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ABSTRACT

The purpese of this study is tc investigate the transient behavior
of nonreciprocal ferrite devices and coupled networks which are used in
wideband radar and communications systems to process signals having wideband
speciral content. This investigation should lead to a better understanding

of the limitations imposed by the use of these components.

This final report is divided into three major component study
areas. They are;

(a) nonreciprocal ferrite devices (e.g., isolators, circulsaiors)

(b) coupled TEM-mode networks (e.g., the quarter-wavelength or
parallel-line couoler)

(¢) coupled waveguide networks (e.g., the sidewall coupler).

In addition, a major subsection is deveted to determaning the utility of
describing the transjent behavior of a microwave networx by a single
parameter in the frequency domain, namely, “the bandwidth."

New methods are introduced to evaluate transients in wicrowave
networks in both the studv of ferrite and waveguide networks; in the former
area & microstrip circulater is suggested for wideband application., A new
definition of effective bandwidth for microwave networks is offered which
considers energy stored in the natursl modes of the device. Finally, a
novel class of parallei-line couplers whose impulse response is time

limited is introduced: the impulse responze consists of two delayed
impulses.

Eoth the theoretical and experimental portions of this study om-
ploy a time domain analysis as opposed to the conventional frequency domzin
approach, It is shown that a time domain analysis yields considerable in-
sight and suggests new network riodels, The measurement and analysis tech-
riques presented in this study are outgrowths of efforts on two previous
Air Force sponsored programs, namely, "The Transient Behavior of Large
Arrays" (AF30(602)-3348) and "The Transient Behavior of Radiating Eiements"
(AF30(602)-4050) .
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EVALUATIOH

The objective of this contract is to establish optimur spproaches
for evaluating the performan.e of certain nonreciprocal and coupled
broadbend microwave networks. The contractor made extensive use ol the
time domain and the transimt resporse in conducting ‘these investijatidns.
It iz shown thst such appioaches give rise to effective methods of ana-
iya’s end svalyution where conventionsl approaches tend to %e laborious
and wavieldy. The tachniques established here will yrovide a timy domain
epproeck 4o microwavz and systens engineers so that the design and eval~
uation of broadbsud components can be accoxmplishcd through an optinized

procedurs.
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SECTION I

INTRODUCTION
(G. F. Ross. Sperry Rasd Research Center)

1.1 GENERAL

This final technical documentary report cuvers werk nerformed
uring the period 28 Hay thru 2 June 1967, under Contract No, AF30(602)-4180
for the Rome Alr Development Center. Research and Technology Division, Air
Force Systems Command, Griffiss Air Force Base., Mew York by the Sperry Rand
Research Center, Sudbury, Messachusetts in ccoperation with the Sperry Ricro-
wave Erectronics Company, Clearwater, Fiorida and the Sperry Gyroscope Com-
rany, Great Neck, New York.

1.2 THE PURPOSE OF THIS PROGRAM

The purpose of tais program Is to study the transient behavior of
certain nonreciprocal snd ceupled microwave networks iz an attempt to under-
stand tneir properties when excited by signals having wideband spectral con-
tent. Previous Air Force €ponsored programs have analyzed the transient be-~
havior of reciprocal and cecnmected TE¥-mode and waveguice juncticons used
in the feed networks of array systemst and the proparties of aifferent ra-
diating elements®,

In purticular, this program contains an analysis of norrecip-
rocael ferrite networks (e.g.. isolators, circulatess. phase shifters etc.),

t 6. Ross, L. Suszan, G. Hanley, "The Trumsient Behevior of Lerge Arrays".
RADC-TR-6£4-581 {June 1365).

* G. Ross, R: Bates, L. Susman. 5. Barley, et ai. “Traveient Behsvior of
of Radiating Elements”, AF30(602)405% (November 1966).
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and an analysis of TEM-mode coupled networks. and the (waveguide) sidewall

coupler.

In addition, this study includes an investigation to determine the

utility of describing the transient behavior of a network or a system of

networks by a single parameter in the frequency domain, nameiy, the "band~

width".

The results of this prigram. together with the results from pre~

vious programs provide sdditismal insight. new saalytical tools, and design

data for the systems exngineer.

in the rext subsection.

1.3 CONTENIS OF THIS BEPORT

This report is divided into four major subsections.

[

>

&

Ferrite devices {Sec. II)

The contents of this report are described

They are:

Defining = “bandwidth” paramster (Sec. III)
TE¥ “widebnnd” coupled networks (Sec. IV)

Sidewall waveguide ccupler (Sec. V)

Section I contains & titerature survey of related work (Sec.

2.2.1) and o quaiitative discuszion of the intrixsic limitstions on tran-

sient behavior in ferrite dsvieces {Sec. 2.2.2).

The theozeiical problem of

wave propagation ir ferrite medlia and iw fevrite-leaded transmission lines

is analyzed in Scectiorn 2.2.3.

and develops

This analysis starts with Maxwell's equations

an expression for the system function using Laplace transform

vechniques: an analytica)l and a computer solution for finding the inverse

transform of the system function is presentad in Appendix A.
of the experimental studies are presented in Section 2.3.

The results

Here, the isolsator,

the cirvculator, the helical-line digital phase shifter. aund the gyromagnetic

coupler ure experimentally evaluated.

Ve
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ithe wiility of describing the

el

of a micrawave uetwork by its “bandwidth® is discussed.

sgme of the conventional lump

tansient benavior
Ia Section 3.2

-zireuit definitions of bandwidth are re-

viewed,. New defin{.ioms; which may be applied to distributed microwave net-

N

works ave discussed in Sec. ¥.8.  In pafticu:&#; oane definition involving a

‘e‘r«.‘
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new quality factor @& is appeeling: the ordinary definition of Q proves
to be a narrow-band concept and must be extended for microwave network appli-
cation. The concept of Q 1is reviewed in Appendix B and it is shown in
Appendix C that the transfer function of a network is an implicit function

of tne quality factor. Also, in Section 3.3 several examples that show the
deficisucies of conventional bandwidth definitions are offered. A time-fre-
quency domain technique for analytically and experimentally evaluating the
"wideband" Q factor is duscribed in Section 3.4. The technique is applied
to the analysis of commensurate-line TEM-mode networks in Section 3.5: appli-
cations to certain networks are offered in Szction 3.6, while experimental

results are given in Section 3.7. Conclusions are presented in Section 3.8.

In Section IV the transient behavior of coupled lines is investigated.
In Sections 4.2 and 4.3 the impulse response constraints necessary for the
conventional coupled-line directional coupler are derived and the transient
response is carefully studied. In Section 4.4 a new directicnal coupler that
has a time-limited impulse response is developed., Section 4.5 is a2 discus--
sion of the experimental results for three different 1,35 GHz co.ventional
coupled-line directional couplers; the results are then compared to theo-
retice! rredictions.

The transient response of sidewall couplers is considered in Sec-
tion V. This particular waveguide component was chosen for detailed inves-
tigation because (1) it is commonly used in modern radar systems and (2) the
mathematical techniques appropriate to its analysis are applicable to a very
large class of microwave structures. In Section 5.2 the previous work on
the transient response of straight sections of waveguiue is briefly reviewed.
In Section 5.3 the results for straight sections of waveguide are uced to
provide the basis for the analysis of the sidewall coupler. The sidewall

coupler is considered as a cascade connection of straight sections of wave-
guide coupled together by a straight section of uniform guide capable of sup-
poriing higher order modes. Section 5.4 presents the experimential resulis
for the impulse and step-medulated response of an L-band sidewall coupler.
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1.4 PROGRAX ORGANIZATION

This program is dfrected by Dr. Gera.1 F. Ross, Department Head
Netwo,k and Aitenna Research at the Sperry Rand Research Center,
where Hr. Robert S. Smith, Research Staff Member, is & co-investigator. This
center’s investigative activit'es consisted of defining bandwidth for wide-

nicrowave Systems and evciuating the performance of TEM-mode coupled '
networks . |
f

At the Sperry Kicrowave Electronics Company, Clearwater, Florida,
Dr. Lamar Allen, Research Staff Member. was responsible fcr the study of
ferrite devices. This pregram included both a theoretical and an elaborate
experimental eiffort.

At the Sperry Gyroscope Company, Mr. Leon Susman, Senior Engineer,
was responsible for the theoretical ard experimeatal studies relating to
waveguide networks.

