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Abstract

The motion of a freely floating or submerged body, which
is moving with a constant average forward speed and oscillating
arbitrarily in any of the six degrees of freedom, is formulated
as an initial-value problem. The seaway is assumed to be
arbitragy. The body is assumed to be 'smooth', but no symmetry
of the b;dy is required. The fundamental assumption is that
both the free-surface disturbance due to forward motion of the
body and the oscillations are small enough so that the problem
may be linearized. By an approach similar to that of Wehausen
(1965), it is shown how the present treatment of the problem
leads also to Ogilvie's (1965) modified results of Cummins'
(1962) decomposition of the velocity potential for the case of
an oscillating body with a constant average forward speed. The
linearized equations of motion of the body are then derived as
a set of six integro-differential equations. Existence and
uniqueness theorems are not established either for the boundary-

value problem or for the integral equation which is constructed.
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I. Introduction

In the study of the problem of ship motions, it is desirable
to be able to write down equations of motion which are valid
whatever the nature of the seaway. This means that the validity
of these equations should not require the forcing functions to
depend sinusoidally upon time. Cummins (1962) made an important
advance toward this goal by considering a certain decomposition
of the velocity potential resulting from 'forced motion' with
no waves present. In the present work we shall consider an
initial-value nroblem for ship motions with forward velocity
and show how Cummins' (1962) results can also be derived from
this treatment of the problem.

We shall consider the motion of a freely floating or sub-
merged body which is moving with a constant forward speed and
oscillating arbitrarily (not necessarily periodically) in any
of the six degrees of freedom. The body is supposed to have
zero average translational and angular velocity in the oscilla-
tory motion in some appropriate sense of the word 'average'.
Essentially all that this means is that there is s definite
surface moving forward at a given speed such that the oacillator}
motion can be referred to this surface with only small error.
The precise meaning will be explained in Chapter II.

The position and velocity of both body and the free surface
are assumed to be knowr at some fixed instant of time which we

shall take to be t = 0. Besides, we allow the possible presence




-2.

of waves which may diffract upon the body and cause it to move.
The incident waves are assumed to be 'known'. Otherwise, the
nature of the ssaway is supposed to be arbitrary. Our funda-
mental assumption is that the problem can be linearized, in
the sense that the oscillations are small and that the dis-
turbance of the free surface dus to the forward motion of body
is also small. In order to achieve the last requirement real-
istically, the body may be, for example, either thin, slender,
flat, or deeply submerged. Aside from this, we require only
thatthe form of the body be 'amool:h';A no symmetry of the body
is assumed. '

As usual, we shall assume the fluid to be incompressible
and inviscid and the motion of :the fluid to be irrotational.

The analytical method which is used in the present work was first
introduced by Volterra (1934) for solution of certain. initial-
value problems for water waves and was later extended by
Finkelstein (1957). Wehausen (1965) later showed how such a
technique can be modified to solve a class of problems in ship
motions and, in particular, how the decomposition of the velocity
potential of Cumnins' type may be convai!ehtly made. by this
treatment. The present work is an extension .of th'a; of Wehausen
(1965) to include forward motion.

For the purpose of the linearization of the boundary con-
ditions at both the free surface and the hull-fluid interface,
we keep two perturbation parameters in mind: g , measuring
the smallness of the free-surface disturbance caused by the

forward motion, and £, , measuring the smallness of the
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oscillatory mo;ion. However, in order to have a development
which is simultaneously applicable to thin or slender ships,
and to deeply submerged bodies, we do not follow the traditional
scheme of linearization of introducing separate boundary-value
problems for each of the order & , &, , &&4y etc., respec-
tively. The boundary condition at the wetted hull is linearized
by means of a Taylor's series expansion of the potential function,
in which all the terms of orders & , &, and &&v  are kept.
The result is the condition which is also called the Timman-
Newman boundary condition. A somewhat different derivation of
this boundary condition is presented in Chapter II of the present
work so that additional insight into the nature of the derivation
may be gained. As to the free-surface boundary condition, terms
of order higher than &€y are discarded, so that the traditional
homogeneous free-surface boundary condition is obtained. For the
justification and limitation of the applicability of such a
development, we refer to the discussions in the following papers:
Timman and ~Newman (1962), Newman (1965), and Ogilvie (1964).
The.problem is first formulated for the general case of un-
steady average forward speed and its appropriate integral equation
for the velocity potential is obtained. Howevér, in order that
the decomposition of the velocity potential for the 'forced
motion' may be conveniently nade, it 1is necessary to assume the
average forward speed to be constant. Cummins' (1962) develop-
ment for the case of constant forward speed was later modified

by Ogilvie (1965) in order that it should satisfy the Timman-
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Newman boundary condition. Hence we refer often to Ogllvie's
(1965) work, and effort is also made to preserve the same
notation whenevar it is convenient to do so, so that cross
reference between the two may be easily made.

Uniqueness is not eatablished either for the boundary-
value problem or for the integral equation which is constructed.
This may be shown in both senses if there 1s no forward motion.
It would be desirable to establish this in the present case
also. Furtherwore, no existence theorems have been established
for solutions of the integral equations. Thus in a certain
sense the work is purely formal. However, if one is willing
to concede that both uniqueness and existence should be provable,
the final equations show the proper form of the linearized
equations of motion and the nature of their ingredients. In
particular, one should note that they are a set of six coupled
integro-differential equations. We have not attempted to find
any solution corresponding to a special geometry. This would

be & reasonable next step.



II. Mathematical Formulation

Coordinate systems. It will be convenient to consider
simultaneously thiee right-handed cartesian coordinate systems.

Let 52” be fixed in space in such a way that 0% is
in the_direction of the forward motion of the body; 55’ is
directed oppositely to the force of gravity and the ( X, })-
plane coincides with the undisturbed free surface. The coor=-
dinate system 6 7?} will be taken to be fixed in the body in
such a way that when the body is at rest, the uxis 6 i is
directed oppositely to the force of gravity with the center of
gravity of the body lying on the line of i-axis, 55< towards’
the bow and 6'3} to the starboard; and when the body is at rest
the (? . ?)-plare coincides with the undisturbed free surface.
Finally, we introduce the coordinate system Ox, J moving
at a speed equal to the average forward speed of the body such
that when the body is at rest the two systems, 5i‘ ; and Ox'/}

coincide with each other. Hence the two systems, 0:’:73‘ and

Oxy} are always parallel to each other; 0 x coincides with _

0% and the (x, })-plane coincides with the (X, 7 )-plane.
In particular, if we assume that at the initial instant the

two systems Ox“, and 5»\"/} coincide, then at any later

instant { we have

X1
"

t
x+fC(r)J1_- ,

¢ (1)
3

vl axy
]

"
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where C(?) is the average translatory speed of the body.

In conformity with the assumption of the small oscillatory
motion of the body, we shall assume that the displacements of
the coordinate system OX3§ from OXx3y} are small.

Let (%. $,3) and (68, 8,, 8, ) describe the linear
and angular displacements of 6)’27"3‘, from Oxy3; , where
X, 2 X(t). =4, -, 6=6,(H). Thus they describe,
respectively, the surging, heaving, sway, rolling, yawing
and pitching motions of a ship. Note that at any instant t ,
the position of the origin 6 'is given by ( X, ¢, » };) in the
Oxt} system.

Suppose that &, &; and €y are the three unit coordinate
vectors of the Ox { ¥ -frame and E, s §z and anre those of the

63$$-frame. 1f P is a point in the body with coordinates
(2,? , 'j) end (X, Y s } ) when referred to the 54?7;- and the
OX 3} -frames, respectively, then, since @s oP-06 ,
we have

X8+385+58 = (-0)8 +(§-4)8 +(-3)8 .

Suppose that at an instant t the body frame 69 ?3 has angular
displacements ( 8, , 62, @;) relative to the Oxy} -frame.
Then, without assuming smallness of the angular displacements,
one can establish the following transformation between the two.

coordinate systems:
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X=X, L} 0 0 cosB, 0 Sinb, cos 8, -s:n@, 0 ri

U-3 =0 cosg-sing, | o 1 o0 |lsing coso, of) § @)
¥-3] \o sinb cosp [{-5"8 0 cosB, [ | © o 1/1%

If we now assume that &, , &, and &, are all small enough
so that one may assume CoS&F {, $ins s @, , etc., then (2)

simplifies to

X-x = X+6,3-6,%

A~

R T ?"’93)‘ =6

)

@)
3-3, = 110§ - 6.8 |

or

X:- x.; = §;+ 8‘

‘j'ﬁaj ?‘ ’ A‘»}.: * - ’l Z, 3 . (3&)

In (3a) we have used the usual cartesian tensor notations and
the repeated indices imply summation. If we now solve (3)
for ¥ , ? and 3\. and assume that X, ; §, and } have the
same order of smallness as &, , §, and 6 , then one may

discard terms of the higher order and obtain
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X = X=X - 8.3 40,4

§=4-4-6,x+ 0613 | (4)
;’}-}|-017" ol)‘;
or X‘ = X."X.; "than* . (48)

Note that the unit coordinate vector € , for example, has
the coordinate (X, },3) = (1,0,0) in the Oxjy}-frame. If
we let &=KXE 4+ ff, 4?@ , then from (4) one can easily find
that X = 4 ’ ?‘-0, and ?- 8 , where we have set Xi=4=3,=0.
Hence & = & +(-6,)&, + 6, g , from which one obtains the
following result which will be useful later:

-8=1, &-&=-9, ¢E=8,

Similarly one may further obtain that 2:'.@ =6, . 9'3:*

1
A A -
e:il=-6,; & &=-6, &6 =6 m &&=/
Or in tensor notation we write this result as

_é_\.:'sl = A:{ + ‘E"'}* 6 . ()



Geometrical description of the ship. The surface of the

body will be given at all instants in the body coordima te

A A A

system OX7{ by the equation

F(.8.3) =o (6)

By the transformation (4) this function can be written as

F(23.2) = Flx-%i=848,%) = F(x1.3.t)

Thus /?(’?'5‘;)=0 and F(Xx4.3.4)=0 | respectively, describe
the same body surface at its instantaneous position in the body
frame 6?7; and the translating frame Ox3} . Let us denote
this body surface by S . Note that with reference to the

0 x ¢} -frame there is an imaginary surface S, given by

St /?(x';,;)=o, (N

which is stationary with respect to the 0 X4y -frame and coin-
cides exactly with the body surface S when the latter is in
its undisturbed position. This imaginary surface So will be
called the "reference" surface.

