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ABSTRACT 

In this report an extended Kalman filter for ballistic trajectory 

estimation is presented. The filter equations are basically the same 

as those in the previous Final Report on this contract. The several 

modifications are explained in detail and values for all filter param¬ 

eters are given. The filter was tested against simulated radar data for 

a number of different cases; performance was excellent in all cases. 

For comparison purposes a second-order exponentially weighted polynomial 

filter was used on the same data; the performance was significantly worse 

than for the extended Kalman filter. The extended Kalman filter was also 

run at slower data rates and with multiple interruptions of data with 

only a slight degradation in performance. A precomputed approximation 

to the weighting matrix was calculated on the basis of several runs; 

this approximation performed nearly as well as the fully implemented 

filter. Use of this approximation reduced computational requirements 

by an order of magnitude. 
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I INTRODUCTION 

One of the major tasks performed by the Control Systems Laboratory 

in support of NIKE-X System Evaluation Studies during 1966 was the final 

design and testing of an extended Kalman filter for estimation of bal¬ 

listic trajectories. The purpose of this report is to summarize the 

filter design and to present numerical results for a number of examples. 

The basic theory of the extended Kalman filter was covered in last 

year’s final report.1 A brief review of this material appears in Sec. II. 

A complete specification of a computer program to implement the filter 

also was given in last year’s report.1 However, in order to obtain im¬ 

proved filter performance, a few modifications of the basic equations were 

made. The most notable change is in the way in which /?, the ballistic 

coefficient, is estimated; the quantity piß, where p is atmospheric density, 

is estimated directly by the filter, instead of ß^ and ßthe coefficients 

in the expression /1 = /30 + ß^z, where z is altitude. Complete filter equa¬ 

tions, including all modifications, appear in Sec. III. 

An important aspect of the design procedure is the so-called "final 

tuning.” This process consists of determining values forS(0/-l), the co- 

variance matrix of the initial estimate, and Q(k), the covariance matrix 

of the random forcing function. These values can be determined to within 

an order of magnitude by physical considerations, but further adjustment 

is generally necessary to achieve the best filter performance. Adjustment 

of 5(0/-1) controls the transient response, while adjustment of Q(fe) affects 

the steady-state performance. The final values chosen for these matrices 

are given in Sec. IV. 

The filter was tested and evaluated by giving it noisy measurements 

of an actual trajectory and comparing its estimates with the true values. 

The actual trajectories were obtained from a detailed simulation of a 

ballistic re-entry vehicle,2 while the measurement noise was generated 

using a radar model based on work by Bell Telephone Laboratories.3 The 

performance of a particular filter design was evaluated on the basis of 

how well the estimated values compared with the true values. Estimation 

* References ere listed et the end of the report. 
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errors in position, velocity, acceleration, and the actual and estimated 

ß were plotted as a function of time for all runs. These error plots 

were then analyzed on the basis of time for initial transient to die out, 

maximum error, and steady-state error. The performance of the final filter 

in terms of these criteria was excellent. A representative set of plots 

is included in Sec. IV. 

For purposes of comparison the exponentially weighted filter described 

in the previous final report1 was tested with the same input as for the ex'- 

tended Kalman filter. As was to be expected, the performance of the extended 

Kalman filter was considerably better. A summary of this comparison, as well 

as a qualitative comparison of the extended Kalman filter with other poly¬ 

nomial filters is included in Sec. V. 

In addition to the standard te:it runs, a number of other experiments 

were conducted with the filter. These included variation of the data rate 

and suppression of data for certain intervals. The filter performance was 

only slightly degraded when the data rate was reduced from 20 to 4 measure¬ 

ments per second. Multiple data interruptions of 1 second had a negligible 

effect, once data input was resumed. These experiments are discussed in 

Sec. VI. 

Because of the impressive performance of the extended Kalman filter, 

it is interesting to consider the possibility of real-time implementation. 

The computational requirements of the filter are discussed in Sec. VII, 

and it is shown that real-time implementation of the filter as specified 

in this report is a difficult but feasible task for current computers. 

However, it is possible to precompute the weighting matrix, W(k), with the 

result that both storage and computation time requirements can be vastly 

reduced. This approach was tried on a number of cases, with the result 

that computing time was reduced by a factor of 30 with only a slight de¬ 

gradation in filter performance. A detailed discussion of this approach 

and its results is given in Sec. VII. 