Since this study was a three-center effort involving several Scien-
tists, it was decided to identify the contributions of the investigators by
placing their names (in parenthesis) next to cach major section.
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FEBRITE DEVICES
(L. Allen, uperry Microwave Electrenics Company)

L L LR S

2.1 INTRODUCTION

PR,

The objective of this phase of the study is to advance the undez-
standing of the transient behavior of ferrite devices through a closely
coordinated theoretical ard experimental effort, Both the intrinsic limi-
tations of the transient responce of the ferxrite itself and the transient
behavior eof several typica: opsrational ferrite devices are examined,

. 2.2 THEORETICAL STUDIES

2.2.1 Genersl

The theoretical effort is concentrated on the related areas of:
(1) intrinsic transient phencmena in ferrites, and (2) transient behavior
of typical ferrite devices, A literature curvey carried out early in the
program revealed few papers that were directly related to the rf transient
behavior of ferrite devices. The most pertinent papers gre those by Suhl,
Schloemann, and Shaw et al, Suhl and Schloemann are both principally in-
terested in high-power or nonlineor effects. Shaw and his colleagues are

L2 2N

attempting to develop a short-pulse microwave generator based on transient
phenomena in ferrites. (See references 1-8 in the bibliograpny.) During
this prcgram an effort was made to formulate the theoretical study of

Ean A Mgt

[

transients in ferrite devices directly in the time domain,

2.2.2 Some Comments on Intrincic Transient Behavior

There are various intrinsic relaxstion and axcitation times as-
sociated with a rferrite. For example, there 1s a spin-iattice reiaxation
time (which is a measure of the length of time required to transfer energy
from the uniform precession mode to the lattice) and there is a spia-spin
relaxation vime (which is a measure of the time required to transfer energy
from the uniform precession mode to higher-order spin waves)., The spin-
spin relaxation time for a typical material might be of the order of a few

P I DA o see
*




panoseconds, whilo the spir-lzitice relaxation time for the same material
would pe of the order of a hundred nanoseconds. An important parameter in
the study of transient benhavior of ferrite devices is the excitetion time
for the uniform pracession., Excitation times for the uniform precession
mode appear to be of the order of 100 picoseconds., From the time that

the unifuxm precession is established until that time when ioss of energy
to spin waves occurs at a significant rate, the uniform precession is

essentially an undamped mode of oscillation for the magnetic moments of
material,

2.2.3 Trangient Wave Propagation in an Infinite Ferrite

Before investigating the transient bshavior of particular ferrite
devices, consider the cese of wave propagation in an infinite ferrite
medium, An eleciromagnetic wave in a ferrite can be represented mathc-
matically by the following three coupled equationsi

- 3n o
Vxe=—u°<-a—t-+ s;} (2.1)
v (F+f)=e L (2.2)

%%-:Y{(E+ﬁo)x(’ﬁ+ﬁc)} ’%T{(m“'ﬁo)xg‘%} (2.3)

vhere € = time-varying electric fileld
h = time-varying magnetic field
i = time-varylng megazilzation
Hy, = static magnetie f.: J
¢ = dielectric constant
Bo = permeability of free space
¥ = gyromagnetic ratio
o = damping parameter.
i, = static magnétization
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Assume that

K =ik

Hy = u Hy

where Ez is the unit vector in the z direction.

1t

Then, in the small signel cafe Eq. 2.3 can be written in expanded form as

oy oy
-(:;;;---=Y{H‘,my-!dc,n)'r}-a-cvat

(2.4)
s = ¥ {Chom, -
amz
® -0 -

If it 15 further assumed that the time varying magnetizaticn and magnetic
tield are zero at the initial instant, then t = O, Then taking the
Laplace transform with respect to time of Eq. 2.4 ylelds

sﬁ:x s {F‘_‘zy - Hof;y)ﬁ- a{sﬁy)

§§:y =y (-Hox'ﬁx + !oﬁx} - a{sﬁx} (2.5
sm, '=’0 y

v

<4y i

where s = Laplace transform parameier, ﬁx = L{mx) . e13, Splving,.,gop

£.and m_ 1in terms of h_and h_ vieide
kS ¥ ® ¥
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-
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where
< Y%
- x = 9
yx XV s (VB + us)
{vi,) (VH, + as)
X,., =X __ =
L £ A (YH, +as)’
Thus,
=% W
where

Xux  *xy 0
0
= | *yx Xy
¢ o0 0
y_ et

Haxwell’s equations can then be written in the form

Uge = - (I +X)h=-5h
a 2 '
vxh = see

where I +%X =1 ; I is the identity matrix,

Eliﬁﬁatini & from Bq. 2.9, we obtain

or

te3.8)

(2.6b)

(2.8)

and

(2.9

(2.10)
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Bo= e bt B (2.11)

where & is a funciion of s and material paramsters but not of the
cecordinates x,. y, and =, and

The plane-wava solution has the fora® g
|
!
!

T3t

= unii vector in the direction of propagation

& 7]

= displacement vector .

4

Thus, for h as given in Eq. 2.1}

e I g FroRebe s VERPGAAN e TR AT RS S TSI A INY

VY - n)=E (i +t) A
. (2.12)

-
<

- g1

i

N“

=

Substituting Eq. 2.12 1into Eq. 2,10 yilelds

-] 8 - a. . F-S
4 {- nh+(n-nl n] = rsseﬁf* k {2,13)

WMEPPET KW I RE Ao b AT Rk ST

Assume that -he appliedi dc magnetic field ic in the z direction and the
propagation vector is in the xz plate, s¢ that ny = 0, n: = sin ¢ , snd
n, = cos @ ., where @ 1is the angle betweer the direction of propagation
end the de megnetic field., Bxpending Eq. 2.13 into its three rectangu-

lar component equations yields three hcmogenecus linear equations in Ex .

hy , and hz ., The determinant of the ceefficients must vanish for ¢

. nontrivial solutien; thus
(2.14)
. 3 3
. -gscos P+ 5 o s, K gesin D cos @
8 . s
js X ~& + 5 epgp o g - =0
s s s 3 '
2 sin 9 cos ¢ 0 ggs}n @ + 8 8y i .

¥Sce Befovencs 10 for a similsr analysis in the frequency demain.

L9 .
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wiere p =1 +x, and K= - nyx .

Expanding the determinent and solving for € yields

s e A o

t
§~:-2~ 2 . {(ga-_u - xg) sin% + 2 _tl r,g’-g-x")”smw * 4Kgcosn¢} 3
S I {» 2 S 4
‘ 2 (cos @ +yu sin 9)

(2.15)

The field is tien

a -3 - n . r
h=he st T (2.16) .
where §+ is given by Eq. 2.15 . The transient response can be deter-
mined by taking the inverse Laplace transform of Eq. 2.16 . However,

€ 1is, in yeneral, such & complicated function of : that inveirsion cannot

be carried out analytically.

2.2.3.1 Transverse Field !

A special case of particular interest is that in which the '
direction of the applied dc magnetic field is perpendicular to the direc- ’
tion of propagation. Then the value of ¢ in Eq. 2.15 is "/2 and &
becomes

s g? \%
g+ =3 vfi;i' (E—7§- ] (2.173)
g- =3 Boe (2.17p2

Suppose propagation is in the y direction and the dc magnetic
field is applied in the z direction. The solution €- then represents
a wave with the rf magnetic vector in the z direction and the rf electric
vector in the x direction, In this case the rf magnetic field .lces not
interact q}th the sp?n dipoles of the ferrite and the material resembles
a simple-dielectric.
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Consider a plane wavé which is zerc for t < O prepagating
in the <y direction. At y = 0 1let the form of the wave be specified by
R(0,t) = wn (0,1) = &z f(t), so that

L{n(0t3) =He) .

If the ferrite has a conductivity o , Eg. 2.17b becomes

Then X -%si%c*&g-)y ;
s) = f(s) e (2.18)

hz(y.

Stratton9 has provided the necessary transform pairs for inverting this E
i
function, The result is

Sl

h(y,8) =e f(t - \fhgsy)

(2.19)

g (
- - t - 7 gy
1 2¢ ° g 2 g [ko,/[3 1 2
- :;- e i f f(B)exp"é—gﬂ—ay Jo (5" - \/z - t-p) )dﬁ

v - G

which represents a demped wove traveling in the +y direction in a dis-
sipative dielectric, For y = 0, hi(O,t) = f(t) for all it > 0, The

tirst term results in a delayed, weignted repiica of *he input signal f£(t);
the second term introduces the distortion,

1f propagation is in the y direction and the rf magnetic field
iies in the xy plane transverce to the applied dc magnetic field, inter-
action beiseen the rf magnetic field and the spin dipoles does take place
ani 8+ is the uppropriate sélution, In thic case the wave is traasverse
elentric and the x and 2 eomponents of the r¥ fields can be expressed in
teras of the y componsnt of the rf magnetic field. The system functien for

-3} -

[ - ameawere — - A e e e om v e e ———

v




L T

this wave corresponding to the ratio of &
is di%en by

. components at y and y =

3 3 #
ﬁv(x.y{z.s) - 5\ kot (9 m ) y

— O

hy(x,o.z,s)

where u = X! K= - jxyx . and Xy and ny are given by Eq. 2.7 .
The inverse Laplace transform of the right hand side of Eq. 2.20 is .
then the impulse response of the ferrite under the specified conditions. - |
Unfortunately, this is e very complicated function of s and direct in-

versicn has not been possible. It is, however, sppurent that the impulse ‘
response will consist of a delayed replica of the ‘nput plus a series of
Bessel functinu terms srich represent distortion, ‘

2.2.3.2 longitudinal . i21d

Ancther special case of considerable interest is that in whicn
the direction of propagation is parallel 1o the applied magnetic field.

s = z
For this ease nxzny-o, nz-l, and h=hy € g. Eq. 2.15

then becones

g =% pe (WK ‘ (2.21)

For this case the typjes of functinns that must be inverted to obtain the
impulse response a~~ o¢f he form

s Vsl £ ) C(2.22)

ahere

;i:é:K::" £+ (?39_4- és) +vag (s@% et-ds’) ¢3st° ’
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nis function is alse quite compiicated and a direct analytizal inversion
has not been possible. However, if H, is set equal tv zero then Eq. 2,22
reduces to the form of 2q. 2.18 and can be inverted to yield a delayed
and attenuated replica of the input sigral plus distortion terms similar

to the result shown in Eq. 2.19 . 1In the general case the response is

more complicated but similar in form, An approacn .c the inversion of
functions like Eq. 2.22 in terms of a series exvamrsion is given in.
Appendix A. A computer program for inverting complicated unilateral Laplace
£q. 2.22 nas just been completed under this cortract. The
details are nct reported here because of time limitations., To check the
technique, the inversion of Eq. 2.22 was accomplished and compared to the
series solution (see Appendix A). It appears tnat this program snould

have considerable utility in future transient analyses.

