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ABSTRACT 

Based on the procedures and results of Volume I of this 

report, a general equation for output signal-to-noise ratio Is 

derived for a received signal In the presence of reverberation 

with a non-flat spectrum as well as ambient noise with a fJat 

spectrum. This result is then applied to a RAKE radiometer 

processing a monochromatic pulse and a linearly swept PM pulse 

returned from an extended fluctuating target in order to obtain, 

with reasonable assumptions, the output signal-to-noise ratio 

for these waveforms in algebraic form. It was not possible to 

put the output signal-to-noise ratio for the doppler invariant 

pulse in algebraic form, so that result is given in integral 

form. For all three waveforms, however, simple adjustments 

are outlined for application of the results to simpler pro¬ 

cessors (two-filter radiometer, weighted radiometer, matched 

filter) and simpler targets (extended non-fluctuating target, 

fluctuating point target, stationary point target). Also, an 

expression for processing gain is derived which relies on this 

output signal-to-noise ratio. 
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GLOSSARY OP PRINCIPAL SYMBOLS 

NOTE: a tilde (') above a quantity indicates a complex envelope. 

X. u. 

target strength of the k specular reflector, 

dimensions of reciprocal time 

target strength of the continuous portion of the 

target as assumed by the processor, dimensions of 

reciprocal time squared 

target strength of the continuous portion of the 

target, dimensions of reciprocal time squared 

target strength of a point target, dimensions of 

reciprocal time 

one-half the radian sweep rate of the linearly swept 

FM pulse 

Woodward ambiguity function of the transmitted 

waveform 

energy of returned signal 

processing gain 

quadratic processing kernel 

doppler compression factor for which the processor 

is designed 

doppler compression factor of the target echo 

one-sided thermal noise power density spectrum 

maximum value of the one-sided reveroeration power 

density spectrum 

thermal noise at the system input 

input power in the returned signal frequency band 

in the absence of signal 

input power in the returned signal frequency band 

in the presence of signal 

output power with the returned signal absent 

output power with the returned signal present 

Arp i 

b 

C ( T , f ) 

E„ 

P 
K(t1,t2) 

kP ' 

01 

R1 

n(t ) 

Pi0 

Piz 

-iii- 
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Í 

R 

Hn+r 
(t) 

Rp(u,T) 

Rip ( u » T ) 

vw 
r(t ) 

Sn+r(f) 

Sp(f,t) 

sr(f) 
ST(f,T) 

(S/N)1 

T 

Uk 

U0 
w 
w(t) 

z(t) 

- output signal-to-noise ratio 

■ autocorrelation function of the input thermal nolae 

plus reverberation 

■ target scatter correlation as assumed by the processor 

- actual target scatter correlation 

- EUCt^z^tg) ) 

« reverberation at the system input 

■ power density spectrum of the input thermal noise 

plus reveberation 

■ Courier transform on u of Rp(u,T) 

- reverberation power density spectrum 

■ ~Fouf*ier transform on u of R,p(u,T) 

■ input signal-to-noise ratio in the frequency band 

of the returned signal 

« duration of the actual transmitted pulse 

■ range delay of the kth specular reflector of the target 

- average range delay of the target 

■ returned signal bandwidth 

- total received waveform 

» received signal 

■ sweep parameter of the transmitted doppler invariant 

pulse 

■ one standard deviation of the radian doppler spread 

of the target as assumed by the processor 

■ one standard deviation of the radian doppler spread 

of the actual target 

" variance of P10 

■ variance of input thermal noise in the frequency band 

of the returned signal 

- one standard deviation of the time equivalent of the 

range spread of the target as assumed by the processor 

■ variance of the input reverberation in the frequency 

band of the returned signal 

-iv- 
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one standard deviation of the time equivalent of th 

range spread of the actual target 

transmitted radian carrier frequency 

average radian doppler shift 

one standard deviation of the radian spread of the 

reverberation power density spectrum 
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I. Introduction 

The objective of the analytical work performed In this 

volume la to express the output signal-to-noise ratio and the 

processing gain In forms that fulfill the following two require¬ 

ments : 

x 1. The expressions should be directly applicable 

to an actual acoustic detection system. 

2. The formulas should preferably be in algebraic 

forms, rather than the integral forms of Volume I, to facilitate 

any future computations that may be performed. 

To meet the first requirement, the results of Volume I, 

in which only flat noise is considered, must be extended to 

include Interference from non-flat reverberation as well as from 

flat ambient noise. The second requirement will be met by 

assuming Gaussian envelopes for the transmitted waveforms and 

the continuous portions of target scattering functions so that 

the integrals can be put into algebraic forms. 
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II. Technical Summary 

A. Slgnal-to-Nolse Ratio with Non-Flat Reverberation 

The output slgnal-to-nolse ratio in general Integral 

form for the situation in which the noise background consists 

of non-flat reverberation as well as flat ambient noise is 

derived in Appendix H. The derivation proceeds along the 

lines of Appendix D. in which the noise is assumed flat, 

and results in an output signal-to-noise ratio of 

è2li/Sg(-fîT)ST(-f,T)C«(kpT,f)C(kTT,f)dTdfl2 

{4N0^2//|Sp(-f;T)|2lC(kpT,f)j2dTdf + 

+//{2N01[Sf(f2)+Sr(fl"f2)]+Sr(f2)Si-(frf2) 

-J ( U), —) T 
•l/Spí-fxíOCUpT^e 1 dtldf^fg} (1) 

In the above equation C(T,f) is the Woodward complex 

signal ambiguity function defined by / 

C(t,f) â /x(t)x«(t-T)ejut dt, (2) 

in which x(t) is the complex envelope of the transmitted signal. 

The time compression factor due to the doppler dispersion of 

the target is kT, and kp is the time compression factor assumed 

by the processor. 8T(f;T) is the Fourier transform on the de¬ 

lay variable u of the target scatter correlation Rt(ujt) dis¬ 

cussed at length in Appendix A, and Sp(f;T) is that target 

function for which the processor is designed. Nq^ is the one¬ 

sided ambient noise spectral density, and S^(f) is the spectral 

density of the reverberation complex envelope. W is the band¬ 

width of the returned signal. 
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B. Slgnal-to-Nolse Ratio for Specific Waveforma. Targets, and 

Proceasors 

Equation (1) has been applied to specific cares arising 

from all combinations of variations of conditions in the following 

categories : 

1. Targets - point stationary target, point fluctu¬ 

ating target, extended nonfluctuating target, and extended 

fluctuating target, 

2. Processors - matched filter, weighted radiometer, 

two-filter radiometer, and RAKE radiometer. 

3. Waveforms - monochromatic pulse, linearly swept 

FM, and doppler invariant pulse. 

This analysis has been performed in Appendix G. It may be noted 

that the first three targets are special cases of the extended 

fluctuating target, and the first three processors are special 

cases of the RAKE radiometer. Thus, the analysis has been 

performed in Appendix J for a RAKE radiometer processing a 

return from an extended fluctuating target. The other special 

cases are easily obtained from adjustments in the final result. 

The analysis of Appendix J makes several assumptions 

to simplify the calculations: 

1. Only that processing channel that is matched 

to the returned signal in range as well as doppler shift and 

dispersion is considered. Thus, in Equation (1), Jcp * kT * 

k * l+(fd/fc), where fd is the doppler shift and £c is the 

carrier frequency. Parameters that may or may not be matched 

are the doppler spread and the target extension. 

