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ABSTRACT 

An analytical and experimental investigation has been made of boundary layer 
transition at angle of attack in hypersonic flow.  A new method of calculating 
laminar flow stability has been developed that is more general than previous 
methods.   The method employs the timewise Integration of perturbation equa- 
tions derived from the complete Navier-Stokes equations for two-dimensional 
flow of a compressible fluid with variable transport properties.   The present 
calculations are for perturbations about a known steady flow.   The perturbations 
are assumed to be sinusoidal in the streamwise direction, but no restriction is 
known that would prevent the streamwise wave form from being arbitrary, as 
are the vertical distributions and the time variations.   The sinusoidal wave assump- 
tion greatly reduces the amount of computer time required and simplifies the in- 
terpretation of the results.   Nonlinear terms are easily retained with the present 
method, but nonlinear calculations are not physically correct when perturbations 
are required to be sinusoidal.   For this reason nonlinear terms were deleted for 
all calculations presented. 

The experimental program was conducted in Arnold Center tunnels B and C at 
Mach numbers of 6, 8, and 10.   The models included blunt and sharp flat plates 
and a 75-degree delta wing with sharp leading edges.   The results are somewhat 
questionable due to probe interferences and leakages that are now known to have 
occurred during the tests.   However, the results are self-consistent and consist- 
ent with the results of previous investigations.   Natural transition data for the 
sharp flat plate at angles of attack up to 15 degrees agree with previous results 
for zero angle of attack when compared on the basis of local flow properties. 
Transition Reynolds numbers on the sharp flat plate were found to increase as 
the 0.4 power of the unit Reynolds number, but the effect on the sharp delta wing 
centerline data was much smaller.   The independence of this effect of angle of 
attack, and the dependence on the model geometry suggest that the unit Reynolds 
number trend is not produced by model or wind tunnel disturbances, but is an 
authentic fluid mechanical effect that will occur in free flight as well.   No explana- 
tion of the unit Reynolds number effect was found in the analytic studies, however. 

When corrected to a common unit Reynolds number, the transition Reynolds num- 
ber was found to increase exponentially with Mach number, for Mach numbers 
from 4 to 10. 

Attempts were made to trip the boundary layer by mass injection to verify the 
analytic prediction that below a certain critical Reynolds number, the boundary 
layer could not be tripped.   These attempts were successful to the extent that 
tripping did not occur below, nor even near the calculated critical Reynolds num- 
bers.   However, other tripping techniques should be investigated before any 
conclusions are formed. 
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INTRODUCTION 

It has long been recognized that fluid flows can exist in at least two distinct 
states.   The first state is characterized by smooth, well-behaved streamlines 
with an absence of mixing;  the term "laminar" derived from the latin word for 
layers is used to describe this type of flow.   The second state is known as turbu- 
lent flow and is characterized by apparently random fluctuations of velocity, 
both in magnitude and direction.   Although the fluctuations are generally much 
smaller than the average velocity of the flow, they lead to important changes in 
overall flow properties.   For example, the amount of power required to transport 
fluid through a given pipe at a given rate may be an order of magnitude greater 
if the flow becomes turbulent than would be required if laminar flow could be re- 
tained.   Experimentally, it is found that turbulent flow, if it exists at all, occurs 
downstream of the laminar region, which is now believed to always exist at the 
most upstream point in the flow field.   The process wherein the laminar flow 
becomes turbulent is known as flow transition and has been observed in pipes, 
free jets, wakes, and boundary layers. 

Boundary layer transition has taken on increased importance with the advent 
of hypersonic flight.   As at lower speeds, transition can have a significant 
detrimental effect on flight performance by Increasing friction drag.   However, 
even more important are the large increases in aerodynamic heating rates that 
can occur as a result of boundary layer transition at hypersonic speeds.  Assoc- 
iated with the increased heating are more severe requirements on materials, which 
often increase   weights.   It may be found that turbulent heating rates exceed values 
that can be tolerated by any known materials regardless of their weight, thus .neces- 
sitating configuration compromises as well as weight penalties. 

EARLY INVESTIGATIONS 

Although the phenomena of flow transition and turbulence have undoubtedly been 
observed since earliest times, the first paper reporting a systematic investigation 
was apparently published by Osbourne Reynolds in 1883 (Ref. 1).   Reynolds noted 
that traces of dye introduced into a low-velocity stream formed a well defined 
and continuous filament throughout the entire length of a pipe.     However, when 
the velocity of the flow or the diameter of the pipe was increased, the filament 
persisted only for a short distance and thereafter became diffused across the 
entire pipe.   This behavior indicated that the flow was not always parallel to the 
wall, but contained transverse velocity components as well.   By examination of 
the flow-conservation/equations, Reynolds identified the dimensionless grouping 
(puD/fi)   as being the critical parameter governing the onset of the diffusive type 
of flow, which we know today as turbulent flow.   In honor of Reynolds' pioneer- 
ing work, that dimensionless grouping has now become known as the Reynolds 
number. 
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Further investigation by Reynolds revealed that, while the Reynolds number 
was important in determining the type of flow, it was not the only factor. 
He found that, if the reservoir for his flow system were allowed to settle for 
long periods of time prior to the experiment, the length of laminar run was 
increased.   He also found that the length of laminar flow could be further 
increased by carefully shaping the inlet to the pipe.   As a result of these 
observations, Reynolds was led to surmise that, perhaps in the total absence 
of disturbing influences, laminar flow could be maintained infinitely far, but 
that the flow was unstable above a certain critical value of the Reynolds 
number.   Above that critical value, small disturbances—once initiated— 
would derive energy from the main stream of the flow and increase. 

Experimentally, it has since been found that, in pipe flows, the turbulent 
state cannot be produced below a Reynolds number of about 2000, whereas 
if every effort is made to avoid initial disturbances, laminar flow can be 
maintained to Reynolds numbers at least on the order of 100,000.   There 
is every reason to believe that laminar flow can be maintained to even high- 
er Reynolds numbers if more careful experimental techniques are used. 
These observations, together with the results obtained from flow   stability • 
theory, substantiate virtually beyond a doubt the correctness of Reynolds' 
original suggestion, although it was many years before convincing proof 
could be Demonstrated. 

It may be seen from the above discussion that experimental observations of 
transitional and turbulent flows are by no means new.   Theoretical investi- 
gations also have a long history, but to date only modest success has been 
achieved.   It is still not possible to calculate turbulent flow properties 
without incorporating empirical constants, and even then the calculations 
must neglect many effects known to exist. 

The process of transition itself is little better understood.    However, 
considerable progress has been made in analyzing Initial phases of the 
breakdown of laminar flow, a phenomenon that is more easily treated. 
As long as the analysis is confined to small deviations from a basic lami- 
nar flow the governing differential equations are linear, and while their 
solution is not easy it Is at least possible.   In obtaining these solutions 
the disturbances are assumed to be sinusoidal traveling waves that may 
be either amplified or damped as a function of time.   If the disturbances 
are found to be amplified, the flow Is said to be unstable. 

The results of the stability theory, first obtained by Tollmien in 1929 (Ref. 2), 
were surprising because they indicated that boundary layer flow is un- 
stable with respect to a given wavelength of disturbance only in a narrow 
range of Reynolds numbers.   It had been expected that all disturbance 
would be damped at very low Reynolds numbers;  the theory indicated that 
damping would occur at high Reynolds numbers as well. 
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Of course many attempts were made to verify the analytic predictions of Tolltnlen, 
but it was not until 1943 that Schubauer and Scramstad (Ref. 3) were able to obtain 
experimental verification, and then only after a new low-turbulence wind tunnel was 
specially constructed for that specific purpose.   The results obtained by Schubauer 
and Scramstad brilliantly confirmed the theoretical predictions, not only as to 
the existence of a lower critical Reynolds number, but also as to many of the 
details of the flow.   The experiments showed that, for each specific wavelength, 
there existed only a small range of Reynolds  numbers within which the disturb- 
ances would be amplified, confirming the theoretical predictions.   The experi- 
mental minimum and maximum critical Reynolds  numbers agreed well with the 
predicted values. 

The theory also indicates that the disturbance must have a particular distribution 
through the boundary layer.   The Schubauer and Scramstad experiments showed 
that, when a periodic disturbance was introduced near the wall by use of a vibrat- 
ing ribbon, a disturbance profile of the type predicted by the theory did In fact 
occur. 

LATER INVESTIGATIONS 

Experimental and theoretical studies have progressed more recently into super- 
sonic and hypersonic flows.   As might be expected, both the experiments and 
the analyses have become more difficult.   The staoility theory has progresseu 
along the lines of the incompressible theory, but in high-speed flows it is neces- 
sary to simultaneously solve four differential equations rather than the single 
equation that describes incompressible flow.   A more detailed discussion of 
stability theory will be given in the next section. 

Experimental investigations have been carried out at supersonic speeds by Low 
(Ref. 4), Moeckel (Ref. 5), Brinich (Refs. 6 through 10), Rogers (Ref. 11), and 
many others.   Hypersonic investigations have been made by James (Ref. 12), 
Potter and Whitfield (Ref. 13 and 14), Deem, Erickson, and Murphy (Ref. 15), 
Korkegi (Ref. 16), and others.   Of these, the data by James are particularly 
interesting because they are taken on small free-flying models rather than on 
wind-tunnel models, unlike most of the available data. 

Although these data have established some general trends, there are also some 
questions raised that have not been answered.   For example, one of the most 
consistent trends observed in the experimental results is an increase in trans- 
ition Reynolds number with unit Reynolds number.   The unit Reynolds number 
effect is particularly Interesting becaucs it involves a dimensional quantity, and 
as such no effect is to be expected.   Rather, it would seem that the unit Reynolds 
number should be nondimensionalized by multiplication by some appropriate 
length factor, but there seems to be no suitable characteristic length not already 
reflected in some other test parameter.   There is, however, little doubt that the 
unit Reynolds number effect does exist because it appears in the data from many 
yources. 
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1 

PRESENT INVESTIGATION 

The present investigation had two objectives: 

1) Develop a new method of calculating flow stability based on the time integra- 
tion of the Navier-Stokes equations. 

2) Obtain additional experimental data that could be compared with the results 
of the analytic method. 

The ultimately desired analytic result is a rational method of predicting transi- 
tion in flight.   It is to be expected that such a rational method would necessarily 
include the initial phase of transition, the amplification of small disturbances. 
However, the existing stability theory is a linearized theory and its limitation 
to small disturbances is fundamental to its development.   Therefore, it does not 
seem suitable for extensions that encompass the nonlinear effects characteriz- 
ing actual transition.   Hence, the development of a rational analytic method for 
predicting transition would begin with the development of a less restricted stabil- 
ity theory. 

The time integration method described in this report represents a considerable 
departure from the classical method, as may be seen from the description in the 
following sections.   It was anticipated that considerable difficulty would be en- 
countered in its development but that the new method, once developed, would be 
much more general than previous methods.   In particular, the new method should 
encompass all speed ranges and include all terms in the equations for all parts 
of the flow field. *  The time integration method should be applicable to arbitrary 
disturbances, which would allow caleulating the behavior of the disturbances 
actually expected, rather than being, restricted to the specific forms given by the 
stability theory.   The new method would not be a priori restricted to small dis- 
turbances to allow linearization of the equations, so it would have the potential of 
calculating the nonlinear effects that occur in the transition region, although it 
was not expected that the method could be developed so far in the present study. 

From the above discussion, it is seen that the analysis is more concerned with 
whether transition can occur than with whether it will occur.   According to all 
previous theory, laminar flow can exist infinitely far if all disturbances can be 
eliminated.   While complete elimination of all disturbances is of course not 
possible, the theory also indicates that the length of laminar flow can be in- 
creased without limit as the size of disturbances is reduced. 

*  The stability theory has often been applied in a reduced form, retaining only 
the most important terms in various subdivisions of the flow field.   Also, many 
low-speed calculations neglect temperature and viscosity perturbations, so that 
the same equations could not be applied in hypersonic flow. 
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Of course, the designer is also more concerned with whether transition can 
occur rather than whether it will always occur.   Even if the probability of trans- 
ition is low, conservative design practice requires that it be taken into account 
in the design. 

Unfortunately, in the existing spontaneous (natural) transition data the nature of 
the initial disturbance is usually not known.   Thus there is no way to relate the 
occurrence of transition to amplification, and the theoretical results cannot be 
checked against such data.   In the present study, therefore, the boundary layer 
was artifically tripped by mass injection to introduce a known initial disturbance. 
Mass injection was selected after an examination of several possible tripping 
methods because of its reported effectiveness and because the strength of the 
tripping disturbance (injection rate) could be varied without interrupting the test. 

Artificial tripping has an added advantage in providing an empirical lower limit 
on transition, even in the absence of any analytic results. 

As described in the following sections, the objectives of the analytic program 
were met, although the development was much more difficult than originally ex- 
pected.   The results presented are preliminary, but it is believed that the feas- 
ibility of the method has been demonstrated. 

The experimental program was less successful, and most of the results are now 
known to be affected by probe interferences and leakages.   However, the location 
of transition by the pitot probe techniques that were used depends on qualitative 
trends rather than absolute values, somewhat minimizing the effects of the pitot 
system deficiencies.   The data obtained are self-consistent and agree with pre- 
vious results where comparable data are available.   The data obtained extend 
previous natural transition results to include angle of attack and delta wing plan- 
form effects, as well as the effects of mass injection. 
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II 

ANALYTIC  PROGRAM 

INTRODUCTION 

This introductory section gives a brief survey of the background for the present 
analytic study. 

CLASSICAL METHOD 

The classical theory of the stability of incompressible fluid flows is based on the 
complete Navier-Stokes equations including unsteady terms.   These equations are 
more complete than those of boundary layer theory wherein many terms are 
neglected, particularly those concerned with momentum in the direction normal 
to the surface.   The Navier-Stokes equations are then rewritten into a set of equa- 
tions describing a steady flow with unsteady perturbations.   No approximation is 
necessarily involved in the rewritten equations because every flow can be con- 
sidered to be the sum of a steady-state flow plus an unsteady perturbation flow. 
However, at this point several approximations are incorporated into the classical 
stability theory.   First, it ia assumed that the laminp.r flow being analyzed satis- 
fies all of the steady flow terms, and all terms involving only the steady flow are 
deleted.   Then the remaining equations for the unsteady perturbations (which may 
involve some of the steady flow quantities, however) are linearized by neglecting 
all products of the small perturbations.   Then it is assumed that there exists a 
solution of c particular form, namely: 

Q(x,-y5 t) = f(y) ei(ax-^t) (2-1) 

Equation 2-1 is a general form in which Q represents any perturbation quantity. 
The function f depends on y only for any given perturbation quantity, but is not 
necessarily the same for all perturbations.  When this equation is incorporated 
into the perturbation equations, the following equation is obtained: 

(ü - c) ((0" - O2 to) -ü" ^ = - ^ Koiv- 2a2 (p" + a*(p) (2-2) 

In Equation 2-2, known as the Orr-Sommerfeld equation after the physicists who 
derived it early this century, <p expresses the variation with respect to y of a 
perturbation stream function of the form of Equation 2-1 and so is related to f(y) in 
that equation.   The primes (') denote y derivatives. 

Equation 2-2 is exact only for parallel flows wherein the steady-state vertical 
velocity is everywhere zero.   Also neglected in its derivation are all streamwise 
derivatives of the steady flow.   For boundary layer flow, neither the vertical 
velocity nor the streamwise derivatives are exactly zero.   However, both are 
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small if the Reynolds  number is large, and Equation 2-1 is the basis of all of 
classical boundary layer stability calculations.   Because of the smallness of the 
vertical velocity component, it is common in papers on flow stability to describe 
boundary layer flow as "nearly parallel."  The effect of the steady state-vertical 
velocity has been examined by several authors with the conclusion that Equation 
2-2 is adequate for boundary layer flow, provided 

(aR)l/3 » 1 (2-3) 

Although the Equation 2-2 was obtained early this century by Orr and Sommer- 
feld,  no solution was found until 1929, by Tollmien as already stated.   His 
solution was not an exact solution of Equation 2-2, however.   By careful exam- 
ination of the individual terms in Equation 2-2, Tollmien was able to show that 
it v/as not necessary to solve the complete equation over the entire flow field. 
Accordingly, Tollmien then solved reduced equations involving only the most 
important terms over each of several different regions of the flow field.   The 
complete solution was then formed by patching the resulting solutions together, 
Tollmien's solution is well described in the book, "Boundary Layer Theory," 
by Schlichting (Ref. 17). 

Two comparatively recent analytic calculations are worthy of special note.   In 
1956 J. T. Stuart published a second-order stability calculation (Ref, 18) that 
includes the effect of the perturbations on the steady flow.   The perturbations 
themselves were calculated by the linear theory.   Stuart's calculations showed 
that the minimum critical Reynolds  number decreases with the amplitude of the 
disturbance.   As a part of his st-^dy, Stuart derived an equation for the mean 
distortion of the laminar flow by the unsteady perturbations.   His expression 
allows calculation of the minimum critical Reynolds number by an algebraic 
operation on the integral of the disturbances over the boundary layer.   Stuart's 
expression could be very useful in conjunction with the present method, but 
requires extensions that have not yet been made. 

Another noteworthy development is presentee in a paper by Keller and DeSanto 
(Ref. 19). Their method, very similar to the present method, is discussed later. 

EXTENSION TO COMPRESSIBLE  FLOW 

Extension of the classical method to compressible flows has also been the subject 
of many years investigation, and has been even more difficult.   The compressible 
perturbation equations cannot be reduced to a single ordinary differential equation 
as in the incompressible case; rather there exists a coupled system of four 
equations that must be solved simultaneously.   Since the dependent variable in 
those equations is complex (as it is in the Orr-Sommerfeld equation*), it is 

*Note that, because of the assumed form of <o in Equation 2-1, <o is now a complex 
variable.   Equation 2-2 may be regarded as two simultaneous equations for the 
real and imaginary parts of <p. 
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seen that this is actually equivalent to a system of eight equations.   Nevertheless, 
numerous solutions to these equations have been obtained over the past twenty 
years   (e.g., Reference 20).  The majority of these calculations continued on some- 
what along the lines originally followed by Tollmien.   That is, different approx- 
imations were applied in different regions of the boundary layer (thereby solving 
only partial sets of equations) and the resulting solutions were patched together. 
The authors of these papers have given some discussion of the approximations 
involved and, in some cases, the approximations were found to be invalid.   See 
the discussion In Reference 20. 

The past 20 Tears have also seen the growth of a new and powerful tool, the auto- 
matic calculator.   Development of these machines has made possible the direct 
integration of the linearized equations by numerical techniques, avoiding the 
approximate patching techniques by previous authors.   A set of such calculations 
was done by Bryan Brown (Ref. 21) using the equations of Dunn and Un (Ref. 22) 
In 1962.   Also, Leslie Mack of JPL has made similar studies and published 
several reports beginning in about 1960 (Refs. 23, 24, and 25). 

PRESENT METHOD 

In the beginning of the present studies, the authors judged that the capability of 
the automatic calculator has advanced to the point that one should consider direct 
integration of the unsteady viscous flow conservation equations.   In this approach 
the unsteady flow equations would be used to calculate the history of an initial 
disturbance in a laminar flow.   It should be clear from the calculated history if 
the disturbance is growing or decaying.   This approach would have several impor- 
tant advantages over the linearized theory.   The most important of these, in the 
view of the authors, is that the method is not a priori limited to small pertur- 
bations.   Thus, the possibility exists that one could begin to study the actual 
transition processes to a much greater extent than is possible within the frame- 
work of the classical method. 

A second important advantage of the present approach is the generality of 
the method.   A single system of equations can be applied to any of the flow cases 
one wishes to consider.    Thus,  no specialized techniques are devised for 
obtaining solutions for certain specific cases.   A third advantage of the present 
approach (important in the minds of the authors at least) is that complex variable 
mathematics is avoided, and all calculations are carried out in the physical plane. 
Thus, one need not lose sight of the physical mechanisms; it has been found that 
the physical ideas have given a great deal of insight into the required mathematical 
developments. 

Since the approximations of the linear theory were all introduced with a view to 
simplifying the calculations, it is to be expected that the present method would 
be much more difficult.    However, irany of the simplifications introduced are not 
particularly useful f   a purely numerical approach, such as that used on a com- 
puter.   Also, while the linear theory involves fourth derivatives, the present 
method involves no derivative higher than the second thus simplifying the 
calculation. g 
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Finally, it may be shown that by restricting the calculation to a discrete wave- 
length (but still leaving the time variation? and disturbance profile arbitrary), 
it is only necessary to calculate the flow at two x locations, greatly reducing the 
amount of computation required. 

The method was original with the present authors; however, a paper by DeSanto 
and Keller (Ref. 19) has come to our attention that presents calculations of the 
behavior of perturbations in an incompressible boundary layer.   There are many 
similarities between the DeSanto-Keller approach and that of the present report. 
The present calculations are more complex because they consider compressible 
hypersonic flows in which all fluid properties are variables, whereas DeSanto 
and Keller's calculations involve an ideal incompressible fluid with constant 
viscosity.   Thus, the present calculations involve the integration of four equations 
with many terms, while those of Reference 19 involve the integration of only two 
equations, each with fewer terms.     However, DeSanto and Keller were able to 
treat the actual flow problem with more generality, and treat more elegantly the 
mathematical problems involved. 

In the following sections we describe the development of the new analytic method 
as it has progressed so far.   The authors feel that the feasibility of the method 
has been demonstrated and a number of calculations are presented.   The results 
are somewhat more explicit than had originally been expected, when It was merely 
hoped that some qualitative feel for stability would be obtained.   The calculations 
were expected to be more like numerical experiments than specific solutions of 
stability equations.   However, the calculations have also provided wave forms, 
phase angles, wave speeds, and other details of the disturbances. 

The authors have been unable to carry the calculations as far as desired in the 
time available, and many obvious and important improvements have not been 
incorporated.    For the present application, one of the most important of these 
improvements would have been the application of a second-order energy method, 
which would have allowed the determination of the most critical wave length and 
the minimum critical Reynolds number without the parametric search technique 
presently necessary.   Such a method could be developed along the lines of Stuart's 
method (Ref. 18), which has already been mentioned. 

ANALYTIC  FORMULATION 

The equations used in the present analysis are obtained from the well-known 
Navier-Stokes system by decomposing each flow parameter into two terms as 
follows: 

Complete 
Flow 

Q = Q       +      Q' 

where Q represents any flow variable (P, u, etc.). 
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Steady Time 
State + Dependent 
Flow _ Perturbations (2-4) 
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The steady-state terms are assumed to identically satisfy the steady flow equa- 
tions, and hence represent the laminar steady flow.   The equations so obtained 
for two-dimensional flow are given in Table I. 

It should be noted that decomposing the flow parameters simply leads to an 
alternate formulation of tne complete flow equations, and does not necessarily 
introduce any approximations.   Although the perturbation equations contain many 
more terms than the original Navier-Stokes system, it is expected that the ac- 
curacy of the corresponding numerical system will be improved, particularly in 
regions where the perturbations are small compared to the steady flow values. 
In the present report, however, only linearized results are presented; i.e., all 
products of perturbations have been neglected. 

NUMERICAL FORMULATION.  STABILITY,   AND CONVERGENCE 

This section describes the formulation of a set of finite difference equations from 
the preceding differential equations.   Although there are many ways in which this 
can be done that are equivalent (in the sense that all will reduce to the original 
differential equations in the limit for very small Increments), it was found that 
some formulations are much better than others.   It was found that the "intuitive" 
numerical equivalent of the differential equations is in fact unconditionally unstable 
(that is, subject to error that increases without bound for any finite time incre- 
ment At).   It was also found that if central differences are used for the spatial 
derivatives, the numerical form of the differential equations also exhibits a 
behavior like that of an array of coupled spring-mass systems in addition to the 
fluid dynamics, and that a means of eliminating this second solution must be 
employed.    For similar reasons, it is common to speak of the "finite difference 
analog" to a set of difierential equations,  rather than the "finite difference 
form" of the equations. 

The two major topics discussed in this section are spatial derivatives and time 
integration.    The conclusions are of a general nature and are believed to be 
applicable in any flow field calculations by the present method.   The boundary 
conditions that characterize the specific problem at hand, laminar flow stability, 
are discussed in the following section. 

SPATIAL DERIVATIVES 

The first step in formulating the finite difference analog to the equations of 
Table I is to replace the spatial derivatives by numerical forms.   In the present 
method the flow field is represented by an x-y plane, with x and y divided into 
uniform increments Ax and Ay.   All calculations are carried out at the mesh 
points for which 

x = mAx 

y = nAy 

with m and n being integers; Ax and Ay are not necessarily equal. 
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Table I;  CONSERVATION EQUATIONS 

Mass Conservation: 

id. ^=-[^<pü + pu. + p' u') + -*- (p' v + pv1 + p' 
iy 

v) 

x-Momentum: 

au' - lu'        , |u       , Ju'      - lu' 
-rr = - u -— + u' — + u' —- + v   
«t lx )x ix |y 

, lü        . ju' p'     /- Ju       - jü\ 
+ v' — + v' ^— + —c— (u i- + v —I 

»y        ty     p + p' \  »x       ?yyj 

_1  |_ JP] + XL, /i Ju +  4 ItT      2 |v      2  >v'] 

+ p, |~  |x       lx ^   ^3 »x +  3   jx  " 3 Iy ~ 3   ly/ 

/iM.2lvl\]+ J_r    /ii+lul+|i+|vl\ 
^3   lx      3 ly^J      iy LP   \ty       Iy      |x      |x ^ 

P 

+ M 

y-Momentum: 

Iv» - iv'   L    , Iv av'       - iv' 
—— = - v —- + v' — + v' — + u -— 
Ott r   Iy |y |y lx 

, iv      , iv' 
+ uf — + u' ^"^ + 

IX Ix 

p + p' 

iPl + ± [ ,/i ?i+4|v:_2|u      2 |ul\ 
»y       IY [   \3 ly      3   ly       3 lx " 3 lx/ 

- A ivl _ 2 lul\ 1 + i_ [    /ii + ivl + |G      iul\ 
** ^3  |y      3 IxyJ     lx [^   \ax      Ix       |y      ly^ 

Energy: 

IH' | - IH' , IH , »H1       - 1H' 
  = -1 u ~— + u' — + u'   + v   

Oft *x ix 9x jy 

, iH        , IH' p'     /- iH      - iHn 
+ v\— + v'  + i-11 ( u -— + v —j Niy        iy    p + p'\  »x       iy/J 

(i) 

(2) 

(3) 

(4) 
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Table I (Continued) 

+        *        liP' (    I [^ IH'   |   M'  9H ^   U' >H' 
p + pi ( Jt       8x[Pr   Ix   + Pr jx + Pr   Jx 

+ —f-ä. ^H' +  M'   »H +   M' »H' 
+ ly[Pr   |y   + Pr  iy + Pr   Jy 

ri/-a2v. »2- a2vt 
+  (U + U')    —lu  + u'   + u'   

^ |_3 >   JX 'y 'Xay axay 

+ v   + v1   + v'   I JxJy Jx Jy axay / 

+ 2^*ül + '-il iü + av^au'N 
\ax ay     ax ay    ax  ay/ 

4/aü av^ + au^ a£ + au^ av^N   | 
" 3\ax ay     ax ay     ax ay / 

,F1 /- »2v     - »2ü\   o av iü + U'   -|u  + v  1+2  K I 3\   axay       ax ay/      ax ay 

4 aü avl     a   - f  2/- av 
-ä^^al^^^-a^^T 

, av       , avA    - au'       , aü       , au' + u' — + u' —)+ v — + v' — + v' — ay ay/       ay ay ay 
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Table I   (Concluded) 

nt* / 2 - av    - iü\    a   -      ,A 2(z »«' + -c— I— u — + v — 1+ — (u t u'H- — lv — 
ax  \ 3    ay       ay/   ay ^    M ; L  3\   ax 

L   . aü ^   t au,\^ - avf L   , av     . av'l 

+ »Jü (_ 2 -1^ + - ^M 
ay  \ 3    ax        ax/) 

Equation of State: 

P' = R (p T' + p' T + p'  T') (5) 

Viscosity Law: 

3/2 7^3/2 x   10-8) f-JlJjQf! _   _T3/2_J1 
|_T + T, + 216 T   + 216j 

//'   =   (0.2325 

Enthalpy-Temperature Relationships 
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(6) 

u'^ + v' 
H' = c    T» + u u' + 5  (7) 
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Since the flow properties are known only at discrete points, it is necessary to 
approximate the flow field properties by functions that can be differentiated to ob- 
tain the required spatial derivatives.   There exist infinitely many approximating 
functions that could be used that would all yield exact results in the limit as Ax and 
Ay approach zero.   Since Ax and Ay must remain finite in any actual calculation, 
it is necessary to find that method that yields the best results for finite spatial 
Increments. 