2.2.4 Transient Behavior of Bounded Media

The exact analysis of the transient performance of microwave
devices presenis such formidable mathematical difficulties that one of
necessity attempts variouvs approximate calculations. Variational and
perturbutional techniques appear particularly interesting, Frequency-
domain formulations of sush technhiques can be found in many books and
articles.lo’ll

Similar formuiations in the s domain are also possible.

Let L/{ e (x.y,z,t)} = é(x,y,z,s) , etc. Kaxwell's
equations fer linear, isotropic hemogeneous media, after Laplace trans-
formation with respect to time (with p = O, I= 0), become

vV x 3 = - s;&ﬁ
T x § = sa;§
. (2.23)
veeh =0
Vg =0
Suppose that the fields in a waveguide are of the form®
e=e (x,y) &2 (2.24)

#Tnis is a crucial step for the work that follows k Often one sssumss
in symmetric junctions the fleld can be expressed as the product of two
terms: one a function of the coordinate system and one a function of tims.

- 13 -




where T = function of s but not of coordinates.

©
]

tunction of x, y hut not of the complex variable s.

<}
13
!

¥e = e-l'z{v)é - I'iz X ;}
(2.25)

e~rz<Vx§ - I‘ﬁz x ﬁ}

g
it

Substituting Eq. 2.25 {into Eq. 2.23 and scalar multiplying the first
of equations 2.23 by fn + the secona by ; . and then finding the dif-
ference between the two resulting equations, we obtain

t

¥ X Y 4 Y ¥ A A Y
Veexh+s (ghsh +eee) = 2N e xh-u,

Integrating over the cross section of the waveguide, we obtain

fl‘ r ¥ Y ¥ L 2
r-ddlsuh h +f¢e!-e-rv-e x h) da (2.26)
zdﬁdexh *u_da

From the identity
1 ¥ r £
va'axhda=£exno=d£

tne third term in the numerator of Eq. 2.26 venishes if nxe = O

Y < r s
s”[ph-h*cew& da
= e e . P (2.27)
TRy
3 exb-uz-a
> ms “oaav FRETRES I RN P ﬁ
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This formula for T is stationary if the trial fields are
-t
gelected so that n x e = U 6n ¢, Equations similar to Eq. 2.27
favolving e or h flelds only can be obtained by eliminating h or

Y £
e, resractively, from Eys. 2.23 and proceeding as above. The e - fieid
result is

ﬁ‘{_u-z(ng) . (Vx8)-s g6 - 1é)da (5.28)
[0t x e - Gy x9) ) -

"
ol
L)

which is stationary if nxe = Oon c . The resuit for the ¥- field is

o [Jtosh oxb i i )w

[, < - G, x] e

(2.29}

v
which is statiomary with no boundary conditions required on h . Similar
results can be obtained for anisotropic mediz as illustrated by the fre-
quency domain results of Beric."2

A3 an oxample ¢
compute the transient response of microwave devices, consider a dielectric-

loaded waveguide consisting of a single full-neignt dielectric slab in
the cenier of a rectangular waveguide, as shown in Fig. 2.1,

y
A I =

T 1
.
, ) a_-——-—.a{jf’:

(RS H !

F16. 271" K dletectric siab in the center
LR LN Ok %‘ gf-m?&ang}‘lar WYMes¢i w7
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As a irial fleld, take

v

2 =0 ﬂ&.’rz ,
& uysin el

corresponding te the dominant TE-mode propagation and use Eq. 2.28 .
The result is

rp—suoeo [1 +5-§°-§°- g--c-flrsin’%)] +(§)8

(2.30}

where

o
-
I
=
G
[ ]
o
[ ¥
+
LP
S
- R
+
i
n
por e
=
mla
[
e

[=3
[ ]
i
~
t
~

Tne irensverse Iield can bz obteined frum the longitudinal magnetic field
through Maxwell's equaticas, The "transfer function” for the langitudinal

magnatic fleld is
/ c
(\. 2] (2.31)

ﬁz(x.y,z.s)

o

-C
=€

;n (x.y.o.s)

If d=0 then Eq. 2 31 reduces» to.

. A h’ ~(x.y,r-s) Bt X u‘or fs* -v’(- (2.32)

5 ot g»q

‘”“’(’x.y.o G

which is the exact e ati.nn for tne zpt va uida ca
'::;qug R { q 1y-31wa ﬂ ’Q 3

Tre fupulse ‘rés‘;?&fw catt@xﬁrdﬁ’ﬁn& 3 Bq. 2.31 is
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h,(X,¥,2,t) cg2
h (x ¥.0,t) 8t - q2) - ~ ( \/t - {c;2) } u(t - ¢z (2.33)

\/ T - (c,z)

e

The transfer functiorns and impulse responses for the iransverse components

can be determined in the manner indicated in Sec. 5.2.1. Tae frequency

donain formula corresponding to Eq. 2.30 was found by Berk to yiald 0.5%
. accurac when the dielectric constant of the loading slab was relatively

. W n b ) e A

-~

small, ™he dielectric-loaded waveguide example ¢iven ubcve illustrates
. the powe " the varistieneal technique when applied to the transient
analysis ~ =icrowave devices.

Perturbation techniques such as those discussed by Lax and
Butten 12 for the frequency domain can also be applied in the s domain.
As an example, consider the change in transient response due to the in-
troduction of a transversely magnetized fervite rod into a rectangular
waveguide, as in Fig. 2-2,

; ’ ﬂdt:

R R

AIRIP | 5 PG < prmmne, & e

L/g +
P
rd o—
0 L x
FIG., 2-2 A transversely magnetized ferrite rod in
a rectanqular waveguide.
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The fields of the unperturbed waveguide are assumed to we thosge
of the 'I‘E'ilo mede., The pro, .gation factor of the ‘perturbed guide as a
Zunction of s 1is feund to be ‘ !

593-50 €p AA (8—89

i s
T, A S ,,sinkx

Y: 8 2 2 ] 3
+ AT (x'xx Io ein kX - xyyk cos kX + xxy k T, sin kx) (2.34)
] 2

where L = \/"'oeo Js + k X
ko= T |
BA = cross-sectional area of ferrite rod
A = cross-sectional area of waveguide
xxx = xyy and *xx and xyx arz given by Eq. 2.7 .

fhe longitudinal h-field transfer function for the ferrite-
loaded guide is

b (x,7,2,5) o
S Sl ) (2.35)
hyix,u,z,s)

-

where I'x 1is given by Bq. 2.34 and T, is for a ds blas field in the
+2z direction. while [ is for a dc bias field in the -z direction,
Since %  and Xy 8T compligdted funct{ans of s , Eq. 2.35 will
be quite difficult to invert. If irversion can be achieved, the inverse
transform will be the imgpuise response for the longitudinal h field of
the foerrite-loaded wa eguide. Note that in the case where AA is zero,
Eq. 2.3¢ reduces to I, , the propag-tion fastor for the wuapsrturbed or
empty vaveguids,

s o vy o,

=18 -
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It certainly appears that variational and perturbational methods
will be very useful in transient analysis. However, the general validity
of the methods in the s domain needs to be carefully examined. In a brief
literature survey no pukbllcations were found in which transient analysis
was carried out by such techniques.

2.3 EXPERIMENTAL STUDIES

2.3.1 General

A number of ferrite devices were studied experimentally.
Device types were selected such that the effect of tra ferrite on transient
response could be examined with the ferrite operating in a variety of
magnetization siates (i.e,, beiow resonance, ai resonance, in the remanent
state, etc.).

The transient response of each ferrite device selected for
study was determined utilizing the pulse generator furnished by SREC and
a time-domain reflectoweter. The experimentel apparatus configuration is
shown 1n Fig. 2-3. The devices examined were coaxial resonance isolators,
stripline and microstrip circulators, a helical-line ferrite digital phase
shifter, a dielectric-loaded hellcal line, and » gyromagnetic ceupler
filter.

2.3.2 I1solators

The transient behavior of resonance isolators has been probed
by determining the response of two coaxial resonance isolators to B cycles
of a 1500 WHz pulse-modulated signal and to a very short spike or impulse
of anergy. The measured frequency response of each of the two isolators
is as follows:*®

® Also see Fig. 2-8,
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D44L15 "Brpadband” Coaxial Besonanca Isolator ——
Frequency (GHz) Isolatien (dB) l [nsertion Loss (dB) VouR
1.0 11.3 6.35 TR0
1.2 18,6 0.30 © 4,02
1.4 12,4 ‘ 0.50 1.05
106 12’2 0.7‘8 i T lalgr
1.8 12,8 0.62 1,04
2.9 20,2 0.50 1,08
D44L17 "Narrow Band" Coaxial Resonance Isolator
Frequency (GHz) Isolation (dB) | Insertion Loss (dB) VSHR
1.25 24.3 0.57 1.17
1.40 16,6 6.690 1.02
1.55 15.9 0.75 1.05

Oscilloscope pictures of the refersnce pulse and the forward and
reverse response of the broadband (D44Li5) isclator are shown in Fig, 2-4,

The forward response indié&tes that the pulse is transmitted in tne forhégd:

direction essentially unchanged in form and attenuated by ar amount cox-
responding to the steady-statb attenuation (i.e., about 0.6 dB 8% 1.5 GHz),
That fizst nalf—uycle of the forward ou%put is atterugted more tian the
stsadymstata v&lue~13\probab1y due to thy tsath of a nanosacond or sé'few
qu;re4 to estabiish the uniform precession mode in the ferrite.