Description of the sea. The form of the free-surface 57(7}
will be described either in the space reference frame

by the equation

}=Y(®Iy, (8)




-10-

or in the translating reference frame OXj} by the equation
¢d=Y3.t), (8a)

whers we lat

Y (%3.4) = 7 (x+fedr 3.8) = Y (x1t),

Potential functions and their preliminary decompositions.
As usual we shall assume the fluid to be heavy, incompressible,

and inviscid, and the flow to be irrotational, so that a
potential function may be defined. Let @ (X 73 1) be the
potential function such that its gradient equals the velocity
vector of a fluid particle with respect to the space reference
frame O *57 . This velocity will be referred to as 'the
absolute' velocity of a fluid particle. We shall also write

P(r¥1it) = lxr[cdygt) = §(xppt),

The relative velocity of a fluid particle with respect to the

translating reference frame Ox; ¥ then should be given by
Vo= Plex+Pumgnn) = (c+4.4.4,).
Note that ¢l=%’¢i=¢7’ %sg etc., but ?2. =§‘;'c¢,

\' ? still gives the absolute velocity but is expressed in
terms of the variables of the Ok;} system.
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In the subsequent development we shall suppose that the
resultant fluid motion of our problem is ccmpcsed of the
superposition of two parts: 1) the disturbance due to the
translation of the body fixed in its undisturbed position with
the forward speed C(t) into otherwise undisturbed fluid region,
and 2) the fluid motion due tc the oscillatory motion of the

body and the oncoming waves. Hence we shall write

Gleypit) = G loppt) + G loppt), 00

where % and ?I , respectively, represent the fluid motions
due to the first and the second parts mentioned above.

The linearized kinematic and dynamical boundary conditions
on the free surface. A systematic linearization of the math-

ematical expressions for the fact that the free surface is a
material surface and the assumption that the prassure every-
where on the free-surface is constant will lead, respectively,

to the following conditions:

Ye(RIt)= & (Fo}t) =o, an
and

??(""I'T) +¢f(f'011'1)=o. (12)

They are, respectively, the kinematic and dynamical boundary

conditions on the free-surface and are to be satisfied at the
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undisturbed free surface ¥=0. Elimination of Y from (11)
and (12) gives

qstr(ilo':‘»f) +}¢i =0 on ;’=0. (13)

The relationships ¢(Y'7'1,1) = @(xp3.t), Y(xI.t)=Y(xd1),

¢! = %‘ etc. and 4} = ?;-C {l)’( give us easily the counterparts
of (11), (12), and (13) in the 0»'7; system as follows:

B-cZ)Y(x3t) - G, (x0pt) = 0, (14)

¢ Y(nit)+ (a’?‘c?r) @ (xo03:t) =0, (15)
and

3_ C)—) Q(x,o,; t) + ; ¢; (16)

which are to be satisfied on the undisturbed free surface §=0

Linearization of the boundary condition at the hull-fluid

interface. The boundary condition at the hull-fluid interface,
like the case of the free-surface boundary condition, can be
formulated either in the space reference frame 677} or in
the translating reference frame Oy} . It will be convenient
in the future if we work here with the translating reference
frame 0)‘7} .

Let us first work out an expression for the velocity of
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the ship hull relative to the translating reference frame Ox 4&
according to the transformation (3) and (5) valid for the
small-oscillations approximation. Let Q be a typical point

on the surface of the body with coordinates ( ¥, 9, ?) in the
body reference frame af‘if and (x,4,}) in the OXj3-frame.
Then the vectors X = £ & +7&+7&=09and X =
X%+ 4% +} 8 =0q are the position vectors of { in
0273‘ and Oxu, respectively. It is easily verified from (5)
that

”~

€= Eit &0, 8 . an

Hence we may write

2
T @a+5e +(63-60)e+(87-83)¢€ +
+(8F-65)8 .
Let us define X = ¥ &+ 7¢,+7 & ; then we have

=54+ (6.6.6)x% (18)

Obviously X defined above is ‘not a position vector of the
point Q) with reference to any of the two reference frames
considered here. We may now write

5 = X""?/ = X +X + (Gnoa.&:)xx. (19)

e 3 S
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The formula (19) gives immediately the velocity of the
point § relative to the Oxjyl-frame as follows:

y(@:’*) = -X;(Q,f) = .X'“’+ (d'dp é:)".&\ ) (20)

where we take X = 0 since the body is to be assumed rigid.
" 1f£-the vector y in (20) is resolved along the Oxj-frame

we may then write

V; (0'“ = )'(n.: (t) + 5.:“ (9‘ )’(i . (20a)

Let /1 be the unit normal vector to the hull surface point-
ing into the body. Let /] be resolved along both reference
frames so that

N=3hé&=3ne. a1y
: izt 1‘;,
Suppose that the function ﬁ given in (6) which describes the

body surface is so chosen that the inward normal is given by

the formula

”~ A
n,(u%3) = F, (2-3'2)//?..& ’ (22)
A
where f. represents the partial derivative of the function
F with respect to its i-th variable. Then from (21) and (5)

we obtain easily that
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N (R §3) = 7 (B1.3) + Eja: 84 A

- {,E:} t Cin: by F }/J FuFs . (23)

The boundary condition on the body is

n-vi-ext) = n-\ )

i.e., the normal component of the fluid velocity at a point
Q on the body surface equals that of the surface. In component

form this can be written as
[”\7;(?'3'?)"2;,-*0,-?7,]‘['65;; + 4‘,;()‘,7.}.‘”]

= [ﬁ, (3D + & 04 ﬁg ]'[).(v: + Z.-“éj)?ﬁ] . (24)

Note that in (24) variables of both coordinate systems

are involved. Transformation (3) can now be used in writing
Q(x,m,f) - 4(§+x,+&,i“6,i, F+i16,%-07, }+h+07-6,7.1)

Since the quantities X,; and O: are small compared to the
quantities 2} , 1€ :is reasonable to assume that the following
Taylor's series expansion for the potential function Qﬁ; is

possible:




-16-

¢. (’"7'}'t) - 4.’..- (R¥21) +[Xu+&,.m B X ] iyt ; 23)

This is now to be substituted back into (24). One may at this
point introduce several perturbation parameters, for example,
say, & measuring the smallness of the free-surface disturbance
due to forward qotion and &, measuring the smallness of the
oscillatory m&t!:'lsn. Then by following usual scheme of lineari-
zation one can deduce from (25) and (24) linearized conditions
for separate boundary-value problems of the orders &, , £, and
&En , etc., "espactively. However, the goal of the present
work will be better served by following a slightly different
approach. We shall not be so specific about the introduction
of the perturbation parameters but rather shall disqard what-
ever terms of order 0;&‘ or X 19} appear in (2&): for they
are clearly terms of the order £,. (Terms of order & &y
will always be retained.) If this {s done then we have, from
(24) and (25),

,E:_. (2.%.%) Q‘- (%9, ?‘f) + E.",'g 0,5* Q‘; + :E.; [xu '*Elm@n;nj %[‘
-cd. [E, +&a4 Byl
= IE'; (?'?‘;) [;‘l; + éﬂ]lt&.j)?ﬂ ]'

A
where the expression (22) has been used for N; . I1f we now
drop all the circumflexes over the variables in the last ex-

pression, we have
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’E-:‘(XI’,’) Q" (Xt,,},'t) +£A}‘ 0" ﬁﬂ@‘ + F:; [Xu‘ +£lm0nxn] %d'l -
‘CJ;:[E; +54}“0"F,‘]

= Filey3)x, "‘E.:“é{ X ], (26)

Obviously, (26) is now a condition for the potential function
4‘ to be satisfied at a pé:lnt: on the surface defined by the
equation /E (x:4:3)= 0 which is precisely the imaginary sur-
face So defined by (7).

Although certain physical interpretations of the implication
of (26) are possible, we shall not do this but rather refer to
the original paper of Timman and Newman (1962) and to the dis-
cussion on p. 39 of Ogilvie (1964). However, we should like
to remark here that the fact that (26) is to be satisfied at
an imaginary boundary S, comes out naturally as the rélult
of linearization and the way Q is expanded into Taylor's
series in (25). The question of whether S. represents the
mean position of the oscillating surface S or not is 1mpt:e'ri.al.
In fact, S. here will seldom be the mean position of § ,
since we are considering an arbitrary oscillatory motion of
a body in forward motion.

Let us now put Q - % + Q’ in (26) and assume that
(ﬁ » and its derivatives have the same order of magnitude
as 9,- or X,;. Hence, terms like 54,-* 01' F‘:‘ 4’," and
(Xu +&E4mn &..X..) %”. , are to be discarded. Then from (26)




-18-

we have

F.; (X-J.})[%,‘. (X'j'}'f)'l'%"‘. (X,’,},f)] -+ E,}* &J 'E:l %". +
+ ’?"‘.[X'llle"m&mx»]%';l -C J:.. [F‘:‘ + 2,‘;.‘&1 ,E\,* ]

= F. (’“?-H[)&:; + &gy &, X ] (27)

Suppose that there is no oscillatory motion (i.e., we set &4=0),
so that X;= 0, f.=0, and % 20, 40 = k . Then from the last

condition we have

Frxt3) @ (opg,t) -cd, E. =o.

Hence /,; = CH,, on So: F(X’7'3)=0 , where we have

0)A

written ﬂ.,‘(Q.)=ﬁ;(09) /EF, for @. 3 S, . Or we write
G, (x13t)| = BV (ex). (28)

With this result another condition for (ﬁ can now be obtained

from (27). Thus we have, from (27) and (28),

Falean) 00380 + Eia 8 i @ # F[Xut &0 ] @, -

-¢d; Eiik 9}' /:.:,Q

= /?:J[);u +S4'1:£9;' X‘].
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Let us again write /,;(x#})for ﬁ; (*'7-})// F»tﬁt and

rearrange terms in the last expression. Then we have

nu‘ ipu' = log [).(u + E"'ii &1' Xt -] + n"'{_[x"'*elh'"&""\"‘] %u‘l-

- 8,'1“9* ("Cé‘,}--ﬁ %)’,)}. (29)

For convenience let us introduce a vector A defined by

../.4. = .)..<‘ + (g'laz, 93)X_>£ R (30)

Or in component form, /4‘. = X, ‘E»‘jt (% Xk . From (30) we

have, then,

1>

2
>t

= Z(.' + (éuéi'éa)x!- ) (31)

which is a vector evaluated at a point Q, = (¢§,3)on S,.
Note that the difference between the vector given by (31) and
that of (20) is of the second order. Hence (31) may be re-
garded as the first-order approximation of the velocity vector
of a point ) on the actual body surface.

