UNCLASSIFIED

AD NUMBER

AD810471

NEW LIMITATION CHANGE

TO
Approved for public release, distribution
unlimited

FROM
Distribution authorized to U.S. Gov't.
agencies and their contractors;
Administrative/Operational Use; MAR 1967.
Other requests shall be referred to Air
Force Weapons Lab., Kirtland AFB, NM.

AUTHORITY

AFWL ltr, 30 Nov 1971

THIS PAGE IS UNCLASSIFIED




§10471

AFWL-TR-66-130

CRITICAL LOAD CURVES FOR

REBOUND CRACKING

G. S. Samuelsen
W. Stuiver
G. R. Abrahamson

Stanford Research Institute
Menlo Park, California
Contract AF 29(601)-6828

TECHNICAL REPORT NO. AFWL-TR-66-130
March 1967

AIR FORCE WEAPONS LABORATORY
Research and Technology Division
Air Force Systems Command
Kirtland Air Force Base
New Mexico

AFWL-TR
66-130



AFWL-TE~66-130

Research and Teclinology Division
AIR FCRCE WEAPONS LABORATORY
Air Force Svstems Command
Kirtland Air Force Base
New Mexico

When U, S, Government drawings, specificetions, cr other aata are usged for
any purpose other than a definitely related Govermment procu,emunt operation,
the Govermment thereby incurs no responsibility nor eny cobligation whatscever,
and the fact that the Govermment may have formulated, furnished, or in any
way supplied the said drawings, specifications, o~ other data, iz not to be
regarded by implication or otherwise, as in any manner licensing the holder
or any other person or corporetion, or conveying any rights or permission to
mamufacture, use, or sell any patented invention that may in any way be
related thereto,

This report is mude available for study with the understanding that
proprietary interesvs in and relating thereto vill not be impaired. 1In
cagze of apparent conflict or any other questions between the Govermmernt's
rights and those of others, notify the Judge Advocate, Air Force Uystems
Cocmmand, Andrews Air Force Base, Washington, D. C., 20331,

This document 1e subject to special export controls and each trsnsmittal
to foreign governments or foreign nationals may be made only with prior
approval of AF . (WLRP), Kirtlamnd AFB, N.M. 87117. Distributiocn ¢f this
dozument is limited because of the techrology discussed.

DO NOT RETURN THIS COPY. RETAIR OR DESTROY.




AFWL-TR-66-130

CRITICAL LOAD CURVES FOR REBOURD CRACKING

G. S. Samuelsen
W. Stuiver

G. R. Abrahumson

Stanford Research Iustitute
Menlo Park, California
Contract AF29(601)-6828

TECHNICAL REPORT NO. AFWL-TR-66-130

This document is subject
to special export controis and
each transmittal to foreign
gevernments or foi.lgn
nationals may be made ouly
with pricr approval of AFWL
(WLRF), Kirtland AFB, N.M,
Distributicn of thie document
is limited bezsuse < the
technology discusaed.

aulbetd .




I e

e oL, T R SR S ————

m———— T T - R - y

AT\ .-TR-66~130

FORFWORD

Tkis report was prepared by the Poulter Laboratories, Stanford Research
Institute, Menlo Park, Caiifornia under Contract AF29(601)-6828. The research
was performed under Program Element 6.16.46.01D, Project S710, Subtask 15.014,
arnd was funded by the Defense Atomic Support Agency (DASA).

Irclusive dates of research were June 1965 through September 1966. The
report was submitted 13 February 1967 by the ATWL Project 0ificer, Lt Walter D.
Dittmer (WLRP). Contractor's report number is FGU-5569.

Technical airection was provided by Lt R. C. Brightman and Lt W. Dittmer in
coordination with Lt L. T. Montulli, all of the Physics Branch of the Air Force

Weapons Laboratory (WLRP).

The authors are indebted to Betty Bain, who provided invaluable assistance
with the numerical calculations preserted in Secrion 2, and to Leonard Dary, who
was responsible for the experimental work.

This report has been reviewed and 1s approved.

Hedh, & Dittese

waLTE2 D. DITTMER
11+, USAF
Project Officer

(’“>
Viinmy # Uy 711 %

EDGAR M. MUNYON DE k. H

Colnnel  1GCAF Colonel, USAF

Chief, Physics Branch Chief, Research Division
i1

b ettt st




ABSTRACT

It is shown that, under an external loed, a cvlindrical plsstic
shell mounted on a steel mandrel can rebouni ut a ve.ocity sufticient
to cause cracking of the shield due to hcoo tension. Using numerical

alculations, c¢ritical load curves are found for the combinations of
peck pressure and impulse which divide the loads that produce cracking
from those that do not. These curves are fcund to be consistent with
semigrephical solutions based on the mcthed of characteristics. The

latter method is also used to obtain critical load curves for spall.

Experiments that verify the theory of rebound cracking are

reported.
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SECTION 1

INTRCDUCTION

As 4llustrated in Fig. 1.1, a cylindrical plastic shield supported
by a metal base structure may feil by rebounda cracking under a suddonly
applied surface lcad. 1In this report the shield is taken to be thir
compared to its radius and compared to the thicknesrs of the supporting
base structure; the load 1s taken &s unitorm over the surface. Unuer
these conditions, the rebound velocity of the shielc cap be found using
one~dimensionsl wave theory. To calculate the hcop st. :s3 developed,
the subsequent motion of the shield is taken to pe a lineu«r oscillation.

Cracking occurs if the hoop stress developed during the ocutverd motion

exceeds the strength of the shield.

ror loade with a 3tep rise and gradual decay, the combinations of
peai psressure and total impulse which result in cracking would he ex-
pected to appear as shown in Fig. 1.2. For locads of duration less than
twice the transit time through the shield, the outward displacement
depeindis oniy on tne impulee  As lood duration i{ucireases, the peak pres~
sure must be increased to maintain the rebound velocity. Moreover, for
the loads acting sfter separation, a higher rebound velocily 18 necessary
to reach the critical displacement. Heunce, 8s load duration increaces,

peak pressure (aod \nus impulse) required to cause cracking increas= as
indiceted in Fig. 1.2,