2. To facilitate the integration indicated in (1), 

a Gaussian-shaped scatter correlation is used with the range 

spread and the doppler spread uncorrelated, so that its general 

form is 
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Rip ( u ; T ) 

ST(f;t) 

-t2/2at2 -(u-u0)2/2ot2 r 
[ATe e + I Ak6(u-uk)]e 

JK 

J“,J0T 

-T^/2ûm^ -Om^U)^/2 “J “J "Ul( J“dOT 
= [/57oT».Te T e T e °+ ï Ake k]e d0(3) 

where un « the average range delay of the target, 
U f- H 

uk * the range delay of the k specular reflector, 

Oij, » one standard deviation of the range spread, 

M « 2rr times the average doppler shift, 
d 

At » one standard deviation of the doppler spread 

The above equation considers the target as having two contri¬ 

buting portions, the first term representing the extended con¬ 

tinuous portion, and the second representing a number of specular 

components. 

3. The scatter correlation assumed by the processor 

contains only the continuous part, so that its general form is 

„ . . . -'2/21p2 -(“-V^p2 
Rp(ujr) = Ape H e F e 

2 /0. 2 2 2 . j _ -T /2A_ —o Ü) /2 -J(*)Un Jw,nT 
S ( f j t ) = Z^ToA e P e P e °e d° 
P P P 

(4) 

4. The physical envelope of each type of pulse is 

assumed to be Gaussian with energy and peak amplitude the same 

as with a rectangular pulse. Thus, the complex envelopes used 

are 

a. for the monochromatic pulse 

,__ -U/2)(t2/T2) 
X(t) =/2E^7T e (5) 

in which Ex is the energy in the returned signal and T is the 

duration of the equivalent rectangular pulse; 

b. for the linearly swept PM pulse 

-t»2(ir/2T2 - jb) 
x(t) =/2Ex/T e 

in which 2b is the sweep rate in rps/sec; 

(6) 
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c. for the doppler Invariant puise 

x(t) »/2ÏT7T 
¿T 

(7) 

in which u is the carrier radian frequency and o controls the sweep. 
C 

5. The power density spectrum of the reverberation 

complex envelope also taken to be Gaussian, 

S-(f) * 2Np e 
r n. 1 

where Nj^ is the maximum value of the actual one-sided rever¬ 

beration power density spectrum, and top defines its bandwidth. 

Since the reverberation power density spectrum is determined 

by the convolution of the signal energy density spectrum with 

the intrinsic power density spectrum of the medium, ioR depends 

on both the medium and the signal bandwidth. 

From the above assumptions, algebraic forms of Equa¬ 

tion (1) are derived in Appendix G for the monochromatic pulse 

and the linearly swept FM pulse. The output signal-to-noise 

R * 

For the linearly swept FM pulse: 
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E2 /^TAmOpnAm 
j 2 ^ 2 rp 2 r i» X «1 ^ 

1 *W2 P 

2k2A2b2T2 

* ¡Al“PÍ- f2+,t2i2 + llk2A2o2b2t2l , 
1 P P P-]2} 
/T^+irk^û^+^k^ 

r TTüI^q 

Ica N2 2/7NoiNRi“Relpl;- 
( E Ql- +-^- 
✓¿y^T.v^A^Tk-^A^'b^T7 bT2 /IbT’F+^Z“ 

PPP K 

ïï<JlldO 
fN^iOi^ exp[- TjbWZ+T^r] 

+ - ^-- } . (9) 
bT2 /iruip+^b^T^Wp+^tirb2 

As previously pointed out, the above equations apply 

to the general case of the RAKE radiometer processing a signal 

returned from an extended fluctuating target. For application 

to other processors and targets, the following modifications 

may be made: 

1. nonfluctuating extended target: AT>« 

2. fluctuating point target: oT-*-0, aTAT - AT,, Ak»0 

3. stationary point target: A^-*-», a.p+O, alpAlj*Alp,, Ak«0 

4. two-filter radiometer: Ap-*>~ 

5. weighted radiometer: op-*-0 

6. matched filter: Ap+«, Op^O* 

The results of Equations (8) and (9) with the above conditions 

applied are tabulated in Table J-l and Table J-2, respectively, 

in Appendix J. 

As far as the doppler invariant case is concerned, 

an argument is advanced in Appendix J that the results for 

the linearly swept FM pulse should well approximate results 

with the doppler invariant pulr;e. The reasons are two-fold: 

the first relies essentially on the fact that for the para- 
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meters of Interest, the ratio of pulse bandwidth to center fre¬ 

quency is much much less than one; secondly, only the channel 

matched in doppler dispersion is considered, minimizing the 

effect of this phenomenon on the linearly swept PM ambiguity 

function. Nevertheless, because the argument presented is 

not iron-clad, the output signal-to-noise ratio for the dop¬ 

pler invariant pulse returned from an extended fluctuating 

target and processed by a RAKE radiometer is written in integral 

form as 
2 2 

O (I) T ^ Om 

. £2 ■ - -§ 

CJmU)2 
- -J.(üj-u0) 
+¿A1e ] 

Ü£ 

|N2iiJe' C^e-,’pa“!|/e-7r7Ct2+(t',):!]eJ^ln[î^7le'J“0,eJ“tJt|2. 

“2 (w1“"2)2 T2 _ o2u.2 

•dtdf + N01NR1//[e +e llJ/e 

dtdil dfxdf2 

+NRl//e 

u*p ( uî,-(.J ) 
CT-CT 

Re R 1/Je pe 2 e 21 

1-ttt 1 
ot+atJ “J ( w1“u2+wc”tüd0 

e 
)t 
dtdT|2df1df2} (10) 

It was not possible to put this in a simpler algebraic form. 

The same modifications for simpler targets and processors may 

be made in (10) as are made for the monochromatic pulse results 

of (8) and the linearly swept PM pulse results of (9)* 

-7- 
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C. Processing Gain 

Processing gain Is treated here as It is in Volume I, 

except-for the addition of a non-flat reverberation spectrum 

to the flat ambient noise spectrum. The processing gain is 

defined as 

(11) 

in which R is the output slgnal-to-noise ratio, and (S/N)1 is 

an appropriately defined input signal-to-noise ratio. 

The input signal-to-noise ratio is defined in Appen¬ 

dix K in two ways which are shown in that appendix to be mathe¬ 

matically equivalent. 

(a) (S/N)i is the ratio of average power in the signal com¬ 

plex envelope to average power in the total noise complex 

envelope, measured at the output of a simple filter that 

removes "out-of-band" noise. 

(b) By sampling the squared envelope of the input after 

the same simple filtering to obtain a test statistic, we can 

define 

(12) 

where the sampled value of the input is P^z in the presence 

of signal and P^g in its absence, o^0 is the variance of 

and the overbar indicates an ensemble average. 

The simple filter described in both definitions is 

used to limit the noise to the same band of frequencies occu¬ 

pied by the signal, that is, to remove as much interference as 

possible by simple filtering. Por simplification of the calcu-^ 

lations it is assumed to have a Gaussian amplitude characteristic 

(u““c"“d0)2 

IH(f ) I - e + e 

(u+“c+ud0)2 

-^- 
(13) 
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where u>c is the radian carrier frequency, wd is the radian 

doppler shift, and W is the one-sided noise bandwidth in Hz. 

The filter than operates on the noise complex envelope is 

. (**'~<*>d0) 2 

IH(f ) I - 2e 47rW* . (1M 

As in the calculation of output signal-to-noise ratio, 

the reverberation power density spectrum is assumed to have a 

Gaussian shape 
(w-ioc)2 (w+u^)2 

Vf) ■ 
,,2 

sr<f> * 2NRi*" ^ (15) 

With N01 representing the one-sided spectral density of ambient 

noise and a target characterized by Equation (3), the proces¬ 

sing gain is shown in Appendix K to be given by 

2 
_r “do 
expi- ¿T^it'W2 

w2/ïï[n01+ 

__fv 
(16) 

/^ÏTarnAm 

E [- + I fk exp{- ^.(uk-u0)2}] 
1c x /^o'7+T2 

In the above equation R is given by (8) for a monochromatic 

pulse, (9) for a linearly swept PM pulse, and (10) for a 

doppler invariant pulse, where the target is extended and 

fluctuating and the processor is a RAKE radiometer. For 

simpler targets and processors, the following modifications 

apply: 

1. non-fluctuating extended target: AT-+-» 

2. fluctuating point target: oT-0, oTAT * A^', Ak-0 

3. stationary point target: AT—, o^O, oTAT » AT‘, Ak»0 

4. two-filter radiometer: a -*■« 
P 

5. weighted radiometer: cp-*-0 

6. matched filter: A -►*», a -►O 
P P 

-9- 
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r-1 

III. Discussion and Conclusions 

The results obtained In this volume for evaluating 

target detectors are primarily extensions of the general 

development presented in Volume I, along with the application 

of these extended results to specific targets, processors, 

and waveforms. 