Condition (29) can be put into a compact form if the

following vector identity is used:

Vx[Ax)] = (AVA-(AVIA+AVA-AVA. (32)
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Let A= V(-cx+ g)=-ce+y¢ and A be as

defined by (30); then

1) V’_A = V'V(’C”#'.) = 171(-Cx+43)=0)

2) VA =V [X+(8.6.6)xx)}

= Xy, t 5;#(9}- Oy = Exja 6 =o0,

3) (AV)_/ﬁ = “V(—C)HQ)]-V} {,),9 + (19..0,,@3)*_2_(,}
= (-c 01*%;4)(&}*8;"*&;&1‘

=St 40,8 ]
= ("C 1w+ %’1)[5,;}-1 &J]

=-é..'}'./( &* CJ + %1)

© = (AV)A =-{[X+(8.6.8)xX] V}V(-»H %)
Pt Xe)[-€diu+ i),

RTINS
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Note that 3) and &) are precisely the same as the second and the
third term in the right-hand side of the equality in (29). Hence

with the use of the identity (32), (29) can now be written as

n-vé = VA g [AxvEett))  on)

As was remarked before, to the first order approximation we
have aﬁ/éil = V , the velocity of a point Q on the
instantaneous position of the hull surface relative to the

OX?}-frame. We shall then rewrite (33) as

@ (s:t)| = Vo (xit) + 06 (x)'VX{ﬁ(lsi)x_\_/.(a;t)},
(34)

where \/, = V('CX')“{Q()”,;,{)) , and

= (xY4,}) ¢S

Note that (34) is precisely the condition originally de-
rived by Timman and Newman (1962). It might be interesting to
note that in (34) an additional second term is needed in a
condition derived from the kinematic boundary condition on the
hull surface S . However, it should not be surprising that
this should be the case, si.née S. , being an imaginary boundary,
is not a material surface. Therefore, even though ;0"' * ‘/n
1s the appropriate condition for a material surface, it need
not hold on S, , and, in fact, when a body is translating as
well as oscillating, it does not hold.

Finally, if the condition (34) is specialized to thin-,
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flat- or slender-ship approximations, it is found that (34)

in fact represents a combination of several boundary conditions
for separate boundary-value problems. Moreover, in this case,
the additional second term contains terms of higher order in
perturbation parameters. Such terms should be discarded if a
strictly first-order expression of the boundary condition is
required. Nevertheless, the present form of the boundary
condition in (34) will be used in the present work because
there seems to be no harm in keeping some of these higher-
order terms, provided it is understood that the accuracy is

good only to the first-order approximat _on.
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III. Solution of the Initial-Value Problem by the Method of
Green's Function.

The initial-value problem. 1In the subsequent development
we shall need only the translating reference frame Ox;j,.
Henceforth, the surface 3.: ﬁ(*"/.})= o will be restricted
to the part of the surface which is below {f=o0, i.e., Se
coincides with the wetted part of the hull surface when the
ship 1is in its undisturbed position. We shall be looking for
an unsteady velocity potential <€ (x3,3, ) satisfying the

following equations and boundary conditions:

%x +(ﬁ;7 t j33 =0 , }<o, 35)

—'C x) (f t 3? (36)

on the undisturbed free surface Jf=0;

@, (xit)

< ® Vi (2:4) 4 ﬁ.(.".)'VX{A(A;t)'.\_/-(.liﬂ}, (37)

Xe (x33) 10 S, , and Vi (5:1)= Vextfleg)ie
already prescribed;

where

({’.h(l;f)fB =0 (38)
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where B 1is the bottom. If the fluid is infinitely deep, the

last condition is replaced by

Lo, (f("l}'”‘o. (38a)

Y0
In addition, Q; , (/‘{ and their first derivatives are assumed
to be uniformly bounded at <0 ,
The initial position and velocity of the ship are assumed
known. Moreover, at the initial instant both Y; and Y; on the

free surface are prescribed:

Y (xg.0) = £ (x3)

39)
Ylt (%3.0)3 fz (x3)

where -f: and 1‘; are given functions of X and [ .

From (39) and (14) we see that (ﬁ?(x'o'}'o) is also
determined. Thus at #=0, %, is given on all boundaries and
is bounded at infinity and therefore, 6‘,’(*/}-}, 0) can be
obtained as the solution to a Neumann problem. We also know
from (15) that ){("';'T) , the free-surface elevation due to
the fluid motions associated with (ﬂ , 18 given in linearized

theory by

Y, (x}. t)——i(” c3x) § (xop.1). (40)
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Hence, from the initial values given in (39), (/;, (x.0.}.0) H

and 43" (x0.3,0) can also be found.

The time-dependent Green's function and use of Green's
theorem. The Green's function G (*93i%92:4) 1n question

is required to be a solution of Laplace's equation in the
variables ¥, 7. { with a singularity like I/r =

= [(x-¥)+ (7-7)“+(<;-;)‘]-}s at (x3.2) but otherwise harmonic
inE,'/,? in the region }<o , 740 . Thus

G(Xpiixprit)= Vet Hlxpait.9.0:4) (41)

where H(X'§3i%.7.2;%t) 1s harmonic everywhere in the domsin
of definition. We shall suppose that § 1s a symmetric function

of 1 satisfying the following boundary and initial conditions:

S-od) G(2102:4)+ 3G =0, (420)
G- z;x;f)’ =0 or i Gy =0, (42b)
8 N - ,
G(2itor;0)=0, Gulaitplio)=o0, (42¢)

G=O0WR"), G =0(R) s Roo, (424)
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whers K= [(x-r)‘+ (;—7)’]” ) and

) >
332N 5T ¢ '7;,37- + M5

A method of construction of such Green's function can be found
either in Stoker (1957, pp. 188-191] or in Wehausen and
Laitone [1960, pp. 491-495]. 1It is a property of this Green's
function that

G(Xi3:¢) =G (T:x;t) 43)

where X= (x'i,j’.) and 1= (7'7'.?) is a point on the boundary
of the fluid region considered.

With Green's function described above we may proceed now
to set up an integral equation for the function 2 . To achieve
this goal we start, in the usual fashion, with applying Green's
theorem to the Green's function (3 and to %f. in the fluid
region bounded by the undisturbed free surface F , the re-
ference surface S, , the bottom B s any), and a large
sphare L of radius Q centered at the origin of the trans-
lating reference frame. Note that only parts of F , 8 and
U will serve as bounding surfaces and we shall call these
parts F', B and /1'. Then

(f,’, (x;4) = ily‘r// {G(l‘v'l"*-r) 4, (1it)- %, G.,,} ds 44y

F#S,e 840
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where the normal vector is taken to be exterior to the fluid
region considered. The surface integral over / vanishes as
the sphere /L extends to infinity because of the boundedness
of ¢§,, and %, and the behavior of G at c0 . The integral

over B’ also vanishes since both 4?,, and G, are zero on B .

After letting 4 —» <« , (44) then becomes

@, (2it) = 7= {'/{6 Ei%03i #-1) g (5.0.X.4)- 0 G, | dy &

+ ;l;//jG(z;z;{--r) @, (34 -¢, Gv}Js. (45)
X

Interchanging ¢ with T in (45) and observing the fact
that G(&;I JE-T)= 6(1:1;1’-#) , let us now integrate
both sides of (45) with respect to T from 0 to # . Then

we have

474 (xit)- 47§ (x;0)

=/2tf//{6(x;g,a,r;{--r) 4,’,7(1,0,?;-:)— 3 67 } dg d;

Lo [l 60140 b (0)- 6, ) 4
Se

= IF + I$° ) (46)
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We may proceed further with (46) by making use of the
boundary conditions as follows. From (42a) we have now, on

the undisturbed free-surface £ ,

Gy(2is02it-1) = -4[(Fr-ctr-ng) Gless01i41)]  @n
where

26(xigit-1) 2 G2 YitT)=-F G(Xig;4-7)

is the derivative of G with respect to its seventh variable.
With further use of the free-surface boundary condition for
the potential function 41 , 1t is not difficult to verify that

the following identity holds for £ = (> %) on £ .
{6(! ’ ’,’), ;" f*T) %t‘/ (!lOr'/, T) - %,(.:74/ [z

2
oT

———

GL2Y, ()] + Y [D6 (Xivorit-r) L
-7t )J? { ¢ 112 ) C(f-r)];’i—bfv (% ?'0'?"*#)}

+3 2% |4 (or,0lcmd6)]) )

1
¢
+ j- (i) {C(T) DG -[zctrs can] F(bG) +

+[Eé(r)-Ctt-1) (36 )+ C(r)[C({'T)-C(T)})% (1)6)} +
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+ J;- ,?f— [ G(t.0., T){ 2cq)(D6)+ cctn +zca-ﬂ];’?(p5)-
- ¢ (D6)) ]
-4 {4,029 @6 1} + ¢, (rorfengig)

J

vhere

Dy (rrt) = (-},r—cm?—’-) Y (11.¢)

and

DGtz (F-ctty ) G(xiLit).

With the use of the identity (48), the integral over the
undisturbed free surface F {a. (46) now becomes

| A
I =-[{6[DYaara]+ X [DG@itor ] Jde s
f

+4 //{? (t.o1, o)ﬂcuncm]}’ DG(norit) | dydy
F

_.i. 9}2 %(r'?'hQIC(o) pe(z;f.o,r;f)} J; +
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) %/3*//46“»' tr) e DG(ei 03 tT)-
-

-[3cmtce-n) £ (D) +[En- ¢ w-n)(DG)+
P (49)
+c(1-)[cu-z)-c(r)}% (DG) } ds JI
¢ .
+ f/odrfp {e(;o,r.r)j 2¢mD'G (%03 4-7) 4
+etactor2ct-0] 3 (25) - i) (26)) &y
*
4[4 $, 4 (5020 [ DG (xivari )}

+ /jhf//?ﬁ\;,o,{,-r){cu-r)aé—?G(X;z,o.z;'l-r)}‘fgdr‘)

where
DG(Xi103;0) = (F-cF)G(xivatio)

and

DGlxit o t) = (F-cof)G(x so31).

In deriving (49) we have made use of the condition (42c),
namely, 6(.’.‘ /3.0 Z;o) =0, G{-(’ﬁ‘-i?;7,f,‘0)=0 . It follows

from this condition that
DG(x:502;0) = Gr(X,%03,0)-Cl0G (X 3.02;0)=0 .