The last section of the report summarizes the results of this study 

and indicates futuic extensions. 
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II FILTER EQUATIONS 

A. The Linear-Gaussian Case 

The Kalman Filter equations specify an estimate of the state of a 

linear time-varying dynamical system observed sequentially in the presence 

of additive white Gaussian noise.4 The estimate obtained at each time is 

the maximum-1 ike 1ihood estimate conditioned on all observations made up 

to that time. The vector difference equation 

x(k * d = <t>(k)x(k) * r(k)w(k) (i) 

describes such a system, where the components of x_(k) are the states of 

the system; and w(k) is a white Gaussian noise process that may repre¬ 

sent either actual input noise or inaccuracies in the system model. At 

each instant of time, observations represented by the vector z_(k) are 

made according to 

^(k) = H(k)±(k) + v_(k) (2) 

where t^(fe) is a white Gaussian noise process assumed independent of w(k). 

The covariances of w{k) and v_(k) are denoted Q(fe)and R(k) respectively, 

and it is assumed that an a priori estimate x(0/-l) has been made with 

error covariance 5(0/-1). Here and throughout this report x_(i/j) will 

denote the estimate of the state x at time i, given observations through 

time j, and S(i/j) will denote the covariance of the error in this estimate. 

The filtering equations may be written1 as a set of prediction equations: 

x(k/k - 1) = <t>(k - l)x(k - \/k - 1) (3) 

S(k/k - 1) = Mk - \)S(k - \/k - D^Ofe - 1) + ru - l)Q(fe - \rT(k - 1) (4) 

which describe the behavior of the estimate and its error covariance at 

time k on the basis of knowledge of the observations through time fe - 1, 

and a set of correction equations: 
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(5) Uk/k) = x(k/k - 1) + Vl(k)[¿(k) - H(k)Uk/k - 1)] 

IH k) = S(k/k - \)HT(k)lR(k) + H(k)S(k/k - \)HT(k)] 

S(k/k) [I - V(k)H(k)]S(k/k - 1) 

(6) 

(7) 

which take into account the last observation j.(k). The a priori estimate 

and error covariance are used as initial conditions for these recursive 

relat ions. 

B. The Extended Kalman Filter 

hor the case of estimating the state of a ballistic re-entry vehicle 

on the basis of noisy measurements, the Kalman theory cannot be applied 

directly because the system equations governing the vehicle are nonlinear. 

In Appendix E of Hef. 1 the theory is applied to the nonlinear case by 

using the form of the equations of the Kalman filter and making appropriate 

linearizations. To obtain a linear observation equation, the nonlinear 

observation is linearized at each instant k about the predicted estimate 

x(k/k - 1). The nonlinear observation equation is written as 

:'(k) hticife)] + v' (k) (8) 

where z.' and x have dimension m and n respectively, with rain, and h is 

an m-dimensional vector function. The covariance of the zero mean noise 

v' is denoted fl'(fe). In the present case the m components of z' are 

linearly independent functions of the first m components of the state x, 

so it is possible to define the ronsingular m x m matrix 7(x) as 

T(x) 

3/ij (x) d/ij (x) 

Sx, Bx 

Bh^(x) 

Bx, 

^hm(x.) 

Bx 

-i 

(9) 
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For simplicity in implementing the filter equations it isconvenient 

to consider the measurement vector to be 

z(k) = T(x)z'(k) (10) 

rather than z'(k). Since T is nonsingular this procedure is merely a 

coordinate transformation. In this case the linearized observation equa 

tion becomes1 

z(k) = Hx(k) * v(k) (11) 

where // is an m x n matrix with elements 

1 . 1 = ] 

H - \ (12) • i 

_ 0 , i / j 

and v_(k) is a zero mean noise with covariance 

R(k) = T(x)R'(k)TT(x) . (13) 

The three correction equations, Eqs. (5), (6), and (7), are now specified. 

The prediction equation for the state estimate is obtained by directly 

integrating the nonlinear system equation. If the nonlinear continuous¬ 

time system equation is 

i(t) = /[x(t)] + Gw(t) (14) 

the prediction equation, Eq. (3), can be written as 

x(k/k - 1) - x{k - l/k - 1) + /[£(* - 1/fe - l)]At (15) 

where At is the time interval between observations. Since i£ is a zero 

mean process, the terms involving itbecome zero when the expectation is 

taken. 
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To update the covariance a linear transition matrix $(k) is required. 