The most obvious and most commonly used approximating functions are poly- 
nomials, and polynomials were used in all of the present studies.   A polynomial 
of degree n is uniquely determined by n + 1 conditions, which may be conditions 
on either the values or the derivatives of the polynomials.   In numerical flow 
studies, the commonly applied conditions are that the polynomials agree with 
the values of the flow field properties at the surrounding mesh points.   For 
example, a second-degree polynomial is uniquely determined by the conditions 

P (x - A x) = u (x - A x) 

P(x) =u(x) (2-5) 

P (x + Ax) = u (x + Ax) 

where P is the approximating polynomial.   The derivative of P at x is given by 

- Ax)  _ »u /*P\        P (x + Ax)  - P (x 

\,xjx= 2^x ax (2-6) 

The corresponding second-derivative expression is 

i2P    P(x + Ax)  - 2P(x) + P(x - Ax)       |2u ._ _. 
%  2 

= (Ax)2 =       2 (2~7) 

»x x     ' ax 

Equations 2-6 and 2-7 are known as three-point central-difference forms and 
were used for all of the results shown in this report. 

Several alternative methods were also investigated.   Higher-order central dif- 
ferences lead to equations of the form 

r- = Cj [u(x + Ax) - u(x - Ax)]   + 
(2-8) 

c2 LU^X + 2 Ax)  " u(x  " 2 Ax)] +   c3 [    J + • • • 

where ex. 02, etc., are constants.   The higher-order central-difference formulas 
were not found to lead to any significant improvements over Equations 2-6 and 2-7 
that would compensate for the required additional calculations.    Uncentered differ- 
ence formulas of the form 
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-^-= ciru(x)]   + c2 ru(x f Ax)J   + C3[u(x + 2Ax)]   f ...        (2-9) 

were also investigated.   It will be noted that, in Equation 2-9 the derivative at a 
point XJJ depends entirely on values for x greater than x0, and not at all on values 
for x less than x .   It was found that use of this equation and similar forms intro- 
duced systematic errors that appeared as long-term trends.   When the form of 
Equation 2-9 was reversed, 

|^ = CjjuM]   + c2[u(x  - Ax)]   + Cg [u(x - 2Ax)]   + ... (2-10) 

an opposite trend was produced.   It was therefore clear that uncentered differ- 
ences were not giving correct results and their use was discontinued. 

TIME INTEGRATION 

In the present method, four basic perturbation quantities are obtained by inte- 
gration with respect to time, i.e. m u'Ct) =    I    ff-   dt + u'0 (2-11) 

with similar expressions for p', v', and H1.   As with the approximation of spatial 
derivations with numerical forms, there are numerous numerical schemes for 
evaluating the time integrals.   The following substitution is exact 

n=t/At 
t =   £    Au'nAt (2_12) 

n=o m 
provided the increments Au^ are evaluated correctly.   This can be accomplished 
by a Taylor expansion: 

Au'   =   u' (nAt + At)    - u'OiAt) = At^ + At2 ~- + ... 
It |t^ 

Since the flow conservation equations (Table I) provide only the first derivative 
with respect to time, we first consider the approximation: 

Aun = Atir (2-13) 

Although the error introduced can be made arbitrarily small by reducing At, two 
practical considerations tend to establish a lower limit.    First, the number of 
calculations required for any given problem will be inversely proportional to At; 
second, as At becomes very small, Au'does also, and the effect of roundoff errors 
is relatively greater.   It is therefore necessary to examine the errors introduced 
by Equation 2-13.   It is found that if At is small, the error introduced by the use 
of Equation 2-12 is approximately linear in At, but that above a certain critical 
value the error grows exponentially.   Before considering accuracy as such, we 
must first determine conditions for the onset of the exponential behavior, which 
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is known as numerical instability.   Following the discussion of instability, we will 
return to the subject of accuracy, and present a numerical scheme that yields a 
great improvement over Equation 2-13 without any additional calculation. 

Simple Instability 

As noted above, if At exceeds a certain critical value, the solution obtained 
numerically is not even an approximation to the true solution, but rather oscillates 
in an erratic manner with ever-growing amplitudes.   When the latter phenomenon 
occurs, the solution is said to be numerically unstable.   However, this is not 
the only form of numerical Instability that can occur, and so we have adopted the 
term "simple instability" to refer to the oscillatory exponential growth of small 
errors. 

N 

Because the concept of numerical stability is so basic in the work that follows, 
we will give a simple example showing a stable and unstable solution of an ordi- 
nary differential equation for which an analytic solution is known.   Consider the 
following equation: 

y + y = o 

where y = dy/dt.   The solution to Equation 2-14 with y(0) = 1 is 

y = e-' 

For Equation 2-14, the equivalent of Equation 2-13 is: 

Ay = y At 

= -yAt 

(2-14) 

(2-15) 

(2-16) 

Using Equations 2-12 and 2-16, we can obtain the following recursive formula* 
for y: 

yn+l = y" (1 - At) 

It is easily seen that for y (0) = 1, 

(2-17) 

y11 = (1  - At)n 

=  en[ln(l-Ät)l 
(2-18) 

By series expansion 
At2 

ln(l  - At) = -At + *y +   ... (2-19) 

♦    We use here the convenient notation commonly used in papers on numerical 
analysis:  y"« y(nAt).   When appearing in a solution to a difference equation n is 
usually an exponent, however.   It should be clear to the reader whether an expon- 
ent or a time level is intended. 
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so that 
At2     At3 

n       -n At - — - + -r- - ...} 
r   = e     \ 2 3 / y    = e     V 2 3 / (2-20) 

Since t(ti) = n At, the numerically obtained solution will be 

yW=(e-t)(e**/2)   0^/3) .. p.^ 

or,  for small values of At 

y = e'1 (1 + t At/2) (2-22) 

It is seen that the numerical solution approaches the correct limit for small values 
at At.   However, for At > 1, the logarithm of (1 -At) is complex, and the 
numerical solution becomes oscillatory.   Returning to Equation 2-17, it is seen 
that y will be negative for all odd values of n, and positive for the even values. 
For At > 2, the absolute values of y will increase exponentially, as 

nl       I,      AJH 
yn| =   |1 - At I" (2-23) 

Thus, the numerical solution will diverge in an oscillatory manner, unlike the 
true solution, which monotonically decreases with time. 

It will of course be much more difficult to determine the stability conditions on 
At for the finite difference analogs to the equations of Table I.   An analytical solu- 
tion to those equations (comparable to Equation 2-18) would be equivalent to a 
general solution of the differential equations.   Since no such general solution has 
been exhibited, it is unlikely that one will be found in numerical instability studies. 

However, it has been possible to establish some ot the conditions for numerical 
stability by considering greatly simplified forms of the perturbation equations. 
The stability conditions imposed by specific terms in each equation can be dis- 
covered in this way, but of course, any conditions arising from interactions of 
terms will not appear.   However, subsequent experience indicates that the limits 
obtained from the reduced equations are good approximations to the stability limits 
of the complete equations. 

As an example of the manner in which stability limits were determined, a condition 
imposed by the momentum and continuity equations will be derived. 

Examining the x-momentum equation, it will be seen that the acceleration is a 
function of the velocity components, pressure gradients, and shear forces.   By 
deleting all terms except that for the pressure gradient, the x-momentum equation 
becomes (with the aid of the equation of state): 
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0U  _    _   1   «P 

= - RT \ p ax    T d\ I (2-24a) 

In order to avoid involving the energy equation, the temperature term can be either 
approximated by isentropic relationships, or neglected entirely.   The approxi- 
mations lead to either 

ÄU _ HT •£ 
at ax (2-24b) 

Or AH =   _   yRX  ^ 
at       ^     ax (2-24c) 

Either of the above equations may be used for the numerical stability calculation; 
the presence of the multiplier y does not affect the mathematical ideas involved. 
It will be retained, however, because the final result is more easily related to 
physical phenomena. 

To determine the density, the continuity equation is used, considering only x- 
direction derivatives: 

ap au       aP xt- = - D — - u — at ax       ax 

Lu ax    p ax J v       ' 

In low speed flows the relative change in density is much smaller than that in 
velocity.   For low speeds, therefore. Equation 2-25 can be further reduced: 

at ax (2-25b) 

To determine the stability condition imposed by Equations 2~24c and 2-25b, a 
short calculation is necessary.   A flow field is asyumed wherein p and u are 
nearly constant.   Then a small perturbation is applied to u at a point and the sub- 
sequent flow behavior (according to Equations 2-24c and 2-25b) is calculated. 

The first few stepr of the calculation are reproduced in Table H, where it is seen 
that after two time steps, the velocity perturbation u reappears, multiplied by 
the factor,  [l - (yRT &T)/2  Ax2].   By comparing this result v/ith Equation 
2-17, it will be seen that [(yRT At/( Ax)2] is the parameter that determines 
the numerical stability of the system, and must (at least) be held smaller than 2. 
The specific numerical value of this parameter that will ensure stability is less 
easily established, however, because the diffusion of the error in the x-direction 
must be considered as well as that with respect to time.   While it is possible to 
find an analytic solution to the pair (Equations 2-24c and 2-25b), and determine 
exactly the condition for numerical stability (which turns out to be yRT At/Ax2 < 1), 
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Table H:    SAMPLE CALCULATION 

Reduced equations considered: 

^ = _0fiü=      i  /u(x +Ax) - u(x - Ax)\ 
»t D ftx '      PV 2 Ax / 

• u 
9t ^-^^'-^r^v/r'10) 

t 
Flow 
property 

1 
-Ax 0 Ax 2Ax 

0 u 0 u 0 0 

P P P P P 

i   au 
dt 

0 0 0 0 

ap 
at 

-pu 
2Ax 

0 Pu 
2ÄX 

0 

At u 0 u 0 0 

p P -P2Äx P P   P2Ax p 

»u n 
 u At 

-yRT—^ 
0 

u At 

•t 2 Ax 4 Ax 

at 2Ax 
0 

2 Ax 

2 At u 0 u [ 1 - yRT -4~5 ] 

\               2AX/ 

0 uAt2
2 yRT 

4 Ax 

p 
uAt 

p-  Ax P 
Ax 

0 

»u 
»t 

0 uAt 
-yRT    l 

Ek2 

etc. 
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the result is not exactly applicable to the complete equations with their many 
additional terms.   Hence, the stability limits for the complete equations were 
determined by trial and error using the results of the simplified equations as 
guides.   It was found, however, that stability conditions determined from the 
simplified equations were accurate indicators of the necessary conditions for the 
complete equations.   In the present example the condition 

At< ^bL 
VyRT 

was obtained.   With the complete equations the flow was found to be stable for 

At =Äx2/VyRT, 

but unstable for At = 2 Äx/VyRT. 

With the aid of the simplified equations four separate numerical stability criteria 
were identified, and subsequently verified with the complete equations.   They are: 

1)   At<1SA,t 

2)    At < 

obtained from the continuity equation and the inviscid 
Ax       l part of the momentum equations 

V"2U 

3) At < 2— from the viscous part of the momentum equations 

y Ax 4) At < /ylYTu from the energy and continuity equations. 

These limits were verified by comparing time histories computed for differing 
flow conditions with various values of At. 

Convergence and Resequencing 

It was soon found that, even when the stability criteria described above were ob- 
served, a long-term divergence occurred.   As with simple stability, an analysis 
of the complete equations of Table I was not practicable, and as before a means 
of eliminating the long-term divergence was found by considering the reduced 
system previously introduced: 

»u  . _ i. 1Z RT *iL = _ a2 ifi. 
at        p ax       '     ix jx v     ' 

*D iU 
-T = -P-r- (2-27) at ax y      ' 
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Combining derivatives of Equations 2-26 and 2-27 leads to the wave equation: 

— - a^ —2 = 0 
>t2 |x2 

(2-28) 

Replacing the spatial derivative with a central difference yields 

iäi     2 Vi - 2 ui + Vi    A 
2 " a    Hi  = 0 (2-29) 

Since we are primarily concerned with time integration, we further simplify the 
problem by imposing boundary conditions as follows: 

"i+l = ui-l = 0 (2-30) 

yielding 

*S   /2a2\ 
7? r^h -0 

wx / 
(2-31) 

which has the solution 

u = A sin {[ztk\ * ™^t)\ (2-32) 

Since the acceleration |u/|t is determined by the density, the forward integration 
of Equations 2-26 and 2-27 is equivalent to the following numerical scheme for 
solving Equation 2-31: 

un+1 = un + At ün 

ün+1 = ün + At ün 

un+2 = un+1 + At ün+1 

(2-33) 

This equation may be rewritten as the recursive formula 

un+1 = 2 u11 - (1 + At2) u11-1 

which has the solution* 

u".(/rT^)'l-1(^)ie..ln-(r^r) 

(2-34) 

(2-35) 

* The difference equation Un+2 + KUn+1 + LUn = 0 has the solution Un = Aa11 

+ Bj8n where A and B are constants, (a + £) = K, and   a^ = L (n is an expo- 
<** l9 /— o nent when applied to a and jfl).   In polar form,   a = re    with r = T/L and sin 9 = 

Vl - K2/4L; ß = L/ö.   Note that both the real and imaginary parts of a and /J 
are solutions. 
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Thus it is seen that the numerical solution diverges exponentially for any finite 
value of At.   The forward integration of the complete equations (Table I) was 
found to have a similar behavior.   Since the purpose of the present study is to 
determine amplification of disturbance waves the existence of the exponential 
multiplier would invalidate the results.   The integration scheme must (at least) 
yield exactly constant amplitudes when integrating Equation 2-31. 

Such a scheme was soon found.  If we replace un in Equation 2-33 with u1^1 the 
recursive formula (Equation 2-34) is changed to 

u1^1 = (2 At2) un .n-1 u (2-36) 

Equation 2-36 has the solution 

un = sin n 0;    6 = sin"1(At Vl - At2/4 / (2-37) 

which is seen to have exactly constant amplitude.   It is also seen that Equation 
2-37 has a slight error in frequency.   While undesirable, this error is not of 
great importance since we do not require an exact knowledge of the critical fre- 
quency    A comparison of the two numerical solutions with the exact integral of 
Equation 2-31 is shown in Figure 2-1.   It is seen that the original, scheme diverges 
quickly with the relatively large step size chosen, while the second scheme has 
the correct amplitude and is only slightly shifted from the exact values. 

The change of scheme 2-33 to yield 2-36 involves only interchanging each pair of 
calculations in Equation 2-33, i.e., 

ün+1 - ün + At un 

un+1 = u11 + At ün+1 

.n+2 = ün+l + At unfl 

(2-38) 

etc. 

Since Equation 2-38 differs from Equation 2-33 only in the sequence of calculations 
it has come to be known as "resequencing. "   The analogous change in the integra- 
tion scheme for the complete equations (Table I) is also effected by merely alter- 
ing the sequence of the forward integration scheme.   The original and resequenced 
schemes may be summarized as follows: 

Step 

1 

2 

3 

4 

Original Sequence 

Calculate #u/|t 

Calculate |v/|t 

Calculate ip/ii 

Calculate * H/it 

Resequenced 

Calculate 9\x/ii 

Calculate i\/9t 

u(t + At) = u(t) + (lu/>t) At 

v(t + At) = v(t) + (iv/ii) At 
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5 u(t + At) - u(t) + (in/it) At Calculate 9p/it 

6 v(t + At) = v(t) + (#v/it) At Calculate iH/it 

etc. etc. 

Unfortunately, it is not possible to present an analytic solution (such as Equation 
2-35) to determine the stability characteristics of the resequenced scheme.   As 
with all complex numerical schemes, the most complete (and therefore most 
rigorous) information is obtained by numerical experiments, the results of which 
show the same trends as do analytic solutions of Equations 2-34 and 2-36, although 
they are naturally less simple (see Figures 2-2, 2-3, and 2-4). 

The effect of resequencing on amplitude is illustrated by a simple flow field cal- 
culation in which all velocities were initially zero, and all pressures w^re set at 
100 psf except for one point, at which the pressure was set at 101 psf.   In a 
numerically stable solution, there are irregular velocity and pressure fluctuations 
that will remain approximately constant in the long run.   The amplitudes will in- 
crease if the calculation is numerically unstable. 

Two calculations are presented in Figure 2-2 showing the behavior of velocity 
fluctuations as calculated by the original and by the resequenced programs.   The 
resequenced calculation appears to be entirely stable, while that with the original 
sequence was divergent.   The slow nature of the divergence is illustrated by the 
fact that 200 time steps were made before any obvious increase in amplitude 
occurred.   Later calculations of the same problem with a time increment five 
times larger than that used in the cases shown in Figure 2-2 also remained stable 
with the resequenced scheme.   It was found that the resequenced calculations 
remain stable for 

At = ±4=^ (2-39) 
'»/y RT 

so that the long-term accumulation of errors is apparently entirely eliminated. 

The effect of At on the frequency of oscillation early in the calculation is shown 
in Figure 2-3.   Again, the effect is similar to that exhibited by Equation 2-37, 
with the calculations for the larger At showing a small phase difference. 

It will be recalled that the fonvard integration is a first-order scheme, neglecting 
all time derivatives except the first.   It is believed that the resequenced scheme 
is in effect a second-order method, i.e. , equivalent to retaining two terms of a 
Taylor expansion in time.   This is difficult to prove for so complex a system, but 
an indication is provided by the effect of step size on the computation.   In a first- 
order scheme the first neglected term is 
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X 

>0 Original Sequence 

0.5 

V^r 

Figure 2-4:    EFFECT OF STEP SIZE 

27 

 _. 

\ 



V ^     /^SA'  ^~ 

{*t)f- (2-40) 

The error at time t is the sum of the above: 

where the bar indicates an average value of the entire time period.   The important 
character stic of error is the dependence of the final error on At. For a first-order 
system the accumulated error is seen to vary linearly with At.   By a similar argu- 
ment it is found that the accumulated error in a second-order scheme varies as the 
square of the step size. 

The effect of step size on calculations with the complete equations is shown in Fig- 
ure 2-4.   It is seen that, with the original sequence, the effect of At is in fact 
approximately linear; for the resequenced calculation the effect is much smaller, 
and varies as the square of At. * 

Upon further examination it appears that the resequenced scheme may be thought 
of as a central difference in time.   Consider the following calculations: 

Time Calculation 

0 (£)O = f(p0.  H°,   u°.   v°) 

(f)0=f(p0,  H».  u«.  V») 

p1/2v^)0f 

i-Ai/2:        (^^(P172,  H1/2. u0.  v0, 

/»v\l/2      . .1/2    -.1/2      0       0, 
\it)       " f (P       .  H       ,  u ,  v ) 

* Incidentally, Figure 2-4 illustrates the previous point that there may be many 
numerical analogs of a differential equation that approach the exact solution 
in the limit, but are not equivalent for any finite value of At. 
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Time Calculation 

t = At: {f)   - f (P1/2.  H1/2.   u1.   v1) 

(f )' = f (Pl/2.  Hl/2.  u1.   v1) 

H3/2 = H1/2 + At (I*)1 

3
 A* />u\3/2      f /rt3/2    „3/2       1      1. 

VlT/ ^       ' ' u   ' v ) t = - At: 

Q/2 

\ft)     =   (p    ' H    • u ' v ) 

etc. 

In this scheme it is seen that each derivative is computed at the midpoint of each 
integration interval. By comparing the above with the previous listing of the re- 
sequenced calculations it is seen that only two differences exist: 

1)    The very first step is for (l/2)At; 

level, the other two at the (n +  1/2)^ level. 
2)     The time derivative calculations are mixed, involving two variables at the vr 

Calculations were made in which both of these differences were removed.   First, 
a calculation was made using (1/2)At for the first step.   As might be expected, 
the small change in p and H occurring in a half of a time increment had no ob- 
servable, lasting effects, since typical calculations involved hundreds of iterations. 

Other calculations were made in which the mixing of variables was eliminated 
from the time derivative calculations.   This was done by replacing (for example) 
u11 with u1*1"1/2, using 

n+1/2        n     1 , L .n 
u = u   + - At u 

These calculations showed only minor (fourth-place) differences after more than 
100 iterations. 
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A time-centered scheme is easily shown to be second order by Taylor expansions 
about the points t = tQ and t = tQ + At/2. Expanding about t^: 

u(t * 4') - "«> - 4«(î 0
 + ¥ ( ^ ) o

 + • • • <2-42> 

The expansion about t 0 + At/2 is: 
3 3 

u(t + At) - u(t) = At (*J) + l*~f) + ... (2-43) 
• 1/2 3< " 1/2 

It is seen that the f irst neglected term in the centered scheme is of the order At3. 
Thus it is seen that the resequenced scheme used here has the behavior of a second-
order scheme, although it is not exactly such. Since the resequenced program in-
volves no more calculations than the original-sequence program, the useful speed 
of computation has been greatly increased by its use. 

NUMERICAL FORMULATION OF BOUNDARY LAYER STABILITY PROBLEM 

The solution of any physical problem involves two distinct phases: formulation 
of the general laws governing the physical processes, and specification of the 
unique conditions that characterize a particular problem. The discussion so far 
has been entirely concerned with the numerical formulation of the general laws 
governing fluid flow. We now describe the conditions that characterize the prob-
lem of boundary layer stability. The conditions to be determined are the conditions 
that apply at the boundaries of the spatial field and the initial values of the per-
turbation quantities. 

Satisfactory specification of the spatial boundary conditions proved to be one of 
the most difficult parts of the present study. Since the entire study is concerned 
with the behavior of small disturbances, any disturbance introduced by slightly 
incorrect specification of boundary conditions could invalidate the results. On 
the other hand, the boundary conditions in time (initial conditions) are unimportant 
in stability calculations by the present method as will be shown in the next section. 
However, with the present method the history of a disturbance can be calculated 
as well, which is more nearly what is required by a transition method. For such 
a calculation the initial disturbance is important. A further discussion appears 
in Section IV. 

PHYSICAL DESCRIPTION 

In the present analysis, the physical problem to be solved is the stability of a 
two-dimensional laminar flow boundary layer on a flat plate. Except within the 
boundary layer, the flow is parallel to the x axis and constant. Within the bound-
ary layer the velocity decreases to zero, and change in other flow properties may 
occur as well. The flow within the boundary layer can be computed with a reduced 
set of equations known as the boundary layer equations. The solutions used in this 
report are obtained by numerical integrations using the computer program de-
scribed in Reference 26. The program has the capability of calculating real gas 
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boundary layers for nonsimilar flows, but all cases considered in this report are 
for the flow of an ideal gas over a flat plate. The Sutherland viscosity law was 
used with a constant Prandtl number of 0.71, and the specific heat is constant at 
0.24 Btu/lb. The plate is impermeable, so that the vertical velocity component 
is zero at the wall. 

BOUNDARY CONDITIONS 

It is shown in texts on partial differential equations that the number of boundary 
conditions required on each dependent variable with respect to a specific inde-
pendent variable is equal to the order of the highest derivative with respect to 
that independent variable. Thus, the continuity equation, which contains only first 
derivatives, requires only one boundary condition on each dependent variable in-
volved (u, v, and p) for each independent variable (x and y). The momentum and 
energy equations contain second derivatives of u and v with respect to x and y, 
and so require two boundary conditions in each direction. 

x-Direction Boundary Conditions 

Since the boundary layer Reynolds number decreases with distance upstream, 
it can be assumed that all perturbations are zero at the plate leading edge. Down-
stream, however, the flow presumably becomes turbulent and cannot be exactly 
prescribed, even ideally. In the study of flow stability, however, previous in-
vestigations have shown that it can be assumed that the disturbances are traveling 
waves of the form 

u'(x) = ftu'H sin a(x - xQ) (2-44) 

where a is the wave number and xQ is arbitrary. The double bar (| | || )designates 
the amplitude of the perturbation. Note that ||u'|| is independent of x, but may 
vary with time. 

It will be seen that, according to Equation 2-44, the disturbance waves extend 
infinitely far upstream and downstream. While this is clearly incorrect, the use 
of Equation 2-44 in the present formulation merely implies that the departure of 
the disturbance wave from a purely sinusoidal wave has no important effect on the 
local time history of the disturbance. This latter assumption, which is used in 
all stability calculations, has been exhaustively examined and is believed to be 
valid, provided that 

( a N R e ) " 1 / 3 < < l 

For smaller values of a N R e , the steady-flow vertical velocity component V becomes 
as important as some of the terms that are retained in the stability theory. For a 
further discussion of this point see Paragraph 5.1 of Reference 27, Appendix H of 
Reference 20, and Reference 28. In passing, we should note that the inclusion 
of the steady-flow V terms is apparently easily possible with the present method, 
but has not yet been done. 
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With the use of Equation 2-44 the need for further specification of boundary condi-
tions in the x direction is eliminated. The x derivatives can be specified simply 
and exactly as follows: 

(77L • B u' (xo + x/4> 
X - A Q 

( — ) V » x / - Of U» (x 0 ) 
X=XQ+X/4 

( ^ ) X o - - ° 2 «* <*„> 

(2-45) 

etc. 

Thus it is necessary to compute the perturbation quantities at only two x locations 
separated by a quarter-wavelength, and the amount of work involved in any particular 
computation is greatly reduced. It has been found that the accuracy of the calcula-
tion is also improved by the use of Equation 2-44 and the interpretation of the r e -
sults greatly simplified as well. Although the use of this equation restricts the 
results to disturbances of a specific wavelength, the present method is sti/.l some-
what more general than previous results, which are all based on the more restr ic-
tive assumption 

u' = j| uY|| sin ja(x-xo) - /ft] (2-46) 

(See Equation 2-1). 

y-Directicn Boundary Conditions 

The boundary conditions imposed at the surface of the plate (y = 0) are: 

u< = v ! = H' = 0 

* P ' / » y = 0 
(2-47) 

(2-48) 

The conditions on u' and v' are the usual conditions of boundary layer theory. 
The condition on H' assumes that the response of the body to the temperature 
fluctuations in the boundary layer is negligible. This condition has been commonly 
assumed in previous work but is of course realistic only under certain conditions. 
For a plate surface of poor conductivity, some surface temperature response may 
occur. As with the vertical velocity effect, the response of the surface to the 
temperature fluctuations appears to be easily incorporated in the present method, 
but has not yet been attempted. The boundary condition on pressure is used in 
conjunction with the H' condition to establish the density perturbation at the plate 
surface. The condition of Equation 2-48 is derived from the y-momentum equa-
tion and is used as a boundary condition on the continuity equation. 
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The outer boundary conditions are that all perturbations are zero at y = infinity. 
In a finite difference method it is not possible to calculate over an infinite array, 
and the boundary condition at infinity must be replaced by some condition at a 
finite value of y.   It was at first assumed that the disturbance could be set equal 
to zero at some large value of y, but it was found that even when the outer bound- 
ary was removed to a distance of 16 boundary layer thicknesses, disturbances 
occurred that were traced to the outer boundary.   The type of behavior observed 
is shown in Figure 2-5, which shows the history of the vertical veiccity component 
at the point y i 6*.   After the initial disturbance the flow is seen to be well-behaved 
until approximately t = 100 milliseconds, when both of the two cases shown begin to 
oscillate.   In case I the condition 

u' = v1 = p' = H' = 0 (2-49) 

was applied at y = 12 Ö *.   By applying the same condition at y = 50 6 * it was 
shown that the obaerved disturbance did not appear until much later, thus iden- 
tifying the disturbance as a boundary reflection.   In an effort to discover a less 
reflective boundary, case n was run with the condition 

iu' = ill = i£l ^ #11 = () 

ay      *y    *y     »y 

at y = 12 6 *.   As shown, the reflection was somewhat delayed, but the ultimate 
effect was even more undesirable than in case I. 

