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DEFENSE WITH DAMAGE ASSESSMENT

L. R. Abramson and M. Shapiro

ABSTRACT

I A farm of missile sites is sequentially attacked by m

rounds, with each round a simultaneous attack of one attacker

at each of the sites. A salvo of area interceptors is used

to defend each of the live sites at each round. The defense

is evaluated by the expected number of surviving sites.

This paper treats the offense enforceable case where m

-• and the kill probability of an unintercepted attacker are

both known to the defense. The problem is to find an optimal

damage assessment firing doctrine.

Recursion formilas in m are found foi the maximum ex-

I pected number of survivors and the underlying optimal firing

doctrine. These results az.e derived by both the exact ap-

proach and an approximate apprcach. The exact approach takes

full account of the random nature of each engagement while

the approximate approach replaces the outcome of each engage-

ment by its expected value.

Viue approximate formulas are explicitly solved for the

case of perfect interceptors and the results are compared to

the optimal solutions when there is no damage assessment.

-assessment.
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1 Introduction and summaFr

The tarqet system is a farm of n identical missile

sites defended by' a total of nk identical area interc-eptors

(each interceptor (an be used to c-efend any uf the sites). I
We assume that the radar and jutercevtor stockpile ate not A

attacked and that the state of the farm is known to the con-

trol center at all times.

The attack comprises m identical sequential attackers j t

directed at each site with each round arriving sii.altanesusly £ j
at all of the sites. For each round of the attaK, a salvo J A

of interceptors (which may vary from site to site) is usgd to

defend each of the live sites. Ihe defense is evaluated b-

the expected nuniber of sites which survive tze attack.

This paper treats the cffense enforoeabie case where ip

is known to the defense. We also as5ume that the defenso

knows the kill probability cf an uninter:epted attacker (de-

noted by p) as well as the sing~e shot Uill probability of I

an interceptor (denoted Ly 0;. The problem is to fiý.nd an

optimal defensive firing doctrine using damage assessment, -

i.e., a firing doctrine which maximizes the expected nuimber

of survivors when dead sites aýe never defended.

~0- I I
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An approximate sol'•ion to the problem i_• found by assum-

B
ing that the outcome sf each engag•L•ent i• its expected out-
come and t•h salvo sizes and numbers of su_•Ivlng sites m•_y •

vary continuously. Under these assumptions, let E (n•k> be

°.:

the expected number of survivors of n sites attacked by m

s•quential attackers each •f k inerceptor.• per 3ite are

available and an optimal damage assessment •.irlng •octrine J s

S•sed . !n Sec . 2 , we show tP•at the •m tercep[ors used on each

round should be al!ocated as 11niformiy as pos•io]e among the

live sites. In Sec. 3, we lind a •ecurs•.ve expressien in m

for Em(nk) and show now to construzt an opting! fi•ing doc-

• trine. In S-=c. 4, we specialize these results to the perfect

interceptol case .•[" = !) and find explicit expressions for

Em(nk) and the optlmal firing •ccurine. For perfect inter-

ceptors, every optL•al firing doctrine has the following form:

For some r = r(mk) , none of the sit6s are defended for the J
first r - 1 rounds, some of the surviving sites are defended

th
for the r- round, and all of the su_•Jiving sit•.s ar• de-

fended for the last m - r rounds.

Without damage assessment, a sequential att.•ck •f m •

tackers with kn•.•. m is equivalent to a simultaneous attack

of m attackers° !f the interceptors are perfect, let

Fm(n;k) be the expected number of survivors of n sites at-

tacked siz.•ultaneously by m attackers each if k interceptors

--3--
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per site are available and an cpt invl firing d-cc.rine is used.

In sec. 5, we evaluatp the efte(-t ý:f damrage ats essmzent by com.-

paring F .(n~k) with E (n~k) for Q 1 .With~ perfect in-

terceptors and with no damage assessment, every opti~mtl firing9

doctrine defend.s some of the sites throughout the attack, i.e.,I defen~ds some of the sitZes_, all of the timre, This 1i3 int contrast
to Ithe optimal 'Eiring d~octrine with damage assessment which die-A

fends some of the sites of the time. Also, the damage

aseniimit firing docczri~e is a funct3,on of while t~he no W

damane a,.,essmtent iirtna~~tii is not.