The extended results involve mainly the derivation of 

general forms for the output signal-to-noise ratio and the 

system processing gain when a non-flat reverberation power 

density spectrum is added at the input to the flat power 

density spectrum of white noise. The effect of these two 

noise contributors may be found in the denominator of the 

general equation for the processor output signal-to-noise 

ratio. The denominator consists of three terms: one in¬ 

volving only thermal noise, the second involving reverbera¬ 

tion, and the third representing interaction between the two. 

The thermal noise term is, of course, the total denominator 

when reverberation is neglected. 

Extension of the general formula for processing gain 

has required modification of the input signal-to-noise ratio 

as well as the output signal-to-noise ratio when reverberation 

is considered. The input thermal plus reverberation noise 

power only in the frequency band of the echo has en con¬ 

sidered for this derivation. 

In order to apply these general results to specific 

cases, certain approximations were made to permit the general 

expressions to be put into algebraic form. These approxima¬ 

tions involve the assumption of Gaussian shapes for the con¬ 

tinuous portion of the actual target scatter correlation as 

well as the scatter correlation assumed by the processor; 

for the shape of the reverberation power density spectrum; 

and for the physical envelope of the pulses considered. 

Furthermore, only the processing channel matched in average 

doppler and average delay to the returned signal has been 

considered. 

-10- 
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The waveforms considered are the monochromatic pulse, 

the linearly swept FM pulse, and the doppler invariant pulse. 

The above approximations have allowed the output signal-to- 

noise ratio for the monochromatic pulse and for the linearly 

swept FM pulse to be expressed in an algebraic form, making 

for easy computation. The result for the doppler invariant 

pulse, however, had to be left in integral form. 

The target types considered are the extended fluc¬ 

tuating target and, as special cases of it, the nonfluctuating 

extended target, the fluctuating point target, and the sta¬ 

tionary point target. The processors considered are the RAKE 

radiometer and, as its special cases, the two-fili,er radio¬ 

meter, the weighted radiometer, and the matched filter. 

These processors all have a form which may be expressed as 

a quadratic processing kernel. / 
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APPENDIX H 

SIGNAL-TO-NOISE RATIO WITH A NON-FLAT REVERBERATION SPECTRUM 

Consideration will be given here to the problem of a 

non-flat spectrum of noise, specifically one arising from re¬ 

verberation. The output signal-to-noise ratio, as defined in 

Appendix D, will be derived here for the case of flat thermal 

noise and non-flat reverberation. The signal-to-noise ratio is 

where Pz » P with echo present, 

Pq » P with echo absent, 

and the overbar indicates an ensemble average. 

As in Appendix D, the effect of doppler dispersion has 

been neglected at the outset. A simple method for its inclu¬ 

sion, which is derived in Appendix G, will be applied at the 

end of this signal-to-noise ratio derivation. 

With z(t) the complex envelope of the returned signal, 

n(t), the complex envelope of thermal noise, and r(t), the 

complex envelope of reverberation, we have as'the system input 

w(t) * z(t)+n(t)+r(t) (H-2 ) 

when signal is present, and 

w(t) « n(t)+r(t) (H-3) 

when there is no signal. Applying these definitions to Equa¬ 

tion (C-13) gives 

- Lft#(t1)+f«(t1)][ñ(t2)+f(t2)] dt1dt2 (H-4) 

By making the reasonable assumption of mutual independence 

among z(t), n(t) and r(t), we have 

H-l 
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Fz_?0 * //K(t1»t2)z»(t1)z(t2)dt1dt2 

“ //Kitl»t2)Rz*(tl*t2)dtldt2 (H“5) 

Just as in Equation (D-9). This-.hail'been shown in Appendix D 

to be equivalent to 

(Fz“Ro)2 “ 7rl//sJ(-fiT)sT(-f;T)|c(T,f)i2didfI2, (h-6) 
W 

where the following definitions apply: 

Sp(f;T) = S»(f;-T) 4 i’ R (u;,)e-J“u au 

ST(f;T) = S«(f,-T) Ô f RT(u;T)e‘J“u du. 
(H-7 ) 

in which Rp is the scatter correlation for which the processor 

is designed, and R,p is the scatter correlation of the actual 

target; 

C(T,f) ô J x(t)x*(t-T)e^U)t dt, 
— 00 

the Woodward complex signal ambiguity function of the echo 

that would be returned from a moving point target re¬ 

flecting the same amount of energy as the actual target. 

The numerator of R, âs given in (H-l), is expressed 

in (H-6). in computing the denominator Fc will first be 

written and its square then subtracted from Pq2, 

Prom Equation (C-13) we have 

F0 " //K(ti»t2) [n»(t1)+r,»(t1)][n(t2)+r(t2)] dt1dt2 

» //K(t1,t2)[ñ«(t1)ñ(t2)+r»7t1)r(t2)] dt:dt2 

where the two processes are assumed independent, and 

(H-8) 

(H-9) 

P0 * ////K(t1,t2)K(t3,t1|)Cn*(ti)+r«(t;L)][n(t2)+r(t2)J • 

. [n«(t3)+r«(t3)][n(ti4)+r(til)] dt1dt2dt3dtij. (H-10) 

H-2 
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In order to handle the reverberation, it will be assumed to be 

a bandpass process that is wide-sense stationary over any range 

interval larger than that corresponding to a ping duration. 

Furthermore, it is assumed to be zero-mean and Gaussian. Since 

these characteristics also apply to the thermal noise n(t), 
« 

the following property may be used:. 

[n»(t1)+r»(t1)][n(t2)+r(t2)][n«(t3)+r«(t3)][n(t1|)+r(t1|)] - 

Inserting (H-ll) into (H-10) and squaring (H-9) gives 

p0 "Fo " ////K(ti»t2)K(t3*tií)Rñ+r(tl“t^)Rñ+r(t2'*t3)dtldt2dt3dtH 
(H-12) 

Using Equation s (C-l**) and (D-17) we have 

—? 2 
p0 -F0 * »^2*^3^^Rñ+r^2—^d^ld^2d^3d^A 

■ ^//////x(t1-u1)x»(t2-u1)Rp(u1jt1-t2)x*(t4-u2)x(t3-u2)* 

• Rp^u2 ^11-^3 ^Riî+îi^i”^ij ^Rñ+r ^2-^ 3^ duldu2d^ld^2d^3d^^ 
(H-13) 

Employing the definitions of (H-7) and (H-8), and noting that 

/x(v)x*(V—T)R (t—V,T)dv - /s (-f;T)C(T,f)e"'i“t df (H-Hl) p.- -,- «,-p 

/RÄ+?(t)RÄ+r(t-T)e'J“tdt ■ /sS«<-í'l)3Ã+f(f-fl)e';l<“’"l)t 

and the assumption that 

w-f) ■ Wf)- 

allows manipulation of Equation (H-13) to obtain 

dfx (H-15) 

(H-16) 

*Ï.S. Reed, "ön a moment theorem for complex Gaussian processes”, 

V01‘ IT“8» no* 3, pp. 19ÍI-195, April 1962. 
A.H. Nuttali, ’’Higher order covariance function for complex 
Gaussian Processes", IRE Tran» Info Th, vol. IT-0, no. 3. 
pp. 255-256. 