The presence of the large disturbance shown is not to be expected according to 
the stability theory, which predicts that the disturbance should have decayed to 
less than 5 percent of the initial value at y = 12 6 *, and the reflection should 
have been even smaller.   This apparent discrepancy between the present result 
and the classical theory is due to the increased generality of the present method. 
By allowing arbitrary time-variations, the present method includes acoustic 
waves as well as the disturbance waves treated by the stability theory.  The acoustic 
waves travel to the outer boundary and return with virtually no loss of energy. 
The time required for a sound wave to travel from the point of initial disturbance 
to the outer boundary and back corresponds well to the time of the reappearance 
of the disturbance in case I. 

Boundary reflections were finally eliminated by a numerical "wave trap. " 
Rather than a single outer boundary, two were chosen denoted by ymatch and 
ymax.   In the boundary region between ymatch and ymax   all perturbation 
quantities are periodically replaced by: 

u(y) - u(ymatcl,) e-^match) (2-51) 

The condition in Equation 2-51 has the effect of suppressing disturbance waves 
within the boundary region.   The suppression is done with sufficient frequency 
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so that disturbances reflected from the outer boundary cannot travel inward 
past Ymatch ^n ^e Pöriod between suppressions.   Thus, ymatch becomes the 
equivalent of an open window that absorbs disturbance waves.   The actual values 
of ymatch and ymax   were selected by numerical experiment, being moved out- 
ward until no effect on the numerical solution was observed.   Immediately after 
applying Equation 2-51, all perturbation quantities are averaged as follows: 

u'ave =u'(y-fAy) + 2u'(.v) + u'(y-Ay) (2-52) 
4 

This is done to eliminate oscillations of wavelength 4Ay, which are shown in 
Reference 29 to be spurious.   The use of Equation 2-52 also has the effect of 
minimizing discontinuities in derivatives at ymatch introduced by the use of 
Equation 2-51.   When Equation 2-51 is applied in the manner described, the 
boundary conditions at ymax  were found to have no effect on the solution.   The 
condition used in most of the calculations shown are: 

ul = ivl = p. = H, = 0 (2-53) 
iy 

The values of ymatch and ymax used herein are approximately two and four 
boundary layer thicknesses, respectively. It has been found that if ymatch is 
less than about one and one-fourth boundary layer thicknesses the results may 
be adversely affected. 

RESULTS OF STABILITY CALCULATIONS 

The majority of the stability calculations were made for two cases, one sub- 
sonic and one hypersonic.   The two cases were selected to avoid the possibility 
of devising^ a method that was applicable in only one speed regime.   This would 
easily have been possible since the relative magnitude of the various terms in 
the equations depends on the Mach number. 

The subsonic case was for a Mach number of 0.4 with the wall temperature 
equal to the free-stream temperature.   The Blasius incompressible flow 
solution was used for the steady-state velocity profile.   The temperature and 
density profiles were obtained by subtraction of the kinetic energy from the 
total enthalpy, and by the equation of state, respectively. 

The subsonic conditions were chosen as a compromise between the limitations 
of existing knowledge and the limitations of the present method.   As stated 
previously, it is not possible to treat an exactly incompressible flow by the 
present numerical method since the speed of sound is infinite in that case.   At 
Mach number 0.4, the compressibility effects are still very small, but the 
flow velocities are such that the stability can be evaluated in a reasonable 
amount, of real time. 
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The hypersonic calculations were for Mach 7, which was chosen as representa- 
tive of experimental conditions.   Both adiabatic and cooled wall conditions were 
considered.   The steady-state profiles were calculated with the Boeing Nonsi- 
milar Boundary Layer Program (Ref. 26), which uses a finite difference metaod 
that includes all fluid property variations.   Only ideal gas properties were 
considered in the present study, however. 

After a description of the results that should be anticipated, the subsonic results 
will be presented.   The next section will present a discussion of the Mach 7 re- 
sults, and also the results that have been obtained at Mach numbers 2 to 10. 

EXPECTED BEHAVIOR 

As described previously, the classical method obtains the amplification rates 
on'y of disturbances that are of a certain characteristic form that is itself part 
of the solution.   There will in general be many of these characteristic forms 
for any given Reynolds number and wavelength, known as modes, each with a 
differing amplification rate. 

The characteristic disturbance profile will not be observed at any particular 
instant, however.   It is only the values of ||Q'||that are steady (see Equation 2-43), 
while the instantaneous perturbations fluctuate rapidly.   The usual experimental 
technique employs electrically heated wires; the rate of cooling can be related 
to flow velocity.   The hot-wire method does not have a sufficiently rapid time 
response to resolve the individual velocity fluctuations, but rather provides an 
averaged value, which is proportional to I! u'll. 

Some typical experimental subsonic disturbance profiles are presented in Figure 
2-6. The profiles shown were obtained by Tani and Komoda and reported in Refer- 
ence 30. It will be seen that the perturbation amplitude has a minimum at approxi- 
mately y/ö = 0. 7. According to the classical theory, a phase shift of 180 degrees 
occurs at this point;in many papers the upper branch is plotted as negative values. 
The experimental phase angles (corresponding to x0 in Equation 2 -44) are also shown 
in Figure 2-6.   It is seen that the expected phase shift was observed.   The signifi- 
cance of the theoretical results that follow will be more apparent to the reader if 
the characteristics shown in Figure 2-6 are kept in mind. 

With the classical method only the behavior of a specific disturbance mode can be 
calculated, while with the present method any initial disturbance can be imposed. 
However, if the classical theory is correct, an arbitrary initial disturbance should 
be viewed as a resultant of many modes, most of which will be damped.   Thus, it 
is expected that an arbitrary initial disturbance would at first decay rapidly. 
After a time, however, the most unstable mode should become dominant, and the 
vertical distribution of the disturbance amplitudes should be steady, although the 
disturbances themselves travel in the streamwise direction.   Once the steady 
disturbance profile Is established, its amplitude would be expected to increase 
if the flow is unstable and to decrease if the flow is stable. 
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It Is important to bear in mind that it is only after the characteristic profile has 
developed that the flow stability can be determined, since a disturbance of any 
other form will be damped.   After the critical profile had been found, the first 
few calculations were expected to Indicate the stability or instability of the flow. 
It was this expected behavior that led to the use of the conditions specified by 
Equations 2-50 and 2-51.  After applying those conditions the subsequent cal- 
culations can be regarded as a stability evaluation of a particular disturbance 
profile.   When the conditions are reapplied after a number of calculations, a new 
profile is obtai"od and the results of the next few calculations indicate its stability. 

However, the computed profiles are very little changed by the application of Equa- 
tions 2-50 and 2-51, and the changes that are made are primarily the suppression 
of spurious boundary reflections and oscillations.   Further study of the results 
obtained has convinced the authors that the conditions of Equations 2-50 and 2-51 
need not be regarded as reinitializing the calculation, but that the entire calculated 
disturbance history is valid. 

i 

As shown below, all of the subsonic calculations and many of the supersonic cal- 
culations have led to steady profiles as expected.   In some of the supersonic cases 
a cyclic behavior has been observed, the significance of which is still not clear. 

SUBSONIC RESULTS 

Development of Disturbance Profiles , 

The calculated development of subsonic perturbation profiles from initial disturb- 
ances is shown in Figure 2-7.   To demonstrate that the final profile is independent 
of the type of initial disturbance, two calculations are shown in this figure.   As 
shown, the initial disturbance is quite different in the two cases.   However, after 
a dimensionless time T = 56 the two profiles have become essentially identical. 
Note that since T = ü^t/ö*, the results shown in Figure 2-7 also Indicate 
that the distuibance would be transported about 50 boundary layer displacement 
thicknesses downstream before assuming the characteristic shape.   It is now con- 
sidered that this fact is of more significance than is the determination of the 
critical Reynolds  number.   This will be discussed more fully in Section IV. 

The values shown in Figure 2-7 are amplitudes,  JIu'H, such as would be observed 
by hot wire techniques.   The instantaneous profiles at two specific points in the 
flow field are shown in Figure 2-8.   The three profiles presented illustrate the 
behavior of the majority of the subsonio cases calculated.   The left-hand plot pre- 
senting the disturbance profiles at two locations within the field at T = 60 
shows that the profile at x = x^ has developed into the expected characteristic 
form with a reversal in the sign of the perturbation at about 3/4 of the boundary 
layer thickness.   However, at x = XL the profile does not have the expected shape. 
Since it appeared that the characteristic profile had not yet fully developed, fur- 
ther calculations were made.   As shown in the center plot by the time T = 72, the 
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profile at x = xL had much improved, but the profile at x = xR is beginning to 
depart from the expected behavior. Further calculations showed that at T = 84 
the profile at x = xL is well developed and of the expected form, but the profile 
at x = xR has degenerated and now closely resembles the original profile at 
x = XL«   When still further calculations showed no improvement, the profiles were 
replotted in polar form with the radius equal to the amplitude of the disturbance 
velocity, and the angle equal to the phase angle of the disturbance wave.   When 
plotted in polar form all three profiles of Figure 2-8 were found to be nearly identi- 
cal, as shown in Figure 2-9.   Note that the profile shape, and not orientation, de- 
termines the Iju'll profile.   From this result it was found that the phase velocities, 
amplification rates, and other quantities of interest could be determined easily 
from the polar plots. 

The phase loops, as the diagrams such as Figure 2-9 are called, are not precisely 
of the expected form.   According to the classical theory, it is expected that the 
phase angle is constant through the boundary layer except at the critical layer. 
At the critical layer a phase shift of 180 degrees is predicted.   In the form of 
Figure 2-9 such a phase plot would be reduced to a straight line tin ough the origin. 
Considering the approximations in the linear theory, it is to be expected that the 
180-degree wave shift may be somewhat smeared out, and so does not occur exactly 
at the critical line.   Comparisons of phase loops from different Reynolds numbers 
to some extent supports this assumption.   It is seen in Figure 2-10 that the phase 
loop at a Reynolds number of 2000 is considerably thinner than that for a Reynolds 
number for 500.   However, it is still not linear, nor is it closed.   Some calcula- 
tions were also made at a Mach number of 0.1 to determine if the form of the phase 
loop was a compressibility effect.   The Mach number 0.1 result was essentially 
identical with those for Mach 0,4, however. 

Recalling Figure 2-6, it was seen that the experimental phase angles were quali- 
tatively similar to those predicted by the classical theory.   On closer inspection, 
however, it will be seen that there is an appreciable variation in phase angle in 
the lower part of the boundary layer.   When plotted in phase loop form, as has 
been done in Figure 2-11, the experimental data exhibit significant similarities 
to the present theoretical results.   In neither case is the phase loop closed or 
straight; the phase angle variation in the lower part of the boundary layer is ap- 
proximately 45 degrees in both cases.   This phase angle relationship is one of 
the most novel results from the present method.   Originally the phase angle vari- 
ations were highly disconcerting; however, in view of the experimental results, 
the phase angle variations are taken as evidence of the correctness of the present 
calculations.   The accuracy Tani and Komoda ascribe to their phase angle data is 
not known, but the measurement of phase angles in the outer branch where jju'jl 
is small (and where the greatest departure from the present calculations occurs) 
must be very difficult. 

The very short wavelength calculations by the present method exhibit character- 
istics that have not yet been fully investigated.   A typical profile, shown in Figure 
2-12, shows the second maximum in u' that normally occurs at the boundary layer 
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outer edge to be almost as large as the principal lobe within the boundary layer. 
It has been found that the amplitude of the short-wavelength cases is also much 
less well-behaved than the longer wavelength cases, as is shown in a later figure. 

It is not known at this time whether the calculated short-wavelength characteristics 
are physically correct or not.   The results were obtained with the same equations 
and boundary conditions as were all other results presented and do not exhibit any 
of the previously observed numerical inaccuracies.   However, additional work is 
required before their validity can be determined. 

Subsonic Stability 

After the initial disturbance has developed into a characteristic profile such as 
that shown in Figure 2-6, the flow stability can be determined from the behavior 
of any of the perturbation quantities.   At the present time, calculations must be 
carried out for a constant Reynolds  number and a constant wavelength.   Thus, 
there are two parameters to be varied in searching for the minimum critical 
Reynolds  number.   Some typical subsonic results are presented in Figure 2-13 
that show the effect of both parameters on the streamwlse velocity perturbation, 
u'. 

The longer wavelength cases shown in Figure 2-13 are apparently all stable, and 
show very little Reynolds number effect.   With a shorter wavelength (o; 6* = 0.30) 
the effect of Reynolds number is more pronounced, and the critical Reynolds num- 
ber is seen to be a little less than 500.   For the shortest wavelength (a 6* = 0.6), 
the previously discussed unsteady behavior is apparent.   As already noted, the 
results for the several Reynolds numbers are consistent, but it is not clear that 
any of the cases are stable. 

Figure 2-13 illustrates the major difficulty that remains in the use of the present 
method for calculating stability limits:  interpretation of the results.   According 
to previous theory, the curve of u' versus time for any combination of aß* and 
Reynolds number should be a smooth monotonic curve.  It is seen that all of the 
present results exhibit some oscillatory behavior.   The oscillations shown are 
of course variations with respect to time at a point; however, in the stability theory 
time and distance are interchangeable within the assumed formulation (Equation 
2-1).   In view of the success of the stability theory, it seems that the present re- 
sults could also be viewed as streamwlse oscillations.   Inasmuch as the oscilla- 
tions persist for the equivalent of many boundary layer thicknesses, which would 
often be equivalent to an appreciable change in Reynolds number, it seems ques- 
tionable that an exactly steady disturbance profile would ever be developed at any 
given point in a boundary layer.   As a result of these oscillations, the stability 
of some of the cases is very difficult to determine. 

It is traditional in the study of flow stability to present the results in the form of 
wave number as a function of Reynolds number with the region of neutral stability 
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indicated by curve.   The calculations of Figure 2-13 are replotted in the traditional 
form in Figure 2-14, which also shows the neutral stability loop calculated by 
Lees (Ref. 33).   The curve shown is interpolated from Lees' curves for Me = 0 
and Me = 0.5.   It is seen that the present method yields a good minimum critical 
Reynolds number.   The higher Reynolds number points do not agree with the pre- 
vious calculations, however, either as to the effect of Reynolds number or that of 
X.   These results must be taken with some reserve; however, current knowledge 
of the behavior of long-term numerical integration of partial differential equations 
is far from complete. 

SUPERSONIC AND HYPERSONIC RESULTS 

As in the subsonic case, it is believed that an initial disturbance to a hypersonic 
boundary layer must take on a certain characteristic form before any amplifica- 
tion can occur.   This belief is not so well established as with the subsonic flow, 
for which there is a considerable amount of definitive experimental data.   As 
noted in the description of previous analytic results, all of the existing theory is 
based on solutions to differential equations that are themselves derived by assuming 
the existence of perturbations of the form of Equation 2-1.   The resulting equa- 
tions can, of course, only lead to solutions for characteristic steady disturbance 
profiles. 

Many of the results calculated by the present method do converge to steady 
profiles, although the initial development is often much more violent than for 
subsonic flows.   In some cases, however, the behavior is much more complex, 
with the phase loops and profiles undergoing cyclic variations.   The cyclic solu- 
tions have been obtained with the same equations and same numerical techniques 
as those used for all other cases.   None of the previously encountered types of 
numerical instability appear to be responsible for the cyclic behavior.   However, 
there has not yet been sufficient study to rule out the possibility of numerical 
effects. 

Development of Steady Disturbance Profiles 

A typical example of the development of a distuibance profile in a hypersonic 
flow is presented in Figures 2-15 and 2-16.   In Figure2-15 the steady-flow 
velocity profile is shown and (to a much larger scale) the initial distuibance.   As 
shown, the disturbance decreases rapidly in amplitude and spreads through the 
boundary layer in much the same manner as the previously presented subsonic 
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case. It is seen that at a r of approximately 5.8 the disturbance profile has read- 
justed such that the point of maximum perturbation is at approximately y/ö* = 0.4 
rather than at y/6* = 0.6 where the initial disturbance was introduced. 

The continued development of the profile through a much longer time period is 
shown in Figure 2-16, where all profiles have been renormalized so that the 
maximum value of the perturbation is unity.   It is seen that at r  = 42 the distur- 
bance profile has developed to two equally prominent lobes.  With further time 
the upper lobe decreases in amplitude while the lower one becomes much more 
prominent.   By r  =250 the well-behaved profile of the type obtained in subsonic 
flow has developed.   However, as shown in Figure 2-16c, the profile does not re- 
main steady, but goes through a violent readjustment in the period from r = 333 
to 375.   The details of this readjustment are presented in more detail in Figure 
2-17.  It is seen that the profile begins to develop a second major lobe at y t 6*. 
The upper lobe soon becomes larger than the previously mentioned one, which was 
that y/ö* 4 0.4.   Beginning at about T = 325 the profile changes rapidly and 
soon develops several points of inflection.    The maximum at y i 6* then be- 
comes very pronounced, after which the velocity in the lower part of the 
boundary layer rapidly increases and a profile returns to much the same shape 
as had been seen at T     250.    After this period of unsteadiness and readjustment, 
the profile settled down to a steady characteristic form which was then repeated 
steadily until at least T = 1200. 

The history of the velocity at a point within the boundary layer such as that shown 
in Figure 2-18 illustrates the entire cycle.   In Figure 2-18 the amplitude of the 
disturbance at a point y =   Ay is presented throughout the entire calculation.   Each 
50 iterations the entire velocity profile was renormalized, which accounts for the 
periodic discontinuities in the velocity.   Presented in this manner, a steady profile 
that is either amplified or damped will have a sawtooth appearance.   It is seen 
that the plotted velocity behaves in an erratic manner until T is approximately 700, 
after which the sawtooth behavior occurs.   The previously noted readjustment 
that occurs at approximately T = 300 is plainly evident in Figure 2-18.   The 
final study sawtooth behavior indicates an unstable boundary layer with the 
perturbation velocity increasing. 

Some final steady disturbance profiles as obtained from the calculations are 
presented in Figure 2-19.   It is seen that these profiles have a superficial resem- 
blance to the subsonic disturbance profiles.   A corresponding phase loop is pre- 
sented in Figure 2-20.   As shown, this phase loop also resembles the previously 
shown subsonic phase loop. 

Supersonic Stability 

The results of Mach 7 stability calculations for the boundary layer flow over an 
adiabatic plate are presented in Figure 2-21.   For this case three wavelengths 
were examined, of which the value aö* = 1.224 appears to be the most critical. 
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Although increaalng »6 ♦ generally increases amplification rates at the higher 
Reynolds numbers, it appears that decay rates are also increased at subcritical 
Reynolds numbers, so that the minimum critical Reynolds number occurs at 
the intermediate value.   It Is seen that, with a Reynolds   number of 500, the flow 
is only slightly stable, and amplifies rapidly at a Reynolds number of 1000, so 
that the critical value is only slightly above 500. 

The calculations presented in Figure 2-22 are much less thoroughly examined 
than those so far presented, and present some surprising results.   The calcula- 
tions of Figure 2-22 are also for a Mach number of V, but with the wall tempera- 
ture reduced to approximately 0.6 of the recovery temperature.   It had been 
expected that wall cooling would somewhat increase the critical Reynolds number. 
However, as shown, the calculations indicated unstable flow at Reynolds numbers 
as low as 250. 

Stability calculations for Mach numbers of 2, 4, and 10 are shown in Figure 2-23. 
For these cases no systematic search for the critical wavelength has been made. 
Critical values were estimated based on previous calculations and on an asymp- 
totic rule given by Lees and Reshotko (Ref. 34). 

These results all have an oscillatory character that is not at present explainable 
by the authors.   From past experience it had been expected that by extending the 
calculations in real time an asymptotic steady growth rate would be achieved. 
However, the calculations shown are already extended well beyond the time 
normally required for the steady growth to be observed with no real indication 
tjiat a steady flow will ever occur. 

The results shown in Figures 2-22 and 2-23 are certainly to be viewed with cau- 
tion.   Current knowledge of the characteristics of numerical solutions to partial 
differential equations is such that the possibility of numerical instability cannot 
be ruled out.  It is known, however, that none of the forms of numerical instability 
previously encountered in this study are responsible.   All calculations were made 
with the same computer program that has provided all of the previously presented 
data, and further, there is great consistency between the many different cases 
shown in those two figures. 

With regard to the oscillatory behavior shown in Figure 2-23, it should be noted 
that the linear theory cannot be expected to find such solutions, since it is a 
priori assumed that the disturbance is of the form given by Equation 2-1.   The 
existence of such steady solutions does not appear to preclude the existence of 
oscillatory solutions as well. 

The authors know of nothing really comparable in the literature that can be used 
to check either Figure 2-22 or Figure 2-23, and as already stated, know of no 
explanation, either physical or numerical, for the behavior shown.   However, 
with a system of equations as complicated as those being used in the present study 
it is easily possible for errors to creep into the program.   Judgment of the 
results shown in Figures 2-22 and2-23must be reserved until further investiga- 
tions can be made. 
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Wave Speed 

According to the classical method, the perturbation waves are assumed to have 
not only a definite profile but also a definite wave speed.   While no such restric- 
tion is imposed in the present method, it is possible to determine from the cal- 
culated results the sp^ed with which the disturbances are traveling.   Since each 
rotation of a phase loop corresponds to a movement of one wavelength it is only 
necessary to find the rotation rate, which is easily done.   The distuAance (or 
phase) velocities that have been found with the present method are shown in Figure 
2-24.   it is seen that the perturbation velocity increases with Mach number, not 
only in absolute value, but also in relation to the free-stream velocity.   This 
result is in accordance with previous results, both analytic and experimental. 

The dashed curve, 1 - l/M , is the boundary between subsonic and supersonic 
wave speeJs.   Above the curve the perturbation velocity will be subsonic with 
respect to the free stream; below the curve the waves would be supersonic.   The 
linear theory solutions for supersonic flows are all restricted to subsonic pertur- 
bations, and it is believed that these would be the most critical.   It is argued that, 
if a supersonic pertuit>ation wave were to exist, it would create shock waves 
that would be accompanied by large energy losses.   The energy losses would be 
stabilizing; therefore, the supersonic waves would not be the most critical. 

Vertically traveling pressure waves are clearly observed in the early stages of 
many of the solutions by the present method (see Figure 2-5), but none of the 
final solutions exhibit them, and as shown, the final wave speed corresponds 
to a subsonic perturbation wave.   Thus it is seen that the present calculations 
support the arguments against supersonic perturbations.   Conversely, the 
results shown tend to confirm the validity of the present calculations. 

SUMMARY OF STABILITY RESULTS 

Accepting, for the moment, the calculations shuwn in Figure2-23 , it is possible 
to sketch the curve of critical Reynolds number against Mach number for the 
range from Mach number 0.4 to 10.   The results already presented are summar- 
ized in Figure 2-25, with filled symbols denoting unstable points, open symbols 
stable points, and half-filled points denoting neutral or indeterminate values.   It 
is seen that a smooth curve can be drawn for all of the results presented.   Of 

course, it is only the points at Mach 0.4 and Mach 7 that are at all well estab- 
lished.   The Mach 4 point at a Reynolds number of 500 seems to be almost 
exactly neutral.   The Mach 10 points are less clear, but it appears that the cal- 
culation for Reynolds number of 500 is stable; that for 1000 should be extended 
but is apparently not strongly divergent. 

It should be noted here that the steady-flow boundary layer profiles were all for 
a sharp flat plate without pressure gradient.   At the critical Reynolds numbers 
shown, the boundary layer displacement effect will cause an increase in the local 
pressure and a favorable pressure gradient, particularly at the higher Mach 
numbers.   This effect will alter the steady-flow profile somewhat, and would 
probably lead to a higher critical Reynolds number. 
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EXPERIMENTAL PROGRAM 

The discussion of Section II has several important implications concerning experi- 
mental investigations into boundary layer transition: 

1) Although the analysis indicates that laminar flow is always possible at any 
Reynolds number in the total absence of disturbances, it is also shown that 
any disturbance, however small, will be amplified if the Reynolds number 
exceeds a certain minimum critical value.   Thus, it is not possible to entirely 
eliminate small 'unintentional disturbances as a transition-producing mechanism. 

2) In view of the impossibility of entirely eliminating spurious disturbances, it 
is probable that the "natural transition" observed in wind-tunnel tests results 
from such unintentional disturbances.   Some such sources are very difficult 
to eliminate, such as sound radiation from the turbulent boundary layer on 
the tunnel walls, model and model support system vibrations, model surface 
roughness, weak shocks emanating from imperfections on the tunnel walls, 
etc., as well as the effects of probes, sublimation, or other transition detec- 
tion equipment.   It is emphasized that it is not sufficient to make the disturb- 
ance very small; it must be eliminated entirely.   It is, however, to be ex- 
pected that reducing the initial disturbance will Increase the length of laminar 
flow that would occur. 

3) Since transition may begin with Infinitesimal disturbances, the experimental 
equipment should be of the highest possible sensitivity. ' 

Considering the above, the authors concluded that attempts to trip the boundary 
layer should be made, thus relating transition to known disturbances.   Data ob- 
tained in this manner should verify the predictions described In Section n— that 
there exists a lower limit on the Reynolds number below which the boundary layer 
could not be tripped.   Of course, such verification would be valid only for very 
small disturbances.   The tripped data would then also provide some information 
about the relation of initial disturbance and the actual transition Reynolds number. 
Thus, in addition to verifying the stability calculations, the trip data should also 
provide an empirical lower limit on transition Reynolds number.   Of course, in 
any particular test, tripping would be attempted only after verifying that natural 
transition would not occur. 

Accordingly, a review was made of the various methods that might be used to trip 
the boundary layer and it was decided to use mass injection. This method had the 
advantages of being controllable from outside of the wind tunnel without interrupting 
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the test and allowing controlled variations in the strength of the disturbance. It 
was a1 so believed that mass injection would prove to be one of the most effective 
means of tripping. Korkegi (Ref. 16) had found that mass injection was success-
fill when several other techniques had failed. Several investigators have found 
that roughness had not been effective in producing transition at hypersonic speeds. 
In particular, the data of James (Ref. 12) showed that small amounts of roughness 
consistently increased the transition Reynolds number rather than reduced it. 

Many practical difficulties were encountered in the present test program, includ-
ing probe leakages, probe interference, lengthy delays for model temperature 
stabilization, etc. It was concluded that, in view of the traditional requirement 
for excellence in transition experiments, the data were sufficiently questionable 
that a lengthy detailed data reduction was not justified. An examination of the 
pitot probe data was made, however, and a summary of the results obtained is 
presented in this section. In spite of the aforementioned difficulties, the data 
present a coherent and consistent picture. The trends exhibited by the presented 
data have been used to analyze previous data from several sources, and it was 
found that comparable data exhibit similar trends, lending further credence to 
their validity. Thus, the experimental investigation met its primary objectives 
of determining the effects of angle-of-attack and free-stream conditions on the 
transition Reynolds number for the models tested, although a small number of 
verifying reruns would be very desirable. 

TEST EQUIPMENT AND FACILITIES 

WIND TUNNELS 

These tests were conducted at AEDC in Tunnels B and C of the Hypersonic Branch 
of the Von Karman Facility. Both tunnels have a 50-inch-diameter test sections 
and provide continuous flow. Tunnel B operates at nominal Mach numbers of 6 and 
8; Tunnel C operates at Mach 10. The general arrangement of the Tunnel C test 
region is shown in Figure 3-1; further details are given in Reference 35. The operat-
ing conditions used in this program are shown in Figure 3-2; details are given in 
Reference 36. 

MODELS 

Three configurations were tested (Figures 3-3 and 3-4): unswept leading-edge 
models with 0. 0005- and 0.125-inch-radii interchangeable leading edges; and a 
75-degree swept delta wing with a 0.0005-inch-radius leading edge. 

