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ABSTRACT

It is shown that, under an external load, a cylindrical plpqtic

shell mounted on a steel mandrel can rtbound ut a ve.ocity sufticient

to cause cracking of the shield due to hr.oo tension- Using numerical

Alculations, critical load curves are found for the combinations of

penk pressure and impulse which divide the loads that produce cracking

from those that do not. These curves are found to be consistent with

semigraphical solutions based on the method of characteristics. The

latter method is also used to obtain critical load curves for spall.

Experiments that verify the theory of rebouaid cracking are

reported.
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SECTION I
i I N"I'lO DfJC'ION

As illustrated in Fig. 1.1, a cylindrical plastic shield supported

by a metal base structure may fall by rfibouna .racctng under a suddcnly

appl ed surface load. In this report the shield is taken to Lv thir

compared to its radius and compared to the thicknesv of the supporting

base structure; the load is taken as uniform over the surface. Under

these conditions, the rebound velocity of the shiel, can be found using

one-dimensionel wave theory. To calculate the heop st .s5 developed,

the subsequent motion of the shield is taken to ne a linear oscillation.

Cracking occurs if the hoop stress developed during the outvard motion

exceeds the strength of the shield.

For loads with a step rise and gradual decay, the combinations of

pea: piessure and total impulse which result in cracking would he ex-

pected to appear as shown in Fig. 1.2. For loads of duration less than

twice the transit time through the shield, the outward displacement

4;pviix oniy on tne im-pr.l). Af! lc=d durat on iizeanes, the peak pres-

sure must be increaqed to maintain the rebound velocity. Moreover, for

the loads acting after separation, a higher rebound velo.iLy is necessary

to reach the critical disrlacement. Hence, as load duration increases,

peak pressure (and k.nus impulse) required to cause cracking increase as

indicated in Fig. 1.2.

In the present investigation methods for determining cracking

boundaries are developed and the theory of rebo,.nd cracking is checked

experimentally. Crack_'ng boundaries are determined for a typical plastic

suppcr' .- by a base of thick aluminum, a base of thin aluminun, and a

base of thin aluminum over a rigid foam for pulses with a step rise and

expor.ential decay. Moie limited calculations are made for puises with

a step rise and linear decay. Hebsund velocities are obtained from nu-

merical calculations based oa Lhe Q-a -thod fno the ma;:imum displacement

is found, xegardlng the plastic cylinde.r as a linear oscillator. The

1



I ~ ~~SOLID MANDREL f4 f 7

I PHENOI

FOAMe PUSEP 'I ~ ~~~ATTENUATOR ~~ 'ii
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FiG. 1.1 EXPERIMENT DEMONSTRATING REBOUND CRACKiNG. The explosive dr-- es
Steeltt. nliie 0,t; b.icc hu. a rignher shock impedaonce,

the sheld rebounds. If the rebound velocity is sitficieni, cracking occ-urs as rhcwn.
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F!G. 1.2 SHAPE OF CRACKING BOUNDARY

cracking boundary in the pressure-impulre plane is the line separating

the region of cracking from the region of no cracking. The cracking

boundary is also determined using a graphical method based on lirear

,;,V thc , . Th, cj*Otli.,&L L A Lh L tat L1LU Lc fuum toJI

be consi stent.

The grapiical technique is also used to obtain the spall boundary

in the pressure-inpulse plane. The boundary obtained is consistent with

the results of the nuterical calculations.

A limited series of experimentE were undertaken to check the valid-

ity of tht- th-ory of rebound cruckir.. The experimental results agree

with the predictions within experimental error.

In Section 2 the numerical calculations are described and the

cracking boundaries obtaired are plotted. In Section 3 an introduction

to the graphical aralysis is given and the results are compared with

those of the numerical caLculations. A detailed description of the

graphical m ethod is givern in Section 4. Th experiments undertaken to

verify the theory are described in Section 5.

3
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SECTION 2

NUMERICAL SOLUTIONS

2.1 Introduction

The response of a shield on a thick base has been extensively

analyzed for uniform [I] and exponential pulses (Spction 4) for linear-

elastic materials, using the method of characteristics. However, under

high pressures some materials exhibit strong nonlinear properties and

respond plastically. Such conditions introduce complex interactions

between variables and necessitate a different theoretical approach.

In the present study a computer code was modified to study the

effects of pulses with a step rise and exponential or linear decay,

applied uniformly to the exterior of a cylindrical model for which the

modes of failure are cracking and spalling of the shield. Three models

were investigated: (1) two-layered composite with a thick base, (2) two-

1aypr#d enmnorite with a thin hasf. and (3) three-lavy'wd -nmnn.ltP with

a thin base backed by foam.

The primary purpose of this work was to determine critical load

boundaries for rebound cracking of the shield, taking account of non-

linear and plastic effects on stress-wave propagation. The calculations

are divided into two parts: (1) early-time stress-wave propagation in

the cowposite prior to separution, and (2) late-time structural dis-

placement of the shield after separation. The stress-wave calculations

yield the rebound velocity of the shield, which is the initial condition

!or the structural displacement caIcuiations.

The shield is taken to be thin relative to the radius, permitting

a one-dimensional model to be used for the stress-wave calculations.

The stress-wave calculations are made using the Q-method of von Neumann

and Richtmyer [2], which has proven very useful for nonuniform wave

5



flow., particularly where nonlinear material properties are involves.

The method is based upon finite difference equations and -n artificial

viscosity function which removes discontinuities in the flow field;

wave ipteractions are handled automati ally and it As unnecessary to

locate the wave fronts as with the method of characteristics. The code

used here is based on a code developed by White and Griffis [3J, Wood [4],

and Morland [5], and generaliied by Lrkman [61.

he late-time structural model used is a ring in uniforn radif'l

tition, regardeti as a linear oscillator. The maximum displacement is

found for the rebound (initial) velocity and the iiicidnt load acting

after separation. Cracking is taken to occur it the displacement

exceeds a critical value.

-he three models investigated are described in Table 2.1. For

all models, the shield and base were epoxy and aluminum and the shield

thickness was 2.54 cm. Model 1, the two layered (thick base) composite,

vas the one most extensively isnalvzed. For this nodel, the influence of

linearity and plasticity sere studied for exponential and triangular

Models 2 and 3 were used to study the effect of rigid foam as

a third layer. The thickness of the thin base wa, 0.635 cm. For Model

3, a thick layer of 7 lbift 3 foam was added to Model 2.

Table 2.1

MATLRIAL PROPERT IES

DSound Speed Acoustic Yield Poismon' a Thickness ean

Ilmp snce tress Rdi usdel Rad -t(g
-

.) [ (cm/isc) (bsrs /vm) I (kbar) I (cm) (c.)

Epoxy C-7 1. to 0.265 0.313 3.0 0.4 I','3 2.54 38.1 1

Alunimt ~ 2.12 0.640 1.71 5 0.3 ~ 1 ' ini: .

11,1d foa" 0. il 3 0.253 0.026 9.011 .. "i1nfinlIte" .-..

(7 1 /it )

6a



In Section 2.2 the theoretical bases for the stress-uave and

structural displacement calculations are given and the failure criteria

are described. In Section 2.3 the critical cracking boundaries deter-

mined from the numerical calculations are prcsented.

2.2 Approach

2.2.] Basic Equations for Stress-Wave Calculations

Tht- shi'ltd and base materials are represented by the

clastoplastic model of Fig. 2.1. With this rodel, the material behaves

elastically along ba, in which a is the yield point In compression.

Segment ae is the locus of plastic loading states, ef the locus of

elastic unloading stales, and fb the locus of plastic unloading states.

The mean pressure and maximum resolved shear stress are defined by

1

dp - d(p + p - p ) (2.1)
3 x y Z

x v

d- = 2 (2.2)2

and the compressive stress in the direction of propagation is given by

dp = dp+ dr (2.3)

The relationship between the mean prestdre and density (Hugonict) was

assumed to be of the form

2
p= A'+W1+ CL (2.4)

%here l± = p/0 ° - 1 and A, B, and C are constants depending on the

material (see Fig. 2.1).

Equation (2.3) is the basic relation used in the numerical

calculations and was specialized for the various segments of Fig. 2.1.

7
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Taking Ps Ds couritant (2.6) integrates to

S(21. 7)Pxc I - x 2 '.

%helit the .ubscri pt e de i '-F tho" lA t ic s vg 'ent Foi un!ai a i

strajo, the compressive ntrv-is normal to the direction of %evr propags-

tion is given by

dp = (K - 2P/3)dE (2.8)

aod using (2.2) and (2.6), the rcsolved sheai strers becomes

3 - 1 - 2

For the Tresca and the von Mises yield conditions in this geometry, the

mnzximum resolved shear stress is determined by the yield stress Y = 2T.

Consequent ly.

Y 3- 1 - 2' (2 )

Allng ae , (2.3) integrates to

P - a - P 2 -
Y  ) (2.11)

It xa ~ a 3 a

where the subscript . denotes loading. Aln fb

- P p P -
y  Y) (2.12)

7,hcrc u-., dz:LIULr-. *_n:oadiri. ire other segments are determined in a

similar manner.

Fox the foam (Model 3), the dependence of pressure upon

specific volure is sho n in Fig. -".2. For the ela-tjc states, the com-

pressive stress in the direction of propagation is given by

9



0.0I

0.0 -

II

003 - P,'[ &( , -;.VI1

o' 0, RIO cm/oc

b 1.51

I V. :B6

0.02 v.

IV. 8.90

Ip
0.01 (v, ,v,, P) ,

p P* .tv0 -VI

C0 , C, (V-.v)
p--

L 3,0 6.0 9.0
~PEC-,F IC %,fI M E., V - C}( IIt

FIG. 2.2 LOCKING SOLID EIUATIUN OF STATE FOR FOAM

p (V - V
= e '- (1.13)o -v

0 e
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As the material is compressed below V , the pressure is given by

I

rn( . -V.,

Px a (2.1,5)
P x 1 b(V' -V) + (2.12

1 .

The c;,uation4 of continuily and motion for cne-dimensxonal

f-ijw in Lagrangian coorainates nre

' =(2.16)

a x
-o .. = (2.17)

where u is partiche velocity,ar Q I . the artific:al viscosity param-

eter. In the code uaed here, Q was tp'ken to be

= V ( .I +c )(2.18)

where 1 1.7, u = 0.2, and c is the local sound ,pecd.

For the calculations, (2.16) end (-.17) were wr±ttetL in

fference form, prcgrained in ALGOL, and integrated for the given

initial conditioas usinz the relations of Figs. 2.1 and 2.2 for the

elastoplastic ard fok',n layers. The progra', if charact'rlzcd 1y the

following progressi'ri, o1 3teps:

A. For each t.me step, the pazticle velocity is found

in every cell;

B. the displacement ot cach cell is fluturmliied and the

corresponding value of V and V,

C. fcor n-r . shield and base-, p is d-.terrianed as

folcws :

1. If In ;rvater tLar, that of the previous

t i 'i rtep, 'iznding occurs and

a. it the preasUre p fio. (2.7) is sbe [

p., Iror (%.11) tA' value of P is

taeri; otherwlrie

11:- I



b. the preribure .s itA the elastic region and the
value of p is taken

xe

2. If 4 is les than that of the previous time

step, unloading occurs ad

a. If PxIs below pxu, frci (2.12) the

pressure is equated to , otherwise

b, the pi:easure Is In the elastic unloading

regic.D end the value of Pxe is teken.

