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AB8T1ACT. This report '-rovidas a detailed Introduction to the problaa 
of updating the rotational tranafonaatlon of a atrappcd-doim Inertial ’ 
guidance ayateo. Analyaea are apeclflcelly devoted to problaae of 
updating the direction coalne trenaforaatlon. Varloua digital 
coaputer algorlthaa for updating the direction coalnea are dlaplayed 
and dlacuaaed. Methoda of perfomlng error analyaea on theae 
elgorltbaa are reviewed and reaulta of IBM 7094 analyaea are ahcMm.
The prlaary analytical reaulta are repreaentatlona of the truncatloa 
error resulting froa the particular nuaerlcal forma studied.
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FOREWORD

W'-tJ
la tbe analysi* and developaant of aCrapped-down Inartlal systam 

at the U. 8. Itoval Ordnance Test Station (HOTS), China Lake, California, 
considerable attention has been given to the evaluation of probleas 
related to rotational transforaation updating. The literature publlsbad 
during the past few years gives evidence of concern by other govem- 
■ental agencies and private industry with this problm.

This report is concerned with approaching the pr'^blca fro* the 
specific standpoint of direction cosines. Drawing on the backlog of 
diverse published Material available, a unified approach has been taken 
toward devclopir^ a capability in understanding and evaluating tbe 
various updating algoritfaei fones.

Digital coaputer solutions used in the analyses were developed by 
C. Messinger (IK)TS) and by tbe author. Frograani^ assistance on the 
MIT Gyro Model was given by Miss R. Hession and R. bastead of tbe 
MIT Instnnentation Lab., Caabridge, Massachusetts. Progran descrip­

tions and user inforMstion are available in Ref. 17 to this paper.
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!lN'l'RQDUCrrIPN 

Iinrenia.ll navigation Pr :f.neirtial gu~danoe 1&y111t~s are Jiysti~m 1tha't 
depeind 80ldy ~pon on-boarrd me•surement1, 1to 1acoq111;1>:t~sb tbe~r t i~notions. 
Conv:en:t,iond 11,nert!laJL systems employ lnerUall $~PjOr ~ (gy1r~ •o<t acod­
erometen} IDOlJ.nted on "1 pll.a1t£orm bolated from r~ehide mo1tll.qn by a 
system of gi.mba,l ,s. 1'11 dternao confisut;ation 1f ,p,: ~ertiall 1~,v~ati,on 
and f'11:i.dance sy items h a sy 1t •e111 e111ploy,in1g iner1tilal l1.ns1t ri.il1¥!1nts bed 
t ,o the ve~kle,. Tbh t}'Pe of inertia.l sy,stein i c.diJ.,ed ,g li.inpd(h!,ss oir 
strapped-do~m, for obvli.ous reason. 

An important e.!lement of a ,strrapped-do~ int.rt.0-!81 systtmi il
1
s the 

trans:fo,xrma1tion CQl!lput,er. 1.1be 1t 1r1ansfomnat!on co'llpu,ter conver-ts 1tihe veh li.cl!i:l­
fixe4 inert.thtl sensor info?tmatiio;n to a !frame pf ~a(erenc:ie tiha1t ~s gene~~llL:r 
isollated fr!)ID vehiclle mo·tiqo. O.b er 1r\J tr.c t b0~h the 1h1ball ed and 
g, mb.d1ei s ,ystem can piro1,iJce rinerith.l ensor .i,.l'),fo~U,on il1n ,a:n ii;olat,ed 
frame ,o,f i:ebrence, i 1t is ppssib!le to diraw an an., ~~gy be1twe,en the -phys:L<:ail 
g:Lmbd •et ,&.nd the 

1
'm,atlheq1tical Jj.mbah" (pr oooiXid1l,Qatt tt'9nll:f Pirmat:Lon,~ 

of the ,,u1epped-do141 ,111y•1tt:lffl. :I'hus, e¥c.,p1t fo,r ac,tiural cont~JIJJ".at lion, rtlit~ 
gimballl,ed ,and 18imba.illiess systems arie equiva le:rit. 

A QOn1tid,eirabJ.e qou,nt of unclassified .1.i1tetr .aitur,e bas a~peJrr~d (in 
r 1ei;en

1

t year,1 on tbe 1:'bjec1t of strapQ~d-idown iner1tli•l •Yst!el!lls. ~~nt ,of 
rthese iri-,ports h•ve de• t witb ti.be pro bl.rems 1of 1coo:11d~n~te txrao rto,nnatli.ons. 
'The p1:,1ir1pose of t lhis repoirt 11.,s 1tt:1 addr1~ss tihe ·ooor1lHi1n~:te traos.flQ1nnat;i.on 
IPl"<i>b.Lem. 1uslng di1r1ectiAn coisine,s. C~

1
p1ut1atilo,nal DU:!tlltode1, allporiltthms, an<) 

1eirror an•lyais meth(!)d111 a.rppeairitqg in some Q,f tb.e 1puplr1,cations ,a:re ,gathetl~(l 
tqaeth~ir with a ·IJ:nif t,;d lilOt&tion and IPII'li&Qlza1Uo,n ~Ci> 11~et'lvie as 1ao !i.nrtro­
d.,.ction to t ibe J!Jbject, Ito provide a 1nandb,ook 1of .nethpds

1
,. .and 1~0 ;assi,st 

the engineer llld analyst in 1~king c~a,risons and ev.jl)Lu.aUons. 
,A complete list of !iderences is given. 

''.llr'o 1pro,viide a ba,. i ,s for the stiudy pf the c.oPrdtln;ate tr1an~i,!i>J1tnat,ion 
prob1,em, i 1t ~!U be helpful 1to oo,ndder 1the folll.ow1fll di:Jc1;1u,iL9~. 
:ASSrume tbat tlhree 1or.tbpgo~l component, pf lfroeirti!Ld aeeelaer•tlon~ aJ, 
a 2• az, 1alliEl measur1ed 110 a body fl"•l!le of !lief,eirence. 'lI'boe ·tt1rr~e 

1
com-

1Ponent1s •n r r~retenrted lby tihe 1V1ectoir 

al 
I 

.E;e - a2 I 
(1) ~) 

8 



w;il'th tB dflno,t~~ ''Body frpie." 11!he 1v~,ct10r ,88 may be !liell8it.ed to ti~ 
'V ctlo,r S!,C, ac.cder tion mea uud ir. the priefe,n,ed c~p1,1t:a.t.ionall f 1t811e, 
by 1t1h '~:icpns,don " 

(2,) 

'llh s:innbd ~ npnsents some ti"otatianal tr~m ,foX'lllatlon oper,a.tipn. The 
body-f:1.,xed axe are,, in general,, ch ngd!ng the!lr re!l.at~e Qr:i.~ntat!:Lon 
with t'e pect to tbe 1oomputa1tiona!l refei.t1ence f 1rame oont!lnuously as ra 
fun t1on o,f the body rates about these axes. It b nepessa,ry, t:herefoi:ie,, 
to continu<i>usll.y update tbe sepnate el,ements 0f rthe trans~ormation n. 
To upda1te n. 1the body rate in£ormaUon avali.!lable fram 't1be 1atrapped-down 
gyros is emp!lo,yed. '!lthe problem as studied here:Ln, involve 11tlhe aomput~r 
mechanization ,of schemes that wi!Ll u e the g,yro-,sensed lbpdy ,aqguO.~r raties 
in perfoniing 1the ~ --1-1pda't:1.qg task. 

The report is O,l'!ganli.zed i.11 the 1fotli1owing 1manner-'!the U 1r ,,;,t sectionit 
"P1relirn!lnary Oonside,i:~tions, 1' rev.:Lews SCi>me otf the lbasl:Lc aJJp.e,otis of 
st1rapped-down eys tem mechanli..za1t ion. Inc!Luded in tlhe mecband.ie:atiQn 
d!l.scuss!l.on irs ,a summa1ry deaUn,g wiith the use of 1Puilse"'foooitrpll.J.ed ,, 
sttrapped-,.down ,g~nos and aocele,r~eite;rs". IA1so,, in 1thi:s Utrllt ~ecti1>n is 
1the development of two bas!l.c gyro 1mode0.S. F!l.nally, the tPpd.c !Of computer 
~rll.thmet1c is ,dhouued. !!'hose read,ers tfamill.1:ar wtf.:th ,str•pped-down 
mechanti.zati:Lon ,,oan ,sk~p 1this section. Silmila,:l!Y, those J1eaders ac,qua!Lnted 
with the 1method of dd.~ectbn cosines can akip 1tbe ,11eaGud ,ectt1an

1
, 

"Notati n 1, Def 1ni tiel)nis, ,and P,:ol>lem StotEffltent, " Read,eii,s !l.nteJ1ested 1on1ly 
b the mathema:td.cs of updatlf..ng cllit'.ecUon codnes may 1Pttloceecl dbectly tell 
1th sect:Lon, 

1
\M.g,orithms fo:r Updattln,g tbe Ii>itlect11on 10G,s!line Matrri~,." In 

d1at seoti~n, 1,the bas~c fo,nns ,of the mei>U CotalllPn d!I.J:iect:ion co1 ne ,algo-
1rithms ~u,e 1given Follo~ing tlh:Ls, in 1"At-gorilt1hm Form ~a.riaUon&,," some 
particular ,varJLations ()n ,the bas!i.c algor!i.tjhm fomns a:Iie U1:1cussed. l'h_ese 
are variait:L:ons ,that enhance ,some partioull.a_r p,er£orm,,noe charactserrtlstk 
o! the gti.:ven aO.~o,:rlf. thm . Ha:v~ng intiroduced tb,e algor:1/:tlhlll , the . :ecUon, 
"Algodthm IAndr h lilethothi" deals witlh the va,rious anall.~tical rtools 
available for the.li1r study,. !F111ially. the last ,section !l:lll devoted Q<tl 
~nvest~gil ':ions of tlhe truncati,~n en,<i>r iliesponee of some pf the all.90.r:l.thms 
1t:o v:ar:Lous d.:nputs. Noncommutati:v ~1ty and roundoff e-ctr~I!S will no't lbe 
studied ae ,such. 

2 

_,..,.,...,........,...,...,~M""'!it ,,,_ 
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The matertlal 1Pt1eaented d.n this 1seiotiQn ~s iQ1t.1eirdl ~ i:io sv:ve as back­
iWli>und 1mateiria1 far 1tho&e readers un~amilie r 1~ 1t!h SJ:Ila~p~a~aQ~ ineixr,tial 
srstiema,. The mechanizatlian of a 1str1~pped--rdo,~n line1ritial ,system ,w.ill ll>e 
described alon.g with the i ns,tt1umenta1ti~n of it lhe pu:lse-Qc:rntt1c>tl: ed, s~:rappetl­
down s~neore. Futither , eilnoe ,sensor perfc. mnance linfluevoes tlhe systi~m 
c~putational acoUiracy,, two Iba ic gy,ro •inodels are develqped and disouased, 
The sensor odds ace ~18, ,a 1bas!i"c elhinent i;n ::he analysts Qf 1tJhe trans­
fanat!Lon updating scheme, 1 because t!hey deti~mnd ne t!he fQl!'ffl of 1tlh_e if1put 
to 1the ,,computer. Fina!l.ll.y, a brieif dlisoussion of e!1ementairy CQmputer 
arithmetic 11s given. 

STR:APPElD-DOWN l>YS11BM MECHIWO::EArl'IQN (Ref. 11!> ,and 19~ 

Because o.f th~ii.r contir:llbution to system errors (e.g .. ,, quant iti:1:ation), 
!i.t .ils impQrtant to have an understand!i.ng olf t he oper-atior1 of llhe pulee­
cot11trolJ,ed g~ros and acoeleromet ris. M..so, a ,descr i ion of tJhe stra~ped­
down medhanizat t!.on oonct-p t is given to ai d .:'.n the u~der,s1tandlif\g ,of the 
J:1eiJ.at.:Lonship c,f the ,sensor1s 1to tbc 1tiema nde,r of tlhe sys tiem. . 

E<i>r purposes ,olf t .hi.s ,study, ·t he g;y,ros anti acr.ell.enome,teil!s ai ~ aAsumecl 
to lbe 0Qn~ent~o:1a:l sing1e-,.desree-01f-fireedom f(l.onted nsti1:1ument1s. Eadh 
gyDo and E:ach acca!l.~rometer ii.s opei:ated ind~pendentll.y aa a S'~p:1ed-data 
contr,rol s:;:stem, the :to1rque geneirator o'f 1eaoh linstrument being pul se­
cont1trolled by 1tllhe :out,put 1of !lrts signaC. seneratio1r. '.llhe 11>uls,e-ol!)Ot rol is 
e:f fect,ed iby 1CAD.sta.nt 1Pulaes ~p~opm,at,ely ~APlio,d l>y 1t1he ,contcroJ ~oc-ps 
to 1pel'lfoxrm tlhe ulse-,t1eha!l.ancing task. 'Flf.gwtie a. i :;; a edhemaitic ll'ep1r ,a,­
se1litettion of a 1pulse ·oontX1Ci>lled l!'XIO, 4 

The u!lse-,torgulir~g olf 1tlhese instiruments i s desi,rat--te f 1rom 1tiwo 
st a1.dpPILnrts: rI'lile rebalance torque can lbe rmCi>re .acov1ta tell.:Y g.enera1ted w!ii th 
[Pulse-~ocqulf.ng :equ!i.pment th:an wd.~lil anai1og equipment,, and 'th.e .Qutput of 
eadh pul!Lse-r,ebaltanoed i:Lns,trument is ilr he pi:rppe:r ficn,rm l :otr use .in a 
digtl.Ul compute:r. 

In 1the pulse-t:ot1qued mode, the sensors arie ope1tlalled 180 llha,t he ,tangle 
be.tlween .l.f!l.oat (for 1th£! i8Ytro~ ,or pendulum (ifnor 1the ,aocele.nmnet~r~ iand 
sensor :case is ~est1r;ain:ed t,p 1be ~er, 1am:all. '1lhe fO.Qat of the i•rr:.o, tlh.en, 
has Hsen:tially the ,same :ver.itio_r a1'a.u~.ar ve1ocdit;y as tthe <Meh.:Lcl1e-utounted 
8:YliO 1oase; the pend.ulum of the 1aocie!e1romet~r, ld.'lt.ewti..ise,., !hat.~ eaaenit:ial,llly 
ti.he ,s:ame acceleratio11 as the 1,-~ehic. e. 



I 11 11 
I I I I I 

for th• pulae-contrQ1U.1.,d ~Ollp~~ep~s ~e,sori~e~, ~h~ rate at ~ieb 
~ulse• are applied t~ the acce)erom ter torque motet a~ve~ a meas~r• 
of the lin~•r accel r•tion • l,an th ace 1 rOJDue~ s,n•tit:tve axi 1, 

Also~ the 111easut of angular rate t• 1upp1Ued by ~he pub -r4tJ ~ -
q,ulr d to rebalance the srro float. 

The pulsed ayro output will differ from the true gyro q~tput by 
the amount of storag error in the g~ro integraU~g el1!1Dent (see 
page 9). This storage error result , essentially, from the ~ombined 
effects of the gyro flo t time-constant and the attempt t<:> quan~i~ the 
analog sianal. Similarly, the pule-rebalance acceler•et~r output 
differ from: the true output ov. r giv'en period of time by' the stor4ge 
error of the integrating element. 

, 
For a given interval of time t:i.t~, a rebalance pule to the acceler­

ometer represents the incre ental quantiiy 

( ,3) 

where a is the constant or a'.ferage acceleration over the interva1 &ta• 
Tnis approximates the more gener.al case, where a is a function. of time 
and the incremental quantity is ideally expressed as, the intearal 

t2 
l::i.V = J a(t) dt , 

tl 

for l::i.t = t2 - t 1 • a 

A rebalance pulse to the gyro torquer represent the increment 

where WIA is the constant or average gyro input rate over the interval 
htg. As with the accelerometer , this is an approximation to the general 
case where WIA = WIA(t) and 

(6) 

4 



~
 

1·
0

8
0

\l
f.