Tho reverse direction response of the icolator sxnibits an isola-
tion lowcr than the sieady-siate value for the inftisl few tenths of a
nanoseconz because of the time required to excite the uniform precession
mode For somewhat more than a nanosecond after the uniform precession
mode is established, there is essentially no damping by energy transferv
to spin waves, and the uniform precession apparently builds up to & large
val e, making the isolation greater than its steadv-state valwe. Afier
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two or three nanosecoads the isolation settles down to its steady-state
value. Thec<e comments are consistent with the plet of measured isolation
vs, time depicted graphically in Fig. 2-3. The bchavior of the isolacion
is strikingly similar to the behavior of tne precession awgle & , 3s

illustrated in Fig. 2 of reference I {n the bibliography.

The response uf the broadband isolator to s very short spike
of energy is shown in Fig, 2-6. ZIu tne forward divection the spike is
transmitted with little attenuat'on but with some tralling edge distortion
in the form of ringing., In the reverse direction, the pulse is attenuated
by about 6 dB. This correcpondc to the attenuation of the first half-
cycle of the pulsed sinusoid, as shown in Fig. 2-5,

Figure 2-7 shows the impulse and pulse-modulated response of a commercially
available narrow-band coaxial resonance isolator (D44L17). Both the for-
ward and reverse responses are similar to those of the commercially avail-
able broadband unit. The bandwidths of these compunents are commonly
specified with respect to tolerance levels on ‘he isclation and the in-
sertion losses. Kowever, as can be seen from Fic., 2-8, although the
characteristics of the D44L17 isolator do not meet thc specifications neces-
sary for classification as broadband, the frequexncy-domain characterisiie
are not significantly different from those of the broadband D44L15 unit,
This leads one to question the utility of the conventionally accepted
definition of bandwidth, This topie is discussed in detail in Sec. IIX.

2.3.3 Circulators

The transient behavior of Y-junction circulators has been probed
by determining tha response of four stripline circulators and a microstrip
circulator to an impulse and to a pulse-moaulated signal of 8 cycle: of ri
energy at 1500 HHz,

The measured frequency response of three of the stripline
cireulators is as follows:
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(b) Response of Adapters Used in
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(d) Reverse Impulse Response,
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(a) Forward Impulse Response, D44L17
(Vert x40, Hor 1 nsec/em)

(c) Forward Pulsed Sinusoid Resgponse,
D44L17 (Vert x40, Hor 1 nsec/cm)

- 26 -

(b) Reverse Impulse Response, D44L17
{(Vert x40, Hor 1 nsec/cm)

(d) Reverse Puiscd Sinusoid Response,
D44L17 (Vert x40, Hor 1 nsec/cm)
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D52L2}) S/N 103 Circuiator

Frequency (GHz) T-A(dB) T-8(dB) A-B(B)  A-T(aB)
1.0 0.40 18.2 .4 18.6
1.2 0.35 23.8 0.30 25.2
1.4 9.26 21.8 0.25 22.8
1.5 0.28 20.0 0.28 19,0
1.6 0.20 27.0 0.15 24.5
1.8 0.15 26,0 0.20 26.0
2.0 0.10 19.5 0.35 22.9
D52111 S/N 1 Circulator
Frequency (G6Hz) T-A(dB) T-R(dB) A-R{dB) A-T(dB)
1.40 0.23 22.8 0.18 23.7
1.45 0.12 24,2 0.16 24.8
1.50 0.14 24.4 0.14 25.5
1.55 0.13 23,0 0.18 4.0
1.60 . 0.13 2000 0.]8 2101
B52L11 S/N 20 Circulator
Frequency (GHz) T-A(dB) T-R(dB) A-R(dB) A-T(dB)
1.40 0.28 25.4 0.2 24.8
1.45 0.26 27.0 0.20 27.2
1.50 0.23 32.2 0.18 30,0
1.55 0.20 35.5 . 0.18 30,0
1,60 0.20 2.1 0.18 24.7

The fregiency response of the fourth stripline cfrculator is showa in
Figure 2-9.
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Pnotographs of the two stripline circulator types are shown in
Fig. 2-10. Figures 2-lla, 2-11b, and 2-llc are oscilloscope pictures of
the input-pulse, the transmitter-to-antenna-port, and the aatenna-to-
trausmitter-port response, respectively, with the receiver port termin-
ated in S obms for the D52L21 S/N 103 circulator with a pulse-modulated
input, Figure 2-11d is an cverlay of Figs. 2-1ia and 2-11b., The trans-
miitad pulse in the low-ioss direction (T-A) exhibiis subsianiially more
attenuation than the steady-state value for the initial cycle, hut for the
remaining 7 cycles the attenuation 1s approximately that for steady-state
oparation, On the trailing edge of the pulse an "“extra™ half cycle of
enarg” can he seen; this probably arises from ihe rzlease of stored
energy from the precessing magnetic momenis. In the reverse direction
(A-T) the pulse is heavily attenuated. Again, initially the attenuation
is somewndi greater than the steady-state value, but after a sycle or two
(i_e., 1-2 n2noseconds) the attenuation seti.les down to its strady-state
value. As expected, the responses for various port combin-iigns exhibit
three-fold symmetry. Thus, the response in the direction of circulation
between any two ports is indistinguishable from the response in the di-
rection of circulation between any other pair of ports. Similar comments
apply to the response between any pair of perts in the direction opposite
to that of circulation.

The pulse-moduleted respunses for all three circulatars were
very simiiar except ior ihe initial cycle or so, as can be seen Dy com-
paring Figs. 2-11 and 2-12, There are noticeable differences in the
impulse response for the tun diffsront ciyeoulater medels, as showm
Fig. 2-13. Two circulators of the same model have nearly ideatical im-
pulse respenses (Figs. 2-130 snd 2-13¢). Comparing the initial cycles of
the pulsed-sinusoid responses given in Figs. 2-11 and 2-12 with the impulse
regesiases of Fig., 2-13, reveals that ithe initial response of each circu-
lator to the pulse-modulatod signal seems in every feature to be very
similar to the impulse respoese for that circulator. The differences in
impulss responsc beiween ihe iwo circulaior wodeis (D5Z2LZ1 and D52L11) which
have similar steady-~state characteristics arise from the mechsnically dif-
ferent schemes utilized in maiching tke devices over the band of interest.

Note that an "fmpulse™ thsoretically conteins all frequencies with equal
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(a) Reference Pulse (Vert x20, (b) T - A Pulsed Sinusoid Response,
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(a) From Bottom to Top

Curves are

Reference and T - A, A =~ T

Impulse Responses,

Respectively,

D52L7%1 S/N 103 (Vert x20,

Hor 1 nsec/cm)

{b) Frem Bottom t¢ Top Curves are
keference and T - A, A - T
Impulse Responses, Respectively,
D52L1l S/N 1 (Vert x 20, Hor
1 nsec,’cm)

(c) Fron Bottom te Top Cerves are
Beference and T - A, A - T
Impulse Responses, Respectively,
DS2L11 S/N 20 (Vert x20, Hor

1 nsec/cn)
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weightiug: the pulse-modulated signal heavily weights the frequencies iq
vie band of intersst.

Figure 2-14 shows the impulse and pulsed-sinusoid response of the
narrowband stripline circulator ahose frequency raspoa§é is shown in
Fig. 2-9. The response shows the expected differences when compsred to
the behuvior of che broader-~bend units., The primery difference is in
the sleser rise tims, the pulsed sinusoid respense yequ.ring about 3 rf
cycles to veash full amplitude,

The frequency characteristivs of a microstrip circulator are
shown in Fiq. 2-15. The frequency response is seen to be quite narrow
band. To provide a convenient basis for comparison,the frequency re-
sponse churacteristics of <he narrow-band stripline circulator discussed
earlier were adjusted to be nearly identical to those of the microstrip
unit. ‘fne characteristics of the narrow-band stripline unit are given
in Fig. 2-9., The same iype of ferrimagretic material was used in both

circulators,

A coumparison of the time-domain response of the microstrip
circulator (Fig. 2-16) with that of the stripline unit (Fig. 2-14) re~
veals striking similarities. Indsed, the only real difference is in
transmission time delay, which is much less for the microstrip circulator.
Thus, it appears that circulators with radically differcnt ciructures
but the same frequency characteristics will have very similar transient

characteristics.

T T ARG I A

The pulsed-sinusoid response of these units shows a "pecuifarity” ,

in the response of ihe isolated port in the fourih rf cycle. The same
peculiarity is found in broadband structures. This behavior appears to be
relatively independent of both material and structural parameters. The
cause of this interesting effect is not yet understood.