D. For the loan, if included, py is determined from

(2.13)ttrough(2. l),dependirig upon the valuc of tre

Specific voI.u.e V

The output of the caiculat'ons includes (11 the occqrrence

and tibae of spall, and (2) the time of separation lud re-bond velocity

of tr.e shield. The latter becomes the ini)tial velocity for the

rtrLctural displacement calculationa,

2.2.2 Structural Displacement of the S te.ld

As outlined above, the structural ndel is taken as a

3 nf b-h..in as a 11.avaa- oscillator. The equjatio~i of motion for a

!inar oscillator (Oe;lecting danping) is

•• F( ) (2.l]9

where m is the mass, F(t) thr forcini. 'unctioA, and k thie sprinmt

constant. In the preLent prob.Lem, k/m is related tG the hoop modulus

E 6 by

0 (2.2) K
2 i

crm

In ilich r is the mean rfdiup of the shield. Sinci.

12



and

ce r - = lv(2.22)

(2.20) may b_ written

c
qm r (2.23)

Using (2.20) and (2.23), the soiuticn to (2.19) may be written

x x cos q t - sin q t - F(t) sin q (t - t')dt' (2.24)
s c m s q 

t 
m

or

v
x x zos q t - --! sln + G cos q t + If sin q t (2424a)

G F(t) sin q t 'dt" (2.24b)

0

t
S !" F(t) cos q t'dt' (2.24c)

and

x = initial displacement

t = time of separation

n. = mass of shield = i-(r - r ) (per unit length)

00r oi;trr radius

r. = inner radiuq

F(t) P(t) x area = P(t) 2r(r. "(Pr unit length)
ma 2

13



I
For exponential and triangular pulses respect 4vzly, we

haLve

P 0 e- (Fig. 2.3)

t

p(t) = P (1 - -) (Fig. 2.4)
o '

wher --- ( + -1 +

FIG. 2.3 EXPONENTIAL PULSE FiG. 2.4 TRIANGULAR PULSE

Substituting these Into the above equations &nd integrating yields

V
x coo q t + -sin q t 5F

a i qmX (2.25)
1. - SF

where Po r h

S = 22,25a)

J Rh



and

q 2 2/q e - t - e kts - sin q (t -t ) + qm coo qmr(t -t sI -- 2 1 2 - IA t
S+ qm

(exponential) (2.25b)

or

F T (--I cos qm(t - ts + --L sin qm(t -t )

q T T mm Sn sJ m

(triangular) (2.25c)

2.2,3 Failure Criteria

Spall Stress. Spall failure was assumed to occur in the

epoxy shield if the tensile stress exceleded the yield stress of the

epoxy, 3.0 kbar,

cr!tical ."clocity for Cracking--Short Pulses. It the inci-

dent pulse does not act beyond separation, a critical separation velocity

sufficient to develop hoop stresses to the point of cracking may be de-

fined. The resicoual velocity at separation is the average particle

velocity across the layer at time of separation. If v is the resi-s

dual velocity at separation, the kinetic energy (per unit area) is

KE - ph v 2 (2.26)
2 '

For ualform radial displacpment, the strain er&t-gy I

SE 1 0 2 (2.27)
2 E

wbere E is the modulus in the nircumforential Cizection. Equating

tAe qtrain energy (2.27) to the kinetic energy at separation yields

2
2= 2 (ME) (2.28)

15



S

For the critical condition, a becomes the maximuc hoop stress a9 r .

Using (2.26) and solving or v yields the critical separation velocity

v _cr (2.29)cr

Using (2.21) and (2.22), (2.29) may be written

v = (2.30)

cr pc

Taking a0ecr 3 kbar,

V = 12.88 cm/mscr

Critical Displacement for Crackin g-Long Pulnes,. Pulses

which act after separation must be accounted for in calculating the

structural displacement of the shield. From Hooke's law

r -r
B1 a aE (2.31)r

where r is the radial displacement of the mean radius r Using
m

(2.21) and (2.22), and putting tx - (r - r ), a = C , (2.31)
cr cr m Ge9r

yields

x-r (2.32)
cr O r nc m

r

For the properties of Table 2.1 the critical displacement for the epoxy

shield is

- -A,ax cr 2.48 cm

16



2.3 Results

2.3.1 Introductioi

The results are presented in two parts. First the results

for the tuo-layered composite with a thick base ere given; these show the

effects of differences in the constitutive relations for an exponential

pulse and comparing the effects of exponential and triangular pulses.

Next, the results are given for the two-layered composite with a thin

base and the three-layered composite with a thin base and a thick foam

layer, all for an exponential pulse.

2.3.2 Nlo(._l 1--Two-Layered Composite with a Thick Base

Exponential Pulse. Critical load boundaries for rebound

cracking of the shield were generated for ain exponential pulse (Fig. 2.3)

applied to an epoxy shield and aluminum base described by the model of

Fig. 2.1. Effects of differences in material properties were examined

for the following cases:

1. Nonlinear-Nonelastic [A, B, C # 0 in (2.4)]

2. Nonlinear-Elastic (pxa in Fig. 2.1)

3. Linear-Elastic (B, C = 0; Pxa = C-

4. Linear-Nonelastic (B, C = 0)

The differences between the nonlinear and linear constitutive relations

can be seen in Fig. 2.5.

Figures 2.6a and 2.6b show the results of the computer

runs and the cracking boundaries determined from them. As expected,

the boundaries all exhibit a minimum, arc Impulse-dependent for low

impulses, and rise monotonically beyond the minimum. Spall occurred

as shown.

*

See Tables 2.2 through 2.5 for numerical values.
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NONLINEAR

II

LINEAR

0.001
A B C

(Mba) (Mh,) (Mbov)

0,0528 0.3280 0.0379

0 0.0! 002 0.03 004 005

*A- keQI,-4

FIG. 2.5 COMPARISON OF NONLINEAR AND LINEAR EQUATIONS
OF STATE FOR EPOXY

Effects of Differences in Constitutive Relations of
' Shield and Base. Eff-,:+o of differences in the constitu-

tive relations of the shield and base are shown in Fij. 1.6c (obtained

from 2.6a and b). For the range of differences considered here, non-

linear effects (i.e., B, C # 0) are much more significant than plaiiticlty

effect 9.
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FI.2.6 (Conciuded) CRACKING BOUNDARIES FOR EXPONENTIAL PULSES
Wc (a) cnd (LI cojbnad

Nonlinear effects result in a difference cf about 4T, in

critical pressure at the minimum. To the right of the minimum, nonlinear

effects produce dlifferences of about 40% or less in bath pressure and

impulse. To the left of the minimum ~jn the region where the curves

rise rapidly) only the impulse is significant and differences in impulse

due to nonlinear effects are about 15%. In contrast to the nonlinear

effects, plasticity effetts result in differences of less than 10% every-

I Nonlinearities affect the critical load curves primcri~y

through increases in shock velocity with prersure, which result in

earlier separation for the nonlinear material. This decreases the re-

bound velocity and, due to the higher load remaining at the earlier

separation, causes the *hi"Ild to experience more rapid deceleration

after separation. Thus, the load amplitude required to develop a given

displacemi-nt vill be higher for the nonlinear material.J
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Table 2.2

EX'.NL'fl IAL PUL6J, ("*l, NLt-P TI8?1C)

F I T1. of fipsrastio ai { tu B I siI
,Ii.,..-) (a.e1) (10 te, Iu ,SlVarst~o, ,.1oc<Rt:spaatine D .t Crok T:

______0_ t oc (c, seoc) (cm)

1.1W 13.2 0.076 20.25 - 14.9 2.87 yve 13 26
1.04, 0.4 2.r0 93 14.11 - v.9 - 3.20 Ve. jnon.
1.0 . 0.33 3.00 94 20. 0 - 11.4 2.90 no . non *
0.,w 4.8 0.083 90 20.39 - 15 " 2.92 ye 12 39
0 40 0,308 1.30 59 13.82 - 38.8 -6.1 yes 13.74

0o40 0.167 1.60 91 15.87 - 21.2 - 2.35 ye none
U 20 2. fO 0.06 51 2191 - n1. - 2.51 ye 14.15

0.21 2.3u 0.997 49 235 14.0 2.70 -e 13.90
0.20 0.2% 0.87 46 14.67 - 37.0 - 4.94 yes none

0.20 0.17 1.176 50 ^0.19 3.0 - 1.31 no none

0.06 1.0 0.06 42 23.24 - 11.0 - 2.12 no 16.16
0.06 0.50 0,075 4' 32.85 - 13.0 - 2.54 yen 18_90
O.Of 0.70 0.06 43 22.28 - 14.5 - 2.85 )es 15.65
0.01 0.13 0.40 45 17.55 - 29.7 3.67 yes none

0.06 0.131 0.438 07 17.47 - 28.0 2.50 yes none

0.06 0.13 0..1E1 46 17. 90 - 2 .6 - 1.83 no one

0.06 0.12 0.50 44 18.71 - 21.0 - 0.63 no non.

0.03 0.40 C.075 36 23.30 - 13.6 - 4 y: 17.81
0.03 0.15 0.20 30 20.95 - 22.0 - 317 : none

L.03 0.12 0.25 40 2j.47 - 21.3 - 2.61 yes none

0.03 o. A 0.30 37 ;0.34 - 19.0 - 1,o no non.
3.015 0.325 0.046 34 25 31 - 5.7 - 1.e7 no 20.95
0.015 0.20 0.075 35 4,2u - 12.8 - 2.35 c1~s. 32.51

0.015 0.15 0.10 33 23.63 - 14.0 - 3.52 yo. none
0.015 .10 0.15 32 23.15 - 14.0 - 1.71 - Z..

