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ABSTRACT

An analytical and experimental investigation has been made of boundary layer
transition at angle of attack in hypersonic flow. A new method of calculating
laminar flow stability has been developed that is more general than previous
methods. The inethod employs the timewise integration of perturbation equa-
tions derived from the complete Navier-Stokes equations for two-dimensional
flow of a compressibie fluid with variable transport properties. The present
calculations are for perturbations about a known steady flow. The perturbations
are assumed to be sinusoidal in the streamwise direction, but no restriction is
known that would prevent the streamwise wave form from being arbitrary, as
are the vertical distributions and the time variations. The sinusoidal wave assump-
tion greatly reduces the amount of computer time required and simplifies the in-
terpretation of the results. Nonlinear terms are easily retained with the present
method, but nonlinear calculations are not physically correct when perturbations
are required to be sinusoidal. For this reason nonlinear terms were deleted for
all calculations presented.

The experimental program was couducted in Arnold Center tunnels B and C at
Mach numbers of 6, 8, and 10. The models included blunt and sharp flat plates
and a 75-degree delta wing with sharp leading edges. The results are somewhat
questionable due to probe interferences and leakages that are now known to have
occurred during the tests. However, the results are self-consistent and consist-
ent with the results of previous investigations. Natural transition data ior the
sharp flat plate at angles of attack up to 15 degrees agree with previous results
for zero angle of attack when compared on the basis of local flow properties.
Transition Reynolds numbers on the sharp flat plate were found to increase as

the 0.4 power of the unit Reynolds number, but the effect on the sharp delta wing
centerline data was much smaller. The independence of this effect of angle of
attack, and the dependence on the model geometry suggest that the unit Reynolds
number trend is not produced by model or wind tunnel disturbances, but is an
authentic fluid mechanical effect that will occur in free flight as well. No explana-
tion of the unit Reynolds number effect was found in the analytic studies, however,

When corrected to a common unit Reynolds number, the transition Reynolds num -
ber was found to increase exponentially with Mach number, for Mach numbers
from 4 to 10.

Attempts were made to trip the boundary layer by mass injection to verify the
analytic prediction that below a certain critical Reynolds number, the boundary
layer could not be tripped. These attempts were successful to the extent that
tripping did not occur below, nor even near the calculated critical Reynolds num -
bers., However, other tripping techniques should be investigated before any
conclusions are formed.
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INTRODUCTION

It has long been recognized that fluid flows can exist in at least two distinct
states. The first state is characterized by smooth, well-behaved streamlines
with an absence of mixing; the term '"laminar' derived from the latin word for
layers is used to describe this type of flow. The second state is known as turbu-
lent flow and is characterized by apparently random fluctuations of velocity,

both in magnitude and direction. Although the fluctuations are generally much
smaller than the average velocity of the flow, they lead to important changes in
overall flow properties. For example, the amount of power required to transport
fluid through a given pipe at a given rate may be an order of magnitude greater

if the flow becomes turbulent than would be required if laminar flow could be re-
tained. Experimentally, it is found that turbulent flow, if it exists at all, occurs
downstream of the laminar region, which is now believed to always exist at the
most upstream point in the flow field. The process wherein the laminar flow
becomes turbulent is known as flow transition and has been observed in pipes,
free jets, wakes, and boundary layers.

Boundary layer transition has taken on increased importance with the advent

of hypersonic flight. As at lower speeds, transition can have a significant
detrimental effect on flight performance by increasing friction drag. However,

even more important are the large increases in aerodynamic heating rates that

can occur as a result of boundary layer transition at hypersonic speeds. Assoc-
iated with the increased heating are more severe requirements on materials, which
often increase weights. It may be found that turbulent heating rates exceed values
that can be tolerated by any known materials regardless of their weight, thus -neces-
sitating configuration compromises as well as weight penalties.

EARLY INVESTIGATIONS

.

/7
Although the phenomena of flow transition and turbulence have undoubtedly been
observed since earliest times, the first paper reporting a systematic investigation

‘was apparently published by Osbourne Reynolds in 1883 (Ref. 1). Reynolds noted

that traces of dye introduced into a low-velocity stream formed a well defined
and continuous filament throughout the entire length of a pipe. However, when
the velocity of the flow or the diameter of the pipe was increased, the filament
persisted only for a short distance and thereafter became diffused across the
entire pipe. This behavior indicated that the flow was not always parallel to the
wall, but contained transverse velocity components as well. By examination of
the flow-conservationjequations, Reynolds identified the dimensionless grouping
(puD/p) as being the critical parameter governing the onset of the diffusive type
of flow, which we know today as turbulent flow. In honor of Reynolds' pioneer-
ing work, that dimensionless grouping has now become known as the Reynolds
number.

A POtk




N I e s s 5

Further investigation by Reynolds revealed that, while the Reynolds number
was important in determining the type of flow, it was not the only factor.

He found that, if the reserveir for his flow system were allowed to settle for
long periods of time prior to the experiment, the length of laminar run was
Increased. He also found that the length of laminar flow could be further
increased by carefully shaping the inlet to the pipe. As a result of these
observations, Reynolds was led to surmise that, perhaps in the total absence
of disturbing influences, laminar flow could be maintained infinitely far, but
that the flow was unstable above a certain critical value of the Reynolds
number. Above that critical value, small disturbances—once initiated —
would derive energy from the main stream of the flow and increase.

Experimentally, it has since been found that, in pipe flows, the turbulent
state cannot be produced below a Reynolds number of about 2000, whereas
if every effort is made to avoid initial disturbances, laminar flow can be
maintained to Reynclds numbers at least on the order of 100,000. There
is every reason to believe that laminar flow can be maintained to even high-
er Reynolds numbers if more careful experimental techniques are used.
These observations, together with the results obtained from flow stability -
theory, substantiate virtually beyond a doubt the correctness of Reynolds'
original suggestion, although it was many years before convincing proof
could be aemonstrated.

It may be seen from the above discussion that experimental observations of
transitional and turbulent flows are by no means new. Theoretical investi-
gations also have a long history, but to date only modest success has been
achieved. It is still not possible to calculate turbulent flow properties
without incorporating empirical constants, and even then the calculations
must neglect many effects known to exist.

The process of transition itself is little better understood. However,
considerable progress has been made in analyzing initial phases of the
breakdown of laminar flow, a phenomenon that is more easily treated.

As long as the analysis is confined to small deviations from a basic lami-
nar flow the governing differential equations are linear, and while their
solution is not easy it is at least possible. In obtaining these solutions
the disturbances are assumed to be sinusoidal traveling waves that may
be either amplified or damped as a function of time. If the disturbances
are found to be amplified, the flow s said to be unstable.

The results of the stability theory, first obtained by Tollmien in 1929 (Ref. 2),
were surprising because they indicated that boundary layer flow is un-
stable with respect to a given wavelength of disturbance only in a narrow
range of Reynolds numbers. It had been expected that all disturbance

would be damped at very low Reynolds numbers; the theory indicated that
damping would occur at high Reynolds numbers as well.




Of course many attempts were made to verify the analytic predictions of Tollmien,
but it was not until 1943 that Schubauer and Scramstad (Ref. 3) were able to obtain
experimental verification, and then only after a new low-turbulence wind tunnel was
specially constructed for that specific purpose. The results obtained by Schubauer
and Scramstad brilliantly confirmed the theoretical predictions, not only as to

the existence of a lower critical Reynolds number, but also as to many of the
details of the flow. The experiments showed that, for each specific wavelength,
there existed only a small range of Reynolds numbers within which the disturb-
ances would be amplified, confirming the theoretical predictions. The experi-
mental minimum and maximum critical Reynolds numbers agreed well with the
predicted values.

The theory also indicates that the disturbance must have a particular distribution
through the boundary layer. The Schubauer and Scramstad experiments showed
that, when a periodic disturbance was introduced near the wall by use of a vibrat-
ing ribbon, a disturbance profile of the type predicted by the theory did in fact
occur,

LATER INVESTIGATIONS

Experimental and theoretical studies have progressed more recently into super-
sonic and hypersonic flows. As might be expected, both the experiments and
the analyses have become more difficuit. The stanility theory has progresseu
along the lines of the incompressible theory, but in high-speed flows it is neces-
sary to simultaneously solve four differential equations rather than the single
equation that describes incompressible flow. A more detailed discussion of
stability theory will be given in the next section.

Experimental investigations have been carried out at supersonic speeds by Lew
(Ref. 4), Moeckel (Ref. 5), Brinich (Refs. 6 through 10), Rogers (Ref. 11), and
many others. Hypersonic investigations have been made by James (Ref. 12),
Potter and Whitfield (Ref. 13 and 14), Deem, Erickson, and Murphy (Ref. 15),
Korkegi (Ref. 16), and others. Of these, the data by James are particularly
interesting because they are taken on small free-flying models rather than on
wind-tunnel models, unlike most of the available data.

Although these data have established some general trends, there are also some
questions raised that have not been answered. For example, one of the most
consistent trends observed in the experimental results is an increase in trans-
ition Reynolds number with unit Reynolds number. The unit Reynolds number
effect is particularly interesting becausc it involves a dimensional quantity, and
as such no effect is to be expected. Rather, it would seem that the unit Reynolds
number should be nondimensionalized by multiplication by some appropriate
length factor, but there seems to be no suitable characteristic length not already
reflected in some other test parameter. There is, however, little doubt that the
unit Reynolds number effect does exist because it appears in the data from many
sources.
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PRESENT INVESTIGA TION

The present investigation had two objectives:

1) Develop a new method of calculating flow stability based on the time integra-
tion of the Navier-Stokes equations.