This is obtained in Appendix E of Ref. 1 as 

¢(¾) = 1 + FiUk/k)}/St (16) 

where F is the n * n matrix with components 

dfi(ï) 
F..(x) = —- . (17) 

' ox . 
J 

The distribution matrix F is obtained from the continuous-time equa¬ 

tion , Eq. (14), as1 

F = GAt . (18) 

Equations (15), (4), (5), (6), and (7) together with definitions (9), 

(13), (16), (17), and (18) constitute the extended Kalman filter as speci¬ 

fied in Appendix E of Ref. 1. An a priori estimate and its error covariance 

are used as initial conditions for computation. 

6 



Ill EQUATIONS FOR ESTIMATION OF A BALLISTIC TRAJECTORY 

A. Equations of Motion 

The equations of motion for the present ballistic re-entry problem 

are taken to be1 

-pgVx 
2ß 

-pgVy 
2/3 

X 

y = 

2 
-pgVz 

W 
(19) 

where x, y, z are the radar-centered cartesian coordinates of the target 

vehicle, and 

g = Gravitational acceleration 

ß » Ballistic parameter 

p = Atmospheric density 

E = /¿2 ♦ y2 ♦ 22 

The density p is a rapidly varying function of altitude, and in 

addition is a complex function of environmental factors. Furthermore, ß 

is not a constant, but a function of altitude, mach number, and unknown 

re-entry vehicle parameters. In order to accurately track the vehicle 

and to predict its future position, it is necessary to determine these 

parameters as well as the position and velocity. This may be done by 

estimating the value of ß, as well as the other state variables. 

In the previous final report on this contract1 p was assumed to be 

a known exponential function of altitude, and ß was assumed to be of the 

form 

ß m ßo * ß\z 
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where and ßx were continuously estimated as additional state vari¬ 

ables. Performance of the estimator so derived is highly dependent on 

variations of the actual density from its assumed exponentit’ form. 

Additionally, the assumed model for ß is highly inaccurate in certain 

ranges of altitude, and accurate estimation of /3Q and ß^ is difficult. 

These problems are greatly alleviated and filter performance sig¬ 

nificantly improved in the present study. The quantity p/ß is taken as 

an additional state variable and p is assumed to be only locally 

exponential— i.e, it is assumed only that p has an altitude gradient 

oz 
-Kp (20) 

where K is a specified constant over each of several ranges of altitude 

(z). The differential equation for the additional state variable p/ß 

is then given by 

(p/ß) = -K(p/ß)i (21) 

Thus the state vector x has seven components: 

y 

z 

p/ß (22) 

The nonlinear system equations are then rewritten as 

i - £(x) 

+ xt * X 
2 2 
5 + x 6 

1 /~2 2 2* 
* *S * *6 

1 
p*6*7^ * *5 + *6 

-Kx7x6 

(23) 
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These equations are inexact because p and ß do not exactly satisfy the 

assumptions made above, and also because the re-entry vehicle has addi¬ 

tional degrees of freedom which are not considered here.2 To account 

for these inaccuracies, a vector of random forcing functions u, assumed 

to be a white Gaussian noise process, is introduced, yielding 

i(t) = f[x(t)] * Gw(t) 

where G is the 7-dimensional identity matrix. 

(24) ) 

The extended Kalman filter equations of Sec. Ill are applied by 

setting 

r GAt 

F(x) 
dx 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

10 0 0 

0 10 0 

0 1 0 

F F F F 
'44 r4 5 r4 6 r4 7 

F F F F 
5 4 r5 5 r5 6 r5 7 

F F F F 6 4 r6 5 r6 6 r6 7 

F F 
r7 6 r7 7 

(25) 

where 

'44 

1 +‘4\ 
-igxA—r~) 

T8*7**** 

■¿■«*7*4*6 

r4 6 

9 



47 

5 4 45 

5 5 

V 4 X¡' 

'8*7 

56 

1 
^X7XSX6 

57 '7^5^ 

^64 = ^46 

65 56 

66 

'r + x; 

■«x7 

67 "TS*6K 

76 -Kx. 

77 -Kx. (26) 

and 

^*1 * xl * xl 

B. Observation Equations 

Observations of the target vehicle position are made every At 

seconds by means of a phased-array radar. Measurements are made of the 

angles a, y, and the range r in the radar coordinate system of Fig. 1. 

10 



The ground coordinates x, y, z are related to the radar face co¬ 

ordinates by two rotations, representing a tilt of the radar from the 

vertical end a rotation of the radar from north (y), as in Fig. 2. Thus, 

where 

x 

y M i 

z 

(27) 

cos sin T sin 4 

"sin b sin t 

0 • r> r» 

cos t sin £ 

COS COS T cos £ (28) 

*r = r sin a 

yr = r sin y 

zf = r[l-sin20i“sin2y]/‘ . (29) 

The radar noise is assumed to be a zero mean white Gaussian process with 

covariance Rr(k). This covariance matrix is a function of the particular 

radar noise model used. 

