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DYNAMICS OF LIQUID-FILLED SHELL:
RESONANCE IN MODIFIED CYLINDRICAL CAVITIES

ABSTRACT

A search was made, using a liquid-filled gyroscope, for

resonance frequencies in modified cylindrical cavities. The fill-

ratio at which the resonant frequency occurs shows considerable

sensitivity to cylindrical modifications. Simple rules are given for

predicting, approximately, the change in this fill-retio as a function

of the modifications. In the Appendix, Wedemeyer suggests a better

way of prediction.

Tests of a cylindrical cavity with a central rod show that the air

gap between the column and the free surface of the disturbed fluid

should not, at small yaws, be less than 1/16 inch for non-interference

with resonant conditions.
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1. INTBODUCTTON

For a liquid-filled shell having a cylindrical cavity, Stewartson's

theoryl* with Wedemeyer's viscous correction2 gives excellent prediction,

over a wide range of Reynolds numbers, of the fill-ratios at which

resorance between fluid frequencies and the shell nutational frequency

occurs3,4. As is well known, such coincidence of frequencies may lead

to dynmnic instability of the liquid-filled shell.

Unfortunately, however, most shell cavities are not cylindrical.

The shell are usually streamlined and the shape of the cavity, in

general, follows the outer form. It is not possible to predict the

dynamic behavior of liquid-filled shell with noncylindrical cavities.

The difficulty is fundamental. The theoretical formulation of the

hydrodynamical problem is the same as for the cylindrical cavity, but

because of the nature of the boundary conditions no full analytical

solution, as available for the cylindrical cavity, seems accessible.

The problem is very difficult even for high speed computers. 2

To shed some light on the behavior of the eigen-frequencies for

modified cylindrical cavities, the experiments to be reported here were

undertaken. Because of the great many ways in which a cylindrical

cavity may be deformed, these limited experiments are only exploratory.

Therefor:, in the absence of theoretical guide lines, the results may be

of limited usefulness and could not be broadly generalized. Nevertheless,

in order to be of some use to the designer, an attempt was made to

study only those changes in the geometry of the cylindrical cavity

that approximated the shapes of the cavities of the actual shell. It

*Superscript numbers denote references which may be found on page 39.
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wa- hoped that t1'- hehvior of Fluid frequencies in modified cavities

could be ri.iated to their behavior in an easily established "equivalent

cylinder" determi.ied, perhaps, from the volume of a modified cavity. If

this could be accoiaplished, then Stewartson's tables could bf- used for

practical prediction of resonance in non-cylindrical cavities.

Subsequent to completion of the present experiments, Wedemeyer

developed an analysis for predicting eigen-frequencies in non-cylindrical

cavities through a perturbation of the cylindrical cavity solution. The

restriction of this analysis is that the cavity geometry deviate only

mildly (e.g., cavity radius changes slowly as a function of cavity

length) from that of a pure cylinder.* Data presented in the present

report that satisfy this restriction are in good agreement with the

results of this analysis.

2. THE GYROSCOPE

The experimental tool was the gyroscope. It is shown in Figure 1

and was described in some detail in Reference 4 . Its principal character-

istic is that its inner and outer gimbals are supported by frictionless

bearings. Its sensitivity is high and it gives reproducible outputs at

amplitudes of less than 10. The gyroscope's oscillations are recorded

through strain gages mounted on the pivots and are monitored on a

pLotographic recorder. It is balanced about the pivot point; hence,

its motion is essentially pure nutation. The rotor contains a lucite

cylinder whose ends or "cups" can be readily modified to various

desired geometries.

*A summary of this development appears as Appendix A of this report.

The full analysis appears in "Dynamics of Liquid-Filled Shell:
Non-Cylindrical Cavity", by E. H. Wedemeyer, BRL R 1326 August 1966.
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The non-dimensional nutational frequency of this liquid-filled

system, In, is .055. Various cavity geometries produced changes in

this frequency only in the fourth decimal and, therefore, they were

neglected.

The fluid was a silicon oil of viscosity one centistoke and of

specific gravity 0.818 at 770 F. The gyroscope was spun at 5000 rpm

leading to a Reynolds number for the experiments of 5.19 x 105

2
Re =U- a where w = spin, a = radius of the cavity, and v = viscosity

V

of the fluid.

As a side issue, an investigation was made of the interference

between a central column and the free surface of the disturbed fluid in

a resonating cylindrical cavity. The central column simulated a

"burster", the explosive device frequently used in liquid-filled shell.

The search for resonance in such a configuration by use of Stewartson's

tables is valid only if the central column does not interfere with the

oscillations of the free surface of the fluid. Therefore, it is

necessary to know the minimum air gap between the column and the fluid

so that this condition is satisfied.

The results of these various experimente are the subject of the

present report.

10
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3.1 The E[Ileeto ol. Bound-d Corn.'z

The orig-na]. cyllnder, us:d i.n R4.r":nc. , was 2c Y'.jO" in

heiLght and 2a = 2..8" in d!.wn.ter or o0' fineness ratio c/a - J.OY.