Table 2.3

EXI'09(XTIA. PIZEB (14 NEA-KASTIC)

p Tim of .- I Sporetior. TI T8~1
}16 Run Sepasration ies.pltv ,pl ac ement Crack Timm((D r)eec) ((cP/oe) (c) (,)(ec)

--- 4 - _

0.20 3.5 0.057 55 19.00 - 11.0 - 2.12 no 17.:3

0.20 3.0 0.067 57 26.45 - 12.6 - 2.40 cloe 17.67

0.30 0.137 1.46 65 19.0. - 08.0 - 5.16 yee 18.93

0.20 0.13 1.54 61 19.78 - 5.3 - 2.07 no 18.66

0 .30 0 .11 1. 2 An 0 00. 1 - 13.1 -n ,

0. W 0.50 0.06 53 27 '4 - 12.2 - .30 no.n 0

0.03 0.075 0.40 54 26.02 - 39.0 - 5.42 yes 25.9a

0.03 I.06 0.60 6 25.78 - 36.0 - 1.17 no non.

0.015 0.23 0.068 60 28.85 - 13.7 - 2.64 ye 2v.93

0.015 0.07 . 59 25.42 - 33.0 - 2.41 ye. 6,33

0.01 0.10 0.10 52 29.44 - 15.2 - 2.57 yes 24.57

0.01 0,075 0.13 62 29.36 - 16.3 - 2.15 L 25. 4
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Table 3.4

-I 6 6un Separ Ion V1eIt P1qC*S nl .:c"n TiJe
(bibar (.ec 10 ( .ecI (cmu" maec) (Cml (ksetc

.i O.'64 79 I .7 - 13. - 2 64 . 19 65

020 0 13 1.54 33 23.15 - 40. - 2 5@ V's none
0.06 0cia3 0.741 81 24.10 - S7.7 - 3.31 yes none
0.( 0 0.l 3 0.923 :(1 25 (3 - 44.9 - 0.72 n none
0.030 0.50 0.06 78 29.90 - 12.9 - 2.50 y.a 22. O

0 03t, 0 5 0.41t2 77 2 .,_ - - 2 72 yes "One

0 015 U 3 ' 0,65 3 3 '.3- 14.0 - 2.727 yes 2 .30
0 015 0.07 ( 214 76 ?0 40 - 24.0 -. 33 non.e
0.012 0.10 0.12 74 30.74 - 18.6 - 3.19 )0. 2".9,

0.0105 O.lU 0.103 75 30. G3 - 1G.2 - 2.79 yes d9 4,0
0.0093 0.J93 0.10, 64 30.95 - 14.6 - 2.43 close none

Table 2.5

EXF,,KENTIkA: PUAE '7WLIlEA A-tATIC)

p(,y or S eiearaion 1,ai~mu

(Mb~.*1 .~, ~ .Rn S.':%raon jVlcy I11coment C.Ack Ti.,e

0.20 3.8, 0.071 71 21.19 -13.2 -2.% ,.6 131

0.23- 0.203 7 7 3 1 13.61, - 2f.4 .
0.0 0.202 0." 86 314.98 - 30.0 - 2.42 cle ..n

0.20 0.19 0.03 77 16.74 - 3.0 0. 1. no none
s.O0 0.44 0.065 eff 22.76 - 13.8 -2." yes 15.51

0.03 0.12 0.25 6a 1.18 - 24. - 2.93 yes 20n0.03 0.0 0.29 70 1.9 - 13.4 - .0 no mnn

0.02 0.24 0.071 66 23.31 - 14.2 -2.74 yes 16.794

0 .0 2 .1 0 . 0 6 7 2 0 . 7f 6 y e 2 0 .60. n o n
0.01",, 0.15 0.10 65 22.88 1 - 15.1J - .$1 ye .6

0.014 0.14 0.10 as 9303 - 15 2 - ;.66 yes 21.64

0.014 0.12 0.11? 64 92.90 - 13.5 ' 08 no nWne

0.012 0..0 0.12 63 93.8- 12.2 - ,o no
* 
ne
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Triangular Pulse. -he crackii.g boundary for a trisngular

pulse for the nonlinear, nonelastic case* is given in Fig. 2.7 together

with that for an exponentlal pulse. The curves coincide in the impulse-

sensitive region, as expected. The r.inimum for the triangular pulse is

about 50% below that for the expotential pulse. To the right ol the

minimum the curves differ b, about 3G%.

Fm.0 -T

/ PO .L'NIAL

2P0' ," [FROM FIG 2 6o)].

/ ./ I'

- /. Ii 7" /-
3:4 -114

'/ /_____ ____ - i I*' + 22

Ut / --
C?° - .,i//

/_.. I'I-

- I 1 ...
L I TM/N/ I IO,-

/ CRACiNU
-/ YES WN.,

/ TR;ANjLAi a I-2• .. " / THIN Et, S I

4}/HIN BASE
(FCA.4) -

/" "SPALL T
V _j

IMPU.SE 10 -- tZP . I-t -I

FiG. 2.7 CFeACrKIN% 130UiN#.P IE S FOP EXPONENTiAL AND TRIACcULAR

PuLSES FOR Nl.r6LINEAR. I"ONFLASTIC CASE

Ste Table 2.6 for numerical valus,
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The triangular pulse diff-ara from the exzpoIneatial in that,

*for the same pe#K pi-essure and Toital impulse, the expontential pulse has

a higher inItial deca, rate and a longer duration. Thus, for triangular

and exponential pulses of the save pea-. presaqure In~ the rEgion where

curve8 rise to the right, less reflected momrentum (from the base) is

reti-ize,-5 for the ex-por nr'ial pulse and more of the puhie ac-ts after

?* drZstI C.-. Thu~s, tu .ev~Iop the same maximum dis5placenert for a given

*pea .K pressure, the exponential pulse requires a shortar duration and

hence less momentum.

Above 0.05 Mbar in the region where the curve rises to the

r-,glt, the nxumerical results suggest that 9 djtinct break exists in

thp critical boundaryv. This is different from the expon~ential results

which show a Aitug curve. Th - diasbed line is the hru--a&y

aL it would be expected to develop for increasing values o1 impulse.

2.3.3 Model 2--Two-Lqyered Composite with a Thin Base

To provide a basis for evaluating the effect of a third

luver oi ioam, a few cascs vwere run wizhout the foam. The mode] is

deiicribed in Table 2.1. The calculations, employing the nonlinear-

nonelastic courtitutive relation and exponential pulse, indicated that

tht rarefaction from the free surface of the base caused greater inward

particle velocities to be reulized in tae base than in the shield. As

a result, the base separated from the ehield when the rarefaction arrivred

at the inteiace. Because the average velocity of the base was over three

times larger thr, thut of tbt: shield, it *- s assuried that the shield would

rnot re-impact the base during the inwardt mt-on. After separation, the

aniele mtion was ragaried as - linouar oscillatur. As betore, cracking

was taken to cccur if the outward aisplacement exceeded 2.48 cm. Al-

though the Inwaid diosnlacement was usually equal to or great, r than the

outward displacement, failure iin tension was wasumed. This Is rEasoflable

for a ieaterial %with a yield strength in compression which exceedis that

In tension
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The results are indicated in Fig. 2.7 by the points

laabied 32?., 323, and 324.* Although all tbree points are within the

cracking region for a thick base, only 324 exhibited cracking.

2.3.4 Model 3--Three-Layered Composite (Thin Base with Foam)

For thi. model the thin base used for th2 culculations

described immediately above was backed with a thick layer of rigid poly-

urerhane fosm of density 7 lb/ft3 (see Table 2.1 and Fig. 2.2). The

foam would be expected to affect the results by attenuating the rare-

faction wave irom the back surface of the base.

The result. of the calculations are indicated in Fig. 2.7

by the po-=nt labeled 304. The maximum outward dispiacement was 2.25 cm.

Y'or the same load (point 322), the thin base without foam gave a maximum

outward displacement of 2.29 cm. Thus, the foam did not significantly

afiect the response.

A foam of greater density might have prevented the base

iro, separating as e result of the free surfaue rarefaction. This would

have increased the time during which the foam could influence the mc,-

mentum exchange with the shield and the affect on the velocity of the

rebounding shield gould have been more pronounced.

See Table 2.7 for numerical values.
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Teble 2.0

TRIANGUIAR PLU t 'MLIY'UR-O K"LASTIC)

- ~1 '--- "
v I Tl.m of Mepxrat;n Ma1mum Spell

-1 6 Run 'Separation Velo, ty DIsplacement Cr&ck Time
(Mbar) (cm./soe (1 a (cm) I ,sqc)

1.00 0.18 0.08 1j 1 21.19 - 13.5 - 2.6 v*P 13.97

0.20 0.80 0.05 j1
7  

21.56 - 12.8 - .47 close 13.68

0.10 30.0 1.50 122 35.2 - 24.4 - 4.80 yes 33.05

0.10 22.0 1,0 118 28.7 - 22.0 -4.34 yes 24.7

0.1) 16.0 0.30 116 22.09 - 25.0 - 4.81 yes 19.31

0.08 2.0 0.08 111 22.15 - 12.9 - 2.48 yes 14.3t

0.07 30.0 1.02 126 3!,. 9 - 21.1 - 4.12 yes 33.9:1

0. 28.0 0.7 123 35.12 - 11.3 - 2.22 no none

0.ta 24.0 0.6 124 It 07 - 11.1 - 2.17 no none

0.05 20.0 0.5 125 21.2 - 2,.0 - 4. " yes 20.9

0035 4.C 0.07 102 23.23 - .2.2 - 2.34 .1..e 16.36
0.01 27.0 0.405 113 26.98 - 9.0 - 1.85 no none

0.0W 23.0 0.345 114 23.2 - 19.0 - 3.61 ye s none

0.02 3c. 0 0.30 210 27.9 - 8.0 - 1.51 no none

0. n2 25.0 0.25 112 24.1 - 15.6 - 3.01 yes none

0.02 ,, 0 0.08 105 23.52 - 20.0 - 2.84 e#s 18.5

0.01. 31 0 0.23 109 27.lq - 9.0 - 1.8i no non-

0.015 25 0 0.19 108 23.47 - 15.0 - 2.97 yes none

n.015 10.0 0.075 115 24.05 - 14.0 - 2.72 yes 20.00

0.01 22.0 0.11 107 24.26 - 15.0 - 2.91 ye.- none

0.008 23.0 0.1 106 23 12 - 12.0 - 2.27 no none

0.008 20.0 0.8 101 25.03 - 3.3 - 2.56 yes none
0.08 18.0 0.072 119 25.07 - 13.0 - 2.54 yes n~nl

0.0072 2!.0 0.09 104 25.4 - 11.0 - 2.14 n, none

0.007 20.0 C.07 120 2.48 - 12.0 - 2.32 close none

.0. 0G 30.0 0.09 103 26.0? - 0 - .8 no none

Table 2.7

T1kqN-BA8E 3MEL (EXPONINTIAL PLrLBE, IWOMIKEAX, IONLAbTIC)

P x 6 R Time of qeparation Me.zi1m Spall

S( - 6 Run Separation Nalo.lty Tiisomeanent Ce.ck Time Rearks
("bar) (Pbe (10 tape) ("ec) (-sec )

0.2 0.333 0.6 324 8.65 79.03 - 1.46 yes 8.-4

_. :- _ _5 l. - T.2
0.2 1.0 0.2 323 9.15 11.10 - 2.22 no 7.78
0.02 0.2 0.1 32 14.34 10.83 2.2f n 16.33

0. (Y 0 2 0.1 304 14.49 10.65 2.25 no I 1..39 third lever
] foam*26
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SECTICN 3

LINEAR ELASTIC ANALYSIS--INTRODUCTION AND RESULTS

3.1 Introduction

As mentioned earlier, the purpose of the analysis presented in

tI4q and the following section is to provide insight into the 3tress--

wave action which results in rebound cracking and spalling and to pro-

vide checks on the numerical calculations presented in Section 2. As

in the numerical calculations, the basic model taken is a tnin shield

over a thick base with zero bond strength across thi interface. One-

dimensional linear vave theory is used to calculate the response of the

laminate to a uniform loading with a step rise Pnd exponent.al decay.

