the condition 

/ _2 
o. is ^ *0*y0 
-2-2- 
L n sin a 

o c 

c erfc I 1 exp 

1 /J 

« 1 . 

(31) 

(32) 

(33) 

where erfc is the complement;.ry error function. For » « 1 it is clear that 

r^/r j » 1. Upon using the asymptotic expansion for erfc (...) in Eq. (33) 

we get the condition 

0.133 kor5n2 
--—X-- 

L n sin » 
o c 

'A' 7,) 
-—4—« 1 . 

4f) 
C*4) 

18 



Upon substituting for rc/r, from Eq. (32) we obtain 

0. 0752 kor^ sin2* 
« 1 . (35) 

Similarly, if we use Eq. (32) in (31) we get the other condition 

0.266 k2 L r n2 
-,. 9 o. I P eric 

n; sin* 
^-2fn^ sin2*^ (36) 

For * « 1 we can approximate Eq. (36) further by 

0.150 k2 L r. sin3* o o 1 « 1 . (37) 

Therefore, if the conditions expressed by Eqs. (35) and (37) are to hold, it is 

clear that * must be quite small, since k0L0 » 1 and k^ » 1. 

5. SUMMARY OF SUFFICIENT CONDITIONS 

In the last section we derived sufficient conditions for application of the dis¬ 

torted-wave Bom approximation to a wake in which the turbulent eddy size is large 

compared with a signal wavelength. With the assumption that the mean electron 

density has the distribution ïïe = nQ exp(-r2/2r2) and that <6n2) - 0. 3 we 

derived the following sufficient conditions 

sin2 * < 1 , 

(39) 

19 



(40) 
0.150 (k L )(k r,)sln3a 

O O O 1 

When these conditions hold we can be certain that the distorted-wave Born approxi¬ 

mation (see Eq. (18) gives a good estimate of the wake radar cross section. 

As an example, suppose we consider a C-band radar signal of 5-GHz fre¬ 

quency, incident at an aspect angle a of 10° on a wake in which = 3 nc> and 

r, * 32 cm. If L = 4 cm, we then have k L = 4.2 and k r. = 33.5. Consequently 
1 O O o O 1 

we get 

Therefore, for these wake conditions the inequalities expressed by Eqs. (39) 

and (40) are clearly satisfied. Likewise Eq. (38) holds for a - 10°, since 

sin2(10°) = 0.0303. 

In view of the sufficiency conditions we have derived it is expected that the 

distorted-wave Born approximation will give reasonable results for a large 

variety of turbulent wakes, provided that the aspect angle is small. This explains 

why various researchers have met with some success in employing this method 

for small aspect-angle wake backscatter. We have used the ray-optics approxi¬ 

mation for the incident field in the plasma; a more accurate representation is 
g 

possible using the full wave solutions, as done by Bisbing. We have not found it 

necessary to use that method here, since we were only interested in deriving the 

conditions sufficient for application of the distorted-wave Born approximation. 

8. Bisbing, P. (1974) Private communication. 
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Appendix A 

Consider a ray in a radially stratified plasma cylinder having an index of 

refraction then by virtue of Fermat's principle 

(Al) 

we have that equations of motion of the ray are 

/ 4 2 • n(rir a 
(A 2) 

n(r)z (A3) 

where ¿ = d«/dr, z = dz/dr and r, fl, z are the coordinates in a cylindrical 

system. The constants Cj and c2 are determined by considering the case when 

M * 1. We then find that Cj 1 b slntr and Cj * coso where o is the aspect angle 

and b is the distance of closest approach of the ray to the z axis when ß - l. 

Therefore, Eqs. (A2) and A3) can be written 

2 - cos2o)r2 - b2sin2o , (A4) 

23 
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y^-ccW-bW« (A5) 

From Eq. (A5) we aee that the maximum penetration of the ray into the plasma 

occurs when dr/dz » 0. That ia. the ray penetrates to a radius ro given by 

(A6) 

o 

Upon recalling thatp2 * 1- njnc we can rewrite Eq. (A6) as 

(A7) 

For a given aspect angle a. the ray penetrates to the highest value of electron 

density when b = 0; that is. it then penetrates to ne<ro) * ncsin a. Therefore, 

to be pessimistic in our results we have used in Eq. (27), 

For nonzero impact parameters the turning point occurs at smaller values of ne> 

as given by Eq. (A7). 
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