In the present invegtigation metheds for determining cracking
bounderies are developed and the theory of rebe''nd cracking 1s checked
experimentally. Cracking boundaries mre dcetermined for a typical rlastic
suppcri~« by & base cf thick eluminum, & base of thin sluminua, and &
base of thin aluminum over a rigid foam for pulses with 8 step rise and
exporential decay. Moire¢ limited calculations are made for pulses with
f giep rise and Jinear decay. Rebound velocities are vbtained from nu-
merical calculationa based on Lhe Q«n 'thod an¢ the maximum displscement
is found, regarding the plastic cylinder aeg & linear oaclllator. The
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FiG. 1.1 EXPERIMENT DEMONSTRATING REBOUND CRACKING. The explosive drives
the Phenslic thicld ¢

[ 193 P,
LRilyT GySin T

the shield rebounds. If the reboun

Since ihe sieel hus o higher shock impedance,

o

velocity is sutficient, crocking occurs as chown.
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FIG. 1.2 SHAPE OF CRACKING BOUNDARY

ciecking boundary in the pressure-impulse plane is the line separating

the region of crachking from the region of no cracking. The cracking

boundary is also determined using a graphical method based on lirear

he bouidaiiesd Outléiined by the iwo meilvds wie found io -

be consistent,

The graphical technique is also used to obtain the spall boundary
in the pressure-impulee plane, The bouundary obtained is consistent with

the results of ¢the nuwmerical calculations.

A limited series of experimente were undertaken to check the valid-
ity of the theory of rebound cracking. The experimental results agree

with the predictions within experimental error.

In Section 2 the numerical calrulations are described cnd the :
cracking boundarics ohtaired are plotted. 1In Section 3 an introduction '
to the graphical cralysis is given and the results are compared with
those of the numerical caiculations., A detailed description of the
graphical nethod is given in Section 4. Tho experiments uncdertaken to

verify tne thecory are described in Section §. i~
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SECTION 2

NUMERICAL SOLUTIONS

2.1 Introductiocn

The response of a shield on a thick base has been extensively
analyzed for uniform [1] and exponential pulses (Section 4) for lirnear-
clastic materials, using the method of characteristics, However, under
high precsures some materials exhibit strong nonlinear properties and
respond plastically. Such conditions introduce complex interactions

between variables and necessitate 2 different theoretical approach.

In the present study a computer code was modified to study the
effects of pulses with a step rise and exponential or linear decay,
applied uniformly to the exterior of a cylindrical model for which the
modes of feailure are cracking and spalling of the shicld. Three models
were investigated: (1) two-layered composite with a thick base, (2) two-
1ayprpd comnosite with A thin bace; and (3) threp—lnyprpd ('nmpnaitp with

a thin base backed by foam.

The primary purpose of this work was to determine critical load
boundaries for rebound cracking of the shield, taking account of non-
linear and plastic effects on stress-wave propagation., The calculations
are divided into two parts: (1) early-time stress-wave propagation in
the composite prior to separution, and (2) late-time structurasl dis-
placement of the shield after separation. The stress-wave calculations
yield the rebound velocity of the shield, which is the initial condition

tor the structursal displacement calculations,

The shield is taken to be thin relative to the radius, permitting
a one-dimensional model to be used for the stiress-wave calculations.

The stress-wave calculations are made using the Q-method of von Neumann

end Richtmyer [2], which has proven very useful for nonuniform wave




flow, perticularly where nonlinear materisl properties are involvea. .

The method is based upon finite difference equations and an artificial

viscosity functicen which removes discontinuiiies in the flow field;
wave interactions are hendled automati--ally and it is unnecessaiy to
locate the wave fronts as with the method of characteristics, The code
used herc is based on a code developed by White and Griffis [3]. Wwood [4],

and Morland [5]. and generalized by Erkman [6].

The late-time structural model used is a ring in uniform radiel
mwiion, regarded as a8 linear oscillator. The maximum displacement is
found for the rebound (initial) vclocity and the iucident load acting
after separation., Cracking (s taken to occur it the displacement

exceeds a critical value,

The thres models investigated are described in Table 2.1. For

all models, the shield and base were epcxy and aluminum and the shield
thickness was 2.54 cm, Model 1, the twe layered (thick base) composite,

vas the one most extensively snalyvzed. For this .odel, the influence of

linearity and plasticity were studied for exponentiasl and triangular )
—e ¥ o s - £V A~
MM ADC PAVLAJ.VD.
Models 2 and 3 were used to study the efrect of rigid foam as 1
a third layer. The thickness of the thin base wa: (,635 cm. For Model
3, a thick layer of 7 lb/'ft3 foam was added to Model 2.
g
¢
$
Table 2.1
MATERIAL PROPERTIES
Acoustic Yield ' . Kean
¥aterisl ‘():"::.S’) St(mnd' SP.;d lepedance Stress Po:l::’: b Mode)l Thh('::;" Radius-r 1
’ cw/Henc (barsec/cm) | (kbar) (cm)
Epoxy C-7 1.8 9.263 0.313 3.0 0.4 1,2,9 2.5 36.1
Alusinum 2.59 0.640 1.761 5.0 0.3 1 “infinste” i
(8061-T8) 2,3 0.63% i
Rigid foam e.i1 0.253 0.028 9,011 3 "infinite’
(7 15/1¢7)




In Section 2.2 the theoretical bases for the stress-wave and
structural displacement calculations are given and the failure criteria
are described. In Section 2.3 the critical cracking boundaries deter-

mined from the numerical calculations are prisented,

2.2 Approach

2.2.1 Basic Equations for Stress-Wave Calculations

The shivld and base materials are represented by the
elaustoplastic model of Fig. 2.1. With this model, the material behaves
elasticallv along ba, in which a 1is the yield point in compression.
Segment ae is the locus of plastic loading states, ef the locus of
elastic unloading sta*es, and b the locus of plastic unloading =tates.