Applying the linearization described in Sec. II-B, the observation • 

equation becomes 

where 

¿(fe ) = ff£(fe) + ¿( fe) 

H 

1 0 0 0 0 0 0 

0 1 0 0 0 0 0 

0 0 1 0 0 0 0 

(30) 

(31) 

11 
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FIG. 1 RADAR FACE COORDINATES 

FIG. 2 RELATION OF RADAR FACE COORDINATES TO GROUND COORDINATES 
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The covariance of v is 

fí(k) = T(x)R(k)TT(x) (32) 

where T(x), defined in Eq. (9), has components T^, which are most 

conveniently written in terms of the cartesian radar coordinates xr, 

•V 

1 1 >s >“ + — sinT sin^ + — cos t sin £ 

T1 2 = ( * r + C0S Í-(y2r + Zr2)^ COS T sin £ 

13 = (x2r * Zr2)^ sin T sin ^-(x2 + z2)^ cos r sin é; 

21 
Xr . 2r 
— sin £ + — sin T cos £ + — cos r cos £ 

^22 = "^2r + y2^ S^n Í _ - (yr2 + 2 2 ) 2 COS T COS ^ (33) 

23 (*2 + z2)^ cos £ sin t-(x^ + Z2)^ cos r cos £ 

3 i 

yr 
— COS T + - Sin T 
r r 

"32 = — (y? + sin T 
2 r 

33 ■(X2 + Z2)'* COS T-(x2 + Z2)^ sin r 

and 

(x2 + y2 ♦ z2) 
r ^ r r 

*/í 

13 



The values of x , y . z are estimates determined 
r J r r ^ 

instant k from the predicted state estimate x\k/k 

transformation 

at each sampling 

- 1) by the linear 

X 

y 

z 

r 

r 

r 

X,(k/k - 1) 

X2(k/k - 1) 

X^k/k - 1) 

(34) 

All quantities used in implementation of the extended Kalman filter 

are now specified with the exception of the initial estimate x(0/-l), 

its error covariance 5(0/-1), and the covariances Rf(k) and Q(k). The 

initial estimate is taken to be a program input, and the initial error 

covariance is chosen to reflect the uncertainty in this estimate. The 

covariance Rr(k) is specified by the characteristics of the particular 

radar system used. The covariance Q(k), which is a function of estimated 

state parameters, is determined so as to compensate for inaccuracies in 

the system equations. 

14 



IV NUMERICAL RESULTS FOR THE EXTENDED KALMAN FILTER 

Data from four representative trajectories generated by simulation 

using an accurate model of re-entry dynamics2 was used to evaluate the 

performance of the extended Kalman filter described in Sec. III. Re-entry 

angle for these trajectories is 21.8°. The four cases are the combi nations 

of high or low ß and impact at the radar or at a point offset by 

X = 80,000 ft, y = 30,000 ft from it. For the offset cases, 2 and 4, 

tracking begins at 150,000 ft; for cases 1 and 3, at 200,900 ft. The 

trajectories are depicted in Fig. 3. The three positio/T coordinates are 

corrupted with additive noise representative of actual radar noise.3-9 The 

filter operates on these simulated measurements, generating sequential 

estimates of the seven components of the state vector. 

In order to start the computational procedure, an initial state esti¬ 

mate with its error covariance must be specified, along with the actual 

test data. The initial state estimates, generated as in Ref. 2, are given 

in Table 1. The initial covariance is the 7 x 7 diagonal matrix 

106 

106 

106 

o 
where 

S77(0/-1 ) = 12.86 x 10‘u exp [-7.38 x 10'5Xj(0/-l )] 

The magnitude of the initial position error varies, over the four cases 

between 10% and 13% of the magnitude of the initial range; the initial 

106 

106 

S77(0/-1) 
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Z 

FIG. 3 TEST TRAJECTORI ES 
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Table 1 

INITIAL CONDITIONS 

*1 

(ft) 
*2 

(ft) 
*3 

(ft) 
*4 

(it/sec ) 
*S 

( ft/sec ) 

*6 
( ft/sec ) 

*7 
2 7 2 

( sec /ft ) 

Case I 

Actual: ¿(0) 

Estimate: ¿(0/“l) 