I~n Sec. 6, an exact demage assessment recursion formula

for the naximwtm expected numb~er of survivor;-, is derived in

which fall account is takc-n of the distribution of the num-

ber of surviving sites at each st-age of the attack.

I-
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2. Optimal sinale round firing doctrine

SWe begin by solving the sL.gle round allocation problem:

N2ow should the interceptors used on any round be allocated

"among the live sites?

- 1 Let PIx) be the probability that a site survives one

SI fattacker if defended by a salvo of x interceptors. Assum-S1 ing that the interceptors operate independently,, we have

P(x) P i - p ,) x 0,I,2,o. (I.

To avoid uninteresting special cases, we assume that p > 0

and Q > 0 , i.e., both the attackers and the interceptors

have some capability.

suppose that K interceptors are available to defend

N sites for one round. A uniform defense is a firing doc-

trine such that salvo sizes at different sites differ by at

most one Interceptor. Let s = [K] where [u] is the

largest integer < u. Then a uniform defense uses a salvo of

s interceptors at each of (N - K + Ns) sites and a salvo

f of s + 1 interceptors at each of (K - Ns) sites. More-

over, since the sites are identical, it does not matter which

I sites are defended by which salvos and hence the uniform de-

fense is unique,.

f6 I
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Let £(N,K) be the expected nuiber of survi7or.• of a

uniform defense of N sites with K intezceptors. Writinr
K K

t = - [N3 , we have !(N,K) = N(1 - t)P(s) + NtP(s + 1)

Substituting for P(s) and P(s+ 1) from (:) we get

! E(N,K) I. - p(l - Q)s(l - to) (2)
N'

This result suggests that we extend the definItion of P(x)

to all x by

SP() 1- pl Q[x(l - < X > Qj, X > 0, (3)

where <x> = x- [x] (Note that (3) reduues to (I) for

integral x.) Then (2) can be written as

-E(N,K) = P(K' (4i)* N'

This result implies that P(x) can be thought of as a site

survival probability even if x is not an integer.

Theorem 1. The uniform defense maxxinizes the expected num-

ber o± survivors for each round of the attack.

Proof. Suppose that N sites are to be defendad y K

interceptors for some round ol the attack. consider the I
firing doctrine which defends each of nI sites with a

salvo of k. interceptors (i = l,•,- ,M), where

5,1
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The expected number of survivors is

M
E(nk) = • niP(k±) , (6)

i= I

where

n = (ni n n.- ) and k =- (k 2 1 "--- ' 1 n -- l ' "' '•M

It is easy to see that n(x) as defined by (3) is a

concave function of x - The graph of P(x) is composed of

straight line segments connecting the points at integral

values of x defined by (1). But since (1) is a ccncave

function og x , it follows-that (3) is also. Hence

M M
L 4P~xU P( a.x,1i \lji=l ,.

for all x and a. such that a + a + +- a 1 and

a._> O, i = 1, 23 ... , M.

Applying (7) and 15) to (6), we have

M r.

NP() .

I
I L
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bu, y (k~th-s menL. that E(3) E(N,k] .ý since

n ard k. a--% arbitz--a-ry the theo-rem is provedi.

- 3-I
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Expec-ted vilue. aoProx,,!nation

UThiess the tnterc-eptors and-attackers are perfect

(Op 1) .the number of- Sites surviving each round is

a- random variable, We c~an get an approximate soluticr, t-o

the -problLem o~f finding an optimal. fiýring doctrine boy assi~t-(,

ing that the outcome of each engagement iG its e,-.pectt~dI

outcoMe. (The exact solution w:U1 be discussed later,") We

will alI5Q ignore the fact that r-alvo sizes and numbers of

suir~ivng sites m,%st be integerst aid allow them to va.4

continuo~isly. R-ievf-r., we shall use (.31 as the sur-

vivai pzobability for a salvo -')f size x. 1n Aiw of (~4)