 G
E,

tl
• 

~
~
.
 w

id
'~

-•
-

V
' 

ft.
_1

E
 

\N
1E

G
R

-.1
\~

 

G
'<

ftO
 8R

O
\.-

\..
 

_
c,

s,
o

N
 

fl'
)'.

sE
 

G
f.t

lE
" .

. 1
oP

-

• 
• 

.., 

s\
G

N
I.\

. 
G

£t
l•

 

\ ..
 ) e

.--e
 gO

\.
 \..

 
---

c0
11

f">
1E

R
 

o
~

Tf
J\

>1
5 

\ -
, b

8
 -~(

)\.
.\.-

F
IG

. 
1

. 
P

u
ls

e
-R

e
.h

a
la

n
c
e
d

 
G

yr
o.

 S
c
h

e
m

a
ti

.e
. 

., 
•• 

.-. 
~ 

__
Q

Jt
G

ll 
c
ll
l~

 



HQU Il! 4267 

ow th eneral etrarp d-down aechanization con~ept u■ing pul•e­controlled sens,rs is d cribed. The chanization ploy•~ in thi• study ut i lizes thr e, single-axis accel rometer• tom ••ure component• of eccl ration al r>ng thre orthogonal, body-fixed a:e•• Three orthog­onally mounted aiD6le-axie gyro are used to ea ure body angular rates bout t body- f".xed axe defined by th accelerom t.er :;riad. Thie ngular rat inform tion is then useo in a tran formation COllputer to ~eep the tr n formation matrix current. The ~r nsform tion matrix relate th body-fixed inertial information '.o coordinate fr e chosen as suitable for guidance or navigation computations, generally an inertial fr me. With vehicle otion, the orientation of the body-fixed sensors' input axis are changing with respect to the pr ferred computational coordinate. I t is necessary, therefore, to update (recompute) contin­ually the individual elements of the transformation matrix by using the body angular rate inform tion from the gyros (the information is actually vailable from the pule-controlled gyros in the form of small angular increm nts). The output of the tran formation computer, the transform d acceleration vector (actually available as velocity incremants because the 8ccelerometer is pulse-controlled), is analogous to th acceleration output of conventional gimbal i olated accelerometers. The navigation or guidance computations are then identical to those performed in a gimhalled system. A block di gram of this mechanization i given in Fig. 2. In Fig. 2, the computations are performed in the inertial frame of r.eference on the transformed velocity increments, ~,Xe, 

TWO GYRO MODELS (Ref. 1) 

In the study of errors that arise in using a digital machine to compute the updating of the transformation matrix, consideration must be given to choosing not only representative inputs but realist.ic ones. The representative inputs are determined from considerations of the performance parameter, such as velocity and turning rate of the vehicle carrying the stropped-down ystem. For a representative gyro lnput, the turning rate might be specified as three smooth functions of time, one for each axie. The gyro output is an angular increment that becomes e the input to the computP.r. This computer input is a di cret function (id~ally the integral of the gyro inputs at discrete points in time); it is not, in practice, however, the integral of the smooth input functions. For one thing, the digital input is obtained by quantizing the gyro output. The result is a quantitiiation ~rror. In addition, there are other errors that arise from the gyro system, the gyro storage error for example. Below, we consider two gyro models that were used in this study. The more basic of these model~ is simply a non-zero reset integrator, which implies that no gyro dynamics are siaulated. The second model utilizes a programming method introduced by the MIT Instrumentation Laboratory (Rf. 1). The MIT model includes gyro dynamics that are absent in the first model. Both modele will be dis­cussed together with relevant equations and block diagrams. 
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S1"1'LI GYIO ~ll>EL 

lb 17,;a aode(l h ahown in block dl•ar• ,f~ra ilo rt •. ~. 11,t• 110del 
funcUon• eaaentially •• • clock-regu.lat , non-,zero re•et t•te,rat:or. 
'The input enaular r•tee are lint grated •~p•rat:ely ,durln1

1 

th• clqek 
1periloda, k:1!8• At each clock pu.l1e, .lcT_,., the tn, arated r•t•• •~•1 coa­
pared to threabold values A&£• hi,. If 

(7) 

the 1th integrator output i• reset such that 

0 • e. - Ae,..· 
£ i. l, (8) 

This 1a analo oua to the 1th gyiro .float ,angle, having exceeded 't~e gclven 
thre•hold, being rebalanced by a quantum of torqu~ ("1th zer:io n••t tl1t,2-

constant). lf 8-£ < A8£, the 1th integra'tion i .1 aUow,d to continue 
without alteraUon through th next clock interval, (k + JJrz,_,., follo,,ing 
which the procedu11e •tated by Eq. 7 is repeat d. For non-zero v~lues, 
8e i• referred to as gyro storage error. This results from not being 
able to return the avro float exactly to zero. Thi• i• deaon,tr4led in 
Fig •• 4. At t • 3T8 in Fig. 4, Eq. 7 ii finally triue. At t:h~• poinit, 

' (9) 

lafl,oatl has exceeded the threshold 48 by the amount 8c dur;1~8 thie period 

(2T8., 3T11 ). Upon a,pplying a quantu of torque to t he gyro torquer, th 
l,fro float 110Vee to an angular error in float position lying between. zero 
aud 168. 

8"' t - A8 • 8 J .. oa £ 

Further 1upection of Fi9. 4 re~ ale that U T
8 

w re reduced ;In 
length, for the input rate shown, there iii a puUcular T

8 
(denot•d TJ 

in the figure) that would allow quick ~•covery of the storage err~r. 
Jor the T8 •hown, the storage error i s zero at 3T8 . 

8 
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111 I 11 

kxr cno N>DBL 

lnclu,to at pro d,,.._U•, •• il;I th MIT wd11l. ,,. d• a • !I. le,. 
aiilftc:u.1 than tb• •1-ltl• •c pr••flau•ly de•cr1&-4. 1The Mtbo ,di­
,crlbecl •• 1111 tor• ternarr p 1 .. -,;ebal.tneed rate-iat,*rau I arrb. 

The ffl'O equation ot 110tJ,o'n h 

wher I t• the aro float moaent of 1ne.rtla, 8/ is the a,ro tlo•t angle, 
N t. the rebalance torque (/./ • }( ~J ~ )< is the 1rro wbe 1 anguJ..a,: 
~ntum, '°IA b 1rro input nte, Ci• vhcou• frlcUon, ncl 

Kl - 0 if -81' < el" 18T ., 

Kl - -1 if 8 C 8 
,J I -T 

Kl - 1 if e1 :,. eT ., 

for 8p., the 11ro thl'e•hold angl,e. 

ln block. diagram form, this gyro model appean u in Fia. S. 
Fipre 5 •bow• that the rebalancing torque, K1M • (1,,. t N ., is clock­
regulated. ?be torque quanta are therefore appli,ed only ,at the clock 
tat, rval. Th thre•hold, Op., is variable .and 1a cletel'lliued by ~q. U ,. 

e •r'litie, T o 
(11) 

r' b a caUbratton con.cant dependent on the gyro. Dependt:na on the 
•tate of th threshold detecUng device, the r,recidon pulae aeneratoa:· 
••nd• a pulse to the direction co•ine e~uter scabd at 

A8' • 0., t 2-n (radians) 

10 



lftfl[C'J 
• •P, ,1 · ~ , 

• RAT~ 
o,~1, ..__ ____ ~_,... 

lnt::egratiJJ;a Eq~ l(I), 

where 

Writing R in thb manner aaau e that 

Since 

N • )-(w maz 

intc1ration of lq. 12 give• 



I I 

o,t• t t It to~ ol t:9. 1P b tcaJ, tr q I t ~ I 

fL,ne . p ul : aeul•r~i•t .. a:ioprJ••• 1 , ___ , 1 
•fle1 •d•• d~•laol>MJlt• o,f tbh II c~:io.,., are •,Pl' J 
l ue•L•rout, r. 

COMPIUl'E Alit'HMETliC 

Th •crum::tz•Uo plf 1th1 ~<1>c•put,er 1carrd ilin the ,vebi,::le lllo pie .. ;.(1,oni 
1the tr~11to;nat,lon ot coordlorates ,affect ,., t~ cbo~ of tr-,nefo.,..Uon 
P,p4atins m.etbod11. ln th:!..; ;: p~rt. ,a d:igU:•l coq>u~er ueiia:lg iu,a,ry 
arit Uc hH b en a111,1med. Multtplicat i,n 'l),f - n• r b y nie

1
aatbe 

or poef.tive ower of ·two ·re ult• tn 1hifU1.11Jg the n'1tll er· to the l(!ftt or 
to the .ri,pt b¥ the n b r pf place. dete 1rail:ned by th.ie pPJler. For ex le 

1 ,'6 • 22 • 20,, 1n bia.ary beco e, 10,1 • 1100 • 1ou;o,, or 1111~1, tbe bllnary 
upr~ entation 1Gf 5 1hif1t d tvo pl ac to t • e left. 1 ,Uarly, ,5 ,. 2-2 • 
6/4 b c011es binary 101 sbifted d ht t¥o pl.ec • n 1.01. 

It the chal:iac,t ,erhtilce of t e v~h!kle ,are 11uffidentl!Y' wel:l kno!WQ 
eo that the •dm• ansu,lar r;at ,OD ,UlJ .x:b, 114m~,, can .b dete"-!l.1:,.ied,, 
then the ••p.U.ng interv•l 6t ,c&D be 'taJt.eo 1&0 thrat tbe u~uaum tu,rn.ing 
ra t ,e profiuoes emcactl y one tie pule ~ac h • ...,ling time , 1. e. _ 

/

At 

ll e • wmc::t:t dt ... 

The nwaber tie ie uU and U .e, between t~o •uccJ,Hive binary frac:t:fon• 

# 

with i • 1. ,2,,3 r;~pr,ee~ntU!ig the three input ~e• n:uab,eted !~2.a~ t'ijie 
pulaed output of 1the gyro 18 11ow a binaey n • er; •• a re.ult, .arithaettc 

12 



•ol~llnl ~ ~,n b p ~om d by 1hl~U a[)" ,a~~~I~ ro~1 1 
uy b• re, u'in,d p dol"QI 

re Ci2 !f.s 10 dlrectlon co ln. Tb ~e ultin, f~oau.c~ ~P~~d ~ 
binary C-t2 shifted n bbary plac right. fiiJ t.heI1J)(l)li ~ pne: 'f~r:im of 
an updaU,oig sc:hem m y b pref n:;ed to noth T bee µ5, it •• • 11 au,i­
co t of shift amd add 1oper t1ou, or !f.n so e w y ma'kes ti)~ ~:lis:i,ary 
computaU,00.1 ea :ter . 

. ot'ATLONS, DEHNIT[ONS, AND PiROBL!M Si'~'fEME t 

A few general 1notaUon , S}"lllb l , and defimit~~ s [Par,:lPlolfiar ttio lhi1s 
paper a.re dlsou..:"ed. Other will ,ari,se and are dlisc1u.H:ed ,1 ~qie~ are 
used. A U. t rof 1S!)'mbol1 1, given .trt th,e lbegtnn ln ~f rtlhe ?iep1nrt. 

,Dlffet1iencie Egu.a!tlon NotaUons (Ref. ,25, 2r2) 

In tbli. report, th~ probllem olf obta!l..ni:lng Ill.um rll1cal soJIJ1,1t(ohs of 
dll.ff,e11enUalL r~quatlio,ms wUl , dse., Xo ob1tl!lin t lhe e ou .. er!L~•IL sol~t . .iions, 

1"1rre will have to 1<lraw forr the most part om w:bat a.r: palled Iii.hear 0r1Ut1ar~ 
differenae equations.. An 1ord!f.nary rdlffrem::;eoce e~uat:ion pf 10

1

t 1a~r: r c•o !be 
def!ined bf ' 



• .,~. - y l~ld I (#- ~ I iOf i I II • Jl(:»J 
iv ill a 
foll.ow: 

-~ t . Of im ~ ~k 
--.,le. IO>f ~ l 1dJ1f t 1 

(18). 

rhe fi
1

nt two tlcm• a.re •Olidil. ~1 dlffere ~ 1 q~'~il. • wlitb ~k- r,- J 
d te.i.mlLU~""' •• ,11, f cUan o'f d!l■creite ~-■t Y'&l • of 1i' and :c.. uatlton 11'9 
ii.<• al■o ,a id:lfier _ ee quarts.cm. ibut it outaln• ,derl1¥ra!U.Ye■ and li• 
referred to a.• a differ,ent'4.t-diffte'N111Je quUon. 

Later 1 thi■ t1~0.rt the11e :11■ a s eUoa 4e~oted Ito It d.ete111Dinatttiou 
8f the ,.Lutton■ to 1dil.fference 1equatlons,. furthe,r dli■cuHlon of aetihodr• 
orf olutl:on will! rtberiefor be 1d:. f,er.red 1~ntU tut , ecrtlon 1a :ruehed. 

Hatr:k Nci>tatios.1 

this ,r P<!>l:'tt deals p:r-lmarUJ with Ht.• of ,dlffier-en,ce e U&til.oll■ that 
aay ibe rwritt and ~ erat d o 1acc.ordlna to r.u.lLea of ordinal'.,- matrJlx theory. 

The f d.r1t t)Ype of matrlac notatt10n 1dtscus ed ••• 1ntt10du.eed earUer 
in Eq. l nd b 1tlbe vecit.or -nCl)tatiion l(aeltluUy ,a 3 :x 1 matrix) :: 

(20) 



, 

. , 

ell._ 1 g\1i8lttl. .. ~ & ll.1

11111 1u■ tt d o't 'bltim,r ,y ~t,~ 
pron a ~o o.rt q9on•l ir~1bt.J)i~ A Itri ~tt:· ~ It~ 

ote l'C¥:.t :t: -.irul:ettta1t01:1e la ed ltiP :w.d c.att tha~ ! !Lo tal 
1 th of ttbe vectC1>:r h I l~ .n 1b1 

d tlhe 41 ctiion of the ivect11>:r ~ sp ci.f.tl. d by 

llairll.1.err, 11tihe expDeHii(l)n re1iatlli~ lll.wo ve~tors easur~d in diflf nent: 
• rd 111c.e lf1rram Ito ~cb ot:her I wa.s tWirlittein n !:e' "" DI~}. The 

tranalfoniat:lfiom ope.raUon ,n this r,epo,rt 1 t ine m.a1trf111t of dbectio_n coaa. .. e.s, 
ila IWZ'itten a.s 

'The 111atruc [CO is it.he dilrection c.os!Lne matrb,. llin o~p0a$lt hrm. 

l • 

3 
'~ c .. 
~l rt,J 
J"" 

• a 
J.,B 1(24) 

• Cij h itibe teO.ement in 1tbe ti:tibl t"PW" n!h ,co[umn o~ it!he rmatirti,~ [Cl. ana 
denot;~ ltibe ,:dl.l'lec1t1om cosiroe that re1ait1es the cL..&h iaxii• 1of IS!)'st C rtio 
1:the ~ ad• c, f B. U'he no1tia'tion '[ CO m JEg . 2l4 Lm,l::le.s It be J x J ar11191: 

, Cl! c1,2 cl3 

[C'.~ - c21 ~2~ c2i 

c.J1 ~i~ c.JB , 



!9!61 'Jtp 4261 , I 

W& n de 11111 with th. 
•ployed. dUference 4uat1one,, two no~atioh11 ~r,e 

lc1c + 1] • f ck' [BJ 
(25) 

ell ell 
;..,, C 

12 Cl3 
c21 a c21 h11 + c22 h21 + I 

c2;, hi_ 
C c31 c32 CJJ ... (26) • 31 k + 1 

k 1c k I 

Equation 25 is a matrix equation representing the relationship between 
t~e direction cosine matrix at some rbitrary time k to the direction 
cosine matrix at time k + l, giveo the matrix (HJ. Th subscripts of 
Eq. 25 denote the fixed time interval (k, k + l!. The operation, Eq. 25, 
will therefore be referred to as updating, i.~., [C1c] ' h updated to 
[ Ck + 1 / by post-multiplying by the matrix UJJ. The notaUon of Eq. 26 
represents the updating of a column of [CJ; L~ this case, the first column. 
Notice that Eq. 26 is simply the operation that actually would be carrifld 
out given the components of [ Ck) and ·[HJ in Eq. 25. 