Cracking occurs if the circumferent!3l tensile stre-s exceeds a critical

value ccr, and spalling occurs if tae radial tensile stress exceeds a

critical value C , in general different from cV . Since the problem

ib linear, the stresses generated are proportional to the p.;ok pressure

P. Thus. for the circumferential and radial stresbes C, ,id r' we

may write

0 PC( a) r i

where C and S depend thiough the a.I on the pulse shape ifctor

defined by p = Pt), and or material jropertles. Then for cracking

we have

C
P 1r cr (3.1a)

P r ~ Cr

p .p . . sp ( .b
sp S(=) )

21



The relations (3.1) define failure boundaries once the functions C(a )
i

and 5(a ) are known. The method for calculating these functions and

the correspoading failure boundaries is given in Section 4 for pulses

with a etep rise and exponential decay. The remainder of this section

gives a comparisun of the failure boundaries so found with those from

the numerical analysis of Section 2.

3.2 Results

Figure 3.1 shows the cracking boundaries for pulses with a step

rise and an exponential decay. The two upper curves are ftom the

numerical analvsis and are the same ab those of Fig. 2.6. The lower

curve is from the graphIcal analysis and is obtained from Fig. 4.14.

using the material properties and dimensions for Model 1 from Table 2.1.'0 , l,/-'-Ttr,
NONLINEAR LINEAR

j NONELASTIC\ - ASTiC

I ___ _
o -1E1

V\\GRAPI.iC-L
. CRACKINGNLf a. ~00 1 L . J± F

0001I

001 01 10 50

IMPULSE 106- iops -599

FIG. 3.1 CRACKING BOUNDARY FOR EXPONENTIAL PULSES
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The failure boundary from the graphical analysis lies below the

boundary from the numj.rlcal tntlysis, with the difforence becoming greater

at high impulses. The difference is %ttributed to the effects of the

load acting after separatl.-, and to the contribution of particle velocity

to the wave propagatiorn velocity, which art accounted for in the humerl-

cal analysis but not ir the graphical analysis. Both of these effects

would be expec-sd to raise the failure boundary and would be greater at

larger impulses (longer pJlse duration), in agreement with Fig. 3.1.

Figure 3.2 shows the graphical spall boundary fot exponential

pulses. The spall region to the right of the dashed lihe of unit slope

is due to the effect of re-ombinaticn at the shield-baze interface, Ihe

results of the num&rical calculations are givw, by the points, the

crosses indicating spalling. The distribution of the points, which w.s

chosen to deter-mine the crackirg boundary, is not ideal for comparison

with the graphical spall boundary. However, the points that are available

agree well. The most significant agreement is near the cenier ef the

middle square, where spall and no-spall pointni come c'ose to bracketing

the , ouundary. The difference is attributed to the effect cf

particle velocity on wave velocity.

The foregoing comparisons show agreem,3nt between the nu&;rical

and graphical solutions. The major differ*nce in the crackig boundarie6

from the two methods is attributed to the affects of the load acting

after separation and of particle velocity on wave velocity. Ihe points

SvLilable from the nuicrical analysis are consistent with the Zraphical

spall boundary, but more points are needt-d to establish the significance

of the protrusion attributed to the effe-t of ueparation.
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SECTION 4

CRACKING AND SPALLING DOUNDARIES FOR EXPUWENTIAL PULSES
FOM GRAPHICAL ANALY3:8

4.1 Introduction

In this section cracking and upalling boundaries are determined

for exponential pulses using a semigraphical procedure based on the

method of characteristics.

4.2 One-Dimensional Linear Wave Theory

The weve equati)n for linear one--dimensional stress waves is

C 2 62y (4,1)
2 2

wheze v iP disDlacement. t is time. x is the snace oordillate

and c is the wave propagation velocity, On the straight lines

(charactcristics) in the x,t plane

x = c ct + constant (4.2)

Substituting (4.2) into (4.1) yields

c -x = Z constant (4.3)

Taking p for pressure and p for density, Hooke's law may be written

p = - X (4.4)
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Substituting (4.4) and

U

into (4.3) yields

p - >#:u + constant (4.5)

Thus, along the lines x * ct * constant, th. relations p = u

constant hold.

We now derive a basic relation between loading surface states at

t ani to +, where , 1A twice the transit time of the shield (21'c).

Figure 4.la shows an x,t diagram for a two-layered (thick base) laminate.

The characteristics C and C are lines of x * ct + consiant 1 ,0 0 +

the shield, and the characteristic Cbo is a line of x = Cbt + cotatLnt
+

in the base. From the preceding discussion, Cb characteristics in the

x,t plane map into b  characteristics in the u,p plaie (Fig. 4.1b).

However in the absence of Cb characteristics, tb- u,p state behind
4. +

C must be constant. Therefore, the mapping of C_ in the u.n pla,
* ~bo 1.

degenerates to a point. Moreover, in the absence of C charactexistics,b
all the states In the base must lie on the same b For an Initial

state u = p = 0 in the base, this must be -b as indicated. Since
'bo

the states in the base are also interface states, I' s the line of
'bo

interface states.

As can be seen from Fig. 4.la, along the loading surface x = 0

the points t t and t = t + T are connected by the characteristics
- 0 0

C and C , wbich meet at the interface. Therefore, as shown Ir
0 0

Fig. 4.1b, the state uo , P at t = t &nd the 0tate U,p it t to +

must be connected to the interface state u,p by ° 0 &nd f 0

Hence, we may write

= Pb Cb 
u

S- u - (c(u - U) (4.6)

P-p Vc(U- u)

|'
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p zpcu +CONSTANT

FIG. 4.1 SCHEMATIC ~,AND up DIAGRAMS WITH NOTATION
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Elimlnating p and u yields for the relation between loading surface

statis at t anO t 1,
0 0

p - cu = K(po + )cu ) (4.7)
0

wherie K is the rqfloction cooffic.ent defined as

Cbe= (4.C)

cCb

4.3 !!onential Pulses

For an exponential pulse,

-\t -X(t + 'r)

Po Pe 0 P 0

heonce,

.-- = e (4.9)
PO

To sizAify the equation- in the fullowr ii, %c -. 111 use

e = e (4.10)

Also, we adopt a slope factor n given by

pO npe U (4.11)

to denote the slope of the line connecting U0,P (the state at t )

with the origin.

Using (4.9) and (4.11) to eliminate u and po from (4.7) yields0e 0

DeP a ~u -- -- -7(4.12)P IIK cue - (n +)K (.2

For simplicity this expression Im d.snoted oy K instead of K as
used elsewhere.
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For given laminate materials, (4.12) gives the relation between u and

p at t = to + T, in terms of the slope factor n.

Should separation occur at t + O.5T, the interface condition0

becomes p = 0. This corresponds to Pb = 0 and, from (4.8), to

K = - 1. Thus, if separation occurs, instead of (4.12) we have

pcu (4.13)
ne + (n + 1)

The second equation of (4.6) is a relationship between a loading

surface state uop ° and the corresponding interface state u,p.

Using the first equation of (4.6) and (4.11) in the second equation of

(4.6) to eliminate u and u yields0

-K + n + I
P = o 2 (4.14)0 P 2 n

For a given laminate, (4.14) gives the relation between the pressure p0

at the loading surfdce at to and the pressure p at the interface

at to + 0.5T in terms of the slope factor n.

Figure 4.2a shows the x,t diagram for a two-layered (thick base)

laminate for which separation does not occur. In the region Ola, only

C+ characteristics occur. Therefore, each characteristic in this region+

maps into a point on the same r in the u,p plane. If u = p = 0 fnr

t < 0 (n = 1), this rmst be 1o+ (p = pcu) as indicated in Fig. 4.2b.

The segment of ' 0 involved is determined by the load applied during

the interval 0 9 t < T. For an exponential pulse, as shown in Fig. 4.2b,

the segment extends from p = P to p =eP. This gives the loading

surface states for 0 e t < T.

To determine the interface states for 0.5T t ! 1.5T, we use

(4.14) with 1 = 1 and obtain

p(t) = (K + 1)Pe(t - 0.ST) (4.15)

These states lie on the line p = Pbcbu along the segment 12, as shown

in Fig. 4.2b.
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FIG. 4.2 x,t AND u,p DIAGRAMS FOR EXPONENTIAL PULSES
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The loading surface states for T ! t < 2
, are found using (4.12)

with n = I (since uopo lies oi, p c mu). This gives

e
p OCUe - 2K (4.16)

Thus, these states lie on a straight Iline of slope OCiC/(e - 2K)] passing

through the origin.

The lines I and 1 o. Fig. 4.2b show two possible locations of

this line with respect to the line p - - Ocu. To facilitate the

discussion of these csei., e firt obtain the equations for the loci of

subsequent loading surf,.ce states.

To bta.n the li'e of loading surface states for 2 -T < t < 3T , wt

put n e'(e - 2K) = , from (4.16) into (4.12) and obtai,,

p x= (C 4.17)xe - (x + I)K

by continuing this process w. obtain for the successive loading surface

states

p= pOCU P Z p > eP

2p = xPcu eP Z p > e P

p = yl PCU e P a p > e P

p = y2 -cu ePp > e P

etc.

where

II
T -2

IW. K, z - (1 ) (4.19)

Y2 Y (I + i

etc.

and K/e.
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As shown belrw, it separaticn occurs it takes place first at

t 1.5T. Then, usi-g (4.13) Instead of (4.12), we obtain for the se-

c',ence of loaalng surface states

p= Ocu P p > eP

p xccu eP p > e2P

2 3
Z Ociu e P Z p > e P (4.20)

et Z = -.zcU ep P  > e P

etc.

here

v. e-i r2e

1 -

xe
xe+ (l+x)

(4.21)
zl e

2 z e (1 + z 1)

etc.

.4 IxTpofleflt1i n1itse wiLh Sluw L'm~esy C'- u

It is readily shown, that foi- K < e (corresponding to I in

Fig. 4.2b tensile stresses do not develop In the shield or base ind
hence- crcking or rpalling caninot occur. The u,p diagram for K < e,

SxdeaIng beyc=d t! at -if Fi_. 4.2h; is shown in Fig. 4.3; the xt

diagram is the same as that of Fig. 4.2a. Consgc: tive loci of u,p states

3 at the loading surface are the line segments oa, ab, bc, etc. Thesc

correspond to the states given by (4.18).