and the definition of B(N,!Y\ thi~j mear c. we are

essentialliy using a uniform deftnse aga:,ý,t each zound of

the attack. Since the exact optimal firing doctrine is

4 ~compose of unifori defenses (Tt-orerr 1) hs i-mp --- s -na

Oul: approximate solution should be --lose to the exact solu~-

4- ti- i tlae expected va~lue approximation is a gcod one~.-

tUnde. thie above assumptions, let. E M(n~k) be the ex-

p'tdume ? rioso nsiestcedbsequential ar-tac-ke,ýi-each if k interceptors per site arR

available- ane, an optii-ial dý%-zge aasessment firing doctrzi ne

is uizsd. In other words, ~(n,k) is the maximprai number

of~ survivors taken --ver ali). firi4nrg -,octr-l-eS 'ioiicl never

defend dL-Ad s-i~ta.
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Theorem 2. For all integral n, I 1 -

E(, k( (8)

- m 0 x k m-1 P z)/

Fjcn,k) n.-" ?

P-r-,of. The- formula for m,= 0 is obvious. Por m 1, let

nx be the total number of interceptors used iin the fir: ,

roand. Thnn -= nP(x) siteS sur,-'ive the fix-st round and - "

there are k = (I- - x)/i/(x) inter&epto•c-, per site left to

--* defend against the next m -- 1 Zounds. 6viven x , the max- .f

imum num•ber of strvivors is obviously E (n A ) .

Clearly, an cptimal firing doctrine uses an x wh-_h m"xi-

nazes this, ij.e., ()holds. I

I CorolIaa. Let D (k) Em (n,k) .The"t is inde-

pendent of n and satisfies -

D! %k) ma

fl). a3.I integral m r iand Q i,

Proof. We use inductionrsn m . Setting m= 1 il (8), we

have _

"•il~~~~~~~k~ E1 (n,,k-) in, <_mx<_ k P(x) . ;') ls-l,- i -- )•••

Hence D (k) P(k) is indpende-n- <)f n and sýi f.i (:ST

T 7• 7 ~-- = --- z A
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~o uppcose that the corollaxy -holds for m n4.

- (~Li~h m M + I, we r1ve

~(k)

M+* 1 n

-~ m~x ;~(ýnp(x) X

M -nx nP(xriD

ne< Kk - Px
m 'ax '

Bu tii g() witn. nv M + I and, sincrj

pedni-A o i (k Hence iheccrol2ary ho1&d5

foz M~1 1 *m th,ý irduc-ion is complete.

jA al.,ýeir rOM- ZtS dCefinitiozi that D%()

probability that a randomiy chosian site will survive the.

attack. The fact that It i-z also i.,--dpe~ident o-, n is a

consequence of the expec:-ied vau p-ýoJr: in

- Clearly, any x which maxirnisas 8)also nzaximiýzes
and is an optimal -irgl-t round salvo -siza ag&-inst Mn

attackcers if- intereept*r~ pe-: s4-ts- are avalt~e Ce-

ote the sma"Llest suc2i x by xm(~kj. Then an Optimal

second ):ouncd salvc sizo- -il eý~ , . H~ence

ani optimal fbring doic i cwi b-a eo,-rtE~ct-ed fromu the ()

77 7



4. Perfect interceptors.

An important and instructive case occurs when the

interceptors are perfect, i.e., Q = 1 . By (3),

P(x) = -(10)t! , x>l.

x >

(Obviously, nothing can be gained by having more than one

perfect interceptor in a salvo.) Setting m=l in (9),

we have

D tk) --- -- ( )-
1 k 1 <

'It
Next, set m 2 in (9) to get

S(k) = mx P(x)D (-X )
2 0 <__x <__k 1(~

S Max P(x)D k-x (1)
o <K x < min(k,1) b K -"

(To see that 0 " x < k may be replaced by 0 <_ x < min(k, 1),l

recall that x is the first round salvo size and, since

the interceptors are perfect, should therefore never exceed

one.) Substituting (10) into (12), we have

-12-



D 2_(k) max (n p + px)D (h(x) (13)

0 O<x<mink )

where

h(x) - k -x
1 - p + px

Since h(x) may be less than or greater than one, there are

several cases to consider.