The sting adapter was common to both models and provided a 6- by 16-inch plat-
form to support the model frames. One bolt at the center of the adapter ties the 
frame to the adapter. Six 2-inch-long rails on the surface of the adapter mate 
with the model frames to prevent vertical motion but permit relative fore and aft 
horizontal motion due to differing thermal expansions. 
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Not«:    Symbols denote conditions of tests In present study 
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Unawept Model 

The unswept leading-edge model parts are made of 321 stainless steel.  The lead- 
ing edges, illustrated in Figure 3-3 , are rigidly attached to a supporting frame. 
The 0. 25-inch-thick surface has 24 I-sections attached to the underside at approx- 
imately equal spacing.   The lower ends of these fit into tracks in the frame and 
maintain the vertical location of the 0.25-inch plate but permit horizontal motion 
due to differing thermal expansions. 

Measurements indicating the flatness of the surface and sharpness of the leading 
edge are given in Figure 3 -5 . 

76-Degree Delta Model 

The swept leading-edge model parts are made of 17-4 PH stainless steel.   The 
number 32 finish test surface consists of a detachable leading edge followed by a 
1/4-inch-thick plate that makes up the remainder of the surface.  The detachable 
leading edge is sandwiched between the 1/4-inch plate and the frame.  Bolts 
fastened to the 1/4-inch plate pass through elongated holes in the leading edge and 
frame.   This construction maintains a smooth surface joint between the leading 
edge and the 1/4-inch plate and allows for movement along the joint due to differ- 
ing thermal expansions    The other leading edge is integral with the lower surface. 
A spacer is used between the plate and frame in place of the tongue. 

Figure 3 -6 gives measurements indicating surface flatness and leading-edge sharp- 
ness.   These data were obtained with the model mounted on the "small" sting adapter. 
This adapter was replaced with a larger adapter, but no measurements were obtained. 

Trip Ports 

Each model has a set of boundary layer trip ports located in the test surface as 
shown in Figures 3-3 and 3-4 .   These ports permit air from an external source 
to be injected to trip the laminar boundary layer. 

MODEL INSTRUMENTATION 

The locations of thermocouples on the plates are shown in Figures 3 -3 and 3 -4 , 
A special high-temperature thermocouple wire (trade name MEG-O-PAC) was 
used.   This consists of number 30 gage chromel and alumel wires encased with 
insulation in a l/16-inch-diameter stainless-steel tube.   The ends are spotwelded 
to the back of the test surface.   The special leads are held in place by steel clips 
spotwelded to the surface and extend approximately 3 feet in back of the model 
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Figure 3-5:     SURFACE CONTOURS AND LEADING-EDGE RADIUS- 
Unswept Plate 
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Figure 3-6: SURFACE CONTOURS AND LEADING-EDGE RADIUS 
75-Degree Swept Delta Wing 
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into the water-cooled section of the sting. Here, they are welded to standard 
number 30 gage chromel alumel thermocouple leads.   The joint in each lead is 
encased in tubing and potted with Eccobond 104. 

The reference junction of the thermocouples was maintained at 1320F.   The tem- 
perature measurements are estimated to be accurate within ±2 degrees.   The 
locations of surface static pressure ports are shown in Figures 3 -3 and 3 -4 . 
The ports are 0.073 inch in diameter.   Pressures are communicated to instru- 
mentation outside of the test section through 0.094-inch-diameter tubing. 

Pressures were measured in tunnel B with 15-psia transducers, whereas in 
tunnel C, 1- and 15-psia transducers were switched in and out ot the system auto- 
matically to allow measuring to better precision.   The precision of the tunnel B 
measurements is estimated to be ±0.003 psia or 1 percent, and of tunnel C to be 
±0.001 psia or 1 percent, whichever is larger. 

A pressure port and thermocouple are located in the small plenum of the injection 
port at location "A" on both models to provide information for calculation of gas 
velocity. 

INSTALLATION 

Representative installation photographs are shown in Figure 3-7 .   The upper view 
shows the original unswept leading-edge model and support in the test section. 
The lower view shows the delta-wing model and revised support retracted into 
the installation tank. 

The upper view shows the traversable pltot probe.   The probe is attached to the 
large housing by a double-wedge-section strut anda 1/2-inch-diameter shaft.   The 
probe is move J by remote drive 4 inches along the axis of the l/2-inch-dlameter 
support shaft and rotated through the angle-of-attack range of these tests about 
a point in the housing.   In addition to these motions, the probe housing is power 
driven approximately 37-1/2 inches parallel to the tunnel axis and manually 
moved 7 inches vertically and 7 inches laterally.   The model support system 
provides the required angle of attack and a vertical motion that is related to the 
location of the center of rotation.   The location of the unswept leading edge model 
and probe support in tunnel C is shown in Figure 3-8.   The delta-wing model is 
mounted with the trailing edge and lower surface in the same locations as the un- 
swept model.   The location of the models in tunnel B is understood to be the same 
as shown for tunnel C.' 

The pitot pressure and total temperature probe designs used during the test pro- 
gram are shown in Figure  3 -9.   Note that the probe attaches to the support identi- 
fied in Figure 3-8 by "probe mount limits." A light in the control room Indicates 
when contact is made between the probe tip and the surface of the model.   The 
probe p 'essure was measured witn a 5-psia transducer using a variable reference 
pressure, which allowed measurements within a precision of +0.002 psia or 1 per- 
cent, whichever is larger. 
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(a) Original Unswept Model and Support 
VIEW THROUGH SIDE WINDOW OF TUNNEL 

(b) 75-Degree Swept Model and Revised Support 
VIEW INTO TANK WITH TEST SECTION ABOVE 

Figure 3-7: MODEL INSTALLATION 
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DIMENSION NO. PROBE  1 PROBE 2 * PROBE 3      | 

5.70 5 5.2               S 
5.^ 3.25 3.0 
1.0 1.8 15             j 
5.10 5.4 6.0              1 
0.5 0.5 0.5              \ 
2.55 — —                1 
0.35 0.55 0.715 
1.10 0.9 1.0            1 
1.5 — —                | 
0.75 0.75 0.75             1 
0.9 0.9 0.965           i 
0.041 ? ?                 | 
0.030 0.032 0.032 
0.007 0.007 0.007           | 

This pitot prob« wm destroyed,   to that no 

dimensions are available.    The dimensions shown 
are scaled from the Schlieren photographs of the 
test,   except  13 and  14 which were recorded 
during the test. 

~*~(\dy* 
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fl T 

(i> 

Total 
Temperature 
Kobe 

'^y   ff >- **• 

0 

ew A-A 

Coincides with 
"Probe Mount" 
in Figure 3-8 

Figure 3-9:    PITOT AND TOTAL, TEMPERATURE PROBE CONFIGURATIONS 
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Figure 3-10 shows the trip flow control system and calibration.   The mass flow 
tor tne injection ports was measured using calibrated orifices in a flowmeter. 
The pressure upstream of the oriiice and tue differential pressure across the 
orifice were measured with a 100- and a 15-psia FM transducer, respectively. 
The supply air to the tiowmeter was maintained at room temperature.   Based upon 
calibrations of the flowmeter and upstream-pressure transducer, the precision of 
the mass flow measurement Is estimated to be ±5 percent. 

EXPERIMENTAL TECHNIQUES 

The majority of the data taken in the present investigation and all data analyzed 
In the remainder of this section were obtained with the pitot probe.   However, 
several ditterent techniques were used to acquire the probe data,   A description 
of the techniques used and some examples of the results are given In this section. 
The transition data so obtained are discussed In the following section, 

AXIAL SURVEY METHOD 

The axial survey method consists ot measuring the streamwlse variation of pitot 
pressure in the lower part of the boundary layer.   Near the surface the turbulent 
boundary layer velocity is greater than the laminar value.   Hence, transition Is 
accompanied by an increase in pitot pressure.   The anticipated and actual axial 
survey results are shown In Figure 3-11,   The expected behavior Is sketched In 
Figure 3-11a. As indicated in the laminar part of the boundary layer the pitot 
pressure   is expected to decrease with distance from the leading edge due to the 
growth of the laminar boundary layer.   In the transition region the pitot pressure 
Is expected to Increase as turbulent mixing during transition increases the boundary 
layer velocity near the wall.   Finally, when fully turbulent flow has developed, a 
decreasing trend In pitot pressure is again expected as the turbulent boundary 
layer grows with distance.   Thus, the complete pitot pressure trace should have 
minimum and maximum points, which are here defined as the beginning and end of 
transition.   Differences In level are unimportant; only the location of the minimum 
and maximum points Is of Interest, 

Figure 3-1 lb presents some actual experimental results.   The upper curve shows 
a pitot pressure trace obtained with a continually moving probe, and the lower 
shows the measurements made with the probe system brought to rest for a suffi- 
cient time to stabilize the pressure.   It is seen that both the minimum and maxi- 
mum points appear further forward with the stationary technique than with the 
moving probe technique.   Because of the difference shown, all of the axial survey 
data that are used in this report were obtained by the stationary probe technique. 

Figure 3-lie presents some additional comparisons showing the effect of mass in- 
jection.   It is seen that, with mass injection, the location of the maximum point 
is moved far forward and no well-defined minimum Is apparent.   There Is an 
erratic behavior both upstream and downstream of tho maximum point, but little 
doubt, however, that the mass Injection did cause transition at a lower Reynolds 
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number in this case.   The two critical points in Figure 3-lie, denoted by arrows 
are (1) the location pTmax, which again seems to be much further forward with 
the use of the stationary probe system, and (2) the point at which the data with 
mass-Injection begins to depart from the data for zero mass injection. It is seen 
that this location is also moved forward. 

Transition occurs between approximately 8 and 20 inches without mass injection 
at the flow conditions used for Figure 3-11.   An important objective of the tests 
was to determine whether mass injection would cause transition.   It was there- 
fore necessary to start with a laminar boundary layer over the length of the plate 
for untrlpped flow.   This required a low unit Reynolds number, especially for 
the sharp plates.   In fact, the minimum operating pressure shown in Figure 3-2 
limited the useful investigation of tripped flow to angles of attack below about 5 
degrees for the sharp plates. 

Figure 3-12 shows typical data obtained at the low unit Reynolds  numbers required 
for laminar flow.   Figure 3-12a, the pitot survey data, shows the existence of a 
minimum which is poorly defined, but appears to be at about x = 13 inches.   How- 
ever, it Is seen in Figure 3-12b that the wall pressure data from the model sur- 
face also show a minimum in the same vicinity.  The curve presented in Figure 
3-12c, which is the difference between the pitot and wall pressure, shows that 
the apparent minimum point has moved to about x = 11 inches.   It will be seen 
later that the difference between the minimum point as deduced from Figures 
3-12aand3-12c corresponds approximately to the scatter that exists in the final 
data. 

Figure 3-12 also shows some anomalies in the pressure measurements.   Large 
differences in surface static pressure are shown in Figure 3-12b; the lowest 
values are larger than the surface pitot pressure in the vicinity of transition. 
These cast doubt on the transition locations. 

The use of the pitot probe system leads to an angle-of-attack limitation caused 
by impingement of the shock system from the support fairing on the plate.   Fig- 
ure 3-13 shows shock locations at 10 degrees angle of attack.   With the plate at 
15 degrees angle of attack and the probe at forward locations, the shock system 
from the support housing intersects the plate toward the rear.   Owing perhaps 
to the intersection with the cylindrical probe support this shock system is un- 
steady and causes a noticeable vibration in the 75-degree delta wing.   Although 
it had not been observed with the unswept plate, the 15-degree angle of attack 
was avoided with both configurations during the subsequent testing. 
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Figure 3-12:   PROBLEMS ENCOUNTERED IN SURFACE 
PIT0T PRESSURE SURVEYS 

83 

  ——-^ y-y-—.-T^,—■  ■■■■■■■i.. ■       ■■■ ■ M.        ' "»m y" 





. 

RECOVERY TEMPERATUHE METHOD 

According to the terms ot the contract under which the present investigation was 
conducted, the principal secondary technique for detecting transition was to be 
the use of model equilibrium temperatures.   The expected behavior of the model 
equilibrium temperature is presented in Figure 3-14a. Ideally, the model equili- 
brium temperature should be equal to the adiabatic wall temperature, which is 
constant for either laminar or turbulent flow.   Thus in the laminar region the 
model equilibrium temperature should be uniform, and in the turbulent region 
the model equilibrium temperature should also be uniform at a somewhat higher 
value.   In the transition region previous experiments have shown that the adiaba- 
tic wall temperature increases to a maximum that is greater than the final turbu- 
lent value.   If the heat losses from the model are small, the behavior of the model 
equilibrium temperatures should be similar to that of the recovery temperature. 
This ideal behavior is sketched in Figure 3-14a;some typical experimental results 
are presented in Figure 3-14b. As shown, the actual temperatures shov little 
resemblance to the ideal sketch in Figure 3-14a. Even with aid of the locations 
for the beginning and end of transition as given by the pitot survey data, it is still 
very difficult to recognize any of the expected characteristics.   It is also seen 
that there is an appreciable difference between the temperatures obtained in the 
centerline region of the model and those obtained away from centerline. 

After reviewing these data. It was determined that small heat losses could lead 
to relatively large perturbations in the model temperatures.   Some typical heating 
rates for an element of model skin are presented in Figure 3-15 as a function of 
model surface temperature.   Examining first the convective heating rate curves 
it Is seen, that with no heat losses from the model, there would exist a difference 
of approximately 50oR in model temperature between the laminar and turbulent 
regions, as indicated by the intersections of the convective curves with the ab- 
scissa.   The intersections of the convective curves with the radiation curves 
indicate equilibrium temperatures, i. e., temperatures at which the net heat 
transfer to the plate surface Is zero.   It is seen from the intersections of the 
curves that equilibrium temperatures will be 30 to 4011 below the recovery tempera- 
ture due to external radiation alone.   External radiation should not cause any large 
difficulty In locating transition, however; it Is seen that the difference between 
laminar and turbulent flow equilibrium temperatures will be larger than the 
difference in recovery temperatures. 

The temperature reduction caused by internal radiation Is somewhat smaller 
than that due to external radiation, but, due to a complicated internal geom- 
etry in the model and the internal supports for the model surface, the effect 
of the internal radiation could range from 0 to 20CR, and could thus account for 
many of the small differences that were shown In Figure 3-14b. 
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The calculated internal radiation is a nominal value based on a 50oF internal tem- 
perature differential near the base of the model.   It is known that heat was lost 
to the water-cooled sting, which may explain thr trend toward lower temperatures 
far aft that appears in Figure 3-14b. 

Also shown In Figure 3-15 is the equivalent heat storage rate corresponding to a 
model surface temperature rate of change of 10R per minute.   It is seen that, 
with a laminar boundary layer, this storage rate corresponds to a reduction in 
equilibrium temperatures of almost 200oR.   From this comparison, it is clear 
that equilibrium temperatures will not be approached until long after the test has 
begun, which was in fact experienced all through the present test program.   For 
example, in one test period of 24 hours, the tunnel was operated for a total of 14 
hours; at no time during this period was model surface temperature at equilibrium. 
Conditions of near equilibrium were achieved for only about 4 hours. 

As a result of the effects illustrated in Figure 3-15, no useful transition data were 
obtained by the recovery temperature method. 

VERTICAL SURVEY METHOD 

Many of the data presented in this report were obtained from vertical pitot pressure 
surveys.   The typical expected behavior is presented in Figure 3-16a. The laminar 
profile cnaracteristically shows very little increase in pitot pressure with distance 
from the surface near y = 0.   The pitot pressure then increases rapidly to the 
boundary layer edge value.   The turbulent profile as sketched is characteristically 
much more linear.   It is seen that the turbulent values near the wall are higher 
than in the laminar case, a result that is consistent with the previously noted be- 
havior of the axial survey.   The turbulent boundary layer is considerably thicker 
than the laminar so that some distance out from the wall the pitot pressures are 
lower than the laminar values.   The pitot pressure of the outer edge of the bound- 
ary layer remains constant along the length of the plate. 

Figure 3-16b presents some of the pitot pressure profiles that were actually ob- 
tained.   The profiles obtained with the double probe (number 1 in Figure 3-9) show 
an anomolous overpressure at the outer edge of the boundary layer.   The effect is 
more pronounced at x = 6 than x = 24; however, when the profile at x = 24 is taken 
with the single probe (number 2 in Figure 3-9), the overpressure is absent and it 
is apparent that the pitot pressure in the outer half of the boundary layer was also 
affected by the double probe.    A similar effect was also observed with the single 
probe when the boundary layer was thin, or very near the leading edge. 

This overpressure was present in a considerable amount of the prewent data and 
was also observed in a previoua investigation (Ref. 15).   The reason for this over- 
pressure was not shown by any of the shadowgraphs that were taken during the test. 
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However, it is believed that when the probe is near the outer edge of the boundary 
layer its shock system can cause slight separation of the laminar boundary layer. 
Such a separation would produce a slight compression, increasing both the static 
and pifot pressures.   In the external flow the pitot shock would be highly swept 
so that, as the pitot moves away from the boundary layer, the point of shock- 
boundary-layer interaction is moved downstream, and although it may still exist 
it no longer affects the pitot reading. 

Many of the probe data showed evidence of interference at the wall as well.   A 
typical result is shown in Figure 3-17a. The extrapolation of the pitot pressures 
to y = 0 should agree with the measured wall pressure.   It is seen that the pitot 
data of Figure 3-17 a clearly indicate a higher value than the model surface data. 

The effects of the anomalies shown in Figure 3-17a on velocity distribution are 
shown in Figure 3-17b. Two facts are noted: 

1) The peak in pitot pressure shown in the profiles obtained with the double 
probe in Figure 3-16b Is not apparent.   However, tabulated data show free- 
stream velocities of 3012 and 2993 feet per second for x = 6 and 24 inches, 
whereas the maximum velocity at the edge of the boundary layer is 3023 and 
3029 feet per second.   Edge velocities would be expected to be slightly less 
than the free-stream values. 

2) Velocity at the wall is 945, 1003, 636, and 911 feet/second for x = 3, 6, 15, 
and 24inches, respectively, a result which is physically impossible.   This 
characteristic was observed to a greater or lesser extent in all of the data 
when reduced to the form of velocity distributions and is believed to be 
indicative of some type of probe interference.   Because of this incorrect 
character, none of the velocity distribution data have been analyzed or arc 
presented in this report. 

Leakage of the probe pressure reference system was also encountered in many 
of the test runs which resulted in the behavior shown typically in Figure 3-17c. 
These data were considered unsuited for analysis. 

In the absence of any known spurious effects, the vertical survey data may still   * 
appear somewhat different than the ideal profiles shown in Figure 3-16a. Some 
profile survey results from the unswept sharp plate are presented in Figure 3-18 
for several different Reynolds lumbers.   The free-stream Mach number is 8 and 
the angle of attack is -5 decrees.   The data are plotted against T|, a nondimen- 
sional boundary-layer thickness parameter, which should reduce all the profiles 
from the various locations on the plate to a single curve.   However, it is seen 
that at this lowest Reynolds number, the boundary layer is relatively thinner and 
the external pitot pressure is much higher than at higher Reynolds numbers. This 
behavior is attributed to viscous interaction near the leading edge of the plate. 
Near the leading edge the boundary layer alters the effective shape of the plate, 
causing higher static pressure. As shown in several papers (Ref. 38 contains 
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mm* 

a description of the theory), the pressure increase is approximately proportional 
to the parameter x   defined by 

.3 
M x   = 

It is seen that the effect will be most pronounced at low Reynolds numbers, and 
is therefore largest at the lowest tunnel total pressure and nearest the leading 
edge.   The increase in static pressure will be accompanied by an increase in dy- 
namic pressure, as may be easily verified by oblique shock calculations.   It is 
seen that the data presented in Figure 3-18 are consistent with this explanation 
(except for the most downstream profile, which exhibits the previously described 
transitional behavior). 

Some typical pitot pressure profiles from the blunt-leading-edge flat plate are 
presented in Figure 3-19.   As may be si   n in Figure 3-19a, the outer edge of 
the boundary layer is not so well defined a.,' in the previous fliarp-leading-edge 
flat-plate data.   The entire flow has a gradient of pitot pressure with distance 
that extends well out into the flow field.   This behavior is attributed to leading- 
edge bluntness, which causes the shock wave to be curved at the leading edge. 
The larger entropy gain associated with the more nearly normal curved shock 
leads to lower local dynamic pressures and lower local Reynolds numbers.   This 
effect is related entirely to the leading-edge bluntness and so should be independent 
of the tunnel total pressure, unlike the displacement effect of the laminar boundary 
layer, which is Reynolds number dependent.   Thus two distinct regions should be 
observable in the data, a region wherein the pitot pressure distribution varies 
with tunnel pressure and a second wherein no change occurs.   Replotting the data 
as shown in Figure 3-19b shows that the two regions do in fact exist.   In Figure 
3-19b the vertical coordinate y is adjusted by adding an arbitrary constant that has 
been selected to make the data in the outer region most nearly coincident.   When 
this is done it is seen that the data from several different Reynolds numbers 
agree very well in the region away from the wall and that the boundary layer it- 
self is easily recognized. 

The effect of unit Reynolds number on the pitot pressure profile is shown in 
Figure 3-20 , again using the nondimensional coordinateTJ.   As before, the two 
profiles should be identical when plotted against 17 if the flow is laminar in both 
cases.   As shown the profile obtained at the highest Reynolds    number is tran- 
sitional and begins to exh" it turbulent flow characteristics.   It is also seen that 
the pitot pressure at the outer edge of the boundary layer is slightly higher at the 
lowest Reynolds number, as expected on the basis of the previous discussion. 

Some typical pitot pressure profiles obtained from the sharp delta wing model are 
given in Figure 3-21.   The most forward profile is clearly laminar; the other two 
profiles are transitional.   It is expected that for fully turbulent flow, the profile 
would not exhibit the increase in pressure th?t is seen at y = 0.2 inch. 
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Effect of Mass Injection on Vertical Survey Results 

In many of the tests mass injection was used in an attempt to cause transition. 
The typical effects of mass injection on the vertical survey results are shown 
in Figure 3-22.    With very small injection rates,  Mi <  0.5,  the only apparent 
effect is a reduction in external pitot pressure.   This latter trend is not interpreted 
as transition, however, in view of the results shown in Figure 3-23,  In that figure 
data are compared for two rates of mass injection to the profile obtained without 
mass injection.   It is seen that, in both cases the pitot pressure near the outer 
edge of the boundary layer is reduced, and that the reduction is approximatelv 
proportional to the mass injected.   It is further shown that the effect is indepen- 
dent of the mass injection trip locations.   These results indicate the observed 
trend is not associated with boundary layer Instability at the trip location, but is 
merely the effect of adding mass to the boundary layer.   It is seen that, with in- 
creasing mass injection rate, profiles of the turbulent type were achieved. The 
effect of mass injection for large injection rates is not desireable, as indicated 
by the typical data presented in Figure 3-24.  It is seen that near the leading edge 
large disturbances were produced both within and outside of the boundary layer. 
Further downstream these effects had largely disappeared and the profile resem- 
bles the expected turbulent profile, but in view of the effects shown near the lead- 
ing edge, it is clear that the data with large mass injection rates cannot be used 
lor verifying the present analytic method, which analyzes the stability of the un- 
disturbed profile.  Obviously, this pattern of interference outside of the boundary 
layer will also occur at some smaller injection rates than shown in Figure 3-24. 

The development of a turbulent profile from a laminar flow tripped by mass injec- 
tion is shown in more detail in Figure 3-25.  Again all data are plotted against the 
nondimensional coordinate Tjt   A laminar profile without mass injection is also 
shown.   It is seen that far forward on the plate mass injection had the effect of 
lifting the entire boundary layer away from the plate and that further downstream 
the boundary layer develops the expected turbulent profile.   Again it is clear that 
the initial disturbance necessary to produce transition was not small.   It was found 
generally throughout the entire test program that small amounts of mass injection 
were not effective in causing transition. 

OTHER PITOT PROBE TECHNIQUES 

Critical Injection Rate Method 

Three other techniques for detecting transition by the pitot probe system were also 
investigated.   In the first technique the model was held at a constant angle of attack, 
the pitot instrument location was fixed and the mass injection rate varied.   It was 
expected that, with increasing mass injection rate, two opposing trends could be 
observed.   First, the mass injection should cause a decrease in the observed 
pitot pressure if transition were not being produced, due to the momentum loss 
of the boundary layer in accelerating the injected mass.   However, if transition 
were caused, then an increase in the measured pitot pressure should occur due 
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to the aforementioned Increase in velocity near the wall.    Some typical results of 
this technique are shown in Figure 3-26.   It is scon that, at zero angle of attack 
and at the lowest Reynolds number, the antlcipatod behavior was approximately 
realized.   For small injection rates the pitot pressure is reduced by mass injec- 
tion, but begins to increase with larger rates.   At the higher Reynolds  number 
the pitot pressure began to increase with even the smallest amount of mass injec- 
tion.   This suggests that transition was in process or incipient without mass in- 
jection.   Smaller effects were shown at -5 degrees angle of attack.   At the time 
of testing, this technique did not appear to be particularly successful since all 
of the data were difficult to interpret.   Only a few data points were obtained by 
this method. 

Boundary Layer Thickness Method 

A second technique that was used was based on the boundary layer thickness. 
With the sharp leading edge, the outer edge of the boundary layer could, in most 
cases, be determined reasonably well from the vertical pitot survey results.   It 
is, of course, well known that the boundarv layer thickness varies as the square 
root of the distance with a laminar bour layer, out approximately as the 0.8 
power of the distance in turbulent flow. 

The observed effect of mass injection on the boundary lf>yer thickness is showr 
in Figure 3-27.   There appears to be some evidence of the expected trend of 
transition in the case for the lowest mass injection rate, but this contradicts the 
conclusion drawn from about the same condition in Figure 3-22.   At the highest 
mass injection rate a very definite effect was observed.  It does not however 
correspond to the anticipated turbulent boundary layer growth rate.   Because of 
these results, the method was not used. 

Critical-Angle-of-Attack Method 

Attempts were also made to determine transition by varying the angle of attack 
with the pitot probe held at a particular location on the model.   The vertical dis- 
tance above the plate was held constant, as well as the chordwise location.   The 
pltot-wall pressure ratio was expected to remain small while the flow was laminar 
and to increase rapidly during transition.   If a particular mass injection rate 
caused transition, the pitot pressure was expected to be higher for the same atti- 
tude. 

Typical data are shown in Figure 3-28 with the predicted variation for laminar flow 
shown for comparison.   The rapid increase in pressure ratio at small positive 
angles of attack is generally consistent with the results by other techniques.   How- 
ever, the data approaches the predicted laminar variation very gradually and 
intersects it at a relatively large negative angle.   If transition is considered to 
begin at the point where the data depart from the predicted laminar variation, the 
results are in poor agreement with data obtained by all other techniques.   In view 
of the pitot and wall pressure measurement problems discussed in connection with 
Figure 3-12 (unknown at the time), a successful result could not very well be expected. 
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The data with mass injection suggest that the Injection rate was too small to ad- 
vance transition. 

DISCUSSION OF EXPERIMENTAL RESULTS 

NATURAL TRANSITION 

Although not the primary purpose of the present test program, a considerable 
amount of natural transition data was acquired.   As stated previously, it was 
necessary to determine if natural transition had occurred before any tripping 
was attempted.  In those cases for which transition had already occurred, there 
was, of course, no purpose in tripping.   As a result, more data were obtained 
on natural transition than on tripped transition. 

However, since the objective of the tripped flow program required operation at 
lew unit Reynolds numbers and the axial survey and other attempted techniques 
produced such uncertain assessments of the transition location at these conditions, 
it was considered necessary to use the more-time-consuming boundary layer 
pitot profile technique much of the time.   Consequently, the number of conditions 
that could be tested in the matrix of three configurations and three Mach numbers, 
and the ranges of unit Reynolds   number, angle of attack, trip location, and blowing 
rate were less than desired. 

Nevertheless, the present series of tests extends the previous untripped infor- 
mation by determining the effect of angle of attack at Mach numbers from 6 to 10 
and the effect of bluntness in the same range, and provides measurements of 
natural transition on a highly swept, sharp leading-edge delta wing in hypersonic 
flow.   The data obtained are tabulated in the following pages (Table III). 