H-3 
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^////sp(-fl ,t2 )0(^ ,(^)01( T2>rl)e~J<“:1”“2)<,1~ 

• Wf2,Sñ+?<fl-f2>dfldf2d'l«T2 

■ ^//Sñtf(f2)S¡i+í(fi.f2)|/Sp(-flit)0(T,f1)e'J(“l'“2>TdT|2 

• df1df2 (H-17) 

Because the reverberation and the white thermal noise 
are independent, 

Sñ+r(f) ’ Sñ(f) + sr<f)- ( 

Since the complex envelope processor is concerned only with a 

band of frequencies around DC, that is, narrow compared to the 

carrier frequency f,, we can use equation (E-23) to write 

Wf) = 2No + Sf(f)‘ 

Then (H-17) becomes 

(H-19) 

P0 -T0¿ * + i?//(2N01[S-(f2)+ 
w 

.e-J(“l-“2>'d,|2dfldf2. (E 

The output signal-to-noise ratio of Equation (H-l), 

using Equations (H-6) and (H-20), is 

^■|//sJ(-fiT)ST(-f;T) |C(T,f) |2dTdf|2 
R > r ___a——__' 

(',NOl//lSp(-i'^)|2|0(-,f)|2dTdf+//j2N01[Sil(f2)U-(f1-f2)]+ 

«-(f2)Sf(fi-f2))|/Sp(-fi!t)C(T,f1)e'J(“1'*2)TdI|2df1df2} 
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Note that when there is no reverberation (Sr(f) » 0), the 

above equation reduces to the caa'' a flat noise spectrum, 

as given in Equation (D-27). 

As shown in Appendix G, accounting for the effects 

of doppler dispersion gives 

^IJ/SÍÍ-nOS^C-fiTWk ,,f)C(kTT,f)dTdf|2 
VT • _ ____ 
{/ 13p(-fiT)|;!|0(kpT,f)|2dTdr+//|2N01[Si(f2)+Sj,(f1-f2 > ] + 

(w1-U)2)t 
dx I ¿df1df2} 

(H-22) 

where k,j is the time compression factor introduced by the target 

and k is the time compression factor assumed by the processor. 

For the calculations to follow, it will be assumed that the 

processor is correctly compensated for the effect of target 

motion on the returned signal, in which case kp • k,p. 

H-5 
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APPENDIX J 

SIGNAL-TO-NOISE RATIO FOR SPECIFIC WAVEFORMS, TARGETS AND PROCESSORS 

Using the results of Appendix H, specific forms of the 

output signal-to-noise ratio will be written down for all com¬ 

binations of target processors and waveforms. These variations 

will include: 

1. Targets - point stationary target, point fluctuating 

target, extended non-fluctuating target, and extended 

fluctuating target. 

2. Processors - matched filter, weighted radiometer, 

two-filter radiometer, and RLKE radiometer. 

3. Waveforms - monochromatic pulse, linearly swept PM, 

and doppler invariant pulse 

In all cases the results will apply only to that pro¬ 

cessing channel that is matched in doppler shift and doppler 

dispersion, as well as average time delay, to the returned 

signal. Doppler dispersion will be neglected initially, 

and then will be included using the method given in Appendix G. 

The first three target types are actually special cases 

of the extended fluctuating target. Based on this observation, 

the output signal-to-noise ratio will be derived for the ex¬ 

tended fluctuating target, and the other results will be found 

from this result by neglecting the appropriate contributors in 

the expression. 

The scatter correlation for the extended fluctuating 

target will have two components: one arising from the extended 

portions of the target, and one representing the specular re¬ 

flectors. For analytical simplification, both the range depen¬ 

dence and the doppler dependence of the extended portion of 

the scatter correlation will be assumed to be independently 

Gaussian. The scatter correlation will be 

J-l 
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■^IJI ( U i ^ ) [ATe 
-t2/2a¿ -(u-un)2/2o¿ 

+^Ak6(u-uk)]e 
J“dOT 

(J-l) 

where u0 » the average range delay of the target 

oT - one standard deviation of the range spread 

“do" tlie averaSe radian doppler shift 

Am * one standard deviation of the doppler spread 

uk - the range delay of the k specular reflector. 

Thus, from (J-l) and (Hr7). 

sT(f;T) 
-T 2/2A^, “(0|ji/2)ui2 

C ^¿110 (jA^e e e 'J“X£Ak.‘J“V"io 
T 

(J-2) 

A similar situation exists in the set of processors to 

be considered. The RAKE radiometer, being the most general one, 

will be used in the derivation of output signal-to-noise ratio. 

The scatter correlation assumed by the processor will not include 

any specular reflectors, so it will be taken as 

ftp(u;T) V 
•t2/2a2 -(u-Uq)2/2o2 J u) 

y ¿a y * 
dO 

(J-3) 

and 

Sp(f î t) /Zlro^Ae 
P P 

-t 2/2a2 -a2u2/2 -JwUq Jwd0T 
(J-Ü) 

J-2 
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1. Monochromatic Pulse 

Although the envelope of the monochromatic pulse trans¬ 

mitted by the CASS system is well represented by a rectangular 

pulse, for analytical convenience the envelope will be taken 

to be Gaussian-shaped with the same peak amplitude and the same 

energy as its rectangular equivalent. In this case the complex 

envelope is given by 

IT t2 
? T7 

x(t) » /5ÏT7F e ( J-5) 

where Ex is the energy in the returned signal and T is the 

duration of the actual rectangular pulse. Its Woodward ambi¬ 

guity function, as defined in (H-8), is 

_ 1 t2_i-rf t- T } 2 

C(t,f) - 2EX/T /e ^ ^ e ^ eJut dt 

IT T2 W2T2 jUT 
¥ T7 - -TT 

2Ex e (J-6) 

Using (J-2, (J-4) and (J-6) in H-6) yields 

? i ?” + k + T7) - ^-(o2+o2+ Ji) 
" T-|//C4VTApATExe e 2 p T TT 

W 

✓?7 

Using the relationship that 

+ + ^e- r-K. J“(u!c-uo) 
iA*' 

Idîdw 

(J-7) 

Je-«t2e36tdt , ^ e-82/Jla (J-8) 

Equation (J-7) can be evaluated as 

!E T2E. 4 * ,2 . 2 2»2.2 * “x r AT 
(P--Pn) ■ 32ir a_A_A_ —n l—— .—.. . 

Z 0 p p p Jl 

, (u^-Ufv) 

¡ÁkexPl- ? Cf^+T?^) 2 
/(T2+,42)(t2+,027 ] 

(J-9) 

J-3 
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For case of analysis, the reverberation power density 

spectrum resulting from a monochromatic pulse will be assumed 

to be Oaussian-shaped, so that 

-(u-u )2/2ui¿ -(ui+u )2/2u>¿ 
3r(f) - |nr1[« ' R + e » R ] 

-u2/2(0p (J-10) 

Sr(f) " 2NR1 e 

where fc is the transmitted carrier frequency, and defines 

the spectrum spread. 

