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PARAMETR1C SCALING LAWS

Part I: An Analytical Model for Predicting
the Saturation Limits of a Parametric Array

by

F. H. Fenlon

SUMMARY

Following a review of the approximate models previously used
to provide parametric scaling laws, an exact solution for the asymptotic
far-field pressure of a parametric array is derived from the plane wave
form of Burgers' equation. The influence of spherical spreading losses
is then included by matching the solution at low primary wave amplitudes
with a spherical wave solution obtained by the method of successive
approximation. From the matched asymptotic solution, the referred
pressure of the difference-frequency signal at one meter from the source
(i.e., the equivalent difference-frequency source level) is derived as a
universal function of scaled primary wave amplitudes, frequencies, source
dimensions, and physical constants of the medium. With the aid, this
function, which defines the saturation limit for a parametric array, the
maximum conversion efficiency c2rn be evaluated for a particular set of
input parameters. The amplitude dependence of the directivity function
and directivity index for "spreading loss limited" parametr:. arrays
can also be determined. Scaled performance characteristics obtained from

the model are shown to be in good agreement with data published in the

literature over quite a wide range of scaled primary wave source parameters.
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k = w/co,ki(i=l,2) wave number and primary wave nurbers

ko’ k_ mean primary wave number and difference frequency wave
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peak primary wave amplitude at the source
rms primary wave amplitudes at the source
total rms primary wave amplitude at the source
normalized field pressure

for plane, cylindrical or spherical waves

Fourier transform of P(r,t')

far-field difference frequency spectral amplitude

for equal primary wave amplitudes at the source

near aid far-fjield finite-amplitude absorption tapers
nondispersive thermo viscous attenuation parameter
attenuation coefficient

mean primary wave attenuation coefficient

primary wave attenuation coefficients

dif ference-frequency attenuation coefficient

total attenuation coefficient

combination frequency attenuation coefficients

@, >> a_ near field primary wave absorption loss

distortion parameter

mean primary wave distortion parameter

2) primary wave distortion parameters

combined primary wave acoustic Reynolds number

i/po), (i=1,2) primary wave Reynolds numbers
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parametric frequency response index

normalized primary wave directivity functions

virtual end-fire-array half power beamwidth
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"absorption-limited" parametric array

primary wave product pattern half power beamwidth
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= 20 loglo{pl(r)-r exp(a_r)} equivalent rms difference-frequency source

(o}

20 1og10(50r0) combined rms primary wave source level at 1 m
20 1og10(Eoiro),(i=1,2) rms primary wave source level at 1 m

= SLl = SL2 denotes equal rms primary wave source levels

level at 1 m
SL0+20 loglofo,(f0 in kHz) scaled combined primary wave source level
SLi+20 1oglofo,(i=1,2) scaled primary wave source levels
SL_+20 loglof0 scaled difference-frequencv source level
SL3+20 1og10A double scaled combined primary wave source level

SL2+20 1og10A,(i=1,2) double scaled primary wave source levels

SL*+20 log; b = 20 log(f_/fo)n double scaled difference-frequency
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INTRODUCTTION

<n order to facilitate the design of parametric arrays, different
investigatorsl_5 guided by experimental observation have constructed per-
formance characteristics from simple approximate solutions of the second-
order nonlinear wave equation.6 These solutions comprise (1) Westervelt's7
far-field approximation for the difference-frequency signal generated by
nonlinear interaction of infinitely plane unsaturated primary waves of
finite amplitude (i.e., waves whose peak amplitudes are below their
respective shock thresholds), subject only to viscous absorption, and
(2) the corresponding approximation for unsaturated spherical primary
waves derived by Cary8 and the author.g’9 As shown in Fig. 1, the primary
wave fields of a finite-amplitude source of area So, embedded in an infinite
rigid baffle, operating simultaneously at angular frequencies wy and w, can be
treated as plane collimated waves within a distance from the source
r = SO/AP (de- :ribed as the "collimation distance" or ""Rayleigh distance")
where Ao is the wavelength of the mean primary wave frequency. At distances

greater than r the primary fields can be represented as spherfeally

r |is

spreading waves. If the near field primarv wave absorption loss “rt

large enough to ensure that the primary waves are sufficiently absorbed
within r, to the extent that no further ncnlinear interaction occurs

beyond this range, the parametric arrav is said to be "absorption limited,"
and Westervelt's solution7 can be used in this instance to determine the

pre-shock asymptotic far-field form of the difference-frequency signal.
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On the other hand, if apr is very small, the primary wave interaction
takes place primarilv beyond r, and is limited essentially by spreading
losses, so that in this instance the spherical wave solutionsg’9 can

be used to define the pre-shock difference frequencv pressure in the
far-field of the parametric array. Within r a virtual-end~fire array
is formed whose half-power beamwidth 8 _(r) at pre-shock primary wave
amplitudes decreases with range as /T:7;. If the array is "absorption
limited" its final length is entirely determined by the primary wave
absorption coefficient Cps SO that the limiting far-field beamwidth

[+ )

8. = /A ap =4/a 7k

Alternatively, if nonlinear interaction also takes place
beyond r s the end-fire arrav length is curtailed both bv viscous
absorption and by spreading losses. In this instance, as r iacreases,
the half-power beamwidth 6 (r) asymptotically approaches that of the
primary wave product beam pattern Oo formed beyond L where 90 v n/koa
for a circular piston source of radius a with koa > 1, operating at
pre-shock primary wave amplitudes. Eventually, 6_(r) equals Oo at a
range r =1 _(w_/vw_).

Likewise as shown by the author> it follows that if aTré >> 1,
the parametric array is absorption limited so that the far-field half-
powver beamwidth is ﬂf at pre-shock primaryv wave amplitudes. Alternatively,
under the same conditions if aTré << 1 then 6, will be the far-field
beamwidth. Thus, by identifving aTré as the key parameter which determines

whether a parame. ic array is 'absorption limited" or "spreading loss

limited", Mellen and Moffettl’2 combined the simple plane and spherical
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wave solutions7 g to obtain an approximate asymptotic far-field solutfon
for all values of aTré. This solution can be expressed as,
[ [} - [} _
-, [ a,.r a
T dr'

(¢}

r s Irz \ T ' r
Pl (D) /p, = - (o, 2/2){(0)_/0)0)2J °r2(x")e < j(u_/wo)fr"r?(r e HPe
’ o

(o]

(1)

where all variables are defined in the list of symbols and p_ is normalized
with respect to the peak amplitude at the source Py rather than to either
1,2

of the individual primary wave amplitudes, as in the Mellen and Moffett ’

model (where the latter are assumed to be equal).