E approach a limit. The slope y of this line is easily found from

38
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I

P.-rcu

FIG. 4.3 .,p DIAGRAM FOR A PULSE WITH LOW RAI: OF DECAY

(4.19) by putting y n+l = Yn" This yields for the equation of the liimit-

ing line,

e +
- -ocu (4.22)

Hence, as can be seen from Fig. 4.3, for K < e all the u,p states in

the shield and the base lie within the region bounded by the lines

p = OCU and p - u. Hence no tension develops in the shield or

base.

4.5 Exnonential Pulses with Y = e

The x,t and u,p diagrams for the special case K = c are given

in Fig. 4.4. The triangles of state points a2b, c4d, etc., of Fig. 4.3

have all become segments of the line p = - cu and the triangles of

state points b3c, d5e, etc., have become segments of the line p = Pcu.

All state points for the triangular areas 2b3, ..., are represented by

the origin u = p = 0. Since pressures are always positive, cracking

or spalltng does not occur. For K = e, the limiting line (4.22)

approack.es the p-axis.
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4.6 Exponential Pulstt with K > e

As shown above, for K < e no tensile stresses develop in the

shield or basc. For K > e, tensile stresses always occur, as can be

readily shown trom Fig. 4.2b.

In Fig. 4.2b, the locus of interface states for 1.5T S t < 2.5T

in the segment of p = cbCb u (line of interface states) which would be

intersected by the extension of the linca emanating from II. Hence,

the first possibility of tensile stress occurs at t = 1.5T. For a

perfect bond, the magnitude cf the tensile stress at t = 1.5. is

given by the intersection of the line through a2 with the line of inter-

face states. For the interval 1.5T S t < 2.5T, the tensile stress with

a pe2fect b-nd is e iaximum for t = 1.5T.

For ze: bond strength, tensile stresses at the interface cannot

be sustained and separation occurs a- t = 1.5T. Subsequent interface

states lie on the segment of p = 0 intersected by the lines emanating

from II.

For zero bond strength, the region K > e divides into two parts

for which the u,p diagrams are basically different. If point 2 of

Fig. 4.2u lies above p = 0, as shown, one type of diagram results; if

it lies below p 0, a different type results. The division occurs for

p-_nt 2 !yin. o = 0. P iji = for which rnont 2 lies below o = 0

are palses with fast decay; pulses for which point 2 lies above p = 0

are pulses with roaerute decay.

The x,t and u,p diagrans for p2 = 0 are shown in Fig. 4.5. As

can be seen ir the figure, state 2 is deteri~ned by the intersection of

the lines

P2 - p2 = c(u 2 - u 2 ,

P2 - p - = - Pc(u - u-)
a a
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Using

p2  bCbU2  (1 K)eP

p x.cu = eP
a a

with x from (4.21), and p = 0 we obtain the condition

2

K (4.23)
K 1

As indicated in Fig. 4.5b, the final loading surface state is

U - p = 0. Hence the shield separates and is brought to rest by the

pulse. As is shown below, for pulses with high decay rate the shield

is left vith a final velo'ity, and for pulses w Lh moderate decay; the

shield is driver, back toward the base and recombination occurs. The

regions in the K,e plane for slow, roderafe, and faat decay are shown

later in Fig. 4.15.

4.7 Exponential Pulses with Fast Decay (0 < e < K/K + 1)

Typical u,p diagrams for pulses with fast decay are ohown in

Fig. 4.6; the x,t iiagram is the same as in Fig. 4.5a. Figure 4.6a Fives

the overall asDects of the diagram and Fris. 4.6b and c show details for

relatively large and small values of e. It is readily seen from

Figs. 4.6b and c that the sequence of triangular regions a2b, ;3c, etc.

reaches the limiting region N-.N, and the dequence 263, 3c4, etc. reaches

nln. rhese two limiting regions give the fins] state of wation and

stress in the shield. As can be seen from the x,t diagram of Fig. 4.5a,

.fter t = 1.5T the motion is periodic with period T. Since velocities

are negative throughout, the shield remains separated.
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(c)

FiG. 4.6 u~p DIAGRAM FOR A PUJLSE WITH F4ST DECAY
(a) complete d.ogrdm, (bi detail for large valwe of e, anid (c) d'-tail
fo~r small aluO of *
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The maximum tensile stress (Ca ) indicated In Fig. 4.6 is
max *2

found from the equations

P p2 =PC(u2- u )

P2 - Pa= pc(u 2- u)
a

(4.24)
P 2  = (1 + K)eP

p- = %Ocu_ eP
a a

/
and is given by

P2 = a - [K - (1 + K)e]P (4.25)

For the special case (1 + K)e = K of Fig. 4.5, this reduces to 
0max = 0

as it should.

For the limiting case e + 0 (very short pulse) we find amax = KP.

The corresponding u,p diagram is shown in Fig. 4.7. The regions i2b, b3c,

etc., all coincide with the region NNN, and 2b3, 3c4, etc. coincide with

NnN. The diagram of Fig. 4.7 applies to short pulses of arbitrary shape,

i.e. all pulses with step rise, a contiruous decay, and a total duration

T such that T < T.

4.8 Exponential Pul.ses with Moderate Decay [K/(K + 1) < e,< K]

The analysis of pulses with moderate decay is more complizated

than that for pulses with slow or fast decay because recombination

occurs. Figure 4.8 shows the u,p diagram for a pulse with e slightly

less than K. The x,t diagram (until recomb'ination occurs) is the same

as that of Fig. 4.5a.
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FIG. 4.7 u,p DIAGRAM FOR e 0

The regions of states ola, 1a2, and a2b are found as before.

Since e < K, separation of shield and base occurs at t = 1.51. Hence,

the region of states 2b3 is determined by the condition p = 0 at -'

interface. The followilg two regions b3c and 3c4 are also easily de-

termined.

From the x,t diagram of Fig. 4.5a it is seen that the segment of

the u-axis 23 in Fig. 4.8 gives the interface velocity for 1.5T < t <

2.5T, and the segment 34 gives the interface velocity for 2.5T ! t < 3.5T.

Since the velocities corresponding to the segment 23 are smaller than

those corresponding to the segment 34, the outward displacement of the

shield during l.5i r t r 2.5T is less than the possible inward dis-

placement during 2.5T t < 3.5T. Hence recombination of the base

occurs at an instant t = CPT, where 2.5 < cp < 3.5.
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P .il 
3)2 . R c m b n t o , at t < 3 5

After thv instant t = _t, otate points for elemenis o the shield

at the interface are no 1onver aetermined bv the condition v 0: In-

stead they must lie, as before separation, on the line p b ( b u. Hence,

the triangle of state pointf3 3c4 is not completely realized; only points

within the xegion 53'c'c actually occur. T~e remaining part 3 'c '4 of the

region ic4I is transferrea to the interface line p =C b cbu as Indicated

in Fig. 4.8.

A more detailed version of the diagram of Fig. 4.8 including later

stategi is shou~n in Fig. 4.9~. Inspection of the Interface states ijidi-

cateu tltut sepurativit anid 1ecombinatlun ocurux rupuattdly.
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Figures 4,8 and 4.9 are valid for initial recombination during the

interval 2.5T < t < 3.57. Figure 4.10 gives the u,p diagram for re-

combination at t = 3.5T, This occurs, when the line of.states bc coin-

cides with the p-axis, since then the velocities corresponding to the

itne segments 23 and 34 on the u-axis are equal and opposite. For the

line of states bc to coincide with the p-axis, tfrl slope factor z of

(4.20) must be infinite, This gives

2K = e(e + 2) (4.26)

The parameters K and e of Fig, 4.10, in addition to satisfying

the condition zI I were chosen so that after recombination, i,e,,

subsequent to the region c4d, the u,p diagram is identical to that of

Fig, 4.5b. This occurs wnen state 5 (corresponding to state 2 of

Fig. 4.5b) is on the u-axis, This results in the condition

3 32 e
e + + = (4.27)2 2

- 1 U

FIG. 4.10 u,p DIAGRAM FOR THE SPECIAL CASE. [1 + (*/2)) K,
• 3 + (3/2)*2 + 0/2 = 1 (e = 0.6, K - OS3)
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This equatiln has one real root in the interval 0 < e < 1 which is

approximately 0.6, The corresponding value of K frop (4.26) is 0,78,

Thus, for e = O.', K = 0.78, the diagrams of Fig. 4.5b and that of

Fig. 4.10 become identical subsequent to region c4d. This means that

the shield eventually comes to rest,

Figure 4.11 gives the u,p diagram for which initial recombination

occurs during the interval 3,5T < t < 4,5T. For this case recombination

does not occur prior to t = 3.5T, because the average outward velocity

corresponding to the segment 23 on the u-axis is greater than the average

inward velocity corresponding to the segment 34. However, the average

7elocity of the two segments 34, 45 is greater than half the average

velocity of 23, hence recombination occurs for t < 4.5T. The regions

4d5 and d5a, respectively, in Fig. 4.11 correspond to the regions 3c4

and c4d of Fig. 4.8 and are not fully realized.

K<1 0 1 K< -
2T

W/

W/

FIG. 4.11 u,p DIAGRAM FOR A PULSE WITH MODERATE DECAY.

Recombination at t > 3.57.
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I:. FIg. 4.9 the magnitude of the maxiur-nm tensile bti, ss generated

in the sheld for the states shown lies between the stresses corres-

ponding to the states y and z. 8ince the load decreabes continually,

subsequent tensile stresses should be lesN. Hence, the stresses at y

and z are taken as bWunda on the maximum tensile stres6 generated,

Stato. y and z are determined by the Inters,-ction of the line

xs in Fig. 4.8 wikh the lines p =cu and p bCbu . The equation

of the line xs is

P - Px -c(u - U )

with

pX e P =mpcu
x x

and m given by (4.12) foi n f z 2  from (4.21). These equations

yield

-p =C P(e 3 4 e 2 + e - K) K -. t4J (4.28)

and

- ,' -c =8z y~ (.9

The stresses given by (4.28) and (4.29) are valid for initial recombina-

tion occurring in the interval 2.5T f t < 3.5-i.

From Fig. 4.11, for initial reco'dzination in the Interval 3.51 •

t < 4 .5 , the strosses at y and ;. are found from the equations

- Px- -c(u - u)

wi th

5P'C e P mct



and m given by (4.12) fox n 7, from (4.21). These yieldII
e4 3 e3

p[ e e + e - K) K - e (4.30)

and the express.on of (4.29) for z

Equaticns (4.28) and (4.29) suggest the general form

P1 r + e K)2 e+ 1 ]
y

(4.31)

,here

~N +1

for, initial recownAnation occurring in the interval

(N + 0.5) e t -r. (N + 1. 5 )T N = 2,3,4,...