It was deo:igned to resonate W..th the principal 'lMAd trequency, j= J.,

at 85 percent I'ill-ratio. This 'ineness ratio was kept constant while

the ends of the cylinder were modl.fied by rounding thu corne:rs to

various radii as is shown in Figuru 2. The results of' the tests are

summarized in Table I and shown graphically in Figuru 3.

Relative: to the original cylLndrical volume, the fill-ratio at

which resonance occur,, To = Tnp changes relatively little up to

R/a = 0.60. For larger radii the resonance occurs at progressively

smaller fill-ratios, and for hemispherical ends, R/a = 1, the fill-ratio

at which resonance occurs is ].3 percent lower. For such a cavity, an

"equivalent cylinder" is of smaller fineness ratio.

The instability of such configurations, as measured by the rate

of divergence of the nutational amplitude, ol, decreases progressively

as R/a increases, and for R/a = 1 at both ends, the instability is only

55 percent of its value f'or the unmodified cylinder.
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TABLE I

Effect of Rounded Corners On Resonance

Fill-Ratio for Resonance To = Tn w .055

c/a 3,077 (0 = 1) v = 1 c.s. 5000 rpm.

Volume of right cylinder V = 605 cc.

Configuration A

R/a V° 0 v 10 V/V c
1000 cc Resonance cc rer sec.

.00 605 511 84.5 .522

.20 5 8. .

.4o 598 513 84.8 .500

.60 595 513 84.8 .460

.80 584 497 82.1 .440

1.00 574 476 78.7 .399

Conf iguration B

.00 6o5 511 84.5 .522

.20 60o 510 84.4 .535

.4o 590 512 84.6 .495

.6o 575 5o6 83.6 .470

.80 550 474 78.3 .350

1.00 532 434. 71.7 ,288
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K: 3.2 The Effect of Conical Cups

The geometrics tcstod are shown in Figure h, V.rxous cups are

defined by two parameters: the angie a, and the height h or by h/2c

where 2c is the height of the cylinder. initially, the tests were run

in modified cylinders of fineness ratio c/a w 3.077. In an unmodified

cylinder of this fineness ratio, resonance occlurs at 85 percent fill-

ratio. When it was discovered that the change in thp fill-ratio, to

obtain resonance in modified cylinders, was larger than the available

15 percent, from 85 to 100 percent full, a new cylindrical cavity was

designed to resonate at 60 percent. The fineness ratio of this cavity

was c/a = 2.687.

* The results are shown in Figure 5 where the reference volume is the

* ~'actual 100 percent full volume of the modified cavity, Voi. The resonant

frequency, To M T.n occurs at markedly different fill-ratios; the longer

the conical cup, or the greater the angle, the greater is the change in

the fill-ratio. Figure 6 shows the same data with reference to the

volume of the unmodified cylinder. As was the case with rounded corners,

the greater the departure from the cylindrical cavity, the smaller the

instability. The actual data are presented in Tables II and III.

Table IV summarizes the data from other tests, such as: combinations

of R conical cup with a rounded base, (configurations F 1 and F2 , see

T1gure 4); a cup with a radius of curvature, E2; and a combination of

two conical cups, C and E The discussion of these results will be

deferred to a later section. It suffices here to say that the trend of

the variations in the fill-ratios for various combinations is consistent

15
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with the results shown in Tables I, II, and III, i.e., the effects of

) combinations r-f modifications are, approximately, additive,
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TAKLE 11
Effect of Conical Cups on Resonance

"c/sm 3.077 R"a - 0 To = n 055

Configuration C

h 2

o! V0o 2 ioov.r/vo 1OOV/V/ 0

Degrees 100% full cc Resonance cc per see.

0 605 511 84.5 84.5 .522

2* 600 528 88.0 87.3 .484

5 582 546 93.8 90.2 .405

7 578 558 96.5 92.2 .333

84 572 566 99.0 93.6 .188

Configuration D

h
2c..462c

0 605 511 84.5 84.5 .522

2 582 552 94.8 91.5 .415

*Apparent inconsistencies in volumes, Vo, for 20 cup, which may be
detected in subsequent tables, arose from slight modification of this cup.
The lip was made thinner thereby increasing the total volume by about 12 cc.

20



TABLE III

c/a = 2.687 R/a 0

Configuration C

h
2- - .30

vo cc v cc iaOV/Voi io°V/vc a,

per see.