If the amplitude taper functions TN and TF’ which account
symbolically for finite-amplitude absorption of the primary waves, are set
equal to unity, the terms in Eq. 1 can be combined and integrated in
various ways giving the uncaturated solutions shown in Table la. Inspection
of Fig. 2 also shows that these unsaturated solutions are in good agreement
over a wide range of aTré. Mellen and Moffett's modell’2 goes beyond the
unsaturated case however, bv providing an exnlicit expression for the ampli-
tude taper functions TN and TF’ which are assumed to be of equal weight,
This expression, which is of the form, Ty = Tp = l¢1+(o/2)2, was obtained
bv empirical observation of the extent to which the peak amplitude of a
monofrequency finite-amplitude wave 1s reduced duc to phase advancement;
the "distortion parameter' o being determined by .e¢ extend to which the

peak of the waveform advances in an inviscid fluid,

r r r d(r'/r )
o dr' ) dr' _ , =1
[i.e., 0 = OOJO o JGOJ S UOJ 2 . 0081nh (r/ro)].

4 Yo ° Vl+(r'/r82

Substitution of such a taper function in Eq. 1 however, assumes

that the primary fields can be treated as independent monofrequency waves

losing energy onlv through transfer to self-generated second harmonics.
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Thus, in making this assumption the additional loss of energy transferred
to higher sc!f-generated harmonics is neglected, in addition to degenera-
. . . s 10 , .11 +
tive coupling of the type discussed by Tjotta, Hobaek and Vistrheim, ]
due to interaction of the sum freauency compcnent and the primary waves
themselves. That such effects are not inconsequential is shown bv
. . - ] . 9 ] 12
numerical solutions of Burger's equation, and bv Blackstock's " use of
the dual frequencv Bessel-Fubini serieslq (which holds in an inviscid
or weakly viscous fluid prior to the critical range at which shock forma-
tion occurs) to demonstrate the "absorption of sound by sound," which
is a direct consequence of cross coupling between the primarv wave fields.
I 14 ,
In a subsequent paper, Merklinger, Mellen, and Moffett ' derived
a more sophisticated taper function for spherically spreading monofrequency
waves, which unlike the previous function, includes the effect of viscous
absorption on the phase advance of the peak amplitude. This function was
obtained from an ordinary nonlinear differential equation of the Bernoulli

1

form,lS wirich Merklingerl originally deduced by quasi analytical

arguments in order to provide a finite-amplitude taper for plane mono-

frequency waves. Actually, Merklinger's equationl6’17

had previously E
; 18 . 19 .

been deduced by Westervelt ~ and solved by Wiener ~ for the case of finite-
amplitude standing waves. Furthermore, it is easilv shown that this
equation is simply a reduced form of Burger's equation in the
spectral domain for a monofrequency wave, when all self-generated harmonics
higher than the second are neglected.

Nevertheless, substituting the taper functions shown in Table 1b

(wvhich also gives their integrated forms) in Eq. 1 leads to the approximate

expressions outlined in Table Ic for the asymptotic far-field pressure of
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a '"partially saturated" parametric array; the so called "Modified Berktay-

Leahy Model," derived by the author, being included for the sake of
completeness. For GOL << 1 these expression reduce, as required to those
of Table Ia. It should be noted in this connection that although Bart:ram's
model5 has been included in Table Ic it is only valid for "absorption-
limited arrays" (aTré >> 1) since it is not asymptotically matched for

all values of AT .

Referring to the expressions of Table lc, the term "saturated"
was previously usedl’2 to denote the fact that p_(r)/pO becomes constant
for oob>~ 1. This use of the term is misleading however, because cven if
pl(r)/po becomes independent of Pys p_(r) remains linearly dependent on P,
for all subsequent values of qu (a parameter directly proportional to
po) so that the svstem is in no wav "saturated." Hence the term "partially
saturated" has been used instead to denote the linear dependence of
p'(r) on Py Clearly, the continued dependence of p'(r) on Py is an
unsatisfactory result, since it violates the nature of stable nondispersive
nonlinear systems which eventually tend to approach well defined states of
equilibrium, as demonstrated for example, by the results of Shooter, Muir,

and Blackstock20 for the case of monofrequency finite-amplitude waves.

Thus p'(r) must eventually approach "saturation" as P, increases indefinitely.

In the final analvsis, as Carv21 has pointed out, the real
weakness of the solutions outlined in Table Ic is that there is no
criterion for determining the conditions under which they fail, nor is
there any means of establishing the errors involved in neglecting all

finite-amplitude loss mechanisms other than second harmonic generation.

10
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For these reasons another approach is required. This will be the

subject of the following scction which makes us2 of Burgers' equation

s v s

to determine the amplitude dependence of the asymptotic far-field

pressure of a parametric arrav, and relies on the more general second-

-

order nonlinear wave equation to determine its frequency response,

g Unlike the models outlined in Table Ic however, the effcct of ‘all possible
spectral interactions on the far-field solution are included. Thus, the
major assumptions on which the model is based can be stated as follows:

- (1) As in the case of all previous modelsl_5 the amplitude and
frequencv responses of the asymptotic far-field solutioa'are assumed to
be independent. This implies that the far-field difference-frequency
pressure p'(r) can be expressed symbolically in the form,

- r
pl(r)/p, = (w_/wo)nF(Oll_?_, apr )(r /r)e ", 1< ng 2.
(2) As in the case of all previous modelsl_5 a nondispersive medium

is also assumed.