A Rotation Defined in Terms of Direction Coaines 

With the uid of Fig. 6 , the individual components o:: the direction 
cosine matrix are obtained by forming the dot product 

C .. = 1. C • 1. B , for i, j • l, 2, 3 1,J -i, .J, 
(27) 

li c is the unit vector measured in the computational reference frame 
with direction along the 1th reference axis. LJ B is a unit vector 
measured in the body frame with dire,. tion along t'e j,lh body axis. 
The subscript C denotes computation frame and the subscript B denotes 
body frame. 

16 
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a,,c: 

FIG. 6. Axis Sets. 

Exampl!L!_ 

Consider .as an example, the single-~ds 1rotation described in 
Fig. 7. Equation 23, E.C • [C] E.B states the i:-elat!f.on1d1:ip bet~een the 
body-Hxed components a1,B; a2,B; a3 13 and the computat;lonal coordin~te 
set a1, c; a2, c; a3,C· The individuai co~ponents of the ID8trix [C) are 
defined by Eq. 27. 



In.aertina these elem nts into Eq. 24, and writing the vectors ~C nb ~ 
in component form, we ha~ for the element11 of lCJ. 

al oos e -sine 0 al 

a2 - sin 8 <?08 8 0 . a~ 
I 

a 
•l C 

0 0 1 
ias Is 

a1,1 a2,c 



J!l.r•ctlPn Cpaiae Dlffel'egtial, Eguatlog , '1..,e .... ~...,. . ..,..,.... ... 

·fb coordinate axe• for the bod1r sy~t-.,~ ,B, ,a~ d~o~-- u~ B~. 
(i, BJ, (3, IJ) and the c~puter system (prefetud or 'inertial. •J•t•>, 
C,, axes are denoted (1, C'), (2, C)I, •~4 (8, C~I. Asa.-1 tba~ tile 1>9dit 
srst . , ill rotating relative to th, computer ~1st em •i~h a ~lair 'l'•l<>f Ur 
.!!• Wr,it:l.ng ,ell for the annle measured from rl, C) to (J, 8) (fig. 81, 

3 ,8 

FIG. 8. Angular VeloHtJ CQ1Dponent 
Caused bJ tbe Rate of Chang- ,p.f a 
Direction Cosine. 



which, upon writin111,c in •ystea B, &e~ome, 



But 

C011b~ning Eq. 29a ,and 30, 

Proceeding in a dmilar manner, w:e can obtab1 the der,ivaUvea o~ ad 
nine direction coainea in tenas pf the components of III ilri aye tea B. 
Dropp1na the ''B'' notation, we1 have 



1 I . 

In utru: notation, w.- h&ve foJi , q~ 3Pb 

~ [CJ • [CJ [OJ 

WJ is the skew syqa tric matrix of body angular velociUee 

0 

0 
(31) 

PllOBLDf STATEMENT 

At this point, ther,e 1s sufficient material on hand to make a. more 
defiuite statement of the entire problem as it will be dealt with in the 
remainder of this report. The goal 1a to find ,a suitable means for 
integnting the e,:11-ttion set (Eq. JOb). At best, only a numerical 
approxi!lation to this integration can be perforaed because (1) the 
angular rate information will be proces ed in a computer capable of 
operatinig only ,1n a discrete nuaerical .fashion, and (2) the dlg:ltal 
transformation computer requires that the gyro-output angular-rate inf o.r­
mation be quantized. As a final problem statement, perform a num~rical 
integration of Eq. 30b given quantized angular rate infonaaUon,. ?he 
solution (or integrcll.tion) of Eq. JOb will then yield a trariaformaUon 
matrix that will correctly relate bo;iy to computation axes as a function 
of time (discrete functfon of time) .. 

ALGORITHMS FOR UPDATING THE DIRECTION COSINE MA11RIX 

DEFINil'ION OF THE TERM ALGORITHM 

Algorithm is a word derived from the word algoriam, which means the 
act of coaputi.t1g wit h Arabic numerals. The term algorithm 1a no,r uaed to 
de110te any method of computation consisting of c,omparat.ively small steps; 
the teps are taken in a preassigned order and usually involve iteration. 

22 
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q)IJVDTlO- u;JPIICW. IN1iEOIAT1JON ~Cl . S 

foit th dir-ectt~ cosine di,ffe~entl.41 equ.atlon, 
••1 that 

The foll.pwiQg Kpibol,s ere used 

(l2) 

(33) 

Where tk ls the value ,of t at the ac£h step in the in'te.fation and 
tk +· 1 - tk • ll't. For first-order equ.atbns repreeeJitecl by Eq. 32, lth,r;e 
are basically two geneJ;."al types of integration algorithms,: 

(1) Po'rward integration formulas ln whi.ch jcn + 1] le e:xprieHecl as 
a linear coabinatinn of [Ck] and d[C7icl/dt f,pr k :s;n; 

(2) Iterativ:e foraul~a in whi.Jch Cqn + z J is exprused ,as a linear 
combination of d l[Cn + 1 ]/dt ancl [Ck] an4 dC/dt k for kl, n. 

Alaost any ,standard tat oni numerical anaiys,i,s gives the mo~e c~n 
int'1gratio-1 algorithu (R.ef. 21, 22, 24, and 28). 

REClANGULAR. INTEGRATION 

Rectansular lntegliation is the simplest of forward integratloJl 
formulas. Beglnnilng with the differen'tial equati,on 

We fora the ,integral 

t + At 

.Jo 
d[C] 

to 

t + At 

- J
o 

[C][A] at 
. t 

0 

(34) 
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~j~ •~•~, 

6 

J f {,,;j dr. 1• f(al (b-a) 

a 

lb ruaon for calltna this apprQxlution re0t~11l111r tiQt 1.-•tton ir 
obvic,ue from ,Eq •• JS. Suppoe f(r.F v•r 1011e ,c-.ine •• •bow la 11,,. 9,. 
~ ,a'haded rectaa,ular ar,ea 1a the f~aur.e 1■ • rllCt&qular ,~pproxtuuon, 
to the a1'.ea under th f(r.J-cun,,e hom r.-a to r.-b,. fhua for ,Eq. 34, 

t + l1t 

• tf o [Cl(gJ dt "' f ~ ~~ At 

,o 

So, 1lven the ICJ -••n at ~1- t0 ""4 the -•lar ••t•• •• t!l,ie ~
0

, 
Eq. 36 then deteAain•• [C'J at tlae t1.. And la aeaeral, for an f. hrval (tk• tk r 1), 

(37) 



a b 

. The coaponent equation of ,Bq,. ,37 uy be 11t',1Uen _. 

C C C 
U, 1<.+l 12.,kH. .lJ.,kf:1 w2 1l~1k, 

I 

-cail 1,rt i~ + 

then. wriltlq la 1coluaas, 



lefler to lq,. 4, r~1tt•n for t 1,.U. s,r,o 
I, 

I
t+ ,At 

, w./lt)dt 
t 

lf • 1rectqular lntegratilon of 1:lh.ie lnte,gral 18 perfo 

For tbe cue netie CIJi {~t) • w,: .., ccmsbt ., 

:Sub■tltutina llq. rl:O ,or ,zt,. 41 !lato lq. 39 11.rvu t aet 

Recall tbe •terld. ,re•ea.ted in ,$e seic'tl Olll IJTO aodel■ ._na ■t-114, 
Ila. 51• The IFTI> p.atput l■ .-cban.i&ed ■uc that tt rwideJ a ft:xed. 
c'l~b-ti plated 1pulrae l~Lecl •t ro I'd~ .,,.nevei t gJt-, float 
eo■itimr exceeded t: e 1thre■bQlc$ aagl • 



■iz of ' 
lair rcat,e 

rein T11 Ila tl l'}'lrlo clodt period,. ~'.tlflc A18 ~ rt.?• ~ 
b It can:■ ul.at: rate IL "-7et ti ' intiena[ ~ l •10 
that ,all t ianguiar 11.m.fJr:>:rmaUo Jl contia Ii ,the ~rllllND.t ,t ·r'll. 
ror 1~le, if n=l~ a: d Tr(l/2000,I aec111 '''+ru:z~/J,.488'2'8iiS l'a4/ieec. 

y ;gl"\11ell a:,at 1mechani1Jzatlfion, an ,att pt is made to ete ne 
au: iuput an u!l.ar rate iwllll be. ll'hem an altlt pt h 1U e tlo re · II> 
a guanti.tb.atlon le ell md cloc'k per od so that lq. '4'.J la 1111',1.t;illHed • 
• For • y lat11e:r constant rate to occur r0 e:r that rw:al l.eoa•u• 101' a 
sro ~ 1pre41..c1t1.0~. 1011e o,wi't of , • ullar !tuf nut! ~ e lost 
1c,r •~mi:,m Im. lti IV?I.O • 

Fii,r a 1:1atre w le■s than ,ci;,,az, 'Eq .. U iill 1:1 pDJar. I witlb 

A8 ' + 1B = w " rm fl' • w < w__ . 
111 E 8 "......, 

wbe11e m clo.C:k. period■ are ~equll.re.d to makie th g~iro fl.cat p01l1t:i1m1r e:xoee~ 
t thr;e.abold. ,For 1tbe • olf cllock perll.tocls II.ea, than m • trbe .,-ro oiut~ 
vlU be z -rio. l~ot,e aliso,, t:ilhe ditiLGD of the •~or I e:rror tem li8E In 
Eq. 44 ,and IEg. 1f.!S. iFor a: lar rate.a t rar.e 1nmi-tel121daaU.na decimal 
fr.act:limns of ~• 18£ rill h non-,ze.-ro ow: r all tthle. 'll'emWt 1 

decll1Dal firactlll> r:at wU.l (Permit B
1
t;•D lfor .mU:ll.itiJpl•• olf rt.hat lfir•c· ~on •. 

'llhul!I, th gytio b supplflng 618 '•• pu,ticulair fmed Taha iA10'111. 
lSinc,e hese l.ncremer..,:.a are fk d, d :not, 

If t.b %:ate ilia constant ,aucl m.uimu:m,. Ith~ 

H6) 



mT 

hi • A8,t • / 
8

wi 4t - ee 

0 

'.r 

hi A O • /B l»i dt • 
0 

Pina.Uy, ff we mechanize the 11110 output to be acaled at 
h;_ • ts-n. O; i • 1., a. 1. we uae th •• pulaea as angular r~t• tnfonaa'Uon 
input.a t ,o • di9ital COIIIJ)uter. In thi computer we have ■ecfumbed t~, 
Bq. 42, which now appears as 

or i?l the matrix form 

• (50J 

where 

tad UJ i■ the unit utr~ ~ 

28 
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lq'-"'tJlon 50 ia th fl~l form pf ~q. l~ 

[HJ• (OJ At= (O] T 
8 

'1 

and where fOJ is constant over T8 and the le 'nts Qf flf)I ~•c~ hke1 on 
Qn of 3 val ues : t 2-n, O. Eq~ation 50 ia1 a r~dtungtllZm- int~gra~ipn 
algorithm. 

Th~ rauments pteunted above are vaHd1 i:o;r ~ rate that :i., j I 
constant, ;.: least over the clock foterival I T8 ., For noncon11tan~ r•F,e,_ ► 
i .f T8 ia 111:11:le1 auffic.iently sm 11, the ~IUum~tiQn of cbpstant r,a~~, !ls 
generally adequate, depending on overall accu~acr requi~ementa . ln 
either case, we are faced with the problem of the discretization ot a 
continuou signal and are forced to deal with qu•ntitiz~t:ion eri::o~a~ 
For the purposes of thi paper I it shall be assumed. that throu,gh judiciou t l 
equipment design the assumption of constant rates nver_. the clocJQ 11'."~er,ral 
is valid. 

TRAPEZOIDAL INTEGRATION ALGORITHM 

d Beginning with the direct.ion cosine differential ,quation ~IC].,,.. 
(C](O], write 

t 

[C(t)] "" [C(o) _J _+ f [CJ [OJ dt = 

0 

t 

[C(o)] + f dfC(t) J 
a 

If Eq. 52 is true for the interval (O,t) then, in general
91 

it will hold 
for (tk, tk + 1). Thus 

In the trapezoidal integration of an integral, 

increment of area under the :r(tJ-curve 

,. I t 

f k+l 
say :r(tJdt, 

tk 

(53) 

J54) 
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-where (BJ is as above, folllowfog Eq. 50. 

SIMPSON~s ONB•THIRD RULE 

Simpaon'tJ, one-third rule integration of the dir ctlon c:o,ln,i 
differential equation is given by 

+ ½ Ck + 2 [H] (,56)1 

Inspection of Eq. 55 and 56 shows that these algorithm atre! it,erative. 

TAYLOR SERIES 

Use of e Taylor series gives rise to algorJthma that gain greater 
accuracy by using mou information at a point. That ta, 

(57) 

.... -.. 



i IC] • [CJUJJ 

; 
--.r (CJ 
diit1 

eta. 

( • 2 d ) [CJI IO] * af [OJ 

By substitution, we then have 

U we assume that IO] b constant over the intfrval litJ and ~hat 
[OJ At, then 

~ow in Eq. 61 le't us truncate terms of OFder t'(O •nd higher~ 

which is the s.-e l'Hult as that obta'bed b1 Jecta~ular int~ra,t~oii 
Equation 62 is referred t~ aa a first vrdez-1 a~c:n•i·~m. lf t~rma of orde~ 
three _ and h:llgpJr are ign:9fed and all ded.vatlles oE [Q] are oegli1fbli.e, 



we obt&in a seconp order algontb~ given by 

Both the fir t- and second-order algorithms give rise 1to dilfez:-ence 
equations of order one nd are called op,,m fonaulaa. 

OTHER SOLUTIONS OF THB DIRECTION COSINB DIFFEQNTIAL 
EQUATION 

The Matricant 

d 
We now consider several solutions of#. [CJ ai [C)fn:J, wbicJt are of 

general interest. 1'he first of th ae aolutlons is a eer1,s solutlion. 
Thia solution is effected by integ~ation and successive aub•titutiQ~•~ 
As tn Eq. 521, • 

t 

(C(tJ l • [C(oJ 1 + f (CJ [O:]i dt 

0 

But for [CJ und r the int~aral, we may substitute th• integrated 
u:preaa.ion itself: 

ti. T ) 
[C(t)J • [Clo)) + ! \[C{o)J +!(CJ [a] dt' , [Q] dt 

32 
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I 

Su •~ltutina again 

These succ aaive substitutions may be i:ontinued indefinitely so th•t: w• 
have an inUnite series, which, upon reartanging, h the fc;irm 

Gantmach r calls this series a Mat.ricant (Ref 18). 

Before we proceed to make any use of Eq. 66, let us recall several 
specif le points re.garding the quantized gyro outputs, our source of1 

angular ~ate information. 