0 534 322 60.3 60.3 .364
2 522 326 62.5 61.o .322

5 508 33P 65.4 62.2 .282

S494 342 69,2 64.o .195

1? 482 356 73.9 66.7 .1.40

Configuratlon D

h
2c 53

2 302 326 64.9 61.0 .311

51 457 344 75.3 64.4 .220

71 436 373 85.3 69.8 .130

S424 388 91.5 72.7 .135

S410 4o8 98.1 76.4 .137 '4

Configuration El

h .--. 75

3 445 347 77.9 65.0 .318

4 422 358 84.8 67.0 .2+42

5 398 398 100: 75: .065:

21.
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• TABLE TV

Effect of a Conical Cup and a Rounded Base :Y

c/a - 3.077 To= Tn w .055 Ve -605 cc

h', Configuration F1

h_.26 e- 2o
R/a Voccc V cc V cc 100 10 Remarks

Vol 2 Re00aa]ks1Main c per per
Resoxu~nce Sec sec

.00 588 528 87.3 ,. .484 -

.40 578 538 88.9 - .390 -

.60 570 534 542 88,2 89.6 .340 .245* Double
peak

.8o 560 514 - 85.0 - .280

c/a- 2.687

Configuration F2

h2.53 P 20 vc 534 cc
2C,

.00 522 326 - 61.0 - .322

.40 482 324 382 60.7 62.2 .225 .100-*

.6o 470 308 318 57.7 59.6 .205 .115*

q .80 46o 294 304 55.0 56.9 .210 ,070*

.00 457 344 336 64.4 62.9 .220 .o45*

.40 450 340 - 63.7 - .240
,6o !I42 334 - 62.5 - .200

.80 432 321 - 6o.l - .16o

22



'U.I',•J-il• .L.V \,•UiLA, 4J.L • -

Configuration E2

Circular Arc of Radius 10"

c/a =2.551 Vc = 501 cc

h =.•48
2c vI V2

V2 cc 100 - 10 1- O 2 Remarks
cVc Vcc se

per per
ccsea sec

.00 390 346 354 69.1 70.7 .105 .050

.40 384 338 344 67.5 68.7 .080 .075

.60 374 331 - 66.1 - .070 - very
broad

.80 364 317 - 63.3 - .090 -

Combination Cups

c/a =2.687 Vc = 534 cc

Cup C together with Cup E1

Test (a)

Cups 0 0  cc Vice V 1 2 Remarks
VOe1 2 Vc Vc

C 7 . . ...--

3 415 342 358 64.0 67.0 .132 .144 Two
Peaks

Text (b)

S 81

E1  3 407 358 - 67.0 - .109

Is hoa oad ihCPC

NOTE: Cup El) h .75, was cut to =.70soatod, thCp,

2ch_ 30, to unity.

20}
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3.3 The Effect of a Central Rod on Resonance

In practice, not infrequently the liquid-filled shell cavity con-

tains a central column or "burster" and the available volume is then

filled to some fraction, say, P. Stewartson's tables can be used to

search for resonance in such a cavity provided that the column does not

interfere with the liquid. For a completely filled cavity of this nature,

Stewartson's theory is Fot applicable because of the presence of a solid n

inner boundary not considered by Stewartson. ¶

If, therefore, the available volume of the cavity with a burster

is filled to 0 fraction, then the air fraction relative to the cavity

without the burster is:

2 2 2 2
b /a - I - 0(l - r /a )

where 2b is the diameter of the air column and 2r is the diameter of the

burster. For non-interference, therefore, we are interested in finding

a minimum air gap, b - r, which will satisfy this condition.

For this purpose the following experiments were performed. The

cylindrical cavity, c/a a 3.077, was used. Ito volume is 605 cc, and

it. resonated at 85 percent fill-ratio, or with 511 cc of liquid. The

diameter of the air column at resonance was 0.98 inch. When a plastic

central rod of this diameter was introduced into the cavity, thus filling

the air space, the resonance was suppressed. Maintaining the same amio•nt

of liquid in the cavity, 511 cc, the diameter of the central rod was

progressively reduced, in steps of 1/32 inch, until a fairly full recove5:y

of the original resonance was achieved. The results of these experiments

are shown in Figure 7 in the form of instability as measured by the rate

24
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of divergence of the nutation amplitude, e , versus air gap.

The results show that in order to assure non-interference between I
the central column and the disturbed free surface of the liquid at

resonance, the air gap (b - r) should not be less than 1/16 inch.

Expressed in another way, the fill-ratio relative to the available volume

should not be greater than 96 percent for valid use of Stewartson's

tables for this type of cavity. This rule should apply at least at

relatively small yaws. The amplitudes of oscillations of the free

surface will grow with the larger yaws.

At gyroscopic spin of 5000 rxr, parabolic departure of the free

surface from cylindrical is of the came order of magnitude as the air

gap. It can be easily shown that the difference in radii of the air

cavity at the top, r 2 , and at the bottom, rI is approximately:

r2 - rI ••2
r2 J P.

where a is the fraction of the total volume oct',;t.:, bo-Y a'i.. In our

case, u 2 0.15 and r- - inch, whereas ti c. :;ion to "non-

interference" occured at 4 inch. Thus, the air gajý ab the bottom of the

cavity ic somewhat less than at the top. At higher shell spins, however,

this difference becomes negligibly small or at lower spins iacreacingly

significant, Thus, the above limitations on the air gap is fairly rough,

and in practice, should be enlarged.