-~

-

-

11




1. THEORETICAL ANALYSIS

As shown by Blackstock5 the propagation of one dimensional
progressive finite-zmplitude wave in nondispersive thermo viscous
fluids can be described, correct to second-order terms, by means of
Burgers' equation. Using a slightly modified form of Blackstock's22
stretched coordinate system, this equation can be expressed in terms
of the excess pressure p', normalized with respect to its peak value

at the source Py» for plane cylindrical, or spherically spreading waves

as,
3P 3P 32p %
5 - Pov - (1/0) —31:7 =0; P= (r/ro) (p /po), (.. =0, 1/2, 1), (2)

where the variables z, t' (each with the dimension of time) and the

parameter A are functionally related to measurable parameters in

Table II; th2 value of 4 being determined by the type of wave under

consideration, i.e., plane, cylindrical, or spherical, respectively.
TABLE II - Functional depeudence of Z, t' and A on

r/r_and t, fov plane, cylindrical, or
-« ; N e
spherical waves; oy (Bporo/poco),

) B oé/dro.
Wave Type ) C/oo t' i E
:
Plane 0 r/rcl)/2 t - (r/co) Ao . E
Cylindrical 1/2 2[(r/ro) -1] t - (r—ro)/co Ao(l+-c/20$) i
Spherical 1 ln(r/ro) t - (r—ro)/co Aoexp(—c/oé)

<A "V T T i L

N

12

- oty o e o




&
i Now the plane wave form of Eq. 2 can be considerably simplified by means
i
23 24
of the Hopf~Cole transformation, which expresses P in terms of a new
41 dependent variable ¢ as,
__ P(,t') = (2/0) = (lnp(z,t")) (3a)
t'
or p(z,t") = exp{(Ao/Z)J P(z,t")dt"}. (3b)
- o
i Substituting Eq. 3a in Eq. 2 results in the linear heat conduction equation,
’ 2
= s - am) -0 (4)
at'
: Taking the Fourier Transform of Eq. 4, and solving the ordinary differential
i equation thus formed gives,
T oY "UJZ(,/'IA
U, (8) =¥ (o)e : (5)
- =2 a8 L
where Ew(c) = J v(g,t')e JOE e (6a)
. - 1 i jwt! 1
; 0N & = x
¥ and viz,t") o f—“?w(g)e dw. (6h) 4
- If Eq. 5 is substituted in Eq. 6b, y(z,t') becomes, §
* s . 1 i N "LU‘E/AO
= vig,e') = 5= mew(O)e dw, (7)
where ww(o) is given by Eqs. 6a and 3b as,
- 3
l o« —4 L b
%(0) = J v(o,t")e Ut gpt :
- é
] 4 |
' © (A /Z)J P(o,t")dt" ' '
]. = j H o o e Jut 't (8) 'é

e

N A T L0 T A 4550 P A A
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In the cace of a parametric source operating simultaneously

at angular frequencies wy and Wos the normalized excess pressure at the

source is given by the expression,
P(o,t) = Polsin(wlt + ¢1) + Pozsin(wzt + ¢2); Poi = (poi/po)(i =1,2). 9

Substituting Eq. 9 in Eq. 8 and expressing the resulting exmonent as a

. " . 25 .
double Bessel function series of imaginarv argument™  gives,

4 n = o o j(wnm—w)t' i {(r 1/2)<:os by + (T 2/2)ccs vy}
' ww(o) = J7) (-1 L (1‘1/2)1m (rz/Z)I e e e
:V n’m=_m -— 00
. w jé {(r./2)cos ¢, + (T ,/2)cos ¢.,}
; n+m nm 1 1 2 2
] =2n ] ] DL (/21 (T,/2)8(u ~we e , (10)
- n,m=—o
- where the Dirac delta function §(w) is defined as,26
:
; _1_ ® jut', ,
1 §(w) = 77 J-we dt (11)
with W = (o +mo)s ¢ = (ngy +mp); n,m=0, £1, 22, . . . (12)
- = 2 ., a
and I‘i = (Ao/wi)Poi = (Bpoiki/pocoai), (i=1,2). (13)
If Eq. 10 is substituted in Eq. 7, ¢(z,t') becomes, i
2 I
\ © —w_ t/A o G(w '+ )
s Wty = T DM (/)1 (ro/2)e M O MW =
- n 1 m 2
u n’m--w
' {(r./2)cos ¢, + (T,/2)cos ¢.,} o
- e 1 1 2 2 . (14) -
Returning to Eq. 3a and using Table I (with 2 = o) to replace ¢, i
P(r,t') becomes, -y 1
m\* n,4m" n —mr %
t 0 L} \ _+' \ 9 s- .t } = b
nzméoanm{wn,-ﬁne s:.n(wn’_hnt + d)n,+m' “n et 1r1(wn,—mL + d’n,—m)} %
P(r,t') = —(4/1\0) 2 - —~ = - .
n,+m i n,=mn o v 1
1+ 2 Z Z anm{e cos(wn’_hnt + ¢n,+m) + e cos(wn’_mt + ¢n,—m)} :
n,m=0 z
(15) 118
14 ]

%
p
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L(r /21 (1,/2)

n+'m{ |
Io 0‘1/2)10 0‘2/2)

where a . = (-1) (16)

n

Inspection of Eq. 15 shows that each term in the double
summations of the numerator and denominator decays exponentially at a
rate dependent on its absorption coefficient. Since the latter is

proportional to the frequency squared, it is clear that as r increases

g

indefinitely the term with the smallest absorption coefficient (which

T' in this instance is that of the difference frequency component Wy 3
L & 1
; will outlive the others). Thus, the asymptotic form of Eq. 15 becomes,
2 ™ -ar
: 4 a; _qu_e T osinuw t' + $ )
1 1 - ] = -
1 P(r,t') - (A/Ao){ p— }y ar>1 (17a)
i - = . 1
! 1 B¢ 2a1’_lw_e cos(w_t' + ¢ )
1 -a_r -2a r
‘. = . ] - - . ]
3 ~ (4/Ao)a1’_lm_{e sin(w_t' + ¢_) 5 e sin 2(w_t" + ¢_) + . . },
. LS (l7b)
: - where w_ = wl,-l and o_ = al,—l' (18)
1 <t
= At still greater ranges, only the first term of the distorted
r; . sine wave described by Eq. 17b survives, so that eventually,
| % P(r,t') + P_(r)sin(w_ t + ¢_), a_r >> 1, (19)
- -a_r i
J’ where P (r) = —(m_/mo)(é/lo)e 3Ty = (Ao/mo); w, = E{wl + wz)
- (20a)
1 . |
o : 7 Il(xi)ll(xé) -a_r
. p!(x)/p_ = ~(w_lw ) Q2/x )M+ Te (20h)
1 0 0 o’ I (x)T (xy)
with xi = ti and xé = Fo’ i=1,2). (21)
I |
' For small values of xi, Eq. 20b becomes,
1 |
8 15