All local flow properties used in Table ni are based on theoretical calculations. 
Wedge theory was used for all properties of the flow over the sharp-leading-edge 
flat plate.   For the blunt plate, only the static pressure was calculated from wedge 
theory; all other properties were calculated by isentropic expansion from stagna- 
tion conditions downstream of the bow shock.   For the delta wing, the surface 
pressure and shock-wave angles were calculated by equations given in Reference 
39.    All other delta-wing flow properties were calculated by isentropic compres- 
sion from conditions downstream of the wing shock to the surface pressure.   The 
resulting values are slightly higher than those given by wedge theory. 

Unswept Sharp Plate 

Natural transition data for the sharp unswept plate as obtained by the axial survey 
technique are presented in Figure 3-29 and tabulated in Table m.   In this figure (and 
in all axial survey data to be presented in this report) the open symbols indicate 
the beginning of transition as determined from the minimum in the surface pitot 
pressure distribution.   Filled symbols denote the end of transition as determined 
from the maximum in the suriace pitot pressure distribution. 
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It is seen In Figure 3-29 that the free-streani Reynolds number based on distance 
to the transition point Is greatly decreased by Increasing angle of attack.   It is 
also seen that the effect of free-stream Mach number is rather small.   There is 
a variation with the free-stream unit Reynolds number, which will be examined 
more closely in later plots. 

The vertical survey results are presented in Figure 3-30. Also shown is the shaded 
band from Figure 3-29 to allow comparison with the axial survey data.   In Figure 3- 
30 the open symbols denote laminar profiles, the half-filled symbols denote tran- 
sitional flow, and the filled symbols denote turbulent flow.   It is seen that there 
is good agreement between the two methods for the Mach 6 and Mach 8 data. 
At Mach 10 there seems to be some disagreement, with the profile data indicating 
laminar flow in the region thought to be transitional from the previous figure. 

The only effect of angle of attack on transition that can be calculated with certainty 
is the effect on the local flow properties and, of course, this effect should be 
accounted for before any attempt is made to analyze the data.   Accordingly, the 
data of Figure 3-29 are replotted against the unit Reynolds number at the edge of 
the boundary layer, Npe e in Figure 3^31.   It is seen that there is a consistent 
trend toward higher transition Reynolds numbers at higher unit edge Reynolds 
numbers.   Dashed curves have been drawn to indicate a 4/10-power variation of 
the transition Reynolds number with the unit edge Reynolds number, which was 
used by James (Ref. 12) and adopted in Reference 15.   As shown, the present data 
are in reasonable agreement with the predicted variation, except for the Mach 6 
data, which are badly scattered.   There Is also a trend toward higher transition 
Reynolds numbers at the lower angles of attack, which is attributed to higher 
edge Mach numbers. 

To isolate the Mach-number trend, the axial survsy data are again replotted in 
Figure 3-32, this time against the Mach number at the edge of the boundary layer, 
Me.   All data have been adjusted to a unit edge Reynolds number of 2 x 10   per 
inch using the aforementioned 4/10-power relationship. With the exception of a 
single point at Mach 6, the adjusted data for the end of transition (maximum pltot 
pressure) are seen to fall within a narrow band, essentially Independent of the 
angle of attack. The scatter of the data about a mean line shown in the figure is 
only 17% (again excepting the very low point at Mach 6). Examined statistically, 
the distribution of the data about a mean line is approximately normal, and if nor- 
mality is assumed, only 1% of the data would fall more than 22% distant from the 
mean line. Thus, the scatter in the natural transition data is little more than that 
encountered in heat transfer data. * 

As will be shown later, data from other sources agree with the present data when 
adjusted in the same manner, so that it appears that an^le of attack, as such, does 
not have a large effect on natural transition. This result will be discussed more 
fully under "Comparisons with Other Data" and "Concluding Remarks." 

* For example, the Rose and Stark stagration point data (Journal of the Aeronau- 
tical Sciences. Feb. 1958) show 35% scatter at the 99th percentile. 
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Data lor the beginning of transition are somewhat more scattered.   There are 
several possible explanations for the increased scatter.   The 4/10-power adjust- 
ment may not be applicable to the beginning of transition; the experimental error 
may be larger due to the lower pitot pressures being measured; or the increasing 
surface pressure noted near the trailing edge may have more effect on the location 
of PT       than on Po.       .   Also, in some test runs a minimum pressure was 

min max 
obser/ed but no maximum point was found on the model, so that there are fewer 
data for end-of-transition than beginning of transition.   With more data points a 
wider scatter band Is to be expected. 

Vertical profile results, similarly adjusted to a common Reynolds number of 2 x 
105, are presented In Figure 3-33. The end-of-transition data agreee well with 
the axial distribution data of Figure 3-32, which are Indicated by the curve of 
Figure 3-32. However, the profile data Indicate laminar flow at somewhat higher 
Reynolds numbers than appeared In the axial survey data. Comparing the data of 
Figures 3-32 and 3-33, It Is seen that the disagreement occurs for edge Mach 
numbers greater than 7. In Figure 3-32, It Is seen that the beginning of transition 
at Me > 7 Is based primarily on data obtained at -5 degree angle of attack. It Is 
considered possible that the previously noted tendency for the static pressure on 
the plate to Increase near the trailing edge of the model may have significantly 
affected the apparent location of the beginning of transition. It Is also considered 
that the profile data give a more reliable Indication of the beginning of transition 
than the slight variation In the axial pressure traces.  For this reason It Is be- 
lieved that the beginning of transition generally occurs at higher Reynolds num- 
bers than appears from Figure 3-32. A line has been drawn In Figure 3-33 to 
Indicate the beginning of transition based on the profile data. 

Unswept Blunt Plate 

Natural transition data for the unswept blunt model are presented In Figures 3-34 
and 3-35 andtabulated In Table III.  The data are coded as In Figures 3-29 and 30, 
with open symbols Indicating the beginning of transition In the axial data of Figure 3- 
34 and Indicating laminar profiles In Figure 3-35, etc.   Relatively few data were 
obtained on the blunt configuration, since transition occurred only at the highest 
angles of attack and highest unit Reynolds numbers.   It was very difficult to 
Interpret the axial traces for this model, which are particularly subject to spur- 
ious effects.   At hypersonic speeds bluntness produces a relatively thick layer of 
low-energy air near the surface of the plate, thus renderüit, all pltot pressures 
l^v and tending to allow base pressures to bleed forward, an effect that would 

:   "   i     e transitional In the axial survey technique. 

^at aii of the blunt plate data Indicate higher free-stream transition 
i üitibtrs than those for the sharp plate, but that there are some Incon- 

slst^. i~o oetween the axial survey data and the profile data.   The greatest 
Inconsistency occurs In the Mach 6 zero-angle-of-attack data, with the profile 
data Indicating laminar flow under the condition for which the axial survey Indi- 
cated transitional flow. 
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The blunt plate axial survey data arc plotted against unit edge Reynolds number in 
Figure 3-3(5. These data appear to show muci: less unit Reynolds   number effect 
than the previously noted 4/l0-powt;r law.   There are few directly comparable 
data, however, so that the adoption of a different power law is not justified.   For 
this reason, the 4/10-power law was used to adjust the data to a unit edge Rey- 
nolds number of 2 x 10° per inch for comparison with the sharp plate data.   As 
shown in Figure 3-37, the data so adjusted are not inconsistent with the previous 
data, but exhibit a strong effect of free-stream Mach number.   The Mach number 
tre^d could be reduced by assuming a different unit Reynolds number variation, 
since the unit Reynolds  number was varied with the free-stream Mach number. 
However, it should also be noted that the higher the free-stream Mach number 
the more pronounced will be the external flow gradients discussed in con- 
nection with Figure 3-19,    It is believed,  but not proven, that these external 
gradients are a destabilizing effect.   Also, since the Reynolds  numbers are 
lowest for the highest Mach numbers, the boundary layers are also thickest in 
the high Mach number cases.   With thicker boundary layers the vorticity within 
the boundary layer is decreased, which would make the external vorticity more 
important.   For these reasons it is believed that the observed variation should 
not be attributed to a unit Reynolds  number effect. 

75-Degree Swept Delta Wing 

The natural transition data for the 75-degree swept delta wing obtained from axial 
surveys are presented in Figure 3-38 and tabulated in Table HI.   By comparing 
these dat-a with those of Figures 3-29 and 3-30, it will be seen that the transition 
Reynolds numbers based on free-stream properties are less than those for the 
unswept sharp plate, particularly at the highest angle of attack.   The correspond- 
ing vertical survey results are presented in Figure 3-39. It is seen that in sev- 
eral instances the profile data indicate laminar flow in the region found to be tran- 
sitional by the axial survey method.   As with the previous data, the vertical survey 
data are con3idered to be the more reliable.   Some axial and profile data were 
also taken along a line parallel to the centerline, but offset 3 inches.   These data 
are presented in Figures 3-40 and 3-41. 

The axial survey results are replotted in Figure 3-42 and 3-43 as a function of 
unit edge Reynolds number. The local flow properties were calculated with the aid 
of Reference 39 formulae for pressure and shock wave angle.   The results of these 
calculations were compared with the evidence of the pitot surveys, and only minor 
differences were found. 

The sharp delta wing data also exhibit a consistent trend with unit edge Reynolds 
number, but the effect appears to be smaller than that shown in Figure 3-31 for 
the unswept plate. As will be discussed more fully in the final section, this differ- 
ence from the unswept plate result is considered to be important, and for that 
reason the apparent discrepancies between Figures 3-38 and 3-39 should be reexam- 
ined for their effect on Figure 3-42. Unfortunately, it is not practical to attempt 
to determine the unit-Reynolds-number trend from the vertical survey profile 
results alone since they do not provide a means of determining the transition loca- 
tion, but serve to establish the state of the boundary layer at a particular point. 
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In Figure 3-42, it will be noted that by directly comparable data the unit Reynolds 
number trend can be established for 11 specific cases.   Checking each >f these 
cases against Figure 3-39 it is found that in five of the cases the profile data con- 
flict with the transition conditions determined by axial survey and five agree, 
with one case being indeterminate: 

Unit Reynolds Number 
Point m (NRe) Exponent 

Case      M   _a     Transition   According to Fig. 3-42 

6 -5 Beginning 
6 0 Beginning 
6 15 BeghmiTig  
6 -5 End 
6 0 End 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 

6 15 End 
8 -5 Beginning 
8 -0 Beginning 
8 -5 End 

10 10 Beginning 
10 10 End 

0.14 
0.05 
0.17 
0.16 
0.15 
0.13 
Negative 
0.04 
Negative 
0.05 
0.27 

Evidence of 
Fig. 3-39       "' 

Conflicts 
Agrees 
Agrees 
Conflicts 
Indeterminate 
Agrees 
Conflicts 
Conflicts 
Conflicts 
Agrees (no upper bound) 
Agrees 

Excluding the conflicting data, which are seen to be primarily the negative angle- 
of-attack data, it is seen that the exponent varies from 0.05 to 0.27.   The mean 
value of the exponent for nonconflicting data is 0.14.   This value has been used 
to allow comparison of the data as a function of the edge Mach number. 

The adjusted sharp delta wing natural transition data are plotted against Mach 
number in Figure 3-44.   It is seen that the delta wing centerline data (Figure 3- 
44a) fall somewhat below the flat plate curves of Figure 3-33.   The difference in 
level is, however, related to the common unit Reynolds number that has been 
selected for Figures 3-33 and 3-44 (2 x 105 per inch).   Since the effect of unit 
Reynolds number is greater for the unswept flat plate than for the delta wing, the 
apparent agreement could be improved by selecting a lower common unit Reynolds 
number for the data comparisons. 

More important is the variation of the delta wing data with Mach number, which 
is seen to be greater than that shown by the flat plate data.   This trend is shown 
most clearly by the end of transition data for a free-stream Mach number of 6. 
There are fewer points at the other free-stream Mach numbers, but similar 
trends can be discerned.   As before, some of the negative angle-of-attack data 
show evidence of spurious effects. 

While it is not necessarily to be expected that the Mach number effect would be 
the same for the two configurations, it will be noted that the zero angle-of-attack 
data (Me = M») tollow the flat plate trend closely.   Dashed lines have been added 
to Figure 3-44a to facilitate comparison.   These lines are 20% below the flat plate 
curves, and so have exactly the same variation with Mach number.   It is seen that 
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the data scatter about the dashed curves, and that the end of transition data are 
in essentially exact agreement with the curves. 

It therefore appears that the apparent variation with local Mach number for the 
other data should be attributed to the effect of angle of attack rather than to the 
Mach number, per se.   This is supported by data from other sources, and dis- 
cussed in a following section.   The effect of angle of attack could be due to span- 
wise pressure gradients that occur on delta wings at angle of attack. 

The off-centerline data, shown in Figure 3-44b, indicate somewhat lower transi- 
tion Reynolds number than do the centerline data.   This difference could well be 
due to a transverse spread of turbulence.   It will be noted that the two end-of- 
transition data show the expected effect of Mach number. 

SUMMARY OF NATURAL TRANSITION RESULTS 

With due allowance for the experimental errors and uncertainty of interpretation 
that were discussed earlier, the present experimental program nonetheless leads 
to certain general conclusions that are probably correct: 

1) The sharp unswept plate data exhibit a consistent effect of unit edge Reynolds 
number that is approximately 4/10-power relationship.   This effect appears 
to be independent of free-stream Mach number, free-stream unit Reynolds 
number, and angle of attack in the range tested. 

2) When adjusted to a common unit Reynolds number using the 4/10-power-law 
rule, data from the unswept sharp plate show an increase in transition Reyn- 
olds number with local Mach number.   The Mach number effect is independent 
of free-stream Mach number and angle of attack. 

3) The 75-degree swept delta wing centerline data show less effect of edge unit 
Reynolds number than do the unswept plate data.   When adjusted to a common 
unit Reynolds number using a 0.14-power-law adjustment, the data show the 
same effect of Mach number as the unswept plate data.   There is, however, 
an additional effect of angle of attack. 

TRIPPED TRANSITION 

For conditions wherein natural transition did not occur, tripping was often attempted. 
Mass injection was selected as the tripping technique, largely on the basis of re- 
sults reported in References 12 and 16. 

Testing for tripped transition was found to be very time-consuming.   Attempts to 
use the axial survey method were not successful, so that it was necessary to use 
the much slower vertical survey method.   However, sufficient data were obtained 
to show that the boundary layer is very difficult to trip for the present test 
conditions. 
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The vertical survey results for the three configurations tested are presented in 
Figures 3-45, 3-46, and 3-47.   The data is superimposed on the corresponding 
untripped results taken from Figures 3-29, 3-34, and 3-38.   It is seen that for 
the sharp leading-edge configurations it is only at Mach 6, zero angle of attack 
that any reduction in transition Reynolds number was achieved by mass injection, 
and that even for that case the data failed to repeat well.   For the blunt leading- 
edge unswept plate, for which the local Mach number is always less than 4, re- 
ductions of about 50% were obtained. 

It is seen that, in this form, the coverage is inadequate to define a lower bound 
of    ipped transition.   However, when adjusted to a common unit Reynolds num- 
ber by the previously described methods, it was found that transitional profiles 
were being observed at lower Reynolds numbers than previously.   The adjusted 
data are presented in Figure 3-48, together with the beginning transition curve 
of Figure 3-33.  It is seen that several of the data fall well below the flat plate 
beginning transition curve.   A dashed curve has been added to Figure 3-48 to 
indicate the lowest Reynolds numbers at which transitional profiles were observed. 
It is believed that this curve is a conservative lower bound on the present data. 
The high Mach number portion of the curve is based entirely on a negative angle 
of attack datum at a free-stream Mach number of 10.  It has previously been noted 
that much of the negative angle of attack data does not agree well with other meas- 
urements.   In this case it will be noted from Figure 3-33 that the corresponding 
natural transition point is well below the curve shown in that figure, and that the 
actual reduction in transition Reynolds number will be seen to be less than 30%. 
It will be noted that in only one case (Me = 6) was a reduction of more than 30% 
observed. 

COMPARISON WITH PREVIOUS DATA 

It has been shown that the present natural transition data exhibit little scatter when 
adjusted to a common unit Reynolds number on the basis of a 4/10-power-law vari- 
ation.   This consistency led to a review of other data available in the literature to 
determine how universal this agreement would be. 

Generally, it was found that direct, meaningful comparisons could be made in only 
a few cases, because most authors have used different techniques to determine 
transition, and in many cases, do not give a precise definition of the quantity that 
they measured.   It has been shown that the length of the transition region (by the 
present definition) is usually greater than the length of laminar flow ahead of the 
transition region.   Therefore, unless the data are taken in a manner that allows 
the beginning and end of transition to be clearly determined, quantitative compari- 
sons with the present results are not possible.   This was usually not done, and it 
has been possible to make only a few comparisons. 

Reference 15 reports on a previous investigation in the same wind tunnels used in 
the present tests, plus some additional data from AEDC Tunnel A.   The Reference 
15 investigation was confined to zero angle of attack so that the sharp leading-edge 
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data presented are all for three discrete Mach numbers (5, 8, and 10).   As shown 
in Figure 3-49, the Reference 15 data are in excellent agraement with the present 
results, represented by the faired curves of Figure 3-33.   The model used in the 
Reference 15 investigation was somewhat longer than that of the present program 
so that the end of transition was also observed at Mach 10.   The Mach 10 datum 
is seen to agree well with an extension of the Figure 3-33 curve. 

Data from two different wind tunnels are given by References 16 and 40.   The 
datum of Korkegi (Reference 16) is taken from Figure 8 of his paper and adjusted 
to a unit Reynolds number of 2 x 105 in the same manner as all previous data. 
The beginning of transition point is much above the present data, as shown in Fig- 
ure 3-49; no end of transition data was obtained (without tripping).   The large 
disagreement between the Reference 16 data and the present data is rather sur- 
prising in view of the comparisons presented below, and it is not now known if the 
apparent difference will be verified by further examination.   Korkegi remarks that 
waves emanating from the tunnel throat had the effect of thickening the laminar 
boundary layer in his tes      but it is not clear that any increase in transition Reyn- 
olds number should follow    It is not likely that the discrepancy is a unit Reynolds 
number effect; the adjustment for unit Reynolds number was less than 10%, and 
downward. 

The data of Morkovin (Reference 40) are at a much lower Mach number than any 
of the present data, so that direct comparisons cannot be made.   It will be noted 
that his data are well above extensions of the Figure 3-33 curves.   However, pre- 
vious data from many sources have shown a different Mach number trend at super- 
sonic speeds than that shown by the present hypersonic data.   Morkovin notes in 
his paper that his results actually appear to be somewhat low when compared with 
other data. 

Also shown in Figure 3-49 are some data obtained by Coles (Reference 41).   Coles' 
data were taken in the JPL 20-inch hypersonic wind tunnel by two techniques.   One 
method involved the direct measurement of skin friction force by measuring the 
force on a free element of the model surface.  Ideally, the minimum and maximum 
points in the curve of skin friction against distance would correspond to the mini- 
mum and maximum pitot pressures in the present investigation.   In actual practice 
some differences are to be expected; the friction balance technique is susceptible 
to pressure gradient and roughness effects, while the pitot system may be affected 
by lags and interferences, as already noted. 

Coles' second technique is based on the static pressure measured at the model 
surface.   A small (« 5%) but definite change in static pressure occurred in the 
transition region that was used by Coles as a measure of transition.   Both sets 
of data are shown in Figure 3-49.   The original data cover a range of unit Reyn- 
olds numbers; the values shown here are read from the author's faired curves at 
a unit Reynolds number of 2 x 105. 
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The data obtained by Coles are generally at lower Mach number than are the 
present results.   The data at about Mach 4 are directly comparable, however, 
and it is seen that the friction balance data are 30 to 40% below the faired curve 
of Figure 3-33.   The greatest discrepancy occurs at the end of transition where 
it will be recalled that the Figure 3-33 curve coincides very closely with the actual 
data.   The present data for beginning transition at Mach 4 are somewhat below the 
Figure 3-33 curve, and very close to Coles' friction balance measurements. 

Coles' static pressure method data indicate somewhat higher transition Reynolds 
numbers than do the friction balance data.   As shown in Figure 3-49, Coles' static 
pressure data are closer to the present data, but the relation of static pressure to 
pitot pressure in the transition region is not well established (to the author's 
knowledge) so that the significance of the comparison is somewhat obscure.   The 
friction data would seem to provide the more meaningful comparison.   It does 
appear, however, that Coles' data are in as close agreement as could be expected 
(even if the transition Reynolds numbers were truly identical) considering the dif- 
ferent instrumentation involved. 

The authors of Reference 15 devised an empirical formula for predicting transition 
based on their review of the data then available.   Ineir formula, which is not 
specifically identified with either the beginning or end of transition, is seen to 
follow the trend of the data reasonably well, particularly at the higher Mach num- 
bers.   It is stated in Reference 15 that the standard deviation for the 291 data 
points considered in that report is 33%, corresponding to a probable error of 21%. * 

A similar calculation for the present end of transition data shows a probable error 
of 11%; if the single very low point at Mach 6 (Figure 3-32) is deleted the remain- 
ing data are represented with a probable error of only 6.5%.   This latter figure 
is probably more comparable with the 21%, since it is common experimental prac- 
tice to throw out widely divergent data.   Thus, it would seem that empirical for- 
mulas could be developed specifically for the beginning and end of transition that 
would represent the data much more accurately than the Reference 15 equation, 
and perhaps allow some geometry effects to be determined.   The curves of Figure 
3-33, which seem adequate for hypersonic speeds, are equivalent to: 

logl0 [NRe,Tr,begin]  = 3-53 + 0-094 Me + 0.4 log10 ("Y^j (3-2) 

i 

logl0 [NRe.Tr,end] = 3.99 + 0.0793 Me + 0.4 log10 (-^j (3-3) 

and 

We will now examine some cone and cylinder data in view of Equations 3-2 and 
3-3. 

♦ The probable error is defined to be that error which is exceeded by 50% of the 
data. 
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Two sets of sharp cone data for the end of transition are presented in Reference 
14, each covering a range of unit Reynolds numbers.   The range of unit Reynolds 
numbers involved is not large, so that the trend is not well defined by the data 
themselves, but the effect shown is not inconsistent with the 4/10-power law that 
has so far been assumed.   The adjusted data are shown in Figure 3-50, where it 
is seen that the cone data are somewhat above the flat plate curve. 

Cone data from lower Mach numbers are reported in References 10 and 42.   Those 
data also show a unit Reynolds number effect that is approximately a 4/10-power 
law. *  The data at a unit Reynolds number of 2 x 105 are presented in Figure 3- 
50, and are also seen to fall somewhat above the flat plate data of Figure 3-49. 

Finally, some higher Mach number, sharp cone data are given in Reference 43 
by Sanator, et al.   When adjusted for the unit Reynolds number effect the Refer- 
ence 43 data for both the beginning and end of transition are about 25% above the 
flat plate curves of Figure 3-33.   Unfortunately, there are important differences 
between the test conditions and test techniques that preclude firm conclusions. 
The Reference 40 data are for highly cooled wall conditions, with Tw/To ranging 
from 0.075 to 0.365, while the present data are for Tw/To ratios of 0.7 to 1.0. 
However, the Reference 40 data show no large effect of wall temperature ratio in 
the range tested, nor does the flat plate data in Figure 46 of Reference 15.   It is 
tempting to conclude that the wall temperature effect is negligible, and that, in 
view of the consistency of the data from these four references, there exists a body 
geometry effect leading to higher transition Reynolds numbers on cones than on 
flat plates. 

It should be noted that the experimental results are not in agreement with expecta- 
tions based on the stability calculations of the previous section.   According to that 
theory, it is the Reynolds number based on the boundary layer thickness that de- 
termines stability, not the length Reynolds number.  It is well known from bound- 
ary layer theory that the boundary layer is much thinner on a cone than on a flat 
plate, so that for equal boundary layer thickness Reynolds numbers, the distance 
Reynolds number on a cone must be three times higher than on a flat plate.   If the 
transition Reynolds number could be simply related to the critical Reynolds number, 
one would expect the transition Reynolds number to be three times higher as well. 
Even considering the deficiencies in the present data and the small number of data 
available, it hardly seems likely that a factor of three does actually exist. 

There is, however, a calculation by Emmons and Bryson (Reference 44) that 
agrees with the data trends.   Assuming that turbulent bursts are generated in the 
transition region in a random manner, not dependent on body shape and assuming 
that the turbulent spots spread downstream at an angle of 9. 8 degrees, Emmons 
and Bryson calculated that the transition on a cone (assumed to occur when the 
turbulent bursts had spread to cover the entire body) would occur at a Reynolds 
number 1.34 times higher than on a flat plate.   As shown in Figure 3-50, applying 

Best fit to the data is obtained with an exponent of 0.355. 
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their factor to Equation 3-3 leads to fairly good agreement with the experimental 
data. 

Some data are presented in Reference 14 that may be used to further investigate 
the effect of body shape.   Hollow cylinder data at a Mach number of 8 are presented 
in Figure 5 of that report, covering a range of unit Reynolds numbers from 6.3 x 
10^ to 2.7 x 105.   The hollow cylinder data appear to correlate very well with the 
4/10-power-law correction for unit Reynolds number.   The only pitot survey data 
presented are for the end of transition, which are shown in Figure 3-51 to fall 
about 20% above the present flat plate curve. 

Perhaps this small difference should not be considered to be meaningful; however, 
referring to Figures 3-32 and 3-49 it will be seen that the actual data obtained at 
Mach 8 are slightly below the faired curve.   Thus the actual difference shown by 
the data is closer to 30%.   Considering that both the cylinder and the flat plate data 
were obtained in the same facility, at the same Mach number, in the same range 
of unit Reynolds numbers, and by the same experimental technique, the compari- 
sons strongly suggest that some small model geometry effect is actually involved. 

One of the most systematic and carefully done experimental investigations of transi- 
tion is that reported by C. S. James in Reference 12.   James' data was taken on 
free-flying models, using schlieren photography to locate transition points.   Many 
repeat tests were made so that a statistical evaluation of the percentage of turbu- 
lent flow at any particular model location could be made.   In this way the beginning 
and end of transition could be defined based on 0 and 100% probability of turbulent 
flow. 

As presented in Figure 3-51, James' results are based on his estimated end-of- 
transition values, adjusted to a unit Reynolds number of 2 x 105 per inch.   James' 
data are shown in Figure 3-51 to fall above the flat plate curve by an amount that 
is consistent with the hollow cylinder data of Reference 14.   The data cannot be 
said to support a general conclusion, however, due to the differences in both the 
experimental techniques and test facilities.   Tte James' data are also taken at a 
much higher unit Reynolds number than the other data presented (« 3 x 106 per 
inch); altering the 4/10-power law to a 0.45-power law would bring James' data 
into almost exact agreement with the present flat plate curve. 

Before leaving the cylinder data, it should be noted that the stability theory calcu- 
lation for the cylinder has not been made.   According to boundary layer theory, 
there should be no effect of transverse curvature as long as the boundary layer is 
thin.   However, an examination of the profiles shown in Section II shows that the 
perturbation profiles do not decay nearly as rapidly as does the boundary layer 
velocity defect, and the effect of curvature may be more important.   The effect 
of curvature, if any, would appear to be stabilizing.   The aforementioned paper 
by Emraons and Bryson does not include a calculation for cylinder flow, but based 
on the assumptions involved it would appear that a shorter transition region would 
be predicted, depending on the ratio of the length of the transition region to the 
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cylinder diameter.   This expectation is based on the fact that for slender cylinders, 
turbulence could spread transversely entirely around the cylinder, but this is not 
possible on a plate. 

Some comparisons with previous tripped transition data are presented in Figure 
3-52. The present tripped transition data are represented by faired curve taken 
from Figure 3-48. 