Case 1. 0 < k < 1 -p.

Then
A 1~-p-x <

h(x) P X <h~x) _ yp + px --

and hence
D (k) max (1- p px)(l- p ph(x))

,2 O<x.<k

. max ((- p) 2 +pk -p 2 x)

S= (i -p) 2 + pk (1k)

Case 2. 1 - p < k < 2

By definition, h(x) K I if and only if x _ a - +
• -- " -- + p "

(Note that 0 < a < ) Since D (h(x)) = 1 for all x < a,

it follows from (13) and (ii) that

D (k) = max (1 - p + px)(1 - p + ph(x))

S2 a < x < min k,l)

a Kxmax ((I-p) 2 + pk- px)
a <_ x min k,1)

-•-,'- - -- * -- l- -.- ,



~ ip) 2 + pk -p
2 a

Case3. k >2

Since each site. can be defended throughout- the attack, we

haveI

D (k) 1. (16)
2

Now let x1 be the i i~ round salvo size (average num-

ber of interceptors used per stx~viving tsite) reqruired to

maximize the expected num~ber of survivors (1 1,92, .. ,m).

T.ien (x x , *.,x) is an optimal firiiig doctrine.,

Inspection of 1\13) shows that x is the maxi-

mizing x and x. h(x ) . Hence the results for m =21

can be summarized by the following table.

Casep xx D (k)

1 <k 2 k +p 1- (ip) +17)
l+p 1 1 P~p

k 2

':7T
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Note that there Is only one optima~l firing doctrine

when k <' 2. Uniqueness fails only when more perfect

interceptors cn-e available than are needed. (If k > 2,

then all firingj doctrines with x ~>Iand x > 1 are
41 oaptimal)

~. 1We co~uld co.itinue in this way and find D (k) and its

F' ~~associated optimal firi~ng doctrine for mn=~ .

iiHowever, this wi*ll not be neccssary. For as we shaill see,

the general solution can be deduced directly fromi the sol-

-ution for m =2.

trnWe begin by relating the general opltintal firing oc-

tieto the optimal firing dcctriiie for -,a= 2. Letx4 -(X x .. , x )be an optimal firing doctrine for some
1,2

f i:cd mn and k *Then, by the corollary to Theorem 2,

is optimal for any n *For some fixed n ,let n. be

the number of sites surviving the first (i - 1) rounds

I (i= 1,2, n., + 1). Let K. n~x. be the total num-
:3-bIber of interceptors used by ýi on. the i- round ( 1

2, .. n.Tu, K + intercaptors are used to

defend n. sites against two rounds of the attack. But

Isince x is an optimal firing doctrine, it muýst make opti-

m ial use of the K. + Ki+ interceptors for rounds i and

J.i + 1. in other wcrds, given ai. and K. + K+ n
I~ : 1 1 2

must be a maxim-um. Thus

I E jin. , K 1  * i+(13

1 21 O



and the optimal firing doctrine for these two rounds of the

attack must be (xi, x+ ).

As it stands, this observation is of little use.

Since Ki + Ki+1 is a function of xi and xij , we

cannot use (18) to calculate (xi, xi+,) directly. How-

ever, we can use it to deduce the structure of x, Exami-

nation of the firing doctrine from (i) shows that -xi+2.

1 whenever xi > 0. In other words, as soon • any sites

are defended, all surviving sites mast be defended on the

next round. Starting with i = 1 and applying this prin-

ciple round by round, we conclude that every optimal firing

doctrine has the following structure:

X =' =Xr1 0 , xr > 0 x 1, (1 I

for some r = r(m, k) , l_< r < m.

In words, as soon as any sites are defended, all surviving

sites must be defended for the remainder of the attack.