Xixs -aur

pl(r)/po = —(m_/mo){iiT—de = T ik, 1y = i, 2) (22a)
)
- r
or pl(r) = (K/2)polp02(k_/uT)u (22b)
where K = R/ 02 (23)
po .oo

As shown in Appendix A, Eq. 22b is the asymptotic far-field form of
the unsaturated (pre shock) plane wave solution of Burgers' equation
(Eq. 2) derived by Naugol'nykh, Soluyan and Khokhlov.27

Alternatively, for spherically spreading waves centered at
range r _, since P_(r) = rp:(r)/ropo, the asymptotic far-field solution

which corresponds to Eq. 20b, can be expressed as,

(I, (xh) - r
1R N ) -

T T }(r /r)e . (24)
Io(xl)Io(xz) o

pL(r)/p = = (w_lw ) (2/x )1

For small values of y'', Eq. 24 becomes,
i

" n o T

1%2 - .
pl(r)/po = - (m_/mo)fzzg—}(ro/r)e s x; <<1l, (i =1,2). (25)
Equating this expression to the asymptotic far-field form of the unsaturated
(pre shock) spherical wave solution of Burgers' equation (Eq. 1), as

specified by Eq. A~19 of Appendix A, x; and x" become,
o

= . LU= i =
X3 oiEl(aTro), Xo ooEl(aTro), (i =1,2). (26)

Up to this point the discussion has been confined to asymptotic
far-field solutions of Burgers' equation for infinitely plane and spherical
wave fields. However, these particular solutions can be combined to obtain
an expression for the asymptotic far-fielld form of the difference-frequency

signal generated in the medium by a dual frequency parametric source of

i

finite dimensions.

16
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For such sources unsaturated (pre shock) solutions of the
. : . 28 29
three dimensional nonlinear wave equation obtainced by Muir® and Blue
and the author,3 show that if the parametric interaction takes place
primarily within the collimation distance s the difference-frequency
: 2 .
pressure is proportional to w_ in contrast to the dependence on w_
predicted by Eqs. 20a and 20b. A heurestic explanation of this dis-
1. :
crepancy, due to Mellen and Moffett,  is that in the case of a bounded
source, the difference-frequencv field, like the primary waves, has a
collimation distance r, which is shorter than r_ on account of its

longer wavelength, i.e., r, = SO/A_ = ro(w_/mo). Thus, if the near-
field primary wave absorption loss (aTro) is such that nonlinear inter-
action occurs primarily within T the difference-frequency pressure
field described by Eq. 20b (which applies to infiuite plane waves) must
be modified to include the influence of spherical soreading losses, so

that it becomes,

L] () ~o_r
1°°1771°"2 =
T 1 (r_ /r)

I OT GG) o '8

Il () /oyl = (w_lw ) @/x)1

9 ' I (1 () -a_r
(w_/w) (Z/XO){Io(xi)lo(xé)}(ro/r)e » apr > 1 (27)

where xi and X, are defined by Eq. 21.

Alternatively, if the near-field primary wave absorption loss
(aTro) is very small, most of the nonlinear interaction takes place
beyond T » SO that if the contribution to the difference-frequency field

generated within r, is neglected, the asymptotic far-field solution is

given by Eq. 20b, which is reexpressed here for the benefit of the reader as,

17




1 (X'l')ll(xfz') - r

IP_'_(I')/POI = (w_/wo)(2/X:)')(“[:(-X—.;")-l—-rro(xz)-}(r()/r)c B T < do (28) ]

where xg and x; are defined by Iiq. 26.

o
In the general case, when both the near and far-fields of 2
. 3
the primary waves contribute significantly to the nonlinear interaction

process, a combined form of Eqs. 27 and 28 can be expressed as,

ll(xl)ll(xz) =L F

[} _ : n 5
ol (/e | = (w_tw ) (Z/Xo){lo(xl)lo(xz)}(ro/r)e ,1<ng2, (29

where X1 X, and n are obtained by matching the unsaturated forms of the

asymptotic solutions (for a,.r greater than and less than unity) defined

bv Eqs. 27 and 28, as shown in Appendix B. Thus, i
X; = oib, Xg = 90 (i =1,2) (30) ;
w't.,l‘l‘o r
2 = I 3 » P -
where 1) El(uTrO,e ]/aTro, for upf > Iy (31) 3
loglo(A/A') ]
Likewise, n =1 + {1 w7 )}, (32) X
AT A
aTré H
1 = 1] > 1 E ) . ] =
where rY = El(aTrO)e l/aT/rO, for a,r’ > 1; r! ro(wO/w_). (33) )
It is clear from inspection of Eq. 32, with the aid of Eqs. 31 o
and 33, that the index n approaches unity for apl < 1, and approaches
L8

the value two, for ol > 1, as required. The index n, which defines

the frequency response of a parametric array is shown in Fig. 3 as a
function of apt, for different values of the "frequencv downshift ratio"
wo/w_. Likewise, the parameter A, defined by Eq. 31 can easily be obtained
from Fig. 2, which gives t'y as a function of a.r'. For small values of

T o
X;» EqQ. 29 can be reexpressed with the aid of Egqs. 30 to 33, 21 and 26 as,

18
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|pl(r)/po| = (w_/wo)n{(01,2/2)E1(aTro)exp(aTro)}(ro/r)e o, vy B 1, (1 =1,2)
(34) [
) =2 E .
- (w_/mp) (01,2/21Tr0)(r0/r)e » Qg 2> 1 (34a) ]
T
» Qn_/mo)()}’2/2)EL(uTrO)(r0/r)e . "Tro e ] (34b)

where Egs. 34a and 34b are the unsaturated forms of kqs. 27 and 28,
) . A1, g v ! }
respectively, as required. Lq. 34a is Westervelt's unsaturated (pre
shock) asvmptotic far-field solution for an "absorption limited" para-
metric array (where the nonlinear interaction takes place primarily
within the near field of the primarv waves), and Eq. 34b is the equi-
. . : ... 8 8,9
valent pre shock asvmptotic solution derived by Caryv™ and the author
for a "spreading loss limited" nmarametric array (wherce the nonlinear
interaction takes place primarily in the far-ficld of the primarv waves),
Equation 34 which combines these unsaturated (pre shock) asymptotic
solutions is equivalent to Eq. B~4 of Appendix B as previouslv exhibited
in Table Ia and in Fig. 2, where it was shown to be in good agreement
m . . . , 1,2
with the alternative approximations derived by Mellen and Moffertt,
.4
Berktay and Leahy.
The subject of this paper however, is the more zeneral Eq. 29
which includes the unsaturated (pre shock) solution represented by