Note also that in obtaining (49), Gauss's theorem for the plane
region has been used. Since the undisturbed free surface F
may be considered as being bounded inwardly by [, , the contour

around the intersection of S, with F , and outwardly by ['o
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at infinity, one of the integrals, for example, becomes

e { #osnletn 261 edr

- é' 4'7? (s.0.3.7) [C’(T) DG ] J?,

where [, is oriented couterclockwise, and the integral around
[« vanishes because of the behavior of & and the boundedness
of it at infinity. The other contour integrals appearing in
(49) are obtained in a similar fashion.

We shall next proceed with the integral over S. in (46)
by making use of the boundary condition of the function ?,

on §, . Let us first introduce the following notations. Let

v, *=/.2,3,
€y = (50a)

g‘.s XE ) Vks 4'5; "

Do(x)- €4 , #2023,

=
»~
]

(50b)

No(x)+| €as x X1, k=454,




ﬂ.(l}-{ V x [El" _\_/,(5;{)]}, k=123,
A‘ - (50c)

i (2o { V[ (€0s 3X) > vGHl}, k=a5¢,

where

Volxit) = ¥ (~ex 1§, (x;n)

and

xole,q1=7l:%=}o;%=&"q,-f:a"q‘:'&‘" (SOd)
Then the vector A defined in (30) can be written as

A(Il't, =_X'(f"+(&h&f'&3)xl

¢

= g—: XA (1) €4 (x) . 1)

Thus (37), the boundary condition for g’} on §,, can now be

written in the following form:

¢ . ‘
%(Kit)ls = % Neg (%) %, +g; A*(x;f) oLt . (52)

Taking the time derivative of (52), we have



6 . ¢ .
({f,,f (X:+) G = % Nog () X*(th,(z.,' ﬁ‘(g;t) X (#)+
. (53)
+fé. b (xit) &),
o

where

ﬁ;(zﬂ) = 2K (5:4) 3¢ .

The condition (53) is now to be substituted into the: integrand

of the integral over S, in (46). If this is done, we have then

/f/r//[G(KiIi{-r) ¢ (7)) - % Gv} ds
o

‘f
= [ 47 [[Gts;t;4) f;{ Pgl2) ‘3&*(?)-#,‘_5; helti) Xyer) +
Se )

*é, B (257) o }Js

+ > (54)

-/oJT//% (£1) Gyu(X;%;4-1) ds
Se

+f 459 6, (xixi0) ds - [ 0:4)6utei10) ds
S, s

=I$. _
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Note that (54) and (49) together equal the right-hand side of

(46).
Define the operator e( as follows:

G ) 5it) = angxin+ [ § N6 53i0) ds
So
+./‘*JT//4;(1;T)671¢(£;1;1"‘T) ds
. S.

- 4 [ [[ g0 e Vblxinar 0)-
f

- [3¢cm+cin] 5); (26) + [é0- ¢i-n] (DG )+
+Co[et+D-c] %(DG )} dydy

i / e //[ﬁ7 ($.01,7) {C(t—r)% G(xig0or; f-T)} dgdy

el

(55)

#/47?5 Q(f'a?T){ZC/T)D G(Xito3; ;1)4
temcm tacu-n) (06)- C(T)(pc.;)} dp

+-,{/t!19,€ ng (f,O.r,T){C’MDG(!"Y""N *"T)? d3 |

With this definition of o( , the following integral
equation for 99 can be obtained from (46), (49) and (54):
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L{G }(xit) = a7 §(xi0) +s//¢; (1:00 G, (%1 #) ds
—-’{/{5[]))7(?.0@,0)]‘f;’:[DG(!i?.D-T:t‘)]}‘{E‘/f
*g[eerem] Z/%(m £,0) fs’gé (xis0.3; +)} dede . (s6)
—J-ao)55 { (1.0, o){Dé(xm.o,r:f)}J;

-f/J-r//G(X %1 1){2“‘(!)0(‘(7) +

+g {,’ (%;7) X, (1) -rﬁ / (%: T)O(*(r)}a'
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IV. Motions of a Ship with Steady Average Forward Speed.

So far our development has been.perfectly general in the
sense that no restriction is imposed upon the average forward
speed. Henceforth we shall, however, assume that ¢ = const.,
i.e., the average forward speed of the ship is a steady one.

As a consequence of this assumption we have now (/:, - %(5) ,
a = /g(l) , and Y% =W (X) | i.e., they become independent
of time. 'Thus the only time-dependent functions are the Green's
function G(&;‘f;{) , the unsteady velocity potential 97('-’1/' t)
and the various displacements X (#). The integral operator
defined in (55) and the integral equation (56) now become,

respectively,
1

TER L z:f)+//é;(z;+)a,,(a;x;a)as
+/ Jv//é(f,r)éw(:'-,f-r) ds

7/41//44(,0;1);—{0 G(3:%0.¥i4) =
-44(26) }c/er

-C/OZTf//%y (t.01.71) {% G(x; Y,olz;f-r)}Jng

/4155 b (r02.1){20'6(x:5.0.0i4-7) +
+3c%(D6)} d3

+-§IZ;T£ (ﬁf("o’?"[) {p@ (xi+. o,r;f-r)}Jg

r (57)

)
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and

L{C ) xit) = am @0+ )[4 (1:06.(x:5:8ds
s

“[{6 126501+ ¥ 1960k noxei) drd

//?(i,lit,o) = DG(&itox; f)}J;J;
> (58)

t I3 v
+[41/@(5;1;4-T){% Nog(D &, ) +
s .
+ 2 by (D) oq(w)} ds

We see that integrals over the undisturbed free-surface
F are involved in the expressions on both sides of the
equality in (58). The behavior of Green's fuaction & at
infinity of our problem makes these integrals converge even
though the domain of integration [ actually extends to in-
finity. 1In case of zero average forward speed, i.e., ¢ = 0,
all the integrals over F and around [ in the definition of
the integral operator J disappear. Hence equation (58)

in this particular case can be made to yield an integral

e e e .
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equation for a function defined only on the reference surface
S. by letting the singular point X=(%x},}) converge to a
point of the surface S, . However, with non-zero average
forward speed, we shall inevitably deal with an integral
operator involving both surfaces S, and F . Therefore, a
considerably greater difficulty should be anticipated in
solving an integral equation obtained from (58).

The following identity may be established from (57):

3)?[0({4‘,’}(1:%)]: o({(ﬁ,}(l;f) W
+ [ (2:0) Goplestiny ds

5 tonma et o
—47(%) }J;J; (59)

- c//%(f,o,;,a){%é(z; 0% :f)} dedy
f

" {ﬁ,(i’,o,‘(,o) {2 P’G +3 ca-%(pg)} JI

-r%?ﬁ. 4{2 (?,o.r.o){DG(.&;?.o,r;z‘)}d(r.)

From (59) and (56) we find that %} must satisfy



=39«

pr}(—'*) = —//féf[DY(? I‘O)]

+ Y, [2D6(xit0r:0] s

+ _}EF//% (f,o,r,o)% {p‘g(x; f.a,s,t)—Z% (DG)) ds dy

t¢ //?7(%0&0) {5% G $,o,r;f)} ds dy
F
-7‘-'?5 ¢ (r0r.0 [DG(xitoxit)]dy  (60)

+—§15 ?("01’,0){1? 6 @i t‘or,f)+3c-;§—(1)6)—
-r(Dé)Hz
*//5(* 1;0) {f EILAD +g f,(8) %t} ds

/JT//G (xi%; {T)f;/).‘(f)oq(v)drzf(x)x,(f)}Js

It would be desirable to establish the uniqueness of
solution of the integral equations (58) and (60) and of

equations to appear later which are of the same form, namely,

1o} =f

That is, we hsould like to prove that I ’f ?} =0 {mplies
that (=0 . Although this can be established for c = 0,
we have not been able to prove it for ¢ ¥ 0. However, it

seems very likely that this is so and we shall assume hence-




-.4;0-. :

forth that it can be established.

From the physical situation we are considering here and
from the linearity of the prablem, it seems to be clear that
the unsteady part of the velocity potential has the following

constitution:
Q} = 4F + ?z t % )

vhere {’, ’ ?; , and ?, represent, respectively, fluid
motions due to a) forced oscillation of the body, b) the
incoming waves and c¢) the diffracted waves. In order to
consider a general situation, we do not wish to assume that
the body starts oscillating from a state of rest relative to
ox;p at the initial instant ¥=0 ; on the other hand, it is
desirable to do so for the convenience of the type of de-
composition which we shall consider in the next chapter. As
a possible approach to rolving such a dilemma, we shall assume
that the velocity poteniial 40,, may be further divided as

follows:

?F '%’o’*n )

where on describes the fluid motion which would take place

as a result of only the given motion of the body at the initial
instant and %‘l represents the fluid motion due to the
oscillation of a body which has started from a state of rest

and has achieved the given initial motion of the body instantly
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at f=0 . Hence 4’;0 and (ﬂ-, , satisfy, respectively, the

following boundary conditions:

(/’Fon(x;o)ls’= 4’,"(550)'3“, (ﬁ,on(x;t)ts‘,:o for £70;

and

%m(&o)lsif 0, (f“"(!;”ls, = %n(xi‘l')ls. for t>o0.

For convenience, let us henceforth write

¢ = ¢Fl t %, (61)
where (/w = éfo +¢r +¢D-

The two functions (fn and Qw for >0 are then defined,

respectively, by the following equations:

J{QF: } (5;1‘)=[§-r//@(3;-§;{_r) @ (1:7) ds
So

=/t/r/G(Lf;%-r){é‘/h,,(i)&*(T)*
S

'**Z‘ ﬁ‘(I) & y(r) } ds | (62)
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and

o(”".,,}(ii‘lk 47§ (xi0) +//4’,(§;0)6-u(5;2;+) ds
Se

_-//{6 [DY (£1.0)]t )7[36(5;*2,0,;;#)])] de ¢
F > (63)

+27C//(/}(mr,o) [5g D6 (xisoxit)} deds
F

- ggr{ Guor.0) {DG(x: w010 Iy

(ﬂ-, , and Qw , respectively, satisfy the following initial

and boundary conditions:
(ﬁ-, X;0)=0, %H("""}, 0)=0 , (64a)
QFIH(-&;O)/S =0, (64b)

(ﬁn(fif)_[s,

¢ . :
g l’l,‘(!)o(k({-)’fkﬁ Z‘(.&) &g (H (64c)

Gern (58]

for 71>0,
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Pul(x:0) = ¢ (x;0), (65a)
(/W‘f (X’ a';’lo) = %f (X'D’}" 0) ' (65b)
an(ﬁ;o)& = %”(l;oﬂso

P) . ‘
=Z “ot(“o(;(o) + 2 %1((5)«!(0)’ (65¢)
[ 1Y) [ 2

?Nn (-)-(7 f)' =0 for >0 . (65d)
So

Thus, gﬂv describes that unsteady part of fluid motion which
would take place with the given initial conditions and a body
fixed relative to the translating reference frame.