33B110 

290952 

338110 

292135 

199910 

199911 

15297 

16046 

15297 

14466 

8653 

12751 

5.220 * 10-10 

6.118 * 10“10 

(Error | 47158 45975 1 749 831 4098 

Case 2 

Ac t ua1 : *( 0 ) 

Estimate: £(0/~l) 

(Error | 

80000 

80111 

391520 

335179 

149910 

14% 08 

0 

4065 

21634 

21277 

8653 

11848 

9.719 * 10-10 

2.376 * 10"9 

111 5b341 302 4065 357 3195 

Case 3 

Ac t ua1: x(0) 

Estimate: £( 0/-1) 

(Error| 

317000 

279283 

317000 

280371 

199100 

200115 

15297 

16443 

15297 

14993 

8653 

12460 

2.124 X 10'9 

6.118 X 10-10 

37717 36623 1015 1146 304 3807 

Case 4 

Actual: ¿(0) 

Estimate: x/0/“l) 

(Error | 

80000 

80093 

360440 

318857 

149910 

149842 

0 

1187 

21633 

20891 

8653 

11592 

5.557 X 10'9 

2.376 X 10*9 

T3 41583 68 1187 742 2939 

velocity error magnitude varies between 14% and 22.5% of the initial ve¬ 

locity magnitude. The initial error in p/ß represents an initial error 

in the value of ß of between 15% and 261% of /?’s initial value, depending 

on the case. 

The measurement noise covariance, fír(k), is obtained from a model 

of actual radar noise characteristics based on rork by Bell Telephone 

Laboratories.3 The expressions for the elements of this covariance are 

found in Ref. 9. 

The covariance Q(k), associated with the random forcing function w, 

compensates for the model inaccuracies described earlier. A good choice 

was determined experimentally to be the matrix 

17 



where 

Q77(*) 

Q(k) 

0 
io3 

102 

103 

0 
Q77(fc) 

(36) 

= < 

'2.00 X 10"18 

4.41 x10’14 exp (-O.OOOOSxj) 

> 95000 

95000 > x3 > 27000 
A 

4.41 x10”14 [l ♦ 0.005(27000 -x.)] exp (-O.OOOOSxj) , 27000 > x, > 16000 
A , , _ . A 

7.25 x 10"13 exp (-0.00005^3) 16000 > x. 

(37) 

and x3 is the current altitude estimate, x3(fe/fe). 

The density gradient coefficient K is 

K = 

3.50 x IO-5 155000 

i: 4.55 x 10 
-5 155000 > x3 > 36300 (38) 

3.74 x 10 < 36300 

based on the ARDC 1959 Standard Atmosphere. 

Observations are taken and estimates made at intervals of 0.05 second 

The radar tilt angle r in Fig. 2 is 38.5°; the angle £, which determines 

the azimuth direction of the radar face, is a multiple of 90°, determined 

so as to keep the target in the first quadrant of radar face coordinates. 

Performance of the filter on the four cases is impressive. Complete 

results are displayed in Figs. 5 through 8. The magnitudes of the 

measurement errors in position are shown in Fig. 4. In order to relate 

altitude and time, these magnitudes are plotted as a function of both 

variables. In all other figures the plots are a function of time only. 

After 3.5 sec of tracking, the magnitude of error in estimated position 

for the worst case is less than 225 ft, starting from an initial error of 

approximately 65,000 ft. The magnitude of the errors in estimated 



velocity and acceleration at this point are less than 300 ft/sec and 2g, 

respectively. The errors in position and velocity decrease to much lower 

values at later times. In all cases, error in the ß estimate is very 

small, less than 125 lb/ft2, after 12 or 13 seconds. It should be noted 

that acceleration is not computed directly by the filter, but is calcu¬ 

lated from the state estimate using Eqs. (19) of Sec. III. The errors in 

the position estimates, Figs. 5(a), 6(a ), 7(a), and 8(a), compare very 

favorably with the measurement errors, indicating significant filtering. 