Eq. 34 as a special case. If X1 = X9 = X» Eq. 29 becomes,

: a,. . 100 2 7F 2 g
1) ] = (w_/w ) (Z/kkof’{E;TQT} T iK=glc (35a) |
13
T —a_r i

- (m_/wo)n(l/ZKkO[)x2 % = ((u_/wo)n(l(ko[-)(pl,zro)2 %- » X << 1 (35b)

20
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= @ X = . 6
where x (kkopl,Zro)f’ p (36)

P1,2 7 Poi

02

In this form, the amplitude dependence of the asymptotic far-
field solution i controlled by the function {Il(x)/Io(x)}z, which as
shown in Fig. 4 resembles the well known characteristic of a simple two

plate vacuum tube, passing from a square law dependence on the mean

P = = e ey

primary wave amplitude p1,2 through a lower power dependence, to
« complete independence or saturation at high values of y(or pl,Z)'

In addition to defining the far-field amplitude and frequency
response of a parametric array, Egs. 29 and 32 can also be used to

determine the far-field directivity function for the case of a '"spreading

. loss limited"  arrav, by means of Lockwood's approximation,30 as
a previouslv utilized by the author.13 This consists in replacing X
" in Eq. 29 by xiDi(O,¢), where Di(0,¢) i=1, 2)

4 . are the normalized far-field directivitvy functions of the

individual primarvy waves, respectively. If for example,

X1 = X and apr, = 10—3Np, the far-field difference-frequencv directivity
function generated in the medium by a circular piston source with koa = 10,
and fo/f_ = 10 is depicted in Fig. 5 as x varies by orders of magnitude
from 0.1 to 103, respectively. These results show that as y increases

the difference-frequency beam pattern becomes blunted around the axis and

3

the sidelobe levels increase relative to the major lobe until y = 10
when the beam becomes esseuntially omnidirectional. This phenomenon which
nas been discussed and confirmed experimentally by Lockwood, Muir and
Blackstock31 for monofrequency sources, is due to the dependence of

finite-amplitude absorption on the primarv wave amplitudes. Since these

21
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are greatest on-axis in the far-field of a directive source, the amount
of finite-amplitude absorption is also greatest on-axis, and decreases
off-axis as determined by the primary wave directivity functions.

In contrast to the above case of a "spreading loss limited"
parametric arrayv (aTrO << 1), no satisfactory expression for the
directivity function of an absorption controlled array (uTrO >> 1) as
a function of x has vet been obtained. llowever, it follows from Fig. 4
that it should be possible to use either Merklinger's approximation,
as discussed by Childs,33 or Bartram's series approximation,5 for values
of x less than 100, where complete saturation occurs.

Having thus obtained a general solution for the asvmptotic
far-field pressure of a parametric array, the next section will consider
the construction of simple scaling laws from this solution to facilitate

the design of parametric arrays.
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2. PARAMETRIC SCALING LAWS

o
The asvmptotic far-field pressure of a parametric array, derived
&l in the previous section, can be expressed in terms of rms quantities
= (denoted by a bar) by writing Eqs. 29 to 31 in the form,
= - -0 r
S - Lo i
p [p00/p gl = QUV2YCEIE )R G xyox ) (2 fr)e T, (37)
wvhere P aXqaxn) = Qly HeF—rr = (38)
; o’rMA2 0 IO(XI)IO(XZ)
kg 2
and Xg = qof; Os = Kkoporo; K = ﬁ/poro (39a)
with Xy = 0485 0y = Kk p T = /2 Kk pir s (i=1,2), (39b)
J the index n being defined by Egqs. 32 and 33.
Let SL_ = 20 loglo|;'(r) " roexp(u_r)| (40a)
and SL, = 20 loglolporol with Sl = 20 loglolpoirol; (1=1,2),  (40b)
’ 2
0 wh SL = SL, +10 1 (E‘ijp—w)- (i=1,2) (41)
here o = SL; ¢ %210 5 ; (i=1,
; 27
L3 SL_, SLO, and SLi (i=1,2) are thus the source levels referred to 1 m of
-

the difference-frequency signal, the combined primary wave fields, and

the individual primary waves, respectivelv,

Lxpressing Eq. 37 in logarithmic form with the aid of Egs. 40

and 41 thus gives the conversion efficiencv of the parametric source

(sL_ - SLO) as,

i)

25




SL_ = SL_ = 20n loglo(l_/lo) b 20 |og]0(r//2) (42)

where F is defined by Eq. 38.

Since x_and x; are required to evaluate F, it is convenient
o

to express them also in logarithmic form so that Eqs. 39a and 39b become,

20 1og10§0 = SL_ + 20 log f + 20 log,, + 20 1oglO(N//§) (43a)

20 loglo)(i SL, + 20 lOgIOfo + 20 loglO + 20 loglON; (1=1,2) (43b)
= B 3 3 , )
where N = (Z/Znu/poco)(lo ), for fo in kllz. (44)

if Rl 1 then Eq. 42 becomes,

SL

- = SL + 20n log(f_/f ) + 20 Joglo(xlx2/2/§xo)

J '
SL; + SL, + 20 loglof_ L 20 loglOA + 20 1og10(N/2),
from Eqs. 32, 34a, and 34b, (45)

where Egs. 45 is the unsaturated solution in logarithmic form previously

obtained by the author.3

Since p, as defined by Eq. 31 is a function of apt only, and
N, as defined by Eq. 44 is a constant for a given fluid, it is evident ;
from inspection of Eqs. 42, 43a, and 43b that by scaling the source levels
to 1 kHz, according to the procedure introduced bv Mellen, Konrad, and é
Browning,34 the conversion efficiency (SL_ - SLO) can be redefined as a
function of the scaled source level SLg and the nondimensional parameters

gt and fo/f_. Thus if

SL* = SL_ + 20 1°g10fo’ f0 in kHz (46a)