Inserting Equations (J-1!), (J-6) and (J-10) into 

Equation (H-20) gives 

2 * JTT) 2(02t |i, 16N 
“T 2 - -0i-JJo2A2E2e 
po “po w2 P P x 

dtdu 

+ —JI g2 A^E2 [ e 2 R+e 1 2 R]e 1 p 2v 
,c. p p X ffW 

T2 /1 . TT V ,,“l V 
,, “ + TT7 h-ü)2"“dOJt L ,2 
/e ¿ ÛP e ¿ ¿ au dï ¿dü)1du)2 

8NRl£ff 2a2e2 “a,2/2uR -“i(op+ 

t2i'1 4. JL.\ “n 
2 A2 2*]?^ —1 ( Tr— —u —u ) X r 

if. p J v2 “2 d0; , 12. . ,T ..V •|Je ^ e dt j dui^dwj (J-ll) 

Applying Equation (J-8) gives 

- + îfr) _j(!l 4.4d2T2 
P ^ 2 dO ,2 . p-, <M" ■ —?—j 

2T¿+irA_¿ 

A2!2(ui“2w2“2ud0 ? 2 

.?(2T2 + irAp2)- 
(J-12) 

J-4 
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Thus, 

- ^//oVe*. "P 
•Tatï? * 2T^> -u2(02+ ¥ 

o ‘o w‘ dTdu 

12 

ApT2(h,l''2“2“2“dO)2 
32N01NRlA¿T2f, 2 2r2 ’u2/2u,R “u1(od+ ^ ~ 2C2T-£+1rA 

+ VF'd'^+irA^) //gpAp Xe e P e P dirt^dw 

(dl^-Ulg)2 
32NnlNB.4V , , , 

32NR14dt2 ,, 2 2 2 ' ^ "2V -»?(<.?+ î|) 
+ (TWfeT//^2* R» R e i P ^ 

P 

_ 1" —2 A2T2(Ul-2ui0-2Ujn)2 
32NniND1A:TV 0 , , “5^^“ -co2(o2+ ^) ‘ -^gl’^nA 2)-- 

du^du, 

ApT2(«i“2ai2-2ta»do)2 
“ 1(2T- *7^7 

do»-^ du2 (J-13) 

In order to ease the evaluation of (J-13), Equation (J-8) 

will be used to develop two general forms. First, 

-Aw? -Bw? -C(w,-2wp-2w-n)2 
//e e e ^ ¿ au 

l¡e~k“í e"®'“!'“2’1 e-c<“i-2“2-2“llo)J d 

, ilABC 
t ““dO(SS+Eü+ïïIü) 

/AB+BC+4AC 

Also, 

ä’B“2 -B(“i"«2)2 -C(“1-2w2-2wd0)2 
J J 6 © G G dw^dw2 

2 r4BC ^ 
’hld0(5+^) 

/nA+B)(B+2C) 

Applying (J-l4)and (J-15) to (J-13) gives 

J-5 

(J-l^O 

(J-15) 



GENERAL ATRONICS CORPORATION 

32it/TTO^A^E^AnT f Nq 

/CStto^ZT 
It 

4N 

(J-16) 

2u,2n(2no2+T2)A¿T2 

OlNRl¿pTü,Rexp[" 

+ /[(2ira^f2)(^ + ^2 + U^2a>2) + ir^F2T 

O Q T 

2Nri“rV exp[~ t 

/(Hïï0^u|+i»^T‘ + »H‘iT' + ,'4J+'i“R4^,11'!^ 

Using (J-9) and (J-16) In the slgnal-to-noise ratio 
, '“kO' 

- ? (TH,aTT 

í*k' 
^ "ir-- + 

P y2 

definition in H-l), we have 

E2/¿T2+,t? 
■£[ 

/2 ir AfpOfj A,p 

R * 

✓ (A^2 + A^T2 + TrA2A2) (T2 + Tra¿ + na JT /(T^ + ^A^) (T^ + tto¿J 
i P-£-fp’—^- 

{ 
Ní 

4N, 
2ll*d0 ^11 ^d"*"a t 

o^Ri^p^R6^1- 

TïJt7 

/S.o^iTl /( Sro^+ï'5 ) fJT'+.S'+aajT'.^+mjï^ 

, O . 2“d04ÔT2 
2NR14PT“R Mp[- 2^+.^+2..(1,4^ 

^ .. ^ . .. f. i.l— ■ 

/( 4itOpU)p+2a>pT^ + iT ) C21^^ +TrAp+2u)pAp l14 ) 

as the output signal-to-noise ratio for a RAKE radiometer receiving 

an echo from an extended fluctuating target. For the other cases 

of interest, the following modifications should be made in (J-17): 

1. Non-fluctuating extneded target: A^» 

2. Fluctuating point target: o^O, aTAT » AT,. Ak*0 

3. Stationary point target: AT-»-, oT-*0, oTAT = AT, , Ak-0 

4. Two-filter radiometer: Ap-*-» 

5. Weighted radiometer: op>0 

6. Matched filter: Ap-*-», op^0 

Table J-l gives R for these various conditions of interest. No 

correction need be made for doppler dispersion; its effects are 

negligible in the case of the monochromatic pulse. 

J-6 
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2. Linearly Swept FM 

Just as In the case of the monochromatic pulse, the 

envelope (as seen by a noncoherent envelope detector) will be 

taken to be Gaussian-shaped with the same peak amplitude and 

the same energy as the rectangular envelope that it supplants. 

The complex envelope, then, is given by 

-t2- jb) 

x(t) - /2F7T e (J-18) 

where Ex Is the energy in the returned signal, T is the dura¬ 

tion of the actual rectangular pulse, and 2b is the sweep rate 

in (rps)/sec. Its Woodward ambiguity function, as defined 

ln (H-8), is 

+ ^T2b2 

(J-19) 

(J-20) 

Applying (J-8) leads to 
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(uk“uo)2(ïïT2+1r2Ap+4T4b2A2) 
lAkexp(- 2 

(J-21) 

The energy density spectrum of the swept PM waveform 

with a Gaussian envelope is also Gaussian in shape » with its 
2 2b2T2 2 

radian a « —^— when bT >>it/2. It is reasonable, then, to 

assume that the reverberation spectrum, which is proportional 

to the convolution of the signal energy density spectrum with 

the intrinsic reverberation spectrum of the medium is Gaussian. 

As in the case of the monochromatic pulse, then, the reverber¬ 

ation spectrum will be taken to be 

((1) + 0) )2 
c 

] 
U) 

(J-22) 

where w 

Inserting Equations (J-*!), (J-19) and (J-22) into 

(H-20) gives 

*H. Van Trees, "Optimum Signal Design and Processing for 
Reverberation-Limited Environment”, IEEE Trane on Milita 
Electronics, vol. MIL-9, no. 2, July 1965, pp. 212-229. 

J-8 
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2 2 
2b T 

16N 
P -P ' 

0 
Olrr 2 2f2 

T-JJaüApExe 

-T2(pr + + ■~r_) -ü)2(o2+ îi) -2u>-TT2b 

W 

> T -X—; -¿U)- 

P 2v e n dtdu 
P P 

“2 

+ ÜoAl/J aW[e CUJR+e 
—TO- -“ï(op+ 

itW 

t2 1 2b2T2 UlxT2b Ul 
T' a7 2ljî2 TT--J (2-“2_(od0^T i 2 

|je P e 11 e 2 2 dU dT^d^da^ 

nW‘ 
P P X 

2,1 

u2 

+ <j,,We' ^e' e"“î(op+ §7) 

t£/1 + ïï + 2b2T2) w,TT2b Ul 
- —(ÂJ + + ^ } - -^-7- >*-2-«d0)T ,2^ , 

. J Je p e e dt | dugdu-i 

(J-23) 

Application of Equation (J--8) gives 

_ + ^ + “lTT2b U1 V , 
^ ^ ^-;--«r<-do)TdT|2 

1/. 

