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DEFERSE WITH DAMAGE ASSESSMENT

L. R, Abramson and M, Shapiro

ABSTRACT

A farm of missile sites is sequentially attacked by m
rounds, with each round a simultanecus attack of one attacker
at each of the sites, & salvo of area interceptors is used
to defend each of the live sites at each ro:nd., The defense
is evaluated by the expected number of surviving sites.

This paper treats tlhe offense enforceable case where m
and the kill probability of an unintercepted attacker are
both known to the defense., The proklem is to find an optimal
damage assessment firing doctrine,

Recursion formilas in m are fourd for the maximum ex-

pected number of survivors and the underlying optimal firing

-gi doctrine, These results arce derived by both the exact ap-
€§§ proach and an approximate apprcach. The exact approach takes
- gmE X

’§§ fuli account of the random nature of each engagement while

the approximate approach replaces the outcome of each engage-

T IR ment by its expected value,
§§ The approximate formulas are explicitly solved for the

case of perfect interceptors and the results are compared to

the optimal solutions when there is no damage assessment,

v - - - . . - s
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1. Introduction and summary , % ;ﬁﬁ
The tarcet system is 2 farm ¢f n identical missile % ) §
sites defended b, a total of nk identical area interceptors § ,g
(each interceptor can e used to wefend anv uf the sites), é ‘
£ i

We assume that the radar and juterxceptor stockpile are not

attacked and that the stace of the farm is known to “he con-

trol center at all times,

v
¥

ip]

The attack comprises m identical sequential attackers

L
) o ,
bl R et G s 1 A i

directed at each site with each round arriving simaltanecusly - "

»
,

“ )
e i

i
at all of the sites, For each round of the attz2ck, a szlve - %j

of interceptors (which may vary from site to site) is us2d to

TREL RPN

defend each of the live sites. 7The defense is evaluated by

the expected nurnber of sites which surxvive t. attack,
This paper treats the cffense enforceabje case where m

is known to the defense. We also assume that the defensc

S b G

knows the kill probability cf an unintercepted attacker (de-
noted by p) as well as the single shet 11ill probahility of
an interceptor (denoted Ly ©O,. The problem is tc £ind an E .

optimal defensive firing doctrine using damage assessment, 3

i.e., a firing doctrine which maximizes the expected nuwber 3

of survivors wher dead siites 2re never defended.
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An approximate gol»tion to the probliem ie round by assum-
ing that the outcome <f each engag.m2nt iz ite expected out-
come and thic salvo sizes and numbers of surviving sites may

- «

vary continuously., Under these assumptions, let Em(n,x; ce

TR A YIORN T R TATR RO A WIEh

the expected nurber of survivors of n sites attacked by m
sequantial attackers each if % inverceptore per site are
available and an cptimral damage assessment €iring Joctrine is

used., In Sec, 2, we show that the interceprors used on each

round should bz alloczited as uniformly as osulole among the

live sites., 1In Se~, 3, we Jind 2 recursive expresaicen In nm

for E_{n,k) and sunw now tc constriat an optimel firing doc-
at

trine, 1In S=2¢, 4, we Specialize these results to the perfect

interceptcy case /9 = 1) and find explicit expressions for

Em(n,k) and the optimal firing aoccrine, For perfect inter-—

ceptors, every optimal firing doctrine has the following form:

For some r = r(m,k) , none of the sites are defended for the

fixrst r - 1 rounds, some of the surviving sites are defended

for the rt-31 round, and all of the surviving sites arz: de-

fended for ths last m - r rounds.

Without damage assgssment, a sequential attack of m =2t-

tackers with known m is equivalent to a simultaneous attack

of m attackers, If the interceptors are perfect, let

Fm(n,k) be the expected number of survivers of n sites at-

tacked simultanesously by m attackers each if Xk interceptors
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per site are available and an cpiimsl firing dictrine is used,
In Sec, H, we evaluate the eftect of damage as’essment by <com
paring Fm(J,k} wich Em(n,k) for Q = 1 . With perfect in-
tercepturs and with no damage assessment, every optimal £iring
doctrine defends some of the sites throughout the attack, i.e.,
defends scme of the sites all of the time, This is in contrast
to the cptimal firing doctrine with damage assessmenc which de-
fends some of the sites s.mne of the time. Also, the damage
assegssment firing docurins is a function of *» while the no

ment firing dAcotrine is not,

W

danage zrses

W

In Sec., 6, an exact damage assessment recursion formula
for the maximum expected nunber of survivors is derived in
which full account is taken of the distributicn of the num~

ber of surviving sites at each stage of the attask.