(1) For a given· gyro clock rate and speC;ified ~-,d WD ansu~~r ra~e, 

h,i • t.e-n., 0 (RAD) h the scaled gyro pulse. hi "" ,~ ~ mazdt (Eq. ~1). 
MT o ., 

8 

(2) For w < ~av hi = -8£ + 
0
I wt d't!,i, wlth 8£ 1t.he atorag

1

e erroti~ 

Alternatively, hf,. 4, 0 at the g~ro output 1f / 
8 

"£ dt ~ /8 "'o, ~; 

hi • t.2-n., if rs Wi dt = /
8 

Wi., mat:dt., with II.I£ < Wi, maz· 

Then in Eq. 66, if the elements (OJ are c<1nstan~ over the intervaJ fO~ rl'8 )~ 
we can write for the second term im"ide the large bracket• 

t 

/ [OJ dt . Z [HJ 

0 



,,..1,tt~ e~~~ hi, io (11) b~in subjecta to, poi-,t• (1) an~ (21) • ' 
1r ('1,) • c:o Jtant 1pver the 1:qte'tr'fal, ~hen 

J t t 
• (PJ c:h • (OJ / d, • ['1] 11 , 

0 p 0 

ae vaa 8tated ln Eq. 51. Por the Cihird ten o,f ~q. 66i, v have, ~ 
co11ponen't fom, 

"111 1112 nu 

/ (/cni d,) 1n1 d, ~ 1121 1122 n,23 • 

1'131 Tl32 1'133 

where the elements flij arc 

t68) 
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And, as befote, introducing th [HJ matrix, 
f 

(70) 

• If w truncate the sei:-iea (Eq. 66) after thi3 aecu;,n~ integrat~')n~ 
we have 

which is the second-order algorithm of the Taylor 1:1~ries. 

The Katt"ioant fpr Nonconstant [:O] (lef • .2l_ 

I 
For an (OJ matrix th.at is nonconstant, ~e arll! '9,ble to draw on some 

theorems of ~trix theory and ordi~r, algebra that ~;ULl , u~e the 
matrl~ant (Eq. 66,), under ,ome ~lrc,•s~anc~s, ■ore •ena~1e to the 
simplified dl9itall operations of Sijlft and ADD. In Eq. 66, denote 

t 

/ [O] dt = I U(t)J :r [U) 

" 



Aa■•e that we hay t'i:.e. aped.al condltfoll vliiere IA£~ i • 1, 2, 3 18 
DOllCODJltant, but that 

In the aecond-order term of Bq. 66, l ,et us look at the eleaent■ alog 
the aa1n diagonal, uch as 

(7S) 

As before, integration ~Y parts yields 

For the o-rf-diagonal elements, we have, for ex.-pl~ 



II I I 1 ,1 I II I, ' I I l I 

.. I 

• ipl~~ tbh ac to all eleaent■ 1>~ 't~ ~ cc, r4 
yt 141, und~r th 11uapdc,n of anauU.~ •d9Filt1 z,rqpor 

Thien, according to Bq, 73, 

And, by induction 

Bquation 66 can then be written as 



(J 

t ~ t 
1(1~] - f w3 dt ,-ru1 dr 

t t 
-1~2 dt I WJ d1t 0 

($3) 
0 0 

Prioceediag, now write ,el[UJI in the £0111 

e[UJ • (Ao [II r Al [UJ r A2 1VI) ill ('4) 

w&ere Ao .41., A2 are to be determined. The■e coefficients, ,cu be 
~ I c1,te~ed by dravq on the Cayley-ftuailt,on t:beor• .and a -.tr~ 

generallza'.tion of the remalnder theorem of ordilllary algebr•~, ·:r11e theory 
behind this method .is de'tailed in Ref. 19 ~d ,..,111 not be repeat~ here. 
Ac,cordi~g 't ,o the scheme in the reference~ we cfeteraine the ei1genvaluea

1 

of 
(OJ to 'be 



ba ~ ~ thr eq tlou 



I I ; ; I 

N t~t ~o t•™ hi hi,% t~ •econd orde, •fP~•~• Th■ t~~c nd••t• 
propeiU-■ of eli.<] are , ov.v r• p~~•erved through ~b~ ~pparam.c, ~( 
sl,n '41 and ooe tP. Kecaill':L~a ,aaaln ~hat 

where the el ents of [H] are such th t ;li ,,., t 2- n, 0 'and i • 2,, 2, 3. 
Then Eq . 89 may be written, ex:pandin,g and coll ecting terae, as 

Equation 90 is exactly the form that will be used later in the repr.,rt as 
a "refere.nce" algorithm. The development here has been with that gQal in, 
mind. 

As a matter if interest, if we approximate cos ljl by 1 - ~ and 
sin "1 by "1, Bq. 90 become• 



or 

.J 

which is the second-order algorithm developed ee~lier. 

HIGHER-ORDER ALGORITHMS 

Algorithms of order three and higher can be fo1..ined by including mowe 
terms in the series expansion that 9enerates the algorithm. 11he wisdom 
of such highe:i:-order ":'efinements, however, is subjec,t to question when 
overall system errors are considered. The higher-order form are not 
st udied as such in this pap~r. 

DISCUSSION 

Thia section has been devoted to the develdpment of a set of eimple1 
direction cosine updating algorithms. Of the mas,t interest are those 
forms that can be readily mechanized in a digital computer oper4U.ns 
only on the principles of SHIFT and ADD. These are the Urst-oi.der, 01r 

rectangular, algorithm and the second-order algorithm. When moire 
sophisticated and complex digit.al computers are considered, oth~r 
inttigration schemes become useful, e'\Jen to the po,:fnt of us,ing numerical 
integration formulas such as fourth-order Runge-Kutta. 

For the purposes of this report, we have asst.lllled1 t:hat the ~omputer 
will not be of sufficient size or UEz~ibility to al.low prqgramm:llng of 
algorithms other than first- or eecond-order or simple variations 
thereof. 

ALGORITHM FORM VARIATIONS 

Now that the basic foms of desirable algorithms have been 
introduced, several variations oq these forms will now be consi~ered. 
To a certain extent, the form of the algo,rithm valiiatipn is directly 
related to1 the coaputer mechanization used. 

41, 
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J~!,t,i"'-P~ESSING ~II'IIIM 

If ,re hypotlle■iz'e ~bat the ditectton toaine ~oa~ut•~ ii c•p~H• ~f. 
accept~ th, p~h• lnfd~t!ioo fJtdJD ~iJ• t!uree g)rro• •~lta,epµ•ly, •~ 
can ~her af t,r u•e th.ii la.format1ou1 tP updat •11 •1- l!h•ctioa, 1c:oa:ln11~ 
aiaultanaoualy, the alaor:litbta so emplo)!'ed ia uaua:1:ty refJl're4 to•• a 
paraJlel updatia,g method. Under the ••aU11ptions alven !ln th• pre"'ioua ; 
secUon, the updating of the direction coail\e trix can be re~~e••~t•~ 
by lllq. 49 as 

Cil, k + 1 c.a i. ., k h3 - cis, k h2 + Cil., k 

c.2 k + 1 - c. k h1 - C ·1 k h3 + Ci2., k i. JI 1.31, i. ., 

c.3 i. ., k + 1 = C •1 i. ., k h2 - ci2., k hl + Ci3., k 

for i = 1., 2., 3. This alaorithm use only the past, k.!9., value of each 
direction cosine to update the direction cosine matrix to the (k + l)!E. 
value .. 

SIRIAL-PR.OCBSSING ALGQR.ITHM 

Referrina again to Eq. 49, repeated in th precedini paraaraph, if 
upon obtaining Cil k + l• we use it in•tead· of Ci1 k at part of the 
computation for ed., k + 1, and subsequently u1e Ci•/ k + 

1 
toaether with 

li2., k + l to obtain Ci,3., k + 1, we, are using aer ai proceaaina. 

ci.1., k -,. l • c.2 
i. , k h3 - c . i.3, k h2 + Cil., 1c 

ci2., k + 1 • c.3 i. , k hl - C.l 
i. JI k + 1 h2 + C t2, ¾ 

c.3 k 1 • c.1 i. ., + i. ,., k + 1 h2 - ci2, k + 1 hJ + Ci.a. k (93) 

for i • 1., 2., 3. With the updating equation• wrltteo1 1111 tbia unQer, lt 
ia implied that the ayro pulses, It£, awe acc1pted shnalt••ou■l1 by: the 
coaputer, but that the actual updating thereaft,r ill ••queJatial. 
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■mqrtiD ~ 1'.t'HM (~ J. 4 and 1,) 1 

i I I 

tt'h• •~•~e~d il•oz\bbm ,inv~lves ,an ~P~,~i~ ordei-rLv'9r■d 10 , 1
1 

eU.n:tqtei p~oblema aa oQi•tied with erFo~ 'b'11Ll~up from v~bl'aUQn (1~1t~1 I 
cycle) :flnput19. '11mit-cycle inputs ore ~~r•ctte,rbecl by fUI•• Ua1#11! 
witll, the pullaea alteJinatiq signs in a ~eg~I•~ Ja111hion~ Fqr •x~i• . .i

1 1:1 limit c:y~le means, the Jul.se train f+h.,, -b. t-'2 ... ,-~ th;, q p ~, ~tc. J ~ 
The method i~volvea combiJL,tions of slnapl, re~t.ngul•r lnDeg~~tlon, For 
suapUcit.y of discussion, we consider only a S1it1f,l ,e-axt:s totation 
here: h1 ~ h2 .a O. Suppose a first-or~er p1aral 1el updaUna o,f t1'~ fonn 

h.1 ,=i 0 

C ·1 1, .t k + 1 = C . 
-r,l, k + h3 ci2, k 

h2 • O 

C '2 1, .t k + l = c .2 
1, .t k - hs cil, k 

h3 = h3 :(94l 

for i = 1, 2, Again, if we use Ci1, k + 1 in place of Ci1, k., we have 
for sequential processing 

C il, k + 1 = C il, k + h 3 C i2, k 

for i = 1, 2, As shown in the next section, tJie paullel projeasing 
(Eq, 94) of• monotonic input has an erro; of 11pproxiuj~ely hs/2 pe~ step. 
Fpr a limit-cycle condition, the same order o~ error oc,cui:a every 
computer iteration step. An example of 1:he f 'Jf!rst-order parallel prpceasin$ 
of a 1:1 limit cycle is shown in the followi•a• 



For the monotonic i nput given, we aaaum 

on 

If Bq. 97 i s true, the coordinate system simply rotates abput th~ l-a:i,;18 
through a a.mall angular 1ncremet;\t r h3, :and then r•tu,na tq ~t• ud$iDJl 
position by moving through the increment -h3. Under such a c:;pnd1tfon, 
Eq. 96 should have been 

The error in processing the 1:1 limi t cycl-.1 input ov,r t"Q steps h 
t herefore 

feJ-

44 
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~et ua now ~llo)' a techl~lque ~Y whb:ll, ~h, o•d~r of ~~ajt:l~ t/ I 
'~4:1versed1 ~•oh t::lme1 an ,inp'4t, ~Jlloe from. th, ~-~iro i .. re¢.,!l.v411d. ll'lle 
~:l~(,renc,, , • quationa ~Pt:rea,pqndin~ ~Q tqt~ ~~qc:,•~ • f Pt: f IIQ qto,~c 
~,u1:1• are 

11 
1 , 

I 
C ·1 k ... c. 

k + hJ CiZ11 ,k J 1, II + 1 1-111 

fo~ 
c.2 k . + 1 .... ci2

11 
k - h3 Cil

11 k + 1 1, .J 

c .2 k + 2 .... ci2, k + 1 - h3 Ci1, 
k + 1}· 

1, • 

RtJvB.,-se 

C ·1 k + 2 = Cil, k + 1 + h3 ci2 k + ~ 1, • 
II (lOQ) 

In matrix form, 

Fo;r • 1:1 limit cycle 

1 - h 1 h2 
-~3 1 () 3 - s 

I 

(Ck + zl • fk] • (ck] . ' 2 
h3 .1 - h3 I I hs l 0 !Z U~2) 

! I 

I 

•q""tion 102 then~• th- COfrec~ upd't~~ fof the 1:1 lill~t-~,cle ' input. 
It! 11 ~imple to ahqw, that fQr o~her 1;,1m1i-cJ~l• -.QdiR&•, ~: 2 ~ 3: J • •~c. , 
repeUtiv~ ua-. of the ••r~•l {orwa~d-x-evera~ rul~ (aa •h~ ~n lq~ l®) 
wtU y~elc1 a dhect:il,)n codqe ,iiatri~ wit;hout ei:r~~ •~ the, ilf:~p when the 
CQ~n::~inate systeiq haa r-~tu~ed ~o t 'n~ fni~:1..,1, posi~ipn. , 1 



I 

r~r ch ~lapec~i ca• ► th~• •r~J-~~y~~•• pro~••• 
t ,~ , 1 preferred • '1gorit <i ~i~ ••thod l• r~!t~~•d to •• ~~ 
All•Qr:L~a-. 

, BmJSTJW>-m:ss10~ Al.GOil~ (,llef. 1) 

~• orgaub tion d~scribed her• 1, • ,eri•l-.epa'rat l-r•v i-••1 rut 
The po•tt!ive and negative gatlngs a.I'~ perf9med separately~• •hown by 
thei following quation. 

C.l t. , k "'' C. + a i.l, k. + ha 0,£2, k 

c.2 k + a • ci2, k + hl Ci3, 
fol"IAW"d 

t. , k Positive gat!ngs onty and 
serial. u,e of Cil 

c.3 k - c. k + h2 Cil, k + a 1, , + a 1-3, 

C •1 1, , k + 1 = Cil, k + a - h2 ci3, k + a 

ci2, k + 1 = Ci2, k - h c. Negative gatings only and 
+ a 3 i.1, k + 1 serial use of C i l' Ci~. 

c.3 1, , k + 1 ... ci3, k + a - hl c.2 1, , k + 1 (103) 

cia, k + b • Ci3, k + 1 - hl Ci2i, k + 1 

c.2 k + b a ci.2, k + 1 - h c. k + 1 RevePse i. , 3 1-l, 
Negative gattngs on'Ly and 

C ·1 k + b • Cil , - h2 Ci3, 
serial use of l'.i$ 

1, , k + 1 
.( 

... 
k + 2 • CiJ, k + b - h2 Cil, "iJ, 1G + b 

c.2 k + 2 • c,£8, k + b - hl Ci3, ~ t 2 Positive g~ti.;e or,Jf ~ 1, , 

BIIJ'l'ia Z. USB p C~2, c,a . 
c.1 1, , k + 2 * ci1, k + b - h3 C i2,. k + ~ 

(104) 



I I 

P• •~~•cdf ta lk ~ a •d1 k t .b ,enRt• 1n~•nie4'ia • cd.tu~~~ion 1q:t#~ ' 
l•~~~ ~i,.., (k l'"d ~ ~ 1) ■nd be~w,,n filn•• (k ~ J •4 ~ ~ 2)~ 
r••,•~~~v•ly, 1 • 

1 
I , I 

II. ,shoi-~-handl uot.li:oni for lq. 103 and Eq, l04 I~ 

fck + 1)1 - f kl rN,1 

(ck + d • r C,c + 1 I IM~ 

where the elements of (Mt} and [Mrj are indicated by Eq. 1~3 and Eq •1 104 then 

For a 1:1 limit-cycle case, it t urns out that 

[M] • [I] 

which implies a zero error. 

CROWDER-HESSION ALGORITHM (Ref.land 8) 

This rule is called• serial-parallel-rev~rsal algQr:1,thpi. Wllei;teas 
the preceeding algorithm re~u:lred one intermediate step ta compi,et!e 1tn 
,ipdating, this form requires1 two. this algorithm uses1 each cosine •i 
time k separately, e.g., Cil, k is used first, th~n CtJ, k. 

c.1 
1, • k :1/Z c. 