2) Obtain additional experimental data that could be compared with the results
of the analytic method.

The ultimately desired analytic result is a rational method of predicting transi-
tion in flight. It is to be expected that such a rational method would necessarily
include the initial phase of transition, the amplification of small disturbances.
However, the existing stability theory is a linearized theory and its limitation

to small disturbances is fundamental to its development. Therefore, it does not
seem suitable for extenrions that encompass the nonlinear effects characteriz-
ing actual transition. Hunce, the development of a rational analytic method for
predicting transition would begin with the development of a less restricted stabil -
ity theory.

The time integration method described in this report represents a considerable
departure from the classical method, as may be seen from the description in the
following sections. It was anticipated that considerable difficulty would be en-
countered in its developmeat but that the new method, once developed, would be
much more general than previous methods. In particular, the new method should
encompass all speed ranges and inclulie all terms in the equations for all parts
of the flow field. * The time integration method should be applicable to arbitrary
disturbances, which would allow cal:ulating the behavior of the disturbances
actually expected, rather than being restricted to the specific forms given by the
stability theory. The new niethod would not be a priori reetricted to small dis-
turbances to allow linearization of the equations, so it would have the potential of
calculating the nonlinear effects that occur in the transition region, although it
was not expected that the method could be developed so far in the present study.

From the above discussion, it is seen that the analysis is more concerned with
whether transition can occur than with whether it will occur. According to all
previous theory, laminar flow can exist infinitely far if all disturbances can be
eliminated. While complete elimination of all disturbances is of course not
possible, the theory also indicates that the length of laminar flow can be in-
creased without limit as the size of disturbances is reduced.

* The stability theory has often been applied in 4 reduced form, retaining only
the most important terms in various subdivisions of the flow field. Also, many
low-speed calculations neglect temperature and viscosity perturbations, sc that
the same equations could not be applied in hypersonic flow.
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Of course, the designer is also more concerned with whether transition can
occur rather than whether it will always occur. Even if the probability of trans-
ition is low, conservative design practice requires that it be taken into account
in the design.

Unfortunately, in the existing spontaneous (natural) transition data the nature of
the initial disturbance is usually not known. Thus there is no way to relate the
occurrence of transition to amplification, and the theoretical results cannot be
checked against such data. In the present study, therefore, the boundary layer

was artifically tripped by mass injection to introduce a known initial disturbance.

Mass injection was selected after an examination of several possible tripping
‘methods because of its reported effectiveness and because the strength of the
tripping disturbance (injection rate) could be varied without interrupting the test.

Artificial tripping has an added advantage in providing an empirical lower limit
on transition, even in the absence of any analytic results.

As described in the following sections, the objectives of the analytic program
were met, although the development was much more difficult thar originally ex-
pected. The results presented are preliminary, but it is helieved that the feas-
ibility of the method has been demonstrated.

The experimental program was less successful, and most of the results are now
known to be affected by probe interferences and leakages. However, the lccation
of transition by the pitot probe techniques that were used depends on qualitative
trends rather than absolute values, somewhat minimizing the effects of the pitot
system deficiencies. The data obtained are self-consistent and agree with pre-
vious results where comparable data are available. The data obtained extend
previous natural transition results to include angle of attack and delta wing plan-
form effects, as well as the effects of mass injection.
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ANALYTIC PROGRAM

INTRODUCTION

This introductory section gives a brief survey of the background for the present
analytic study.

CLASSICAL METHOD

The classical theory of the stability of incompressible fluid flows is based on the
complete Navier-Stokes equations including unsteady terms. These equations are
more complete than those of boundary layer theory wherein many terms are
neglected, particularly those concerned with momentum in the direction normal
to the surface. The Navier-Stokes equations are then rewritten into a set of equa-
tions describing a steady flow with unsteady perturbations. No approximation is
necessarily involved in the rewritten equations because every flow can be con-
sidered to be the sum of a steady-state flow plus an unsteady perturbation flow.
However, at this point several approximations are incorporated into the classical
stability theory. First, it is assumed that the laminar flow being analyzed satis-
fies all of the steady flow terms, and all terms involving only the steady flow are
deleted. Then the remaining equations for the unsteady perturbations (which may
involve some of the steady flow quantities, however) are linearized by neglecting
all products of the small perturbations. Then it is assumed that there exists a
solution of & particular form, namely:

QUx,'y, ©) = f(y) el(@*-BY) (2-1)

Equation 2-1 is a general form in which Q represents any perturbation quantity.
The function f depends on y only for any given perturbation quantity, but is not
necessarily the same for all perturbations. When this equation is incorporated

into the perturbation equations, the following equation is obtained:

- iV
@-c) (0 -a’e) Q" @ = - blz—ﬁ @V - 202 ¢ + aty) (2-2)

In Equation 2-2, known as the Orr-Sommerfeld equation after the physicists who
derived it early this century, ¢ expresses the variation with respect to y of a
perturbation stream function of the form of Equation 2-1 and so is related to f(y) in
that equation. The primes (') denote y derivatives.

Equation 2-2 is exact only for parallel flows wherein the steady-state vertical
velocity is everywhere zero. Also neglected in its derivation are all streamwise
derivatives of the steady flow. For boundary layer flow, neither the vertical
velocity nor the streamwise derivatives are exactly zero. However, both are

6
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1

small if the Reynolds number is large, and Equation 2-1 is the basis of all of
classical boundary layer stability calculations. Because of the smallness of the
vertical velocity component, it is common in papers on flow stability to describe
boundary layer flow as '"nearly parallel." The effect of the steady state-vertical
velocity has been examined by several authors with the conclusion that Equation
2-2 is adequate for boundary layer flow, provided

@R)/3 > 1 (2-3)

Although the Equation 2-2 was obtained early this century by Orr and Sommer-
feld, no solution was found until 1929, by Tollmien as already stated. His
solution was not an exact solution of Equation 2-2, however. By careful exam-
ination of the individual terms in Equation 2-2, Tollmier was able to show that
it was not necessary to solve the complete equation over the entire flow field.
Accordingly, Tollmien then solved reduced equations involving only the most
important terms cver each of several different regions of the flow field. The
complete solution was then formed by patching the resulting solutions together.
Tollmien's solution is well described in the book, "Boundary Layer Theory,"
by Schlichting (Ref. 17).

Two comparatively recent analytic calculations are worthy of special note. In
1956 J. T. Stuart published a second-order stability calculation (Ref. 18) that
includes the effect of the perturbations on the steady flow. The perturbations
themselves were calculated by the linear theory. Stuart's calculations showed
that the minimum critical Reynolds number decreases with the amplitude of the
disturbance. As a part of his study, Stuart derived an equation for the mean
distortion of the laminar flow by the unsteady perturbations. His expression
allows calculation of the minimum critical Reynolds number by an aigebraic
operation on the integral of the disturbances over the boundary layer. Stuart's .
expression could be very useful in conjunction with the present method, but
requires extensions that have not yet been made.

Another noteworthy development is presentea in a paper by Keller and DeSanto
(Ref. 19). Their method, very similar to the present method, is discussed later.

EXTENSION TO COMPRESSIBLE FLOW

Extension of the classical method to compressible flows has also been the subject
of many years investigation. and has been even more difficult. The compressible
perturbation equations cannot be reduced to a single ordinary differential equation
as in the incompressible case; rather there exists a coupled system of four
equations that must be solved simultaneously. Since the dependent variable in
those equations is complex (as it is in the Orr-Sommerfeld equation¥), it is

*Note that, because of the assumed form of ¢ in Equation 2-1, ¢ is now a complex
variable. Equation 2-2 may be regarded as two simultaneous equations for the
real and imaginary parts of ¢.
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seen thst this is actually equivalert tc a system of eight equations. Nevertheless,
numerous solutions to these equations have been obtained over the past twenty

years (e.g., Reference 20). The majority of these calculations continued on some-
what along the lines originally followed by Tollmien. That is, different approx-
imations were applied in different regions of the boundary layer (thereby solving
only partial sets of equations) and the resulting solutions were patched together.

The authors of these papers have given some discussion of the approximations
involved and, in some cases, the apgroximations were found to be invalid. See

the discussion in Reference 20.

The past 20 vears have also seen the growth of a new and powerful tooi, the auto-
matic calculator. Development of these machines has made possible the direct
integration of the linearized equations by numerical techniques, avoiding the
approximate patching techniques by previous authors. A set of such calculations
was done by Bryan Brown (Ref. 21) using the equations of Dunn and Lin (Ref. 22)
in 1962. Also, Leslie Mack of JPL has made similar studies and published
several reports beginning in about 1960 (Refs. 23, 24, and 25).

PRESENT METHOD

In the beginning of the present studies, the authors judged that the capability of
the automatic calculator has advanced to the point that one should consider direct
integration of the unsteady viscous flow conservation equations, In this approach
the unsteady flow equations would be used to calculate the history of an initial
disturbance in a laminar flow. It should be clear from the calculated history if
the disturbance is growing or decaying. This approach would have several impor-
tant advantages over the linearized theory. The most important of these, in the
view of the authors, is that the method is not a priori limited to small pertur-
bations. Thus, the possibility exists that one could begin to study the actual
transition processes to a much greater extent than is possible within the frame-
work of the classical method.