Theorem 3. If Q = 1 and 0 < k < m,

(1 _ P)r + pk 20)
D (k) (0Dm~k + P'm - r)"

where r = r(m,k) satisfies

- p)r(m - r) < k < (1- p)-(m - r + !). (21)

- t - !6-'-"
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The optim~al firing doctrine Is givea by (19) with

rIý - r- (22)
(1 ( ~pm pr)

Prof~,It s sf~2ir~~-to check tIzt the fir'ng doctrine~

given. by (19) and ('22) yiel-Is (20) and uctos k inter-

Ceptors Per sitR, StartiLng wit.h a -ftrm of n sites, we.

have from (_19) ttvat :a(, P;r sites iaurv:.ve the Eirst

(r -1) rounds of the attatV, Se'ize

k~~~1 11-p M r

sites a:-e defendei: inn

nl r) )r -p(m r)

sites are left qqdefenrde o.a the r- round. (Note that

(21) imtplies 0 <_ I . Since the probability that ani-N t~h
undefended site sur-ives the r- r,)un. is (I - p), the
number of sites suizvivin,. the '-first r rounmds is

-~l Pr 7, +~ [rn5im Ii
But all -,--ttes sur-viving t f , Ir st r rounds 4.zrvive th..

-~attack. Yiece (25) is-~( k n (20) i. s pr-ven,

11 D

-121-



Finally,- (19), j23) an- (25), the to.Cl xmbcr- of inter-

ScepýorL used is n(k--- - + (itm- (n

and ¢c.ie proof is com.let'.s

Corollarv y: o 1 and

4e
Sk = - P)S(m 2 (61

for 3omc s 0, 1,' r - 1 then

rDm(k) ( p)s k (27)

Proof, 26), B s + 1 in (21) and (20) becomes (27).

The cozollary presents the solution for the special

cazes whexe the sites are left undefended fCr the first s

rounds and all surviving sites are defended for the last

a- s rounds (s=0,1, m - 1).

For completeness, we note that DM(0) = (i - p)m and

D fk) = 1 for k > m. The result for k 0 could have

incorporated in Theorem 3 by allowing equalit:y in the left-

hand-side of (21). This, however, would h&ve led to ron-

Luiiqnic r(w , k) for the cases of the corollary.

-S4 "-18-
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51 No asse~ssment.

We can evalua-ze thD of~s f dt-mage as e~net by

- coriparing' tile expected nuwiber ci surv;'n Sjite3 wiZth diaca('e

assessment to the expected n,ýrber of E! vvi Lrg c-'-Ies wii-nout

damiage assessm~nt. We w'li -cri.:t -.j~-el-ee to rhe cas-e

of. perfect interceptors.

IWithout r.amage assessment, a sequent-Aal attack of mn

attackers witi, knio'w mn is equivalent to a simultaneousI ~att~ack of mn attackers. Under the same assumptions made

in Section 3, let F (n kN~c be the exnected number of sur-

vivors of n sites attacked simultaneously by m attackers

each if k interceptors per site are availab;i' a,,~

optimral firing doc-trine is used~. We can. e-a,4ate -h~e effect-

of damage assessment by co~narln.3 Fn , k) with,. E (n . k,.

Le*'- y. be- Ithe nui~ier ol; per:Ee-;%t iintrcaptors used to

dpie~id th.2 i~ alte f{i =i, 2, :0,~. Then the expect-

Ied n~inY~e.- of survivors of a simultaneous attack~ of ml attack-

I ~ers is;

Then

SCV

N.im;



- ý-A~m - M,-

-n-

thee 3 pe case ofe pert ect attt p. 1' 1.. t

- m

doc rýe is~ to defend a ~ites With w.m inte)capt-,1rs. -

each, Since the dispositioi: Cf the remainina rk -M m

interceptors dc~es nmt ranztter, we may suqpos.ý. that thzy ix

all ass-igned to one olth sitr-s. ?+a we sha:~ 1e th.s

fiirina doctrine is opt4.mal in gsenraZ..