The mean pressure and maximum resolved shear stress are defined by

- 1
= = . 2.
dp 3 d(px + py pz) (2.1)
\:y - l.ip.
dr = =2 X (2.2)

and the compressive stress in the direction of propagation is given by
4
dp = dp + 3 dr (2.3)

The relationship between the mean pressure and density (Hugonict) was

assumed to be of the form
- ? R
P = AH + B4 + CH (2.4)

where K = c/oo -1 and A, B, and C are constants depending on the |

material (see Fig. 2.1),

Equation (2.3) is the basic relation used in the numerical

calculations and was specialized for the varjous segments of Fig. 2.1.
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FIG. 2.1 ELASTOFLASTIC CYCLE

For the elastic region. segment ab , (2.3) becomes

dp. = (K, +

i x b G) de (2.5)

X

Wi

where K is tae bulk modulus and G the rigidity modulus. Using

b
E 1 _ dp
=30 % W (2.5a)
G = E (2.5b)
YT 201 -~ w v
a. = 42 (2.5¢)
e
(2.5) can be written as
1 -4 .-
dp 3 —— dp (2.6)




Taking v eos constant,

where the subseript e
strala, the compressive

tion is given bv

(2.6) integrates to

1 - v -

) = 3 e 2.7
Ve P (2.7)
denotes the clastic segment ab | For uniax:ial

stress normal to the divection of weve propagsa-

dp = (K - 2K/3)de¢ (2.8)
Y X

and using (2.2) and (2.6), the rcsolved shea:r strers becomes

- 1 - 2y

T T g P (1 " »‘) (2.9)

For the Trescs and the von Mises yleld conditions in this geometry, the

maximum resolved shear stress i1s determined by the yield stresc Y = 27,

Consequently.

- 2
) (2 10

Along ae , (2.3) integrates to

where the subscript { denotes loading. Alsng fb

~

[N
ac

bl

aimilar manner,

= - .= 2 . . .
p L = p p 3 (Y \n) (2.11)

x{ xa a

- 2
p -p =P -F; o3 Y - Y,) (2.12)

xud xf

Ut denuies unigading. 1he Oother segments are determined ia a

Fo:r the foam (Model 3), the dependence of pressure upon

specific volume is shown in Fig. £.2. For the elastic states, the com-

pressive stress in the direction of propagation is given by

cp————— e aa
abmition,

Lo
ol

v -




|t T e ey R

- o s o e

LR L

0.05 /N — T < .

0.04 —
i Oliv, -V
0. p e T.-'.w —
s oar ' [-a(v,-v;w,J‘
i
o 0120 210% cm/sac
. b:1581
} v, - 5.93
%‘ 0.02 - v, 6.65
’ Vg : 8.90 h
P, * ;‘o
0.0 |- (v,, P,) vy, P)
1
PtV - V)
A1 P vl
(V”p‘)\ ’ Vo~ Ve (V-'po)

e : &
o] 3¢ 6.0 9.0

SPECIFIC VOLIIME, vV —— cm’/q ea-4013- P8

FIG. 2.2 LOCKING SGLID EUATION OF STATE FOR FOAM

(2.13)

where F-e is thc yield stress and V = 1/2 . Between Ve and \r’1

p. = P (2.14)
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As the material 1s compressed

below YI . the pressure is given by

6 (v, -V,

‘The cruations of

fiow in Lagrangian coordailnates

Bv
fs 3t

Vi

wvhere u 1s particle veloc!ty

eter. In the code uaed here,

. where {1 = 1,7, u = 0,2, and

For the calculat
d4itference form, programncd in
initial conditione using the r
elastoplastic ard fosn lavery.

following progreesisr: of 3teps

A. For ecach ti
in every ce

B. the displac
corresgpondi

S (2.15)
[- bV, - V) + vl

continuity end rotiun for cne-dimensionsal

Rre

-

= (2.16)
B(px + )

= ey (2.17)

,and @ is the urtificial viscosity param-

Q was tsken to te

(2.18)

¢ is the locald sound specd.

ions, (2.16) ead (2.17) were written in

ALGOL, end integrated for the ziven

2lations of Figs., 2.1 and 2.2 for the
%he program 1s characterized oy the

me step, the particle veleocity ie found
1% ;

ement of cech ceil is «deterained and the
ng vsalue ¢f ¥ and V,

C. for vne shield &nd base, px is diterrined as

follows:

- 1. 1f K is gromter tlan that of the previous
time rtep, inading occurs and

a. if the pressure p
| 3%

o froa (2.7) 18 adsrve
from (%.11) thé value of pxt is

3

N
tahen; otherwipe

‘\._
\.

11



[ b, the pressure i6 it the elastic region and the
volue of Pre is taken,

2. If ¥ 4is lesa vhau that of the previous tine
step. unloading occurs and

| &. {f pye 18 below Pxul from (2,125 the
pressure is equated to Pxuy ° otherwi se

b, the pressure i3 In the elastic unloading
regicn #nd the value of py, 18 teken.

: D. For the foen, if included, p, 18 delermined from
| (2.133through(2.1%) ,depending upon the value of thre
i speci fic volune WV

P A L A LA

i The output of the caiculatsions includes (1) the occurrence
and time of spall, and (2) the time of separsatiocn and rowund velocity

i

of tpne shield. Tke latter bdecomes the imitial velocity for the

gtrectural displacement calculetions,

e oy e

2.2.2 Structural Displacement of the Shield

.

As outlined above, the structuxrsl mwodel 1s taken as e
»ing behnving 85 a Jinenr osciliator., The equstioa of motion for e
iincer osciliator (neglecting damping) is

Y+ £, = EX) £2.19)
i ™

. P A P TR B ¢ i

where m 15 the mass, F{t) the forcing functivin, and X the spring
congtant, In the present proviem, k/u 18 relanted tc thne hoop modulus

b
Ee ¥

dn wnich rm i8 the mean radiue of the shield. Eince

E, = oo (?.21)

e

’% 12
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and

c —
T - pg o= fioy
c il 1+ 2y
8
(2.20) muy be written
c
qm B r

o

Using (2.20) and {2.23), the soluticn to (2.19) may be written

t

*

X = x_cosqt+ ?E sin q_t + %w f F(t) sin q (t - t)dt’

m m
o
or
vs
= o . 4+ ~— gin a v + 20E t + 5 t
x xS S qm qm !m G co qm H sin qm
where
t
1 r 7 &
G = = = J F(t) sin q t’'dt
mq m
m
o
t
H= —— F(t) cos ¢ t'dt’
m < m
o
and
x = 4nitial dispiacement

t = time of separation

e

. 4 Z \
m = mass of shield = pr(r, - - T, } (per unit length)}
r, = onter radius

r = 4{unner radius

]
F(t) = P(t) x area = P(t) 2n(rm +3 %) {per unit length)

13

(2.22)

(2.23}

{(2.24)

{2.24n)

(2.24c¢)
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For exponential and trisngular puises respectiviiy, we

have
Pit) T poe'“‘ (Fig. 2.3)
| t
P(t) = Po(l - ?) (Fig. 2.4)
P
ps AT
l"‘-z—'

-
.
T

prPR,exp (-A1)