A second imporiant advantage of the present approach is the generality of

the method. A single system of equations can be applied to any of the flow cases
one wishes to consider. Thus, no specialized techniques are devised for
obtaining solutions for certain specific cases. A third advantage of the present
approach (important in the minds of the authors at least) is that complex variable
mathematics is avoided, and all calculations are carried out in the physical plane.
Thus, one need not lose sight of the physical mechanisms; it has been found that
the physical ideas have given a great deal of insight into the required mathematical
developments.

Since the approximations of the linear theory were all introduced with a view to
simplifying the calculations, it is to te expected that the present method would

be much more difficult. However, many of the simplifications introduced are not
particularly useful i . a purely numzrical approach, such as that used on a com-
puter. Also, while the linear theory involves fourth derivatives, the present
method involves no derivative higher than the second thus simplifying the
calculation, 8
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Finally, it may be shown that by restricting the calculation to a discrete wave -
length (but still leaving the time variations and disturbance profile arbitrary),

it is only necessary to calculate the flow at two x locations, greatly reducing the
amount of computation required.

The method was original with the present authors; however, a paper by DeSanto
and Keller (Ref. 19) has come to our attention that presents calculations of the
behavior of perturbations in an incompressible boundary layer. There are many
similarities between the DeSanto-Keller approach and that of the present report.
The present calculations are more complex because they consider compressible
hypersonic flows in which all fluid properties are variables, whereas DeSanto
and Keller's calculations involve an ideal incompressible fluid with constant
viscosity. Thus, the present calculations involve the integration of four equations
with many terms, while those of Reference 19 involve the integration of only two
equations, each with fewer terms. However, DeSanto and Keller were able to
treat the actual flow problem with more generality, and treat more elegantly the
mathematical problems involved.

In the following sections we describe the development of the new analytic method
as it has progressed so far. The authors feel that the feasibility of the method
has been demonstrated and a number of calculations are presented. The results
are somewhat more explicit than had originally been expected, when it was merely
hoped that some qualitative feel for stability would be obtained. The calculations
were expected to be more like numerical experiments than specific solutions of
stability equations. However, the calculations have also provided wave forms,
phase angles, wave speeds, and other details of the disturbances.

The authors have been unable to carry the calculations as far as desired in the
time available, and many obvious and important improvements have not been
incorporated. For the present application, one of the most important of these
improvements would have been the application of a second-order energy method,
which would have allowed the determination of the most critical wave length and
the minimum critical Reynolds number without the parametric search technique
presently necessary. Such a method could be developed along the lines of Stuart's
method (Ref. 18), which has already been mentioned.

ANALYTIC FORMULATION

The equations used in the present analysis are obtained from the well -known
Navier -Stokes system by decomposing each flow parameter into two terms as
follows:

Steady Time
g;);lvplete = [State + 1Dependent
[Flow . |Perturbations (2-4)
Q=3 + @

where Q represents any flow variable (P, u, etc.).

9
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The steady-state terms are assumed to identically satisfy the steady flow equa-
tions, and hence represent the laminar steady flow. The equations so obtained
for two-dimensional flow are given in Table I.

It should be noted that decomposing the flow parameters simply leads to an
alternate formulation of the complete flow equations, and does not necessarily
introduce any approximations. Although the perturbation equations contain many
more terms than the original Navier-Stokes system, it is expected that the ac-
curacy of the corresponding numerical system will be improved, particularly in
regions where the perturbations are small compared to the steady flow values.
In the present report, however, only linearized results are presented; i.e., all
products of perturbations have been neglected.

NUMERICAL FORMULATION, STABILITY, AND CONVERGENCE

This section describes the formulation of a set of finite difference equations from
the preceding differential equations. Although there are many ways in which this
can be done that are equivalent (in the sense that all will reduce to the original
differential equations in the limit for very small increments), it was found that
some formulations are much better than others. It was found that the "intuitive"
numerical equivalent of the differential equations is in fact unconditionally unstable
(that is, subject to error that increases witnout bound for any finite time incre-
ment At). It was also found that if central differences are used for the spatial
derivatives, the numerical form of the differential equations alzo exhibits a
behavior like that of an array of coupled spring-mass systems in addition to the
fluid dynamics, and that a means of eliminating this second solution must be
employed. For similar reasons, it is common to speak of the "finite difference
analog" to a set of differential equations, rather than the 'finite difference
form' of the equations.

The two major topics discussed in this section are spatial derivatives and time
integration. The conclusions are of a general nature and are believed to be
applicable in any flow field calculations by the present method. The boundary
conditions that characterize the specific problem at hand, laminar flow stability,
are discussed in the following section.

SPATIAL DERIVATIVES

The first step in formulating the finite difference analog to the equations of
Table I is to replace the spatial derivatives by numerical forms. In the present
method the flow field is represented by an x-y plane, with x and y divided into
uniform increments Ax and Ay. All calculations are carried out at the mesh

points for which
X = maAx
y = ndy
with m and n being integers; Ax and Ay are not necessarily equal.

10
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Since the flow properties are known only at discrete points, it is necessary to
approximate the flow field properties by functions that can be differentiated to ob-
tain the required spatial derivatives. There exist infinitely many approximating
functions that could be used that would all yield exact results in the limit as Ax and
Ay approach zero. Since Ax and Ay must remain finite in any actual calculation,
it is necessary to find that method that yields the best results for finite spatial
increments.

The most obvious and most commonly used approximating functions are poly-
nomials, and polynomials were used in all of the present studies. A polynomial
of degree n is uniquely determined by n + 1 conditions, which may be conditions
on either the values or the derivatives of the polynomials. In numerical flow
studies, the commonly applied conditions are that the polynomials agree with
the values of the flow field properties at the surrounding mesh points. For
example, a second-degree polynomial is uniquely determined by the conditions

P -Ax)=u(x -4x
P (x) = u(x) (2-5)
P(x+ AX) =u(x + Ax)

where P is the approximating polynomial. The derivative of P at x is given by

P\ P(x+ Ax) -P(x -A8x) u (2-6
x 24Ax T X )
The corresponding second-derivative expression is
QZP Pix + Bx) - 2P(x) + P(x - Ax) azu
- (Ax)? - 2 2-7)

X X
Equations 2-6 and 2-7 are known as three-point central -difference forms and
were used for all of the results shown in this report.

Several alternative methods were also investigated. Higher-order central dif-
ferences lead to equations of the form
. [u(x + AX) - ux - Ax)] +
X 1
(2-8)

cz[U(x + 2AX) - u(x -2Ax)]+ 03[ ]+

where c1, cg, etc., are constants. The higher-order central-difference formulas
were not found to lead to any significant improvements over Equations 2-6 and 2-7
that would compensate for the required additional calculations. Uncentered differ-
ence formulas of the form

14
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3&= cl[u(x)] + Cy [u(x + Ax)] + Cg [u(x + 2Ax)] e (2-9)

X
were also investigated. It will be noted that, in Equation 2-9 the derivative at a
point x, depends entirely on values for x greater than x, and not at all on values
for x less than x . It was found that use of this equation and similar forms intro-
duced systematic errors that appeared as long-term trends. When the form of
Equation 2-9 was reversed,

B oy fu] + e fute - 8]+ og[us - 280] <o o0

an opposite trend was produced. It was therefore clear that uncentered differ-
ences were not giving correct results and their use was discontinued.

TIME INTEGRATION

In the present method, four basic perturbation quantities are obtained by inte-
gration with respect to time, i.e.:

t 1
u'(t) = f (:%) at + u', (2-11)
[o]

with similar expressions for p', v',and H'. As with the approximation of spatial
derivations with numerical forms, there are numerous numerical schemes for
evaluating the time integrals. The following substitution is exact

n=t/At

t
) (2-12)
f(at)dt_ > Au'p bt
0 =0

provided the increments Au['.l are evaluated correctly. This can be accomplished
by a Taylor expansion: : '

2 azu'
a2

] p—
%Eu—+At + e

Au), = u' At + At) - u'(nAt) = At

Since the flow conservation equations (Table I) provide only the first derivative
with respect to time, we first consider the approximation:

Au\ = At :—“l (2-13)

Although the error introduced can be made arbitrarily small by reducing At, two
practical considerations tend to establish a lower limit. First, the number of
calculations required for any given problem will be inversely proportional to At;
second, as At becomes very small, Au'does also, and the effect of roundoff errors °
is relatively greater. It is therefore necessary to examine the errors introduced
by Equation 2-13. It is found that if At is small, the error introduced by the use
of Equation 2-12 is approximately linear in At, but that above a certain critical
value the error grows exponentially. Before considering accuracy as such, we
must first determine conditions for the onset of the exponential behavior, whick
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is known as numerical instability. Following the discussion of instability, we will
return to the subject of accuracy, and present a numerical scheme that yields a
great improvement over Equation 2-13 without any additional calculation.