26



4. DISCUSSION

Present experiments show that modification of a cylindrical

cavity causes a substantial shift in the fluid frequencies. The same

fluid frequency, in a modified cavity, occurs either at lower or higher

fill-ratio than in a corresponding cylindrical cavity of the same fineness

ratio, c/a. Rounding the corners of a cylindrical cavity, for example,

shifts the frequencies to a lower fill-ratio; introducing a conical

constriction at the end of the cylinder shifts the frequencies to higher

fill-ratios. This is illustrated, schematically, in Figure 8. A solid

curve on the frequency-fill-ratio diagram is taken from Stewartson's

tables for a cylindrical cavity of a specified fineness ratio. Dashed

curves are the conjectured shifts of the frequencies in modified cavities.

The amount and the nature of the shift :j related to the kind and the

degree of modification. The dashed curves are drawn for conical cups.

It is seen that at the same fill-ratio the frequencies are higher, or

the same frequency,, such as the resonant frequency To = Tn, occurs at a

higher fill-ratio. For rounded corners the effect seems to be in the

opposite direction, the frequencies are lowered and the dashed curve

should be drawn under the solid curve. Thus, the resonant frequency

would occur at a lower fill-ratio.

From Stewartson's tables one can draw also the fineness-ratioversus

*' the fill-ratio diagram for a particular frequency. Such a diagram

would show that an increase in the fill-ratio corresponds to an

effective increase In the fineness ratio and vice versa.

27
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"Table I shows that in a cylindrical cavity of C/s. 3:% t01P

effect of rounded corners begins to be significant for R/a ao.8 . At

larger radii, the resonance occurs at a lower fill-ratio, corresponding

to a smaller "effective" fineness ratio. One may define, therefore, an

'equivalent cylindrical cavity" of diameter 2a but of reduced height in

a ratio of modified to unmodified volumes. If the volume of the modified

cavity is represented as:

V' =na 2 2c'ý (I)

the fineness ratio of an "equivalent cylinder" will be

c'/a = c/a (2)

where V is the volume of the unmodified cylinder. The corresponding

fill-ratio for resonance with the new c'/a is easily found from

Stewartson's tables. The results of such an exercise are shown in

Table V.

TABLE V

Prediction of Effect Due to Rounded Corners by an

"Equivalent Cylindrical Cavity", ECC
Cylinder c/a = 3.077 Vc = 605 cc
donfigiuratioh A Configuration B

R/a 0.8 1.0 0.8 1.0

100%0 vol., cc 584 574 550 .532

Obs. resonance, V fill 82.1 78.7 78.3 71.7
Obs. (c/a)eff 3.039 3.009 3.003 2.901

Computed c'/a 2.970 2.919 2.796 2M704

Predicted resonance, % fill 76 73 65 61

Diff., (0 - C), % fill 6 6 13 11

I2
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I
Clearly, this simple device does not work very well. With large

rounded corners the frequencies change as if an "equivalent cylinder" is

both shorter and narrower so as to increase the c'/a, as computed above,

to the observed (c/a)eff. Of course,,it is possible to devise an appro-

priate change in both the height, 2c, and the diameter, 2a, so as to

satisfy the observations. But such arbitrary manipulation is not

warranted. Suffice here to say that prediction of the effect of rounding

corners for R/a k 0.8, by the method outlined above, overestimates the

reduction in the fill-ratio by 6 percent for configuration A and by 12

percent for configuration B. The effects appear to be approximately

additive. For practical purposes, therefore, prediction of resonance

in a cylindrical cavity with rounded corners can be made by ignoring

the effect if R/a : .6; for larger radii, one may estimate the effect

either from Figure 2 or by an "equivalent cylinder" scheme outlined

above, i.e., compute the fill-ratio from an effective fineness ratio

c'/a - c/a(V'/Vc) and correct the resulting fill-ratio by the above

SerAeitagcs.

4.2 Conical Cups

Experiments show that conical cups, as shown in Figure 4, can

change markedly the fluid frequencies relative to those in an unmodified

cylinder of the same height, 2c, and of the same diameter, 2a. In a

modified cylinder the "effective" cavity appears to be of greater fineness

ratio than the corresponding cylinder. Or, expressing it in another way,

a given frequency, such as resonant frequency To 0 Tn, appears in a modi-

fied cylinder ut a higher fill-ratio than in an u•nodified cylinder.

o I



One may try, therefore, to define an "equivalent cylinder" as

having the volume of a modified cylinder, of the original height 2c, but

of different diameter. If the volume of a modified cylinder is V', then

we define

12V' --= a'2 2c . (:)

With the volume of the original cylinder

SV=TT a2  2c

the new fineness ratio, therefore, is:

V1
c/a' -- c/a V~v-- (Lv)

c

With this fineness ratio, the corresponding fill-ratio for a resonant

frequency is to be found from Stewartson's tables. Howover, the fill-

ratios and hence the fineness ratios, computed by thce above procedure,

were found to be overestimated relative to the observed values. Moreover,

the discrepancy increased systematically with the height of the conical

cup, h/2c . A correction, therefore, was necessary. This correction to

the fill-ratio, as inferred from an "equivalent cylinder" computed as

outlined above, was found to be:

Correction: A - 22(h/2c - .25) percent (5)

which should bu added, algebraically, to an "equivalent cylinder" value.