'2heorem 4 If Q 1 and k <m,

2 ~(fl~k' s + (1 r(- n30j1

Proof. ýf p 1,7 no r--ite --am survive 'unless it t~defendý5t

against 311 of its attackers. The largest number of sit-es

wihcar. be so Qefeiide& is ;htnce +.,e theozem.4

For C<p < 1, we czAp-write-

n yi
-V y Yn p " n - a $31

-nere a I/- p) , -ence, by (29), we mu-st maximize -

~-- -~-~- 42- -4 .r-
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"(Y y L 
--2)

we -.. ,ý--elavy 
k -h.,

0< -A Gy =- +
X'~ 204..

-Lmet -yr~ wean c -" at Gy~ y ayf i octrne always

b-- -1c eze5 f wl 42- ftey.'.le1, n

Ite- fo lc-ý (pa, y'y , .. : .s max- ze l

3.y 32

-wrs sieth~~'e )5n.t d iha n (y yii "*, ) analay

pi:ýssible numnber of 3iteo with -,n interceptX~r- each and

dlýfenrls c--n3 titA 4Ath "I"~ remaini.a interceptorsr Tb!&

t -eoreim nf-N; fc~-]2ws itainedia:tely.

-:Mh struct~ure af the oPtima;ý firihg doctrin~e without

aazge tssessa~cet iT q;Lte difrýM frow. that of the ojpti-

-2i-m
MEW
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asi,6~ c~ te al 6r~ -tiz

zal irix doctherdinfrne wis thatg th~eit da thout dasssmctge

firing doctrine is a functioa c-f 4itehle the~ io d,-.14- I

assessment firing doct-rinea-iz Tiot.

To facilitate the coqaz-tsca bet4eeki. F (n k) n

Emf klet us suppose tha'-. 1- -0)' (~Thnb

Theorem 4f,

(hsshows that even t::e ;k:: daiagasses s.mn.r-t cutcomA. is3J

kpproximately independent of p.) In view ')Z t~he corolLary

m M -a

where u =u(rn, k) saisfies (1 p)u(m u)~ k. Hience

t1~ze relative loss due to lack of damage asse:&uat is V

TihýA relative l o s,: is a min~imum whdean k = t dwg

ass~asoment is3 ::innez~ssaxy whien th~ere are enouigh inte-er"'nters

_77
4ýý n, a : MI
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6. Exact recursion formula

We will now drop the assumption that the outcome of

each engagement is its expected outcome and derive an exact

recursion formula for the problem as stated. Let Em *(nk)

be ths expected number of surviving sites with an optimal

damage assessment firing doctrine when full account is taken

of the distribution of the niuxiber of surviving sites at

each stage of the attack.

Theorem 5. For all integral m > 1,

Emax i p.(nx)E*j_,nj n ';

n n_
x0 1 nk j=0

n 'n> n (36)

where

= kj _%)ji){P){-~) (P(S+lý)){l-P(S+l)
i=O 0

(37)( j = o0 .i, .,1 ) ,,

S , t r- ns * and E (n,k) =n.
0

Proof. The proof is patterned after that of Theorem 2.te

F.or m > 1, let nx = ns + t be zhe total number of inter-

ceptors used on the first round. By Theorem I, the optimal

firct round firing doctrina is the uniform defense. Thus,

t sites are defended with s interceptors each and t [
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sites are defendc-I with s + 1 interceptors each. Let

pj(n , x) be the probability that exactly j sites survivs

the first ro-ind. Then

J i survivors in the group defended by1
p1 (n.x) = {s interceptors and j - i survivors ( 38)

iC=0 in the group defended by s+l intercep-
Itors

Since the outcomes are independent from site to site, each

term in (38) is a product of two binomial probabilities and

(37) follows immediately. For every J, E* Q nk -lx)

is the ecpected number of survivors if an optimal firing

doctrine is used on the last m - I rounds. Hence the

summation in (36) is the expected number of survivors if

nx interceptors are used on the first round and an optimal

firing doctrine is used thereafter. Since nx must be an

integer, x is restricted to the values 0 ,n

and (36) follows.*

* nis research was sponsored by the Advanced Research
Projects Agency and technically monitozed by the Air Force
Office of Scierl-ific Research, Contxact No. AF 49(638)-1478
as part of VP•oject DEFMNDER Studies.
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