Simple Instability

As noted above, if At exceeds a certain critical value, the solution obtained
numerically is not even an approximation to the true solution, but rather oscillates
in an erratic manner with ever -growing amplitudes. When the latter phenomenon
occurs, the solution is said to be numerically unstable. However, this is not

the only form of numerical instability that can occur, and so we have adopted the
term ''simple instability'" to refer to the oscillatory exponential growth of small
errors. -

Because the concept of numerical stability is so basic in the work that follows,

. we will give a simple example showing a stable and unstable solution of an ordi-

nary differential equation for which an analytic solution is known. Consider the
following equation:

y+y=0 (2-14)
where ¥ = dy/dt. The solution to Equation 2-14 with y(0) = 1 is
y=et (2-15)

For Equation 2-14, the equivalent of Equation 2-13 is:

= -yAt (2-16)

Using Equations 2-12 and 2-16, we can obtain the following recursive formula*
for y:

y*+1 - a1 - Ay (2-17)
It is easily seen that for y (0) = 1,
y' =@ - Ayt
= en[ln(l-At)] (2—18)
By series expansion 0 o
In(1 - At) = -At + —A—zt— _451;_ +oeen (2-19)

* We use here the convenient notation commonly used in papers on numerical
analysis: y" e y(nAt). When appearing in a solution to a difference equation n is
usually an exponent, however. It should be clear to the reader whether an expon-
ent or a time level is intended.

16

o IR Y =R




PN L TR

so that

o2 3
n -n(At-é,"—+A—t'-...)
y =e 2

3 2-29)

Since t(n) = n At, the numerically obtained solution will be

yet) = (e't) (eJ't at/ 2) (e'tAtZ/ 3) . 2-21)

or, for small values of At

y=eta+t At/ @-22)

It is seen that the numerical solution approaches the correct limit for small values
at At. However, for At > 1, the logarithm of 1 - At) is complex, and the
numerical solution hecomes oscillatory. Returning to iiquation 2-17, it is seen
that y will be negative for all odd values of n, and positive for the even values.
For At > 2, the absolute values of y will increase exponentially, as

] = |- af? @-23)

Thus, the numerical solution will diverge in an oscillatory manner, unlike the
true solution, which monotonically decreases with time.

It will of course be much more difficult to determine the stability conditions on

At for the finite difference analogs to the equations of Table I. An analytical solu-
tion to those equations (comparable to Equation 2-18) would be equivalent to a
general solution of the differential equations. Since no such general solution has
been exhibited, it is unlikely that one will be found in numerical instability studies.

However, it has been possible to establish some ot the conditions for numerical
stability by considering greatly simplified forms of the perturbation equations.

The stability conditions imposed by specific terms in each equation can be cis-
covered in this way, but of course, any conditions arising from interactions of
terms will not appear. However, subsequent experience indicates that the limits
obtained from the reduccd equations are good approximations to the stability limits
of the complete equations.

As an example of the manner in which stability limits were cdetermined, a condition
imposed by the momentum and continuity equations will be derived.

Examining the x-momentum equation, it wili be seen that the acceleration is a
function of the velocity components, pressure gradients, and shear forces. By
deleting all terms except that for the pressure gradient, the x-momentum equation
becomes (with the aid of the equation of state):

17
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u_ _10F
ot p ax
\
pox T & / (2-24a)

In order to avoid involving the energy equation, the temperature term can be either
approximated by isentropic relationships, or neglected entirely. The approxi-
mations lead to either

o _ o P
ot =~ RT ox (2-24b)
QWS P

or ot~ YRT oy @2-24c)

Either of the above equations may be used for the numerical stability calculation;
the presence of the multiplier v does not affect the mathematical ideas involved.
It will be retained, however, because the final result is more easily related to
physical phenomena.

To determine the density, the continuity equation is used, considering only x-
direction derivatives:

o __ _ou P
at Pox ™ "ox
- 1 au lQB] -
put .o @-252)

In low speed flows the relative change in density is much smaller than that in
velocity. For low speeds, therefore, Equation 2-25 can be further reduced:
P _ du

ot P ax (2-25b)

To determine the stability condition imposed by Equations 2-~24c and 2-25b, a
short calculation is necessary. A flow field is assumed wherein p and u are
nearly constant. Then a small perturbation is applied to u at a point and the sub-
sequent flow behavior (according to Equations 2-24c and 2-25b) is calculated.

The first few stepe of the calculation are reproduced in Table II, where it is seen
that after two time steps, the velocity peiturbation u reappears, multiplied by

the factor, [1 - (YRT AT)/2 Bx2]. By comparing this result with Equation

2-17, it will be seen that [(yRT At/ (8x)2] is the parameter that determines

the numerical stability of the system, and must (at least) be held smaller than 2.

The specific numerical value of this parameter that will ensure stability is less
easily established, however, because the diffusion of the error in the x-direction
must be considered as well as that with respect to time. While it is possible to

find an analytic solution to the pair (Equations 2-24c and 2-25b), and determine
exactly the condition for numerical stability (which turns out to be yRT At/ Ax2 < 1),
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Reduced equations considered:

‘ Table O:

Y

SAMPLE CALCULATION

0 _ L m_ (u(xggx)-u(x—g)
t ax p 2 Ax
u __0p _ % _ _ (P (x+Ax) -p(x-Ax))
: ox YRT g = -¥RT { e
Flow &
t property - Ax 0 Ax 2 Ax
0 u 0 u 0 0
p P P p p
ﬂ
ot 2 0 0 0
ot 2Ax 2Ax
At u ] u 0 0
o o —p;‘—&‘-f{ p p+p§—AA-; p
du 0 yrr 4% . +yRT LA%
-1 - _Pu 0 ,Pu
at 28x 24x
_ ,
248t | u 0 u{1-yRT t_\l 0 —“A_tz ¥ RT
2 Ax } 4 Ax
ult udlt
~ ““ax | P P+ ax 0
)
L T
Ax
etc.
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the result is not exactly applicable toc the complete equations with their many
additional terms. Hence, the stability limits for the complete equations were
determined by trizl and error using the results of the simplified equations as
guides. It was found, however, that stability conditions determined from the
simplified equations were accurate indicators of the necessary conditions for the
complete equations. In the present example the condition

2
AtsAx_

Ny RT

was obtained. With the complete equations the flow was found to be stable for

At = 2 /VyRT,

but unstable for At=ZZ;2/VyR :

With the aid of the simplified equations four separate numerical stability criteria
were identified, and subsequently verified with the complete equations. They are:

1.t
1 At < 138

VYRT

obtained from the continuity equation and the inviscid

2) At < Ax part of the momentum equations

V2 Uu

bx’
3) At< 2y from the viscous part of the momentum eyguations

Y Ax .
4) At < m from the energy and continuity equations.

These limits were verified by comparing time histories computed for differing
flow conditions with various values of At.

Convergence and Resequencing

It was soon found that, even when the stability criteria described above were ob-
served, a long-term divergence occurred. As with simple stability, an analysis
of the complete equations of Table I was not practicable, and as before a means
of eliminating the long-term divergence was found by considering the reduced
system previously introduced:

du 13 o _ _ .2 3

it p ¥ YRT X 2 X (2-26)
o __,3u ;
at Pax (2-27)
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Combining derivatives of Equations 2-26 and 2-27 leads to the wave equation:

=0 (2-28)

Replacing the spatial derivative with a central difference yields

2 -2u, +u
? i-1 +1

> " a 21 Il _ (2-29)
at Ax

Since we are primarily concerned with time integration, we further simplify the
problem by imposing boundary conditions as follows:

Uipp = Y3 =0 (2-30)
yielding
::;1 ¥ 2)ui 0 (2-31)
X
which has the solution :
- A sin(ﬁ ﬁ )»r B cos(«/’é Aa;) (2-32)

Since the acceleration g u/@t is determined by the density, the forward integration
of Equations 2-26 and 2-27 is equivalent to the following numerical scheme for
solving Equation 2-31:

L R

Gt oo gty gt WD (2-33)
un+2 - un+1 + At ixn+1

This equation may be rewritten as the recursive formula
o2 g C 1+ at?) o (2-34)

which has the solution*:
n-1
u“:(V1+At2) (E‘:"—‘e‘e) 8 = sin 1( & > (2-35)
1 +At2

* The difference equation UN2 + KU™1 4+ LU = 0 has the solution U® = A"
+ BAN where A and B are constants, (a + B8 =K, and aBf = L (nis an expo-

nent when applied to @ and . In polar form, @ = re with r = rand sin 8 =

Vl - K2/41; B = L/a, Note that both the real and imaginary parts of @ and B
are solutions.
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Thus it is seen that the numerical solution diverges exponentially for any finite
value of At. The forward integration of the complete equations (Table I) was
foand to have a similar behavior. Since the purpose of the present study is to
determine amplification of disturbance waves the existence of the exponential
.nultiplier would invalidate the results. The integration scheme must (at least)
yleld exactly constant amplitudes when integrating Equation 2-31,

Such a scheme was soon found. If we replace uP in Equation 4-33 with u™ 1 the
recursive formula (Equation 2-34) is changed to

a1l = 2 - At%) u" - oL (2-36)

Equation 2-36 has the solution

u? =sinng; 6= sin"l(At N1 - At2/4> (2-37)

which is seen to have exactly constant amplitude. It is also seen that Equation
2-37 has a slight error in frequency. While undesirable, this error is not of
great importance since we do not require an exact knowledge of the critical fre-
quency A comparison of the two numerical solutions with the exact integral of
Equation 2-31 is shown in Figure 2-1. It is seen that the original scheme diverges
quickly with the relatively large step size chosen, while the second scheme has
the correct amplitude and is only slightly shifted from the exact values.

The change of scheme 2-33 to yield 2-36 involves only interchanging each pair of
calculations in Equation 2-33, i.e.,

YR &
A N N (2-38)
1'1‘”2 = gl g At utl

etc.