+ a 1-l, k 

C.B k a C. k - .h$ cil, k !'O'l'IJXl.l'd 1, • + a 1.2, 
usiw Cil on,l.y 

C 'J 1, • 
., C 

k + a i.a., k + h2 Cil., k ~-1q5~ 



~Q't• tbat: aince ~i,,. 7( ~impl-, t:r~ndat tQ1 ai,r, :~ ,f a, '~h• cc;.a,~~•tlpn 
,or upaatlil1g is 'parallel, likewls• f9r the 'remaln111$ pJr~f.lal u,d~t1.n••= . 

C '1 1, • k + b "'Cil, k + a + h3' Ci2, k + a 

c.2 1, , k + b "' Ci2, k + a 
Using C i 2 only 

C '3' k + b = Ci3', k + a - hl Ci2, k + a 1, .t 

C '1 1, , k + 1 = Cil, ~ + b - h2 ci3', k + b 

c.2 
1, J k + 1 = c.2 

1, , k + b + hl C ·3 'Z, J k + b Using C i3' onl.y 

c.3 1, , k + 1 = c.3 
1, J k + b 

(106) 

Using ci1, Ci2, and Cis, separately, along with both positive and 
negative gatings, the direction cosine matrix is updated after the two 
intermediata steps. Applying a rev2rsal rule, as before 

c.1 1, , k = c. + C 1-1 , k + 1 - h2 Ci3, k + 1 

c.2 k = c. k + 1 + h1 c.3 k + 1 Reversal. 
1, , . + C -z.2, 1, , 

using Ci3 onl.y 

c.s 1, , k = C. + C t.3, k + 1 

c.1 1, , k + d"" Cil, k + o + '•3 C i8, k + C 

c.2 
1, J k + d"" ci.2, k + e Using C i.2 onl.y 

C ·3 k + d • Ci3, k + C - hl Ci.2, k + o :' , 

48 
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Thia rule •lap has zero eriroli modulus uqder 11mi1a;-cycle conditio'-•• 

MARMON ALGORITHM (Ref. 7) 

Thi algorithm is similar t'o the Bumstead-H,ssion alg~rit~, exceft 
that it doH not employ serial processing. The equaUons •te 

C '1 1,. , k .., C. 
+ a i.1, k + h3 Ci2, k 

c.2 t ., k == C. + a i.2., k + hl Ci3, k 

c.3 1,. ., k :,:: c. 
+ a -:..3, k + h2 Cil, k 

F"p,az,d 
c.1 k + l = Cil., k + a - h2 cis., k + a 1,. , 

c.2 
1,. ., k + 1 = c.2 

1,. , k+a - h3 C ·1 1,. , k + a 

C •3 1- , k + 1 = cu, k + a - h1 ci2., k,,, <;t (10~) 

A periodic reversal rule b ap~lhd as a funct1i9n of real t~el r~ther 
than aa a function of the directional sense of tbe !ln<rrremental •~glee. 
Thia method pemita a statisUcaUi und011 aecpnd-order error ac~wnulat~on 
~•r 1111.it cycle conditions. i~ ret'41n for axe,at~f lal'aei-aqgle &f=curacy 
and a somewhat lower computatipJta\1 frequenc1 reqqir,a•~t on~ DD.Ai 
11ecbanhation. 
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s•quimmw. •~sit PJU!>~SSI~tc;I (B.ef. ~) 

In the ,p~ec,•dl.n~ all~ tti.. 11na hi>••" ~f t~o, *reviA~• .. ~tibl, ) , 
it was ~HUii~ tl;i11t th' •~~o P'-'la a w ttila p~oee~••d •~1~¥~,11 ' " ~-,~ 
'1~ now consiclar a caa~ whc.te the pule, • arie pr~c~•••~I ,■epfratelly: '• 1 

teceived, an4 whe~ •im~lt~eous pules pecur, ~h,y1 wllJ ~e jrbce•••d ih 
~be pr~asaign~d order t, ~ 3. 

At time t 1, t .2, t3, •..... , ~• pulses are rece rv:ed flrOlftl ~h 
1-, 2- and 3-axi gyros. L~t us use ~ eingle-.a,1 •lgodttu. ~1) fliRJ ~ 
or [n3f whenever e pulse i 1s 'receiv:ed f~om the 1, 2. o,r 3 gyro~ ~ 

If uaing a second-order Taylor expansloa, then 

0 0 

[
81l 1 - 1 h2 

2 1 - h 1 

hl 1 - l. h2 
2 1 

l 
1 2 

- 2 h2 0 h2 

[He) = 0 1 0 

- h2 0 1 1 h2 
2 2 

1 - l h2 
2 3 - h3 0 

[Ha) • h3 1 - 1. h2 
0 

' 
2 $ 

0 0 1 . (109) 
' 

To test t}lili! utrix foqnulatipn, ..i~nsider • typ:l!c~l Q♦qu.pce •t 
updatings represent,ed by ' 



I 

1 8 1 8 
1 - i h2 - i hJ - hJ h2 

(8~ = h3 + h1h2 1 - ! h'g - ! h2 
- h , 2 1 a 3 1 

- h2 + hl~J h1 + hlh.J 1 - l h2 - ! ,.,~ 
2 1 2 8 

and 

Equation 111 is a cor r ect second-order updating for pul ses received 
sequentially. 

Ull) 

Now, ass..ame that t he pulses occurred simultaneously, but t hat t he 
computer processed them sequentially accor1i ng to the preaseigne~ 
ord,ering, 1, 2, 3. The result would 'be th.at given by Eq. 111 . However , 
s i nce the pulses occurred si~ultan ousl y, the correct updating is given 
by Eq. 91. Compari ng Eq. 111 with Eq. 91, or,e sees th following: 

a. Hain-diagonal elements agree ; 

b. First-order off-diagc;mal elements agree; 

c. Second-order off-diagonal elements do not agree; and 

d. Sums of second-order off-diagonal elements a,gree. 

The error {C!) is a nonconnutativity error resulti~, from the aequ ntial 
processing. Thi.s noncommutati\t.ity problem arises from the anaulJ'r 
increment, hi, being Unite, and f i nite rotations do not CODlll.._t . 

BROXMEYBR GltOUPING ALGORITHM 

Broxmeyer (Ref . 4) has usgef-;ted a possible ~ethod for r educ-.ng the 
error . in th of f-d i agoul terms shown in the sequential pulse 'proc-.•stng 
aectio..,_ (above) . ln certain special cases, i t 1~ posaible to r educ~ 

' 

I 
I 

n 



... 

G'J:S JP 4267 
.... .....;; __________________________________ _ 

thHe erron by u1in matdx corr •ponding to • aroop of updaUna•• 
Th 111p cial caae in qu Uon h re ii that c••• where w~, wz, r.o3, the angular rate compon nt1 of fn], ar anWD d proport :ioul to one anoth r ov r 1hort tim int rvale. 

A11wa that in a ti i nt rvel, Tc, the computer receive• pulae1 from th gyro in tn following quantit ies: 

1-axis gyro ........................ m-pulses 

2-axis gyro ....................... n-pulse 

3-axia gyro ....................... p-pul . H 

with m, n, p b ing arbitrary from i nterv 1 to interval. Oefin 

( 12) 

It is r cosniied, of cour , that if the Wi , i • 1, 2, 8, ar nond tr­minating decimal fr r. tion of 10m ~ for the y1tem, then Bq. 112 will not hold. How ver, f our purpo h r , it ia a, um d th t the m-pulsee count d are euc t . In Eq. 112, mh, ri,1
1 and ph r multipl I of th balic angular increm nt .:>f magnitud, 2-n Radi n1. If w1 , w2, w.3 

dr in constant proportion toe ch oth r, th n w write 

(113) 

Fr0111 these def inition, , nh and ph in Eq. 112 becom 

1 dt (114) 
0 

, 

52 
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,. 

, t n I 

••- ue lq1• 114 Qd r.q. 112 on Zq. 66, th, •t,rrtct-.t. Truncate t•nu 
of oider three ud hJ1h■r. For 'the t:ir•t-otd•r • t; •r•l of Bq,. 66, " 
have 

T G Jo,., dr 0 - f w8 dr 
0 0 

0 -p;., n~ 

/
0

10] d, • , f o.,I d, 0 -IQ l dt - ph tJ -11:h 
0 0 

-nh ,,,;, 0 

TG Ta 
,-/ w3 dT I "'1 dt 0 

(115) 0 0 

The ••cond""lorde ten 11 

T ( t ) 
IO f [:,) dr ' [OJ dt 

For th~ off-diagonal , ! nt.• ,, w have, t3,pical1,y 



{116) 

I Pree e4in in a 1iailar . on r • all te1'11l of th • co d-on,er int ral are written. tbus, our upd•ting quatlon u1l11i1 a econ.cl-order alsortt appear, in tbi1 ca••••• ~ 

I 

ph + ~2 

1 - frmhJ 2 - i(,-,JiJ 2 

(117) 

otic the product tera1, 1uch ·•• (1/2)rrmh2. Wb n de.alin with 1iaple li11i&le-pulle 11lterval• to perform aultiplicatton 1uch •• hC,£1 k or 1/2 h
2 

Ciz k, we had only to •hift Ci1, k , r C.,,z, k• etc. low w~ are forc,ed ·with • ultiple-pube probl , and u1t fora th prod~t• mn, nrp, and rip • 

lroxae:,er 1u11e1t1 a liaple 1ch th.at require, ,only aonttortng th• 1,ro1 and countin1 m, n, and p. Deflo U, Y, fl, X, 1, nd Z •• 
follov1 .: 

U 11th Ila of tM n1.111ber of tillH an hrpuhe foltow1 an h2-pul1e V .ii the •m of th. nuaber of tiae an h3-pu11e follow, an h1-pul111 flia the 11a of th omb r of tiM1 an hr•pub follow, an h3-pul1 Xie the •ua of the . ·ber of tta.1 an h~-pul1 follw1 an h1-pulae f b the IUII of th nuaber of tiae• an h2-pu11 follow• an h1-pul1e Z b the 1ua of th• n1.111ber of tiae1 an h3-pulH follow, an Ji2-pul•H , 

54 
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2 

4'•, one 'r, e i~es over ,. , Ta, th ••riH(" of pul:••• 
(h1 ha ht ha h2 h1). 

V • 2 X • Z Z • 2 

n•2 W""X •mp I 

,p•2 YfZ•np•4 

., 
0 0 V 

IA1J • 0 "i(mhJ2 ~,, + ,,,2 . . 
0 ,nh + z·1,2 -j{mhl cu,, 

+n%)2 0 nh ,+ Wh2 

{Aal • () 0 0 , 

-nh + Xh2 
10 -jfM)2 

(120) 



0 0 0 

D th~ t , U1' f()nuttWH ar1t ,c,011,pl~te, add ~. 119, q. l.210, aod Eq . 121 
to 1tht: unit -.atrb: (1) 50 th,e,t t ~ fol\.:Lowilog h torme<I ~ 

[A] ,. ph + Vh2 

0 
, e -j{i(J .. VJ h 

[BJ• j{ll- lVJh2 () 

t 'll-KHl t,{f-ZJh2 

56 

-~f't!ttlfHOTP!l1,,. '''""'!1"1tt.,·r~-trr )""I' 

I 11 
I 

'I 
I 

) h2 --(W-'l,J 
~ 

1 2 ... ~.r-z,~ 

(j 

,. 

1 ... ¥ mh} ~ - j{,:i.hJ~ • 

1(123) 

u:n> 
~ I 
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Ill 

b 1the eipi-r1 et ~ ,,:1:x hr ·uP4•U+o"' 1f1t , r 
2 ,r10 PP1•e•, I d f> J .... g,.-o pul iee . 

'l:o 11 , 1tr:,.1t h~ ddUton r i,,n mt d ,:1 !q. l2!i, ei p1,1t1 t:1' 
u,m '8"22 

rte:ldll.JW t ,oo;rre~t te;l'l!II c~•,..~ v1.1~b ~cu lln !q. U.'7,. fbe il' lfo.io,g 
te•• u, be IYiertlfil.ed ifD I eibDUer . ner,. 

tllli,e ,a . l tlwl• ior: U[pd•·Ung t~ dtr~e¢t~<m 1co,~n ut1rJ:, 1•i1Y~Q tn 
1tbe 1pr.wi.~1111 1sect:i1.e>,oe, h•~• ~uyii~& 9\llantitJ. , nd er'1<>:l'J •- :oci1-~ef ~,1th 
1C:.bdr u. :llin aiddil.U.on tio the er~orti ri -.11:~• fJipm •i::~_o:t,1.i!Qa ~h, 
•~l~l'itb!a, 1PD 11 1dd;g'il1td ,ei~Witetr, ,e J11>i• 4.o~ ii n.t lf.n -~ti , dt~id'1rll 
11:J<i>rit- .it1elf •r be JP:i-•••t. 

ln ~Jid•1r t ,o ,er,-.!Lqte •4eqiu.ai~a.,, ti ,•~c~r:1• r of 1Jh n 1•ir,o,t1~p 
tio,_,, ~r1ror ,q.el~ ·u 100. die •~tortit1J•• -.,1: r£9nNf UdU: t. 111J.J.f1.y, 
lf ei,!lioir ttu l y•u ,~ ~• . t re 11tr pd~w ~,~ldr,!Me •!>'•Ill are ~o ~ 11Ude 



rror1, tie> 0 al ~, , . ,:o 
comprli • vii •1 poi-rt<> ,,; uo • • t uafo U 

lyua r,ro ·ri••· • r iro O 
1 • 
i C e Ii WO 

' l!I b 
r t r 

C al 
t , w • a · . 1:be 

ana • ti o di ttla lace tr n to,rms. Th Z- tho 
t:r.t.x-dilr Uon coai,n 1 q\l tion, tion 

1

inay b 
obtain d" Another . hod invol h ory . Witb thils lllat r1.x m via·tion o h pha-, tud• of • 
u.:iit v ctor 1n p•c ideal pha and gni ,atJ 11.odj ca,tiion of algoi: ithm perf onnan . inally, the dt d utilil& s a d!gital c r pro ru to tudy th al ror huilldup. 

SOLUl'IQN IY ME 0.0 OF UNDETERMI to COf FICl!NTS ( ef. 22) 
thod b intrnduc d wi,th th follo•io,g ,~x:ampl . ue dHf tflnc qu Ucui ~ 

v rf ,,, •O ,:,n i !. "n 

II - J. 0 

A r~oro~ olutiio of this dllffei- nc. quaition uy be obta n d l>y 
1 tti-w 1c £q. 126 

(l26} 

(121.) 

' 
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th 1d i:.et~'.J.n til~n pf ail10 :l.tlhm ierrpis, or ,cQQrdilnfLte t:r•n 1fo t ,ion 
err1on, w:Ul COlllpril r. vit ll pprt 1:LP1n pf tJ).l~h ap •n•liYtl:1.9 s,rPatiu. 