More importantly, however, the filter is able to derive excellent esti¬ 

mates of velocity and p/ß, which are necessary for predicting the state 

of the vehicle at a future time. Figures 5(b), 6(b), 7(b), and 8(b) show 

the errors in these velocity estimates; Figs. 5(c), 6(c), 7(c), and 8(c) 

show the actual and estimated ß for each case, where the estimated ß was 

found from the state estimate x7(fe/fe) by assuming ß(k/k) = p(k)/x7(k/k), 

where p is the atmospheric density used in the test trajectory simuletion, 

The errors in the acceleration estimates are shown in Figs. 5(d), 6(d), 

7(d), and 8(d). 
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V COMPARISON WITH POLYNOMIAL FILTERS 

A. Qualitative Comparison 

Other types of filters have been proposed for estimating the state 

of a ballistic missile. In particular, these include polynomial filters; 

the exponentially weighted polynomial filter is described in Appendix C 

of Ref. 1, and the finite memory polynomial filter is described in 

Appendix B of this reference. Since the polynomial filters do not em¬ 

ploy all of the a priori knowledge (e.g., the equations of motion for the 

ballistic missile and the known statistics of the radar noise), it is 

reasonable to expect the performance of the extended Kalman filter to be 

better than that of the various polynomial filters. However, the extended 

Kalman filter will require more computation time than the polynomial fil¬ 

ters. Further details on these points appear in Ref. 2. 

In Ref. 5 it was shown that a second-order polynomial filter (for 

each coordinate: x, y, z) is equivalent to a Kalman filter based on 

several assumptions. These assumptions include constant target accelera¬ 

tion in the equations of motion and no correlation between the components 

of the measurement noise vector. The Kalman filter obtained using the 

above assumptions differs appreciably from the extended Kalman filter 

described in Sec. II-Band would be expected to exhibit inferior performance. 

B. Comparison with the Exponentially Weighted Polynomial Filter 

In order to obtain quantitative comparisons of performance with the 

extended Kalman filter, an exponentially weighted polynomial filter was 

implemented on a digital computer. Using state variable notation, the 

second-order polynomial filter for the * coordinate can be described by 

the following discrete equation (the equations lor the y and z coordi¬ 

nates are identical): 

25 



x(k/k) 

x(k/k) 

hk/k) 

-(3a3 - 3a2 - 3a > 3) 

2Ãt 

(a - I)3 

(At)2 

1 - a3 

(3a3 - 3a2 - 3a ♦ 3) 

2At 
Ak) 

1 , -(1 - a)3 
(At)2 

(39) 

where xm is the noisy measurement of x—i.e., xm is equivalent to Zj of 

Eq. (30). In this polynomial filter, ¡i, ÿ, and ¿' are considered to be 
A 

state variables; the estimate/3 is a derived quantity, which is given by 

the algebraic expression 

* pg[x2(k/k) * y2(k/k) * z2(k/k)] 
j3(k/k) = ...- ■' . 

2[x(jk/fc) ♦ y2 (k/k) ♦ z2(Jli/fe)] 

(40) 

The time constant r of the polynomial filter is given by 

_ At 

a - e T . (41) 
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The exponentially weighted polynomial filter was run using the same 

dala lor (’.ases 1, 2, 3, and 4 as the extended Kalman filter. The data 

(trajectories, measurement noise, and initial conditions) are summarized 

i„ Sec. IV. After an extensive tuning process, it was found that the 

overall performance of the polynomial filter on the four cases was best 

for ot = ft.91. 

In order to compare the performance of the polynomial filter 

(a = 0.91) with that of the extended Kalman filter, the numerical re¬ 

sults have been plotted in Figs. 9 through 12, with the same scales as 

were used for the extended Kalman filter (Figs. 5 through 8). 
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VI EFFECTS OF VARIATION IN DATA RATE AND DATA INTERRUPTION 

A. Variation in Data Rate 

Because of the direct dependence of computational requirements on the 

data-sampling rate of the Kalman filter, it is desirable to make this rate 

as low as possible consistent with good filter performance. The interva.l 

between trajectory observations was successively increased from 0.05 sec to 

0.10 sec, to0.25 sec, for Cases land4definedinFig. 3; the results are pre¬ 

sented in Figs. 13 through 16. These results show that halving the data 

rate (0.10-sec intervals) has very little effect on filter accuracy. 

Reduction of the data rate by a factor of 5 (0.25-sec intervals) tends 

to degrade performance somewhat in both Case 1 and Case 4. The errors in 

the position and velocity estimates after 3.5 sec are increased by factors 

of about 5 and 3, respectively. Acceleration and ß errors are substantially 

unchanged, except at a few points where they are increased by factors of 

2 and 3, respectively. 

It should be noted that at this slowest data rate the filter performs 

more accurately on the relatively slower Case 4 vehicle than on that of 

Case 1. 