2.3.4 Helical-Line Ferrite Digital Pnase Shifter

A helicsl-line phase saifier is shown in a cutaway view in
Fig. 2-17, The transient responze of this device to a 1500 ¥Hz pulse~
mogulated signal anc 2 shert spike ef energy has been experimentelly
determined,
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(a) Impuise Response
(Vert x 2; Hor x 1 nsec/cm)
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(b} Step-Modu:lated Response

(Vert x 20; Her ¥ 1 nsec/cm)

FIG. 2-24 The transie~t response of the standard-size nurrow-band circulator.
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The pulse-wodulated responses are given in Fig, 2-18. The ru-
sponse ¢f the helical line with all the ferrite replaced by 2a dielectxie
having the same dielectric tonsisnt as the ferrite and the regponss of
the farrite-loaded line with the forrite toroid latched irp the ferward and
revarse directlions ave also shown, The time delay is different Jor the

ird and reverse dizecticns, When the ferrite is in the lins, the
dirtarence in inseztion loss batween the filrst half-cycle and followling
cycles increases compared to the differsnce in insertion loss observed
with dielectric only in the lire. This is due to the ferrite magnetic
lesses that are in effect after a nanosecon. or so.

Figure 2-19 snhowe the respcnses of the cielectric-loaded helix
and of the ferrite-loaded he’ix t» a shr~t spike of energy. These impulse
responses closely resemble the first cycle of the pulse-modulated re-
gsponses., It is again apparent that essentially steady-state ¢perstisen i3
achieved within roughly three cycles.

2.3.5 Gyromagnetic Coupler Filter

Tne transient response of a gyromagnetic coupler filter to a
pulse-mcduleted signal and a shert spike of energy has been experimentally
determined. The steady-state characteristics of the filter are:

3 JB baadwidth at center frequency of 1.5 GHz = 20 MHz
Insyrtion loss at 1.5 GHz = 2 dB
Coupling slement 0,030-inch diametex GaVBiFe

garnet sphere, 8H = 1,92 Oe, 4ﬂﬁs= 5206 .

Figure %-20a shows sn oscilloscods trace of the filter bandpass.
. The 3 dB bandwidth is about 20 Mz, Figures 2-20b and 2-20c¢c are the input
impulse and the impulse response of the fiiter, respectively. After the
first eouple of nancseconds the impulse response is simply a slightly damped
sinusoid, as would he expectad for this nigh-Q circuit., The poztion of the
resposse $0 tre right of the ¢anter line of the oscilloscope face appasers
to be due to reflectien in the measurement set-up.

Figures 2-20¢ anu 2-21s-c show the input and tke pulse-modulated
vespores of the fllter, respeciivsly. Eight to ten nanoseconds after the
initial respongse the oscillescope *xace 15 most likely a superposition of
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(a) Heference Pulse (Verc x29,
Bor 1 nsec/cm)

(b) Pulsed Sinusoid Response Helical
Line with Ferrite Replaced by
Dielectric (vert x29, Hor 1 nsec/cm)
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(¢) Irw-vd Pulsed Sirnusoid Response
-, Y¢:rite Loaded Helical Line
(Ve.-& x20, Hor 1 nsec/cm’

(d) Reverse Pulsed Sinusoid Response
¢f Ferrite Lcaded Helical Line
(Vert x20, Hor 1 nsec,/ cm)
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(a) Filte: Randpass 4 dB BW
~ 20 MWz, f°=-1.5 GHz.

(¢) Impuise Response of Filter
(Vert x20, Hor 1 nsec/ecm)
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(b) Reference Pulse {Vert x20,
Hor 1 + 2¢/cm)

(d) Reference Pulse (Vert x10,
Hor i nsec/c¢m).
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(a) Pulsec Sinusoid Response of (b) Shifted Pulsed Sinusoid Response
Filter (Vert x10, Hor 1 nsec/cm) of Filter (Vert x40, Hor 2 nsec/cm)

(¢) Exparded Shifted Pulsed
Sinvsoid Response of Filter
(Vert x40, Hor 5 nsec/cm)
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the Qesired response, refiections, and resporse to gpurious signsis fol-
lowing the moin test pulss. In the approximaitely ten nanesecond "vieswing
nisdou®, the envelope of the pulse-modulated response is as intagrated
xesponse ithat reaches # peax of only ahout 0.4 of ihe height of thz ex-
siting pulse. Tnris vesponse i5 in 1ine with that expected for a cirzuil
having e bendwidth of 20 MHz when excited by & 5.33 nsec pulse; i.e.,
ﬂéd’;?% ¥ . where T 18 the width of the pulsed sinusoid,

The rosults of the experimrntal fnvastigation of ferrite device
excitation itlmes are summarized below te facilitate comparison,

TABLE 2-%

O s S G A AR TR

Summary of Ferrite Device Response Charecteristics

DEVICE® EXCITATION TIHE®®
Broadband Reso...nce Isolater Fersmxd Diregtion ~ = 0.5 rf eycle
Boverse Direction - = 0,8 rf cycle
Broadband Circulator Teonzmitter Port to Antenns Port
- sz 1 *f eycle
Aniennz Po to Transsitter Port

Narrow-Band Circulator Trasmitter Port t¢ Antenna Port
- 3 1 cycles

Antenna Port {o Trasasmitter Port
- 9,5 ¢f cvele

Helical-idne Digital Principg)l delay characteristics re-
Phase Shifter lized “instantaneously®, but disper-
sive nature of line produces consider-

able pniéa distorticn.
Gyromagnetic Couplar > {0 tf-cycles
FlhvBL &nc “" dB &1)

%A1l components tested at 1500 MHaz.

S#Tpis differs from the conventional “settllng *ime" since the back loss,
for example, 1s greater than the specification value for t < t settling.
Henice, for this class of components the “excitation tim" may be a move
significant quantity.
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2.4 SUMMARY

The transient Lehavior of ferrite devitaes has been investigatsd
througn a closzly coordinated thesretical and =xperimental effort. The
irfluence of ihe various intrinsic "relaxation®” an! “sanitstion™ times

of the fexriie on dsvice performance has been probel. Ix an ¢ffort te
clarify the principles of transient wave propagetion in ferrites the casge

of propagation in an infinite ferrits medium hes been mttacs2d analytically.
This probiem, which appears at first to be reiher simple, gives rise to

& very complicated function whose inverse Leplace transform must be |
evaluated.

variacional and perturbational tecnniquss have been luvestigated
and applied to the solution of some dielectric- and ferrlte-loaded wavegutds
problems., These techniques appear to iave considsrable prowmise in pre~
viding selutiors to otherwise unmsnageable problems. A brief lltersture
search falled to reveal publications dealing witis variational or per-
turbational techniques ia the Laplace transform domain. The justification
of the validity of the techniques as applied in this report has thus far
been largely intvitive., Additional work should be devoted both to provid-
ing a rigorous justification »f ike validity oi tihe methods in the z domain
and to the appiication of the techniquer to the solution of specific
problems,

A number of typical operational ferrite devices have been in-
vestigated experimentally, Device types were selected suck that the ef-
fect of the ferrite on transient response could be examined with the fer-
rite operating in a variety of magnetization states (i.e., below resonance,
at resonance, and in the remanent state), The approximate excitation iimes

are sur-arized in Table 2-1.

One of the most interesting devices studied was the ferrite
circulator. Tne circulator is an extremely vevsatile device and finds
a multitude of applications in radar and communications systems. H¥itn
ong pori terminated ic a matched lord, a 3-port ¢irculator bocomss an iso-
latox; with a filler on ous port anc the conjugate filter on anoihex port,
a 3-port circulator becomes a diplexer; provided with a contrclled means
of changing the directien of circulstion, a 3-port circala®or hecomss @
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single-pole doubls-ihivow switsh, ete,, etc. Because of its great versa-
tilivy, thae ferrzite circulator has many pos .ble applications in wideband
systema, and 1% sesms that sowe gf ovi shoeuld be directed towards optimiz-
ing it feor widsbaud ousyation,

fo be satisfactory for ms .y wideband applications, circulator
irensleat vespense should be such that steady-state isolation snd insertion-
1ozs wslues are achicved within one-half ri cycle,. MNone of the designs
tasted vas {fuily cvapable of meoting this requirement, From the data cur-
rently aveilable o2 the transient behavior of ferrite circulators, it
appears that circulator transient response is influenced by the intrinsic
properties of the fervite material, the volume of ferrite, the type of
matehing structure, ete. Preclisely how to adjust the various parameters
to gptimize the transient response requires further study. The available
data on circulator transient hshavior shows many interesting features
which are not at this time clearly understood. A more thorough investigation
of circulator transient response should lead to a more complete inierpre-
tation of these effects and should provide the necessary design inferma-~
tion to cptimize the traasient response of ferrite circulators,
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THE CONCEPT OF BANDWID'H IN MICROWAVE SYSTEMS
(6. F. Ross, Sperry Rand Research Center)

3.1 INTRODUCTION

#ith the present day emphasis on the use of wideband signals for
high-resolution radar, considerations imposed by distributed microwave
structures have become increasingly impartant, 1t i. the purpose of this

P

v section to investigaie the valuve of using a single numdber, ror example
the "bandwidth", to describe the transient properties of a micruwave net-

. work, especielly when such a network is used te process signals having
wide spsctral content. Since phase information is lacking, it is felt,
intuitiveiy, that cay definition of bandwidth derived from the amplitude
or power spectirum alone must be lacking, at least when tramsient behavior

S A g BTN L 3

cnaas @ in

is important.

it is shown in this section that a "single number®™ criterion has
merit if one considerg the energy storage of the network {involviag the
"natural modes") as the basic starting peint and carefully examines a

P

related quantity defined as thz transmission quality factor Q& . It is
found that this number is a good measure ¢ the "rise time" of a network
when excitad by & step-mcidulated signal at resonunce. To detzrmine the

LS A S

"setting time" Té . or the time required for the step-modulated response
to settle to within +5% of its steady-state vaiue, one must also specify
the phasze fuaction of the network.