/. 1
! I r 4!
GA- 9300 -0 I —]
4 3343 204
FIG. 23 EXPONENTIAL PULSE FiG. 2.4 TRIANGULAR PULSE

Substituting these into the above equations gnd integrating ylelds
V-
X cosqt + — 8inq t + S5F
8 n ] m
L (2.25)
) - 8F

wvhere

3
T 1
T 2.253a)

S —




and
( "
. L “At 8 _ ~ _
F==3 5 { 9€ e A sin qm(t ts) +q cos qm(t ts)
A+ q
m '
(exponential) (2.25b)
or
_ 1 t s 1 I
F = ;; 1- T (T 1) | cos qm(t ts) + qu ein qm(t ts) ‘

(triangular) (2.25¢)

2.2.3 Failure Criteria

Spall Stress, Spall failure was assumed to occur in the
epoxy shield if the tensile stress exceeded the yleld stress of the
epoxy, 3.0 kbar,

Cr

™

tical velocity for Cracking--Short Pulses. 1I{f the inci-

dent pulse does not act beyond separation, e critical separation velocity ;

suificient to develop hcop stresses to the point of cracking may be de-
fined. The resicual velocity at separation is the average particle
velocity acrogs the layer at time of separation. If v is the resi-

dual velocity at separation, the kinetic energy (per unit srea) is

KE = ph :vq) (2.26)

SE = —}E- 0 (2.27)
2 E

where EQ is the modulus in the z2ircumferential cirection, Equating
tie strain energy (2.27) to the kinetic energy at separation yields
E
2 q
% 23 (KE) (2.28)
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For the critical condition, oe becomes the mazimur hoop etress g

gecr
Using (2.26) and solving or Ve yields the critical separation velocity

o}

v - 2

or (2.29)
JE °

8

Using (2.21) end (2.22), (2.22) may be written

fo
v = f¢T (2.30)
cr pc
Taking oecr = 3 kbar,
Vcr = 12.88 cm/ms

Critical Displacement for Cracking--long Pulses. Pulses

which act sfter separation must be accounted for in calculating the

structural displacement of the shieid, From Hooke's law

= ¢ E (2.31)

where r 1s the radial displacement of the mean radius T Using

(2.21) and (2.22), and putting Axcr = (rcr - rn). ce = 05cr , (2.31)
yields
g
Axcr = oecr o, rm (2.32)

For the properties of Table 2.1 the critical displacvment for the epoxy
shield 1s

Axcr = 2.48 cm

16
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Results
2.3.1 Introduction

The results are presented in two parts, First the results
for the two-layered compositec with a thick base ere given; these show the
effects of differences in the constitutive relations for an exponential
pulse and comparing the effects of exponential and triangular pulses.
Next, the results are given for the two-layered composite with a thin
base and the three-layered composite with a thin base and a thick foam

layer, all for an exponential pulse.

2.3.2 Mo.21 1--Twe-Layered Composite with a Thick Base

Exponential Pulse, Critical load boundaries for rebound

cracking of the shield were generated for ai exponential pulse (Fig. 2,3)
applied to an epoxy shield and aluminum base described by the model of
Fig. 2.1. Effects of differences in material properties were examined

foir the following cases:
1. Nonlinear-Nonelastic [A, B, € # 0 in (2.4)]

2, Nonlinear-Elastic (pxa = w in Fig. 2.1)

3. Linear-Elastic (B, C = O; Pra = ©)

W

Linear-Nonelastic (B, C = 0}

The differences between the nonlinear and iinesar constitutive relations

can be seen in Fig. 2.0.

gures 2 6a and 2.6b show the results of the computer
runs and the cracking boundaries determined from them.* As expected,
the boundaries all exhibit a minimum, are impulse-dependent for low

impulses, and rise monotonically beyond the minimum. Spall) occurred

as shown,

x
See Tables 2.2 through 2.5 for numerical values,.
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FIG. 2.5 COMPARISCN OF NONLINEAR AND LINEAR EQUATIONS
OF STATE FOR EPOXY

Effects of Differences in Constitutive Relations of
Shield and Base, Eff~~+s of differences in the constitu-

tive relations of the shield and base are shown in Fig. 2.6c (obtained
from 2.6a and b). For the range of differences considered here, non-
linear effects (1.e., B, C # 0) are much more significant than pissticity

effects,
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FIG. 2.6 (Conciuded) CRACKING BOUNDARIES FOR EXFONENTIAL PULSES

{c) (@) cnd (&) combined
Nonlinear effects result in a difference cf atout 405 in

critical pressure at the minimum. To the right of the minimum, nonlinear

effects produce rAifferences of abcut 40% or less in both pressure and
impulse. To the left of the minimum (in the region where the curves
rise rapidly) only the impulse is significant and differences in impulse
due to nonlinear effects are sbout 15%. In contrast to the nonlinear

effects, plasticity effects resuls in differences of less than 10% every-
where.

Nonlinearities affect the critical load curves prima:-ily

through increases in shock velocity witk pressure, which result in
earlier separation for the nonlinear material. This decreases the re-
bound velocity and, due to the higher losd remaining at the earlier
separation, causes the shirld to experience more ranid deceleration
after separation. Thus, the losd amplitude required to develop a given
displacement will be higher for the nonlinear material,

a0

i b ea

o= - = — v e e




Table 7.2

EXPCNENTIAL PULSR (NONLINEAN-NONELASTIC)