Data by Korkegi (Reference 16) for both the beginning and end of transition are 
shown at a Mach number of 5.8.   His data were obtained by the axial survey 
method.   It is seen that the Reference 16 data for both the beginning and the end 
of transition are well above the Figure 3-48 curve.   The latter curve is an esti- 
mated lower bound on tripped transition based on vertical survey data, and is 
believed to correspond more closely to the beginning of transition than to the end. 
Comparing the Reference 16 data to the Figure 3-48 curve, it will be seen that 
the ratio of the two sets of data is approximately the same as that shown in the 
natural transition data.   Again, the significance of this discrepancy is not clear. 

As a part of his experiments, James had some of his models constructed with 
screw-thread roughnesses and noted the effect on transition.   His results showed 
that small amounts of roughness can increase the transition Reynolds number by 
some 20%; it was not until large roughness elements were used that a significant 
reduction in transition Reynolds number occurred. 

End-of-transition data, as estimated from James' report are presented in Figure 
3-52.   The estimates are based on Figures 13, 14, and 19 of Reference 12.   The 
smooth body data are reproduced from Figure 3-51 for comparison.   As shown in 
Figure 3-52, James ultimately obtained reductions in the transition Reynolds num- 
ber of 30 to 60% with large-scale roughnesses.   However, it is apparent that 
roughness is not a good means of introducing small disturbances into a supersonic 
laminar boundary layer; rather, small roughnesses apparently distort the laminar 
boundary layer into a more stable configuration.  It was comparisons such as this 
one, and the results reported by Korkegi that led to the use of mass injection 
tripping in the present invesv.^ation. 

Comparing James' data with the Figure 3-48 curve, it is seen that his end of 
transition data are about a factor of two higher than the Figure 3-48 curve which 
was interpreted as approximately the beginning of transition.   It will be recalled 
that this is about equal to the factor relating the beginning and end of natural 
transition; hence it would appear that the lowest attainable transition Reynolds 
numbers by the two tripping methods are about the same. 

Irrespective of geometry effects, all of the hypersonic data show the same Mach 
number effect.   It is interesting to note that a very similar trend has been observed 
in wake transition data.   Figures 3-53 and 3-54, reproduced from References 45 
and 46, illustrate the observed trends in wake data.   The curves of Figure 3-53 
are seen to also exhibit an exponential increase with free-stream Mach number 
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up to a Mach number of almost 16.   Waldbusser, in Reference 45, has adjusted 
his data by the factor 6/d (6 is the wake width and d is the body diameter), but 
this adjustment does not appear to alter the Mach number trend.   His use of free- 
stream Reynolds numbers and Mach numbers is more likely to affect the plotted 
results, but presumably wake "edge" conditions would not be greatly different 
from free-stream conditions.   However, the Mach number effect found in Refer- 
ence 45 is very similar to that shown in the present boundary layer data, as may 
be seen from the Equation 3-3 curve. 

Goldburg, in Reference 46, has taken the Mach number at the body shoulder as 
being more representative of the local Mach number.   The transition length is 
scaled by the free-stream pressure, which, for constant free-stream temperature 
is equivalent to Reynolds number scaling.   Direct comparison with the present re- 
sults is of course not possible, but it is seen that the Mach number trend (indicated 
by the slope of Equations 3-2 and 3-3) follow the trend of the data very well.   The 
slope of Equation 3-2 almost exactly matches that of the fairing given by the author 
of Reference 46. 

Of course, much more careful comparisons must be made before any relation be- 
tween wake transition and boundary layer transition could be established, but the 
similarity in the qualitative trends suggests that a simple relation may exist. 
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IV 

COMPARISON OF ANALYTIC RESULTS WITH EXPERIMENTAL DATA 

As stated previously, the objective of the present analytic study was the develop- 
ment of a new method for calculating laminar flow stability having sufficient 
generality to be extended to treat the nonlinear effects that occur in the transition 
region.   Development of the method has been described; it is now appropriate to 
consider its implications regarding transition. 

It is, of course, not to be expected that transition will occur upstream of the 
point of minimum critical Reynolds   number because distrabances are not amplified 
in that region.   The analysis also shows that, even downstream of the critical point, 
disturbances will be damped initially.   It is not until the disturbance has developed 
into a characteristic profile that any amplification will be observed.   Conversely, 
it may be possible to trip the boundary layer by introducing disturbances upstream 
of the critical point.   Although the disturbance will be damped initially, it will 
spread downstream beyond the critical point, after which amplification will occur. 
With the present method, it is possible to examine these effects in more detail than 
with previous methods because any initial disturbance can be applied and its sub- 
sequent behavior calculated.   By relating distance to time through the stream 
velocity, the calculated time history can be regarded as a streamwise variation. 
For the present, all calculations must be carried out at a constant Reynolds 
number, however, so that the calculation is not exactly equivalent to following the 
disturbance growth in a streamwise direction.   By selecting a mean Reynolds 
number over the transition region,  an indication of the early behavior should 
be obtained, however. 

Some typical results are presented in Figure 4-1.   In all cases die initial distur- 
bance was a streamwise velocity pulse introduced at a point in the boundary layer. 
Initially the amplitude diminishes rapidly, even though the flow is well above the 
critical Reynolds number.   This behavior was already shown in more detail in 
Figure 2-15.   At Mach 7 it is seen that the flow progresses about 20 boundary layer 
thicknesses before the amplitude begins to increase, and that it is only after more 
than 100 boundary layer thicknesses that the amplitude is equal to that of the 
original pulse.   In terms of streamwise distance from the point of disturbance, the 
disturbance is smaller than the initial pulse for a distance that is about one half 
of the o/iginal leading edge distance.  Of course, the subsequent growth will be 
much more rapid. 

Figure 4-2 summarizes the results of the analytic studies, the experimental data, 
and their relation to each other.   The analytic results for the critical Reynolds 
number are represented by the faired curve, which is taken from Figure 2-25 . 

Experimental data from the present program are indicated by curves that are 
derived from the faired curves of Figure 3-33 and 3-48.   Also shown are data from 
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Reference 3, which is seen to fair in well with the present data, thus providing 
an empirical transition Reynolds number over the entire speed range. 

The experimental natural transition data are well above the critical Reynolds 
number as expected.   The  ransition Reynolds  number is reduced somewhat by 
mass injection, but is still well above the critical Reynolds number.   In contrast, 
it is seen that the effect of free-stream turbulence reported in Reference 3 
reduced the transition Reynolds  number to only slightly above the critical value. 
Thus it appears that either mass injection is an ineffective tripping method, or 
that the supersonic boundary layer is much more difficult to trip. 

As described in Chapter 17 of Reference 17, subsonic transition has been related 
to amplification by the empirical rule that transition occurs when the integrated 
amplification equals e9, or about 8,000.    Applying that rule in the supersonic 
case using the amplification rates illustrated by Figure 4-1 would predict transition 
at 100 to 200 boundary layer thicknesses further downstream.   A curve has been 
added to Figure 4-2 showing the Reynolds  number at which an amplification of e 
will have occurred, based on Figure 4r-l .   It is seen that the present data are well 
above the curve so obtained.   Of course, the factor e9 is purely empirical and based 
on subsonic flow data.   It is not surprising that better agreement was not obtained. 
On the basis of the present data an empirical factor could be determined, but this 
has not yet been done.   The computer program should first be modified co vary the 
Reynolds  number during the calculation, an extension of which is beyond the scope 
of the present study. 

It is noted, however, that the calculated transition line has about the same trend 
as the experimental data, suggesting that there may exist a simple rule relating 
the stability theory results to transition.   It is fortunate that the amplification 
factor is related to transition rather than the minimum critical Reynolds   number. 
From the results given in Section n it may be seen that the precise determination 
of the critical Reynolds number is often difficult; the calculation of integrated 
amplification factors is less difficult with the present method. 
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CONCLUDING REMARKS 

ANALYTIC PROGRAM 

The analytic investigation centered about the development of a new method for cal- 
culating laminar flow stability based on numerical integration of the complete 
Navier-Stokes equations.   A number of preliminary results ha/e been obtained, 
and it is believed that the fundamental problems associated with the development 
of the new method have been overcome.   The numerical stability of the system 
of equations has been investigated and an integration scheme devised that has 
apparently satisfactory characteristics.   A means has also been found for simula- 
ting the boundary conditions at infinity that appears to be satisfactory.   By restrict- 
ing the calculations to a specific disturbance wavelength, the amount of computer 
time required for calculation was greatly reduced with improvements in accuracy 
and detail of the numerical results.   Even when restricted to a specific wavelength, 
the method is more general than previous stability calculations, and makes 
possible the analysis of arbitrary initial disturbances. 

Calculations with arbitrary initial disturbances show that in general the initial 
disturbance decreases in amplitude until certain characteristic profiles develop. 
It was found that, by the time the characteristic profiles had developed, the flow 
would have traveled the equivalent of many boundary layer thicknesses.   Once the 
characteristic profiles have developed, the amplitude then increases if the Reynolds 
number is greater than a critical value; however, the equivalent of many more 
boundary layer thicknesses of flow are required before the disturbance regains its 
initial amplitude, even where the Reynolds  number was several times greater 
than the critical value.   These results show that transition is not to be expected 
for some considerable distance downstream of the critical point (critical Reynolds 
number location) and that calculated amplification factors are much more useful 
as a guide to transition than is the critical Reynolds  number itself.   With the 
present method the amplification factor is also more easily obtained than is the 
critical Reynolds  number. 

The analytic program should be continued.   There are many obvious and important 
improvements that could be made.   Among these would be an extension of Stuart's 
(Ref. 18) energy method that would allow the direct calculation of the critical 
Reynolds number and wavelength without the laborious double parameter search 
technique that is now required.   Concurrently, equations should be developed to 
calculate the distortion of the steady laminar flow due to Reynolds stresses. 
These additions involve no major changes to the method as it now stands; rather, 
they involve only operating algebraically upon the results already calculated.   It 
is, however, necessary to derive the correct formulae as they are not yet available. 
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All of the results presented are for two-dimensional flow with calculations carried 
out at two streamwise locations in the flow field.   Three-dimensional perturbations 
could be calculated (with the restriction of discrete wavelength) by the addition of 
a single z-location (z is normal to the main flow and tangent to the surface).   Con- 
sidering the extra terms that would be involved, it appears that the work required 
for such a calculation would be about double that for the present two-dimensional 
calculation.   The transverse wavelength would also introduce at least one additional 
parameter that would have to be searched (along with a and NR ) to find the most 

critical case.   The aforementioned energy method should therefore be developed 
before three-dimensional calculations are attempted. 

All of the results shown herein are based on linearized equations. Although the 
nonlinear terms are easily included (as, in fact, some calculations were made 
with nonlinear equations) it is felt that the study of nonlinear effects should await 
a better understanding of the present results.   It is believed that the most important 
nonlinear effects will be associated with the (as yet unincorporated) three-dimensional 
and Reynolds  stress terms. 

EXPERIMENTAL PROGRAM 

The test program extended previous transition knowledge by obtaining data that 
show angle-of-attack effects on blunt and sharp leading edge flat plates, sharp 
leading edge delta wing planform effects, and mass-injection effects.   In spite 
of numerous difficulties encountered in the experimental program, the results 
obtained show remarkable consistency and close agreement with results of a 
previous investigation reported in Reference 15.   The data presented here depend 
on qualitative trends rather than on absolute values, which to some extent mini- 
mized the effect of experimental errors.   While the known deficiencies in the 
data preclude drawing firm conclusions, several significant trends are strongly 
suggested, particularly by the end-of-transition data, which are also believed 
to be least affected by the probe system deficiencies.   The authors feel that the 
following trends are indicated with sufficient probability and are of sufficient 
probability and are of sufficient importance to justify further experimental work: 

1) For sharp tip cones at zero angle of attack, and for sharp flat plates at 
angle of attack, natural transition Reynolds numbers depend only on local 
flow properties; there is no effect of angle of attack or cone angle, as such. 

2) At zero angle of attack, natural transition Reynolds numbers on a cone are 
about 1/3 greater than on a flat plate. 

3) The effect of unit Reynolds number on natural transition is much less for a 
highly swept, sharp delta wing than for flat plates, cones, or flow-aligned 
hollow cylinders.   The effect is the same for the latter three geometries. 

4) Natural transition Reynolds numbers at hypersonic speeds increase expo- 
nentially with the Mach number, as does the length of the transition region. 
The effect of Mach number is the same for sharp tip, flat plates, cones, 
hollow cylinders, and delta wings. 
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5)    On a sharp-leading-edge delta wing the local Reynolds number at transition 
decreases slightly with angle of attack. 

If these trends are verified by future experimental work, some important con- 
clusions would seem to follow.    From the first statement, it would appear that 
the unit Reynolds effect on natural transition is not spurious, as has been sug- 
gested by several authors, but is an unexplained fluid mechanic effect not asso- 
ciated with any particular model or test facility.   If the effect originated from 
disturbances outside the shock layer, angle of attack, or cone angle would seem 
to change the relative magnitude of that disturbance and hence the effect on 
transition.   If the unit Reynolds number effect originates from some spurious 
influence within the shock envelope, the model or support system must be at 
fault.   However, since many tests involving many different models (and at least 
three different geometries) have shown the same effect, it is clearly not associ- 
ated with either a particular model or its support. 

The second observation supports the hypothesis that the eruption of turbulent 
spots assumed by the Emmons-Bryson calculation (Ref. 44) is the phenomenon 
that determines the transition location, and that the eruption rate is about the 
same for cones as for flat plates.   This implication is somewhat obscured by 
the apparent existence of higher transition Reynolds numbers on a hollow cyl- 
inder than on a flat plate.   No effect would be predicted by the Emmons-Bryson 
calculation except as possibly the result from disturbances caused by the corners 
of the plate.   Further cone and hollow-cylinder experiments would be of great 
value, but it does appear that cone transition Reynolds numbers are not three 
times higher than flat plate values, as suggested by stability theory.   The pre- 
diction of the stability theory that the length of stable laminar flow on a cone is 
three times greater than on a flat plate is probably correct, but the length of 
stable laminar flow is so small compared to the transition distance that no effect 
is observed.   However, the absence of a large factor oetween flat plate and cone 
transition Reynolds numbers does indicate that the rate of turbulent spot produc- 
tion is not controlled by the boundary layer thickness Reynolds number.   If the 
rate of spot production is assumed to depend only on the local unit Reynolds num- 
ber it could be possible to explain both the ratio of cone to flat plate transition 
Reynolds numbers, and the existence of a unit Reynolds number trend.   An ex- 
amination of this possibility, particularly in light of observation Number 3 above 
should lead to a much better understanding of the unit Reynolds number effect 
and its significance in making transition predictions for atmospheric flight. 

The hypersonic exponential dependence of the transition Reynolds number on the 
local Mach number is evident in the data for both the sharp flat plate and the 
sharp delta wing.   Data from other sources for cones and cylinders show the 
same trend.   Wake transition data of Reference 45 also exhibit an exponential 
Mach number effect suggesting that the Mach-number effect may be a universal 
function. 
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It waa also noted that no great reduction in transition Reynolds number was ob- 
tained with the m: as injection trips.   This results suggests that perhaps an 
empirical lower bound on transition could be obtained that would be applicable 
in actual flight by a systematic study with many types of tripping devices. 
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APPENDIX 

BOUNDARY-LAYER STABILITY PROGRAM 

This appendix provides a complete description of the computer program that was 
used to obtain the analytic results presented in Section II.   Included are definitions 
of symbols, flow charts, and important useful instructions.   The material is pre- 
sented in six sections as follows: 

Section Description 

A-l Physical and Numerical Constants 

A-2 Physical and Program Variables 

A-3 Program Flow Chart 

A-4 Input and Output Description 

A-5 Program Usage 

A-6 Boundary-Layer Stability Program Listing 

A-l    PHYSICAL AND NUMERICAL CONSTANTS 

Page 

157 

158 

160 

166 

168 

170 

Math 

Re N 

R 

TR 

a 

7 

Ö* 

Ay 

Ax 

\ 

u R 

Symbol 

Fortran Definition Units 

CP Specific heat at constant pressure ft2/sec2 - ■Tt 

REYN Reynolds number none 

OR Gas constant ft2/sec2 - •eR 

TR Arbitrary reference temperature 
(see AR) 

0R 

ALPHA 2v/\ 1/ft 

GAMMA Ratio of specific heats none 

DELTAS Boundary layer displacement 
thickness 

ft 

DY Value of y increment ft 

DX Value of x increment ft 

QLAMDA Perturbation wavelength ft 

XMUR Reference viscosity coefficient 
corresponding to TR 

T \ 3/2  /TR  + 198.6^ 
M7 

R/ T   + 198.6> 
lb-sec/ft2 

PI 3.14159. none 
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A-2    PHYSICAL AND PROGRAM VARIABLES 

Symbol 

Math 

H 

H' 

ft- 

i2w/ix2 

m/dy 
a2H/ay2 

H oa 

«H'/»t 

(N„ ) x Re^ew 
(N„ ) 

Re previous 
P 

P' 
A 
P' 

iP'/9x 

(P^)2 + (P^)2 

T 

T' 
A 
T' 

IT 

u' 

»u'/dt 

u,ave 

"L 

u 

Fortran Definition 

HT Steady-otate enthalpy 

HTP Perturbation enthalpy 

HTPA Average of H' 

HTPX Perturbation enthalpy let x-deriv. 

HTPXX Perturbation enthalpy 2nd x-deriv. 

HTY Steady-state enthalpy 1st y-deriv. 

HTYY Steady-state enthalpy 2nd y-deriv. 

H8 Free-stream enthalpy (steady state) 

DHPDT Perturbation enthalpy time deriva- 
tive (partial) 

Unite 

R 
du'/ix 

d2u'/dx2 

RREYN Ratio of Reynolds numbers 

P Steady-state pressure 

PP Perturbation pressure 

PPA Average of P' 

PPX 1st x-deriv. of P' 

PPSQ P' amplitude 

T Steady-state temperature 

TP Perturbation temperature 

TPA Average perturbation temperature 
(Eq. 2-52) 

U Steady-state x-velocity 

UP Perturbation x-velocity 

DUPDT Time derivative of u' (partial) 

UPA Ave. of perturbation x-velocity 

UPLT Left value of u' (at x = 0) 

UPRT Right value of u' (at x = X/4) 

UPX Perturbation vel. 1st x-deriv. 

UPXX Perturbation vel. 2nd x-deriv. 

ft2/sec2 

ft2/sec2 

ft2/sec2 

ft/sec2 

1/sec2 

ft/sec2 

1/sec2 

ft2/sec2 

ft2/sec3 

none 

lbs/ft2 

lbs/ft2 

lbs/ft2 

lbs/ft3 

lbs2/ft4 

0R 

"R 
0R 

ft/sec 

ft/sec 

ft/sec2 

ft/sec 

ft/'sec 

ft/sec 

I /sec 

1/sec - ft 
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aü/ay UY 

rü/ay2 UYY 

a2u'/axay UPXDY 

(uL)2 + (uy2 
UPSQ 

Hull UPSQRT 

11" 11 max UMAX 

Uoo U8 

V V 

V' VP 

V' ave VPA 

av'/at DVPDT 

dv'/ax VPX 

a2v'/ax2 VPXX 

a^'/axay VPXDY 

(VL)2 + (VR)2 VPSQ 

X X 

y Y 

M XMU 

^, XMUP 

2' XMUPA 

aM/^y XMUY 

p RHO 

P' RHPO 
A 
P' RHOPA 

ap/ay RHOY 

ap'/ax RHOPX 

ap'/at DRPDT 

w' WP 

Steady-state 1st y-deriv. of ü 

Steady-state 2nd y-deriv. of ü 

Mixed partials of u' 

Sum of squares of u' 

Square root of UPSQ 

Maximum value of UPSQRT 

Free-stream velocity (steady state) 

Steady-state y-velocity 

Perturbation y-velocity 

Average of v' 

Time deriv. of v' (partial) 

1st x-deriv. of v' 

2nd x-deriv. of v' 

Mixed partials of v' 

Sum of squares of v' 

Abscissa in x-y plane 

Ordinate in x-y plane 

Steady-state vncosity 

Perturbation viscosity 

Ave. of perturbation viscosity 

Steady-state viscosity 1st y-deriv. 

Steady-state density 

Perturbation density 

Ave. of perturbation density 

Steady-state density 1st y-deriv. 

1st x-deriv. of perturbation density 

Time deriv. of p' (partial) 

Acoustical energy density 

1/sec 

1/seo - ft 

l/sec - ft 

ft2/sec2 

ft/sec 

ft/sec 

ft/sec 

ft/sec 

ft/sec 

ft/sec 

ft/sec2 

1/sec 

1/sec - ft 

1/sec - ft 

ft2/8ec2 

ft 

ft 

lbs - sec/ft2 

lbs - sec/ft 

lbs - sec/ft 

lbs - sec/ft 

slugs/ft3 

slugs/ft 

slugs/ft3 

slugs/ft4 

slugs/ft4 

slugs/ft3 - sec 

slugs/ft - sec2 

lbs/ft2 
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Fortran Definition 

MIL Lower "I" index limit (x) 

MIR Upper "I" index limit (x) 

MJW Lower "J" index limit (y) 

MJF Upper "J" index limit (y) 

MJK 1st limit for printout (upper) 

MJKK 2nd limit for printout (lower) 

NPLOT No. of points to be plotted 

MJ8 Appropriate  "J" value corresponding to outer 
boundary 

MJ9 MJ8 + 1 

MPUT ist value of y for 2-pt input 

MSTART MPUT + 3 

MAXY Maximum y value in program 

NIT Number of iterations to be run 

LPLT (See input form) 

LBDY (See input form) 

LTP Not used at present 

MDECAY Value of y from which decaying takes place 

LDECAY Iteration period between smoothing 

KRP (See input form) 

KSAVE (See input form) 

NT APE Tape number unit on which output is to be stored 

KARR Word string for plot annotation 

WORDS Word string for title description 

ITER Number of Iterations completed 

A-3    BOUNDARY-LAYER STABILITY PROGRAM FLOW CHART 

Thi3 boiuidivry-layer stability program flow chart is presented in Figures A-l 
through A-3.   The main program is given in A-l; subroutines are given in A-l 
and A-3. 
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<; BLSTAB        > 

Z5zr 
DIMENSION 
and COMMON 
Statements 

GK3 
INPUT DATA^J 

Set  Program Parameters 
and Constants 

Use Profiles From 
Preceding Case 

Input Steady-State 
u and H Profiles ? 

Calculate Profiles 
and  Derivatives 

(Steady-State) for Full  Fields 

Input Disturbance 
Profiles via Tape 
or Cords 

Renormal ize p' and P' 
Profiles via Reynolds Number 

9 
ITERATION Loop 

I 
Set Iteration Parameters 

I 
Tail BNDRY Subrout 

(Set Boundary Cond 
in^v 

V 
Calculate dp/ 9t 
andc?H/9t    via Continuity 
and Energy Equations 
for Full Field 

Integrate P" and H' in Time 

Calculate P',  T', and ^ 

I | J 

r 
Calculate       ^u'      ■ 9v' 

9t 3t 
via x and y Momentum Equations 

I 
Integrate u* and v' in Time 

I 
Calculate P',   T', and p 

Calculate 6* 
and Reynolds Number 

Print Out  Initial 
Constants and Profiles ■XD 

Figure A-l:    BOUNDARY-LAYER STABILITY PROGRAM FLOW CHART 
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Find 

|   Norwall 

EJ 
Profil« 

»1. 

Profil« 

(Coll PLTIITN      \ 
(Pie* if DMirod)     ? 

Slot« Irorolion lUwIti 
on TP Evory 2} 
irorotlw» 

h     -/A)(N.Kt COM) 

(N«xt  Itoralien) 

(NoKt COM) 

Figure A-l:    BOUNDARY LAYER STABILITY PROGRAM FLOW CHART 
(Continued) 
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temm^mnr'^m 

(707} 

Function Subprogram  to 
Calculate lit Derivatives in y 

I 
COMMON 
DIMENSION ) 

Statements 

^'s/"'        = [A(«.yj t |M(«,yj.,)] /24y 

(^   Return    J 

CD2Y3 

Function Subprogram to 
Calculate 2nd Derivativei in y 

COMMON 
DIMENSION ) 

Statements 

i^W= [Aix./j^j^lx.yj) ♦A(x,),J.|]/. S^ 

f   Return "j 

{   AVE   > 

Function Subprogram 
to Calculate Average Value 
(Smoothed) of all  Profiles 

1 
COMMON     1 Cl 

DIMENSION  ) StQfeme^ 

1 
- M^yj^^^'Y^MK.y^) 

/< 
A(x,yj) 

1 
{    Return    J 

Figure A-2:   BOUNDARY LAYER STABILITY PROGRAM FUNCTION 
SUBPROGRAMS 
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I    HI 

(    PITRTN   ") 

Subroutin« to Plot 
if Deiirad 

r I , 

No Plot* —( RETURN") 

CICM« Plotte' 
ÜL  V.     y 

E 
(   RETURN  ^ 

Plot 

»"'Hrnox vi » 

J 

(    BNDRY ^ 
1 

Subroutine 
Set Boundary 

to 
Cond. 

i 
COMMON 
DIMENSION 

Statements 

on on v 

c 

No Special Condition! 

J 
RETURN J 

Figure A-3:   BOUNDARY LAYER STABILITY SUBROUTINE SUBPROGRAMS 
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Figure A-4:     BOUNDARY LAYER STABILITY PROGRAM - 
KEYPUNCH FORM 
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A-4    INPUT AND OUTPUT DESCRIPTION 

Input Preparation 

The input data deck may be coded using the keypunch form included with this 
appendix (Figure A-4).   Explanation of the input deck follows: 

Cards 1,2,3 
Format (12A6) 

WORDS 

Card 4 
Format (12A6) 

KARR 

Card 5 
Format (1615) 

Alphameric characters used for case designation and descrip- 
tion.   These three lines of input will be printed out along with 
the initial constants. 

This line of alphameric characters will be used to annotate 
the plots with the case number and iteration number.   Insert 
case number in columns 25 to 30.   This card must be included 
in the data deck whether plots are desired or not. 

All values must be right adjusted in each 5-column field. 

N -   Number of x-values (usually two) 

NL -    Number of y-positions stored on input tape, if a 
tape is used for the initial disturbance profile. 

NIT -    Number of iterations desired. 

MAXY -    Value of maximum y for case (194 is upper limit), 

LPLT -    LPLT = 1    if plots desired; 
LPLT = 2    if no plots desired. 

LBDY -    LBDY = 1    if v1 boundary condition desired 
(ref:   BNDRY); 

LBDY = 2    if p! boundary condition desired; 
LBDY = 3    if no special boundary conditions desired. 

MJDL -    Number of input steady-state velocity (or enthalpy) 
values. 

MDECAY    -    VQ value from which decaying begins. 

KSAVE        -    KSAVE = 1    if results are to be stored on tape; 
KSAVE = 2    if results are not to be stored on 

tape. 

KRD -    KRD = 1    if disturbance profiles are tape input; 
KRD = 2    if disturbance profile is two-point input. 

LDECAY     -    Set equal to iteration period for which decaying 
is to occur. 

MJP1 -    Printout profiles are generated by two distinct 
WRITE statements.   MJP1 is upper y-limit for 
first printout statement. 
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MJP2 

MPUT 

MST 

KPRINT 

Card 6 
Format (8F10.0) 

DT 

DX 

DY 

P 

RREYN 

PR 

U8 

UPINTL 

MJP2 is lower y-limit for second printout state- 
ment.   If all y-stations are to be printed out, 
set MJP2 = MJP1+1. 

Set equal to the first y-value for which the first 
of the two-point inputs occurs. 

MST = 1    if the steady-state u' and H profiles 
are to be read in; 
MST = 2    if the steady-state profiles from the 
previous case are to be used. 

KPRINT = 1   if other cases follow on same run; 
KPRINT = 2   if no cases follow. 

- Value of time increment. 

- Value of x increment. 

- Value ol y increment. 

- Value of free-stream pressure. 

- If the input profile was generated by a previous 
case, set RREYN = (REYN)        /(REYN)        .    o % 'new previous 

If input profile is generated by this case, set 
RREYN = 1.0. 

- Value of Prandtl number. 

- Value of free-stream x-velocity. 

- Value of initial disturbance profile (2 points). 