For large N , a simpl, r ard more accurate estimate of the mlxi-

mum tenjsile stress can be obtaine, as followk. The state points a, b,

c, etc. of Figs. 4.8 and 4.11 are oonnected by a straight line of

slope -(1 - e)/(l + e), as are the points b, c, d, etc. For the first

&et of these poiH ti can oe re-d-li veriiie6y t.y,,K tt t
have the coordinates (eP/x)c, eP), (e P/zPC , e 2 p, (e 3 iPz , e P),

(e4 p/7 pc, e4p), etc. in the u,p plane, with x, z! , z2 , etc. a

given by (4.21). Hence, the equation for the straight line ab is

I e I - e)KI + 1 -c u + I•e 2|

and is satt.;fled by the coordinates of the points, C, ' etc . In

Fig. 4.11, intersection of thih lino with the u-axis .Ields the point

C e - (1 - e)K f(1 K) e - 2P
1- 1-e 
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For decreasing values of e the intersection point (u,O) moves toward.the origin, reaching the origin for e = K,'(1 + K). As u approaches

the origin, more velocity increments represented by line segments of the

aet 34, 45, etc. are needed to nullify the outi\ard velocity corresponding

to the line segment 23, implying that recombination will be continuously

delayed. Moreover, a- u approaches the origin, the region 5wxs (Fig.4.11)

approaches the limltirg region uw x s . Hence, for e -4 K/(l + K) the

maximum stress generated in the shield is bracketed between the values

and 0
y z

For c , we hate

C = (I + K)
ez y

The intersection of the line x's' with p = (c(u - u) through u,O

gives py, = - y . The line x's' is found using

p =- pc(u -u )x

( , - u ,) =- c(u ,- u)w X w

Pw' = buf

which yield

(1 + K)e - ;K
p = - Pcu - ( +-e 2KP

The interbection of this line with p = pcu gives

-p ,=C ,= (1 4 K)e - Ky y . KP (4.32)

For e - K/(K + 1, (4.33) gives a , - 0. This is as expeceted fromY

the u,p dliagram ror this case in Fig. 4.5.
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Equations (4.31). (4.32), and (4.29) provide estimates of the

maximum radial tensile stress for pulses 01 moderate decay. In Section

4.10 these equations are used to calculate the spall bounoary.

4.9 Cracking Boundary for Exponential Pulses

To determine tihe cracking boundary, we regard the shield as a ring

in uniform radial motion. Cracking occu,7s if the outward displacement

is sufficient to develop tensile stresses exceeding the fracture stress

of the shield. For pulses with slow decay (K , e), Aeparation does not

occur; hence, .racking Is not possible. However, for pulses with moder-

ate or fast decay ( K > e), separation always occurs and cracking is

possible if the load amplitude is 3ufficierat.

To determine the maximum outward difplacement, ti average out-

ward velocity of the shie.d at the separation preceding cracking is

required. For pulses with fast decay, permanent separation occurs at

t = 1.5-.. For pulses with moderate decay, the average outward velocity

of the shield is greatest at first separation, i.e., at t = 1.5-. This

can be seen in the example of Fig. 4.9 by comparison of the average

velocities at s1 and s2 (the velocities ar s1 fall within the left-

most triangle) Since separation velocity is proportional to the load

amplitude, and the eflective amplitude decreases for each successive

separation, the average outward velocity will be greatest at first

separativ.n, i.e., at t = 1.5T. Therefore, the average velocity needed

to determine the maximum outward displacement is that at t = 1.5- for

all pulses.

The average velocity at t = 1.5T is readily found. The velocity

of the shield at the interface at = .5- is tLit at state 2 in

Fig. 4.8. The velocity at the loading surface a. the same instant is

on the line ab of Fig. 4.8 and is given by

p(l.5T) = PC = xpcu2 , (4.33)

IIt with x from (4.19). Since for expon~ential pulses the transformation
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X -. u,p is linear, for points between th loa,.ding surface and the

interface the velocity will lc on the straight line in t;c u,p plane

connectir.g the loading surface state and the interfact state. Thus,

the average velocity of the shield is simply

3

v -1 (u + u2,) (4,34)
2 2 2

From Fig. 4.3 we hav.

p - P2  -- e(u_ - u2 )
a a

2- P2 
=  c(u 2 - u2 )

-- (i + F )pS r bCbU2  (4.35)

p- = Ps = eP
a

p = XOCUI

a a

Together with x from (4.19) these equationa )ield

cu 2 = [(1 - K)e - x]P (4.36)

[K 0(- K)e + (2K - e (4.37)2 pc

The outward displacement of the sheld is determined by tte average

outward velocity at separation and the subsequent load. "ere we neglect

the subsequent load and thus obtain z lower bound on the load required

for cracking.* The kinetic energy (per unit are%) of the shield st

_A

lo account for the subsequent load is r- * difficult, but iL was it

accomplished in time for inclusion in this report.
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separation is

Kinetic energy = 1 P2

where h is the shield thickness. For a ring in uniform radial motion,

the strain energy is

l h 2
Strain energy = a

gyj 2 TO 0

where u is the hoop stress and E is the corresponding elastic

modulus. Equating the kinetic energy to the strain energy gives

2 2
2 = - (4.38)

V E =E6  2 2

where c is sound speed. For a homogeneous isotropic maternal the

ratio of the radial (dilatational) sound speed c to the circumferential

(plate) sound speed c is

= V (4.39)

Introducing (4.39) into (4.38) yields

v = - C (4.40)
PC

Using (4.40) in (4.37), and putting a, CY c, gives

= 2 [K - (1 - K)e + (2K - e)e 1/ 2 ] 1  
(4.41)C'cr

Comparing (4.41) with (3.1a), we have

C = K (l - K)e + (2K - e)e'/ 2 _  (4.42)

v of (4.40) is equal to - v of (4.37).
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The cracking boundary (4.41) is shown in Fig. 4.12 for K = 0.7 and

= 1.3(-v = 0.4).

-,1.3, KO.7

1.5 - 1 I

acr

0.$ - -- - ------ -

e=K

0 0.1 02 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

GC- 5%59-76

FIG. 4.12 CRACKING BOUNDARY FOR EXPONENTIAL
PULSES IN TERMS OF e

For an exponer~tial pulse the impulse I is given by

I = = PT (4.43)

where T is the characteristic time duration (see Fig. 2.3). Using

tn e = - X-, we have

T 2 (4.44)
/2 tn(lle)

The cracking boundary in terms of T/(T/2) is given in Fi-. 4.13.
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T
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FIG. 4.13 CRACKING BOUNDARY FOR EXPONENTIAL PULSES
IN TERMS OF T

To obtain the cracking boundary in the P,I plane we use the

transformation

PeT
I =P T = cr (4.45)
cr cr tn(I/e)

obtained from (4.43) and (4.44). The limiting value of I forcr

e 4 0 (very short pulses) is readiiy found. For pulses of arbitrary

shape with durations less than T, the momentum at separation is the

reflected impulse I given by
r

I r KI = phv

rr
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Dropping the m:nus sign and putting h = c T gives

12

Substituting v from (4.38) yields

=r c0 r T

With = C/Ce and I = O/K we obtain

I (4.46)cr K cr 2 cr cr2

for the limiting impulse of the cracking boundary as e 4 0.

Using (4.45) and (4.46) yields the cracking boundary in the P,I

plane shown in Fig. 4.14, where

I = - (4.47)

cr 2

The boundary has the expected shape. In Fig. 3.1, the cracking boundary

of Fig. 4.14 is compared to the cracking bourlary obtained numerically.

4.10 Spall Boundary for Exponential Pulses

Figure 4.15 shows the regions of the K,e plane for exponential

pulses with slow, moderate, and fast decay. For pulses with slow

decay (K ! e) radial tensile stresses do not occur; hence spall is not

possible. For pulses with moderate or fast decay (K > e) radial tensile

stresses always occur and spall is possible if the load amplitude is

sufficient. To facilitate the discussion, we regard K as fixed, say

K = 0.7. Then, to establish the spall boundary, Psp/asp must be

determined along the line K = 0.7 in Fig. 4.15.
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FIG. 4.14 CRACKING BOUNDARY FOR EXPONENTIAL PULSES
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SLOW DECAY t K - I j i

07 (@SK) ___/ _

0.6 / , -
MODER ATE DECAY'-- '056--

@0 FAST DECAY

0.4----...

0 0 1 0.2 03 04 0-50Ob 07 02 09 1.0
K

FIG. 4.15 SLOW, MODERATE, AND FAST DECAY REGIONS

IN K,e PLANE

The segment of the line K = 0.7 extending upward from e = K

corresponds to pulses of slow decay, for which spall does not occur.

Using the transfomlation of (4.44) with e = K gives the vertical

boundary of Fig. 4.16. Since larger values of e correspond to larger

values of T, spall cannot occur in the region to the right of the

vertical boundary.

The segment of the line K = 0.7 extending downward from

e = K(K + 1) in Fig. 4.15 corresponds to pulses with fast decay. For

this segment we have from (4.25), with %ax = p P = P p,

-W = [K - (K + i)el (4.48)

sp

Hence, from (3.1b),

S = K - (K + 1)e (4.49)

61



12

Ks0.7

10 -

FAST I MODERATE
DECAY DECAY SLOW

DECAY

d0c!

' o 0,.

4 %

2 -1-" ...

1.47

0 1 2 3 4 5 6
T
r/z

FIG. 4.16 SPALLING BOUNDARY FOR EXPONENTIAL PULSES
IN TERMS OF T

Equation (4.49) together with the transformtion of (4.44) yields the

fast-decay boundary of Fig. 4.16. For the limiting value e 4 K/(K + 1),

(4.49) yields P s p , corresponding to the vertir asymptote insp

Fig. 4.16. For e 4 0, (4.49) gives P / = 1/ = 1.47, correspondingsp sp
to the intersection of the spall boundary with the vertical axis in

Fig. 4.16.

The segment of the line K = 0.7 between e = K and e = K/(K + 1)

corresponds to pulses of moderate decay. For the part of this segment

K > e > e , with e(e + 2) = 2K from (4.26), the spall boundary is
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found using (4.29) and (4.31) with az= a5~ sp, = P.,and N = 2,

corresond.i-A to recombination in the interval 1.3T !r t < 2.5T. Making

these substitutions, we have

-s 1 [(e3 + e2+ e -K)K - e4- (4.50)
- K+ I
SP

Together with the transformation (4.44), (4.50) gives the spall boundary

for K> e >e.

To determine the intersect ion of the moderate-decay boundary with

the slow-decay boundary in Fig. 4.16, we put e =K(1 l ) < < 1,

into (4.50) and obtain

lim aR (4.51)

5#40 a p (K +1)K3

For K = 0.7 this gives P p /a sp= 1.71 at the intersection of the

moderate-decay and slow-decay boundaries.

To determine P Ip a spfrom (4.50) at e =e , we put e =e(l + E:),

e< < 1, and obtain

p -31
lrn 1 [i.1-( + + -2 -1(4.52)
e-0 sp

For K = 0.7, e=0.55, and (4.52) yields P Ip a sp= 4.5. Thus, as can

be secn from Fig. 4.16 the spall boundary for K > e > e, i.e., N =1,

extends from the slow-decay boundary to T/( r/2) = 3.

