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LGKollenderASGalbraith/plg 
Aberdeen Prov:i.ng Ground, :m. 
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DIMIU5IONLESS TREATMENT OF VACUUM TRAJECTORY 

AE6TRACT 

By the use of' dimensionless variables the initial velocity is 
eliminated and the initial elevation is the only parameter distinguishing 
one trajectory from another. All vacuum trajectories have the same 
maximum ordinate and time of flight. 
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The vacuum trajectory as a basis of investigation can only give 
limiting values and indicate the parabolic shape of the trajectory 
and the approximate time relations. The only force actirlg is that of 
gravity which is assumed to produce an acceleration of constant magni­
tude g. For heavy projectiles the vacuum trajectory is sufficiently 
accurate for ma~ purposes. 

It has been found in the course of computing trajectories that 
for a reasonable approximation it is more convenient to use dimension­
less variables and reduce the amount of work usually involved. All 
trajectories with the same initial elevation are identical if the 
aforementioned variables are used. 

Defini tiona g 

Let t be the time after firing, x the horizontal distance and 
y the vertical distance, positive upwards from the muzzle; e the 
angle of the trajectory with the horizontal and 9

0 
the initial angle 

of elevation> v the magnitude of velocity and v the initial or muzzle 
0 

velocity; g the acceleration due to gravity; and let i = ~ 0 y = ~ 

Then: 

and 

... 
X a 0 

X : x
0 

D v
0 

COS 9
0 

x=Xt 
0 

•• y"' -g 

y '"' Y: - gt .. v sin a - gt 
0 0 0 

+ Y. 2 ... v 2 - 2j gt + it2 
0 0 0 

v .. -il 
v 2 v 

Arc lengths "'f Vvo 2 2 2 t 1 ~ ,_ • 2 (v-yf~ gtd =-2 yv -,10 +x log g oo o· v-o 0 

where the subscript zero denotes the value when t ~ o 

dv/ds .si 
v .. y-3 
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Definitions; In dimensionless variables 
v sin e V !li8JC. y 

Letc= 0 o,..?y • .. -2. 
g g g 

Them 

and 

Let 

and 

Then 

Now 

so 

dX dX _,._ 
dT dt 

dt i 
'dT "' gc2 • c "' cot e0 

0 

X~ T cot e
0 

d2Y -::2 .. =1 
dT 

.!!! .. ~-. c=1-T 
dT gc 

Y., T - J/2T2 

.;;. -(1 J + (~Y .. cot
2 e0 + (1-T)

2 

T T 

S =j_· Vcot
2e

0 
+ (1-T)

2 
• [ v d t 

0

a f. dYI :y +(dXI )2 
V= : J 5 '" """'"2 '" l/2 dT'lo - V CiT dT o log · dY 

gc · vo- <ar>o 
dV dV 1 .J!V 
dS "' dT • V and VaT "' - (1-T} 

dV 
di 
v 
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For any vacuum trajectory the maximum ordinate is ~ and occurs at 
T = 1, impact occurs at T = 2> and the range is 2 cot e

0
• Then by simple 

substitution one can get results in the usual independent variables. 

The rate f cha :r the tr · t gl e is ,; ven by .!!2. = cot e o nge o aJeC ory an e .,.., dS v3 

2 -cos e de .de 2 -~cos e 
dS '"' dS • gc • g c2tJ2 • gc "' y2 

.. de . - ... • d.S 

2dX l 
gc'dT·c 

gcV 
.. 

de cot e0 
The points of inflection of dS vs S are at T = 1 • VJ 

In figure 1 are shown three graphs of V versus S/Sw and three graphs 
dV 
dS --v-' versus S/Sw. The arc length S has be$11 normalized by dividing by the 

total length of the trajectory, Sw• 

Lo G. KOLLENDER 

40,~ 
A. S .• GALBRAITH 
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GLOOSARY OF STI1BOIS USED 

The subscript zero on a symbol means that it is to be evaluated 
at the point Where the initial conditions are applied. 

The dot over a symbol means differentiation with respect to time. 

B. 

g = acceleration due to gravity 

s = arc length along trajectory from muzzle 

t = time after firing 

e = angle of trajectory above horizontal 

v = magnitude of velocity 

x =.horizontal distance or range 

y = vertical distance or altitude 

c = (v
0 

sin 9
0
)/g 

S ~ s/gc2 
m dimensionless arc length 

Sw· S at impact 

T = t/c 

a 
0
.. angle of departure 

V = v/gc2 = dimensionless velocity 

X = ~gc2 
= dimensionless horizontal co-ordi~te 

Y = ~ = dimensionless altitude 
gc 
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