Tbi-ee bade tthod of •l. ori 1tlh r1ro;r a,11 ll)'lb ar ,dJ, PUH d t 41t , 

pnl7 111 t , • na11 t ,at they apply 1t ,o th eo lylf!l,e pf 111gH·1iit \IJ d 
in the d1isi1tal 11plution of 1Clh d:l.r KJt:iPn CP :b\ ~!l:J.\{ . ntl•l t1,1.1at1ii~n -
Sinoe ~he elaorit identit, din 1~h t~o pt c dln ectlo11~ ~e 
•• ,;iU.ally diffeu ce 111qu tions, p 1rh•P• the ml!> obvlf.op ertoT 

anaiyd.e , thodEl a 1r tho e ~thods 1tha,t T e~lt frotn so,l.uUon of tb,e 
,eeparat di.ff erence ~quation . Jhe • p-,re.it,e diff r nc 11u t Qflil can 
be olv d ithtr in th cl e :I.call in.oner o,r t1he1 c b ol.v~d 1by 1tn 
t! •cret: m thod of Z-t1rtmJfOl'lnl!I , wbd.ch :L a m tbPd qui1v11J,ent t:o th 
at •lytlc solut!Lon -,f conti11uo diift' rentil•~ qua't tone by J,..6pl <ie 

tt nefona • The z--trap,iforip. ,m thod y , h!i> be aApl:Led to the ,matrb--
db ction coeine..,(tlf.fferll!ntid eq\lat:Lon, a 11 ati ~d nt:tcd eol.uti n y be 
obtaioed .' Another anaJ.y is method in olve, t ihJ u of ,matd-~ tl1 o,ri>'. 
With tM. ,utr:1,.g ethod, the dev:l.ation o,{ 1tbe phae nd usnitU;de of i 
uniit veet,or in apai:: firom thll'l idca1 phae, and llijljnlitude glv s •o 
lindic.at.iloo of al,sor1..tlmi pertorcMtic•. fi •illy, th ,l et thod d,1 e-.ass d 
ut.Uiz a digit 1 computer progru to stud)' 1th •lgorlith11 ert11i>ir b1i1Udup. 

SOLUTIO 8Y METHOD Qt' IJNDETBRMlNED '00.6fF,liC,HlNTS ( f. 22~ 

Thie ~tlhQd iJ introduced ~ith 1the t:olio·4!1~.n, eK,!UQph. 
hoipqaeneo~s diU~reQce equa:::ll.on 

wilth tbe blitid coodiUon 

Ii ,!II' 2 
(I) 

IA ,:~oro1As ,oluU.011 of i.!li 1di1ffer . nc egJW.Uoo. ur b obta'ti.ned by 
,l ttt~ ian 1Eq. 126 

S8 

r 
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,, l(Ol28) 

llf B~. 127 ,J.. 'tlo b, a Jo,htiqn ~f !H· 126, tlh n 111. J.IU! •~•t b atli fi~d 
for • '11 iv: l ,u, of '1 . So~ ic uJt 1>11 tllhe ,eJ,in l J:oot: 

n II ,. ,A ( ,..r;_) 
n 

I" 

llo • 1 ... 111, (,- ,1 ~o A 

whicb. c•n l.b~ 1d!111i:itJndn.d !by linapecti~g ~ ,. 112~. . 

(J;29) 

1(1'30) 

,Sol,..UQD Af ,a "'-1• . tiij.p,,.1, aa~b. 1•- lq. alt,,, rd,•• Qdt •• ally 
11qd:r-. • 11r::•t 1-=t of .iffp_riJ:..- ll~x-111 /ltho lhli• ,P/i~Qt :n • ri1-qal 
,aettbod J, ~pp:llW tj) ~•Ii- ~ 1PO~Jll-«i ~lffit1rtm~• , JUl!Ul~~,. •~l'-citr 
o:f tcfl\ltiQQ QO llmta 1boJA,. 



• (u,::ti r qf ttb hQd of olu.U,on, ~P!lld 1 ~t OD• 
vJ.U b 114011 v«:id , ti t lid 1 i::• :te l t;iy • •~l~lh 1t;b 

l t ilpole ey1t. •• r a I q:f. , fitr1t--ord•r. d,ir1t1ct,bJl."1lP•i:.,... 
trlx updatiQ for t 0nic t ~ n by 

c11, k -,. 1 ClZ, k + J C k 
:12, 1 1 -h3 11, 

., ; 
c21, k + 1 C2B, k 11- 1 C21

11 k hJ l 
22_ ~ I( 1) 

or in ~~pon nt form 

c.1 k • .., 1 ,,,. C ·1 
k + h 3 C i2 k ~ 1, ., . 1, ,, , I 

for i 1_ ~ 
c .. a k + 1 ,c C i2, k - hJ Cil , .k i. , 

tt.s•Ullle th t cq, O and. Ci,2 fJ defin !!hf!: 'i:n.it;l•l w•:Lue of Ci,I, k d 
Cie ,k, and tha,t k rE!pre ent,s tlf.a~ nwnb~r of ~pclj ntel t'Ota ilPn , . 
that ha'1e taken ·pl ce si11ce ·t .., t0 . lf till: angle of trotcUon i ~ 1• then 

(1613) 

Cr(_,7.., k • rAJ:k 

crile, k .-1,ik i(1l4) 

60 

, 
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I I 

lliminattn• A and B from tq. 135, 

Equation 136 has two roots , 

(Ill') 

Pollowing th<i a thod used before (Eq. 129), the gen rai solution ta 
lq. 132 ia written as 

With the roots (Eq. 137) 1ubatituted, 

Ci.l. k • D (1 + j, h3) 1c + E (1 - J h
3
) k 

C i2,, k - F (2 + J ha) k + G (1 - k Q a) k 
I I II 

, ' ,I 



Ir lq. 132, the foul' directiora co•in•• UI:' 1>e rGVl •~~- , tw 
equat:lou, tbu.•, it w.lll be •ufficient . to c.-id•• th• ••~utioa ~fl • IL 
111111• •U of two eq_uatiou•, (uy i • 1), rather than 4111 tour. iquatS~ 1t2 
canno,t be ■olved in th 1nel'al fora with •ubacript i~ •inc• 

ell, 0; C21, 0; c1B, 0; c22, 0 • 
,, 

Aa•lae for initial conditiona, the unlt matriz, or 

(UO) 

Applyiq Bq. 140 to Eq. 132 fork• O, 

(141) 

Applyina theae ••• initial condition• t" fq. 139 for i. • 1 &ad ~ • ~,
1 

a'M! k • 1, 

Therefore, 



, 

I 

I 

.. • I I 
I 

I 

I 
I 

By Bq . 142 and 143. Eq. 129 become. 

U44) 

Since t m• auch as (1 + ,j h
0

) k ·may be Wl!'itten in polar fp rm 11111 

-1 where e .. tan h3# then 

(145) 

The teru in 2q. 145 1:ndic;:ete the b ha¥ioi- ,of th• cUrection col1nea 
durina k increaental r ,otaUone for a monot·onic 1Jn~ut. 

For :aotion abQut on11 Uitl!i. vh:l!Ah h what Eq. lll repre••~t-,1~ f ot ~ 
increaent1. the true value• should l,e 



I I I. ' I 
j [I j II I i I 11111 If I I II I I ,1 111 I 

I ~ 
froa Eq, 1145 •D4 146,, ,eTrPrr qaaUo~• can • fb~ •~ f ij I 

For •uffici ntly 11 valu • ot h0, 

a • "--n-1 h ar h ""' 3 J , 

•o that 

•11, k • ooe k ha ~ - (1 + hf/a J 

•i2, k •-•ink h3 [1 -( 1 + h;)k/BJ 

Looklua at , 11 , k' 

I II 

I 

, I 

I I 

I I 



'I 
I . 

ein 

It 1 obvious fro uvi w of the method of I oLution requir d to 
pr,ogres from Eq. 132 to the •oh,U.on at Eq. 1,45 that. H th ord r of 
coupling in th system goe up (say 3 K 3), th compl ~ity of solution 
com,pound, ccordingly. 

SOLUUON OF DIFFEE CE EQUATIONS BY THE 
Z-TRANSFORM METHO.O (It f. 10, 25, 31) 

The Z-tran for thod, modificaUon of th Lap lac tr nsf,or~Uion_ 
1s vn ,of th tran form. m thod that can b appU d to tb s,olution ,of 
linear difference equations. [t re.due.es the ,solu ions of Slu::h nona.lg b,ralc 
equati.ons to tho e of al,g br.aic for . Thi Laplace tran foi,iq.U,on ha1s 
b en wel,l developed for th , oluUon of diff rential equatipn, nd 
diecu1H d xtendvel:y in th U.t,er tuu. th Z-tfilln for~ IIM>dH:ic,aUon 
has e,u:,ended the u efrulnes of tlbe Laplac tran for s to dhcr te sy ttms ,. 

The Z-tran hrm dem,.ted br 7, 1(/( t), 1 d Un d by 

Z (;f(t)) • F(z) .. E f(kTJ~-k , with k. i.nt,eg,er, 

k • o 

f,or la I > R • 1/1.J, where µ 18 th radiu1 of convergenc of t he ,er.iH 
(I f. 2S}. Sine only disc~ete values of [(t) are U:sed ,, Eq. 15(1) can be 
written . 

-k z 
(151) 



I 

I I 

11 

:I 'lt cai, ba •h.on ti..t t it. z .... tran•tor111 1• r•liat to ~ IW.»IJl.ace 
t11aa•:tora thr Jh ttl)e ,ixpr uion 

Thb art.et fr~ th Lapl.t e tra,nsfo,nuUon of a •pl d t 
f"(t) belq Witten. •• 

.. 
Z [f (t)I • P~( J • !: f(~T)e-kT 

1< - 0 

iExpHition of thh • thod wUl •J•ln by by ,:,taa 1 , 11be •sen. ou, 
,equa•tion [C'J • (CJ (OJ, for con tan·t 11, h,11 the solution 

t 

/ (OJ dT 

(C(tJJ • (O(o)J s0 

!quaU.on l'S4 hold• for ,rany (dterval t0 to t or ·t1c to tk.+l o tl\l.et, taJr 
equdly 11paced Uae intervab. ti(.+-1 • tk+-T 

66 



,,. 
, 

I 

,or' ll 1 t.PtJn,b, '- 1t l1• i' • • 
i ii-.-nt, d,u.-in t:b I.I t~riv•h. lt !Alf. b ~•~ 
,¢0 11t..nt • 1uliar '1111-cr nt ,with ,peet ,~ ' 

0 --hi '~2 

(OJ T tJ. ho 0 -h1 -
... h2 hJ (} 

1l ~ M ,,it 

,~e • • 
. • ,,, 

lf e [O] T 1 t!ar" i:id d :1.n a !·1,ee a d tr~nctat• a 11f ir 1t H 1ar1Jt.,.1>Ji er 
term, e [~I T e [JJ + ,(OJ f.' vit ' tt ror (!If lb,e OJdJr ( (n~ 'f) ,2/,: , l(lb•~ 
ii, th erro r .~n tl!uncatton• of t e is ~h• ls i,.t 1th ~~t order If. e1r 
t han the la ': te rretd ed~. H ne, • f,or 

(4I ] • f![O] T 
I 

1 -hJ h21 
I 

1[ 4' J [I) + [Q,J T • ! h3 1 -h • 
~ 

-h2 }(l l 1 

b Zi-t r~111f ,o!lllD of th dif 1hrenc, eqU,a Lon (Eq~ OS) le ti•~~n by 
m,.ltiply.1~g br s-k ,:;md 1u t J fro k • 0 to k • "" ~ 

I 



-E [ck .,. r j _. .. k • E 1c,dU~ ~ .. k ,. 
,k•Q r/<.•O 

UJi1 ii:· • hlillt l M of tlle t-tr • if;o •• ab .n. d. q,. Ull, , • 15 
, r ltt •• 1 h~ 1 Eq. 160 d l ,l. 

-
1mc<.,,o E r~ J .a-k > ( J p~ 

k • ,O 

,ill> 

• 
E 1cn1I .-~ ,. a • (C(.i)J I -

n • JJ. 

-E (Cn] ,..,., r1- ,l - [C(<1>)J ,. • l[C{ JJ 01 ~ 
n • ,o 



Ii I I I 

I I 

I 

I I 

Ii 1 

r .... 1J -Iha ..,~8 
"'l 

Ci(ia} ·~ ., (C~o)] -~a (:15, .. J) ..,~1 8 • 

•h2 h1 (:a, .. J} 

, lo eo_oae•• ,After rtor11diqJ rt!he p eTat!lo ,at rtibe J' ht 0t t 1b 
•tu.a:tli~. 

~ I (.s-U '2 ~ ih~I 
,'{) 

•[{~.11h~ - f~--a~~d 
J) 

11: h r1 hit .,. f .-..;1 J ,1it:i 
,,. I!' ' I ' 

D 

,,. 

:8 ~ 
• (<tJ,,.1) +- 1b~ 

D 
• ~8", - r_...JJ!J6 I 

,1' (l .. ) 
j 

.a ' ,&j~ + r~--u~,. • <111-ii8 -,. '-{ 

itD 



~ 1•o~ut1iAA, ~ g,. IJ.~fl •• I'. f\lD,(ll t liPn o:f 'Jq~ 1icn,21, 1Ji~J! ' I I 

i,. _:,: r Z....tr•n•~IJ!'IP 11<11 1 9 .• !J,J66. o, ~DIV ir,~ ~tJ:Gdor'1 0:f 1fJ. • 
f'(.J ,. p.tel:1 I11>7' i--~ flF(t1J~. ile 4 ind•-

wb 1:e ithe ;U1:1. :i~1!ieJ.i:.:al 1' a •1,1:1itably '1b a n 1cont<1i..r n the co111pl x 
plane (Ref,- 31;~, 11n 1rai:lily th unit cJ.111de f ,li>:- t1t«bll~ £\.mctilons. 

,iApply~ thil!I 1diefiotiit:ion ~o E,t" !IJ6"5 the gen r ial if·o~ of t:he inv~Jt•~ 
of ({C(s) J h 

!Fo,r t-hi1 euaaple, :ra.,~t 1tttbe i1l:crn taa .aqgle, :C>11 ea.db •~1: be tlt '! •• 
ovter each td.11e perJlod 1110 ltihait 

(!1J6' ) 



I I I,, ill' 

I e 21 .. ____ ..,..11_.j __ ( a_-_J;...) -· _r._12..,., ..._ ___ _ 

J /i b,J lfa-1 - J '13 h) 

~he !R 1i1iue TilaAr" ~R~. :u,> .talle, that 1:f.f a !fl~notlion g6s~ b 
4lmalytd,c :llne1-<de ,and 1Pt1 a c.lQli d c!l>nto1.1:r 'C ~~cept •t " 1f1ni1:te ~umbe.r ~f 
ailnaul .r ~in~• 21., £2., •• , •.. .,, 1Bn !int~rlor:- 1 to C theo 

~e Kr£ l• ,a rul:11:lue Plf C(s) ,ri/<-7 '11!t Lthe 'PPle 18 • av· 

• The Z-ti,:ia1ldo!l111 Af Lthe llMI' ~g C(aV i• ~~:rfi-Jr•.d :b,t taikii~ llhe 
Z.-,t.ran1for,n r Af each ~1-.en_t of inhe -.atri:L~, . ~¥ lg. ~!5 1thtm

1

• ~he 
inve.:t1•e ,of tllie ~enu1 rA12 (z) ~n lq. lli!O l• flound I~ 

+ ~r,-v:2 + ~~J~k--ri . / 

r~-J-.: l':r ihJ (iz-1~i ;t'f t} ~111'11 



(1171) 

1 I ( ?. )k/2 ] 'A. 11 (kl.') "" I . 1 + 2 1 + l3h ·I aosa 

,. 

tlf 1the Jremainine; 'tliE!X'IDB in the [A10<T)] matrix are dedved ~n :the 
aae 1way., ,t!hen thf' :entlit:e 1matrix [AOC!)] appears 

l[J + 2 r1,/J<./e cos:a
1l 

11«h~re ,L 111 (i1 + 3'n2) ,and ~ • • ,k •~an-1 11'3 h. 

Vi 

r 



JI. 

• 

I 

f~Ut ,~!~, 
11, r ! 

lt should be !noted that Eq. 179, whi.ch define, ~~• lnversel ~·~ I 
Eq. 169 1 was obtained on t 'he asetm1ption Qf the trt#lcated hrst-1DrJ~r 
exponential eries . 'Thi ,assumption actuall'y makes [~ (kT), a f:lr,!t-b,f! r ' 
direction- cosine updatlrfg algorithm. 