For the next interval, N = 3, (4.29) and (4.31) yield, with a -

a spand P =PSPJ

sp sp
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For e 4 e, (4.53) gives

P 3 5 2 3]-1
lir s = [ (1 + e + e + e(4.54)

- CT p K + l212e 4 e s

For subsequent intervals, we use (4.29) and (4.32), with a = az sp

and P = P sp, to determine the spall boundary. This gives

P = qp (K + I)e - KP (455)
Y K + 1 1- esp

The spall boundary in the P,I plane is obtained from Fig. 4.16

using the transformation (4.45) written as

I T_ s:= p9T(.6
Isp Psp 2 n(I/e)4

together with the definition

1 17 (4.57)

The spall boundary in the P,I plane is shown in Fig. 4.17. The spall

boundary of Fig. 4.17 is compared with numerical calculations in Fig. 3.2.
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SECTION 5

I EXPERIMENTAL -vERIFICATION OF REBOUIND CRACKING THEORY

To attempt to rerity the th~eory of rebound cracking, an experi-

rental program was undertaken using a shield of phenolic setting resinj

iFig. 51 Ontecnrlselmandrel aremoneRpholcts

section, two semne lmnmrings, a segmented phvnolic ring, and

two end spacers. The segmpnts are shown more; clearly in Fig. 5.2.

STEEL MANDREL\ SETjNAiT

DIS
TEST F
SECTION'

SE AR

SPACER *P E C C

(a) OUTFITTED MANDRE1 (b) HE PLACEMENT

FiG. 5.1 MAIN ELEMENT OF EXPERIMENT TO VERI1( REBOUND CRACKING THEORY

IMicarta, Westinghouse.
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w ALMM 2i LINJi

TESTSEGMENT ,

FIG. 5.2 SEGMENTED RINGS

To keep the outer surface unobstructed for photographic observations,

the explosive load was applied to the inner surface of the hollow steel

mandrel. The main purpose of the experiment was to determine (1) the

ability o, the theory to predict the velocity of the phenolic segments

and (2) the conditions under which the test secti n would crack.

Selected frames from a framing camera sequence of a typical shot

are shown in Fig. 5.3. The segment velocities from such photographs

were used to check the predictability of the velocity of the phenolic

segments and to determine the input pulse to the test section. To

check the predictability of the velocity of the phenolic segments, the

wave transit time of the thinner aluiminum ring was made equal to that

of the phenolic ring; as shown below, this results in the same input

pulse to both rings. Using one-dimensional linear wave theory, the

phenolic velocity predicted from the velocity of the aluminum segment

is found to agree with the observed segment velocity to within 5 percent.
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958 Go5*69 492

FTG. 5.3 FRAMING PHOTOGRAPHS OF SEGMENTED RINGS. The velocity is determined
from the motion of the center of mass.
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The initial velocity of the test section is taken tu be the same

as the velocity of the phenolic segment, which is of equal thickness.

It is found that the predicted cracking velocity, based on the static

stress-strain curve for the phenolic, and observed cracking velocity

agree to within 10 percent. A cracked test section is shown in Fig.5.4.

The velocity of the thicker aluminum ring, together with that of

the thinner ring, is used to obtain information of the shape of the

input pl:i7e at the segment-mandrel interface. It is found that, of the

triangular and exponential shapes, the pulse is matched best by a trian-

gular shape.

Addit 4 .onal information on the experimental setup and the experi-

mental results are given ir: S-ction 5.3. In Section 5.2, immediat'ly

following, the theoretical basis for the experiments is given.

FIG. 5.4 CRACKED TEST SECTION
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5.2 Ter

5.2.1 Shield Velocity for Internal Loading

For comparison with the experiments we calculate the shield

velocity for internal loading using one-dimensional linear analysis.

Figure 5.5 shows the analysis for a uniform load, taker so for simplicity.

Upon arrival at the interface, the incident pulse in the mandrel (state 1)

resalts in a transmitted shock in the shield and a reflected rarefaction

in the mandrel, corresponding to state 2. The shock in the shield reflects

from the free surface as a rarefaction producing state 02. The arrival

of the rarefaction at the interface results in separation. Thus, for

internal loading, the maximum duration of the pulse acting on shield is

twice the transit time through the shield.

After separation, the pulse continues to accelerate the

mandrel. As indicated in Fig. 5.5, if the acceleration continues long

enough, the mandrel velocity (e.g., u 0) eventually exceeds the sepa-

ration velocity u02 of the shield. To determine the probability of

posteeparation impact, the motion of the mandrel and shield are analyzed

in Appendix A. The results show that, for the thick-walled mandrel used,

postsepar&tion impact does not occur..

Since separation occurs when the rarefaction from the free
surface arrives at the interface, the momentum I t transmitted to the

shield prior to separation is related to the interface impulse 1, for

a pulse of arbitrary shape, by

It KI (5.1)

where

2z
.t l+z
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and z is the ratio of the acoustic impedance* of the shield to that

of the mandrel.1

For an incident pulse of arbitrary shape, the momentum is

given by

I, = PTy (5.2)

where P and T are a characteristic pressure and time depending on

the pulse shape, and y is a number depending on the separation time.

The momentum of the shield is

I t = hv (5.3)

where p and h are the density and thickness of the shield and v Is

Product of density and sound sneed (cc).t
For an external load to develop an Interface pulse of duration con-
parable to that of the internal load (i.e., not exceeding twice the
transit time through the shield), the eaternal lIad must not exceed a
duration of twice the transit tiw through the shield. For an external
pulse of arbitroly shape satisfying this condition. the rebound mo-
mentum I' is rolated to the incident external impulse I by

e

I'= K 'I
r e

where

-1K e* = -

r -1

Equating I' to It from (5.1) yields for the equivalent external
pulse

2z
Ie  z I

This equation places no restrictions on pulse shape, only on ,Apulse.
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the velocity. Putting (5.3) and (5.2) into (5.1) gives

P T

v K= K Y (5.4)
t C h/c

c being sound spend and h/c the transit time through the shield.

Furthermore, for equal shield transit times h/c, the separation times

and hence the values of y are equal. In the experiments described

below, the transit time of one of the aluminum rings was equal to that

of the phenolic ring. For this condition (5.4) yields

(Kt )¥ (c)A(K) ) (5.5)

M Kt )A t P)MLJ

where vA, is the observed velocity of the I/4-Inth aluminum segment

and vM  Is the predicted velocity of the phenolic segment. Values of

vM  from (5.5) are compared with observed phenolic segment velocities

in the next sect!'n.

5.3 Experiments

5.3.1 ELperlmental Setup

Figure 5.6 shows the stool mandrel and the external parts.

A new setup was used for each shot. The top and bottom 1/6-Inch-thick

solid phenolic settions served as spacers to reduce end effects. Crack-

ing of the 4-inch phenolic test section was determined by poettest

exaMnation. The material properties of 'he phenolic and aluminum and

of the steel mandrel are gven in Table 5.1.

The contact surfaces of the mandrel were ground to insure

positive contact. The three phenolic rMngs woere installed using oil be-

tween the surfaces. The segmented rings were attached with a thin layer

of adhesive. The small test segments (Fig. 5.2), used to determine

the rebound velocities of the phenolic and aluminum, were positioned at

right angles to the focal plane of the came"a.

Eastman 910.
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Table 5.1

MATERIAL PROPERTIES

Sound Transi t
Density Sound Thickness Ti

Material( g/cm3 ) Speed (inch) Time
(cm/Fsec) (I-sec

Phenolic 1.39 0.26 0.125 1.23

Aluminum-I (6061-T6) 2.77 0.51 0.250 1.24

Aluminum-2 (6061-T6) 2.77 0.51 0.375 1.86

Steel 7.87 0.50 1.0 5.08

A 12-inch length of plastic explosive was placed in

contact with the mandrel core (Fig. 5.6) and a thin explosive detonating

disk inserted at the top. The disk,detonated at the center as shown

in Fig. 5.7, produced a radial detonation front which simultaneously

initiated the main charge around the circumference.

EL-506D, DuPont.

: MILD
/, ql~l" 'DETONAT!.NG

FIG. 5.7 DETONATOR ARRANGEMENT
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Preliminary calculations indicated that the aerodynamic

pressure acting on the test segments after separation would decelerate

the sections by 15 percent during the 1-millisecond coverage of the

framing camera. Corsequently, a vacuum chamber was designed to produce

a 50-micron environment (Fig. 5.8). Figure 5.9 is a view of the experi-

mental setup with three light boxes installed on the front of the chamber.

CONNECTIONL
~VACUUM

METERa
OUTLET;

FIG. 5.8 VACUUM CHAMBER

/
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FIG. 5.9 EXPERIMENTAL SETUP

5.3,2 Shield Velocities

The segmeat velocities are given in Table 5.2. The

observed values are those obtained from photographic records. The

calculated phenolic velocities were obtained using the velocity of the

1/4-inch aluminum segments and the properties of Table 5.1 in (5.5).

The last column gives the ratio of the observed and calculated Micarta

velocities. The agreement is within experimental error and is better

than expected. The ratio is plotted in Fig. 5.10.

5.3.3 Cracking Velocity of the Phenolic

Of the shots listed in Table 5.2, only the last resulted

in cracking of the phenolic test section (see Fig. 5.4). Thus, the

cracking velocity of the test section was between 4.44 and 4.57 cm/msec.
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Table 5.2

SHIELD VELWCITIES

Velocities (cm/msec) t
.. ... ... ... V ob s

Shot Observed Calculated --

No. *1 Vcale
3/" Al. 1/4" Al. Phenolic Phenolic

1 (12276),, 1.40 1.76 2.30 2.18 1.05

2 (12226) 1.86 2.27 2.72 2.82 0.97

3 (11970) 2.37 2.81 3.54 3.48 1.02

4 (12227) 3.02 3.26 3.93 4.04 0.97

5 (12277) 3.17 3.46 4.44 4.29 1.03

6 (12.n78) 3.48 3,71 4.57 4.60 0.99

SRI shot number noted in parentheses.
tRatio of observed and calculated phenolic velocities.

-

o I I 16

E 4
4

R V C T . r0

t 2
U

'0'

>2 _SIOT NO.I

w

FIG. 5.10 PHENOLIC VELOCITY
(C-alculatQK VS. observed)
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From (2.29), t!-e relationship between the cracking velocity

Vcr and circumferential cracking stresn aecr for a ring of a iinear

material in uniform radial motion is given by

v --r cy I - 2 (5.6)
PC

where we have substituted ce/c = I_!-YJ - and -, is Voisson's ratio.

Using the properties ol Table 5.1 for phenolic in (5.6) yields

v = 4.29 cm/msec
cr

This is less than 10 percent below the velocity of 4.57 cm/msec which

produced cracking. The differeimce is well within uncertainties in

material properties and experimental error.

5.3.4 Pulse Shape

To investigate the pulse shape at the interface, the

momentum of the two aluminum segments was equated to the impulse de-

veloped at the interface to obtain

t

mom = Ph= p(t)dt (S.7)

where o(t) is the interface pressure time profile being investignted

and t is the separation time.