For conical cups, therefore, of heights one quarter of the length of the

51
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eylikider, or 3ess, no carrection is necessary, When corrections were

applied to longer cups, the agreement with the observations was improved

mwrkedly. The results are shown in Table VI. The prediction appears to

be poorest for 2° angles but is within one to two percent elsewherE.

4.3 Other Modifications

Some other modifications were tested also, and the results are given

in Table IV. Previous tests with conical cups were made with a square

base at one end, R/a = 0. If a rounded base is added to the conical cup

(configuration F1 and F 2 ) an additional shift in frequency may take place.

Unfortunately, these tests are rather fragmentary and no definite con-

clusion can be made safely at this time. On the whole, the addition of

a rounded base to a conical cup produces no additional significant change

in the fill-ratio, provided that R/a g Q6 . For R/a Q6, the effect

is approximately additive, i.e., the effect due to the conical cup and

the rounded base act separ-'ely. A combination of two conical cups,

C and E1 , also suggests that the effects of separate modifications are

additive.

One test was made with a cavity9 c/a = 3.08, but with its walls

defined by a circular arc of radius R = 10 inches tangent to the midpoint

oL' the cavity. No resonance was found. One-half of this two-cup comb-

nation was then tested in a cylinder, c/a - 2.69, configuration E2'

Tria.ting this cavity by an "equivalcnt cylindor" method led to the

prudiction olf' the fill-ratLo for resonance at 66 percent, whereas the

obscrv, d value is 69 percent. This cup also was tested in combination

wi:th roulnded corn .-s, All resonances were rather weak and had double

peaks for R/a = 0 and R/a - 0.4

52)



TABLE VI

Prediction of Fill-Ratio for Resonance by an

"Equivalent Cylindrical Cavity", ECC, with a Correction

C/Ia -. 3.077

Configuration C Configuration D

h 26 .h4 6
2c '2c

° ECC,% Obs,% ° ECC,% Obs,%

2 85 87 2 90 86

5 9o 90

7 92 92

81. 94 94

c/a = 2.687

h h
h .30 L .53

8° ECC Obs 90 ECC Obs

2 6o 61 2 58 61

5 62 62 5½ 66 64

64 64 7- 70 70

12 66 67 8T 73 73

S75 76
Configuration El Combination C and E

h h
-• .75 2c = 1.0 El A = 30

0° ECC Obs C ECOC bs

3 63 65 Ao = 70 64 64

4 69 67 81 68 67
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14.' Search for Higher Resonance Mude•u

In view of the appearence of double resonance peaks in some con-

figurations, the presence of higher resonance modes was carefully

examined. None was found that could account for the observed doubling.

It was of interest, however, to pursue this matter further. With a

very sensitive gyroscope, there was a chance of detecting the higher

resonance modes in tb,ý two cylindrical cavities, c/a = 3.08 and 2.69.

If one designates the columns in Stewartson's tables by k = 1, 2, 3

(radial modes) and the rows by j (axial modes) where j is its value in

cla. then the observed principal frequency in the two cavities is j = I2J+l•

and k = 1 or (ll). In these cavities the J = 2 is absent, but J 3

and 4 are theoretically present at various fill-ratios as shown in Table VII.

TAIIE VII
Reocnances at Percentage of Fill

c/a = 3.077 c/a = 2.687

k 1 2 3 1 2 3

1 84(522) 60.3 -

(:522)-(.364)

2
3 84. 75

-- (.029) - - (.031) -

h 67 60 92

(.017) (.015) (.010)

34



The numbers in parentheses are the associated rates at which the nutitional

component of amplitude would be expected to diverge. The numbers

associated with the (1, 1) modes are the observed values. Although the

gyroscope was sensitive enough to detect such instabilities, none was

found. This suggests that in higher modes the effect of viscosity in

damping the oscillations is even stronger than in the principal mode. The

mode (2,1) was previously observed in Reference 3 with a cylinder

c/a = 5.16 . In the present cylinder, c/a = 3.08 , the (3,?) mode almost

coincides with the (1,1) mode, but no indication of asymmetry could be

detected. Likewise, in the c/a = 2.69 cylinder, where there is a clear

separation of the (3,2) and (1,1) modes, the former could not be de-

tected. Also in a smaller cylinder, c/a = 2.230, especially designed to

have the (2,2) mode as its principal frequency, only a suggestion of

instability, ul 0 0.005, could be detected at the predicted resonant

fill-ratio. All of these observations seem to suggest that only the

first column In Stewartson's tables has any practical relevance unless

the fluid is exceptionally heavy.

4.5 Central Rod

As previously stated, if the shell cavity contains a central column,

it should not be filled to more than 9t) percent of' the availabl, volume.