Since Equation 2-38 differs from Equation 2-33 only in the sequence of calculations
it has come to be known as ''resequencing.' The analogous change in the integra-
tion scheme for the complete equations (Table I) is also effected by merely alter-
ing the sequence of the forward integration scheme. The original and resequenced
schemes may be summarized as follows:

Step Original Sequence Resequenced
1 Calculate du/dt Calculate du/at
2 Calculate 3v/at Calculate v/t
3 Calculate 3p /2t u(t + At) = u(t) + (du/at) At
4 Calculate # H/st vt + At) = v(t) + (#v/at) At
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u(t + At) = u(t) + (Ju/at) At Calculate 9 p /ot
vt + At) = v(t) + (v t) At Calculate ¢ H/at
etc. etc.

Unfortunately, it is not possiblie to present an analytic solution (such as Equation
2-35) to determine the stability characteristics of the resequenced scheme. As
with all complex numerical schemes, the most complete (and therefore most
rigorous) information is obtained by numerical experiments, the results of which
show the same trends as do analytic solutions of Equations 2-34 and 2-36, although
they are naturally less simple (see Figures 2-2, 2-3, and 2-4).

The effect of resequencing on amplitude is illustrated by a simple flow field cal-
culation in which all velocities were initially zero, and all pressures we re set at
100 psf except for one point, at which the pressure was set at 101 psf. Ina
numerically stable solution, there are irregular velocity and pressure fluctuations
that will remain approximately constant in the long run. The amplitudes will in-
crease if the calculation is numerically unstable.

Two calculations are preseated in Figure 2-2 showing the behavior of velocity
fluctuations as calculatea by the original and by the resequenced programs. The
resequenced calculation appears to be entirely stable, while that with the original
sequence was divergent. The slow nature of the divergence is illustrated by the
fact that 200 time steps were made before any obvious increase in amplitude
occurred. Later calculations of the same problem with a time increment five
times larger than that used in the cases shown in Figure 2-2 also remained stable
with the resequenced scheme. It was found that the resequenced calculations
remain stable for

1.5 Ax
vy RT

At = (2-39)

so that the long-term accumulation of errors is apparently entirely eliminated.

The effect of At on the frequency cf oscillation early in the calculation is shown
in Figure 2-3. Again, the effect is similar to that exhibited by Equation 2-37,
with the calculations for the larger At showing a small phase difference.

It will be recalled that the forward integration is a first-order scheme, neglecting
all time derivatives except the first. It is believed that the resequenced scheme
is in effect a second-order method, i.e., equivalenti to retaining two terms of a
Toylor expansion in time. This is difficult to prove for so complex a system, but
an indication is provided by the effect of step size on the computation. In a first-
order scheme the first neglected term is
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( :%) Ag% (2-40)

The error at time t is the sum of the above:

t .2 A2 t /.2 T .2
_§ 2Tu A% Au At) (37w At) (97w
-2 2 2 —zo(atz Z)At_(atz Z)t—( 2

)At (2-41)
at

BN jer

where the bar indicates an average value of the entire time period. Thc important

] character stic of error is the dependence of the final error on At. For afirst-order
system the accumulated error is seen to vary linearly with At. By a similar argu-
. ment it is found that the accumulated error in a secound-order scheme varies as the
l square of the step size.

|

The effect of step size on calculations with the complete equations is shown in Fig-
ure 2-4, It is seen that, with the original sequence, the effect of At is in fact
approximately linear; for the resequenced calculation the effect is much smaller,
and varies as the square of At. *

Upon further examination it appears that the resequenced scheme may be thought
of as a central difference in time. Consider the following calculations:

Time Calculation

0 .
0 (%‘t’— - 1% H, W, VO

et ottt £

ay £ % HO, W, v0)
(%)

st s

2t
0 At
()
0
1/2
t = At/2: (-:—:‘—) e e R

<

)1/ 2 /2 ,1/2

f(p , ’ uOv VO)

1 ( t

/2
ul = uO + At (:_,:)1

vi= 04+ At (':Tv)l/z

* Incidentally, Figure 2-4 illustrates the previous point that there may be many
numerical analogs of a differential equation that approach the exact solution
in the limit, but are not equivalent for any finite value of At.
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Time Calculation
1
— At. W\ _ 1/2 ,L1/2 1 _1
t - At: (,t) f /2, ul/2, 41, vi
1
dH 1/2 1/2 1 1
(;t—)=f(0/,H/,u,V)

p3/2 = p1/2 | py (!a%)l

1
H3/2 - gl/z , At(‘:{—t
te;a (:—3)3/2 -1 %%, 12, W, VY
(:_:3/2 -1 ¥, 1Y%, W0 VY
w? = ul + At (%)3/2
etc.

In this scheme it is seen that each derivative is computed at the midpoint of each
integration interval. By comparing the above with the previous listing of the re-
sequenced calculations it is seen that only two differences exist:

1) The very first step is for (1/2)At;

2) The time derivative calculations are mixed, involving two variables at the nth

level, the other two at the (n + 1/2)th level.

Calculations were made in which both of these differences were removed. First,

a calculation was made using (1/2)At for the first step. As might be expected,

the small change in o0 and H occurring in a half of a time increment had no ob-
servable, lasting effects, since typical calculations involved hundreds of iterations.

Other calculations were made in which the mixing of variables was eliminated
from the time derivative calculations. This was done by replacing (for example)
u? with uttl/2 using

n+1/2 n n
o _

1 .
=u +2Atu

These calculations showed only minor (fourth-place) differences after more than
100 iterations.
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A time-centered scheme is easily shown to be second order by Taylor expansions
about the points t = t; and t = to + At/2. Expanding about t:

_ % u At? [ 2%u _
ut + At) - u(t) At(’--")0 5 (:—tz)o et (2-42)
The expansion about t, + At/2 is:
Atd 3u
u(t + At) - u(t) = At ’32 Y e I - (2-43)

It is seen that the first neglected term in the centered scheme is of the order At3.
Thus it is seen that the resequenced scheme used here has the behavior of a second-
order scheme, although it is not exactly such. Since the resequenced program in-
volves no more calculations than the original-sequence program, the useful speed
of computation has been greatly increased by its use.

NUMERICAL FORMULATION OF BOUNDARY LAYER STABILITY PROBLEM

The solution of any physical problem involves two distinct phases: formulation

of the general laws governing the physical processes, and specification of the
unique conditions that characterize a particular problem. The discussion so far
has been entirely concerned with the numerical formulation of the general laws
governing fluid flow. We now describe the conditions that characterize the prob-
lem of boundary layer stability. The conditions tobe determined are the conditions
that apply at the boundaries of the spatial field and the initial values of the per-
turbation quantities.

Satisfactory specification of the spatial boundary conditions proved to be one of
the most difficult parts of the present study. Since the entire study is concerned
with the behavior of small disturbances, any disturbance introduced by slightly
incorrect specification of boundary conditions could invalidate the results. On

the other hand, the boundary conditions in time (initial conditions) are unimportant
in stability calculations by the present method as will be shown in the next section.
However, with the present method the history of a disturbance can be calculated
as well, which is more nearly what is required by a transition method. For such
a calculation the initial disturbance is important. A further discussion appears

in Section IV. '

PHYSICAL DESCRIPTION

In the present analysis, the physical problem to be solved is the stability of a
two-dimensional laminar flow boundary layer on a flat plate. Except within the
boundary layer, the flow is parallel to the x axis and constant. Within the bound-
ary layer the velocity decreases to zero, and change in other flow properties may
occur as well, The flow within the boundary layer can be computed with a reduced
set of equations known as the boundary layer equations. The solutions used in this
report are obtained by numerical integrations using the computer program de-
scribed in Reference 26. The program has the capability of calculating real gas

30




boundary layers for nonsimilar flows, but all cases considered in this report are
for the flow of an ideal gas over a flat plate. The Sutherland viscosity law was
used with a constant Prandtl number of 0.71, and the specific heat is constant at
0.24 Btu/lb. The plate is impermeable, so that the vertical velocity component
is zero at the wall.

BOUNDARY CONDITIONS

It is shown in texts on partial differential equations that the number of boundary
conditions required on each dependent variable with respect to a specific inde-
pendent variable is equal to the order of the highest derivative with respect to

that independent variable. Thus, the continuity equation, which contains only first
derivatives, requires only one boundary condition on each dependent variable in-
volved (u, v, and p) for each independent variable (x and y). The momentum and
energy equations contain second derivatives of u and v with respect to x and y,
and so require two boundary conditions in each direction.

x-Direction Boundary Conditions

Since the boundary layer Reynolds number decreases with distance upstream,

it can be assumed that all perturbations are zero at the plate leading edge. Down-
stream, however, the flow presumakly becomes turbulent and cannot be exactly
prescribed, even ideally. In the study of flow stability, however, previous in-
vestigations have shown that it can be assumed that the disturbances are traveling
waves of the form

(2-44)

u'(x) = fu'l| sin ax - Xg)

where & is the wave number and X, i8 arbitrary. The double bar su )designates
the amplitude of the perturbation. Note that |Ju’]| is independent of x, but may
vary with time.