Lastly, let us state in the following an important
property of the integral operator defined in (57): Let g)
and ’lf(!;f) be any integrable functions and a( be the in-

tegral operator defined in (57); then

I{Z‘Quﬁ(ﬂ)"*(.&;{-l—l)} =/°t(3(u) o[)r"f} (5,"/-14)¢/H . (66)

To prove this, let the following substitutions be made

in (57):

i




~bb=

@ (x;4) = /pf,@(“)‘%(z;f—q)tlu )
4 (z:v) =[ﬁm Y da, et
Then from (57) we have
J{/}(ww;{.t.)au} = 47/;@(m/(5;+-u)aq
' s/o/‘!‘/,t’“/““) Y (3:4-4) G, (5:2:0)
*/t/'r //Js/‘:n.,@(un/»(z; T-u) Qo p (X35 4-T)

'?/ T//"f"r/d’“/@‘“ﬂf(“ vi 705 | D6 -
f -4-2-[D6(X fo?f-'rj}

+

-C JT J?Jr TJH (“) ('g,o,r,T"-l) 3 6(‘/?;0,1';*_1')
A | dupray :
F

-&/ST?{ Jr/;u/@(u)ﬁ(?,o,r, -r-u){z 2% +3C%(D6)}

C

'?_' ¢ Jr/du/.?(u)‘)f(!o( 7- u){DG(" £.0.3; ¢- 1;)}
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o [t amapleit- + [Dopraf Y5 06 53100
*[jt[zuﬁ(u)//'z/(t_;;‘r—u) G s (8150 4-1) ds

__/JT Ju (M)// ’f( "('T'“)?l{p G(8ivegitT)=
(pa)}J Jy [

-C/J-,-/ Jq/G(u)//lf (£,0.%; T‘(){ X, e, -/T)}J‘EJ;
—?ZJr/Juﬁ(u)yf: Ylrorima) 2106 43¢ 5 (06)) dr

toT

*?Z-’T{Jup(u% Y (50067 4) DG (K;fro,r,'{—r)} e
J

Note that in obtaining the last expression the integral

/,‘T/“,:‘? (4} has been moved outside of the surface- and contour-
integral signs. This operation is justified since the domains
of integratica S, , F and [, are independent of the parameters

T and 4 . Recall the following formula from analysis, some-

times called Dirichlet's formula: If 7(T.4) is continuous

in the domain 0= 7 €7 , Oz ? , then

[t - [onfir e
¢ u

t t-u
[ b f e
° 0
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where we have put T'e T-u,

With the use of this formula, the last expression becomes

[:/...,z(u; 4T Y(Eid-u) 4/%0 («’//'lf(:: f-u) G, (2:%50)ds
+/Ju/)(m/ JT//LHs 1) L (255 40 1) ds

lan
/Juﬁ(u)/dr//q( 0, r,T)”{D G(X: %0y t-u-1)-
-477(])67 }J' clg
t t-u
_C/oc/uﬁ(u)/ dt’ // b/ ( o, T)f [7(5;;',0,3, ’-:,-T’)}Jg(lg

fn

--/Jm?(cd/ ({T/ yliog: 7){20/1“““” ’}J

+7§'/.4u/e(u,[ 45,‘2 i, (et T){D6 (xisend-ur) ] Iy
t
= /OJu/e(u)JW} (:4-u)

which completes the proof of the proposition.



-47-

V. Decomposition of the Velocity Potential 9;, .

Recall that in (62) we wrote down an integral equation to

be satisfied by %,—1 which can also be written as

¢ f
LG fezen - 1(2 /‘%(ﬂ// Moy (£)G(%:5:4-7) ds
= /J

I3 i
+‘Z/ ok,(-r)s// [‘(3) G(xit:4-1)ds  (67a)

Let us next consider in the following two boundary-value
problems. Suppose that (/F{;' and (ﬁ'/{“ are two potential
functions which, in addition to conditions similar to those
satisfied by the potential function (/; on the undisturbed
free-surface F, on the bottom B and at infinity (i.e., those

stated in (35), (36), and (38) or (38&)), satisfy the following
initial and boundary conditions:

) )
(pri (5;'0) =0, {/’Flf (X‘(),}, 0) =0, [:/,Z ; (67b)
()] _ ¢ , . f f)L‘) . 6
F,n(i‘;f)‘s = % ”).“5) X (2) or ; (67¢)

M

tz) '
%"In (L“Is = A;(”‘xk(” for 120. (67d)

Lo

=
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By precisely the ssme analysis used in deriving (58), the
integral equation for the function Cf, , we may obtain the
following two equations satisfied by (fF;” and Qr;" .

respectively:

fs1/0

) € ,t
"[{ ;7}(!#)'2 JT“‘(T)//”.,‘([)G(J;Z.{-T/Jsl (67¢)
.

and
J{(/F,m}(z;f)zg /.:/w'q(f)// /{‘(!)(-,(3;1 it-1)ds .  (67F)
So

Since the operator a( is linear, adding (67e) and (67f) together
gives the equation

uh

21 ¢ 1 . ;
1{ Pt QFI }(5"” = Z'Z(h v\’ﬂ"’///l,/é)é(!:t;f-r)a'S

> (67g)

- t
* {2—-} /aJT O(J(T)// /;t(’:)é, (x:1:t T)Js,
So
1f, as we have assumed, integral equations of the form

dif}=4

have unique solutions, then we can conclude that

/) T @)
(PFI =Y T . (67h)



-49-

i 2)
Define the two functions )(4 and 3(; to be the

solutions of the following integral equations, respectively:

J{X:} (x;t) = // n,ﬂ(ﬁ)é(z;itl)z!s, (68a)
So )

k://z,-.."'
and

2)
J{AQ }(Lt)=///,‘/i)6(5:z;+)ds, (68b)
ﬁ = [ 2,44,
With the assumption of the uniqueness of the solutions of the
equations (66a) and (68b) it can be shown easily that X‘m and
){tm satisfy, respectively, the following conditions:

0
K*h)(.’fﬁ))s = I]ak(l) ) for 17¢, (69a)
and )
&kn (!:1‘)‘5 = ﬁ‘(’-‘). for 10, (69b)
k=124,

Besides, they satisfy also the same free-surface condition,

conditions on the bottom and at infinity, as those of 43 .
We now claim that the following decompositions of the

potential functions 4%;”and Q&r' satisfy, respectively, the

integral equations (67e) and (67f):
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[(]) ¢ f.. (U]
%, (x;+)=‘2:_,[ Xylr) Iy (x:#-1) d7 | (70a)
and
@) ¢ 4t P)
?,, (5;»‘)=g/o(*(7)é("(5:l—r)47, (70b)

To verify this statement, let us apply the operator .,( to both
sides of, say, (70a). Then we have

"

X{ 4 )(1:”: % 0()’/“'-;éﬁ(T)X;‘(.’SH—T)JS}

1t | th
%/, Ky (1) o(j)(‘ }(5:(»—1-) dr

t ‘
%/jro(k(_’)/jl”-"'(ZH’(!:E;{-T)JS’

where we have made ugse of the property of J stated in (66) and
equation (68a). From (67h), (7Ma), and (70b) it is clear now

W

that the function (/H has the following decomposition:

1., (i
G, (xit) = kz‘/ & (<) XK, (2 4-7) d7

(70c)
¢

t, @
-+ﬂ X (7) )(‘ (X;¢-1) dT1.

We now show that the decomposition (70c) toegether with
the boundary conditions (69a), (69b) and those satisfied by

f a)
Jq‘ and X‘ on the undisturbed free surface, the bottom,
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. and at infinity in fact is essentially that of Cummins (1962)
as it was later modified by Ogilvie (1964). Henceforth,
reference will be made to Ogilvie's (1964) paper.

After integrating by parts, the decomposition (70c) takes

the form

& e @
G (3141 = 2 &40 (xiv0) + 2 0] (210)

o . ¢ /1w L(71)
+ ,Z/‘}(" (% 1-1) o (1) d ¢ +‘2__:/<Kk (%; #- 7)o (0 dT

‘z)

AT AR RACE AL

On the other hand, Ogilvie introduced two sets of functions

and proposed the following decomposition:
‘. 2 ]
. .S ” X
G xi) = & XY (5) + 2 %) i (%)

‘*Z‘_/f/} (2 4-7) X (o) dT
12 [ d it

Thus, the decomposition (71) differs from that of Ogilvie

¢ (72)

in only inessential ways. Instead of starting with initial
data at T =0 , Ogilvie's decomposition starts from a state of

rest at # ==a. In fact, the functions Wj‘(-’i) R L/z"(l),
)(lk (xit) , and )Czﬁ(l"{') can be identified, in that

order, with ‘)(4(( ;40) Xk(v(zﬁfo)’ &‘;'( ;1) and

(24

‘KH (x; t) , respectively. If this is done, then according

to the conditions imposed upon the functions %*(-’1) and

T P
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. o
j‘/j‘(-x-' t) by Ogilvie, our present functions J’Q and a’qm

must satisfy the following conditions:
[Z] @
X* (x0.},40) =0 , Xi (xvo,3,+0)=0 on F ; (73a)

Q@)
K,m +o)l = N (x), Xﬁn(5;+o)fs= /;k(!)} (73b)

2z W L
(37-¢3%) K (x'o'y:*)w)([*', =0, f=12 ; (73¢)
(4] (2)
fflo(3;+)1go= o, 3(41‘" ("!"*)L=O; (734)
X*l: (5;‘?0) =0, ml;(i" 10) =0 ; (73e)

i) ) 21 27
&orr (x,o,;,w):-?,)(”‘ | Koy (R0340)=- 3G, . (730)

Let us show in the following that these conditions are
indeed satisfied. We see that (73b) and (73c) are already
satisfied, for they are the same as those conditions originally
satisfied by J(‘(“ and 3(1((2) in (69a) through (69c). The
conditions (73d) follow immediately from (69a) and (69b) since
both /) and 4‘ are independent of time here. In order to
verify (73a), we need the equations to be satisfied by X* (x:+0)
and Jﬂ (X;+0) . They may be obtained from (68a) and (68b)
by setting #= +0 . Thus from (66a), (68b), and from the
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operator 0{ defined in (57) we have