26
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and if SL*
0

sLEX = § i=
SLO + 20 logloto, SL¥ = SL, + 20 1og10fo, (i=1,2) (46b)

then Eqs. 42, 43a, and 43b beccme,

- * = - =
SL¥ - SL* = s SL, = 20n log, (f_/f ) + 20 1og10(F//§) (47)

% = * y
20 log, X, = SL* + 20 log, / + 20 ]oglO(N//E) (48a)
oy = 31 % v ‘ D H =
20 log,,loxi SL{ + 20 Jogloﬂ-+ 20 10;10N, (i=1,2). (48b)
Curves of the conversion efficiency (SL_ - SLO) and SL* obtained from

Eqs. 38, 47 and 48 with SLl equal SL2, are shown as functions of SLg for
particular values of fO/f_ and At in Figs. 6a, 6b, 7a, 7b, 8a, and 8b,
where the medium is water (20 log10 N = 281 dB//1uPa), all pressures

being referred to 1 pPa. Using these scaled characteristics, parametric

sonars with similar values of fo/f_ and UpE s but with different operating

\
frequencies and source dimensions can be compared as functions of the
scaled source level SLg.

At this point it is instructive to compare the conversion
efficiency defined by Eqs. 38, 47, and 48 with results obtained from
Mellen and Moffett's model.l’2 Such a comparison is shown in Fig. 9
where fo/f_ = 10 and art varies from 1 to 10—3 Np. It should be noted
that, unlike Figs. 6b, 7b, and 8b, the ordinate in Fig. 9 gives the
conversion efficiency as (SL_ - SL1,2) which is referred to the mean
primary wave source level SL1,2’ in keeping with Mellen and Moffett'sl’2
presentation of their results. Likewise, the abscissa in Fig. 9 is
given in terms of the scaled mean primary wave level SLT,Z. It follows
therefore, from the discussion at the beginning of this paper that the

.
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difference between the results of the two models shown in Fig. 9, which

becomes more accute as SL”{’2 increases, can be attributed entirely to
the higher order spectral interactions neglected In Mellen and Moffett's
model.l’2 These interactions, which are taken into account in the model
defined by Eqs. 38, 47, and 48, give rise to enhanced finite-amplitude
losses, thus causing the conversion efficiency to decrease more rapidly
(after its maximum value has been reached) as the primary wave source
levels are increased. Numerical solutions of the spherical form of
Burgers' equation (Zg. 2, % = 1) obtained with the aid of a computer
program previously developed by the author9 are also shown in Fig. 9
for apr, § 10_2 Np, which defines the range of validitv of the spherical
wave model. Although extremely unstable and difficult to generate at
high scaled source levels, these numerical solutions tend to confirm
the trend of the analytical far-field model.

In order to further simplifv the presentation of scaled results,

a higher level of scaling can be introduced. Thus,

SL** = SL* + 20 loglof - 20n loglo(f_/fo)
= SL_ + 20 log,.f + 20 log,./ - 20n log, (f /f 493
1070 10 10" -""0o ( )
and if SL** = gL*
5 SLO + 20 loglof

SLo+ 20 log

¢ + 91 o I
= 1000 20) Ju“]”/, (4h91,)

then Eqs. 47 and 48 become,

*k kk = - ot { =
SLEX - SLA* = (SL_ - SL) + 20n log (£ /{ ) = 20 log,,(F//2)
20 log,ox = SLX* + 20 1oglo(m//2‘) (51a)
20 log)x; = SL¥* + 20 log, oM, (1=1,2). (51b)
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Using Egqs. 38, 50, 5la, and 51b, (SLx& = SLS*) and SL** can be evaluated
as functions of SLB* to give the "universal" scaled characteristics shown
in Figs. 10a and 10b. Experimental data obtained by a number of different

investigator534-38 under entirely different conditions with a variety

UTT PR OV Y

of parametric sources, has been scaled and superimposed on these character-

istics, showing reasonably good agreement despite the scatter. A summary
of the scurce parameters used to obtain this data is given in Table III,
which also includes values of 20 1og10(/) calculated for the benefit of
the reader from Eq. 33. Vith the exception of experiments 1, 2, 3, and

7 of Table III, the nearfield primary wave absorption loss 2a0ro was
glven or could be calculated from reported values of % and ro. Since
experiments 1, 2, and 3 were performed in a hot salt water medium,
Schulkin and Marsh's39 expression for acoustic attenuation in sea water
was used to calculate the values of o shown in Table III, based on an
assumed temperature of 80°F with a salinity of 30 parts per thousand.

In order to check the accuracy of these assumed conditions, the attenua-
tion coefficient for experiment #4 (which was also conducted in the same
salt water environment), was calculated using the same values of tempera-
ture and salinitv to give the value 1.17(10_2)Np/m shown in Table III.
This calculation is in very good agreement with the value of 1.2(10_2)
Np/m quoted by the investigators,35 who also gave the attenuation
coefficient for the 250 kHz source in experiment #2 as lO_ZNp/m in
keeping with the calculated value of 0.95(10-2)Np/m shovn in Table III,
In the case of experiment #7, since the medium was fresh water at normal

temperature and pressure,a/f2 was assumed to be 25(10_15)Np secs2/m.
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TABLE 111

t ’:' # Experiment Legend fo % r ZaOro 20 loglo(l\) i
° kHz Np/m m Np dB
" 1 nusc? ° 175 6.76(10—3) 16 2.16(10_1) 3.0
. ! i {
| 2 nusc3? r 250 0.95(10°%) 8 1.52(107%) S5
3 nusc3? i 720 2.08(107%) 4 1.66(10°}) 4.0
4 nuscd? 0 330 1.17(107%) 0.25 6.0(107°) 13.0
. 5 Nusc® 0 65 2.23(1070) 28  1.3(10°} 5.0
. . 37 23 -2
6 Muir and Willette 4] 450 6.25(10 °) 1.4 1.75(10 °) 11.0
= 38 -2 2
7 A. Eller 0 1435 5.13(107°) 0.3 3.09(10°) 14.0
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An example of the calculations required to scale the data
shown in Figs. 10a and 10b is given in Tables 1Va and IVb for the case of
the 250 kHz source listed as experiment#2 in Table III. The values of
f_ given in Table 1Va correspond to those of the experiment,34 the
values of 20 logt' being calculated from ligq. 33 with aTro(= 2a0ro) as
giver in Table 1ll. The index n is tben calculated from Eq. 32. 1In
Table IVb the actual measured values of SL and SL._ (for two different
difference-frequencies) are reproduced, where the pressures are referenced
to 1 uPa rather than 1 ubar, as used by the investigators.34 These
measurements are then scaled using Eags. 46a, 46b, 49a, 49b, and Table IVa.
Finally, the scaled difference-frequency levels are averaged to give
<SL**> on the grounds that the differences between them are caused by
experimental inconsistencies which should disappear on the average.
Example: 1In order to use Figs. 10a and 10b to evaluate the effectiveness
of a parametric array, consider the case of the 65 kHz source listed
as experiment 5 in Table I1I, with Zaor0 = anr = 0.13 Np, and 20 loglOA =
5 dB.