.
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H 2, optimal single round firing doctrine .

We begin by solving the single round allocation problem:

fHow should the interceptors ussd on any round be allocated

among the live sites?

A g b ¢

Iet P{x) be the probabiiity that a site survives cne

attacker if defended by a salve of x intexceptors., Assum-

ing that the interceptors operate independently. we have

P(x} = 1 - p(}-"Q)x, x = 0,1,2,-°- . (1)

To avoid uninteresting special cases, we assume that p > G

and ¢ > 0 , i.e., both the attackers and the interceptors

]
o owow | AR L

have some capability. z

suppose that K interceptors are available to defend

N sites for one round. A uniform defense is a firing doc-

trine such that salvo sizes at different sites differ by at

K,
NJ

largest integer < u. Then a uniform defense uses a salvo of

. most one interceptor. Iet s = | , where [u] is the

s interceptors at each of (N ~ K + Ns) sites and a salvo
of s+ 1 interceptors at each of (X - Ns) sites. More-
over, since the sites are identical, it does not matter which
sites are defended by which salvos and hence the uniform de-

fense is unigue.

o
s, A
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Let E£(N,K) be the expected number of gurvivors of a ~
uaniform defense of K sites with K intecsceptors., Writing
£=52 - [E1, we nave E(N,X) = B(1 - t)p(s) + NtP(s + 1) .

Substituting for P(s8) and Pl(s+ 1) from (I} we get

2E(N,K) = 1 - p(1 - 0)%(1 -~ t0) . (2) g
{ > This result suggests that we extend the definition of P(x) P
f : te all x by L
| ! .
| px) = 1-p(1 - )1 -<x >0, x2o0,  (3)
where <x> = x - [x] , (Note that {3} reduces to (1) for
; integral x.) Then (2) can be written as
: ’J;E(N K) = P(g_\ (L}‘ %
; N 3 Nl . ’ §
This result implies that P{x) can be thought of as a site E
£
survival probability even if x is not an integer, >
5 Theorem 1. The uniform defense wmaximizes the expected num- z

ber of survivors for each round of the attack,

Proof. Suppose that N sites are to he defendad by X
interceptors for some round cf the aktack., Consider the
firing doctrine which defends each of n, sites with a

salvo cf Xk, interceptors (i = 1,2.---,M), where

SUSHIAGIAR &



¥ M
3, 0. =N and nk, = K. (5}
=1 i=) -
The expected number of survivors is
M )
B(nk) = 2, nPk,) (6
i=1
wher
g:(nl’nzj....,nM) &nad Ki(kl’kz"'..’kﬁ)'

It is easy to see that ®(x) as defined by (3) is =
concave function of x . The graph of P(x) is composed of
séraight line segments connecting tha points at integral
values of x defined ﬁy (1), But since (1) is 2 ccncave

function of x , it follows that (3) is also. Hence

M { M
S arx,) Sl S agx Y, (7)
=1 : \{= 203
for all x; and a; such that a ta t.., +a, =1 and %
aiz O’ i = i’ 2’ P % 0 3 M’ %\
Applying (7) and ‘5) to (6), we have
M r,
E(n,k) = ¥ 21 = Pkl

S ST (RTINS S0 o e
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32,  Erpected wslus azpproximation

" Unlese the interceptors and attackers are perfect

(0 = p= 1) » the number of sites surviving each round is

a random variable. We can get an approximace soluticn to

the prodblem c¢f finding an’opéimal firing doctrine by assum—-

" ing that the outcome of each ebgagement ig its enpected

outcome, (The exact solution will be discugsed latex.) We

-will alsC ignore the fact that =alvo sizes and nuwbers ol

su£¢iving sites must be integers and allow them to vasy
continua%sly, Bywever, we shall use {3) as the site sur-
vival probabiiity for a salvce of size x. 1n wiew of (4)

- and the definition of E(N,K§ , thisz mean: ibst we are
essentially using a uniform definse égalnst each cound of
the sttack. Since the exact optimal firing doctrine is
composed of uniform defenses {Theorer 1), this impliss “aac
suxr ap§roximate soiuction should be zlose to the exact =solu-
tier 1Y the expected value approximation is a good cne.