At [ill-ratios highcer than 96 prTcent) the column :I~tres with thu

distributed free surface of the liquid at resonance, and the application of

Stewartson's tables to such configurat:iono bueomes :i.nvalld. On the other

hand, if a cavity with an air space b2/a 2 happens to have a resonant
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frequency leading to instability, the insertion of the central column

of diameter 2r ; 2b may suppress this instability. Such an operation,

however, is rather risky. Evaporation of the fluid may depress the

fill-ratio below96 percent thereby r6turning the system to instability.

5. CONCLUD3NG REMARKS

An exploratory survey with a gyroscope of' the effect of modifi-

cations of the cylindrical cavity on frequencies showed a significant

shift in the fill-ratio at which the principal frequency occurred in

modified cavities. However, the absence of theoretical guide lines,

similar to those for the cylindrical cavity, makes prediction of'

resonance in a non-cylJndrical cavity an uncertain procedure except for

configurations covered by Wedemeyer's analysis, (see Appendix).

Tentatively, the following simple rules may be used in practice.

The effect of rounding the corners of the cylindrical cavity can be dis-

regarded. for R/a -o.6. For a nearly hemispherical base, the shift in

the fill-ratio for resonance can be estimated either from Figure 2, or

by an "equivalent cylinder" method with a correction, as outlined in

Section 4.1 .I

For conical or nearly conical constriction of the circular cylinder,

thc effect can be estimated as outlined in Section 4.2. The basic

cylinder should be taken as defined by the maximum diameter of the cavity,

2a , and a maximum height, 2c. If the burster of -the fuze protrudes

into the cavity, an estimate of maximum height may present practical

difficulties. In such cases some judgement must be exercised. It is
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suggested that if the burster is short and occupies most of the volume

of the cavity to its depth, the maximum height of the cavity, 2c, should

be measured to the burster. At any rate, maximun diameter and maximum

height will define the cylindrical volume, V C. The actual volume is to

be replaced. by an "equivalent cylinder" of -the same height, 2c, but of

different diameter, 2a'. The fill-ratio for resonant frequency is to

be found with the new fineness ratio, c/a', from Stewartson's tables.

The resulting fill-ratio, in percent, is to be corrected by adding,

algebraically, - 22 (h/2c - .25), where h is the height of the conical

section of the non-cylindrical cavity. If the cavity has no sharp

breaks in its curvature ihat may define the height of the "conical

section", h/2c. an estimate can be made from the drawing bV replacing

the curved boundary with the conical section enclosing the same volume.

The angle of the generatrix of the truncated cona should correspond to

the average angle of the curved surface.*

The designer should note some beneficial effects of non-cylindrical

cavities. The instability, at resonance, is usually less than in cor-

responding cylindrical cavities. If the departure from the cylindrical

cavity is large enough, the instability might become sufficiently mild

to be controllable by the aerodynamic damping. Also, the shift in the

resonant frequency in a modified cavity may be large enough to remove

it from consideration at the prescribed fill-ratio. As an example,

consider the cavity c/a = 3.08, configuration D, with 9 40, in Figure 5.

S*However, see Appendix for more rational way of handling the pre-
dictions for certain cavity shapes.
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This configuration is stable at all fill conditions, whereas the parent

cavity is strongly unstable at 85 percent fill-ratio.

Also, in practice, only the principal radial mode (k 1) needs to

be considered; all higher modes may be neglected.

At present, it is impossible to say how well the suggested simple

rules will apply to modifications different from those tested, or even to

homologous cavities but of different diameters. For the latter, it is

planned to make a few spot checks in a 2 Inch diano.er cavity. It is

anticipated, however, that the established trends, except for possible

Reynolds number effects, will hold in smaller cavities. At present,

nothing can be said from experimental evidence about the effects of

significantly different types of modifications.
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•' APPEIMIX

By the time the present report was completed, Mr. Wedemeyer had

found a rational way, based on theoretical considerations, of. estimating

eigen frequencies in non-cylindrical cavities. These results will,

eventually, be published separately. Meanwhile, he has kindly consented

to give a brief summary of the rules of the game for immediate benefit

to the designer.

By E. H. Wedemeyer

Without derivation, a formula is given which allows approximate

evaluation of the eigen frequencies, T , for a given fill-ratio, or the

fill-ratio for a given T for certain non-cylindrical cavity shapes. The

approximation is based on the assumption that the radius of the cavity,

* a(z) , changes slowly as a function of distance along the axis, i.e.,

dz 4 1 everywhere.
c

In Stewartson's tables the fineness ratio, or rather is
a[23717

tabulated as function of b2/a2 and T . Let us call this function

S(b2/a 2 , T). Let us assume that the radius of the cavity is given as a
function of z ; i.e., a(z) for 0 < z < 2c and that is small

ai( dz

everywhere. Then, for resonance, the following relation can be shown to

be approximately valid:

2c

1 j c/a[2j+l] dz (i)
2c S(b 2/a2,)

The radius, a, which occurs two times in the integrand of Equation (1)
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(namely in c/a and in the argument b/a of the tunction f) is to be

taken as the local, z - dependent radius a(z).