. This section starts with a discussion «f bandwidth defi.. ioas

3 as employed in lumped network theory (Sec. 3.2). These definitions are

. then extended to a pariicular class of important microwave networks in Sec,
3.3. Nore of the conventional definitions, however, proves to be very satis-
fying.

In Sec. 3.4.1 a definition of the new transmission quality fac-
E tor, Qi . (which is iater ysed to defaine an "effective™ bandwidth) is

g presented. An iaterpretution of the conventional C <factor and appli-

g cations of this factor via the scattering matrix notation for networks
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is oresented in Appendices B and €, respectively. The conventional Q fac-
tur is defined as helng proportional te the time average of the stered
enzrqy, (W) , and invergely proportional to the time average of the power
digsipated, (Pd) » in the network at resonance: <The new quality factor

a& involves & new quantity (ﬁ} which is a measure of the time average of
the stored energy of the system, and is therefore ~elated to the natursl
modes of the network. A discussion of how one obiains (¥ in the labora-
tory is presented in Secticn 3,.4.2, and a methematical derivation of (WB
for TEM-mode line networks follows in Sectiun 3.4.3.

The theory is applied to evaluating 5& for I'EM-~mode line net-
vorks using Z-transform techniques in Section 3.5. Applicalions to a line
and a short-circuited stub an¢ a parallel-line or quarter-wavelength
coupler are presented in 3.6,1 and 3.6.2, respectively, Experimental results
are reported in Sectien 3,7, and conclusions follow in Section 3.8,

3,2 THE DEFINITION OF BAND¥IDTH

it is constructive to review some of the definitions of bandwidth

that sre used in conventional lumped neiwork theory. The first and perhaps

13

mos: familisr definition is shown im Fig. 3-la The system fuaction

H{w) of a transmission neiwork is given by

H(w) = A(we I8¢ (3.1)
where A(w) 1is the amplitude spectrum
and ¢(w) 1is the phase function

The magnitrde of A(w) is plotted as a function of fre..emcy, The band-
width of a low-pass filter (LPF) is defined ac the frequency bw1 at which
A(w) is reduced to 0.707 of its value at zero frequency: In terms of the
power spectrum or Ag(w), bil is the so-called half-pewer frequency. This
definiiicn ignores any "ripple" in the passband.

The second définition is that of the equivalent recisngular basd-
width and is shown in Fig. 3-16Y. 1t is obtdined as follows: we inte-
grate the Zunction A(w) over the frequency band, i.e., C
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Alw)dw = N 8.2)
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and obtain a numeric answer N . We now define the handwidth bw2 as the
equivalent rectangle having an smplitude Aiw)!u}:u at zero frequency and
a bandwidtn bw2 such that the relationship

T A(widw

0

bw 2 = TA(0)

« A(0) =N or bw (3.3)

is satisfied,

Siill another definition (and one popular is statistical detec-
tion problems) is the "equivalent noise bandwidth,” defined in a fashion
similar to Eq. (3.2) but with respect to the power spectrum iH(w)l‘ or

2 15
A (w) .

the area under the power spectrum is given by

Here, the height of the equivalent rectangle is A2(0) and

A{w)dew = K (3.4)

o~

© T——y 8

The noise bandwicdth bua is then defined as

[--4
I Az(m)dw
0

2 - —
bwa A5 =¥ or bwa = ——;ﬁrs;m— (3.5)

and iz shown in Fig., 3-le.

There sre still other definitions of vendwidth that zre smpleyed.
Far exam;ie,'a measuresent of the spresd sround the wean er cestreid of
the pewsr spsétrum, @ , oan be defined as




LA 2R ACT LR X GRS ) w‘w‘

Ny e S ¢ a

T -9 2
f(w - w A (wdw
bwy = S (3.0)
N 2
j A (w)dw
0

as shown in Fig. 3-1d.16

Note that, in generai, each definition yields a differont number

deseribing the bandwidth of the system., The measure of signal bandwidth
in terms ¢f a single number is an appealing concept, but intuitively we
feel that it may not be a sufficient measure, since the phase function

of the retwork has been neglected—especially in nonminimum phase net-
works where the phase function is not uniquely related to the amplitude
specirum, This is explicitly iliustrated by the examples presented in the

next section,

3.3 THE BANDWIDTH CONCEPT AS APPLIED TC MICRO#AVE NETWORKS

3.3.1 Exempie 1

When lengths of waveguide or TEM-mode lines are interconnected
to form couplers or hybrid junctions, the system functions of these net-
works become quic- complicated.17 In one particularly useful class of
TEX-mode networks where the impulse response between any two ports 1 and

J 1is given by

- (i)
= J . (3.7
hji(t) = zzd ay 8(t - kT) 3.7}
k=1
the sysiem function
g
Hgi(m) & hji(t) (3.8)

is pericdic; thax is,

- 51 -

S e e e e .~ o eem




:j\h{quptf,’s“ww TR AR e =

%
|

1

< o S ——————TrE (VYT - AR Do el

Hyylw) = HJi(w + QT*—') (3.9
Networks of tnis type are the branch-line coupler; the ring hybrid, the
quarter-wavzlength coupler, ete. A plot of [H(w)|=A(w) is shown in

Fig. 3-2a. The network exhibits its hybrid properties around w, (the
design center frequency) and (2k-1)w0 because, theoretically, the char-
acteristics of the network "around” these frequencies are identical, neglect-
ing lost.

The bandwidth of this network is conventionally defined by micro-~
wave engineers as "“the spread” between the half-power points around @, -
When the spectrum of the signal applied to the coupler is very narrow (with
respect to the half-power bandwidth), negligible distortion is introduced.
This definition certainly has utility in "frequency diversity systems" where
one is required to process a narrow-band signal over a large band of fre-
quencies, but we cuspect that it is not as useful when wideband signals are
employed. For example, the equivalent rectangular bandwidth or the noise
bandwidth nf this class of networks is infinite; that is, the area under
A(w) or Az(w) is infinite by inspection of Fig. 3-2a.

It is instructive to investigate the area under the power spec-
trum in a more physical sense. Assume that we excite this class of net-
works with a rectangular pulse of width A and amplitude V such that

(1) the pulse width A is less than T ,
the spacing between impulses

(2) the energy in tke incident pulse
equals unity: i.e,,

Then the output pulse train is given by

r(t) =Z v - 3y p(t ~ kT) (3.10)
=1
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We can now use Eq. 3,10 to find the energy in the response, #from Pucseval’s
theerem,

+oy © 2

1 2 2.2

3 | B0 = | > vaZ p(t - KI)et
- © k=1

® (3.11)
= V?"AZ ai i
k=1 )
Since V2A eouals unity, we have
4o -]
1 12, 2
5 | RG] do=) & (3.12)
- k=1

It is interesting te note that for excitation by a unit emerqy
pitlse the number given by the right-hand side of Eq. 3.12 asiso corresponds
to the total energy within any period %F of the enexgy ope>trum of the
system functicn (or the responss to a unit impuise)., This car be shown i

the following manner, From Eq. 3.7.

4o .
3 AN
h(t) e H(w = L e JukL Z (3.13)
0

!
Ovar the intarval ~-flgws+ 0 ;
we have i
i
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: +0 e .0
’ j |H(w)|2dw =Z‘Zakaz I e Julk-40Ty
: -0 = -0 |

+en
- *[e~jﬂ(k-l.)T e+jn(k-:)'r]
= S I i T 3 (3.14)

4o
AN a g |2sinfak - £)]T
—L "k - DT

The coupling in Eq. 3.14 vanishes for all k#4 only wher Q:% » Where
n is an integer other than zero. Hence,

-B'IJ'I +o
j [H(w) | %dw = 2nﬂz le, |2 (3.15)
_hm .

: and it follows that the spectral energy within any period %.E is given by

3
:
' '2,1;—“ +o
i 1 2 2
P e=5" Jlﬂ(w)ldw=Z|ak|
o
-0
. (3.16)
-]
- al
- k
1 k=1

for ‘he case of real cocefficients and a causal impulse response.
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The results presented above suggest a different definition of
bandwidth for this class of microwave networks—a definition similar to

that given for the noise bandwidth in Eq. 3.5. Here the bandwidth is

defined as the equivalent rectenge in a given period %F ; the gggk

P A

value occurs at odd multiples of w ==T . Thus,
® -
|a(m0)|2 « kg =Z aﬁ (3.17)
=1
or '
_ .
)"
- k=1
M5 = iH(wo)!z

It follows from Eq. 3.7 that iH(u3)|2 -s given by17

immo)l (3.18)

! k=1

while the nvll frequency and periodic repetitions of the null frequency
occur at

4 2

1o |? = Z 8 (3.19)

k=1

Then, from E¢s, 3.17 and 3,18, we have S

. 4 . P Y
il e IV 3 : - >oe
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bwg = 5 (3.20)

This definition is illustrated in Fig. 3-2b.

One might also Jefine the bandwidth in a marner similar to Eq.
3.20, but in terms of the normalized second central moment of IH(w)|2 in
a given period, as discussed in Section 3.2 where it was applied to the
entire w domain. Both this definition and the one given in Eq. 3.20 result
in different equivalent system bandwidths. Neither definition appears very
satisfying. The various definitions described in the earlier sections also
either fail when applied to certain microwave networks or at best seem arti-
ficial,

3.3.2 Example 2

A length of rectangular waveguide has a system function which
resembles a high-pass filter for each possible mode and depends upon the
manner of launching and retrieving the signal. The impuise response of
a rectangula. waveguide network is given by the sum of a delayed impulse I
and 2 second term, imvolving Bessel functione, which results in signal dis-
tortion. By any of the definitions bwl through bw4 discussed in Sec-

tion 3.2, however, the bandwidth is infinite.