Cards 7, 8, 9       Values of steady-state velocity profile from y = 0 to y = free- 
Format (8F10.0) stream value.   Number of input values should correspond to the 

value of MJDL. 

NOTE;    If MST = 2, do not submit cards 7, 8, 9. 

Cards 10, 11,12  Values of steady-state enthalpy profile from y = 0 to y = free- 
Format (BE 10.4)   stream value.   Number of input values should correspond to the 

value of MJDL. 

NOTE:    If MST = 2. do not submit cards 10. 11, 12. 
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Output 

The printout consists of a three-line description of the case, a list of the initial 
free-stream inputs, the input and calculated steady-state profiles, and the initial 
disturbance profiles. 

Every five iterations, the iteration number   and computed time are printed 
with the values of the disturbance profiles. 

When decaying, smoothing, and normalizing occurs, the disturbance profiles are 
printed out twice, once before and once after reinitialization occurs. 

Also printed out is the scale factor: 

SCALE   =(sCAl = (SCALE)*    Li 
fmax. 

The Fortran Variable Names are used as profile column headings. 

A-5    PROGRAM USAGE 

The boundary-layer stability program consists of one Fortran deck with the approp- 
riate control cards and data deck.   The program deck contains the main program, 
BLSTAB. two subroutine subprograms, PLTRTN and BNDRY, and three function 
subprograms, CDY, D2Y, and AVE. 

IThe program may also be stored as relocatable on a PCF tape.   This should be 
mounted on Physical Unit F. 

If the initial disturbance profile is read in from tape, this input tape should be 
mounted on Physical Unit E. 

If output tapes are desired, up to four may be saved, beginning with Unit A, B, 
C, D. 

j 

The CDY subprogram is used to calculate the first y-derivative using the three- 
point central-difference formula: 

»A(x,y0) 
A(x, yj+1)   - A(x, y.^) /zAy) 

The D2Y subprogram is used to calculate the second y-derivative, using the 
three-point central-difference formula: 

 -^- =   A(x, yj+1)   -  2 A(x. yj)  +  A(x, Y^W W 
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The AVE subprogram is used to smooth the disturbance profiles, using the 
average formula: 

AfxTyJj    "     |A(X.   y.+1)   4   2 A(x,   y.)   +   A(x,   Y ^A k 

The BNDRY subroutine is used to fix the upper and lower boundary conditions for 
each iteration. At present, three options exist within this subroutine; the particular 
one chosen is dependent on the input parameter LBDY. 

If  LBDY = 1, then 

v 

If  LBDY = 2, then 
^ (ymax+1) = v,kW 

p' (x,0)   = [4 P'(x,l) - P'Cx,2)1^1 5148 T(x.l)j 

If  LBDY = 3, then all disturbance values remain at zero for y = 0,   and 

y = ymax+1- 

The PLTRTN subroutine is used to plot the results of the u' profile calculations. 
Based on the MACRO-PLOT system, this routine will cause Tally plots to be 
generated, providing that the input parameter LPLTis set to 1, and that the run- 
request card indicates a scratch tape as well as the statement "PLOT-MACROS". 

At present this routine will periodically (every "LDECAY" iterations, with 
LDECAY an input parameter) plot the u' profile vs. y, and thej|u'|| 
profile vs. y. 

At the completion of each case, the maximum value ofjlu'jl based on the 
previous plots, will be plotted against time. 

Estimated Run Time and Printout 

On the 1107   computer, program execution will be about 10 minutes for a 600- 
iteration case without plotting.   Plotting will add from 5 to 10 minutes to the 
execution time. 

On the 1108, execution time will be from one-third to one-half that of the 1107. 

A 600-iteration case will generate about 150 pages of output. 

Control Cards 

The following control cards are necessary when the boundary-layer stability program is 
used with the Boeing SRU system: 

Run Request Card for the 1107 or 1108. 
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Run card 

Tape ASG cards 

CUR control cards If PCF tape Is reac! In 

FOR card for main program and subprograms 

CUR cards if program is to be stored on tape 

XQT card 

FIN card 

A-6    BOUNDARY-LAYER STABILITY PROGRAM LISTING 

The complete Fortran deck listing of the boundary-layer stability program is given 
on the following pages. 
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-   XOT CUR 1417 001 
INALT 40 1417 002 
INALT 21 1417 003 

- MLIB PLIHTN 
SUBRÖTTlNt PLTRTNdl 

1417 004 
1417 OOi 

DIMENSION UPLT(200)t UPKT(200). UPSUHI(200) • Y(200)» KAHR(6)t 1417 006 
1PTIME2(90). UMAX(IOO) 1417 ÖÖ7 
COMMON/DRAW/HAKR.NPLÜTtYtUPSQRTtUPLT»UPHT tIPP2»PT1ME2i 1417 00b 
lUMAK.LTP 1417 009 
GO TO (50 t400» tLTP 1417 010 

•>0 rONTINUF 1417 mi 
GO   TO (in0.200.300)iL 1417 012 

100 CONTINUE 1U7 013 
CURVE SIZt/NPLOT.NPLOTtNPLOT 1417 014 
PLOT ON TALLY/LINEAR/Y.UPSÜRT.YtUPLTfY.UPKT 1417 01b 
TITLE/UP RESULTANT VS.V..  UP LEFT VS. Y.  UPRIGHT VS. Y. 1417 016 
TITLE ARRAY/KARR 1417 017 
RETURN 1417 018 

200 CONTINUE HIT Ö19 
CURVE SIZE/iPP2 1417 020 
PLOT ON TALLY/LINEAR/PTIME2iUMAX 1417 021 
TITLE/ 1417 022 

1UP MAX.  VS.  TIME 1417 023 
RETURN 1417 024 

300 CONTINUE 1417 025  "■ 
CLOSE TALLY PLOTTER 1417 026 

400 CONTINUF 1417 027 
RE TUP 1417 02« 
END 1417 029 

- FOR.» PL- 1417 03Ü 
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-  FOR  BNDRY U17  031 
SUBROUTINE  BNORVIL) U17  032 

C   SUBROUTINE   TO  CALCULATE   SPECIAL   BOUNDARY  CONOITlONSt 1A17   033 
DIMENSION  UP(2.?00).   VP(2>200)*   HHOP(2.200(.   HTP(2i200)> 1417   034 

 lPP<2»2OO>tTP(2.200>.   T12i200>»   XMUP(2.200» 1417  035 
CÜHMDKyBNyUP.VP.RHÖPTHTP.Fp-.TPTTTXMuP.MJwiMJf.MILtMl'R 1417 Ö36 
GO   TO   (100.200.9001.1 1417   037 

100  CONTINUE 1417  038 
C  BOUNDARY  CONDITION  ON  VP. 1417  039 

VP«MlLtKJF+l)«VP<MlLiMJF) 1417   040 
VP«MIR.MJF + n»VPtMIR,KJF) 1417   041 
 ffrruirc i4i7 04^ 

200 CONTINUE 1417 043 
C BOUNDARY CONDITION ON RHOP. 1417 044 

DO 210 I-MIL.MIR                                      ' 1417 045 
'  RMOPI I tMJW-l> ■ «4.»PP(l.MJtt)-PP(I,MJW*l) )/«M48.Ml 1 .MJW) ) 1417 046 

210 CONTINUE 1417 047 
 ffrrcwm nrn 048 

900 CONTINUE 1417 049 
C ••• SORRY »••   NO SPECIAL BOUNDARY C0N0ITION5 THIS TIME. 1417 ObO 

RETURN 1A17 051 
END H17 052 
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FOR  CDY U17  053 
FUNCTION  CDYU.ItJiDI UH   054 
DIMENSION A(2»200) Ihil  t55 
COMMON/SAM/MJWtMJ5.MJ6.MJF»KQQ 1*17   056 

6  CONTINUE 1*17   057 
—7 CDY  -   iA(l,J+l)   - A(I,J-in/l2.»D> UI7 058  
390 CONTINUE 1*17 059 

RETURN 1*17 060 
END 1*17 061 

FOR D2Y 1*17 062 
FUNCTION D2Y(AtI.J,D) 1*17 063 
DIMENSION A(2i200) ""     "1*17 06* 
COMMON/SAM/MJW1MJ5.MJ61MJF1KQQ 1*17 065 

6 CONTINUE 1*17 066 
n2Y = (A(I.J-H)-2.»AI t .J)*A( t .J-l) )/B «^J U17 647 

7 CONTINUE 1*17 068 
RETURN 1*17 069 
END 1*17 070 

FOP AVF 1*17 071 
FUNCTION AVE(O.I.J| 1*17 072 
COMMON/PETE/MJF2 ' 1*17 073 
DIMENSION Q(2t200) 1*17 07* 
AVE = (Q( I tJ+D-t-OdiJ-l) ♦ 2.»Q(I,JM/*.                         1*17 075 

8 CONTINUE 1*17 076 
RETURN 1*17 077 
ENt, 1*17 078 
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NtTfRYLA 
-  FOR 
C  BOUNlWffTTArEH  THANilTION 
C feFSFQuENCED  N.5.   PERTURBATION   EQUATIONS 
C  HYPERSONIC   FLOW  F:ELO. 
r  RECTANGULAR   ARRAY 
C  ••■••• HLAS1U5 PHOrm   INPUT   FOR  X-VELOCITV wwwwww  
C  bLASlUS  PROFILE   WITH  NUMLRICAL   DERIVATIVES 
C   3-POINT   OFRIVATIVF   ROUTINES 

DIMENSION KARR(6) 
DIMENSION WORDS(36) 
DIMENSION TPA(2,200). XMUPA(2*200It U(2t200>i V(2*200)* HT(2.200) 

U17 
1<»17 
1417 
U17 
1417 

079 
0S0 
081 
082 
083 

-: 

■PTTT 
1417 
1417 
1417 
1417 
1417 

OTT 
085 
086 
087 
088 
089 

IUPI2»ZOOI» VPI;,?OPI. wrorrryawrg wrPTrman prrrsgnor» rrm—14w uvo 
2Y(200l>ORPOTI2»200)» OUPDT(2*200)t OVPOTI2*200)* DHPDTI2*200 I. 1417 091 
3UPA«2*200). VPA(2*200». RHOPA«2*20n). HTPA(2,200)» PPA(2*200(, 1417 092 
4UPSO(200)» PPSQ(200)* KP(200I. UP50RT(2001. URX(2*200T. VPSQ(200)11417 093 
5OPXX(2*200)* VPX(2*200)* TPI2>200)* VPXXI2*200)* HHUPXI 2»200)• 1417 094 
6PPX(2*200)* HTPX(2*200)* HTPXX(2*200)• T(2*200)* RH0(2«200>*XMU(2.1417 09b 

 gTWT» XHUP»2*?D0)*UTI2*2OO>*UTTI2»?0UI»H!TI^*2OO) *HTTT I,? *^00 I »  
7RHOYI2*200)»XMUY(2*200I*VPX0Y(2*200)» UPXUY(2*200)* XMUPX(2*200)• 
8UPLT(200)» UPHT(200).UMAX(100)* PTIME2(90)* SC(IOO) 
COMMON/PFTF/MJF2 
COMMON/SAi-./MJW5*KJ5.MJ6*MJFS*KOQ 
COMMON/BN/UP*VP*RHOP*HTP.PP*TP*T*XMOP.MJW*MJF*MIL. 

 1HIR*HJW1. ALPHA *DV'TÜTDELTA5*X*HH0*UV»LTP  
COMMON/DKAW/KARH*NPLÜT.Y*UPSQRT*UPLT.UPRT»IPP2»PTIME2*UMAX*LPLT 
NTAPFaO 
DATA lcR0*M|L*MIR*MJW*5CALE/l»l*2*4*l.n/,MlRM*PIt 
1XMUK.GR»CH•TR/1 * 3*1416•3.7432E-7* 1716.5*4006.0*520»/ 

100 CONTiNUE 

141/ 
1417 
1417 
1417 
1417 
1417 
T4rr 
1417 
1417 
1417 
1417 
1417 

097 
098 
099 
100 
101 

103 
104 
106 
106 
1Ü7 

READ( 
READ« 

1MJP1. 
READ( 
KK'l 

5791   UORDSin*!^*}^)  
5*9)    (KARRI | ) *IM*6) 
',.111   N.NL*NIT*MAXY*LPLT*LbDY,KJOL*MUECAY.KSAVE*KRP.LDECAY. 
MJP2»MPUT.MST*<PRINT 
5*10) DT*DX.DY*P.RREYN*PH*U8*UP1NTL 

1417 
1417 
1417 
1417 
1417 
1417 
T4TT- 
1417 
1417 
1417 
1417 
1417 

■nrr 
109 
110 
HI 
112 
113 

murr- 

MJ8»M 
MJ9»M 
INITI 
MJF-M 

MJFSs 
MJW14 
NVP2« 
MJK=M 
jMJKK = 
WJF1 = 
MJN1 = 
MJN?* 
^J20 = 
MJF? 
ITERQ 

= MJW-l  
JW1+(MJDL-1) 
J8 + 1 
AL CONSTANTS 
AXY*3 
MJW   

MJF 
=MDECAY*3 
MAXY+6 
JP1+3 
MJP2+2_ 
MjfT\ 
MJK + 1 
MJKK-1 
Mjw+2n 
= MJF-l 
= 0. 

TI4 
115 
116 
117 
118 
119 

1417 
1417 
1417 
1417 
1417 
1417 
1417' 
1417 
1417 
1417 
1417 
1417 

TZXT 
l?i 
122 
123 
124 
125 
1?Ä 
127 
128 
129 
130 
131 
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MJF4 = MJF-3 1417 132 
MJ5=MJW+1 1417 133 
MJ6=MJW+2 1417 134 
MJ7=MJW+3 1417 135 
MJF1=MJF+1 1417 136 
RAMMA = CP/(CP-&R| 1417 137 
CAMMAl = GAMMA-1. 1417 138 
GAMMA? rC.AMMAl/GAMN'A 1417 139 
HT SAVF=DT 1417 140 
QLAMDA = 4.»OX 14H 141 
ALPHA = 2.«Pt/QLAMr)A 1417 142 
ALPHA?=ALPHA»»2 1417 143 
NIfö«NII 14U 144 

141- ^»•••••••••««»*«»*••»«»•••»•«••»•««•••»>»«••»»»•«•»•••«•«••••••••• •"•••1417 
GO TO (102.1041.M5T 1417 146 

102 CONTINUE 1417 147 
C INITIAL STEADY-STATE FIELD VALUES 1417 148 

RFAD(5.10) (U(MIL.J).J=MJW1.MJ8| 1417 149 
ftPÄDU.43l (HTIMIL.Jii J = MjWl,MJ8t U17 1BÜ 
DO 110 J»MJ9,NYP2 1417 151 
U(MIL.J) -   UIM1L.MJ8I 1417 15^ 
HT(MIL .Jl = HTIMIL.MJ8) 1417 153 

110 CONTINUF 1417 154 
DO 120 J = MJW1,C:YP2 1417 155 
UIKIRtJ) » U{MIL.J) Ult 156   ■■ " 
HT(MIR.J) = HT(MIL.J) 1417 157 

120 CONTINUF 1417 158 
DO 130 1=1.N 1417 159 
on no J=1.NYP? 1417 160 
V(I.J) » 0.0 1417 

1M7 
161 

tit.J) = IHTI I.Ji'-Uf I.Jl"**272.t/CP 16? 
XMU(I.J) = XMUK»(TR + 216.)/(T(1 .J»+216,)»(T( I,J)/TR|»»1.5 1417 163 

130 CONTINUE 1417 164 
U8 = U(MIL.MJ9) 1417 165 
H8 = HT(M1L.MJ9) 1417 166 

C 1417 167 
ÜU 138 I=M1L.MIH HIT T60 "  - 
00 138 J=MJW.MJF 1417 169 
IFtU(I .J)-U8) 135.136.136 1417 170 , 

135 CONTINI/F 1417 171 
K00=1 1417 172 
UY(I.J) = CDY(U.I.J.DY) 1417 173 
UYY(I.J) = DZY(U.I.J.DYl 141 I lit, 

1417 175 
1417 176 

XMUY(I.J) = CDY(XMU.I.J.OY) 1417 177 
GO TO 137 1417 178 

136 CONTINUt 1417 179 
 " •OYTT.JV« 0. 1417 T8Cr — " 

UYY(1 ,J) = 0. 1417 181 
HTY(I .J> =0. 1417 182 
RHnY(I.J) =0. 1417 183 
XMUY(I.J) = 0. 1417 184 
HTYYII .Jl x 0. 1417 185 
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■ 

HWP*--*-  IMMBMhWMtff 

\M fONTINUF 
nS CONTINDF 
1^9 CONTINUr 
10«   CONTINUE 

NTAPF   ■   NTAPEM 
IF INTAPF-b|20^^200.200 

—TWT 

205 

C   OFF I 

TUNHNUT  
CALL FXIT 
CONTINUE 

NF THF RECTANGLE. 
DO   140   I   ■   ItN 
XIM   «   FLUAMI-ll'U» 

\t*\7 
HIT 
1417 
1*17 
U17 
1*17 

186 
187 
188 
189 
190 
191 

TTTT 
1*17 
1*17 
1*17 
1*17 
1*17 

T97 
193 
19* 
195 
196 
197 

*17   198 -prr 
1*17 
1*17 
1*17 
1*17 
1*17 

1*0   CONTINUE 

1*5 
T  

C   RE-I 

HO  1*5   J   •   1.NYP2 
Y(J|   »   FL0ATCJ-3)<»0Y 
CONTINUE 

199 
?00 
201 
202 
203 

-nrrr 
1*17 
1*17 
1*17 
1*17 
1*17 

7Ü5- 
205 
206 
207 
208 
209 

NlTIALlZt  PERTURBATION   VALUES   TO  ZERO 
00  210   I-MIL.MIR 
no  210   J-1.NYP2 
DPI I. M»0.0 
VPII.JI'OrO 
RH0Pri,J»40.0 
HTP«l,J>«0.0 
PP(|.J)"0»0 
XMUPII.J)»0. 
0RPDT(I.J)-0. 
DHPDT(I.J)«0. 

-prrr 
1*17 
1*17 
1*17 
1*17 
1*17 

TTTT 
211 
212 
213 
21* 
215 

DUPDTM.JJ.O.  
OVPOTII.J)»0. 

210  CONTINUE 
C   INITIALIZE   INPUT   PERTURBATION 

GO   TO   (220»230liKRP 
220   CONTINUE 

TTTT 
1*17 
1*17 
1*17 
1*17 
1*17 

TTF" 
217 
218 
219 
220 
221 

RPwINh  15  
READ  TAPE   15.   ITER.NL.1 IMF .   (IUP(I.J).VP(I.J)»RHOP(I .J) . 

1PPII.Jt.HTPII.J).XMUPII»J».   TP(I.J),DHPDT(I»JJ»0RPDT1 I.J). 
2DUPDT(I.J).DVPDT(r.JJ.J«l .NL J . I»M1L.MIR) 

REWIND   15 
MJF3«MJF*3 

TTTT 
1*17 
1*17 
1*17 
1*17 
1*17 

■777- 
223 
22* 
225 
226 
227 

M 225   l-HIL.HIH— 
DO   225   J«MJF1.MJF3 
UPII.JI      »0. 
VPd.J»      "0. 
RH0P(I»J)»0. 
HTPd.J)   «0. 

1*H 
1*17 
1*17 
1*17 
1*17 
1*17 

77F- 
229 
230 
231 
232 
233 

PPII.J)     -Ö. 
XMUPII.J)«0. 
DRPDTII.J)«0« 
DHPOTl1.J»«0« 
0UPDT(I.J)«0. 
nVPDT(I.J)«0. 

TTTT 
1*17 
1*17 
1*17 
1*17 
1*17 

73*- 
235 
236 
237 
238 
239 
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1*17 240 
1*17 ?41 
1*17 242 
1*17 243 
1417 244 
1417 245 

22c>   CONTINUE 
r,n TO ?« 

230  CONTINUE 
UP(MII .MSTART I >   UPINTL 
UP(MlLiMSTART+l1   «   UPINTL 

235   fONTINIIF   
 nr* =ö i*i7 2«& 

TIME = 0.0 1*17 247 
IPP=1 1417 248 
IPP2 . 1 1417 249 

C RE-NORMALIZE RHP AND PP. 1417 250 
  DO 300 I =M I L.MIR         1417 251 
 m  3Ö0 J = MJWl.MJr 1*17 252 

RHOP1I.J) = RREYN»RHOP( I .J) 1417 253 
PP(I.JI = PRFYN»PP( I .J) 14n 254 
RHOII.J) *   P/(GR»TII.jn 1417 255 

300 CONTINUE 1417 256 
 1«MIL 1417 257 

5UM5 « 0. 1417 258 
DO 310 J»MJWl»MJe 1417 259 
SUM5 = SUM5 + ( l,-(RHO(I.J)»U( I .J(*RH0tI.J*l)»U(I.J+in / I 2.»RHO(MIL.1417 260 
1MJ9)»U8))«0Y 1417 261 

310 CONTINUE 1417 262 
KT6=1  1417 263 
 OELTAS « 5UM5 141/ J6U 

REYN = U8»RH0(MIL.MJF>»DELTAS/XMUtMlL,«MJf J 1417 265 
C PRINT OUT THE INITIAL CONSTANTS. 1417 266 

WRITE (6i50) 1417 267 
WRITE(6»53) (WORDS!I).I=l»36) 1417 268 
 WRITE(6»52) RHOIMILtMJFI.REYN^TIMlLtMJF) .P.XMUlMllf.MJFI tQLAMDAt   1417 269 

1ALPHA.DX.DY.DT.PR 1417 270 
WRITE(6»57) (X(I).I«MIL»MIR) 1417 271 
WRITE(6.58) (Y(J).(U(I.J).HT( I.J|.T(I.J).KHO(I.J)«XMU(I .JI.I«MIL. 1417 272 
lMIR|.Y(J)»J»MJWi»MJ9»KRD) 1417 273 

C PRINT OUT THE INITIAL INPUT PROFILE. 1417 274 
WRITEt6.40)ITER.TlME 1417 275 

 BRTTFTeTOl m h.I«HIL*MIRI 1417 276 
WRITE(6.42) (Y(J)t(UP(I.J).VP(1»J),PP( l.J).I»MIL.MIR). 1417 277 

1Y(J) .J'MJWl.MJK.KRD» 1417 278 
wRlTE(6.42r (?(J).(UPri .J) .VPd.J) ,PP(I .J) .I.HIL.MIRI i 141T 279 

1Y(Jl.J'MJKK.MJF.KRD) 1417   280 
»00 CONTINUE       1417 281 
 ITFR.ITFR + 1 U17 282 

TIME » TIME + DT 1417 283 
C INTERMEDIATE PRINT-CONTROL PARAMETERS. 1417 284 

KTl = MOOntER.LOECAY) 1417 285 
KT2 » M00JICT1.5) 1417 286 

  KT3 ' MOD(ITER«20)   1417 287 
T 14 W ZTB 

CALL BNDRYILBDYI 1417 289 
DO 410 J=MJW»MJF 1417 290 

C CALCULATE X-DER1VATIVF5. 1417 291 
UPX(M1L»J) « ♦ALPHA<UP(MIR.J| 1417 292 
UPX(MIR,J) . -ALPHA»UP(MIL.J) 1417 293 
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♦ 

*10 

VPX«M|HtJ)    « 
RHOPXIMILtJI 
PHOPX(M|R.J» 
HTPK(MIL»J» 
HTPXIMlRtJ) 
xHUPirniiirrjT 
XMUPXtMIH.J) 
fONTINUE 
DO 422 I«MlL 
00 420 J»MJW 
RHOY«I»J» 

♦ AlPHÄ»VriMII<,J) 
-ALPMA»VP(M|LfJI 
r    ♦ALPIIA»UIK)P(M|R,JI 
.   -At PHA»RH()P(MIL »J» 

.    ALPHA«HTPIMIR,J) 
>   -ALPHA»HTP(MlLiJ» 

■   -ALPHA»XMUP(MIL.J> 

HIR 
• MJF 

CDVIRHOtltJ.DY) 
UKW  
VAVP 
ROAROP » RMO 
HTAHTP 
PAPP » P ♦ 
IIPXX( I «J» 

iJ) • 
HTPXX(I.J) « 
UPXCYII»J) » 
VrXDY(ItJ) « 

C CONTINUITY fOUAT 
r     ITFRATF RHO 

UCI.Jt   ♦ UPTTTTl  
V(I .J) ♦ VP(I»J) 
I Itj) ♦ RMOPtIiJI 
■ HTM tJ) + MTPt ItJ» 
P(ItJI 
-ALPHA?»UPtI.J) 

»vPTr.jr  
-ALPHA;»HTP(I.j) 
CDYIUPX.I,J.DY) 
CDY(VPX.|tJtDY) 

ICN 

TNT 
CHI 
cn2 
cm 
CB4 

rrvnvp 
RHOtI. 
U( I.J) 
RHO(It 
VP(UJ 

DRPDTM.J)   » 
C FNFRCY FOUATION 

FN2 » GAMMA» 
FN3 » GAMMA I 
EN* » GAMMA* 
FN5 « XMUI I • 
FN6   =   XMUP( I 

tltJ.nV) ~ 
J)*UPX(ItJ» 
•RHOPX(I.J) 
J)»EN1 
)»RHOY(I.J) 
-(CBUCH2+CB3+CB4( 

T5TT 
1*17 
1417 
1417 
1417 
1417 

T5TT 
1417 
1417 
1417 
1417 
1417 

113 
314 
315 
316 
317 
-rrr 
319 
320 
321 
322 
323 

P»DHPDT{I»JI/(RÜAR0P»»2) 
•U( I .J»»DUP0T( UJ) 
«U( l,Jl»HTPX(I.JI*VP( I.J»»HTY(I.J)) 
J)»(HTPXX(I.J)+D2Y(HTP,I.J.OY) ) 
.J)»HTYYtI.J) 

FN7   »   XMUYII eJ^CDVIHTP.I.J.DYl+CDYlXMUP.I.J.nVl'HTYi I.J» 

T4TT 
1417 
1417 
1417 
1417 
1417 

TW 
325 
326 
327 
328 
329 

TTTTT 
1417 
1*17 
1417 
14 17 
1417 

331 
332 
333 
334 
335 

iEN54EN6+EN7)/PR 
XMU( ItJJ*«.3333»U(I.J|»IUPXX(J.J)*VHX0r(I.J))+2.»VPX( I.J)» 

EN8 
EN9 

1 UY ( I . J » ) 
EN10   »   XMUY« I .J)«U(I.J)»VPX( I .J) 
EN11   »   XMU( I ,J)*(U( I.J)»(D2Y(UP.I .J.DY)-*-UHxXI I . J ) )-mP ( I . J ) » 

lUVVM.J)) 
EN33   »   XMUPt I .J)»IU( I.J)*'UYY( I.J)+UY( I .J)»»2) 
E^i2   •2.»XMU( I .J)»UYII.J)»CDY(UP.I .J.DY) 
f;i4   .   XMUYI I .Jj'lUPI I.J)»UY( I .J)*U( I.J)»C0Y(UP.I .J.t)Y) ) 
EN15   »   COY(XMUP.I.J.DY)»U(I.J)»UY(I»J» 
FM^ ' !?!-~-1*/f>R!*[^Nl!tf-1^*[NI?.4"FN1<>t!^1'il  
DHPDT(I.J)    »   EN2-FN3-FN**EN17 

420   CONTINUF 
ORPTKI.MJW1 )    s   -(RH0(I.MJW1 )*RH0P(I.MJW1 I )»(VP(I.MJWI/DY-.3 75» 

1(RHOP( I.MJW)-HHOP( I .MJW1))/XMU(I.MJWI) ) 
*2;   roNTINUE 

141/ 
1417 
1417 
1417 
1417 
1417 
T417 342' 
1*17 3*3 
1*17 
1*17 
1*17 
1*17 

ITT 
337 
338 
339 
340 
3*1 

3** 
3*5 
3*6 
3*7 
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mam jm*v*Jt.\niHMt0 

nn i,-)?  I=MIL.MIR 1*17   34« 
PO uxci  J«MJW»MJF 1*17   3*9 

r   fAlfULATE   NfW   PfRTURnATinN   VALUES 1*17   350 
PHOIMI.J)    s    kHOIMI.JI    ♦   DKI'DT ( I .J) »OT 1*17   351 
HTPd.J)   =   HTPII.J)   +   DHPOT< ItJ)«DT 1*17   352 