4T K, (x:+0) + //)q"'(:;fo) Go(x;1;0)ds = // Nog(3) G(x:2:0)ds
S So

(74a)
4r Iz 10)+ //)d’f(z;fo)év(ﬂ:iio)z/s = //A(z)é’(x;zw)ds.
So Se (71“’)

Recall that in (42b) and (43) we had G(Xitot;0)=0 and
G(x:3it)= 6(};5;{)’ so that, for _)_(:(X,o,}) we have

G(xopityr;o)= GGprixogio)=0 (75

for all %, ‘/ T . But then also

Ge(xopi5q1i0) =Gy =G =0 for Xon F.09

Hence

G_V(x.o.},' ¥ ?;a) = N, G? + G;. + lo2 6; = 0. (77)

Therefore, for X = (X0.1) on F , the equations for )\’:'(!Ho)
and }(;”(z,wo) , 1.e., (74a) and (74b) reduce to
J(:'(x,o,};.po) =p @&nd X‘(”(’f'olj«,‘-to):o . Thus (73a) is also
satisfied. There remain the last two conditions to be verified,
namely, (73e) and (73f). For this purpose, we need equations
to be satisfied by )(;: (x:+p) and K:,’ (x.+0) . They may be
obtained by differentiating both sides of the equations (68a)
and (68b) with respect to 7 and the identity (59). For
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instance, the equation for Jﬂg is obtained as follows:

i ¥) (xi4) = S_//H,,(z)(;,(x;z;ucls
- !/ K (2:10) Gy (Xi 25 4) ds
+ 5» [/A(‘"'(r,o,;, +9) & (DG (3 %03 -4 5 (06) }de &y
+CZ/J(*;'(5,0,§', +0) {%é(x:f,o'r:f)} d3dy
*? 51,51 &, (5.01.0) {207 +3cs; (v6)} dy

- fgf- XA(:(?.D'IMO) [pateisonit)de.

| [0
| But we have just shown that Jq)(?,a(,fo)z o0 (see also (73a)).

Hence the last equation simplifies to

¥ Jxi4) = [, 01Gelxiz: 6 d:
Se

- //}(‘(”(E;-'O) 61/{(1"14' t) ds \ (78)
S,

+c F//Jg;'(s,a Y, 10) }5% G(xitox; f)}Jf Iz,
J

Similarly, for J(, we have




-55-

‘”Kfa” (x;t) = //ﬁ*('!)éf x;%:¢)ds
N

- //Xﬁm(?.:w)éw(s;g ;) ds L (79)
S

-

+C//)(‘(;'(f,o,(,+o) | GlEi%or; +)} dedp
F

For 7+ =+0, since G (x:%0Y:0)= Ge(x:i% )1:0)=0,
(78) and (79) reduce to

il (00 + i 10 b0, e
So

and

4773(;;’ (x;+0) + //JQ{;’(EHO)GJ!? £:0)ds = o. (81)
SD

Obviously, J(:; (xi+0)=0 and J(;z; (xi+0)=0 are

solutions of (80) and (81), respectively. That they are also

the only solutions is shown in Appendix I1 of Wehausen (1965).
The last condition of (73), i.e., (73f), follows easily

from the free-surface boundary condition. Since the free-

surface condition holds for all t , at #=+0 , in particular,

we have

) ) 7] «€)
Hypp (1:0.3,40) = 2Cdpy + Houn + 8%y =0,
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v

where f=/2 and ® =42, 0, "But for t1&+0 ,» we have
]

Kipxy (x.03,40)=0 and Jo o (xa},+0)=0 which follow

immediately from (73e) and (73a), respectively. Hence, from

the free-surface condition we have

)

)
HMerr (x:0.3.40) "’73‘1; v A=r2; k=12, ¢.

Thus X‘m and J\/:) satisfy all the conditions (73a)
through (73f).
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Vi. The Forces and Moments Acting on the Ship Hull.

In the following we shall first derive expressions for
the forces and moments acting on the ship hull in terms of the
steady and unsteady velocity potential, 45 and 4@ . The
various types of decomposition which were made previously for
the potential 46 will then be substituted for Qe .

In principle, the only correct way of calculating the
forces and moments acting on the ship hull is to integrate the
pressure around the actual wetted surface. However, by an
approach similar to that used in obtaining the linearized
boundary condition on the hull-fluid interface, it is found
that one may, in practice, integrate the pressure around the
steady reference surface S, provided a proper correction is
made.

The present calculation of forces and moments is similar
to that of Appendix A of Ogilvie (1964) in the following
gsenses: a) the same assumption is made about the wall-
sidedness of the ship hull in the vicinity of the equilibrium
water line where the undisturbed free-surface intersects with
the undisturbed ship hull; b) the same criterion is used in
discarding terms of higher order. An effort will also be made
to preserve the same use of notation so that any crass
reference between the present work and that of ogilvie (1964)
may be easily made.

To begin with, we shall consider simultaneously the body

reference frame 5?;}‘ and the steadily translating

AT st ot Al

« v S,

ey ac
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reference frame Ox i Toward the end, however, only the
Oxy7 - system will be needed.

As before, let S: ,E(ﬁ" §.7)=0 , in the body reference
frame 5#5; , describe the actual ship surface which 1s below
the equilibrium water line. Then the equation /:'\ (x3.3)=0
in the steadily translating reference frame Oxy; describes
the reference surface S. which coincides exactly with S
when the latter is in its undisturbed position. Note that
both S and S, are defined by the same function F but in
two different reference frames.

For convenience, we shall define the following term:

a point Qo is the 'image point' of a point Q on the ship
gurface S 1Lf the coordinates of Q- in the Orj} -frame
have precisely the same values as those of Q 1in the 59;‘;
frame. Thus Q coincides precisely with Q, when S coincides
with S, . Suppose that N 1is the unit inward normal to the

—

ship surface S and

h. (2§.3) = . &, F (% ?})/JPtFat
Ak =123

1f HNo 1s the unit inward normal to S, , then due to the

way S, is related to S we have

Nei(x4.3) 2 oo €5 = /E;' Cep. B WELE,

;1k=/‘2;3.
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Thus ﬁ; and /,; are in fact given by the same function.
Hence if Gt S has the coordinates (a.b.c) in the OFjf
frame and (,¢ S. is the image point of Q , i.e., Q has
the same coordinates (a,5,c) but in a different reference

frame, Ox”, , then, clearly,

i (@) = B (q) = EitabdJEeEy (82)

A k =/ 2. 3.
The force on the ship hull is given by

X =///’/JJS , (83)
Sw

and the moment with respect to the point o) , the origin of

the body reference frame Oijf, is glven by

ZL/ ///" _)_?’xﬂ ds (84)
Sw .

\

~

where X' = &+§&+3& 1s the position vector of a point
@ = (?:§F) on the ship hull with reference to the body
reference frame 5?‘}3‘, and Sw is the actual wetted surface
of the ship hull.

In order to use the results of the presént calculation of
force and moment to write down equations of motion, we shall
resolve the force and moment along the steadily translating

reference frame OX}} . For convenience, let us consider

-~y
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£irst the decomposition of the force vector along. From (83)

we have

= ///5 ; ﬁ; "’Eﬁ;&,ﬁ;)a/s
Sw

'S//fb ﬁ’; ‘*24-‘;(9,‘/'7;}45

+ //f’ {h; + 5/[.: (9* h\;}als (85)
S

where S, = SUS,, and S, = Sw—S.

Note that in obtaining (85) we have used the result from (5),

namely, &:° _C’ = J:’ + Z;“ (9* .

Let Q,¢ S, be the image point of Qs S Suppose that

@,¢ S, has the coordinates (x3.3) in the Oxy} -frame;
then O has the same coordinates (x 3:4) in the Ofﬁj-fr‘me.
The coordinates of Q&S 1in the Oxyj -frame are then given

according to the transformation (3) as Q= ( X:t X, E;ﬁ&j X*) .
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We shall assume that the function ‘ﬁ can be expanded into

Taylor's series as follows:

fOAN03-8, 0, 1+ 146%-8p, 3124 04- 0%, )

= /A(x,y,;,f)-f [ X2+ Etinn OmXa] b (x1bt)+ 0(5)
which means precisely that

b @H= fQit) [ XitEimn B Xa] P, (@it)+0(ea). 86)

Thus from (86) and (82) we may write the integrand of (85)

as follows:

{7,000+ 5. 6 (@] #(a:t)

[
= f /’h,-(@.) + EJ"' &ﬁ “a;(@o)} ’[l'(c?a"*) + @7

#10g (0) [ X1+ Egn Om Xa 1B (@i2)  OCen).

Although the expression obtained on the right-hand side of the
equality in (87) is a more complicated one, it has the advan-
tage of being evaluated on a prescribed reference surface So
which is stationary with respect to the CJX?}-frame. It

follows immediately from (87) that

.t o i
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[/ {7 @+ &u005 @) F (@11 ds
§

- [[{N;@) 45,00} 4@it) ds r 8
S

+//ﬂa}‘(eo)[xll-"elmn&».xn] 'ﬁl (Quf') C/S -+ O(E;’)’
So ‘

which shows how an integral over the surface S may be
approximated by integrals over the stationary (relative to
the Oxj}-frame) reference surface S. -

We need next an appropriate expression for //’ . From

Bernoulli's equation we have
2
@f (5'1‘) +';' + 3; u "zL (V@) = const.,
where we let

$(ait)=—cx1 @ (x)+ Q@i+, (89)

Assuming f/b=0 , V@""C and @f_’o at X =+ ,

¢=0 , we have
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plepst)=-f1¢ -Pd, (x:4)- 7 /’(VQS)Z.p_ZL/»Cﬂ

=—f27’/’¢lf+fcéx+fch— & (90)
=PV ) - $P(VE) - L ivg R

We shall follow the usual practice of linearized theory of
discarding the last two quadratic terms in (90). However,
one should realize that omission of the term % /(V{) may
not be proper for the case of a deeply submerged body. Let

us then write

plxit) = -f97+ rel, -
'ff(ﬁf(i‘i*)'c?,\.4V‘//:'V//;;'-‘ (91)

This is now to be substituted into (88) in place of'ﬁ . 1f
this is done, then we have from (88) and (91) that

J[ e {’/7}(‘“*5;%;0@(0)} ds
§

= )] [-elng + setinad- gnl 1t 05001
S,

- ”-,'[(aif' cd) G (xit)+ VP74 ]