3.3.3 Example 3

A section of lossless coaxial line whose characteristic impedance
is inveriant with length has an all-pascs, linear -phase system function; the
impulse response is simply 2 delayed impulse and hence introduces no dis- i
tortion. It too has an infinite bandwidth, How do we distinguish between
Examples 2 and 3¢

Examples 1 through 3 illustrate that either the defiaitions of
bendwidth as described earlier are inadequate and A new definitien is
required, or ..e characteristics of wideband networks should be cefined
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in & different domain; for example the time domain—the domain of eventual
interest. Here, specifications such as rise time, build-up time, settling
time, time residues, etc., have more significance.

We feel! that a more fundamental (and satisfying) description of
bandwidth might be obtained through the definition of the familiar Q or
quality factor.18 A detaiied derivevion of the Q facter via scattering
matrix notation is preserted in Appendices B and C. This factor depends on

TRV A AN |
i em i 2 STL T e

the time rate of change of the stored energy and the power dissipated in 2
network, and must be finite and, indeed, on the order of unity for wide-

band networks. Unfortunately, the conventional definition of Q involves
certain inherent narrow-band approximations., In Appendix C these approxi-

megtions are investigared to see hew they apply first to narrow-band systems

and later tou wideband transmission networks. It will be shown in the next .
section that for certain classes of wideband networks the description e¢f an
effective vandwidth defired by a modified Q factor is meaningful.

3.4 A PROPOSED DEFINITION FOR THE TRANSMISSION QUALITY FACTOH

It is proposed to define a new transmission gquality factor for
wideband networks—one which is closely relaied to that used in narrow-
band systems (see Appendix C). As indicated in Appendix B, it is clear
ihiat any such definiticn must invelve the fundsmontal guantities of energy
stored and power dissipated in the network. The effective bandwidth of
tiie netwark will then be defined as thc resonant frequency divided by the
trensmission Q .

3.4.1 DJefinition

The transmission Q of a transmission network, from a fixed
input port to any other port i , is defined as

QI = {Pd, excluding seurce termipation)| _
%o

(3.21)

where di. ith port) 1is defined as the time average of the total stored

energy in the-network (as cbserved at port 1 ) when éxcited by a sinus- A
oidal source at @ -ahd includes the effects of the “natural modes™ of the ¥ 7"
sprtat ay ~hipe Pme e D omedmaa 2 rsed BsLg
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network., This quantity is "we. :bted” mainly by the contributien to stored

energy at w . but alse insiuges transient sontributions (ase Sec. 3.4).

The effective iransmizsies handwidth of 3 zws-port netwurk is
defined as

£
BN .. = 2 (3.22)

ef.s. o

.

3.4.2 Finding (&)

In the previous szotion ﬁ;ief initien of %; was préignted that
involved a guentity described az (&} , the time average of the emergy
stored im té~ astEork Jre to the asiaral modes of the sircuit, It is the
purpese of ihis section to deseribe the meaning of this term and how it

can b2 mezaured,

Ceusider the linser, pasiive, time-invariant two-port network
shown in Fig. 3-3. This configuration might be & multi-port lossy network
as described in Appendix B or {, where one is interested in evaluating the
transfer function between a given isput end output port. Iwo cw signal

generators whose E¥F's are e and e . are connected in series at the

gi T “ge
input port. Here

egl = - °g2 = -2 sin(anat) (3.23)

where fo is the resonant frequency of the network. The scurce impedancer

of the generators are combined.into one resistor, as shown in the figuve.
Generator tWo is normally not connected so that the total EMF in the cir- -
cuit is supplied by eg1 ard is equal to -2 sin(znfotl~ 1ts; the inci-

dent voltage at the network terminals is simply

4 Einc -'sin(2nf,t) - (switch cloged) - .
Vi PR T X Vi
[ 4
Einc mtch open() - ~r <, PRSI
E%ﬁiig:.ts‘& s I g qn e R TFLIDE

:
LTS 38 LT el




ind depends on the time ti when the switch is opened. Alternately,. the
cnc.dent voltage ran be expressed as

Einc

= - {sin wotju(ti - t) | ' . (?.25)
vhere uw{t) is a unit step fuaction. A picture of Eg , the equivalent
gencrator voltage for several different switching times, is shown in Fig.

(-4, Naote that after the switch is opened the network is passive. The

vel age appearing across the load and terminations cfter t:tj is due . |
onlv to the enerqy stored in the network at the natura‘ modes of the system.

Cnce the driving vo:tage sin w,t is removed the network is giVun "initial
concitions"; the poles and zeros of the system in the complex p plune deter-
wine the response for t > g o- rre magnitude and ile rate of uecay of the
voltage depend , of course, upon when the switch is opened The energy
ebscrbed by the source termination is determined by sauaring the voltage

geross the resistance ‘and Integrating the result from zero to infimity.

When this crmputatjon is doné for ali pbééiblUAfiméx"t.' th the interva:

0 <ty < T= ?;- "thé result 1s & séries of numbers LA L PR eors %
r05hond1ng to 4 measure of the stéred energy for eéch‘timé the switéh 18 '
1, t-£2....ut ti . It i$"elear from s
Parseval's theorem that the operation of squaring and integrating'twé ‘' : ¢

opered: 1.e., for t-to ¥=

response after t > Yy corresponds to integrnt!ng the stored erergy over

the eniire domair and not Iult-at w . Froh the dedcription of the

method used to turn of{ the input sxgnal. we suspect that the contribution
to the storedeneryy: is greatest. et. w; ! this is algo later,verifjed:in'
Fig. 3-5. v They reshlt: ogvaveraging: these numbers:as 8 function of time aver ...
the pericd‘iTtﬂisfdéfihéd“as>3(ﬁbﬁ.n&hz«tdmyyaﬂncaae of: the stored eNergy ;. . :uq.
zbsorbed bylihniterGHMGxidwa~£}nie P e N T Y SR TR PR Y

sty

! (U'[, SEoadlirneg Anow 3 ooy o 9(’!(}\.’.’{)/ why

4.4.3 Stored Eneray in TEM-Mode Networks

Jatt

Assume that thd iimp(lee Dedaponse hatnGanaqus;in agplass of
nicr wave' networks is given by a train of unequally weighted but uni-
“eruly spaced impulses.® Tt 1427 Iwe? O aid

v For exazple, the branch-line coupler, the ring hybric, the quarter wave-
iz2ngth coupler, ete,
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F1G. 3-3 The network configuration of the input circuit,

Eg

//:\\!\\j//, i J;:::!J e ot

*w T, £l peeind
Ao iod —

¥IG., 3-¢ The generator voltage for the circult in Fig. 3-3.
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«+ steady state (ie, switch never opens)

FIG. 3-5 The stored energy given by the sum of sinusoids.
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h(t) = ) abft-ks-t (3.26)
k T2 i :
where k is an integer

is the reciprocal of the resonant fre-
quency of the nretwork

t is a cunstant corresponding to the time
the switch in Fig. 3-4 is opened

Then the response of the network to an incident veltage
Einc = {sin wat} u(ti - t) (3.27)

ig giver by the superposition of sinusoidal signsls shown in Fig. 3-56. In
any half period the incident voltage has the form of & simple sinusoidal
signal whose amplitude depends on k and 8 the portion of the sine
wave to be considered depends upon t; . Mathematically, if the switch

opens at t=¢ , then after @ suitasble delay the total stored energy ﬁkg)
is given by

T

S+5 4T -
ﬁkgi = j (e, - aolzsinz(wot)dt + I la,e - {8 - al}lzsinz(uht)dt
¢ e %
3
412, 3.2 i

+ I [ass - [aO -8 + 32}] sin (uht)dt + oaes {3.28)

&+T

where L is the peai steady-state voltage acrcss the load due to 2ei-
srator 1,

3
?




7 ar
£ am—
2 e+T 52
D osin(o dt = | (sinfw.t)dt = | (sinZe t)dt = (3.29)
J i ik 0 bt J b+ n wo-' — J s n (Do hd o & -
z ;t'l_" g+T
2
one chtains
o n \g‘*’%
__— 2
Wis) = Z a . - ( DK f :in%(w t)dt (3.30)
: n=0 k:O

Now the itime average of 'W(g) can be found by averaging Eq., 3.30 over a
half period % . This follows, since it is not difficult to deduce (from
physical reasoning) that Wkg) must be periodic with a period % v L.e.,

3.31)

(W(e)y = { }

=N
Oe—; i
=
va
N’
Qa
U4}

where { } is given in Cq. 3.30. Indeed, for the ciass of networks
described by Fq. 3.26 the integiul given on the rigrt side of Eq. 3.30

is ¢ constant for all € and can be shown by a direct integration t» be
equal to % . I1 particular, a convenient value of £ , namely £=0,
corrczignds to ¢ sinusoidal input signal origirating at t=-« and stop-
piny abruptly at t =0 ., Thic waveform can be approximated using, for
exanple, the generator being developec for the Floyd Site Radar System.
The {. a1 answer, therefore, is give:. by

n ']2
-0 © fv‘ a, - Z (-D¥ o 1 (3.32)
o, }—; _— )