T
F A ] 1 Time of Beparsrion Maximun Apall
. . -1 (] Run Separstion Velocity Displacement Crack Time
s (veec ) (10" tapa) (Kesec) (crimsec) (ca) (rnec)
and ——--—ﬁn— e
1.« 13.2 ¢. 076 2 20,38 - 14.9 - 2.87 yes 13.28
1.9 0.4 3.00 91 14.11 - 19.9 - 3.20 yen none
1.00 6.33 3. o4 26 00 - 11.4 - 1.890 0o none
0. eU 4.8 0.082 90 20.38 - 132 - 2.92 you 12 239
0.40 0,308 1.30 L1 13,832 - 38.8 - 6.10 yes 13.74
Q. 40 0,367 1.80 21 135.&7 - d1l.1 - 3.53 yeos nons
[V 1Y) .80 0.08 8 21 81 - 138 - 2.8. yeoo 14,18
0.3 2.3v 0.087 a9 31.58% ~ 14.0 - 2.70 yes 13.96
0.20 0.2 0.87 45 14.67 -~ 37.0 - 4.9¢ yes none
G.a0 0.17 1.176 30 20.19 - 3.0 - 1.31 no nene
0,08 1.0 0.06 42 23.34 - 11.0 - 2.12 no i6.1¢
0.08 0.80 0.075 47 33.8% - 13.0 - 3.5 yes 18.980
0.08 0.70 0.08& 4 33.38 ~ 14.8 - 2.83 yes 13,63
0.0 0.13 0.40 45 17.5% - 397 - .87 yes none
0.08 a.137 0.438 87 17.47 - 28.0 - 3.50 yes nons
0.08 0.1 0. %61 46 17.90 - 3.6 - 1.8 no none
0.08 0.12 0.3%0 44 18.71 - 21.0 - 0,80 no none
0.03 0. 40 c.073 36 23.30 - 13.6 - 3.64 yes 17.81
6.03 .18 0.20 a8 20,43 - 23.0 -~ 3 .87 yes none
L.0) 0.12 0.2 49 25.47 - 41.3 - 2.8} yes none
0.0 o.jn 0.30 37 s0.24 - 19.0 -1, no none
J.013 0.335 0.046 34 25 31 - 8.7 - 1.87 no 20.98
0.018 0.20 ¢.073 35 4.20 ~ 12.8 - 2.3% close 12,83
0.018 0.15 0.10 a3 23.83 - 14.0 - 3.5 rill l none
0.013 J.10 0.13 32 33.13 - 14.0 -1.Mn ;o HEE .
—k . ! IA . I\ I l
Table 2.3
EXPONENT]AL PULSE (LINBAR-ELASTIC)
P X 1 Time of Separstion Nealmum Spall —1
-1 6 Run Separation Veloctity Cisplacement Crack Time
(Moar) (Hsec ) (10" taps) (sec) (covmanz) (cm) { (nmec)
l
)
0.320 3.3 0.037 38 19.00 - 11.0 - 3.12 no 17.93
0.20 3.0 0.067 37 36,45 - 12.8 - 3.40 close 17.67
0.30 0.137 1.46 a3 18.0v - 68.0 - 35.16 yon 18.93
0.20 0.13 1.54 M 18.78 - 82.3 - 2.07 no 19.686
0.30 Q.11 1.82 L1 22 .23 - 13.1 -~ U.c0 no nene
Q.03 Q.50 C.08 33 271 3¢ - 12.2 - 1.30 no 1$.60
0.03 0.078 0. 40 34 28.02 - 38.0 - 5.82 yes 25.980
0.03 C.08 0.50 86 33.78 - 38.0 -1.17 Bo none
0.015 0.3¢ 0.068 60 28.83 - 13.7 - 2.84 ves .9
0.018 0.07 AN S | 39 s8.42 - 33.0 - 2.48 yes -8.33
.01 0.1 0.10 52 29 44 - 18,1 - 2.57 yo8 26.37
0.01 0.078 0.13 62 29.30 - 16,3 -2.18 L3 as. 4
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Tavle 3.4

TXPONINTIAL PULBE (UINEAR-NONFLASTY: !}

P A 1 Time of Bwparation Manimum spall
- T4 1 N
(Mbar) a1y “os tapa) Run Separs:ion Velocity Dispiacement ack Time
(uaec) (cwm maec ) (cm} | (raec)
[V a.i 0064 7 $8.73 - 1).2 - 3 54 ver 19 83
0.30 011 1.34 81 2).13 - 408 - 2.59 yre none
0.08 O ORY 0.781 a1 34.10 - %77 - 3.8 yes none
0.0&0 ¢. 08 0.923 L1g 23 O3 - 449 - 0.73 nn none
0.030 0.50 0.08 T8 29. 90 - 12.9 - 2.5 yes 12.08
0 03¢ [N 0.482 77 27, 5¢e - 40 4 -2 72 yes none
(U V.33 3 063 8 339 - 14.0 - 3.1 ycs 2320
¢ 0% c.07 © 214 78 3I0 40 - 34.0 - 2.89 yes none
0.012 0.10 0.12 T4 30.74 - 18.6 - 3.19 yeos .94
0.0103 u.1v 0.10) 75 30,63 - 16.2 - 2.7 yes 29 4n
0.0093 0.9 0.10, 64 10.938 - 14.6 - 2.43 close none
e
Table 3.5
EXFOKENTIAL PULSE /NONLINEAR-ELARTIC)
P b I Tiwme of Reparstion Haximus Spall
- (] Run | Separation Velocity Displacesmant | Coack Tive
(Mbar) (rasc ) (10" taps) (»sec) (ca/meec) {em) ‘Maed )
0.30 2.80 0.071 7 31.19 - 13.2 - 2.% yoo 13.19
0.2¢ (L ] 0 R7 13 13.1v - <3.a2 .2 ree —ene
0.20 0.202 C.e86 86 14.98 - 30.0 - 32.62 close ncne
0.30 0.1%9 1.083 72 16,04 - 33.0 - 0.81 no none
uv. 02 0. 44 0.088 (.17 22.76 - 13.8 - 3.68 yes 13.%1
: 0.03 0.12 0.23 1] 10.18 - 24.3 - 2.9 yes none
0.03 0.107 0.28 70 18.69 - 23.4 - 2. no none
0.02 0.38 0.071 6 23.31 - 14.2 -2.74 yes 16.79
0.02 2.10 0.30 87 20.76 - 0.1 - 1.97 0o none
0.012 0.13 0.10 85 33.88 1 -~ 15.9 - 2.8 yes 230.68
0.014 0.1¢ a0 L1 23.03 - 132 - s.68 yes 21.64
0.014 0.1% 0.117 a4 82.90 - 13.% » 08 no none
0.012 0.0 0.12 83 23.28 - 12.2 - 1.48% oo none
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Triengulsr Pulse. The crackiig boundary for s trisngular

puise for the nonlinear, nonelastic case* is given in Fig. 2.7 tegether
with that for au exponential pulse. The curvea coincide in the impulse~
sensitive region, &s expected. The minimum jor the triangular pulse is
abou? 50% below that for the expoiential pulse, To the rignt of the

minimum the curves differ by about 30%.
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R
Sce Table 2.6 for numericsl velucs,




The triangular pulse differs from the expenential in that,
for the same peexk piessure and rotal impulse, the enponential pulsc has
a higher initial deca: rate and a longer duration. Thux, for iriangular
and exponential pulses of the same peal:r presiigre in the region where
curves rise to the right, less reflected momentum ([rowm the hase; is
reaiized for the expor 'n-ial pulse and moire nf the pulse aits after
repareticn,  Thus, tu develop the same maximum displacement for o given
peak pressura, the exponential pulse requires 8 shortar duration and

hence iess momentum,

Above 0.05 Mbar in the region where the curve rise¢s to the
right, the numericsl results suggest that a8 dictinct break exists in
the critical boundery, This is different from the exponentisl results
which Bhow a contirnususl, «ising curve., The dashed line is the brundaiy

a- it would be expecteld to develop for increasing values of impulse.