1f, as was the case in the experiment36 SL, = SL, = 249 dB//1 uPam;

1 2
rms, then SL0 = 251 dB//1 vPam; rms, and from Eqs. 46b and 4%o0,

SLS* SL0 + 20 loglof0 - 20 log10 5 f0 in kHz :

251 + 36 + 5 Q

290 dB.
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¥
[ |
i
, I TABLE 1Va
e 1] 5 n
I f) £ /€ 20 log 4(t") n 20n log, (f_/f_) 20 log I (£ /£) (£.0))
KHiz - dB - ds dB
I 12 20.8 -12 1.63 43 95.5
¥ 6 41.7 -17 1.66 54 106.5
e
’. i TABLE IVb
- Experimental Result:s34 Scaled Exnerimental Results
“" Sto SL_(12 kHz) SL_(6 kiz) SLAk SL_(12 kHz) SLEX(6 kHz) <SLA*> <SLEk>-SLbx
- dB dB dB dB dB dB dB dB
o“w
. 240 189 178 292.5 284.5 284.5 284.5 -8.0
. 234 181 170 286.5 276.4 2i6.4 276.4 -10.1
i 228 172 160 280.5 267.4 766 .4 266.9 -13.6
g 222 160 150 274.5 255.4 256.4 255.9 -18.6
T
{
b
41
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Thus, from Fig. 10a, SL¥* = 280.5 dB. 1If, as in the experiment36, f 2

3 3.5 kHz, then from Eq. 33, 20 logA' = -9 dB; hence from Eq. 32, n = 1.55,

with 20n loglo(fo/f_) = 39,5 dB. Finally, from Igs. 46a and 49a,

SL_ = SL** - (20 log,f + 20 log &+ 20 log, (f /£)), or

1}

SL (3.5 kHz) = 280.5 - (36 + 5 + 39.5) | 4

200 dB, which is equal to the level obtained 1]
; experimentall_v?6 A very interesting result which follows directly from

Eq. 50 and Fig. 10b is that the maximum conversion efficiencv of a

. parametric source for a given frequency downshift ratio (fo/f—)’ can be
1 expressed as, S
(sL_ - SLO)max =~ 9 - 20n loglo(fo/f_) (52) J(
where n, as defined by Eqs. 32 and 33, is a function of ApT and aTrg. 1

§ For the case of the 65 kHz source previously considered, the difference-

frequency is 3.5 kHz and thus, 20n log,.(f /f ) = 39.5 dB, so that the
100 -

conversion efficiencv obtained experimentally36 was =51 dB for a source

maximum conversion efficiency in this instance is -- 48.5 dB. Since the 1
level of 251 dB, it follows that this sonar was operating close to its ]

limit of maximum conversion efficiency.
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CONCLUSIONS AND RECOMMENDATTONS

A new analvtical model has been derived in this paper for
calculating the asymptotic far-field pressure and conversion efficiency
of a parametric arrav. Unlike previous models,l_5 this new model includes
the effect of all degenerative spectral interactions on the conversion
efficiencv of the parametric mixing process. Two levels of scaled
performance characteristics have been derived from this analvsis, which
should simplifv the problem of designing small scale model tank experi-
ments to simulate the performance (and thus assist the design) of large
scale parametric sonars.

The model has been shown to give good agreement with experi-
mental data obtained by different investigators3 "% over a wide range
of experimental conditions. However, a word of caution must be added at
this point concerning the comparison of data obtained in a dispersive
medium such as sea water, with the predictioms of analvtical models
derived from a nondispersive wave equation.

Unfortunately, most of the high amplitude data available in
the literature%’35 which was used to test the model derived in this
paper, and all previous models,l—5 was obtained in a salt water medi m
at primary wave frequencies between 175 kHz and 720 kHz. Since this
range of frequencies lies within the 'resonant' region of the sait

water relaxation process, the attenuation coefficient is no longer

proportional to the frequency squared throughout the spectrum, as
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assumed by the nondispersive models.

Thus, the spectral components
generated in sea water by a parametric sonar operating within this
'resonant' relaxation frequency range will be subject to entirely
different rates of absorption depending on where the mean primary wave
frequency 1s centered; a process which may enhance or degrade the con-
version efficiency relative to its potential value in fresh water.
Obviously these remarks do not apply significantly to
unsaturated parametric sonars operating at pre-primary wave shock levels
in sea water, nor do they apply to high power parametric sonars in sea
water whose primary wave frequencies are such that their fourth or fifth
self-generated harmonics do not excede 100 kHz. Likewise, high power
parametric sonars operating above 1 MHz in sea water may be unaffected
unless the difference-frequency component and its harmonics lie in the
'resonant' relaxation frequency range between 100 kHz and 1 MHz.
However, in order to provide effective tests of the saturation
limits predicted in this paper, and compare them with previously deriveld
predict:ions,l—5 saturated parametric experiments in nondispersive fluids,

such as fresh water, are required. Likewise, in order to predict the

saturation limit of parametric sonars operating in sea water whose spectrum

falls significantly within the 'resonant' relaxation frequency range, it

will be necessary to include the effect of 'relaxation absorption',

wherever possible, in the nondispersive analytical models.
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APPENDIX A

If the primary wave amplitudes of a parametric source are
significantly lower than their respective shock thresholds, the time
waveform will be relatively undistorted. Under these conditions it is
possible to solve Eq. 2 by means of the method of successive approxima-
tion. Basically, this method consists in solving the linear part of
the equation by neglecting the nonlinear term to obtain the "first

approximation,"

which is the undistorted time waveform. Substituting
this solution in the nonlinear term and integrating the resulting inhomo-
geneous equation thus gives the "second approximation.”" The process can
then be repeated to obtain higher approximations.