4n2A 2T2 
-s—xE—x-X—K—exp{ 
2nT2 + ir2Ap2 + 4b¿úp¿T 

TtAp2T2[(a)1-2a>2-2üid0)2- J 

P4(2ÍrT¿ + iT2Ap2 + 4b2T4Ap¿) 

(J-24) 

At this point it is useful to delete certain terms that 

will not affect the signal-to-noise ratio for the parameters of 

interest. First we note that, in the linear FM pulse, T - 1 sec., 

and 

2bT2 - 200it rps (J-25) 

Also, for a 300-foot target the spread in time delay is 0.12 

seconds, so that 

2 < m2 

1toP,T T 
(J-26) 

J-9 



GENERAL ATRONICS CORPORATION 

Thirdly* the maximum doppler spread, at a center frequency of 

10 kHz, is at most 2 Hz, so that 1/a „, < 4* and 
P 1 

4b2T2Ap2 >> 2tr. (J-27) 

Then (J-24) becomes 

ii/1 + + ^2) ^xT^b u, 

^ }-^r-^^-“2-“d0iTd ,2 
e ^ e e dx | 

s ~T~7 expi" b¿T¿ 

ïï[(ü)1~2u2-2a)d0)2- ü)12] 
—--- --g--- ' " .. 

l6b2T2 
1, (J-28) 

and (J-23) simplifies to 

po‘-po2 ■ —3i^apApExe 

2itT2 + n2A2+4b2A2T4 
_t2(-JiL_-E-) 
T ^ 2irA2T2 ; 

2ïïo2+T2 
-At—jf—) 

W‘ 

-2tn 
xT2b 

•e 

U)2 

8NP.-.NP, o o o 2oip 
n dxdoi + —/o2A2E2[e R +e 

nW¿ P P x 

( ^ 2 

"^7 
] 

uf T2 P 4Tüb2(o2 
- —5— 2 Tr [ ( ai, -2(i)p-2u) ,n ) - -rz—] 

2rr , ir X _t 1 2 dO it* 1 
■e (-p--p) exp{- -: '3' 9 ) 

l6b2T2~ 

a,2 u)?T2 

8NR1 r t 2.2p2 ^R ^“R^ ~ “^T, Tr2 X 
^/VpV - * <^> 

2 4T4b2u)12 
ir[(Ul-2u>2-2Ud0)- 

• exp I-;■ -p 2-i * 
l6b¿T¿ 

(J-29) 

Using (J-8) and the general forms of (J-14) and (J-15), 

(J~29) becomes 

J-10 
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b, r, adtn012 _ Il n 2 
2 p 2 PA2r2r_ 

P0 -P0 ^2 p X1 + ^^) + tf0^b’^T7 bTVSb^T^ + noll 
P P 

+ i6,,2|Joinri“r 

^ n 

, ïï“dO , . 8,2^Rl^6^ 
•e*pf‘ ÎWT^+iïp'' bTV,u«+llb“ï^^l(,b-! 

Final simplifications from (J-25), (J-26) and (J-27) lead to 

a signal-to-noise ratio, from (J-21) and (J-30) in (H-l), 

(J-30) 

*T °T 4t 
' X p /Tz ( ô^+A,|,)+A^A|,LiT+i+b/T/(o^+o^) j 

2A2T2b2 
lAkexp{- 

+ *-E-E_£-]2} 
/T2 + nA2 + ^A 2o2 b 2T7 

.P-.— 1 * .-""■" i 1 ""■ .* 

ITU 

tw2[ Vol 
/5T7+¥r2+Ba^2b,2T7 

r- r '"'do 1 
?/ïrN01NR1u)Rexp{- 2(2bzTz + 7rug) } 

bT2 /IF2T2 + itu)r7— 

"“dO 

■( J-31) 

»,2 2 r "au ï 
irNRlü>Rexp}“ 4bzTz+tTu)R2 ' 

+ — - ■ g—i i 
bT2 /itu)r+ 4bzTzü)R+4iTb2 

The above result can easily be modified to include the 

doppler dispersion effect. From (H-21) the general form of 

the signal-to-noise ratio, as modified for doppler dispersion 

with k * 1 + (wj/o) ) as the time compression factor, is 
Q C 

^|//S»(-f;T)ST(-f;T)|C(kT,f)|2dTdf| 

vr p __ 
{4N2l//lSp(-f;T)|^lc(kT,f)rdTdf + JJ{2N01[S-(f2) 

+Sfif1“f2):i+Si(f2)3il(f1"f2)}l/Sp("fiT)C(kT»f1)e 

(J-32) 

-J 

J-ll 

dT|di1df2} 
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-11 , 

or alternatively 

i7l/fS«(-fit/lc)ST(-f;TA) |C(T,f) I dtdf I 
_ w? JJ P T__(j-33) 

R “{4N21J/|Sp(-f;TA)|¡¿|C(T,f)|¿dTdf + //{SN^CS-if^ 

+S-(f1-f2)]+Si;(f2)Sil(f1-f2)}|/Sp(-f1;T/k)C(T,f1)e 1 2 d 

df^l 

The modifications to (J-31) then are: 

at becomes kA^ 

A becomes kA 
P P 

Thus, 

SUFv AfpOjpAjp 
Æ 2 2 2 2 * * — 

{?Ex P (a z+A^)+k<iA^A^Lir+4b ZTZ (o^+o^ )J 

2k2A^T2b2 
J2, lA exp{- T^ + 7Tk^A4k2A2o2b^Fi? 

+ i__P ..P. £.- 
/T^ + irk^A^ + ^k^ A^o^b2lllz 

P P P- iru 

{[ 
“Voi 

do 
2 ^N01NRlURexp {-zr^HTTT+T^ry 

ATAirk2A2 + Bk2a2A2b21F bT2 /2bzT¿ + TTwR 
PPP , 

irw 
^l^expi- 4b 

bT2/iMA)^+1-:bi:Ti:u^+Wb2 
]} 

(J-34) 

Equation (J-34) applies to a RAKE radiometer receiving 

an echo from an extended fluctuating target. Por the other cases 

of interest, the following modifications should be made ln (J-17). 

1. Non-fluctuating extended target: at-*~ 

2. Fluctuating point target: aT+0, aTAT - AT,, Ak»0 

3. Stationary point target: at-*“, o^O, otAt ~ AT, , Ak*C 

4. Two-filter radiometer: Ap'*" 

5. Weighted radiometer: op-*-0 

6. Matched filter: Ap-~, op-^0. 

Table J-2 gives R for these various conditions of interest. 

J-12 
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3. Doppler Invariant Pulse 

Because of the complicated form of the doppler invariant 

waveform, It Is not possible to write the output signal-to- 

noisf* ratio in a simple form. Since only the channel matched 

in average doppler and average time delay to the returned 

pulse, and since the ratio of pulse bandwidth to center fre¬ 

quency in the CASS is so much less than 1 (0.06 at a maximum), 

it is suspected that the results with a doppler invariant 

waveform will be very similar to those using linear swept PM. 

Nevertheless, the output signal-to-noise ratio will be written 

down in its Integral form. 

To be consistent with the analyses done for the mono¬ 

chromatic pulse and the linearly swept PM, the physical envelope 

will once again be taken to be Gaussian-shaped with the same 

peak amplitude and the same energy as the rectangular envelope 

that it supplants. The complex envelope is given by 

x(t) /21T7T e 
-C^rz + Ind-atJ+ju^t] 

(J-35) 

where Ex is the energy in the signal, T is the duration of the 

rectangular pulse, üjc is the radian carrier frequency, and a 

is the sweep parameter. Its ambiguity function, as defined 

in (H-8), Is 

c(T>f). /e- ^c‘2+(‘-t>2V^i^vj“0 © dt • 

(J-36) 

As in the preceding cases, the reverberation spectrum 

is assumed to be Gaussian, and given by (J-22). Thus, using 

(J-2), (J-M, (J-22), and (J-36) in (H-21) gives 

J-13 



GENERAL ATRONICS CORPORATION 

r 2 ,., 2 r 2,., 2 

E2 
X 

T* OIU)4- t OÄüT 
' 5PII - -V ' 5TO - -V 

t//e e [''7itoTATe e 

R - w. 
0 - WI* -02U,2 - w[t2+(t-T)2] J—.ju T 

{N^/Je pe p |/e ^ e 0 e c e-í^dt)2 

drdf 

“2 (“l-“2>2 T2 o£ 
- - - ÎE^âT - A>? - TÄrCti+Ct-T)2] 

+N01NRi//Ce R+e R ]|//e Pe ^ le ^ 

—at+aT^ “J ( “l-,1'2+I1,C-Wd ^ T i2 .e 0 1-at+oT e 1 ¿ c a dtdT|¿dfidf2 

♦Nrí//« 

0)^ ((1)^-(^2)2 

ÏUr, 2 üJn 
R |//e‘ ^e- ^“îe- ^Ct2+(t-t)i] 

U, 
J ——ln[y—r^T“] -J ( Ut _(»)2+w ) T o . 