£.3.3 Model 2--Two-Layered Composite with a Thin Base

To provide a basis for evaluating the effect of a third
iwyer o1 toam, & few cascs were run without the foam. The model is
deescribed in Table 2,1. The calculatiornrs, euwploying the nonlinear-
nonelastic coustitutive relation and exponentisl pulse, indicated that
the rarefaction from the fres surface of the base causcd greater inward
particle velocities vc be resilzed in tne buse thenr in the shield. As
a result, the base separated from the sghield when the rarefaction arrived
at the intersace. Because the average velocity of the bagse waes over three
times larger than thuat of the shield, it wes amssumed that the shield wocld
not re-impact the base during the {award motion. After separation, the
snielé motion was regarded aeg . lingar oscillaiuvr. A8 before, cracking
wias taken tc cccur if tie outward aisplsxcehent exceeded 2.48 cm. Al-
though the inward disvlacement was usually egual to or greatzc than the
outward displacement, failure in tension was assumed., This Is ressonable
for & material with a yield strength in compregsicn which exceeds that

in tension
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The results are indicated in Fig. 2.7 by the points
ladried 322, 323, snd 324.% Although all three points are within the
cracking region for u thick base, only 324 exhiblted cracking.

2,3.4 Model 3--Three-Luyered Composite (Thin Base with Foam)

For this mcdel the thin base used for the celculutions
described immecdiately above was backed with a thick layer of rigid poly-
urerhane foam of density 7 lb/ft3 (see Table 2.1 and Fig. 2,2). The
{oum would be expected to aifect the results by attenuating the rare-

raction wave 1xcem the back surface of the base.

The results of the caiculations are indicated in Fig. 2.7
by the point labeled 304. The maximum outward dispiacerent was 2,25 cm,
Tur the same load (point 322), the thin bLase without foem gave a8 meximum

outward displacement of 2,292 cm. Thus, the foam did nct significantly

afiect the response.

A foan of greater density might have prevented the base
fron separatin

22 & resu

(2]
()
lad
]
(2}
lad
r
[
&)
L]
«Q
a

surface rarefaction. This would
have increased the time during which the foam cculd influence the mo-
mentum exchange with the shield and the affect on the velocity of the

rebounding shield would have been more pronounced.

*
See Table 2.7 for numerical wvalues,
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Table 2.6
TRIANGULAR PULEE (RUNLIFEAR-NOKELASTIC)

A 3 1 Time of Separation Maximum Spall
-1 (] Run Separation Veloctty Displacesent Crack Time
0 t
(Mber) (Baec ) a spe) (Beec) (cn/mpec) (cm) (s80C)
1.00 0.16 0.08 121 2i.19 - 13.5 - 2.6 vem 13.97
0.20 V.80 0.0% 7 31.58 - 12.8 - 2.47 cloae 13.68
o.1c 30.0 1.3%0 122 33.2 - 24.4 - 4.80 ye&s 33.03
0.10 3.0 1.,0 118 38.7 - 22.0 - 4 34 yes 24.7
0,10 18.0 0.90 118 22.09 - 28%.0 ~ 4.981 yes 19.31
0.0n 2.0 0.08 1 22.13 - 12.9 - 2,48 yes 14.3¢
0.4 3¢.0 1.08 12 3,89 - 21.1 - 4.12 yes 33.93
[T 28.0 0.7 123 s 12 - 31.3 - 2,22 no nons
0.2 34.0 0.8 124 e 07 - 11.1 - 2.17 no none
0.08 20.0 5.8 128 21.96 - 2¢.0 - 4,58 yes 20.9
0.03s 4.C 0.97 162 £3.23 - 2.2 - 2.34 ivee 16.36
0.03 27.0 0.4058 113 26.98 - 9.0 - 1.8% no none
0.0 3.0 0,345 114 23.2 - 19.0 - 3.61 yee none
0.02 3 0 0.30 110 21.9 - 8.0 - 1.83 no nons
0.n2 3.0 0.2% {12 24.1 - 13.€ - 3.01 yes wne
Q.02 ».0 0.08 1098 233.8%2 - 20.0 - 2,84 yes 18.8
0.01. I 0 0.23 109 47 .1 - o0 - 1.81 no none
0.01% 25 0 0.19 108 23.47 - 15.0 - 2.97 yes none
n.013% 10.0 0.075 118 34.08 - 14.0 -2.72 yes 20.06
0.01 22.0 c.11 107 24.28 - 15,0 - 2.9} ye- none
0.008 23.0 0.1 108 2% 12 - 12.0 -2.27 no none
J.008 20.0 0.08 101 25.03 ~ 3.3 - 2.5 yes none
0.008 i8.0 n,072 119 25.07 - 13.0 - 2.5%4 yes ncne
0.0072 3%.0 0.09 104 25.4 - 11.0 - 2.14 nc noae
C.007 20.0 C.07 130 25.48 - 13.0 - 2.32 close none
0.006 0.0 0.00 103 . 28.07 ! - B.O . - 1.88 . no : none 1
i 1 i i ] ; 1 1 j
Teble 3.7
THIN-BASE MODEL (EXPONENTIAL PULSE, NONLINEAR, NONELASTIC)
{
P A 1 Time of Separation Maximus Spall
(Mbar) | (neec™ ) (106 taps) Run Eeplrltionl VYelocity Nisotscement | Crack | Time Renarks
(Msec) | (cri/msec) (1sec)
- |
0.2 0.333 0.6 324 8.65 79.13 - 13.46 yes 8.24
0.2 1.0 0.2 323 9.15 1.1 - 32.22 no 7.718
0.03 0.2 0.1 368 14.34 10.82 - 3.36 oo 16.33 e
0.0« .2 0.1 304 14.49 10.63 - 2.28% no 15.30 third laver
l {oaw
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wave action whizh results in rebound c¢racking and spalling and to nro-
vide checks on the numerical calculations presented in Section 2., As
in the numerical calculations, the basic modecl taken is8 a tnin shield
over a thick base with zevo bond strength across the interface. One-
dimensional linear wave theory is used to calculate the responge of the
laminate to a uriform loading with a step rise and exponentlal decey.
Cracking occurs if the circumferential tensile strevs exceeds a critical
value Ocr’ and spalling occurs if the radial tensilc stress exceeds a
critical value Onn, in general differeut from cr. Since the problem
is linear, the Btrésses generated are proportional to the pozk pressure
P. Thus. for the circumferential and radiel sireases ce and or' we
may write