' Undey *he above assumptions, lefh Em(n,k) be the ex-
pected number uf sarvivors of n  sites sttacked by m
"sequential attackexxr.each if Xk int;rceptors pex site are
availatle and, an optimzl da.age asségsment firing doctrine

- is uged. In other words, am(n,k) is the maximum number

of survivors taken over aly firing Roctrines w@ich never

defend dead sitza. ) -
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round.

imam nunder
Clearly, an
mizes this,
Corocliaxy.

pendent of

™ SRR S R e . R SN A B P R
Thecrem 2. For all integral m 2 1, - B
- . k-x =
E (r,X) = max L (nP(x;, -*{:i> (8) :
0<x xx m* Pix) e
and ]

— $

F (n,k) = a . -
(& ot -

Provf. The formula for m=0 is cbvious. For = > 1, let %

nx e the total auvmber
Then n,
+here are k‘

defend against

- ’ 7"} }:")
P k-x L5
Dk} = MAX (%30 {g;—‘f?‘ (3) -
0<%k . SR "K'—)/
£or all integrzi m ~ 1 and o, (3] * 3

Proof. We use induction i m ,
have
E (n,k) = - mex nPi{x) = nbivj ..
1 3< <k . -

Hence I}l(k)

of Lnterceptors used un the fir.~ ,Z
- - - ;«\ N
= nP(x) sites survive the fiyst round and -

= (¥ -x)/F(x) interveptors per site left to - N
. £ 7
the next m ~ 1 rournds, Given x , the max- -

R - , §.

of survivors is obvicusiy ® (n_,%®. ) . - o

m=~1" 1 z - N S
cptimal Firing doctrine ases an x wkish maxi- o

-7 3

i,e., {8) heids, A N
] : £
Let & (k) = {n,k} . Them D {k) ig inde- | S
m n m 1% - %\j‘if:’)\-

- %

n and satisfies 4

-10- ?

-v»s

g »‘w%\a %
o ““%“2?2» @@“%
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R How suppcse that the corollary holds fer m = WM. Using
F4 . 7 T {Biemthm= M+ 1., we pave -
S : : ] .
Y063 ' : 1
EUE A S ) D, (k)==8%8 n,N
oo o ey O = 2B (%)
a—';J;- max :«.‘,‘JnP(x) A x(—-x}
) ) ‘o< xz<k " p{x)
- =2 max © nP(x)D, };“>§>
- ¢c<x<k P{
= max P{x}l}ﬁ{ &:—3{;\
] 0 gx<x \P(xj/ -
- s . : . - X .
But this 13 {9} withnm =¥+ 1 and, since DM(}};IX}) jg inde-
. ) SELER
perdont of n, so iz D {kx} . Hence the ccrollary holds i
[ a»
for @ = M ¥ 1 znd the induction is complete, '
It is cizar IZrom iis definition that B {(x} i3 tae !
probability that a randomiy chosen site will svrvive the '
1 - v ]
::g,, attack. The fact that it is also iadependent v¥ n is a 2
<3 . ‘ . A ‘\
5o consequence of the expeccted value apnroximziicr., .
2 - _ F.
&= . . . . %
> I Clearly, any X which maximizes {8} also maximizes g
-3 &
% (9) and is an optimal Jirgt round salve size agsinst m i
5l
. . - e . .. ¥
attackers if k interveptors per site ars avarleble, De- 1
note the smallest such x hy E“m{.:)., Then an optimal
= (x~%&h :
second xound salve siza i5 X —— Y ) e“c, Eence
m-1 (P {k}) 2-
an optimal f.ring doctvine can b2 coantructed froam the i",‘f{k) bey
-1
R RTINSt e T e
A RS N TR TR LB T
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4, Perfect interceptors.