B. Data Interruption - 

During the radar tracking of a re-entry vehicle, measurements may 

become unavailable for some interval of time. Such interruption of data 

may result from blackout, countermeasures, power system transients, and 

other special operational situations. In these intervals the Kalman 

filter state estimate is calculated by integrating the equations of motion, 

with the state estimate at the time when input data is lost as an initial 

condition. Since there is an estimation error at that time, and since the 

equations of motion and numerical integration formula used are inexact, 

the state estimate may be expected to diverge as long as no new data is 

received. An interruption of data for a one-second duration was introduced 

at four points in the runs of Cases 1 and 4. The interruptions occurred 

4, 8, 12, and 16 seconds after tracking began. The results are presented 

in Figs. 17 and 18. 
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Filter performance during data interruption and subsequent recovery 

is excellent in both cases, except in one instance where the interruption 

occurred before the state estimate had begun to converge. Additional 

errors due to the interruption are within 300 ft, 140 ft/sec, and Ig in 

the magnitudes of position, velocity, and acceleration, respectively. 

The additional error in the ß estimate is within 150 lb/ft2. Recovery 

after data becomes available again takes place well within 0.5 sec in 

all cases. The results show that the filter is best able to tolerate a 

data interruption after it has received sufficient measurements to 

develop a reasonably good state estimate; late in a run, an interrup¬ 

tion of reasonable length will have virtually no effect on performance. 



VII PRECOMPUTATION OF THE WEIGHTING MATRIX 

A. Computational Requirements of the Extended Kalman Filter 

Because of the excellent performance of the extended Kalman filter, 

much interest has been expressed in using it for real-time estimation. 

However, its computational requirements are so large that this is a diffi¬ 

cult task for computers available today. For a data rate of 20 measure¬ 

ments per second, the extended Kalman filter runs approximately six times 

slower than real time on the IBM 7090—i.e., it takes six seconds of com¬ 

puter time to process the measurements obtained in one second. 

In terms ol storage requirements, the program as presently written 

requires approximately 620 locations. For each vehicle being tracked, 

seven storage locations are required for the last predicted state, 

x(k/k - 1), and 28 locations are required tor the nonredundant elements 

of the last (symmetric) predicted covariance matrix S(k/k - 1). In order 

to track 50 vehicles, about 2370 storage locations would be required, a 

large but manageable number. 

Time and storage requirements could be reduced by going to a larger 

and/or faster computer and by writing a more efficient program. However, 

these numbers reflect to within an order of magnitude the computer re¬ 

quirements if a present-day, general»purpose computer is used. 

B. Use of a Precomputed Weighting Matrix 

One approach to reducing these computational requirements is to pre¬ 

compute the filter weighting matrix. In the case of linear dynamical 

equations, where ¢(¾) and H(k) are known functions of time, the covariance 

matrices S{k/k - 1) and S(k/k), and hence the weighting matrix lf(fe), can 

indeed be precomputed. However, in the extended Kalman filter, <&(*) and 

H(k) require linearizations about i(k/k) and x(k/k - 1), respectively. 

Since these estimates are not known a priori, the weighting matrix W(k) 

cannot be exactly precomputed. 

In experimental computer runs with the extended Kalman filter, it was 

observed that for the four cases described in Sec. IV the components of 
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the weighting matrix, as functions of altitude, varied little from case 

to case. Since the performance of the Kalman filter is relatively insen¬ 

sitive to changes in the weighting matrix, it is reasonable to expect that 

comparable performance can be achieved by using a precomputed approximation 

to the weighting matrix. This approximation was computed by using a simple 

fit to each of the components of the weighting matrix, based on the values 

obtained in the four cases. The results obtained are discussed in Sec. VII-C. 

A more elaborate approximation scheme may be expected to yield better results 

The savings in computational requirements obtained by using the precom¬ 

puted approximation to the weighting matrix are considerable. The only 

equations that need to be implemented in real time are the vector prediction 

equation (15) and the vector correction equation (5), where (fife) is obtained 

by using the precomputed weighting matrix evaluated as a function of 

x^k/k - 1), the predicted altitude at time k. The matrix equations for the 

covariances S(k/k - 1) and S(k/k) need not be implemented. 

Experimentally, the computation time using the precomputed approxima¬ 

tion to the weighting matrix is a factor of about 30 less than that lor the 

fully implemented extended Kalman filter.* In terms of storage requirements, 

the program requires about 240 storage locations, and only the seven com¬ 

ponents of x(fe/fe) need to be stored in the high-speed memory in order to 

compute X(k * l/k + 1). The total amount of storage for tracking 50 targets 

is only about 590 locations. Both time and storage requirements are about 

the same as for the second-order polynomial filter discussed in Sec. V. 