4C [(nq +éjk40f n‘;) %k + ﬂ,,lj (X:+ E,lum&mx'l)@ox;[];Js-

(92)
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In (92) we have discarded terms like 2”; B4 Nos [40”..
-cy,+ VQ,'V%], etc., which are of the order (J(&)).
Next, let us consider the integral over S, in (85).
Similar to the relationship between S, and § , let So; be
the area on the undisturbed position of the ship hull which
has the same size and form as S; . The area So can be
determined from S, in the same manner as finding the point
Q. on S, after a point Q on S 1is assigned. The free-
surface elevation § = Y (%}, 7) can be expressed in terms of

the ship coordinate system 6»\“}3‘, as follows:
G43,48%-67 = Y(R+x+8,3-6], §+3,+67-6:% - t)

= »/(A'z\’t)fixl'*gz?’ﬂx:j ] X("\lf) *[3‘11"9'?—&2;] YP("\A"?'U*

+ h.o.t,,

where we have used the transformation (3) and expanded the
function Y into Taylor's series. Thus from the last expression

we have

-

9= Y(®1t)-4.-85+6] +[%+63-6,7]1% *
+[3,+63-031Y, + no.c. (93a)

z Y(*i1). ]
Thus, in the é;u system S, is defined as that part of the
hull surface F(%y.7)-0 bounded by the equilibrium water

line j‘= 0  and the free-surface elevation ?= Y (R t)
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according 4o (93a). Hence, in the Oxj} -system, Sor 18
obtained as that part of the reference surface ,L"\(X'p}); 0
bounded by the undisturbed free-surface ;: 0 and the wavy

surface

¢

W

T (xit)
Y 2,4)= 1 -8&xt83+ [x+87-6,3]V%

L

R (93b)
+[1,+8.5-8,8]Y, + h.o.t.
The relationship (87) permits us, as in (88), to replace the

integral over S, by integrals over S« as follows:

- || Ftait) {11,000 &8, nust@]} ds
So .

+// n,}.(&.)[x,ue,,,ma,,_ x,] A @it) ds + 0 Cen),
Sy
For simplicity, let us further assume that the ship hull
is wall-sided near the equilibrium water line so that the
integrals over Ser in (94) can be written as the following
{terated integrals. The first integral on the right-hand side
of the equality in (94) then becomes
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[ pesin fnyesas gimin.: Hs
Fixnt) ]
= 4JA {fl,j(x.o,;)-ffjb-& /7.;}/ f:(x,y,},.” J;

Y
=///~.JA {"o;'(m.})+54‘¢;9A”""}[{‘f?7 tPedy(xud)-

- cH) gt vl

(95)

where Fz is the contour where the undisturbed free-surface

-~
intersects with the reference surface S, , and Y is given

by (93b). Also, in (95) we have used the expression for

f

from (91) and set o (x43)= /70;(""0'}) due to the wall-

sidedness of the ship hull near the equilibrium waterline.

The integration with respect to the variable ¢ in the last

expression of (95) may be carried out as follows:

-~

Y
[ [-ta1+ petutean)- L) fnas )+ 7741} 4y
= -4 paient) # PCT Gu(pPod) -

1P R eptap] 1 0
where 05/4,/14'5 1.

-

Since

L (96a)

Y(e34)= V(0 2) 4 Y, (upt) = § G, (008 - $ 65 -c) flxog.1),
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we have from (93b) that

Flnst) = 5 Gulnod) - 3 (e Fe)flnart) - b= Box+ bigs

(96b)
+5[010.3-84]4,(xo1)t 7 [348:1-8.x] Fony, 7 OCEL).

We may further expand those functions, Qa,(x¢uy:}) ,
9;‘_, (x,,u’\?, }t)» and %‘ (x,/u'?,}«,f), etc., into Taylor's series

as follows:

B (2 ¥ 1) = Gulx0g) + pFlugt) Py (o 1)1 0G), { (96c)
G, (xp'§. 11) = fir(xo3t) pu’ DOty Gy (10 1)+ O (),

etc.
Substituting (96¢) and (96b) into (9%a) we have

(i trg+ feuteni HG-cF) i V74 1) 4y
- -4 e (o) (-cd) o 2m)] +0().

This result is now to be substituted back into the last

expression of (95). Then we have

// Flerdt) {17.,- (x4.3)+ 5#,-,9‘/7,4.} ds
Sey

- - fe /r fog (1:0.4) G (xr0.3){+ (- ) (w0 )} da +00)
’ (97)

R N
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Following the same procedure as above, one may obtain the

following result from the second integral in (94):

// hoj (x"'}) [X,‘ + élnn&mxn] ¢‘l (X/;/J.,f) JSV

S.,

-- f% "a;("""&)%("'a;)[ 446,x-6,3,]1da+0(ey) . (98)

The appropriate first-order expression for the force
component is now obtained by adding together (98), (97), and
(92) as follows:

X’. = fs/./}"’z[n‘j‘*‘%ﬁ;&“ ”a.‘]- ?’L{'[?I*&‘X-&I;]-
'”'4'[6’7"?7)%(»7,;,1)+V4e,(x,;,;).V@ ]
+ c{(no:'fa’ﬁi gﬁnm{)%x + nof(xll'fel“,,‘ 6,,,Xh)%~,‘}} JSL (99)

- fc/r Noi (vo}) %,(M,})H (;’; -c,l,;) ¢ (x0.3,1)+
+7'+ &X-&I} }JA)

A‘)’.;k= ’; 21 3-

7

Note that (99) corresponds to the expression for .X; on p. 99
of Ogilvie (1964) except that 'Xi in (99) is now resolved
directly along the steadily translating reference frame Oxyy .
for interpretation of terms appearing in (99) and remarks about
the correction term, i.e., the contour integral around [» in

(99), wve refer to Ogilvie's (1964) discussion following imme-

diately his expression for ‘X; . However, we cal{ attention
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here to the fact that the correction term is of order not lower
than & &, and vanishes entirely when the body, is completely
submerged.

We may proceed in the same manner to obtain an expression
for the moment components W/', . As before, let § be a typical

point on S and & be its image point on S, . Define
!_ _’Y .Q -’i nﬂ;-i-_, —’ ) (100)

where X = X&+ § & +32¢& ig the position vector of the

point R.t S, in the O’q;-frame. Then the position vector

of the image point QE S in the 0"7} -frame is given by
X’ =xéiry &t} € . Let us define also that

L= %xn =30

Thus from (101), (100) and the fact that Q. ¢ S, 1is the image

Ifb)

(101)

point of Q¢S we may again establish the relationship

n;‘-u (q) = na;'ti (].), i=t2.3. (102)

We shall again decompose the moment acting on the ship hull
about the origin of the ship coordinate system Oxj‘j, directly

along the steadily translating frame Ox;; as follows:
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]
§
=
~——
S5
«t.
b)
‘w
k_

= S///f{ni“ ;p&*/l ‘/S +//f n+3 &;!9“7;,,}43,
(103)
afik=1 4.3,

Note that (103) is éssentially the same expression as (85)
except that the index 4 is now replaced by j+-3 With the
relationship established in (102), namely, 4,(Q) = /h444(Q)
where C?f S and &,¢ S., the same analysis used in obtaining
the final expression for X% holds also for jh} . For
convenience let us write //Z’- = Xf-fj ; then (103) will lead to
an expression precisely the same as (99) except that X,
lh; » and H; are now replaced by  Xjvz ,  Mops and
Nesas .., Thus from (103) we have

|
x}'"‘s = /p//{"ﬂ[’h,ﬂ }ﬁa &*Ha 44] }No}‘ﬂ[’ 0 x= 0/3]

Mg [(Fr-c&) G (xin) 1V (00 Vg 1+ L (104)

(RS XTI i A
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+C [ (/h,w t £;'A4‘ N /794‘43) %, + ha;‘ﬁ (X'l +Etmn Om Xn) %bl ]} JS

- fC/ hpj-&.! (X, 0'5’) %‘(x,a,},) f%(%-cﬁ)%(x’o'}lt)'* i
' +116,%-8 ¢ [ da,

A'uJ.'k = /. 2, 3.

Note that from (100) we have

/1,,-+3(x17,;)= Ejni Xg Mhi(01d), 4ijh=12,3.  (105)

Since M:(x.1.3)=Msi(x.0,3), is1.2.3, f0llows from the wall-sidedness
of the ship hull,and in the region S,; we have l¢] < /?(*'},Hl ,
the difference between /70]-,_, (x-3.7) and Mijes(x-0})1is of order

& or &, . Thus the contour integral in (104) is the only
contribution to the first-order expression for the moment com-
ponent from the correction term, i.e., the integral over Sey
which is similar to (94). Furthermore, the wall-sidedness of
the ship hull implies that No2(%0.})m 0 for (x3.3)s Sefy 80
that /leg(*0}) = /hf(x’“}) = 0. Thus the contour integral
in (104) vanishes except for f = 2, Hence, it contributes to

the yawing moment alone.
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Lastly let us substitute into the expressions (92) and
(104) the various types of decomposition we made for ¢,

namely,

t
%(A;f) = 4@(1;*) +*Z:/ &*(T)X:,(i‘;m‘—t)JT

~

(106)

t 12)
+é'/. &((T)X‘ (x;¢-7) dr.

Note that to be consistent with the use of the notation &« for
the disolacements, we should also write 04 = Xgsz > t=1,2,3,
and {,= &, .