It will be seen that, according to Equation 2-44, the disturbance waves extend
infinitely far upstream and downstream. While this is clearly incorrect, the use
of Equation 2-44 in the present formulation merely implies that the departure of
the disturbance wave from a purely sinusoidal wave has no important effect on the
local time history of the disturbance. This latter assumption, which is used in
all stability calculations, has been exhaustively examined and is believed to be
valid, provided that

(a NRe)-l/s <1

For smaller values of aNRe, the steady-flow vertical velocity component ¥ becomes
as important as some of the terms that are retained in the stability theory. For a
further discussion of this point see Paragraph 5.1 of Reference 27, Apperdix H of
Reference 20, and Reference 28. In passing, we should note that the inclusion

of the steady-flow ¥V terms is apparently easily possible with the present method,
but has not yet been done.
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With the use of Equation 2-44 the need for further specification of boundary condi-
tions in the x direction is eliminated. The x derivatives can be specified simply
and exactly as follows:

(—:—:—' i @ u' (x, + A/4)
(32 )x=xo+x/4 it Sy (2-45)
( ) = - o2 u' (x )
etc.

Thus it is necessary to compute the perturbation quantities at only two x locations
separated by a quarter-wavelength, and the amount of work involved in any particular
computation is greatly reduced. It has been found that the accuracy of the calcula-
tion is also improved by the use of Equation 2-44 and the interpretation of the re-
sults greatly simplified as well. Although the use of this equation restricts the
results to disturbances of a specific wavelength, the present method is sti/l some-
what more general than previous results, which are all based on the more restric-
tive assumption

= [|u'l| sin El(x-xo) - ﬂ] (2-46)
(See Equation 2-1),

y=-Directicn Boundary Conditions

The boundary conditions imposed at the surface of the plate (y = 0) are:

W=y =H = (2-47)
¥aP'/ay = 0 (2-48)

The conditions on u' and v' are the usuai conditions of boundary layer theory.

The condition on H' assumes that the response of the body to the temperature
fluctuations in the boundary layer is negligible. This condition has been commonly
assumed in previous work but is of course realistic only under certain conditions.
For a plate surface of poor conductivity, some surface temperature response may
occur. As with the vertical velocity effect, the response of the surface to the
temperature fluctuations appears to be easily incorporated in the present method,
but has not yet been attempted. The boundary condition on pressure is used in
conjunction with the H' condition to establish the density perturbation at the plate
surface. The condition of Equation 2-48 is derived from the y-momentum equa-
tion and is used as a boundary condition on the continuity equation.
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The outer boundary conditions are that all perturbations are zero at y = infinity.
In a finite difference method it is not possible to calculate over an infinite array,
and the boundary condition at infinity must be replaced by some condition at a
finite valve of y. It was at first assumed that the disturbance could be set equal

to zero at some large value of y, but it was found that even when the outer bound-
ary was removed to a distance of 16 boundary layer thicknesses, disturbances
occurred that were traced to the outer boundary. The type of behavior observed
is shown in Figure 2-5, which shows the history of the vertical veiccity component

at the point y = 6*, After the initial disturbance the flow is seen to be well -behaved

until approximately t = 100 milliseconds, when both of the two cases shown begin to
oscillate. In case I the condition '

u'=v'=p =H' =0 (2-49)

was applied at y = 12 6 *. By applying the same condition at y = 50 6 * it was
shown that the observed disturbance did not appear until much later, thus iden-
tifying the disturbance as a boundary reflection. In an effort to discover a less
reflective boundary, case II was run with the condition

' ! ! '
au' _gv' gp' H' _ (2-50)

——

y oy oy ey

at y =12 6 *. As shown, the reflection was somewhat delayed, but the ultimate
effect was even more undesirable than in case I.

The presence of the large disturbance shown is not to be expected according to
the stability theory, which predicts that the disturbance should have decayed to
less than 5 percent of the initial value at y = 12 8 *, and the reflection should
have been even smaller. This apparent discrepancy between the present result
and the classical theory is due to the increasad generality of the present method.
By allowing arbitrary time-variations, the present method includes acoustic
waves as well as the disturbance waves treated by the stability theory. The acoustic
waves travel to the outer boundary and return with virtually no loss of energy.
The time required for a sound wave to travel from the point of initial disturbance
to the outer boundary and back corresponds well to the time of the reappearance
of the disturbance in case I.

Boundary reflections were finally eliminated by a numerical 'wave trap."
Rather than a single outer boundary, two were chosen denoted by ymatch and
Ymax. In the boundary region between ymatch and ymax all perturbation
quantities are periodically replaced by:

W(y) = Wmatch) & O Ymateh) Leh,

The condition in Equation 2-51 has the effect of suppressing disturbance waves
within the boundary region. The suppression is done with sufficient frequency
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so that disturbances reflected from the outer boundary cannot travel inward

past Ymatch in the period between suppressions. Thus, ymatch becomes the
equivalent of an open window that absorbs disturbance waves. The actual values
of ymatch and ymax were selected by numerical experiment, being moved out-
ward until no effect on the numerical solution was observed. Immediately after
applying Equation 2-51, all perturbation quantities are averaged as follows:

u'ave =u'(y+Ay) + 2u'(y) + u’(y-Ay_) (2-52)
4

This is done to eliminate oscillations of wavelength 44y, which are shown in
Reference 29 to be spurious. The use of Equation 2-52 also has the effect of
minimizing discontinuities in derivatives at yjmatch introduced by the use of
Equation 2-51. When Equation 2-51 is applied in the manner described, the
boundary conditions at ymax were found to have no effect on the solution. The
condition used in most of the calculations shown are:

' -
u'=aL=p'=H'=O (253)

The values of ymatch ard ymax used herein are approximately two and four
boundary layer thicknesses, respectively. It has been found that if ymatch is
less than about one and one-fourth boundary layer thicknesses the results may
be adversely affected.

RESULTS OF STABILITY CALCULATIONS

The majority of the stability calculations were made for two cases, one sub-
sonic and one hypersonic. The two cases were selected to avoid the possibility
of devising a method that was applicable in only one speed regime. This would
easily have been possible since the relative magnitude of the various terms in
the equations depends on the Mach number.

The subsonic case was for a Mach number of 0.4 with the wall temperature
equal to the free-stream temperature. The Blasius incompressible flow
solution was used for the steady-state velocity profile. The temperature and
density profiles were obtained by subtraction of the kinetic energy from the
total enthalpy, and by the equation of state, respectively.

The subsonic conditions were chosen as a compromise between the iimitations
of existing knowledge and the limitations of the present method. As stated
previously, it is not possible to treat an exactly incompressible flow by the
present numerical method since the speed of sound is infinite in that case. At
Mach number 0.4, the compressibility effects are still very small, but the
flow velocities are such that the stability can be evaluated in a reasonable
amount of real time.
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The hypersonic calculations were for Mach 7, which was chosen as representa-
tive of experimental conditions. Both adiabatic and cooled wall conditions were
considered. The steady-state profiles were calculated with the Boeing Nonsi-
milar Boundary Layer Program (Ref. 26), which uses a finite difference method
that includes all fluld property variations. Only ideal gas properties were
considered in the present study, however.

After a description of the results that should be anticipated, the subsonic results
will be presented. The next section will present a discussion of the Mach 7 re-
sults, and also the results that have been obtained at Mach numbers 2 to 10.

EXPECTED BEHAVIOR

As described previously, the classical method obtains the amplification rates
only of disturbances that are of a certain characteristic form that is itself part
of the solution. There will in general be many of these characteristic forms
for any given Reynolds number and wavelength, known as modes, each with a
differing amplification rate.

The characteristic disturbance profile will not be observed at a}xy particular
instant, however, It is only the values of ||Q'| that are steady (see Equation 2-43),
while the instantaneous perturbations fluctuate rapidly. The usual experimental
technique employs electrically heated wires; the rate of cooling can be related

to flow velocity. The hot-wire method does not have a sufficiently rapid time
response to resolve the individual velocity fluctuations, but rather provides an
averaged value, which is proportional to || u'j.

Some typical experimental subsonic disturbance profiles are presented in Figure
2-6. The profiles shown were obtained by Tani and Komoda and reported in Refer -
ence 30. It will be seen that the perturbation amplitude has a minimum at approxi-
mately y/6 = 0.7. According to the classical theory, a phase shift of 180 degrees
occurs at this point;in many papers the upper branch is plotted as negative values.
The experimental phase angles (corresponding to x, in Equation 2-44) are also shown
in Figure 2-6. It is seen that the expected phase shift was observed. The signifi-
cance of the theorctical results that follow will be more apparent to the reader if
the characteristics shown in Figure 2-6 are kept in mind.

With the classical method only the behavior of a specific disturbance mode can be
calculated, while with the present method any initial disturhance can be imposed.
However, if the classical theory is correct, an arbitrary initial disturbance should
be viewed as a resultant of many modes, most of which will be damped. Thus, it
is expected that an arbitrary initial distiurbance would at first decay rapidly.

After a time, however, the most unstable mode should become dominant, and the
vertical distribution of the disturbance amplitudes should be steady, although the
disturbances themselves travel in the streamwise direction. Once the steady
disturbance profile is established, its amplitude would be expected to increase

if the flow is unstable and to decrease if the flow is stable.
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It is important to bear in mind that it is only after the characteristic profile has
developed that the flow stability can be determined, since a disturbance of any
other form will be damped. After the critical profile had been found, the first

few calculations were expected to indicate the stability or instability of the flow.

It was this expected behavior that led to the use of the conditions specified by
Equations 2-50 and 2-51. After applying those conditions the subsequent cal-
culations can be regarded as a stability evaluation of a particular disturbance
profile. When the conditions are reapplied after a number of calculations, a new
profile is obtainad and the results of the next few calculations indicate its stability.