where C and S depend thaiough the &t an the pulse shape factor ¢
defined by p = P$(t), and or material jproperti=s. Then for cracking

we have

2
C(ai,

H

P2P = (3.1a)
cr

- and for spalling

a
p2p = 2B (3.1b)
sp

i
-
$
[y
S|
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SECTICN 3
LINEAR ELASTIC ANALYS1S--INTRODUCTION AND RESULTS
3.1 Introduction
As mentioned earlier, the purpose ¢f the analysis presented in

tris and the following section is to provide insight into the stress-
{
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with a step rise and expcunential decay. Thc remeinder of this section
gives a comparisun of the feilure bocundaries so found with those from

the numerical analysis of Section 2.
3.2 Results

Figure 3.1 shows the cracking boundar‘es for pulses with & step
rise and an exponential decay. The two upper curves are fiom the
numerical analvsis and are the same as those of Fig. 2,6. The lower
curve is from the graphical analvsis and is obtained from Fig. 4.14,

using the material properties and dimenaions for Model 1 from Table 2.1.
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FIG. 3.1 CRACKING BOUNDARY FOR EXPONENTIAL PULSES

A

The relations (3.1) define failure boundaries once the functions C(ai)
end S(ai) are known. The method for calculating these functions and
the correspoading fajlure boundaries is given in Section 4 for pulses

R R R e L oLtttz = - — - P i — ISR SRR - g




The failure boundaryv f:om the graphical analysis lies below the
boundary from the num<rical xnelysis, with the difforence becoming greater
at high impulses. The difference is attributed to the effects of the
load acting after separationa and to the contributicn of particle velocity
to the wave propugation velocity, which are accounied for in the numeri-
cal analysis but not ir the graphical analysis. Both of these effects
would be expectad to raise the failure ltoundary snd would be greater at

larger impulses {(longer pualse duration), in agreement with Fig. 3.1.

Figure 3.2 shows the graphical spall boundary for exponential
pulses, The spall region tc the right of the dashed liue of unit slope
18 du= to the effect! of recombinaticn at the shield-baje interface. 17The :
results ¢f the numerical calculations are give . by the points, the
crosses indicating spalling. The distritution of the points, which wes
chosen to determine the cracking boundary, is not ideal for comparison
with the graphical spall boundary. Howewvevr, the points that are available
agree well, The most significant agreement is aesr the cenier cf the
middle square, where spall and no-spall points come c.ose to bracketing
the grepiica. ovundary. The difference is attributed to the effect cx

particle velocity on wave veloucity.

The foregoing comparisons show agreen:znt between the nuazricsal
and graphical solutions., The major difference in the cricking boundaries

from the two methods 1s sttributed to the =2ffects of the load acting

after separsticon and of particle velocity on wave velocity. 7The points
aviilable from the nuncricel analysis are consistent with the grephical i

spall boundary, but more points are needed to establish tne significance !

of the protrusion attributecd to the effe:t of useparation.
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SECTICK 4

CRACKING AND SPALLING BOUNDARIES FOR EXPUNENTJAL PULSBES
FHROM GRAPHICAL ANALY3ZS

4.1 Introduction

In this section cracking and spalling boundaries sare determined
for exponential pulses using o semigrapinicel procedure bhased on the

method of characteristics.

4.2 One-Dimensgional Linear wave Theory

The weve equatio>n for linear one-dimensional stress waves ia

2 2
3y - c2 3y (4.1)
2 2 )
At dx
where v 1ie displacement. t 18 time, x 18 the snace coordinate,
gand ¢ 18 the wave propagation velocity. On the straight lines

(characteristics) in the x,t plane
X = £ ct + constant (4.2)

Substituting (4.2) into (4.1) yields

< . = %{ + constant (4.3)

ax

Taking p for pressure and p for density, Hooke's iaw may be written

2
p= - pe” 3 (4.4)
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Substituting (4,4) and

3y
.
u= 3
into (4.3) vields
p = } owue + constant (4.5)

Thus, along the lines x = % ct + coastant, thc relations p = ¥ pou +

constant hold.

We now derive & basic relation betwecen loasding surface states At
to and to + 7, where * 18 twice the trsnsit time of the shielc (2h-‘c).

Figure 4.1a shows an x,t diagram for & two-layered (thick base) laminate,

The characteristics Co’ and Co are lines of x = 4 ¢t + constant i

+
the shield, and thce characteristic Cbo is & line of x = cbt + constent

+
in the base. From the preceding discussion, Cb characteristics in the
x,t plane map into ;; characteristics in the u,p plane (Fig. 4.1%).
However in the absence of Cb— characteristics, the u,p state behind

+
C must be constant. Therefore, the mapping of CLf* in the u.p nlane
bo v

degenerates to & point. Moreover, in the absence of Ch characteristics,

For an initigl

all the states In the base must lie on the same

‘b
state u = p = 0 in the base, this must be rbob as indicated, Since
the states in the base mre also interface states, [ * 18 the line of

‘ bo
interface states.
As can be seen frum Fig. 4.1a, slong the loading surface x = 0
the points t = to and t = to + T &are connected by the characteristics
13 -
C0 and C0 , which meet at the interface. Therefore, &8 shown ir
Fig. 4.1b, the state uo, po at t = t0 and_t?e stage _u,p at f = to +
- must be connected to the interface siate u,p by f6 end FO .

Hence, we may write

cbu

"3t
1]
v
[+

p-~p = - pclu- uy) (4.6)

pP~p = opc(u~u)

(8]
L&

a4

oI e crmcea eIy £ e —
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Eliminating B and G ylelds for the relation between loading surface

states at to and t + 71,
P - pcu = K(po + )cuo)
*»
wheie K 18 the raflection coeffic.ent defined as

1 - —£c
% b
1 + _£re
%

4.3 Exponential Pulsgg

For an exporential pulse,

—\to -3(t + 1)
p° = Pe p = Pe
dence,
n -AT
] (-]
po

Also, we adopt a slope factor n given by

pO = onee uO

(4.7)

(4.0)

(4.9)

(4.10)

(4.11)

to denote the slope d2f the line connecting uo,po (the state at to)

with the origin.