If the cavity is 100 porcent filled, Equation (1) simplifies to:

2c

s( d (2)
0

Equation (2) can be interpreted in the following way: The right side of

Equation (2) gives an "effective" fineness-ratio or rather an effective

C C
a[2j+l] in the sense that a cylindrical cavity having a F[2J+l7 - value

equal to the right side of (2) will have the same eigen frequencies as

the non-cylindrical cavityo e n qs.

Equation (2) allows detemination of the eigen frequencies T just

by performing the integration for S(O,'r) and looking up the corresponding
12

T in Stewartson's tables.

For a partially filled cavity, Equation (i) can be interpreted as

either that the T is to be determined for a given radius b of the

void, or b is to be determined for a given 1r . In either case, the

evaluation is troublesome since S(b 2 /a ) is given only as a tabulated/a

function and in order to solve the integral one must assume both T and

b and eventually repeat the integration with changed values of r [
(or b) until, by interpolation, the correct value of T (or b) is

obtained.

The simplicity obtained when the cavity is completely full suggests

seeking an approximate evaluation of (1) in cases where the cavity is

almost completely full (these cases are the most frequent in practice).
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One can then try to expand i/S into a power-series in bia 2 with co-

efficients dependent on T . If T is given and the problem is to determine

b, the most accurate way is to plot 1/S as given by Stewartson's tables

for the particular T versus b/a, and approximate the curve by a

power-series. If neither T nor b 2/a2 are too large, the following

formula is quite handy and is a good approximation:

..2 a

So is the value S(O,-T) as obtained from Stewartson's tables for

b2/a2 = o0

The approximation (3) is quite good within the limits

0 < T < 0.12
(4)

0 < b2/a2 < 0.15

with (3) substituted into (i), one obtains:

2c _ b4

S(T)= j 2J+71 . [+ a. 26Q . (5)
0 7a a

0

The advantage of Equation (5) is that the right side is inde-indent of r,

i.e., by integrating (5) without fixing the value of b one obtains an

explicit relation between T and b, which is of the form:

S0(r) =cl+ c+2 . b4  (6)
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2c" 2c

where , dz and 1.26 dz.whre cI a[jT •. • d n 2 = C ".5 , 2111]

0 ~0 I

i14

4.

i
t'

i



kI

ITInn I an_-i fiL-d

Security Clasificatlon

DOCUMENT CONTROL DATAR- R&D
('Securiy classificationl of itas, bodyop at l~f~ sa irec ma" ~ m I.. mna ..' e *uo - ,*, L *. , •..L. _ : *. . ,: _ -- '-J

I. ORIOINATING0 ACTIVITY (Cotpctas, author) rflaEt. wn*..*.t alCP1VC" SFCT

U.S. Army Ballisti•_ti re4 b Tahnratorifs I InmlnnIin AFd

Aberdeen Proving Ground, Maryland b amour

3. naPORT TITLE

DYNAMICS OF LIQUID-FILLED SIMLLS: RESONANCE IN MODIFIED CYLINDRICAL CAVITIES

4. DESCRIPTIVE NOlES (Type of report and Incluslve datea,

a AUTHOR(S) (Last name. lirst nam., Initial)

Karpov, Boris G.

6. R[PO RT DATE 7a. TOTAL NO. OW PA1GED 7b. NO. Or RPSrs

~~ io6( 48 ___

Bi. CONTRACT OR GRANT NO. $4. ORIINATOR'S REPORT NUKMUmE1R(S)

b. PROJECT NO. RD1llE IPOI15O1BlIA Report No. 1332

C. Sb. THI,•, RPORT NO(S) (Amy oth, numbe. .. atmay bas.g....•d
lisi *port)

d.

10. AVAILAUILITY/LIMITATION NOTICES This document is sAbject to special export controls
and each transmittal to foreign governments or foreign nationals may be made only
with prior approval of Commanding Officer, U.S. Army Blllistic Rc-sesrch
Laboratories , Aberdeen Proving Ground1 Maryland.

II. SUPPLEMENTARY NOTES Ia. SPONSORING MILITARY ACTIVITY

U.S. Army Materiel Command
Washington, D.C.

IS. ABSTRACT

A search was made, using a liquid-filled gyroscope, for resonance frequencies in
modified cylindrical cavities. The fill-ratio at which the resonant frequency 4
occurs shows considerable sensitivity to cylindrical modifications. Simple rules
are given for predicting, approximately, the change in this fill-ratio as a
function of the modifications. In the Appendix, Wedemeyer suggests a better way
of prediction.

Tests of a cylindrical cavity with a central rod show that the air gap between
the column and the free surface of the disturbed fluid should not, at small yaws,
be less than 1/16 inch for non-interference with resonant conditions.