C. Experimental Results Using a Precomputed Weighting Matrix 

The elements of the 7 x 3 weighting matrix fall into two categories. 

Elements in the first six rows are characterized by a fairly short-lived 

transient from an initial point to a steady-state constant value as the 

run progresses. Except at low altitudes, where dependence on the ballis¬ 

tic parameter ß is evident, these elements vary little over cases starting 

at similar altitudes. The elements in the last row, which correct the 

state *7 = p/ß, constitute the second category. The behavior of these 

elements is essentially exponential as a function of altitude, with the 

coefficient of altitude in the exponent depending only on altitude. There 

is only slight variation of these elements over cases starting at similar 

altitudes. This exponential behavior results from the exponential nature 

of the atmosphere density p. 

* Thi. eitimate m.de fro«, the obtervition th.t 1000 iter.tion. of the filter equetion. required 10 eec 
on the IBM 7090 using FORTRAN IV. 
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The approximate weighting matrix then has components that are either 

piecewise constant or piecewise exponential after a transient segment 

determined from the actual weighting matrices of a number of representa¬ 

tive cases. More elaborate approximations are possible in order to obtain 

improved performance. 

An approximation based on the four cases discussed in Sec. IV was ob¬ 

tained by fitting on the basis of a least-mean absolute criterion. This 

approximation was found to perform well on all four cases. The results 

for Cases 1 and 4 are presented in Figs. 19 and 20. As can be seen from 

Figs. 5, 8, 9, and 12, performance of the precomputed filter is only 

slightly worse than the fully implemented filter and significantly better 

than the polynomial filter. 
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VIII CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE STUDY 

The major conclusion of this study is that the extended Kalman filter 

is an extremely effective tool for estimation of ballistic trajectories. 

The filter was tested on several examples, and in all cases results were 

excellent. The performance was significantly better than for a polynomial 

filter. Decreasing the data rate by a factor of 5 and introducing multiple 

one-second blackouts had little effect. Use of a precomputed weighting 

matrix based on previous runs greatly reduced the computational require¬ 

ments of the filter at a small cost in filter performance. 

One of the most promising areas for future extensions of this work 

is precomputation of the weighting matrix. The results obtained so far 

are very encouraging. What remains to be done is to test this filter 

against more cases and to modify the design parameters if required. A 

tested and proven filter of this type would be a strong candidate for 

implementation in the actual NIKE-X system. 

If the performance of the precomputed filter is not satisfactory, it 

is still possible to use a precomputed filter over certain altitude regions. 

A varying data rate could also be used; for example, a good filter design 

might be obtained by using the maximum data rate over the initial tran¬ 

sient, switching to a much lower data rate for a few seconds, and then using 

the precomputed weighting matrix for the remainder of the trajectory. A 

combination filter of this type would have superior performance to the 

fully precomputed filter, with only a small increase in computational 

requirements. 

Another area for future work is the development of an extended Kalman 

filter for processing real data. Although the target and radar noise simu¬ 

lations are good approximations to the physical systems, complete confi¬ 

dence in the filter can be gained only after testing it on actual data. A 

filter for operating on real data, including exoatmospheric portions of 

the trajectory, is now being programmed. 

Still another area for future work is estimation of trajectories for 

maneuvering re-entry vehicles (MRV). Recent studies of the MRV problem 
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indicate that such a filter is a vital part of any defensive system. ** 

Some experience with a filter to estimate lift parameters as well as ß 

has already been gained by Douglas Aircraft personnel.7 A filter similar 

to theirs is now being programmed. 

Finally, a task vital to the successful application of this work is 

the integration of the filter with the functions of identification, pre¬ 

diction, prelaunch, and guidance. This problem has been explored in past 

reports, 1,8 but further work remains to be done. The filter obtains esti¬ 

mates ol ß, and presumably will be capable of estimating lift parameters 

as well, but insufficient attention has been devoted to utilizing these 

estimates for discrimination and identification. Some work has been done 

using analytic prediction based on estimated values of position, velocity, 

and ß. 2 The results are very encouraging, but it is not known to what ex¬ 

tent prediction can be improved by using a more sophisticated approach. 

The information the filter generates about the uncertainty of the estimates 

namely, the covariance matrices S{k/k - 1) and S(k/k)—could be used to up¬ 

grade both the prelaunch and guidance routines; a conceptual framework for 

achieving this is given in Ref. 8, but little has been done toward imple¬ 

mentation. Only by utilizing the best available techniques in all of these 

areas and interfacing them properly can an overall system capable of a true 

evaluation be designed. 
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