With the substitution for 6’, from (106) and use of the
boundary condition /l; (¢) = 3(:'" (x:t0) for Xz S, from
(69a), the equations (99) and (104) lead to the same equations

in the following form:

. é . 4
% = Zpo 'é MiuSet)= & bda =g Gyt

(107)
(gt ot
-.‘;,/“i(T)Lj‘(*-T)JT -g[«i(‘r)/"é*(f-‘r) J'A- —ij ,
where 4. 1=1,2,..., 6,
/7] ,
X¢°"‘ f//)(}n (ﬁ;*o)£-7;+ C%x(a)}JS, o (108a,
S,

Var 3 /’//J(j:’(x; +0) X:'(if;*o) ds | (108b
)
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bis = /’//Xj:(!:w) Xe (2:+0) ds, (108¢)
o
i (] (' w W
Lyt = /’//)(,,(x-w){(?m%x (x:4) 4 7P, | ds
’ . (108d)
ufc/a( (x0,+0)f, (xo;){ cf—))q(”w}
Maet)=ff PN e A2 VJ(:'} s
S L (108e)
-f-é'fcp. )("”’ (x,o,;,w)%x (X'o,}){(;j;-c)%))(*("(x‘m},f)}c{,d J
C/* /’//J( (a; *0){ [ e ;(z)]—C(QA'V)QX} ds
(108£)

* /’%J(ﬁ(m,}ﬁo){[_e_.-g.m] {ﬂ,,(x'o.;)} da,

¢
where S o[ eregw] = §t6:x-63,
t=

gﬁ) £= 1.2,3,
€ =

9-3"51 “4:5,‘,



Cy o= Gt Gk (108

’

¢ ¢

(1068
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It may be worth mentioning again that X;’ given by (107)
represents the force and moment (about 0. the origin of the ship
coordinate system) acting on the instantaneous position of the
ship. One can see from the definitions for the various quan-

tities given in (108a) through (108i) that X.,;o represents

steady force and moment components, /Mit is a constant
depending only on ship geometry, b;t and C,’ﬁ are constants
depending upon the ship geometry and the constant average

forward speed, and Lji and Mi* are functions of time, geometry
and the constant average forward speed. None of these quantities
depends upon the unsteady oscillatory motion of the ship. (We
note that bjk s th ) /‘/jl , and Cj& do not have the same ’
meanings here as in Ogilvie's paper.) Xj includes: a) the
static buoyancy and wave resistance of the ship moving with a
constant forward speed in its equilibrium position; b) the total
hydrostatic and hydrodynamic force and moment acting on the

ship due to its own motion; and ¢) the force and moment resulting
from the action of the incident and diffracted waves upon the
ship.

We remark in passing that the quantities C;; defined by
(108g) arise only if the force and moment vectors are resolved
along the steadily translating reference frame OX}} . Thus,
if we set Ck! o for f4=1,2, ..., 6, then the expression
(107) will give the components of force and moment resolved

along the ship coordinate system O k}}
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VII. The Equations of Motion.

Without the loss of generality, we shall suppose that the
center of gravity of the ship is located at a point with the
coordinates ( O , Zs , 0 ) referred to the ship coordinate
system 6fij‘. We shall also assume that the propeller
thrust T is directed parallel to 0% along a line of
action which is A+ units below the center of gravity and
lies in the (¥ 7)-plane.

In writing down the equations of motion for the ship the
following result of Euler in rigid-body dynamics may be used:
The motion of a rigid body can be determined by treating
separately the motion of the center of gravity and the rotationa
motion about the center of gravity. Moreover, the motion of
the center of gravity can be determined as the motion of a
particle of the total mass /N of the body subjected to the .
total force F applied to the body, and the rotational motion
of the body about its center of gravity can be determined as
if this point were fixed and the body were subject to the
moment of the applied force about this point. If we use the
steadily translating coordinate system O.xy} as our inertial

reference frame, then the motion of the center of gravity is

given by

mx, = F,

m§, = F 109
my = F |
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wvhere f=F&th &t hS& is the total external force
acting on the ship and i, , i , and z are the three cow-
ponents of the rectilinear acceleration of the center of
gravity in the Ox -,03-, and 0}-ditections, respectively. In
our present generalized notation we may write these quantities
as X, = &, , #, =&, ,and } = &, . The motion of the
ship about the center of gravity is, then determined by Euler's

equations of motion:

) A
I, w,~I,;w, ~1;wW,; +w, [-I,, W, -I,w,t1, w_,]-
- tu,[—l,,a), +1,0; - I, m,] = 7//6, ,
'-z/z cL.), "'Iz ‘*‘)2 - IBL{JJ +w3 [ I, ‘(), "Iu wz - I,_fwj]_
jﬂ L (110)
-, ['IIJLU,"LJ w, 1 d;w] = /761 ,
-I,J L{.)[ - I23 d)l + IJ 6:)4 -fl()l[-I,za)l'f Izl‘dz - Ili wS]-
A
_wl[Ir a)l - -Iu &, = 1/3 “‘)3] = ///(,3
where ")
./\ Pl - -\ ’\ P
Me = sg &+ M, & + My &, (111)

is the moment of the total external force £ about the center

of gravity and

W= W8+ W, e +w & (112)
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is the angular velocity of the ship as a rotating rigid body.

In order to define the quantities I*';’ , let us introduce

the function fg(?'ﬁ.;) , the density of the material of the
ship. Then evidently

m= [ f(i3)dv
v
and the I s are given by

-///ﬁ{(?—w‘@'} 1, ={///}{§‘+2’}Jv ,

WEfRs i, I =f[RRGERY, > (13)
v v

L, =ff (590} dv, I, =[[[r3xdv,
v %

where V 1s the total volume of the ship, including the part
above the waterplane.

Let us now show that the quantities &) may be identi-
fied, to the first order of approximationm, with the quantities
0,: which we have introduced in the previous chapters. It is
a well-known result in the kinematics of a rotating reference

frame that

dé. [dt = Eyp wy & (114)
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for an arbitrary rotational motion of the coordinate system
5233‘, . On the other hand, for small angular displacements

of the coordinate system CS?ij we have the relationships

_é:' = & "‘84}’,( 0* f’_' + O(&)
and

I

i Ep &40 € +0(5)
which can be derived easily from the transformation (4).

Thus we have
d _é\."/Jf = E,‘“k &* g} + O(Ef;) = é,{;ﬂ é‘ [é;' + é/'mn &m .c‘" ] ‘* O(E;I)
= é/'é @,\, "-\l -+ IIJ(”—/.J) N (115)

where we have assumed that the @'s are also of the order

&y . Hence from (114) and (115) we have

Wi =6+ 00c4) = Xypy 100D,
‘k = [ 4.

(116)

Let us now write the equations of motion for the center
of gravity of the ship according to (109). To obtain the
total external force acting on the ship, we must add to 2&
the other forces acting on the ship, for example, the gravity
force, propeller thrust, forces due to wind gusts and arti-
ficial restr#ints, etc. Thus the equations for the ship

corresponding to (109) may be written as

m o(;- (t) = Xj (t) + 7;-(*) - mq J}J- —*GJ- (¢), §=12,3, (117)
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where T3 represents the three components of the propeller
thrust resolved along the Ox-, O4-, and 0; -directions,
respectively, and by our assumption about the line of action

of the propeller thrust we have

'7; = I'.@; =(T§)'§J'=T(£}'+Eljﬂ@‘), (118)

. F=re3,
(—/}-(f) represents all other external forces besides the force

Xi( 1), the propeller thrust 73 , and the gravity force

=y &j. The expression (117) can oe further put into the
following form if (107) is substituted for X}-(t) :

B

‘ . £ > ¢ ~
Z (”’/‘ -f/u“) oy (t) +é Ajko(*(f) + 221 Cj/e 0<ﬁ(f)

LT

. /1. .
-fg/(‘(,‘('r)/_,}k(/‘ﬁc/‘[ 7‘%/ Cg‘k(r)/\?jk (4-1)dt l (119!

= . T — . . - .
By t T4 =g ap G = L)
F=1r23

where

m (o] 0 0 ¢ o T
, =10 =
m#_ m 0 o0 o0 O 7; T, (120

0 0 wm 0 © ) -TAs
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We shall next write Euler's equations for the rotational
motion of the ship about its center of gravity according to
(110). Let K be the vector directed from the center of
gravity of the ship to a point Q on the wetted ship hull.
Then the moment about the center of gravity of the ship due
to the pressure distribution around the wetted ship hull is

given by

[ # Exnds .
Swv
But by the assumption about the location of the center of

gravity we have
A A (121)

A

where, as before, X 1is the position vector of the point

on a ship hull. Hence

Sw Siv

J#Exud = [ $Exnds -4 //,/,é;xﬂc/s
Sw

-~

= {Xﬁ, t &z §y X, }_@,- , (122)

f.; N = /,2,3‘
where the repeated indices imply summation and

X\Iu = .‘{:\m.///fg JS » m= /2,3,
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”~

Clearly, x,-“ and xl" are, respectively, the components of
the moment (about O ) and the force due to the pressure dis-

tribution when those two vectors are resolved along the ship

coordinate system. As it was remarked at the end of the last
chapter that the EJ-,J'S and the ‘2;"» may still be given
by the expression (107) if we put C;; =0, f+k=1,2,..., 6
in (108g). This is, in fact, equivalent to replacing C%ﬁ

by C}; in the expression (107). Let us denote by T+3%the
three components of the moment about the center of gravity due
to the propeller thrust T and by Gji?(*) that due to all the
other external forces besides the pressure distribution and
the thrust. Then, by neglecting higher-order terms, we may
write the equations corresponding to (110) in the following

form:

SN

. o ‘ 3 ~
/”}"3,1 O(*(H = XJ-,J(."I 1 :/[7 Z_ éjmz _Xm(f)

=1

koot

* 4

P Tt G 0 et

Or, with the use of (107) this last equation may be further
written in a form parallel to (119):
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£= (/r’j"’: L3 +/(j"3'£ + ‘%j ”.:’, Ejlnl "n,k) “x" (f)
£ Py o 4 7 ) ,

“"Z::(A;}J,ﬁ + 76 ‘é‘ éf;nz émﬁ) «£ (+) + g' (C’-“,I‘ +7t"l% E’,mz Cm‘)«*(ﬂ
é f ' ~ 3 ]

+,Z °<*(T){Ljf“({--r)-r76’%,51-,"2[.,,,*(\‘-1)} JT &

¢ 1, o
+EI/‘ X 4(7) { %4_,"(*-1) + 76”'2.: 5},",2/4‘”‘ (*_T)} Jr

- 4
- (Xj«rs,o -+ ys ”% EJ ma X,,,I,) + 7;.*3 (t)+ @/.“ (+)

"'(-ij+3 t & ,{:, F,’““ ‘l""");

(123)
where
o o o I L, -1,
m‘.““__: o o o -1, I, -la i=123,
0 o0 o -I1. -I; I, ' k=12--6,
and

7343 = (o, o, 711;) ), §=l43.

Note that (119) and (123) together form a set of six
integro-differential equations for X (t) , k=1, 2,..., 6.
Such equations are generally solved by method of the Laplace

transforms. Thus the information about the position and
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velocity of both ship and fluid at the initfal instant =0,
1.6., & (o), XK4(0)» Y(®3.0), and Y+ (x.},0) , together
with the 1n£egr¢1 equations for &, (x;4), J(f(!:f), and
)(:’(33 +) , and the above set of integro-differential
equations uniquely determine the behavior of both ship and
fluid at later instants of time, provided one grants

uniqueness of solution of the integral equations.
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