; a 1-ot+oT e 1 ¿ C a dtdT|¿dfidf2} (J-37) 

Doppler dispersion has been accounted for In (J-37) In the same 

manner as for linear PM ln (J-31*), through the parameter k * 
1 + (uj/u ). As with the other two waveforms, the output signal 

to-nolse ratio equation for the RAKE radiometer with a deep 

fluctuating target given In (J-37) may be adjusted for special 

cases In the following manner: 

1. Non-fluctuating extended target: AT>» 

2. Fluctuating point target: o^O, oTAT - AT,, Ak-0 

3. Stationary point target: aT-*-0, o^A^, “ AT’, A^-0 

4. Two-filter radiometer: Ap *•» 

5. Weighted radiometer: op+0 

6. Matched filter: Ap'*“» °p>0* 

J-14 
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To support the contention that using a doppler invariant 

pulse gives results very similar to those with a linearly swept 

PM pulse, let us rewrite (J-35) as 

-Cfir + J»0t - f (at)1] 

x(t) - /5E7T e i*1 

- /JITTT e'C^ " J“=“t2 -■’“c“213- ---3 

where |at| - |a|T < 1. 

It may be seen by comparison with (J-I8) that the imaginary t 
term in the exponent is the linear sweep term, with b « w a. 

The ratio of the magnitude of the t^ term to that of the t2 

term |at| satisfies the inequality: 

(J-38) 

2 

|at| - I a IT - T. 
'"c 

Since the sweep rates of interest are less than ^00 Hz/sec., 

w < ^00/% 

b - —sj—(2ir) rps/sec * ^OOir rps/sec 

(J-39) 

(J-40) 

Also, T ■ 1 sec. and w - 6.5(2ir)k rps, so that the ratio of 
3 2 0 

the t term to the t term in the doppler invariant exponent 

of (J-39) is bounded by 

I at I - O.031. (J-4l) 

This small ratio would apparently allow the t3 and higher order 

terms to be neglected, supporting the approximation of the dop¬ 

pler invariant pulse by a linearly swept PM pulse. 

Furthermore, since consideration is given here only 

to that channel matched in doppler dispersion to the returned 

signal, the length of the backbone of the linearly swept PM 

pulse ambiguity function dois not exhibit any shrinkage, a 

characteristic shared by the doppler invariant pulse. 
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GENERAL ATRONICS CORPORATION 

APPENDIX K 

PROCESSING GAIN 

A formula for processing gain when the noise background 

Includes non-flat reverberation will be given here by following 

the development of Appendix P. The processing gain will be 

defined as 

(K-l) aP ' TS7ÏÏT7* 

where R Is the output slgnal-to-nolse ratio and where (S/N)^ 

Is the Input signal-to-nolse ratio, which we define In one 

of two ways. 

(a) (S/N)i Is tne ratio of average power in the signal 

complex envelope to average power In the total noise complex 

envelope, measured at the output of a simple filter to be 

described shortly. 

(b) By sampling the squared envelope of the input after 

the same simple filtering to obtain a test statistic, we can 

define 

( K-2 ) 

where the sampled value of the input is Piz in the presence 
■Li. 2 

of signal and P10 in its absence. The variance of PiQ is oi0. 

In both of these definitions a bandpass filter Is 

needed preceding the input slgnal-to-noise ratio measurement 

to limit the noise to the same frequency band as that of the 

signal« 

In definition (b), the numerator Is given by the 

average difference of input power with signal and without 

signal. Under the condition of independence between signal 

and noise, this is simply the average signal power. Thus, 

the numerators of the two definitions are equivalent, and are 

given as in Appendix P oy R¿(t,t). The most reasonable time 
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to evaluate the average signal power Is at the time corresponding 

to the delay of the midpoint of the target, t » uQ. 

Now 4 Is the variance of the squared magnitude of 

the total Input noise complex envelope. It can be found, by 

substituting n(t)+r(t) for n(t) in (E-25), to be 

or 
2 2 2 

(K-3) + a - 
r 

where n(t), the ambient noise complex envelope, and r(t^, the 

reverberation noise complex envelope, are considered to be 

independent and zero mean. As given in (K-3), a1Q is simply 

the average power in the total noise complex envelope. Thus, 

the denominators of the two definitions are equivalent, and 
2 2 

are given by ck +0, . 

If we define W as the noise bandwidth of 

the previously described bandpass filter, one whose passband 

is the band of frequencies occupied by the spectrum of the 

returned signal, then from (E-25), 

(K-4 ) 

2 
For Jimplification of the computation of a~ , the filter 

amplitude characteristic will be assumed Gaussian. 

(u-Oç-ctt^o)2 ^+wc+wd0)2 

(K-5) 

where wc is the carrier radian frequency and u>dQ is the doppler 

shift. The filter that operates on the complex envelope of 

noise is, then 

IH(f) I - 2e (K-6) 

With the reverberation power density spectrum taken as 

K-2 
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(ü)-W ) 2 

i “ "¿V 
Sr(f) " ? NRi[e + e 

(ai+wc)2 

]. (K-7) 

the spectrum of the complex envelope of the reverberation Is 

-w2/2w¿ 
S-(f) » 2NR1 e R 

The power In the reverberation complex envelope is 

- J/|H(f)|2S?(f) df 

“dO 

2 2“r W Nr! " 2) 
o - * .. e n 

where (K-6) and (K-8) have been used. 

Thus, the Input signal-to-nolse ratio, using (K-2), 

(K-3), (K-4) and (K-9), Is 

(K-8) 

(K-9) 

(S/N). 
R* ( > Uq ) 

2N, j u + R R1 r dO 

01 /5íí^exp,'^rtr^T)- 

As in Appendix F 

1 , J“U« 

Rz(u0»u0) “ ÿ/C(0,f)ST(-f;0)e 0 df. 

(K-10 

giving 

(S/N). 

Jwu, 
g^r7/C(0,f )ST(-f ^)61 W df 

N 4. _n - -- “OU 

01 exp ' 

Using the ambiguity function definition of (H-8), 

it can be seen that 

0(0,f) - /|¿(t)|2eJ“c at, 

where |x(tj| Is the physical envelope of the signal. Por 

computational ease, this has been taken to be 

RRl "To 

(K-12 

(K-13 

(K-i4 
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giving 

ir t2 

|x(t)| - /^T7T e" ? ^ , 

C(0,f) - 2Exe““2T2/í|\ 

(K-15) 

independent of whether the waveform la a monochromatic pulse, 

linear FM, or doppler invariant. Using (J-2) for S^fjO with 
(K-16) in (K-13) gives 

(K-16) 

(S/N). 

E [ /^qTAT 
+ '■ îr<uk'u°)s] 

. ~“Al . , “do , 
01 eitp|- y;) 

R n 

(K-17) 

From (K-l) and (K-17), the processing gain is 

'2rnLiMni + - 
U1 STZtfTT.^ 

u2y¥rM “R^Rl , “rfn 

[ 01 exp(- ^4^)13 

X"/¿iroT^+T;¿ 
E„[ ■ F-(uk-uo): 

(K-18) 

] 

where R Is given by (J-l7) for a monochromatic pulse, by 

(J-31) for a linearly swept FM waveform, or by (J-37) for a 
doppler invariant pulse. 

K-4 
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ERRATA 

B. Abrams, "Extended Target Detection with 
Emphasis on Acoustic Surveillance. Volume II: 
Extensions and Specific Applications," Report 
158^-2041-1, General Atronics Corporation, 
Contract N62269-67-C-0028, 15 January 196? 