However, the computed profiles are very little changed by the application of Equa-
tions 2-50 and 2-51, and the changes that are made are primarily the suppression
of spurious boundary reflections and oscillations. Further study of the results
obtained has convinced the authors that the conditions of Equations 2-50 and 2-51
need not be regarded as reinitializing the calculation, but that the entire calculated
disturbance history is valid.

As shown below, ‘all of the subscnic calculations and many of the supersonic cal-
culations have led to steady profiles as expected. In some of the supersonic cases
& cyclic behavior has been observed, the significance of which is still not clear.

SUBSONIC RESULTS

Development of Disturbance Profiles :

The calculated development of subsonic perturbation profiles from initial disturb-
ances is shown in Figure 2-7. To demonstrate that the final profile is independent
of the type of initial disturbance, two calculations are shown in this figure. As
shown, the initial disturbance is quite different in the two cases. However, after
a dimensionless time T = 56 the two profiles have become essentially identical.
Note that since 7 = Tgt/0*, the results shown in Figure 2-7 also indicate

that the disturbance would be transported about 50 boundary layer displacement
thicknesses downstream before assuming the characteristic shape. It is now con-
sidered that this fact is of more significance than is the determination of the
critical Reynolds number. This will be discussed more fully in Section IV,

The values shown in Figure 2-7 are amplitudes, ||u'|, such as would be observed
by hot wire techniques. The instantaneous profiles at two specific points in the
flow field are shown in Figure 2-8. The three profiles presented illustrate the
behavior of the majority of the subsoni< cases calculated. The left-hand plot pre-
senting the disturbance profiles at two locations within the field at 7 = 60

shows that the profile at x = xg has developed into the expected characteristic
form with a reversal in the sign of the perturbation at about 3/4 of the boundary
layer thickness. However, at x = xj, the profile does not have the expected shape.
Since it appeared that the characteristic profile had not yet fully developed, fur-
ther calculations were made. As shown in the center plot by the time T = 72, the
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profile at x = x, had much improved, but the profile at x = XR is beginning to
depart from the expected behavior. Further calculations showed that at 7 = 84

the profile at x = xLis well developed and of the expected form, but the profile

at x = xR has degenerated and now closely resembles the origiual profile at

X = xy,. When still further calculations showed no improvemeni, the profiles were
replotted in polar form with the radius equal to the amplitude of the disturbance
velocity, and the angle equal to the phase angle of the disturbance wave. When
plotted in polar form all three profiles of Figure 2-8 were found to be nearly identi-
cal, as shown in Figure 2-9. Note that the profile shape, and not orientation, de-
termines the ||u'l|| profile. From this result it was found that the phase velocities,
amplification rates, and other quantities of interest could be determined easily
from the polar plots.

The phase loops, as the diagrams such as Figure 2-9 are called, are not precisely
of the expected form. According to the classical theory, it is expected that the
phase angle is constant through the boundary layer except at the critical layer.

At the critical layer a phase shift of 180 degrees is rredicted. In the form of
Figure 2-9 such a phase plot would be reduced to a straight line thi-ough the crigin.
Considering the approximations in the linear theory, it is to be expected that the
180-degree wave shift may be somewhat smeared out, and so does not occur exactly
at the critical line. Comparisons of phase loope from different Reynolds numbers
to some extent supports this assumption. It is seen in Figure 2-10 that the phase
loop at a Reynolds number of 2000 is considerably thinner than that for a Reynolds
number for 500. However, it is still not linear, nor is it closed. Some calcula-
tions were also made at a Mach number of 0.1 to determine if the form of the phase
loop was a compressibility effect. The Mach number 0.1 result was essentially
identical with those for Mach 0.4, however.

Recalling Figure 2-6, it was seen that the experimental phase angles were quali-
tatively similar to those predicted by the classical theory. On closer inspection,
however, it will be seen that there is an appreciable variation in phase angle in
the lower part of the boundary layer. When plotted in phase loop form, as has
been done in Figure 2-11, the experimental data exhibit significant similarities
to the present theorctical results. In neither case is the phase loop closed or
straight; the phase angle variation in the lower part of the boundary layer is ap-
proximately 45 degrees in both cases. This phase angle relationship is one of
the most novel results from the present method. Originally the phase angle vari-
ations were highly disconcerting; however, in view of the experimental results,
the phase angle variations are taken as evidence of the correctness of the present
calculations. The accuracy Tani and Komoda ascribe to their phase angle data is
not known, but the measurement of phase angles in the outer branch where jju'}|
is small (and where the greatest departure from the present calculations occurs)
must he very difficult.

The very short wavelength calculations by the present method exhibit character-
istics that have not yet been fully investigated. A typical profile, shown in Figure
2-12, shows the second maximum in u' that normally occurs at the boundary layer
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Figure 2-102: ~ TYPICAL PHASE LOOP — Mg = 0.4,Np o, = 500
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outer edge to be almost as large as the principal lobe within the boundary layer.
It has been found that the amplitude of the short-wavelength cases is alsoc much
less well-behaved than the longer wavelength cases, as is shown in a later figure,

It is not known at this time whether the calculated short-wavelength characteristics
are physically correct or not. The results were obtained with the same equations
and boundary conditions as were all other results presented and do not exhibit any
of the previously observed numerical inaccuracies, However, additional work is
required before their validity can be determined.

Subsonic Stability

After the initial disturbance has developed into a characteristic profile such as
that shown in Figure 2-6, the flow stability can be determined from the behavior
of any of the perturbation quantities. At the present time, calculations must be
carried out for a constant Reynolds number and a constant wavelength. Thus,
there are two parameters to be varied in searching for the mmimum critical
Reynolds number. Some typical subsonic results are presented in Figure 2-13
that show the effect of both parameters on the streamwise velocity perturbation,
u',

The longer wavelength cases shown in Figure 2-13 are apparently all stable, and
show very little Reynolds number effect. With a shorter wavelength (o 6* = 0.30)
the effect of Reynnlds number is more pronounced, and the critical Reynolds num-
ber is seen to be a little less than 500. For the shortest wavelength (@ 6* = 0.6),
the previously discussed unsteady behavior is apparent. As already noted, the
results for the several Reynolds numbers are consistent, but it is not clear that
any of the cases are stable.

Figure 2-13 illustrates the major difficulty that remains in the use of the present
method for calculating stability limits: interpretation of the results. According
to previous theory, the curve of u' versus time for any combination of a§* and
Reynolds number should be a smooth monotonic curve. It is seen that all of the
present results exhibit some oscillatory behavior. The oscillations shown are

of course variations with respect to time at a point; however, in the stability theory
time and distance are interchangeable within the assumed formulation (Equation
2-1). In view of the success of the stability theory, it seems that the present re-
sults could also be viewed as streamwise oscillations. Inasmuch as the oscilla-
tions persist for the equivalent of many boundary layer thicknesses, which would
often be equivalent to an appreciable change in Reynolds number, it seems ques-
tionable that an exactly steady disturbance profile would ever be developed at any
given point in a boundary layer. As a result of these oscillations, the stability

of some of the cases is very difficult to determine.

' It is traditional in the study of flow stability to present the results in the form of
wave number as a function of Reynolds number with the region of neutral stability
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indicated by curve. The calculations of Figure 2-13 are replotted in the traditional
form in Figure 2-14, which also shows the neutral stability loop calculated by

Lees (Ref. 33). The curve shown is interpolated from Lees' curves for Mg = 0
and Mg = 0.5. Itis seen that the present method yields a good minimum critical
Reynolds number. The higher Reynolds number points do not agree with the pre-
vious calculations, however, either as to the effect of Reynolds number or that of
X. These results must be taken with some reserve; however, current knowledge
of the behavior of long-term numerical integration of partial differential equations
is far from complete.

SUPERSONIC AND HYPERSONIC RESULTS

As in the subsonic case, it is believed that an initial disturbance to a hypersonic
boundary layer must take on a certain characteristic form before any amplifica-
tion can occur. This belief is not so well established as with tk.e subsonic flow,

for which there is a considerable amount of definitive experimental data. As

noted in the description of previcus analytic results, all of the existing theory is
based on solutions to differential equations that are themselves derived by assuming
the existence of perturbations of the form of Equation 2-1. The resulting equa-
tions can, of course, only lead to solutions for characteristic steady disturbance
profiles.

Many of the results calculated by the present method do converge to steady
profiles, although the initial development is often much more violent than for
subsonic flows. In some cases, however, the behavior is much more complex,
with the phase loops and profiles undergoing cyclic variations. The cyclic solu-
tions have been obtained with the same equations and same numerical techniques
as those used for all other cases. None of the previously encountered types of
numerical instability appear to be responsible for the cyclic behavior. However,
there has not yet been sufficient study to rule out the possibility of numerical
effects.

Development of Steady Disturbance Profiles

A typical example of the development of a disturbance profile in a hypersonic
flow is presented in Figures 2-15 and 2-16, In Figure2-15 the steady-flow
velocity profile is shown and (to a much larger scale) the initial disturbance. As
shown, the disturbance decreases rapidly in amplitude and spreads through the
boundary layer in much the same manner as the previously presented subsonic
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case. It is seen that at a T of approximately 5. 8 the disturbance profile has read-
justed such that the point of maximum perturbation is at approximately y/6* = 0.4
rather than at y/6* = 0.6 where the initial disturbance was introduced.