C   AUXILIARY   EQUATIONS 1*17   353 
"   PP(i.J)   =   GÄMMA?»RHf)| |,J)*(HTP||tJ)-(UPn .Jl^P + VMII.J)»»?)/?. '1417   35« 
1-U(1.J»»UP(1 ,JI )    ♦   P'RHOPI ItJ)/RHO(ItJ) 1*17   355 
TP(I.J)    =    (HTPI 1.J)-U(I.J)»UPIItJ) )/CP 1*17   356 
XMUPt I .Jl    =   TP( I ,J)»XMIM l,J)»((.'J»T(i;j) + 316.1/(ni,Jl»(T(l,J) + 1*17   357 

1?16.» »1 1*17   358 
«TO   mNTINUF 1*17   350 

'"    RHDPd .MJW-1 |   =   RMOPUfMJW-l)   ♦   D3PDT t T «MJW-l) »RT "    IM7  IRO 
PP(I.MJW-l)    =   P»RHOP(I.MJW-l )/RHO( I.MJW-l ) 1*17   361 

'.3?   CONTINUE 1*17   362 
(->«»it»«K«iiv«it»»«if»v»»«it»4t»«itit»»»«{i»itit»»«»»»««»««»««»»**«««*i«««»»»«*»«**t4]7   3^3 

DO   bOO   J=MJW.MJF 1*17   36* 
IJPX(MIL.J|    =   ♦ALPHA»UP(M1R,J) 1*17   365 
uPy(MIR,J)   =   -ALPHA«UP(MIL.J1    ' 1417  3S6 
VPX(MILtJ)    =    -fALPHAÄVPlMIR.J) 1*17   367 
VPX(MIR,J)    =    -ALPHA«VP(MIL.J| 1*17   36B 
PPX(MIL.J(    *   ♦ALPHA»PP(M1R,J) 1*17   369 
PPX(MIR,J)    =    -ALPHA»PP(W|L.J) 1*17   370 
XMUPX(MIL.J)    «   +ALPHA»XMUP(MIRiJ) 1*17   371 
XMUPyiMIR.J»   =   -ALPHA4XMUP(MIL.JJ               1*1 !   37Z 

500   CONTINUE 1*17   373 
DO   b\?    I=MIL»MIR 1*17   37* 
DO   510   J=MJW.MJF 1*17   375 
UAUP               '=   U(ItJ)   ♦   UP«I»JI 1*17   376 
VAVP                =   V(I.J)   ♦   VP(i.J) 1*17   377 
ROAROP   =   RHO(I«J)    +   RHOP(ItJ) HI?   378 
UPXX(ItJ)    =   -ALPHA2»UP(l.JI 1*17   379 
VPXX(ItJ)    =   -ALPHA2»VP(I»J) 1*17   380 
UPXDY(I,J)    =   CDYJUPXiItJ.DY) 1*17   381 
VPXDY(I.J)    =   CDY(VPX.I.J.DY) 1*17   382 
XM1    =   U(I.J)»UPX(I,J) 1*17   383 
XM2   =   VHI1iJI»UY(I,J) l*W   38« 
XM3   =   PPX(I,J) 1*17   3B5 
XMA   =   XMU( 1,J)»(1,333»U('XX( I ,J)    +   D? Y ( UP . I , J tDY )    +   VPXDY ( I . J I / 3. 1    1*17   386 
XM5   =   XMUP(I.J)»UYY(I,J( 1*17   387 
XM6   =   XMUY(1tJ)»(VPX(1iJ)+CDY(UPi1tJ.UY)1 1*17   38Ö 
XM7   =   CDYCXMUP.I.J.DY|»UY( I ,JI 1*17   389 

■L)UHLM(I»J)    =   -XMl-XM^   +   (-XM3 + XM«» + XMb + XM6 + X^ M/ROAKUP 1*17   390 
YM1    =   U(IiJ)«VPX(I.J) 1*17   391 
YM2=0. 1*17   392 
YM3   =   CDYIPP.I ,J,riYl 1*17   393 
YM^»   =   XMU( I .J)»( 1.333»D2V(VPt 1 .JtDY»    +    . 333«UPXDY ( I , J )   +   VPXXCI. J)l*17   39* 

1 ) 1*17   395 
~Vn5   =   XMUMXII.JJ»UY(IiJI                                         . ■  1*17   378 

YM6   =   XMUY(I,Ji»( 1.333»CDY(VPiI.J.DYI-.667«UPX(I.J)) 1*17   397 
DVPDT(I.J)    =    -YMl-YM2+(-YM3 + YM^YM5 + YM6)/KOAROP 1*17   398 

510  CONTINUE 1*17   399 
512   CONTINUE 1*17   *00 

DO   516   I=MIL.M1R 1*17   *01 
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DO 5H J"MJW,MJF 1417 402 
C CALCULATF NlH PERTURRATIÜN VALUES 1417 403 

UPtl.Jl ■ UPlltJ) ♦ DIIPDK I .JI«0T 1417 404 
VPH.JI • VPIItJI ♦ DVPOt(!tJ»»Dr 1417 405 

C AUXILIARY FOUATIONS 1417 406 
PPII.JI ■ GAMMA2»RHO( IiJ)«(HTPn»J»-«UP« I»JI««2*VPri .J»»«2)/2. 1417 407 
i-un.J»»UPII,Jn ♦ f»ft^rtPll,j)/RHön.J) HIT 40S 
TP(I.J) • «MTP( |,J|-UMtJ)»UPI I.JM/CP 1417 409 
XMUPIItJ» ■ TPl I,J)«XMUU.JI»( «.5«T«I.J»*316.»/«T(I, J)«(T(I.J>* 1417 410 
1216*) ) ) 1417 411 

SI 5 fONTINUE 1417 412 
516 CONTINUE 1417 413 

C PRINT OUT THt RESULTS OF EACH INTERATION 
"1*1 / 

1417 
«H* 
415 

MPa] 1417 416 
IFtltT?» 700.570*700 1417 417 

5?0 CONTINUE 1417 418 
IFIKTD l«??.523tl4?2 1417 419 

(••fltiaaiii•••■ii«fl•«««finf■■•«■■••«««*»««««««••«••••*vw» 
521 CONTIMUF 

■•141 / 
1417 

«»20 
421 

MP»2 1417 422 
WRITE(6*31) 1417 423 
WRITF(0.8) ITER 1417 424 
REA0(0*9) KARROI 1417 425 

tki.CUikll  TME EXPONENTIAL DECAY OF ALL PROFILES. 141? 426 
DO 530 I-MIL.MIR 1417 427 
DO 530 J"MjWl<i.MJF 1417 428 
ARG » ALPHA»mJ»-VtMjWlM » 1417 429 
FX « FXPI-ARG) 1417 430 
UP(I.J) ■ UP(I»MJW1«»»EX 1417 431 
VPII.J) - VPn.HJWU»«EX 1417 43<? 
PP( I.J) ■ PPI 1 »MJWUI^^X 1417 433 
HTPM.J» • HTPJ 1.MJW14)»EX 1417 434 
TP(I,J» - TP(lf.MjWU)»EX 1417 435 
XMUP(|tJ).> XMUPI IiMJWlAI«EX 1417 436 

530 CONTINUE 1417 437 
CALCULATE THE AVERAGES ÖP ALL PROFILES. 1417 kit 

1417 439 
1417 440 

RHOPAII.J» • AVEJRHOP.I.Ji 1417 441 
HTPAM.J) « AVE(HTP,I,J( 1417 442 
UPA(I,J) » AVEIUP.I.J) 1417 443 
VPA(I,J) ■ AVF(VP.I.J) 1M7 '444 
PPAII.J) ■ AVE(PP«I«JI 1417 4*5 
TPA(l,J» » AVEITP.I.J) 1417 446 
XMUPA(I.J) • AVE(XMUP,|.J) 1417 447 

540 CONTINUE 1417 448 
RHOPAfI«MJWl ) ■ ,5«(RH0P(1.MJW1)*RH0P(I.MJW)1 1417 449 
PPAII.MJWI, - .MIPPJI.MJWluPPd.MJWii U17 450 

1417 451 
1417 452 

TRY»0. 1417 453 
DO 550 J-MJWl.MJF 1417 454 
UPSQ(J) *UPA«MIL,.I)»»2 ♦UPAIMIR,JI»»2 1417 455 
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l'PSORTJJ)    »   .S(JRT(UPS(J( Jl ) 
THYiAMAXl(UP SORT(J)ttRYl 

530   CONTINtlt 
SUUSTMUU   THL   SMOOIHtO   PRUflLt 

IPP?   «   IPP2*1 
LIMAX(IPP2)    *    TRY  

""PTIMT?(IPP5T'=  TlMt 
/CdPP?)   =   SCALF 
I^TOPsIPP? 
HO   SB7    I 'MR «fMR 
PO   eyB7   J = MJW1 »MJF.KRD 
RHOP(ltJ)    =   RHOPA(I.J)/TRY 

OlVlütn   HY   UP   RtS.   MAX. 

1*17 
1M7 
1*17 
1417 
U17 
U17 

456 
<.!)7 

460 
461 

TTIT 
1417 
1417 
1417 
1417 
1417 

W 
461 
464 
465 
466 
46 7 

"PTTT 
1417 
1417 
1417 
1417 
1417 

461" 
469 
470 
A71 
472 
473 

HTP(I.Jl 
UPII.J) = 
VP(I .Jl ■ 
PPU.Jl = 
TP(I.J) = 
XMUP(I»Jl 

• HTPA( I .JI/TRY 
UPA( 1 .JI/TRY 
VPA( I .JI/TRY 
PPA( I .JI/TRY 
TPA( I .J)/TRY 
= XMUPA( I .JI/TRY 

GO TO (590.592).IG 
590  CHNTINUF 

UPLT(J) i UP(I.J) 
GO TO 594 

■^92  CONTINUF 

1417 
1417 
1417 
1417 
1417 
1417 
Tsrr 
1417 
1417 
4417 
1417 
1417 

474 
475 
476 
477 
478 
479 
TIF 
481 
482 
483 
484 
485 

UPRTUl : 
■^A  CONTINUE 
587 CONTINUE 

UP(I.Jl 

588 CONTINUE 
C»»»»«PREPARE TALLY PLOT,»»»»« 

1417 
1417 
1417 
1417 
1417 
1*17 581 

WRITEI0.8I ITER 
RFADI0.9) KARRO) 
NPLOT « MJF 
CALL PLTRTNI 1) 
WR1TE(6.29) TRY 
CONTINUE 

486 
487 
488 
469 
490 
491 

^»••»»»•••«•«•»•««••»•»••»»••»•«••••••»«••••••»••»»•»•«•^••••••••••••••»14j7 <,92 
C r•«•«»••»•»••••»»••••»»••»•••••»••••• •••••• ••••••••*•••*••• ^7 <,93 

1417 494 
1417 495 
1417 496 
1417 497 

570 CONTINUE 
518 CONTINUF 

SUMsO, 
DO   600   J=MJW1.MJK 
UPGQUl    =   UP(MIL.JI»»2   ♦   UP(MIR,JI»»2 
PPSO(J)   x   PPtMlL»JI»»2   ♦   PPIMIR.JI»»2 
VPSOIJI    =   VP(MIL.Ji»»2   ♦   VP(MIR,J)»»2 
UPSORTtJI   «   SORT(UPSO(jn 

CALCULATE   THE   ACOUSTICAL   ENERGY   DENSITY. 
WP(J) *   RHO( J .J1»(UPSQ(JI*VPSQ( Jl 1/2. + .2786»PPS(J( J I/P 

"nrrr 
1417 
1417 
1617 
1417 
1417 

499 
500 
501 
502 
503 

 5UM = 5UM4WIJ(J»  
600 CONTINUE 

SUM1 » 0» 
no 610 J=MJKK,MJF.KRD 
UPSQ(J) » UP(MIL.J1»»2 
PPSQtJI * PP1MIL.J)»»2 

TTTT 
1417 
1417 
1417 
1417 
1417 

"STPT 
505 
506 
507 
508 
509 

+ UP(MIR.JI»»2 
♦ PP(MIR,JI»«2 

181 



VPSHJI    «   VP(MlLtJ)»«2   ♦   VP(MIRiJ»»»2 U17 ^»10 
UPS'JPTIJ)    ■   SORT (UP.SO( Jl I 1M7 511 

:   CAl.CULAT^    THt   ACOUSTICAL   ENERGY   DENSITY. 1*17 512 
WPUI   «   RHü( |,J)»(UPSO(Jl*vPS0(Jl 1/2. ♦   .27e6»PPSO( Jl/P                          U17 513 
SUM1«   «.I)M14   WPIJI 1*17 51* 

619   rnNUruF   1*17 515 
w«jn rrrfrrTTturrrwrrnnTT.uMiuRnn       ■   - RTTTTT 
WRITF(6»33|    (V(J)i«UP(I»J» »VPl|iJ|iNHOPIl>J).PP(I.J).HTP(I»J(il"M|1417   517 

1L.M|H)IIJPS(JRT(J)IWP(J) iJ»MJWl »MJK) 1*17   518 
WK|TF.(6.33I    (YUl «(llPi I tJ) .VP( I.J) .RHOPI I t Jl .PP( I .J) .HTP(!»Jl»I»      1*17   519 

1MIL.MIR ) .UPSQRH Jl »WPUI »J»MJKK.Mjn 1*17   520 
WRITL(6.55)   Y(MJW1 ).Y(MJKI»SUM 1*17   521 
 WR1TE(/,»SS|VIMJKI{).VIMJM»SUM1 1*17  b22 

GO   TO   (52O«700l»MP 1*17   523 
: •» ••#••••»»••••••»•§#••»••*•#•#*•••»####« ••••1417   52* 

700   CONTINUE 1*17   525 
T*27   mNTINIIF 1*17   526 

IF (KTl.EO.(LDECAY-l))   GO   TO   710 1*17   527 
 CO   TO  7?ft Ikll   52« 

710   CONTINUE 1*17   529 
TRY]   r   o 1*17   530 
DO   715   J=MJW1.MJK 1*17   531 
UPSQ(J)   =   UP(MIL»J'»^2   ♦   UP(MIR»J)«^2 J*17   532 
UPSORTU»   ■   SORT(UPSO( Jl »   1*17   533 
 TRYI   r  AMAX1IUP5ÖRT(J),TRV1 J Iftlf  9 3«- 

715   '■nNTlNUF '. 1*17   535 
SCALF   =   SCALF^TRYl 1*17   536 
WRITF(6»2e)   SCALE 1*17  537 

7?0   CONTINUE 1*17   538 
I.MIL 1*17   539 

 TrmrjPiHiL.Mjuwji n rmns- 
TEST2«U(MIL.Mje) 1*17   5*1 
IF(AöS(TfcSTll-ABS(TEST2)I    735.733.733 1*17   5*2 

733   CONTINUE 1*17   5*3 
WRITE(6.30) 1*17   5** 
GO   TO  900 1*17   5*5 

715  CONTINUE U17 546 
 •• ••»•»•••••#•••#••»»»••#•»#»•#•»••»##•••••••»••#•••#•1417  547 

IFtITER/25.EO.KIO   GO   TO  800 1*17   5*8 
IF(ITER-NIT|   *00.800.800 1*17  5*9 

800   CONTINUE 1*17   550 
GO   TO   (8*0.8*1».KSAVE 1*17   551 

6<.0  CONTINUE H17 552 
STOPF   THE   RESULTS  ON   TAPE. 1*17   553 

•CKrKK + l 1*17   55* 
RFWIND  NTAPF IU\1   555 
NL-NYP2 1*17   556 
WHITE   TAPt   NTAPE.ITER.NL.TIME.   ( ( UP(I.J).VP(I.JI.RHOP( 1 »J( .PP(I.J 11*17   557 

 IHTPil.Ji.XMUPH.Jt.TPIl.jy.DHPDTII.JI.ORPDTd.JI.DUfDTlI.JI. 1M7  558 
2nVP0T(I.J).   J»1.NYP2).|»MIL.M|R) 1417   559 

8^1   CONTINUE 1*17   560 
IFUTER-NIT)   400.860.860 1*17  561 

860   CONTINUE 1*17   562 
CALL  PLTRTN(2» 1*17   563 
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WRinifeil?)    (PTIME2(K| ) .SC(KI ) tUMAXdCI (i KI'ltlSTüP)                                       1 <t 1 7 bb* 
f.n   TO    (870.87?) .KSAVF UP ^6^ 

870   CONTINUL 1 ^H b66 
TALL   l)NLOwn(NTAPF) U17 567 
WPITt (6.12)NIAPf l<tl7 t)6a 

8^7?   CONTINUF 1417 569 
"9oö foNtlMur ""   •'  nTTTHT 

GO   TO    ( 100.999) .ICPRINT 1't 1 7   b71 
999  roNT IMIF 1<»17   572 

CALL   PLTRTNO) UP   573 
WR1TF    (IS.69) 1417   574 

>«« *»«»••»«»«»•» »«• »».••.».«»«•♦•#•«•«»••••••••»••»•#1417   575 
 B-TTTTTminftlS) Hü? 57% 

9   FORMAT(12A6) 1417   577 
10 FORMAT(8FlOtO) 1417   578 
11 FORMAT(16I5l 1417   579 
12 FORMAT(1H0//25X.36HTHE   ABOVE   CASE   IS  STORED  ON   TAPE   NO,.12» 1417   580 
13 FORMAT(4E20.6) 1417   581 
17  röRMAT(lHl,5X.AHTIME.3X,12H5CALE   FACIOR.EX.AHUMAX/11H   ,ni2.U)) 1A17  5Br 
26   FORMATdH   .14HSCALE   FACTOR   •=»E10.4) 1417   583 
29 FORMAT(1H0.15X.18HUP   RESULTANT   MAX   «.E12.4( 1417 584 
30 FORMAT(1HO///1H0.17HCASE   IS   UNSTABLE.) 1417 585 
31 FORMAT(1H0.25X.31HAFTER   Rt-INITI AL IZI NO  PKOF!LES.) 1417 586 
32 FORMATdH.10X.13HITFRATI0N   NO. . 14 . 5X »6HT |ME   =K6.4/i 3X , 3HX   «F4,0.511417 587 
 1X.3HX   =F4.n,31X,gHRPSULTANT.5X,6HPNPRGY/lH   .TICHHY ,7)< ,2HUP.8X.?HVM14 1 7 588 

2.8X,3HRHP.7X.2HPP.8X.2HHP.9X.2HUP.eX.2HVP.8X.^HRHP,7X.2HPP,8X.2HHP1417 589 
3.11X.2HUP.8X.2HWP) 1417 590 

33 FORMATdH »F 4 .1. IX . 5E 10.4 .1 X . 5E10. 4. 3X »2E10.4 ) 1417 591 
34 FORMATdHO.llHMASS FLOW «.E12.4) 1417 592 
35 FORMATdH0.20X.9HRESULTANT/(10E12.4))   1417 593 
36 FORMATdH ,FA.l,tl6.A.löy.ElÖ.i.l2X,Elrt.4.1ÖX,nft.A.18X,E10.4.3X.T"4l7 594 

1E10.4) 1417 595 
40 FORMATdH0.13HITERATlON NO. 14 »5X .6HT IME «F5.4) 1417 596 
41 FORMATdH0.35X.16HPRIMITIVE VALUES/1H ,25X,3HX =F4.0.40X.3HX .F4.01417 597 

1/1H .2X.1HY.9X.4HRHÜP.8X.3HHTP.9X.2HPP.15X.4HRHOP.8X.3HHTP.9X.2HPP1417 598 
2.8X,1HY) U17 599 

U2  FORMATdH .FA. 1.3X.3L1?.4.5X.3E1Z.A.ZX.Ft.ll IAH SUO 
43 FORMAT(flE10.5) 1417 601 
44 FORMATdH, 8HUPINTL rF4.1/lH »lOHRHOPINTL ■F4.1/1H ,9HHTPINTL «F4.1417 602 

11)                                                                                                                                                                 1417 603 
45 FORMATdH0.35X.l6HPRIMITlVE VALUES/IH ,25X,3HX «F4,0.40X. 3HX .F4.01417 604 

1/1H   »2X.1HY.9X.2HUP.10X.2HVP.10X,2HPP.15X»2HUP.10X,2HVP.10X»2HPP»81417 605 
 2X,1HY» 141/   bUb 

46 FORMATdHO//35X.15HAVERAGED VALUES/IH .25X.3HX »F4.0»50X.3HX «F4,01417 607 
1/1H .2XflhY»5X.2HUP.8X.2HVP.8X.4HRHOP,6X.3HHTP»7X.2HPP,10X,2HUP.eX1417 608 
2.2HVP,8X,AHRH0P.6X.3HHTP.7X,2MPP.7X.1HY) 1417  609 

47 FORMATdH   ,F4. 1.5E10.4.2X .5E 10.4 .F4. 11 1417  610 
48 FORMATdH0.10X.13HlTERAT10N   NO, I 3 »5X .6HT IME   =F6,4/1 3X . 3HX   »F4,0.341417   611 
 IX.3HX   »FA.0.3bX.9HHL5ULTANI .5X .bHENER^T/1H   ^X ♦ 1HT ,/X ./HUP .BX» ZtWI   bit 

2 3HUPA,7X.2HVP.8X,3HVPA.9X.2HUP.8X.3HÜPA.7X,2HVP.ÖX.3HVPA. 1417   613 
3 13r,.2HUP.12X.2HWP) 1417  614 

49 FORMATdH   »F4. 1.4E10.4.2X.4E 10.4.8X .El 0.4 »3X .E10.4 ! 1417   615 
50 FORMATdH1.49X.31HBOUNDAKY LAYER TRANSITION STUDY/////1H0.47HINIT11417 616 

1AL   STEADY-STATE   FIELD  CONSTANTS   AND   INPUTS,19H   AT   THE   FREE   STREAM/1417   617 
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b7   FORMATdH   .10HDENSITY      «E10..'/1H   »l^HHF. YNOLDS   NO.      «E10»3/1H   (14HT1417 619 
lEMPERATDHt      »FO.l/lH   .HHPRfSSURE      »EJO.I/IH   . 1 2HV I SCOS I T Y     »ElO.31417 620 
7/1H   .HHWAVFLfNCTH      =E7.?/iH   ,8HA|.PHA      «FIOd/IH   .SHPX      «F6.1/1H   .1*17 621 
■?5HDY     r   M.I/IH   ,^HOT      «F'O.Z/IH   tnHPRANOlL   NO.   «F4.2////( 1417 622 

53   FOHMAT(lltO////l^:x.l2A6) I 1417 623 
" ^5 TÜRMATTirr 7?TrrTMr"rn^.8'6X.T3HTTrRATTOfr-Nü.T5/IH   ,1ÖXT3HY  r; U17 6Zft 

IF'i,?,! II 10.2) 1*17 625 
55 FOWMAH ,H0.15X.18HSUM   OF   WP   FROM   Y    «.F4.0»7H   10   Y   » .F4,0.3XtE10.4)1417 626 
56 FORMAT    (lHni3HX   ». 12F10.2I 1*17 627 
57 FORMAT(1H0»45X»21HSIEADY   STATE  PROFILFS/lHOt25X . 3HX   »F4,1.4ex.3HX   1417 628 

1»F4.1    1H   .lX.|HY»5X.lHU»9X.2HHT,10X.lHT.8X,3HRHO.BX.3HXMUtl?X.lHUil417 629 
 ?^t?H^Tt 10». lMTiBHt3MRH0.gr; 1HTWU«5XiIHV} 14! 7 610 

58 FORMATUH   .F4.I11X.5F10.4.8Xi5F10.4.F5.1 I 1417 631 
59 FORMAT(I5.F10.5/(6E12.4I » 1417 632 
60 FORMAT(lH0.2F4.0t9E10.4/niE10.4n 1417 633 
61 FüRMAT(lH0.25X.22HSTtAOY   STATE   T   PROFILE/dH   ,10E112.4I)                            1417 634 
6?   FORMAT(1H0.25X.24HSTEADY   STATE  RHO  PROFILt/dH   .10E12.4I)                       1417 635 

 KTpnuMAT HH .rn.ftrn.n i4i; hih 
64 FÜRMAT(1H0.25X.24HSTEAÜY STATE XMU PRCFILt/dH .lnE12.4l» 1417 637 
6t> FOPMAT(lH0///lH0.13HlTfcRATION NO. I 4 , 5X »6HT I ME «F5.*l 1417 638 
67 FOPMAT(1H0.15X.78HSOUARE ROOT OF THE SUM OF THE SQUARES OF THE AVEI417 639 

IRAGFD VELOCITIES AT EACH LAYER//1H ,7X.3HY «.10F10.4/1H .9X.2HUP) 1417 640 
6fl FORMATMH iE 10.4 .8X . I? . 10X »E I0.4| 1IX IE 10.4 , 1 3X . E 1 0«4 I 1417 641 

 6?-PftBMAT (IHl.ggHllfl? PBINTOUT COHPLrTn 1*17 642 
70 F0RMAT(lH0.28HResULTANT AND ENERGY DENSITY/1H ,2X . 1HY,8X.3HUPA.7X.1417 643 
fWWP) 1417 644 

lb   FORMATdHl ( 1417 645 
78 FORMATdH .F4. I ,2X .2E 1 0.4 ) 1417 646 
>9 F0RMATdX///lH0.40HTOTAL TIME ELAPSED FOR ALL ITERATIONS » »2A6»  1417 647 

■~   IW) 1AI7 6*8 
- XOT CUR 1417 649 

TRW F 1417 650 
OUT F 1417 651 
TEF F 1417 bbt 
TP| F 1417 653 

^~5mT-iTr5nra i4i7 654 
SUBSONIC   CASE   RX-1.       INPUT    TP.4062.    (R-17). 
RFYN.   NO.    16»000.      MACH   .4 
DFCAY   fVERY   25. 

2 56   2000        75          2           3        21       50          1           1        25        20       21           1           1           2 
~."W1 97TÖ TTTi Timi T7Ö J7 VWr* H  
.00 53.11             105.9             157.5             206.7             251.9            291.6             324.6 
350.4 369.3             382.2              390.3             395.1             397.7             399.0             399.6 
399.8 399.9             400.0             400.0            400.0 
.2498 E+07   .25     E+07   .2504E*07   .2511E+07   .2520E+07.2530   E+07   .2541E+07   .2551E+07 
.256 E*07   .2567E*07   .2572t4-07   .2575E+07   .2577E*07   .2578E + 07   .2578E+07   .2578E*07 

"".25T8E + 0t  .J^TÖf+Ö?   .J578t*Ö7   ,157FEVÖ7   .2578E+Ö7  

000677 
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13   Abstract   (continued) 

and consistent with the" results of previous Investigations.   Mntural 
transition data for the sharp flat plate at angles of attack up to 15 
degrees agree with previous results for zero angle of attack when com- 
pared on the basis of local flow properties.    Transition Reynolds num- 
bers on the sharp flat plate were found to increase as the O.k power of 
the unit Reynolds number, but the effect on the sharp delta wing center- 
line data was much «mailer.   Tte Independence of this effect of angle of 
attack, and the dependence 00 the model geometry suggest that the unit 
Reynolds number trend is not produced by model or wind tunnel disturbances, 
but is an authentic fluid mechanical effect that will occur in free flight 
as well.   Hovever, no explanation of the unit Reynolds number effect was 
found in the analytic studies. 

When corrected to a conmon unit Reynolds number, the transition Reynolds 
number was found to Increase exponentially with Msch number, for Nach num- 
bers from k to 10. 

Attempts were made to trip the boundary layer by mass injection to verify 
the analytic prediction that the boundary layer could not be tripped below 
a certain critical Reynolds number.   These attempts were successful to the 
extent that tripping did not occur below, nor even near the calculated crit- 
ical Reynolds numbers.   However, other tripping techniques should be inves- 
tigated before any conclusions are formed. 
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