v

%

I
7
=] ot

perfect interceptor in

we have

interceptors are perfect, i.e., Q= 1.

the interceptors are perfect,

- pt+px, 0<{x<1

R x> 1.

a salvo.) Setting m=1

1-p+pk , 90<%k<K1
D_{k) =
1 , k> 1.,
Next, set m = 2 in (9) to get
k-x
D (k) = max P(x)D <"~———
= max P(x)D <k—-x
0 < x < min{k, 1} 1\ B(x)

one, ) Substitnting (10) into (12), we have

By (3),

i

in (9},

).

recall that x 1is the first round salvo size and,

An important anéd instructive case occurs when the

{Obviously, nothing can be gained by having more than one

- (10)

(11)

(12)

(fo see that 0 < x < X may be replaced by 0 < x £ min{k, 1},

should therafore never exceed

RIS X

T A T T T TR AT AT R RS G A SRRSO I R R sl b R b p n X o

iR




D (k) = max (1 - p+ px)p (n(x)) , (23)
2 Ongmin\k,i} :
where
k -
hix) = 3= B }_:; gl

Since h(x) may be less than or greater than one, there are
several cases to consider,
cage 1. 0<k<1l-p,

Then

-
t
+11
hedts
]
)
| ad

h(x) < +52

and hence

p_(k) =  max (1 -p+ px)(1 -p+ ph(x))
2 0<x<k
= max ((1 - p)® + pk - p%x)
0<x<k
= (1..P)2+pk . (1)4)

case 2. 1 -p<k<L2,

-1+
By definition, h(x) < ) if and only if x 2 a = B—T,%*-E-E .
(Note that 0 < a < 1 .,) Since Dl(h(x)) = 1 for all x < a,

it folilows from {13) and (11) that

D _(k) = max (L - p+ px)(1 -~ p+ ph(x))
2 a <x <min{k,1)
= max ((1L - p)® + pk - P7x)

a<x¥< min(k,l}

£ . ~ o
ENE T.
WS

e e Am bt 48 =~ abten "y Krwtens
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l -p+ pk .
l + p . (A‘S) ‘A
Case 3. k>2 . i ;

Since each site can be defended throughout the attack, we

have ;

sy ey

Dz(k) =1, (16)

b b e

Now let X, be the itll round salvo size (average num-

ber of interceptors used per surviving site) reguired to

B T S W,

maximize the expected number of survivors (1 = 1,2, ... , m). ';

Taen (xl, X 3 oo s xm) is an optimal firing doctrine,
Inspection of (13) shows that x is the maxi-

mizing x and x, = h(xl) . Hence the results for m= 2 ]

can be summarized by the following *able.

Case X X D (k)
1 2 2
k v2
0<x<1-p 0 T (1 - p)2 + pk
- P
- k-1+P 1-P* Pk
1-p<k<2 TF T 1 I+ (17)
k> 2 1 1 2

~14- )
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Note that there is only one coptimal firing doctrine
when k ¢ 2, 1Uniqueness fails only when more perfect

interceptors »re availeble than are needed, (If x D> 2.

then all firing Jdoctrines witih X >1 and x > 1 are
- 2

—

optimal),

We could coutinue in this way and f£ind Dm(k) and itse
assoziated optimal firing doctrine for m = 3, &, ,,,
However, this will not be necessary, For as we shall see,

the ygeneral solution can be deduced directly from the sol-

ution for m = 2,

We begin by relating the general optimal firing oc-

trine to the optimal firing dcctrine for = =2, Let X

= (x X, wes xr) be an optimal firing doctrine for some
1, 2 tH

fixed m and %k . Then, by the corollary to Theocrem 2, X

is optimal for any n . For some fixed n , let n. be

the nurber of sites surviving the first (i - 1) rounds

!l

nixi be the total num-

(i=1,2, ..., m+1), LetK,
ber of interceptors used by x on the ity round (i =1,
2, «o. , m), Thus, K, * Kiy, intercaptors are used to
defend n, sites against two rounds of the attack. But
since x 1is an optimal firing doctrine, it must make opti-

mal use of the Ki + K, interceptors for rounds i and

ity

i + i P d K, + K, .
i 1. In other wcrds, given a, an kl Kl+l s n1+2

must be a maximem, Thus

~15—
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and the optimal firing doctrine for these two rounds of the
attack must be (xi, xi+1)'

As it stands, this observation ig of litile use.