I f in Eq, 179, or actually Eq. 171 and 172, 

(180) 

then [A ( kT)] is reduced to the first-order algorithm for ingle-axis 
motion. The terms A11 and A12 become the same as the te,rms on the 
right side of Eq. 145, assuming that [C(o1J • [I], the identity •~trjx, 
and that the same approximations leading to Eq. 145 are allso mad,e htre~ 
namely, 

1 -

It is clear after reviewing both the classical numerkal sollution 
and the Z-transform method t hat the latter method 1 certainly leH 
tedious to compute. This is especi illy true when solutions of higher· 
ordered matrices are concer ned. 

\.j 

MATRIX AJ>PROACH {Ref, 1) 

This method is useful in making a qualitative assessment of the 
accuracies of given. a.lgori thms. 

Equation 132 can be expanded to include the third axis by wriUpg 
(C£j] for i • 1, 2, 3 and j • 1, 2, 3. Thus, 

c.1 t :, k + l • c.1 t. , k + h3 ci2, k - h2 Ci3. k 

c.2 t , k + 1 "" C ·a t , k + hl ci3, k - h3 Cil, k 

C ,3 k + 1 - c. k + h2 Cil, k - hl Ci2, k Uat> 
1, , i.3, 

13 



Thia can be wit~•n in _.b::1,x fop •• 

with 

1 -h 3 

1 -h 1 

1 

and [CJ the direction-cosine matrix with elements Ci.J for i ., j : 2, 2~ 3. 
Bqua'tion 182 can be wr i tten wi,th C,tj aa a row v;ector as 1ho~ in J!:q ,. UIJ. 

[ci l., k + 1"ci2, k + l'ciJ., k + 11 - 1cil', k'ci-a, k'ci,3. kj'lH'J ., 

(18$) 

or, aa a column vector tn Eq. 184. 

c.1 

k + ~ c.1 k ' t ., 1, , 

( y' T 
I 

c.2 'k. + l • c.2 k ; ck + 1 a C~J2" • i (Ul4) 1- ., t , 

c.J 
k + J ci-5, k t, ., 

[BJT indicat.ea the tran1pose of (HJ, and the undenct:oz:e, -.• indica~e11 
• vector quantity. 

Cl< + 1 can be intl!l~preted .. a tran1formaUon qf the, dr~idal ~ Ator 
Ek., by uii ot the tranefonna 1~ion 11atrlilc: ~HIT. In1 ••~•r•l, ~HJ rep11• ep

1
u 

a nonorthogonal approxillation t ,o the ~nt-oaona1 uhb [tJ' . If, fn 
Bq. 184, the true u,pdating mstdx (t]T b ineeirtedl 1n place of [HJ ~ then 
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11 '1 'II'' 
I I I I I I I j I j j 1 1 1 i I I 

~'1 ~,s tepie1enta ~~ .,r .. ~~-0~~1 tran1fQ~~~°" qf ~ .. 
to•id• ector-, 

Now, aHwu that !.I( is n ,eigenvector of [ ♦)~\ Thia l•plle1 th•~ 

where A is a scalar mulltlpli,er. Equation 186 can be rearran9ed so 1t~t 

(1$7) 

Thie h0110geneoua problem. possessee a nontrivial solution if , Md only if~ 
the detenatnant of I-' (I] - j( IJTI van'ishes. Ihe values of A that '.),lield 
nontdvial solutions can be determined by setting 

Equation 188 la the charactedadc equation of the matrix ft jf , and 
~1, A,3, X3 are the e1genvaluea of [ t JT. 

A useful property of orthogonal transformations 1 18 that the 
eigenvalues are all of untt magp.itude. Let [t]T now 1:epre1en.t th~ 
o:rthooonal rotation about a ingle axis of rotation ghren .~y $q. 90. 
Jl'pr hi • h2 • hs • h ln this equation, [t]IT can be shown to, h•ve the 
eigenvalues 

(189) 

for h • wrr. U, th~Q, the eigenv•lues r.,f 'the [HJiT •ttix ate det1etadnecl, 
their deviation froa the ei&envalues 1, 1 ~ ia a c~arat:tlive i~d:tlq~­
tioa of' the errors aa,sociaud wltJt the alg~ [HJ apptoX1l.~1to~1 ~P l~• I ~ 



l - h 0 

0 0 

then M has characteristic roots 

1 t jh , 

or in polar form 

where r • '{i-,.ha and ♦ • t tan -l h is the en:or in approxiuU.Di the 
orthogonal utri.,c of the rotation by M for this one iteration. 

For tbe modulus error, r is expanded in eries, 

( 2)1/2 - 1:2 
r • 1 + h ·- 1 + Jr , 

and it is compared with the eigenvalue magnitudes of AJ e 3 obtd.ned1 
abo~e for the single a,cis rot~tion [t]T utrix.. thus. t~e' modulu• 
error is -

,l ,i2 
£mod • :r - 1 • 1 + 2 - 1 • T" ' 



I I 
,, 

11 

I I 

,tiip P~,i,J~ 

Th phue •iror r,1ul't1 fro■ h•yin.1 r:qtatied th unit 'll'•~Jpr 
throuah the an1le t fwith tan-1 h) intt•• of ta.rough t anal• h. 
Since ,♦ • ta,s-1 h h - hi /3 , the phase etTor ts 11 . , - h I dr 1,.1 /$ ,. 

- -

Thie type of analysis can be extended to three di1-en•ion1 whenev•li 
the r-otation is about a sin1le axi . The analysis then t kes pla~-e i . 
the plane per'penclicular to--·t-he·-axts of rotation in the case where this 
axi1 coincide, with the axle of the approximating tran.afonaation. 

In general, for any given algorithm, or multiple sequertce of 
application of any given algorithm, thi elgenlll'alue method ha u•~ful 
tool. Aho, when the axis of rotation b fi:xe,d in space f,o·r n itera'l lions, 
an eigenvalue ~i,n of the matrix representing n iterations :is eqU.Al 'IO a 
corre1pondin1 eigenv;alue !i,, l of the matri for a single rotadon ·rdsi!d 
to the nth power, 



f QU.i'"'~ ~L• h ~p"' l,: l i1a1~ l~,t~• .appl- . 
1

1 I 

•l•r;,tt~ 1d1•t IJP4•~·· • QtQrdJ~• to • par.tl~-:~ updau-, 1 -~ . , • ~ 
c~l.derdle n.-ber 10J otai.r ,e • lH are tCIII' • If (J!JD.d ht 1a. ~ 1 t t , 114M 
wae 1pf tJtb •- an•lJ•L• t ,e hnl.q • the diffeiience 1e u.•t ,lQm 
repre,.,ntin,1 th parallel 1cb me are 

c,1, ~ + 1 • ct1, k + h ciB, k - h ci3, 1¢ 

c,a, k + 1 • ci2, k + h c.
8 %,, • 

- h C k l1 ,. k 

c,a, k + 1 • cii, k + h cit , k - h ci2, k (190) 

Rev r1llna the •ian of the h !01: the ,limit ,cycl , 

• Thu1, the updating matrix ovet: the period k to k + 2 h 

1 + 2h2 
- ,h 2 - H.2-

[8k + 2, kl· (wk+ 2, klT • - ,z2 1 ·+ 2h
2 - h2 

- h2 ,_ ~ a 
1 + 2,-2 (192) 
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it h det•ral ed that 

1bue, by CQllpar.i8Qll, 1tbe ·p•r•U.-1 1nile ha• a IIPdu,lu•• e:rrc,~ o~ B~~ 1ta~~•r 
tJIO 1,ipuu. F0r tbi• algor.l 1tba1• a 1fUr two upd•tb•a·•, ti,er,e llf no phJ•• 
error . 

P:o a ao.wton.u i nput in the e•l!'allel cia1e1, the u~thl11 •ti:rtli iis 
•laply 

1 h -1' 

(NJ
1 

• -h 1 h 

I 

I 
I I 



i
1 

II, 

foJ t in~ .w•J k tot+ J fo~ a•; •le 
.. pi·itude h. :rb• 1,:: A.4r•elie:rht1c 11u•do 

1 t j q h i,r hl po,~r fpqa 

091) 

CQmPari•on of Eq • . 197 ,and 18'9 1 OWil t b;at tlhe al odt , .,.,n ba no 
pha1e rnr. b\:lt it doH iilave modulus 2rl'1or. 

1(l99) 

~or a ,q..ialitat:lve •e.e••ul"e, thi• aetbod 1doe, bave .an ~l.'ant~Slle <()Yer-
the ielt·rect nuaerkal method ,of undetermined 1poeff,lcte111t1 ,, 1alt!bc,~b hanicll 
ol:itlon of ,a ,cubic equ.at.Lon ca» lbe tedlou,111 .. Abo ,t e uti od l • dJ lt111e1f 

w.lthaut 1110dilf k•t10n to the ,c:a,ea ,iwbe:re axe1a of approxlaati1n ·tmn1f-,~­
tioo and true :l:iotatlon colncide. 

DltGfTAL OOMPUTE.R ANALYSIS I.PfllOACH ( ef. 10, 11. 116 ana 17) 

By using .analytic 1tecbnique1 such •• 1tlhe-se ,o:utlined earlier iD thh 
report ,. lt i• pouible ,to determfae at le&11 1t t Oiid r• 1of U[pltude of 
·the error,111 that occur w.,en an algorithmic appnx;lution to • ,dfrectlon 
co11f..11e aatrb: 11 ude. 

Al dilcu11Sed prev.fo,1ldf ., 1.t requ Lru con1ide~able ,eft1ort to priogt11H1 

auch beyond 1i,aple anal>•t ical dhcuHion:a with ·th••e de1c:d-d 1te,•lbniq1ue11. 

I 

I 

11 



1 •:b'~l~•I 
,~ UJ~ • Cjj 
~ 19, ,.ppr 

ad.~ t i~ ri ~®lid e 1 , • 
to c: • 

• lliGlutlo to ,.a dlfH.0 11tly <!:lb H 1t :1• nat:u,ral,l,- lt ll i,, It 
tU.lH\iPD ,o.f a • 1.jit..a.l 1Cll ut~r- to band!J.e • 1otb11J:VJ tej!IJc,u, 

• OD!tiimei• dtff ioult ca.~y•b ti11ib. 

FIG. 10'" U.1orttbm Trunc•Uon ! rro:r ,iAna:li,,b 
IProar,am IDlagru. 

il'be HH:nt1.al proaram bpuu ar e the ai:w,ular v;eloc1U1e■ 

'Ibe••e qul .ar rates are then ccmv,ert d. ion the iel.octk _,ul••• t Q dl'9criet 
pub • (1)f niaht rJi •· • t.2-n • 0. ithe :~8 •tr lea to each l!»lli~~Jc .,.n 1tbe 
,d~ar• tad:kate t6a1t t lbe ~tire ~'ilgital proaira i • -,n~l•t~h d Ito 1t'.be 

8lll 

l'!"T-t",,.,...r,, ""1 7i I 

I 



If ,f ~-
I~ :It~ 

tt.'be h-,puli• • repr . nt: t.h :i.;1,c1?1ete ~h11 ,-a1tJi11 llate iinfio c.. 
pulse la ,a t tio both he 11v ,illll or lld 
updat~n form~ 11b 1t1ea1Jltant updu tr1e f1er e dli~ cU@ API II t:z-b'.

1
, 

{C
1
], an4 t d ,g~d!tlhm ~pdat d 'Utr1-, l[1C0, are th ar a ~er"l!l lby 

t.em. The r,1:.1ocram 1outp~t i 11 tihe rrox utrb: d-fln d ~iY d ci a 
th.e fadi1V:lidual ~ermn 1of (CJ d {iC' 'J ,Ji.a 

[C'J - l[C] • ICt,J 

!tden:titcal taitJ.al cc:mdlt1ou1 rie •~pplled tio bo~b 11the iXief ,11 
updatl.ng and tb •11,g~rlt.ha,. The It~ b:y tiem c0119arit•~ b 1111a.ae,, Jn ithe 
ao.aly1ia program, at iany d :1.itr d multlplie 1e11f upd t:iJD& 111uabe;1:11 ., 

With the dl,gitcaO. e~puter p,r101J,t"am pedo.rmil.qg llio 1tb,e manner 1deisc,ribe!il 
be.re, the error lllatrlf.~, [1t] , 1, 1comp(u1d pf errori• 11Pr:imarilr resulting 
from tibe ,aed,H t11:1u.nc1atlon of the g.llven 1a ~godt 

i11be standard i1Jn 1t 1bb aoalfdis :ls the referen,u UiPdJ-J:ing &al n t 
whlf.ch the 1v,arlou1 algorltlhm upda1t :in1r;s mi,ght be oolllpa11ed as a func If.on 
of the number of upia!t!Ln&1•• t:)"pe of !l.nputs, epi::. [ 10 1th~ iim,1 sU,gation 
pf th~ equat1l,on ll lf rthe fon 

1vbere, 

[0] T 
[t] ·• ,e B 

0 -u>, 1:;2 

(O] • Ul$ 0 - ,wl . 
•1118 llill (J 
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~h .~ ~ed Ii•• ~O,p at~ 
~ uat1on. "' • 1 a lc'1 fb d ~ 

:,r 

I 11 . ..rz 
h • .. . ".it • w . '1' ., t:2 ,. 

1, 1, 1..8 . 
() 

IE1t~ 89 ~ ,C&llie ~q. ~o, which i ~qp ~ d ibe ·~t 

r f ~renCJe llpaatli equat ii0:11 1t 1111D: , 1then l[I f!~'J.] 
1to .oe p:.i,ogrammed c.n the ooq,ut~r. 

I I 
' 



'ffl 111 .EUOR [W!Sf[GIJl'lQNS B '~D&~ GOMPuttrEl 
(R~. l 'll,, 116, ,anti 11:'1) 

Dle u J.yttlcal elf1ff ort 111.n th11s aea1Uon ii• conicttemed p-ri i:il w th 
th al1orlf.1thmlic lfio-mn :h .lf and n:o ~th ite t11ee1hanization. !the 
1ust.Uill..catllon !for Cll!P1oy:lll dig t 1 a putieir I nal!Ysi llechnlt.qme 1t0 
,aJLd :1n th!i.s st dy have b en given in tJ,.., ,rPre,c,adli.n I ection,, '~l!!ftle !it 
wa 1noted t,h t m.o 1nno111ea.s beyond 'ill!Plle ana1Jti1ca:!l dhcu si£.:o,n• re­
~•..dt1, d ncm■.tdz able 1eHortA Havtns 1Iteri1ewad th e 1alitle att:·vre 
ana:Ji)'tl.cal me_th,oda, :it 1Wa • 1>b rloaa t ~ mhe d~J;1.tll!1 cmqputler •houlll 
be -4deil to 1th ri p.eirili:0b1e of UrlQri ti 1anail,(1Yd• t:1001!11. 