For a uniform pulse, (5.7) yields

phv = Po t (5.8)

*here P is peak pressure. For a pulse with a linear decay, (5.7)

'i yes

Phv = Pots [ - (trit.ngular) (5.9)
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where P is peak pressure and T is the pulse duration. For a pulse0
with an exponential decay

-xt
p(t) = P e (5.10)

where X is the decay constant, (5.7) yields

phv = [ - e (exponential) (5.11)

The two aluminum segments of different thicknee-es,

aluminum-i and aluminnm-2, provide two sets of momentum and t values.s

For the rectangular pulse (5.8) each set of values defines a peak pres-

sure, P and Po2 The pressures obtained using the velocities from01 o2*
Table 5.2 are listed in Table 5.3 and are shown in Fig. 5.11 for Shot 3.

The ratio of the values range from 0.80 to 0.94 indicating that the pulse

decays roughly 10 to 20 percGnt in 1.24 PLsec. This time is half the

separation time for the phenolic and thin aluminum segments; hence the

pulse probably decays roughly 20 to 40 percent from 0 to 2.5 ILsec. This

indicates that a decaying pulse is a better representation of the pulse

actually realized at the interface.

Aslindicated in (5.9) and (5.11), two parameters, peak

pressure _nd deLa' time, are required to specify a decaying pulse.

Using the two sets of values of momentum and separation time from the

aluminum-1 and aluminum-2 segments, the peak pressure and decay tilc

may be found. For the triangular pulse

h v t2

1 2 21 t2 tv
T 1 2 = f( ) (5.12)

h 2 v 2 t1I

Difference in rx-a -Iit times of the aluminum segments (see Table 5.1).
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Tablv 5.3

Calculate.d IKtt.? ae CoSam tit

NZ Incidemt I Recx4 IsI Powfotlal Triangular

Snot Thickness Impu1mmo - -

(at 1 (taps IP.0P
( )(bar) (kb() V 'e) (Pof) (taps) kbar) J(Psec) (taps)

1 31 20,600 2.38 1.69 0.80 3.23 3.9 12, 50 3.01 6.02 9,050

2 42 28,000 3.07 2.52 0.82 4.16 3.89 10,200 3.SS 6.02 11,670

3 52 34,700 3.80 3.21 0.34 5.15 3.09 20,050 4.80 6.02 14,440

4 61 40,700 4.41 4.0 0 .93 I.2 3!- '13,260 5.57 6.02 16,750

5 67 44,600 4.8 4.29 0.9Z 6.35 3.89 24,600 5.0 6.02 17,800

6 72 48,000 5.02 4.71 0.94 8.80 3.89 26,470 6.!4 6.02 19,070

10,000 taps/15 ails. -

6.0

(Po),,,

5.0(Fo),, %

4.r)-

--(P2 , t2)

w

w
i.

P (Po)."t

.0"m -

S (PA, (I - t

0 I 2 3 4 5 6 7
TIME - P GA-556g-67

FIG. 5.11 ' ULSE 'HAPED IAGRAM FOR SHOT 3 '
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and, using T in (5.9) , the peak pressure may be determined. For the

exponential pulae

-xtl

v I h 2 (1-e )( (5.13)
v 2  - .t 22 h(l -e 2

where X also becomes a function of v /v2  and must be determined by

trial and error. The peak pressur3 is found from (5.11).

The velocities of Table 5.2 are plotted in Fig. 5.12 as

a function of incident impulse. The pair of lines indicate a constant

velocity ratio, v2/v! , of 0,87 which is the ms value of the experi-

mental values. The variation of the experimentally determined values

from the mean ratio is attributed to experimental error. Since, for

the chosen pulse shapes, the decay constants depend only on the velocity

ratio, which is approximately cc-stant, the duatinh- at the ser-

ment-mandrel interface muist be independent of the incident impulse.

'6 I IQI I

Av 2  V.

E
E4
U

3 ALUMINUM -I VELOCITY, v, 3 A

0 2

ALUMiNUM-2 VELOCITY, v2

0
0 10,000 20,000 30,000 40,000 50,000

INCIDENT IMPULSE - tops

FIG. 5.12 ALUMINUM SEGMENT VELOCITIES
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Hence, only peak pressure varies with the explosive thickness. The

values obtained for these conditions are given in Table 5.3. The corres-

pending pulses for Shot 3 are plotted in Fig. 5.11.

Figure 5.13 gives the calculated total impulse for the

exponential and linear decay curves based upon the decay times and peak

pressures of Table 5.3. The values increase with incident impulse as

shown. Although the impulse realized at the interface should be at least

a factor of 1/R lower than the incident impulse due to geometric diver-

gence, the impulse levels for both the pulse profiles analy:d are

30

I,. EXPONENTIAL 6

aI 4
/TRIANGULAR

0 /

I / 3
-j 20 00

0.,

/ SHOT . III= _LI
4 NO. I

cr A

iJ

0/

0 1,00 o 20z,000 30,000 40,000 50,000 t f00
INCIDENT I'MPULSE, I - tops

FIG. 5.13 CALCULATED INTERFACE IMPULSE
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APPENDIX A

AALYSIS OF POSTSEPARATION MOTION OF MANDREL AND SHIEID

/

A.1 Introduction

The calculated velocities of the phenolic segments giv.en in

Section 5 are valid only if there is no postseparation impact during

the initial outward motion. The analysis given here shows that, !or

the chosen conditions of the experiments, postsepaw tion impact does

not occur during the initial outward motion.

In the analysis, the phenolic ring is treated as a linear oscil-

lator, taking the velocity at separation as the initial velocity. The

motion of the outer surface of the mandrel is calculated by regarding

a thin outer layer of the mandrel as a linear oscillator be±.i' loaded

by pulses determined by the stress wave pattern.

A.2 Stress Wave Calculations

Figure A.1 shows the x,t and u,p diagrams for a one-dimensional

laminate corresponding to the mandrel and the shield. Since wave

velocities are not very sensitive to pressure., the wave pattern in cylin-

drical geometry would be essentially the same. We regard the load for

the one-dimensional calculation as an equivalent load which produces the

same pulse at the interface as would occur in cylindrical geometry. The

motion of the shield and the outer surface of the mandrel are both talic-

to be proportional to the load amplitude at the interfnce. Thus, in cal-

culating the motion of the mandrel, we depend on the stress wave cal-

culation only for the frequency at which the pulses arrive at the inter-

face.
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FIG. A.1 x,i AND p,u DIAGRAMS FOR A UNIFORM INTERNAL PULSE
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A.! the" sheld 3epzrztef from the andrel nt the 4'ec.t"

u 0 2 , ThIS .4 take.. -s the ir:Utial velocity of the phenolic rl-,. Th t,

Initia velocity of the outer surface -f the mzaldrel It u4 ' The outer

layer :f the wandrel, ... icated by the dashed line in Fig. A. I, will

bv- acceleratepd further by pulizs of amplitude pSp D etc. r

t~Yei..re/:Cn of the ;uln- Li, poportiontl to the thickne,-n of the (utr

layer, hence the accelertion' i3 independent of the thckne39 chosen.

In the calculationn below, an outer layer of convenient tliickroim Is

used to ,alculate the --<ton the cuter swarfoce of the nsndrf,! '1,rr

the action of tne wccenmive -ulges and th-, restraining hoop stre ver.
/

A.3 Motion of Phenolic Ring and Mandrel Surfzce

Thp mot1on of the phenolic ring is sirlly

02 sin qt (A.)

q

where U02 is the velocity of the phenol4.c at epargtlor ann q I

giv en by

q = (A. 2)

or

1 and p be-ing Young's modulus and G3asity for the phenolic Phield

anti r the m-ean radius of tre shield.

The motion of the oter urf-ace of the mandrel is given by

u 4  F(t)X = - sin bt * (I - Cos qbt )  (A,3)
qb qb

iW hee VelOCity Of the mandrel Mirface at separation, F(t)

is the forcing fination, m

lrb

E b and pb being Yong' s modulus and density for the steel =andrel mn-

r b the mean radius of the ou.er layer,
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-- -I. A. I

2o~t
Uo2 = - (A2)

wh er

Kt  2 (A.6)

pbC b

COc %nd b Cb being the acoustic impedances of the phenolic shield

and steel mw.narel, here taken as pc = 0.358, PbCb = 4,00 barsec/cm.

The velocity of the mandrel surface at separation is

2P
0 4 = 0 (A.7)

The azolitudes of the pulses p5 P., etc. are indicated in

Fig. A.l. For p5 we have

P5 = Kr Po  (A.8)

where

K r = ,%Cb

+oc! +-
PbCb

For p8

PS =  tPo (A.10)

The duration of the pulses at the outer layer is twice the transit time

through the layer.

A.4 Results

The motion of the phenolic ring and the outer surface of the

mandrel are shown in Fig. A.2 for a mandrel 2b.4 mm thick. The paths

indicate that impact does vot occur during tne initial outwara =tion.
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THICK STEEL, MANREL (26.4,r"I)

EA PHENOLIC SHIELD

SEAATO i ANFOREtO " -

L4 I I I .[d

FORCING
CFUNCTOJ

.. .... .,L.. ..
0 2 3 4 5 0 7 a 9 10 11 12

TIME I in t s of shield transit time

FIG. A.2 DISPLACEMENT-TIME DIAGRAM OF PHENOLIC SHIELD
AND THICK STEEL MANDREL

FiT.re A.3 shows the same phenolic motion and tna of a mara-el 8 n

tl, lt. In this case the mandrel. overtakes the shie..

In the experiments a mandrel thickness of 25.4 um was useo. Hence,

post3eparation impact during the initial outwara motion was avoiden.
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FIG. B.3 EXPERIMENTAL SETUP

Table B. 1

SLII EXPERIMEN RESULTS

Shot (tmpse Loading Damage

1 10,000 15 -ail solid 111 Severe spall
shtie t

2 5.000 15 mil l,8-inc' Moder~te spall

strip:-

1/8 inch

3 3,400 15 mil 1/8-incni Marginal end crack
strips spaced

1/4 inch

----------

:n the final test, a 3400-tap load proe iced a mi-inor crack at the

opposite end from that at which the explosive was initiated (Fig. B.6).

This damage is attributed to edge effects. The 3400-tap loading is -1
considered a lowta buund on the impulse to cause separation.
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ALUMINUM PLATE ~ 4

FIG. B.4 COMPOSITE (10,000 Taus)

FIG. B-5 COMPOSITE (5000 Tops)
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M3. ABSTnACT

I t is shown that, under an external load, a cylindrical plastic shell mounted

on a steel mandrel can rebound at a velocity sufficient to cause cracking of

the shield due to hoop tension. Using numericai calculations, critical load

curves are found for the combinations of peak pressure and impulse which

divide the loads that produce cracking from those that do not. These curves

are found to be consisteDt with semigraphical solutions based on the method

of characteristics. The latter method is also used to obtain critical load

curves for spall.

SExperiments that verify the theory of rebound cracking are reported.
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