Since Ki + Kl+1 is a function of X and Xi4q , we
cannot use (18) to calculate (xi, xi+1) directiy. How-

ever, we can use it to deduce the structure of x. Exami-

i

nation of the firing doctrine from {17) shows that =, .
1 whenever x; > 0. In other wordgs, as soon 2u any Slites
are defended, all surviving sites must be defended on the
next round. Starting with i =1 and applying this pran-
ciple round by round, we conclude that every optimal firing

doctrine has the following structure:

Pl
et

M
sraa

- e e o= ) n = . e+ == gl
X S o, X, >0, X 41 X R

for some r = r(m,k) , 1<z <m.
In words, ac soon as any sites are defended, all surviving
sites must be defended for the remaindsr of the attack.

Theorem 3. If Q=1 aad 0<k<m,

(1 - p)F + px
Dm(k) - 1 + p(m - 3 {20)
where r = r{m,k) satisfies
(:-p)m-r)<x<f1-p)  (m-x+1). (21]

16—

'
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The optimal f£iring doctrine ls givea by {19) with

x = X -p) = x] ) (22)

o1 - )" M1k pm o~ pr)

Proof, It is sufficirat to check thzt the firing doctrine

giver by (19) and (22) yields (20) and ucos k inter-
ceptors per sita, AStarting with a-£zrm of n sites; we

have from {19) that an(l - p;* ~ ~ sites survive the first
{r - 1) rounds of the attack., 3enve

-1 ¥ o~ 73 ﬂvp‘r m - r .
_ N WA 3
sites are defendes angd _ )
L (1 ~p)=Ym-r+ 1) - k
nil-p)" 1. x ) =a - ( } (24}
. T 1+ plm~1r) ‘

sites are lefi =mdefendad ol the réb round, (MNote that

{21) impiies O < x_ X 1 .; Since the probadility that an

. R t .
undefended site survives the r= round is (2 - p}), the
number of sites surviving the <irxsr ¥ rounds is
yI=J - v 1 - r\r*' Dk .
a(l - g}~ .+ 0l =g} (1 - X} =n- { L2 (25)
- 1+ pim ~ 1x}

oo

But a1l vetes swrviving tys fizst r xounds sarvive th_

-

ang

P bt

\n kK, 29) is praven,

attascx. <§ence

{58Y j
{25} J.s‘Em
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Finally, o {(19), 122) ang [2%), the rotzl nambcr of inter- R ;

. . 1 -1 , ' :
ceprore uszd is n{x ~ 1) X, ¥ {m. - C?»ﬂm<n: ¥} = nk \

and cie proof is comrilets,

Corpilary. I Q=1 and
k= (1 -5)5%m-s) (26)
fag Jome s = O,:,"';m - 1, then
o,(x) = (1 - p)° = 2 E— (27) ?

Proof., By (26}, * =s + 1 in (21) and (20) becomes {27).

IS L FR AR b Wb s St #BEn v Y

The corlollary presents the solution for the special

e

cases where the sites are left undefended for the first s

rounds ard all surviving sites are defended for the last

bt s

M~ s rounds (s =

0,1, <-,m- 1),

For completeness, we note that Dm(O) = (1 -~ p)™ and

D (k) =1 for k 2 m., The result for k = 0 could have

incorporated in Theorem 3 by allowing equaliiy in the lefi-

hand-side of (21). This, however, would have led to non-

for the cases of the corollary.

unigez r(m , k)
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5. No damage asgessment,

We can evaluace the effact of dhmage—assessment\by
comparing the expected number ci suryiv:ing sites w.th Adamaye

R assesgment to tne expected nvmber of surviwving siltes witnout ) 3

dsmage assessment., We wili wrestriat -mirselves to the case

2

ofl perfect interceptors,

. ) Without Aamage assessment, a sequential attack of m

attackers with known m 1s eguivalent to a simultaneous

attack of m attackers, Under the same assumptions made

in Section 3, let Fh(n , X} be the expected number of sur~
L

vivors of n sites attacked simultaneously by m attackers

N p e ——

each 1f X interceptors per site are availabis aad &

.