11he rearultl 1of :ch , d_i,gJlital 1ooau,u:tr.r 1anall_¥H1 lllCllude dnJl~-
nd tr.:t'..pLe-u:d.11 ·ltlep:r:e entiartion• ,of ,fd.r 1t- an6 eec:ond- 10:t1cllet ~m:l..thlta,. 
,S1m1.IJ.ar lirove•U.1ai:ion1 iO'.ll [P&rtiouJl.&r 1se-rill1ell updating ~ul , ana mi 
1modif11ed lfir•t-ord r lfiDiJi'ID have been 1punu d. Theae t••iulit11 rwll [ be 
1eb01U1 .and cii•cu88 ii .. 

lA.SSUMPi1'10NS FOlt IINVESrJ:'.[GArl'[QNS 

~ 1r 'C:be atludl.e dlscua ed in :tih::l.• sectio.n,, rtibe f_oilLowlflt\l I H.umptltl!c,: 
,applif: 

1»1111:1::r • O. 4 811:1.812 5 nad.i/ sec 

IVtairiatl!ou f!llom ithe•e ae made, 11>:ut, au:1entllian i!tl c■llei:l ldlllneve:r tilt 
!11 done. IEo:r 'ltihe THullrtia • :bown ollow!ln11, 1onl1 It! e :a-i1191Le l)'-ED ·amid 
lhu b en eag,lo11ed.. Four ltbe 11d~le li1t1n11u tirie~. ~here l• n111>1 110.t~ceabllie1 
differenme .ln 'tlbe &Yli'O output■ lf11>r It ttw:o •v~~e fteb,. 

I I 
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FlllST- AND 3ECONDi-ORJ)ER ALGCRl'n{MS 

Based on the devel~~ep~s of the ee~t;f.on d ~~riJ,~-qa
1 
~11oh1

~ 

for: updat:f!ng the direction 1c0aine matrix (~g. ~l) ~ t h~ f oi:m o' ( t J 
programmed hen is g:ll.ven 'bf I 

I I 

where B a O or 1 fo,r a ftrst-.order approximation or a aecond-~r«ite r 
approximation, respectively. 

Coi,iputer Flow DiaarM of Analnia ,Proar 811l (Fla . 11} 

ENTER WITH INITIAL CONOITIONS 

I 

C=C· ~ 

11 IS AN MIITR~,-Y 
INT1~$ER I to IOO 

# ISi THE TolrAL 
MJl(IIER or l'lrER4~10,., 
OESIIIED 

PIG. 11. First- and Second-0:rder Plow Oiagru. 

I I I 



1~axts • pitQh 

2-axis • yaw 

3-axis • roll 

"fflaz for h3 • 2-12 is 0.48828125 rad,/sec and for h~ = 2-16., !~ "" 
0.03051758 rad/sec. The i nitiill condtUon mattr,i,c for 'UhelBe Ugures 
is unity, for T8 • (1/2000) sec, 

and the quantitization ia h • 2- 12 radtana in Fi g. l ,2 andl Ji • 3i-16 
radians in Fia. 1:3. 

The error gttowth in all cases, is1 an inueaain91 Pllcil:t,,tQryc 
function. These curves agr'ee 1well with the aralytU:■~ sJ~l+e-a;xtls 
solution obtained ln J:;q ,. 14,9., 

where ll) • kh3., wU:'b k the 'Updatlna numbec. 

Al! eqect,Jd, Ji,e trun~atton error, avet t~• •a,, BO,C>qQ fittir~tionf 
dee re•••• •1t1 the ~aular tnc~••nt:, h, ■ile de,cr•••f • ~ B~~~•~ ~ , 1: 
80,,000 tncrementa pf 71 • g-12 ,-,~.,,aentl~ a 1114cb ~•r-•r t~t~;L an1l~ 
than dQes h • a-1 6 ov11r th. aue numl>e,11 of uP41at , 'na~, Tq c:••r•1 the 
two set• of error !lui,-ea,~ Flg,. 12 an4 1~. ■ patt~cu~~tt an·l• ' ia chosen 
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-12 Settina k • IJ0,00,0 and h3 = 2 we get 

I I 

£1B 0. 81'.6 x: 10-S I 

', I I 
Fil1ST-ORD6R, SINGLE-~S • LIMIT QCI.E. ffi~ 1 f i lralli ordJt ~J~it . I 

axis en-or response to a l=,l Hait cycle is ,hP"O in ~~a. 11(. ~d 
1 
•

1
s ,~,~ 

h • a-1~. A ,l ::1 liai't cyclle ,is d~Uned as a s~1ctes Q~ gyro pJl-..~ w~lttj 
•~gns alterna1ting every cycle: I 1 

In the single-axis case, if the initial condi.Upn matrj;x 

[Cfo)] • [IJ ., 

no off-.dlagonal ,error can e~er result f 'i)r llllit-.q~cl 

1 h - J () 1 ,,h 

lc1J ... [C(o) J • lh3 l Ii - h3 11 

t) 0 l 0 Q• 1' 

~2~)1 

ccroJ l Js
1
i 1t . 
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With h • a-la# the 110Dotonlc error bound bec•u.e of ,a uxl-. ,..,,~ 
at 80,1000 upclatlf:.q• 'WU ,ab®t (Fig. 12) 

e,11 (hound) "' t .2. 4 :s lo -3 

In Pl1. H. the liai't-c,cle error at 810,000 lteratioa. t, 

,, 

Fil:ST-OIDEB.lf TRI~LEr-JJUS' )tONOTONIC KNl,IMUM RATE on -~~ tl!Ml! 
CYCLE. In 1th• next tvo Ht■ 1of 1curve1, the 'l'e•ult■ o, '9ubjech~1 
the f1ni-or4er upd!atlna ta equal 11Uif.auia 11M$lot,onk ~, IJ ~ll 1:lmt 
c1cl• input■ abc,ut ,all tb.r .. axe• ■iault~e~l, are ~~. 
h 1 • h;2 • ,b3 ·~ +.e-1,2. 

, I 

I 

I I 
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,:or ~~ •notcn;ilc hlJ>u-=•• Fl~~ ,.1J1~ 'r~-i-b' , ~ 
-~.OQO lolplia~~- ~f 

• for 

11 II 

1Wl,1th • ill:'.l ~ilut-cyc.~e 1inp t l(lf g,. 1,~~ tlie at .-110 ,al er1ro~•
1

1~ f 

ppeared u 

UUQU.U BATES, D.:lPLE-AK[S, PIR611'-0MEB. RE~fWSJt .. Fll~,u~e' ~S 
demonatr■tes the first-order ~rtior .r 11!•pon1• ,e ~o the bo4y1 ,~at, , 
w • o. 02:5~ 1~2 • 0~ 002:i. and wg • O. oi h:·•.S,l11ee) II I 

.lNu.lt.-S~eo,nd 0.-der. ~ 

, I' 1the •e~~md-ol!ider al~,orl,:bm va•1 1•t4dJed n :~y fo~ th,:i lll1rll~1l~-,~f~ I 
maJCiaa-rat~ IIODDl\ol'lic 1ant t= ll lC.~t-,e,:cJe 1cue1. [t 1wa• ~idit lh•t1 
eu,U~;iient lliuigh't. 'had been sained lfirmn 1th, lfltist-oarder ti!J1e It~.~ 'lit I 
woµld have been LIDllece•••rllr repetiUoua to ll&ke 1the snel 1seq~F• ii II 
df run•. I I 

lilt :b obvioua that t!he ,~ccmd-,!!>li!ier aJlori~hm, b a .~ ,e~c~~ 
ref ilneaent of 1the rsaae aer:ltea ua1ed iu ~he Unt-,ol'der ,1sor1t~1

1 ~ill have im ,'lr~or respo.n,ee •~Uar tin f 101111 but aaaller ,in maanltµde 
than the ftll.'lat-ord~r reeq,lite. Thb ,i i• cl~trat,ed by ,~•rlln,1

1 f!tg. 19 and 20 'Wit'1 t:hetr :ilrs~-.order ~ognteiipart,•. , 

111be 1nr0r bpµnd for the 111UlXJ.:~;rat~ ,-,n,tqnlc i~p ~.. a t 
updaUngs is 

-6 eij !!I! (!. '? ,~ J(J J 

and for t:be h l 11111 t cycle 

II 
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Al.gol'it'9, •i~ I>i•ar. 

Th~ flow dlaaraas for ~he BU111$tea4-Hessio~, Ctowder-He~•i~~, an~ , 
1 Maraon algorithms are 1.d•ntical, except for t i,e f om oi th -~~ix 

(t] and are, shown in Fig. 22. 

gesults-Bwastead-Hess~on Algorithm 

Figure 23 shows the error resportsie of the fotward portf_on~ Uf• oJ t'1e 
Bumstead-Hession algor t_ chm when subJected t oJ equal ma:daua-rate mqnotqnfc 
inputs about all tbn.e axes. The error bounds at $0,000 updating-. wen , 

Thia gives th~ forward part of thP. Bumstead-Hession algoritlul, ~s de­
sc<Kibed previously ini the sectiC1n on algorithm form vada,tions,! a sli.ht 
truncadon error advantage over a si~p,J,e first-order s¢he.ae, itgure ~4 
includes the reversal portion [Mr)1 alternatively with (Nfl sub.1t1,cted ~o 
monoton.tc inputs. The 80,000 point error bounds w~'re Bf P'toxl .. tely 

These error values made the resultant algori.thm fom ap,pl'Qxt..-te,l.y 
equivalent to a third-order parallel algorithm. Over the 80,000 
iterations tried, the truncation error, which h p~edicted analytical.ljy 
to be of the order of h4, was not observed to diverge. To observe an1 
error growth would have required about 236 iterations. For a 1:1 limit, 
cycle, the eigenvalues of the BumJt:ead-Heseion .-lgqrithql -.f~er each 
(+h, -h) sequence are unity. Figure 2:5 shows zero error in off-diago~,1 
terms and, at 80,000 updatings, about, 10-U error in the diaional tei'l!ls, 
It is concluded that the error shown along the diaional h duf ~o 7094 
round-off accumulat-ion rather than to the algod,th11 itaeU. Figµre 26 
is the result of applying an input rate w1 • ~ • 10 w2 =- 10() r,,3 • 
O. 4882812S 1·ad/sec to the BU11Stead-Hession algorithm. 

Crowder-Hession Algorithm Results 

Figure 27 Jhc:iw'.J the Crowder-Hession algorithm •rror tesronse to a 
uximum-rate monotonic input about three axes., Tqe 1:1 Uait-cycle 
result is shown in Fig. 28. The same COlllllent ae was •de previoua,ly 
about the BU11Stead-Heesion limit cycle main diagpnal enora hold for this 
case also. Figure 29 is the result of the input wJ • IAlnt;rm • 10 1 w2 • 
100 w3 • 0.48828126 rad/sec. 
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i 

Ma!J!On1 AlRQdtlun lleaults 

The re ul t s obtained by applying,_ mono~Pnic rate e~u~ll1t -~~u~ 
t~ree axes 1. di. play d in Fig. 30 . Tne err:, ,r is oacil,lating ~q it~ 

nine cos,in s be tween zero and a H near1y grow,lns uppt!r bound. ~l!:teftlori 
is called to thi error rectificat!ion for th;~ spectal cau. I:~ a: 
l:i limit cycle is applied, the erroi: at 80,000 up~at:ings wo4~d[ pe 

E • • ({,/,j) 
1,J 

2 4 10-3 
• X 

Finally, !'ig. 31 shows the Marmon algorithm error response to 
WJ * 0.025, w2 = 0.0025, w3 = 0.05 (rad/sec). 

DISCUSSION AND SUMMARY 

We review briefly the material covered in this report. Following 
an introduc tion , which gave a broad overview of the problem of 
strapped-down inertial guidance, attention was focused on the problems 
of updating the transformatfo:1 matrix. Briefly discussed were scheme 
for mechanizing simple n,odels of the strappeJ-down gy;ros. These mpdj:!lS 
served as the sources of angular information for the updating algorithm 
analysis. A simple digital computer mechanization, which cquld eff ct 
the updating of direction cosines usi.ng only SHIFT and ADD opnations, 
was discussed. The scope of the report was narrowed by intr,ducib~ 
and discussing the transformation method of dit"ection cosines . Witth 
the aid of the preceding information, it was then possible to make a 
defif'l.ite statement of the direction-cosine updating pll'oblem: " . .. perJotrm 
a.numerical integration of (the direction cosine differential eql.j .. tion] 
[C] '"' [C] (0) given quantitized angular rate informa.tion." 

Sufficient information and concepts were availJbie to begi,n to 
study algorithms useful in integrat!Lng [CJ = [C] [OJ. Some of the 
more conventional integration schemes, such as rectansular integration, 
trapezoidal i ~tegration, and Simpson's 1/3 rule, were studied. Th~ 
Taylor series proved to be of particular interest and was seen to Qe 
an extremely useful tool for form i ng integ.ration rules that did not 
require closed-loop solution. Several variations on the Taylow .s~Dies 
algorithm form were s • ldied. These studi.es included serial proo~1~Ung 
algorithms and the technique of processing reversal under Hi;niti-c:ycle 
conditions. Sequential pulse-proce$s1qg :md pulse-gi:ro1,1ping acheces 
were also reviewed. 
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Hi!q ,1•~~· yed a cbnd~erab~~ nuabe~ Ji ,1,~rt~HW f ~ 1

t~• , 
~1,,t 1 ••• ~enun ~d 'by 1~~,.u,~~ing 1¥tllq~• ~rit~~~r or l 1~bd,~q1 
~~••, , ai;-.1f~~ updi . ina fo"'. M~•r r~Jli,ij~I ,..,1 '

1 

1,-1~1
1

, 1 ti:, 
~~- dj*~~t, 1'~r~cal .. tnod o!f un~~~•rmiaed1 ,c:p4;f '1ci1~ I • ~~- -trn•-~ 
method• ,and ~ .-..,,trl»-e~1,nval!~e a,proach, the1 ae~ .. •f~~ fc,li ~~ ,.t,tna 
tJie IIK 709~ compute_, for •q~~essJul atudy Df ~he brgel c:l~-.~••I qi 
algorithm for•• waa discussed and jUltified. 

f 

'nae results of the digital computer analya!is of frµnq ... t.to._ eljrior 
were given. These results we1:1e d~tailed fo't three 1-,pa.,-ali:'9 ,allsorit~ 
daHea: {1) Urst-and second-order (parallel). (2) SeJ!'J■l l"ules, 
and (3) nodtiied fint-order (nonserial). 

The reader is referred to Ref. 17 for ch~tailed diacusslona of 
the digital computer pro1ranaing employed in this ana1y,1s. 

CONCLUSIONS 

On the basis of the algorithm truncation-error-res,ponae value, 
observed, it is concluded that the algorithms studied are weU l:!ebaved 
and their response is intuithely justifiable. Also, the numericai 
forms of these algorithm.a are acceptable methods for syst9'• mechaniza­
tion for direction cosine updating. Algorithms can be chosen_ even 
under limit cycle conditions, with truncation error values sufUciently 
low to prevent this error from being a major design consid•r•tion. 

Some attention must necessarily be g:flven the truncation error, 
b'1t, 110re importantly, the criteria for choosing and 11echanh,in9 t~e 
various algorJthm form variations must be considered. fo,r e!U,mp1e, if 
high rate oscillations in the form of limit cycles are an,ticipat .. d ae 
part of the system functioning environmentt then it might be requir-,d 
that a aerial-reversal r~le be employed. 

With the probable factors playing a role in al,aorithll choi~• beJna 

(1) computer size, memoryt and speed capabilities 

(2) inertial sensor errors 

(3) errors inherent to the dynamics of the carryi~g viehic~e 

(4) errors inherent to the system meohanitation 110dle, 

ultimate algorithm choice will certainly be mad~e on the baata of facton 
other than th~J•' of tru~cation alone. 
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AISTIACt. Thi• report provides a detailed introduction to the probl• 
of updating the rotational tranaforaatlon of a atrapped-dpwn inertial 
guidance system. Analyses are specifically devoted to probl•s of 
updating the dir~ction cosine transforaation. Various di11tal 1c011;puter 
algorithms for updating the direction cosine■ are 1U.aplayed and diilcuHed. 
,tethods of performing error analyses on the■e algorlthlu 11re reviewed and 
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representation• of the trunc:ation error resulting froa the pl!rrticular 
numerical -foru 1tudied. 
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