The continued development of the profile through & much longer time period is
shown in Figure 2-16, where all profiles have been renormalized so that the
maximum value of the perturbation is unity. It is seen that at 7 = 42 the distur-
bance profile has developed to two equally prominent lobes., With further time
the upper lobe decreases in amplitude while the lower one becomes much more
prominent. By T = 250 the well-behaved profile of the type obtained in subsonic
flow has developed. However, as shown in Figure 2-16c, the profile does not re-
main steady, but goes through a violent readjustment in the period frcm 7 = 333
to 375. The details of this readjustment are presented in more detail in Figure
2-17. It is seen that the profile begins to develop a second major lobe at y = 6*.
The upper lobe soon becomes larger than the previously mentioned one, which was
that y/6* = 0.4. Beginning at about 7 = 325 ihe profile changes rapidly and
soon develops several points of inflection. 7The maximum at y = 6* then be-
comes very pronounced, after which the velocity in the lower part of the
boundary layer rapidly increases and a profi'e returns to much the same shape

as had been seen at T = 250. After this period of unsteadiness and readjustment,
the profile settled down to a steady characteristic form which was then repeated
steadily until at least 7 = 1200,

The history of the velocity at a point within the boundary layer such as that shown
in Figure 2-18 illustrates the entire cycle. In Figure 2-18 the amplitude of the
disturbance at a point y = Ay is presented throughout the entire calculation. Each
50 iterations the entire velocity profile was renormalized, which accounts for the
periodic discontinuities in the velocity., Presented in this manner, a steady profile
that is either amplified or damped will have a sawtooth appearance. It is seen

that the plotted velocity behaves in an erratic manner until 7 is approximately 700,
after which the sawtooth behavior occurs. The previously noted readjustment

that occurs at approximately 7 = 300 is plainly evident in Figure 2-18. The

final study sawtooth behavior indicates an unstable boundary layer with the
perturbation velocity increasing.

Some final steady disturbance profiles as obtained from the calculations are
presented in Figure 2-19. It is seen that these profiles have a superficial resem-
blance to the subsonic disturbance profiles. A corresponding phase loop is pre-
gented in Figure 2-20. As shown, this phase loop also resembles the previously -
shown subsonic phase loop.

Supersonic Stability

The results of Mach 7 stability calculations for the boundary layer flow over an
adiabatic plate are presented in Figure 2-21, For this case three wavelengths
were examined, of which the value a6 * = 1.224 appears to be the most critical.
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Although increasing a6 * generally increases amplification rates at the higher
Reynolds numbers, it appears that decay rates are also increased at subcritical
Reynolds numbers, so that the minimum critical Reynolds number occurs at
the intermediate value, It is seen that, with a Reynolds number of 500, the flow
is only slightly stable, and amplifies rapidly at a Reynolds number of 1000, so
that the critical value is only slightly above 500.

The calculations presented in Figure 2-22 are much less thoroughly examined
than those so far presented, and present some surprising resuits. The calcula-
tions of Figure 2-22 are also for a Mach number of 7, but with the wall tempera-
ture reduced to approximately 0.6 of the recovery temperature. It had been
expected that wall cooling would somewhat increase the critical Reynolds number.
However, as shown, the calculations indicated unstable flow at Reynolds numbers
as low as 250,

Stability calculations for Mach numbers of 2, 4, and 10 are shown in Figure 2-23.
For these cases no systematic search for the critical wavelength has been made.
Critical values were estimated based on previous calculations and on an asymp-
totic rule given by Lees and Reshotko (Ref. 34).

These results all have an oscillatory character that is not at present explainable
by the authors. From past experience it had been expected that by extending the
calculations in real time an asymptotic steady growth rate would be achieved.
However, the calculations shown are already extended well beyond the time
normally required for the steady growth to be observed with no real indication
that a steady flow will ever occur.

The results shown in Figures 2-22 and 2-23 are certainly to be viewed with cau-
tion. Current knowledge of the characteristics of numerical solutions to partial
differential equations is such that the possibility of numerical instability cannot

be ruled out. It is known, however, that none of the forms of numerical instability
previously encountered in this study are responsible. All calculations were made
with the same computer program that has provided all of the previously presented
data, and further, there is great consistency between the many different cases
shown in those two figures.

With regard to the oscillatory behavior shown in Figure 2-23, it should be noted
that the linear theory cannot be expected to find such solutions, since it is a
priori assumed that the disturbance is of the form given by Equation 2-1, The
existence of such steady solutions does not appear to preclude the existence of
oscillatory solutions as well.

The authors know of nothing really comparable in the literature that can be used
to check either Figure 2-22 or Figure 2-23, and as already stated, know of no
explanation, either physical or numerical, for the behavior shown. However,
with a system of equations as complicated as those being used in the present study
it is easily possible for errors to creep into the program. Judgment of the
results shown in Figures 2-22 and 2-23must be reserved until further investiga-

tions can be made.
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'Wave Speed

According to the claseical method, the perturbation waves are assumed to have

not only a definite profile but also a definite wave speed. While no such restric-

tion is imposed in the present method, it is possible to deteruiine from the cal-
culated results the speed with which the disturbances are traveling. Since each
rotation of a phase loop corresponds to a movement of one wavelength it is only
necessary to find the rotation rate, which is easily done. The disturbance (or
phase) velocities that have been found with the present method are shown in Figure
2-24, 1t is seen that the perturbation velocity increases with Mach number, not
only in absolute value, but also in relation to the free-stream velocity. This
result is in accordance with previous results, both analytic and experimental.

The dashed curve, 1 - 1/Me, is the boundary between subsonic and supersonic
wave speeds. Above the curve the perturbation velocity will be subsonic with
respect to the free stream; below the curve the waves would be supersonic. The
linear theory solutions for supersonic flows are all restricted to subsonic pertur-
bations, and it is believed that these would be the most critical. It is argued that,
if a supersonic perturbation wave were to exist, it would create shock waves

that would be accompanied by large energy losses. The energy losses would be
stabilizing; therefore, the supersonic waves would not be the most critical.

Vertically traveling pressure waves are clearly observed in the early stages of
many of the solutions by the prescnt method (see Figure 2-5), but none of the
final solutions exhibit them, and as shown, the final wave speed corresponds
to a subsonic perturbation wave. Thus it is seen that the present calculations
support the arguments against supersonic perturbations. Conversely, the
results shown tend to confirm the validity of the present calculations.

SUMMARY OF STABILITY RESULTS

Accepting, for the moment, the caiculations shuwn in Figure2-23 , it is possible
to sketch the curve of critical Reynolds number against Mach number for the
range from Mach number 0.4 to 10. The results already presented are summar-
ized in Figure 2-25, with filled symbols denoting unstable points, open symbols
stable points, and half-filled points denoting neutral or indeterminate values. It
is seen that a smooth curve can be drawn for all of the results presented. Of
course, it is only the points at Mach 0.4 and Mach 7 that are at all well estab-
lished. The Mach 4 point at a Reynolds number of 500 seems to be almost
exactly neutral. The Mach 10 points are less clear, but it appears that the cal-
culation for Reynolds number of 500 is stable; that for 1000 should be extended
but is apparently not strongly divergent.

It should be noted here that the steady-flow boundary layer profiles were all for
a sharp flat plate without pressure gradient. At the critical Reynolds numbers
shown, the boundary layer displacement effect will cause an increase in the local
pressure and a favorable pressurec gradient, particularly at the higher Mach
numbers. This effect will alter the steady-flow profile somewhat, and would
probably lead to a higher critical Reynolds number.
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EXPERIMENTAL PROGRAM

The discussion of Section II has several important implications concerning experi-
mental investigations into boundary layer transition:

1) Although the analysis indicates that laminar flow is always possible at any
Reynolds number in the total absence of disturbances, it is also shown that
any disturbance, however small, will be amplified if the Reynolds number
exceeds a certain minimum critical value. Thus, it is not possible to entirely
eliminate smal! ‘mintentional disturbances as a transition-producing mechanism.

2) In view of the impossibility of entirely eliminating spurious disturbances, it
is probable that the "natural transition' observed in wind-tunnel tests results
from such unintentional disturbances. Some such sources are very difficult
to eliminate, such as sound radiation from the turbulent boundary layer on
the tunnel walls, model and model support system vibrations, model surface
roughness, weak shocks emanating from imperfections on the tunnel walls,
etc., as well as the effects of probes, sublimation, or other transition detec-
tion equipment. It is emphasized that it is not sufficient to make the disturb-
ance very small; it must be eliminated entirely. It is, however, to be ex-
pected that reducing the initial disturbancc will increase the length of laminar
flow that would occur.

3) Since transition may begin with infinitesimal disturbances, the experimental
equipment should be of the highest possible sensitivity. '

Considering the above, the authors concluded that attempts to trip the boundary
layer should be made, thus relating transition to known disturbances. Data ob-
tained in this manner should verify the predictions described in Section I — that
there exists a lower limit on the Reynolds number below which the boundary layer
could not be tripped. Of course, such verification would be valid only for very
small disturbances. The tripped data would then also provide some information
about the relation of initial disturbance and the actual transition Reynolds number.
Thus, in addition to verifying the stability calculations, the trip data should also
provide an empirical lower limit on transition Reynolds number. Of course, in
any particular test, tripping would be attempted only after verifying that natural
transition would not occur.
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