12

optimal firing doctrine is used, We can svaloate the effect

N R 24
(7

of damage assessment by comnaring En(n , k) wit Eﬂ(n, ki, .
1 *
) Let y; bz the aunber oxX perfent interceptors used to
“ 3 % th 1 3 = 3 ) b e "
) dezead the 1= 3lte (i =1,2, -+ ;n}. Tnen the expectc- { :
; ; ’ ’ { 2
3 ed numbey cof survivors of a simultaneous attack of = attack-
¥
ers is B
n m-y.
can y (1 - L {
Py, s ¥, s Yot = 2, (1 - 2] (28)
izl * 1
- :
Then -
- =
i - » \ = R - + . . 3 . ?O g
3‘m(ﬂ:k; mix F(yl P ¥, s T Yot o (22 )
3 ) ~ i
o~
-7
2 -
- U3 3
% B : )
e ; .
54 e
dg ~1G~
3
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R 3
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For the special case of perfect altackars (p = 1) it

'

> h - ?nk‘ ~ - . . N -
1s easy to see that Pm(n , k) = i=] and tne optimal firing -

, . .?a_\ - A
dociriagz ig to defend {%-}- | ohtes with  m inkerceptarx -
— ‘ R ~ - - - -

OOt MK PSR S b lSHT A4, 5 4515

2ach. Since the disposition ¢f the remaining pk - m‘*;{f

interceptors dces not muatter, we may supposs that they wLe

{

|

zll assigned to one o the sitas. 28 we shall ~as, thas

&

firing doctrine is optimal in gencral.

'

e el SRR
I '

Zheorem 4. If 9 =1 and k <m, -

+(n-8~1){Fp™ (30

7 (n,k) =s + (1 - )"

Y

A

where § = {%} and t = ak - w8 . _ - f'}"
50 optimal firing doctrine is to défené s sites with m h
Sntexsepters rach and i‘ﬁsa.i:e with & - intexceptors {the o _
remaining n -~ ¢ - 1 sites ave left ;;)défénded), of ¢ < < 1. g f».;S“‘
this firipg doctrine is urigue. . ; . :i:
Proof. Xf p ¥ 1, no zite Jan survive unless it i= defendad }
against 2ll of its attackers. Tae largest number of si;r.es v; «
which can be so defended s 3 ; hence tue theorem, -

‘

v

Por C <p <1, we cun write - -
— n oy, ’ .
b 2 - m ud l
3"'{}.’ s ¥ s 0, yn) A W 2 2‘) a -, {3,1> -
: ‘ ‘ =1 T : :

¢

vhere a =~ 1/{1-p) ., Hence; by (29), we must maximize

.,‘

{
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cwar & f{or sode a > 1. Intrediciyy Lngzanye nultipliers,

“we 3re led to the selution -¥_ &;y?>ﬂ"-*‘= Yy, = k. Thisg,
S . STl T - s
~ _héwever, mininizes & and SO WG must

o8s w different

7" spproach. a -7

20y s Y;‘t_ e any ° ﬁ{.‘x:},’(g doctrine in 4

Togith 0Ky, 4y CoBan- ard vi =y +1 ., .
. L - - z 2

T _*" - Let '2

~Then yi = (¥

H - . e A
Y, - & R = BaC
i - . -

(l) —
[y} ~ AL

. aly

.-~ -Atneo 3 ¥

+yy, we concluds that S(yl, Y, ot ,yn) can aiways

ke increzge&-if any two of the y 's lis bretween 0 ard m.