DD '°o" 1473 Unclassified
Security Clamssification



Unclassified±i
b ecrl1V Liassstitcuton

14. -IN A-
KEY *OROS _LINK A, I( .I LI -NK C

PROLL 951 It ,Ls 9T' [ 2 L0L 111

Liquid-Filled Shelia
Modhified Cylindrical Cavities

Central Rod

INSTRUJCTIONS

etIfe 0 200,G1NAnd ACIrme orEsndternale Manu ald,,. Enter (3)I "U. S. Gvermet agence mayE obtin cna ofm
t1he rontracnumor. Also, hnt r gappli*bl, showrthant optof thiao s onfrteprt direciintly f om DC Otherpr.ohr qualfie thos

uk ngs hacive bee usr t ed forgrnztoup.n d Gcrp oupte autor ithuing Imp se r ys shalY lrquesHIIctl , tr ugh tsadrdnaee

3. REPORT TITECUIYCA:IIA I Enter the oopvterrrtttl n l (1) "Quaified mltryequesters may obtain copies of this
41a cuital lete s.Tictle ion all tase rehoutd bend nclate fiethe report directl frmD .Ohe uaiid sr

Ifa meainth u tprpiatle scann ity regseleate witons t (l2)a hallrequg s athroughm n dseiaio fti

2hrt show~ title mcatsiicatiowngrain g all c speitals in parethe i. eotb D s o ut

im eiatel5001 folwng Armed titles InusralMaul.Ete_(__USovrmetgncesmybai___mo
4.e gSroup numbe. AloE Ife aprpricatle, enher theaty o fp5)tAioisniutono this report diesl crmD . O nth roqullfed. Qua
mrkiont, hae g., enterimp oresGoummary annualorp fianalto. isfs sahaCuerhll request through

Giv theOR inclusiv dater when sopleifi reportting peiod ls 4 U .mltr gnie a bancpe fti

p. a AU tteOr(s, Tntler the nl ames)oathr)as should on If theie report hasreenl furnihe to Other Ofalficed ofsechncsIf aevcs mepartgent oftl Ccamerct for salete totou thes public reudtihrug
Ior n, thew reot.i Ene r llsiiastio n Iame, f pir ame, middpaeinitheis eti atadetrtepie fkon

thIrincipalt authorin ths anibslue.mnmmrqieet l UPEETRYNTS o diinlepaa
6. DSRIc P TIVDAE NOESI prri -enter the datee of the repor ditiato day tory reor Iiesrold..ul
meonth, y.a., irmnthri , yrgear. If mmore , tanoneuate appeiars 12 S NOINe MILTAR usersT mnter teustru h e aeo
on :the Ienrtueie dateswe of pubcition therin deprtmnta pronc ofic or Ioatr posrng(a
co. TOAL, N EOFAGSThtoapaecut Injfo the researchik bend develophenot.e oficue addrechs, a
5h. fUTOllo; Enoerma pagination) poeduthres) ise.,ownte the Sevi.s DepalrAtmente an bsteracofrsat tiin athref andlifatnal
oinum herepof t pa Escnteaitning frs aemd informtiln sumare tifofi ahe douente the piceivf kof wnrpr ee to

it maytry aloo arpea elnwer irnc the bodyie ofe thme tehoclf
th ricpa.uto IsE OF R absRENCe minimumr teqtt uirmbert of or. SUPLMNTR adOlina Usapacditonlexiprlurea nanin-in he

cite iEO TDA En te h aeo h report. ahal day aoyn ttaced

Conth AC ORar GRAN NUMnth: yorfmoeteoedt apprpriateers It, ISP9RN hihly dsrletACt th abtrat oft clssfed rae-o
on ppeicabep numserdt of thelictactior. grn e hc otshe dearmncalasified. cht aarp offihe orlbr boysostrict (Pall-

was TOnA NU B RO AG Snh otlpg out A r)tersach e(nd ofteveomilit.r seclurit ladrssicto

shu dflo norOm EC pgnUMtiRn Entcedres the ap. ropritero the 13r. ionRCT in ther parabstracht repig reient f and fat ual(S

utpoetnumber , syag sco temin inuombes aknmeec hr n iiation. oum r ftedcm nt thica nive of the asotrat .e nthoug-

cial~~~~~~~~~~~~ reor numae bys whpch theouetilbsdntfe 4 KYWRS eyworsere techneicallyf meaninhnful term
and cNtrolled Oy RtEFEECS orintain cvty. thisl number mutor short Ihaddithoat chaacteisreqired a reontianduayio sheuedta
reberehiues toithi e pot nInnre frctlgn the report. Key word mus baced

8a. CONTRACT REORT GRNTMNURBER: If thepreporite haener sIete so ihyeial that np security classifictnisrured. re-

ort he ap pliabenumber alof te cnte at r thsnubras). tadrwic p rojetb u coasiid . Ean ch paragr aph lofatiomyhe ab strdc sall
the. ~ ~ ~ ~ ~e words ht will bettn roto~ with an indication of themlichneuriyrisiicallo
8b, H. & dP OJEC NUM ER: Eter he apropiate On t"st Theor assion en th pafagraph, ruesvene ant wegTS) iS)
miltar deartentIdetifcatonmuc asproectnumer. X),optiona .

subrojct umersysemnumers tsk umbr, tc Thre n o lmitti n onth lngh f thed asrc.Hw
9a.ORIINAORS RPOR NUBE(S) Ener heoff- eerth sugened enths romISOto 225s words