In the definition of Ex, "...returned signal..." should 

be replaced by "...transmitted signal..." 

"a " should be replaced by "A"1" 
P El 

"At" should be replaced by "at " 

The definition of "W" should be "the transmitted signal 

bandwidth." After the definition of "W" insert: 

"W - bandwidth of the processing channel input or 
d. 

input noise bandwidth" 

Equation (1): the integrand of the numerator should be 

"Sp(-kTf;T)ST(-kpf;T)C«(kpT,kTf)C(kTT,kpf)" 

The integrand of the first term of the denominator should be 

"|Sp(-kpf;T)|2|C(kpT;kpf)|2" 

In the second term of the denominator the t integration 

should be -jU,-«-?)T ? 

,,l/Sp^kpfliT)c(kpT*kpfl)e " dTl 
In the definitions following Equation (3), "“d" should 

read "“¿o"• 

The next line, which reads "= ...of the doppler spread" 

should read "A"1 = ... of the doppler spread in radians/sec" 

In the line following Equation (5)» "...returned signal..." 

should read "...transmitted signal..." 

Equation (9): remove both "k2" and "T2" from the factors 

multiplying both numerator terms. In the second and third 
2 2 

terms of the denominator, replace the product "b T " by 

"k2b2T2" in the four places that it occurs. 

Equation (13): replace "W" by "Wa" in both exponentials. 
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p. 9 

p. H-4 

p. H-5 

p. J-2 

p. J-3 

p. J-5 

P. J-7 

p. J-9 

p. J-10 

In the second line change "W" to "WQ". At the end of the 
CX 

second line add Mof the processing channel”. 

Equation (14): Replace "W" by "Wa". 

Equation (16): The first factor should be "WW ” in the 
2 a 

numerator. Instead of "W Everywhere else replace "W" 

by ”Wa". 

Equation (H-19): "N0" should read "N01" 

Equation (H-22): The integrand of the numerator should be 

"Sp("kTfiT)ST(~kpf;T)C,,(kpT,kTf)C(kTT»kpf)" 
In the denominator the integrand of the first term should be 

"ly-V;'>l?lc<V>V>l2n 
The integrand of the t integration in the second term of 

the denominator should be 

"Sp<-kpfliT)0(kp,>kpfl) )iii. 
In the definitions following Equation (J-l), ,,¿T = ... of 

the doppler spread" should be changed to "a“1 * ... of the 

doppler spread in radians/sec" 

In the line following Equation (J-5) "...returned signal..." 

should read "...transmitted signal..." 

Equation (J-9): In the second term "(u^-Ug)" should be 

changed to "(uk-uQ)2" 

Equation (J-14): In the exponent of the last line of 

the equation, "wd0" should be changed to 

In the line following Equation (J-18), "...returned 

signal..." should read "...transmitted signal..." 

Equation (J-25), the sign should be changed to "<<". 

The third line of Equation (J-29) should have the differ¬ 

entials "dui^du^" en<* Hne* Furthermore, the 

last term of the numerator of the exponential on that line 

should have "T^" replaced by "T^". 

The last line of Equation (J-29) should have the differ¬ 

entials "dü)-Ldw2" at the end of the line. 
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p. J-ll Equation (J-30): The last symbol In the denominator of the 

first term should be "T^" Instead of "T2". 

Equation (J-31): Of the factors multiplying both terms 

of the numerator, "A2" should be changed to "a2" and ht2" 
P p 

should be removed. 

Equation (J-32): The integrand of the numerator should be 

changed from 

"S*(-f;T)ST(-f;T)|C(kT,f)I2" to "3*(-kf;T)ST(-kfjt)|C(kT,kf)|2" 

The integrand of the first term of the denominator should 

be changed from 

"|Sp(-f;0|2|C(kT,f)I2" to "|Sp(-kf;T)|2|C(ki,kf)I2" 

In the second term of the denominator the integration should 

be changed from ., s 

”|/Sp(-fiT)C(kT,f1)e 1 ¿ dr I" to 

-jíllK-uOT 0 
MI /Sp(-kf1iT )C(kT ,kf1)e 1 ¿ dîT” 

p. J-12 Equation (J-33): In the first term of the denominator 

"N2," should be replaced by . 

The second term of the denominator should be rewritten as 

f? f,-fp fp f,-fp 

]+sf (ir)s?(_V^) • 
“J ( ü>i —aip ) t/k « 

l/Sp(-f;¿)c(T,fi)e ¿ dr 12df1df2" 

instead of 
i 

, , T -j (u,-Up)T p 
^Sp(“fliE)C(T»fl)e dT^df^fp”. 

Insert the following before Equation (J-31*): 

''uR becomes kuR 

“dO ^60011168 kt,)(i0 

In the last two terms of the denominator b becomes k2b. 

These two terms are multiplied by k*1." 
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p. J-12 Equation (j-34): Both "T2" and "k2" should be removed from 

[cont] the factors multiplying both terms of the numerator. 

In the second and third terms of the denominator, wherever 

the product "b2T2" appears, substitute Mk2b2T2". 

p. J-I3 In the line following Equation (J-35), ’’...energy in the 

signal...’’ should be changed to "...energy in the trans¬ 

mitted signal..." 

Table J-l, first page: In the expressions for the weighted radio¬ 

meter with a stationary point target and with a fluctuating 
2 

point target, the numerator factor "AT1" should be changed 

to "A2,". 

Table J-l, second page: The second and third terms of the denomi¬ 

nator of every expression on the page has "Rq!" as a 

multiplying factor. This should be changed to • 

In the expressions for the two-filter radiometer with 

a stationary point target and for the RAKE radiometer 

with a fluctuating point target, the numerator factor 

"ATl" should be changed to "A^,". 

In the expression for the two-filter radiometer with a 
2 

fluctuatirg point target, the numerator factor "Atl" 

should be changed to "Am,". 
1 p 

Table J-2, both pages: The numerator factor "T " should be removed 

f’-om every expression on both pages. 

Each expression should be multiplied by "1/k2". In the 

second and third terms of the denominator of every entry, 

the product »b2T2" should be changed to "k2b2T2" In the 

four places where it occurs. 

Add this note to Table J-2: "In considering targets with 

velocities less than 30 knots, k * 1 + 2v/c is bounded 

by 0.98 i k * 1.02. Thus, it may be neglected everywhere 

except in exponents." 

-4- 



GENERAL ATRONICS CORPORATION 

ERRATA - Report 1584-2041-1, Volume II 

p. K-2 

P. K-3 

p. K-4 

Replace "W" by "Wa'’ 

Pour lines above Equation (K-4) use the symbol 

,,Wa'' instead of "W". 

Equation (K-4) 

Equation (K-5) 

Equation (K-6) 

Equation (K-7) 

Equation (K-9) 

Equation (K-10): 

Equation (K-13) 

Replace "W" bu "Wa,, in both exponentials. 

Replace "W" by "W" 

,,l/2WWa" 

Replace "Wj^" by in both exponentials. 

Replace "W" by "Wa" throughout the équation- 

Replace "W" by "W^' throughout the equation. 

In the numerator, replace ,,1/2W2" by 

In the denominator, replace "W2” by "wf". 

Equation (K-17), denominator: The factor multiplying both 

terms, "W2",should be replaced by "WW^1. Everywhere else 

"W2" should be replaced by "W2". Also, the denominator 

should be ended by a right-hand square bracket. 

Equation (K-18), numerator: The factor multiplying both 

terms, "W2", should be replaced by "WWa". Everywhere else 

"W2" should be replaced by "W2". 
£L 
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p. j-7 Equation (J-19), first line. In the second exponential, 

replace "-jb" by ,'+Jb". 

Equation (J-19), second line. In the first exponential 

change "jppr" to • 
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