It;follagsrthat uG{yxf'yz "J"yn) is maxinized when &%

most on of the yi*s ‘1% peitlhier O norx W, In »ther

words, the optimal firxing docrriie dz=ferds the largust

possible number of 3ites with = intercepters each and

defends onz sita “ih ¢hL. remaining interceptors, The

theoremr now follows imnediately. ’

The stiucﬁure‘df the optimax firiag dectrinse wlthout

_ damage assessaent iz quite Gifferant from that of the opti-
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mal firing doctrine with damage azisssseit, Without damage ; )
ass;ssﬁgnt, we defend some of the sites éll <f tpe fims, :
With Zelage ssfessment, we J2faznd all of the sites suoviing i_
_to ﬁomeirouﬁd for 311 of U verxninlag roundg, i,e,; we de~ "é{f{
fend gome ofithe sites goms of the Tise, Anotuer charactes— ) '\ézl
ization of their difference is tha: the damage»essessﬁgh@ - ; - {
~ T T L 3
firing doctrine is a functicl ©f § while the «o duidage =~ o t?
T~ 7 P |
assessment firing doctrine ig not. L ' ~ ‘ ) - ) - . §~:
To fzcilitate the compézlscn bet#een; Fﬂ(g {k)f agdf %

Em(n ,k), let us suppose tha- {1 - »i" & g, Then by .

Theorem 4,

2K

CF{nxjm S : 133) 5
4 : . 3
[
(This shows that even the no damage assesswmeui outcoms is S
approximately independent of p.) In view of the corol:riary -
to Theorem 3, &
s
A
. [ s Ik % s 7
B (n,kj= —=o=, (34 =

T

R AR

where 1 = u{m, k) satisfizs (1 ~ p)%(m - u) = k. Hence

t

the relative loss due to lagck of damage asseszacsat is

=

o ! - fn %3 =

men,k) F (n,X%] _a (35) ¥
t'm{nxk} » -

Tha relative loss is a minimum when X = m {damage

AL YR

assescment is unnecessary when thers are enough interceptoexs:
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6. Exact recursion formula ,

We will now drop the assumption that the ocutcome of

each engagement 1s its expected outcome and derive an exact

i

recursion formula for the problem as stated, Let Em*(n,k)

be the expected number of curviving sites with an optimal

damage assessment firing doctrine when full acccunt is taken
of the distribution of the number of surviving sites at

each stage of the attack. ;

Theorem 5. For all integral m > 1, B
'

n
E_*(n,kj = max P pj(n,x)E‘:_1 (ﬁ ,25_§_E§> , !
x==%-,%)y... ’%% j=0 / %

(36) |

where

i . e . id

pyin,x) = éo("‘it) (jEi){P(s)}l{}.—P(s)}n : i{P(s-i-},}}J l{l-—P(s+l)}t b g
(37)

(3 =0,%,-+,n) ,

s = {x] , t=rx - ns , and Eo*xn,k) = n, 1

Procf. The proof is patterred after that of Theorem 2,

Tor m 2 1, let nx =ns + ¢t be the total number of inter-

ceptors used on the first round, 2By Theorem 1, the optimal L i

firet round firing doctrinz is the uniform defense, Thus,

n ~ £t sites are defended with s interceptors each and t .

Dl
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sites are deferided with s + 1 interceptors each., Let
pJ(n ,X) be the probability that exactly j sites survive

the first round. Then

1 survivors in the group defended by

5N 1500 L T

pj(n.xﬂ = Y pPr¢{s interceptors and i - i survivors (38)
i=C in the group defended by s+l intercep:}
tors . B

Since the ountcomes are independent £from site to site, each

term in (38) is a preduct of two binomial probabilities and

.i
-

(37) follows immediately. For every j, EX . (3 .l )
is the expected numker of survivors if an optiwmal firing
doctrine is used on the last m - 1 rounds, Hence the
summation in (39) is the expected number of survivors if
nx interceptors are used on the first round and an optimal
firing doctrine is used thereafter. Since nx must be an

: . 1
integer, x 1is restricted to the values 0 , IR %F

and (36) follows.”
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