In or er to simplify the procedure of selecting the nonlinearly

generated spectral components of interest it is convenient to take the

Fourier transform of Eq. 2 so that it bLecomes.

dp

ke (wz//\)%w -1 Fw{PZ} (A-1)
where Fw{P(;,t')} = ?w(;) = J P(;,t')e_jwt' dt! (A-2)
-1 - vy o 1 m'f, jwt!
and Fw {P(g)} = 1 (g,t*) = 577-[ w(c)e dw. (A-3)

Solving the linear part of Eq. A-l for a dual frequency parametric source

operating simultaneously at angular frequencies Wy and w, with peak

2
amplitudes Pol and P02 respectively, and using Eq. A-3, gives the

undistorted time waveform,
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fd et

2 (" 2(®
‘wlj (1/M)dg _MZI (1/0)de
P(g,t') = Pole o sin(mlt') + Poze 0 sin(wzt') (A-4)
2 . 2. (%
Thus T Fw_{P } = - w_PolPoze o P w_ = (wl & wz) (A-5)

where the operator Fw selects the difference-frequency component.

Substituting Eq. A-5 in Eq. A-1 thus gives,

4
dp, -(wi + “i)J (1/0)dg

= 2,
dc t W/MP = - (W /2)P P e 0 ] (A-6)

Assuming that the source does not radiate directly at the difference-
frequency, then P (0) = 0. The solution of Eq. A-6 which is the "second
approximation" can thus be expressed as,

2
-

"

N a/mydr(® -l + ol - wE)J a/n)ds"
Pw_(C) = - (u_/2)p P e 7O e o dg'  (A-7)
(8]

For the case of infinity plane waves (£ = 0) Table IT gives,
Z = oé(r/ro), so that dz = oé(dr/ro) (A-8)

C
and I (1/M)dz = z;/l\0 = ré. (A-1)
o

Substituting Eqs. A-8 and A-9 in Eq. A-7, with %w = p:/po, it becomes,

r —q,r'
T |

-0 r
. - - dr
P_(r)/po = (w_/wo)(oo/z)(PolPoz)e I e =
o o
-a r(r -q.r'
_ - T dr'
= - (w_/wo)(ol,z/Z)e J e E (A-10)
o o
2
- ' - — | —
where O, = Ogu s and 01,2 UOPOlPOZ oo(polpozlpo) (A-11)
I S T 12
W ay wyr &= 8w, ap = (a; +a, a_); =1,2). (A-12)
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It should be noted that Eq. A-10 is the approximate solution originally

obtained by Naugol'nykh, Soluyan and Khokhlov?7

Likewise, for spherical waves (i = 1) Table II gives,
2 it = ! i
o= ooln(r/ro), so that d¢ oo(dr/r) (A-13)

14 C/Oé r-r,
and I (1/M)d = (Oé/Ao)(e -1) = (oé/Ao)( = ) = (r - ro)d. (A-14)

o (o}

Substituting Fqs. A-13 and A-14 in Eq. A-7, and recalling that
v i
the difinition of Pw for £ = 1, given in the list of symbols, is |

P, = (x/t)(p_p) sives, |

pl(x)/p, = - (w_/wo)(ol,Z/Z){I:e—aT(r o %%1-(ro/r)e—a‘(r ) 1) |
(o]
-a r-r )
= - (w_/wo)(ol,z/z){El(aTro) - El(aTr)}exp(aTro)(ro/r)e ° (a-17)
-a_r
= - (“’-/‘”o)(ol,zlz){El(aTro) = E (e m)}(r /r)e » apf << 1, (A-18)

where Eq. A-18 is the approximate solution derived by Cary8 and the author.s’9
The asymptotic far-field forms of Eq. A-18 thus becomes,

- r
p(r)/p, = - (w_/wo)(ol,z/Z)El(aTro)(ro/r)e g apfy << L, apr >> 1. (A-19)
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APPENDIX B

In order to determine the parameters X2 Xo and n so that Eq. 29
will approach Eqs. 27 and 28 for the asymptotic extremes of apf greater
and less than unity, respectively, it Is expedient to begin with the form

of Eq. 29 for small values of x4 Which is,

X1X 9 ™ _T .
ZXO }(ro/r)e » X4 << 1, (i = 1,2). (B-1)

e (e)p, | = (w_fw )™

Likewise, for small values of xi (as defined by Eq. 21),

Eq. 27 can be expressed as,

, 2 To Ut gp T
IP_(r)/POI = (w_/wo) {(ol’Z/Z)J0 e r—o—} (ro/r)e »agr >> 1 (B-2)
- r

¥

(w_/wo)z(ol’Z/ZaTro) (ro/r)e

Again, for small values of x'i‘ (as defined by Eq. 25), Eq. 28

can be expressed as,

-uTr' dr' _r

lpl(r)/pol = (w_/wo){ (ol’Z/Z)L e -r-.—}(rO/r)e

(o}

» Qpf ) << 1 (B-3)

_r
> (w_/wo)(ol’Z/Z)El(aTro)(ro/r)e .

Combining Eqs. B2 and B3 thus gives,

r —a,.r' 0 o o r' \ -a
Ipl(r)/Pol * w_lwg) oy ,/2) (m_/wo)f % T :_r__+f e ! %1';'} (r /r)e
’ . o o
= T - r
¥ Qu_ﬁﬂo)(ol’z/z){fr %z—:—;T'dr'}(ro/r)e - 2 ré = rOQuoﬂu_)
o - r
= (w_/wo)(ol’Z/Z){ B, @prl)explapr!) Hr _/r)e T (B-4)
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Equation B-4 which was previously derived by the author3 as shown in

Table Ia can be reexpressed in terms of « as follows:

Tro
3 -o_r

1 = -
|p_(t)/po| (w_/wo) (01’2){E1(uTro)exp(aTro)}(ro/r)e (B-5)
where the index n is obtained by equating Eqs. B-4 and B-5 to give,

1og10(A/A')

n=1+{—————— (B-6)
loglo(wo/w_)
s v ' ' -
with 2 El(aTro)exp(aTro) and A El(aTto)exp(aTro). (B-7)
Equating Eqs. B-1 and B-5 thus gives X and Xy 2S5
Xy = ciA and R = ooA. (B-8)
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