Using (4.9) and (4.11) to eliminate uo and pO

p = pcu ne
ne - (n + 1)K

from (4.7) yieids

(4.12)

L ]
For simplicity this expression is desnoted oy K 1instead of xr [ %]
used elsewhere.

.




For given laminate materials, (4.12) gives the relatlon between u and

p at t = t0 + 7, in terms of the slope factor n.

Should separution occur at to + 0,57, the interface condition

becomes p = 0, This corresponds to = 0 and, from (4.8), to

Py
K =~ 1, Thus, if separation occurs, instead of (4.12) we have

ne

P = oMo (n +1) (4.13)

The second equation of (4.6) is a relationship between a loading
surface state uo,po and the corresponding interface state G,B.
Using the first equation of (4.6) and (4.11) in the second equation of
(4.6) to eliminate u, and u yields
- K+1ln+ 1
= S m———— 4,
P P, —3 = (4.14)
For a given laminate, (4.14) gives the relation between the pressure po
at the loading surfdce at to and the pressure 5 at the interface

at to + 0.57 in terms of the slope fector n.

Figure 4.2a shows the x,t diagram for a two-layered (thick base)
laminate for which separafion does not occur. In the region Ola, only
C+ characteristics occur. Therefore, each characteristic in this region
‘maps into a point on the same " in the u,p plene. If u=p =20 fo
t <0 (n =1), this mist be r6+ (p = pcu) as indicated in Fig. 4.2b,
The segment of r6+ involved is determined by the load applied during
the interval O <t < 7, For an exponential pulse, as shown in Fig. 4.2b,
the segment extends from p =P to p =eP. This gives the loading

surface stateg for 0 <t < T.

To determine the interrace states for 0,571 <t £1,57, we use

(4.14) with un =1 end obtain

P(£) = (K + 1)Pe(t - 0.57) | (4.15)
These states lie on the line p = PpCpu along the segment ig, as shown

in Fig. 4.2b.
. | 35
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The loeding surface states for 1T st < 27 are found using {4.12)

s

with n = 1 (since u Py lies 01, p = psu). Thise gives

e
= D ——— h ]
p ocu ——— (4.18)
Thus, these states lie on B straight iine of siope oc[e/'(e - QK)] paasing

through the origin. '

The lines 1 and 11 o’ Fig. 4.2b show two possible locations of
this line with respect to the line p = - pcu. To facllitate the
discussion ot thkese cesesn, ve first obtain the equations for the loci of

subsequent loading surfrce staties,

To obtain the liie of loading surface states for 27 <t < 37, we \
put n = e/(e - 2K) = % from (4.16) into (4.12) end obtai. i
xe :
PT AU ST T IR .17 |
by continuing this process wz obtain for the successive loading surface

states

: p = pcu P2p > eP
p = xpcu eP 2 pu eP
. (4.18)
3 P4
P = y,<u eP 2p>eP
4
P = y,ocu eP 2p>eP
ete .
where '
N ;
1 - 2%
— .
LRI L (4.18)

)y
-1+ ',17;

Yo

“~

Y1

e

etc.

and ¥ = K/e.
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As shown belrw, if separaticn occurs it takes place first at

t = 1,57. Then, usiug (4.13) instead of (4,12), we obtain for the se-

cuence of lcading sBurfuce stales . }
1
i
P = pcu P 2p > eF E
: 2
i p = Xpcu eP 2 p>eP :
. }
2 3 !
P = z,o0cu eP2p>ebP (4.20)
}
3
p = zzocu eP =p > 94P
etc [
where E
¢
1 !
. N T omomvemen H
; 1 - 2¢
s. i
_ xe
51 xe + {1 + %) i
(4.21)
zle
2% Ze = (1 + 2) )
1 1
! etc.
4.4 kxponentisl MutSes with Siow Decay {(h < u)

It is readily showr that for X < e (corresponding to I 1in

Fig. 4.2b} tensile stresses do not develop in the shield or base snd

hence¢ cracking or spalling cannot occur, The u,p diagram for K < e,
vaiending beyscod that < f Fig, 4. 2h. 13 shown in Fig. 4.3; the x,t

diagram 15 the same &s that of Fig. 4.2a. Consac:.tive loct of u,p states
at the loading surface are the line segnents 55. ;P, Bg, €tc. Thesc

correspond to the states given by (4.18).

. oL e u - -
The sequence of lines o1, ob, o2, ¢z, cof Fig. 4.2 ap

apprroach a limit, Thke slogpe Y of this line 13 eas'ly found from
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FIG. 4.3 v,p DIAGRAM FOR A PULSE WITH 1LOW RATE OF DECAY

(4.19) by putting Yne1 =V, This yields for the equation of the limit-

ing line,

e + K
e ~ K

2
|

pcu (4.22) i

Hence, as can be seen from Fig. 4.3, for K < e all the u,p states in

the shieid and the base lie within the region bounded by the lines

i

!

p = pcu &nd p = - pcu. lience no temsion develops in the shield cor ;
1

base. 1
1

!

4.5 xnonentiel Pulees with ¥ = e i

—

i

The x,t¢ and u,p diagrams for the special case K = ¢ are given

(%]

in Fig. 4.4. The triangles of state points ;29, qu, etc,, of Fig. 4.

have all become segments of the line p = - ocu &and the triengles c¢f

state pointe 532, asg, etc., have become segments of the lire p = pcu,

All state points for the trianguliar areas ibg, ..., are represented by 4
the origirn. u = p = 0, Since pressures are always positive, cracking ‘

or spalifng does not occur. For K = e, the limiting line (4.22)

approactes the p-axis,
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4.6 Exponential Pulsce with K > e

As shown above, for K < e no tensile stresses develop in the
shield or buse. For K > e, tensile stresses always occur, as can be

readily shown trom Fig. 4.2b.

In Fig. 4.2b, the locus ¢f interface states for 1.57 <t < 2.57

in the segment* of p = cbc u (line of interface states) which would be

b
intersected by the extension of the lines emanating from IlI. Hence,

the first possibility of tensile stress occurs at t = 1.5t1. For a
perfect bond, the magnitude c{ the tensjilc