21

W(2))
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<t van be found graphicelly by viewing an oscilloscope trace or exactly

i' the system function of a compunent is known. Finally, it is interest-
to noce (und not difficult to prove) that Eq. 3.32 is equal to the same

cirodant et oatl the (2k~-1)f0 odd karmonics of fo at which the network

.ot wesunt i,

.5 THE QUALITY FACTOR, U , FOR TEM-MODE NETWORKS

In this section we will derive the transmission quality factor,
5? . for TEM-mode transmission line networks and use the results to find
ﬁ%oif , the effective bandwidth., We will use the results given in the pre-
vieus section and introduce Z-transferm techniques in order to obtain a
closed-form expreesion for 6& and Bweff . The procedure is as follows,
{sing (3.21) and (3.32) we have

g - el
T <pdload> W=,
('m [ n -]2\\
L VAN - ¥
T 4<Z‘ ’ass (-1) z.lkJ
- L1=0 __L_ k=0 (3.33)
a 2
_s5
|52
Simplifying,
/-m n 2
~ N K
Q. = —% Z 4 _ - (-1)" a
T 2325 SS Z_.. ;
5 (n=0 k=0
_ % 2 (3.34)
2a n
S8 n=0
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C, = 8 - (-1) By (3.39)
o )

Assumte that the Z transform of , is defined as

- -n _ :
2fc,] = Z ¢, 2" =2 (3.36) |

where

= ¢*P

p=o*ju

In effect, we are artificially representing h (Eq. 3.35) as a sequence of

impulses of area <, volt-seconds starting st t=0 and spaced ore secund

apart for mathematical convcnience, Then it is not difficult to show that22 ;

- 4
|
2_ 1 <lllz |
Z = n § c<lz)z” a2 (3.37) ,
n=0 unit @

-

where we evaluate the contour integral by summing the residues of the inte-
grand at the poles located within the unit circis. .

The next task is to find C(2} 6—5—9 c, - Let us define the system
function of a network whose impulse respounse iz a train of weighted and .
! deiayed impulses such as the Z transform of h(t) given in Eq. 3.26; that
i is, H(Z)e—h(t) . For convenience we shall olice again assume the impulses
| are spaced one second apart and begin at t=0 ., Theu the ters éoi-l)k 8
represents the peak salue of the respoiisé in any half-periwu k when excited
g by 2 step-modulated signal whose carrier fraguency is equ2l to the resonant 7

. N -, - - k o 2
frequancy of the device; nuaely, "‘o =35 heriz., The tera {"ss k&(»1) ak}




is proportional to the energy dissipated in the load resistance in any half
period k s8fter the switch is opened {and after a time equal tc the signal-
iront delay24 of the network has elapsed). Note that the peak value of the
steady-state sclution a . alternates in sign each half periocd; the sign of
the pesk value ¢f the transient contribution, kgo(-l)k 8y
algebraically. Using this information one can find the Z transform of the

¢, coefficient defined in Zq. 3.35 as follows:

also alternstes,

n -
@ = 2o, = 2ag ) oo - 2 }: -1)¥ a (3.38)
k=0 sgri-rep
Here,
a_ 2z

ss O (2.39)

Z[ass]sgn-rep “1+2

represents an ecual--amplitude alternating series.

can be found in two steps. First,

Thé ter Z[ % { 1)k 2 ]
erm  Z{ 5ot~ kisgn-rep 23

we find the peak value in any half-period k as

Mn
k - I /
z E (-1)" 9,1 = P(2) = 327 H(-2) (3.40)

Altexnation in sign can be accomplished by aubstituting “;Z for Z in Eq.
3.40. Hence, '

. - . 3
133 . “ o - [N -

T

- LA
n ']
oy G- -
.

H

LR k ~ "*-z. % '—. z e f ih »?
ZZ ("1)': aﬁ T ’:'i?':-i' 3(3) ~ z.‘s. 1 5(’2}’{: ol (3941) 2

k=0 sgn-rep

Substituting Fqs. 3,39 and 3.41 into Eq. 3.38 yields

- _8;67., .
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o2 - .
C(2) = 3% a, - m,.)] (3.42]

sateilteiing Eg.o 3. intc Eq. 3.37 we obtain

o z 1 i
O T | Z+ 1 [“ss } H(Z)”l + Z)[ass H(z)]dz
; ) ‘N‘j oo Qv‘} I -
within(® “
- =L £ [ne2) + a(3]] + ne2) n{3)}ez
2¢ (7 + 1)2 se Gs A Z
within(O)"
(3.43)
“inelly, subtstitutfiang Eq. 3.43 into Eq. 3.34 z2 obtain
I
w N £ __}“__ " _________1_____ 2 - { ~ r _l;_ - l.!. ~
“ss within(®"'“ (3.44)
The effective pandwidth is given by
1
BN ep = = (3.45)
QT

3.6 APPLICATIONS

A.6.1 Twi-Po:rv Lossless Network

Consider the single short-circuited stub showia in Fig. 3-6a: the
;tuy hes a charncteristic impedance of d ohms wiuile the main line is nor-
maiized to i ohm, The flow graph for the network is sho'm in Fig. 3-6b.
Jhe transmission through the network, neglecting the signal-front delay,
can be found f[rom the graph by luspection and is given by
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by (1+ 1,01+ rz)(-z‘)
321(2) = g; = (1 + Fl) + =

I
1 4 4
- - - 9-—

* 2
{1 + Fl)(l - 29)
= a— R — (3.46)

l+?22
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- pnns W va

where

-1

i

sa

&
+
=]
+

i
[+

.
™

+

£

i
lei!ﬂ!w
i

Letting

1
2= ~3 (3.47)
z

we have

2T, (3.48)

8.3_1(2.‘} =

and

€l =<

{&.49)
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i
I+ UL+ T+ Ty)
1y _ 1 1 17l
c(i) “1+2 [ 1+ T2 ] (3.50) ?
Substituting Eqs. 3.49 and 3.50 inte Eq. 3.37 direc:ly yields
(1L + 0, +Ty) -T.2H-T, + Z(1 + [, + T,)
2ol g 1 [ 1+ Tp - T2Y0 1* Ty ]dz
n - 2] (z+ 12 Z+ 1, 1+ T2
2=0 within
} 1 [(1 + Ty + Ty~ rlz] {‘Fl + &1+ r, + Fz)]‘ (3.51)
‘(z A2 (1 + T,2) | . *
+ 1/ 2 z—"'rz
and from Eq. 3.34
g 1 [{Hrlwz;-riz][-rl+z(1+rl+r2)}\
T2 z2+13 (1 + ryz] 2=-T,
[T
=g (3.52)
2\1+12

Assume the characteristic impedance of the stub is 1 ohm., Then from Eq.
3.46

= = .4
Substituting Eq. 3.53 into Eq. 3.52 we find

- 0 -
_ U =16 = 0197 (3.54)
: ' ig=1 Q

It ix irstructive %o plot the amplitude specirum of the function
321(32=e-2p-r) : this is showm in Fig. 3-T7 for a stub with d=1 ohm. The
conventional aquality factor, defined as

S §

" - AT L e T -
G - A
=3 “-}.';E"?z"% By 80T E




t/t,

FIG. 3-T Yhe amplitude spectrum for a d-ohm stub across @ l-ohm line.
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Qconv =@, O Pas T, L 7

4 yields
Qeoy = 4 = 0,707
conv -~ /2T

Comparing the resuit of Eq. 3.54 with the <onventional figure given by Eq.
3.55, we find that the new definition yields a2 smaller Q ; this yields a
larger "effective"” bandwidth if we employ the relationship given in Eq. 3.55

o A W

and substitute QT for QCONV . Intuitively this appears reascnable, since
we are now including the contributions from ali the periodic (and infinitely

[PPSO N
.

denumerable) passbands 01 the transfer function of the network.

We can plet the step-modulated response a(t) of this network
for d=1 ohm using Eq. 3.40. The results are shown in Fig. 3-8, The peak

<anar

e

envelope of the magritude of this response, |a(t)} , is plotted in Fig.
3-9 where it is shown that it exhibits a settling time Tg equal to
approximetely 1,25T , where T is the time for 1 rf period.

[ ———

It is interesting to investigate also the cdse for the particmlar
value of d for which the impulsé response is time lizited. The impmise
response for this case is given by '

e

=Ly L 1
hgy(®) =5 8() - 5 6t - 3

b . ‘ (3.56)
; hgy(t)e—dHgy(z) = 3 (1 - 2°
% .
Z and corresponds (in the network) to setting F2==0 . It can be seen by
‘ examining the amplitude spectrum (shown dotted in Fig. 3-7) that the con-
ventional 3 d8 bandwidth for this case has decreased by about a factor
of 1.3. Using Eq. 3.52, thet is, by set-ing Ty=0 and I;=- -;— e
ohtailn
3. =3
i Q.r%&; ) =38 (3.50
2
- & e

2
|
e
i
i
[
1
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4
i
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A comparison with Eq. 3.54 indicates Eﬁat the effective a} has
increased by a factor of two, An increase . QT is sccompanied by a
decrease in the rise time of the positive envelope of the step-modulated
response as showu in Fig. 3-9. The settling time, howaver, has improved
from 1.25 T to 0.62 T., We cqncluda that although the risz time of the
response varies as a function of the effective bandwidth, the settling
time does not! Indeed, the settling time is a measure of the overshoot
and ringing behavior of the network and mnst depend on both the amplitude
spectrum and the phase functien. Thus, specifying the bandwidth by either

Eq. .46 or Eq. 3.55 is not sufficient; one must also specify the settliny
tine., Note that the effective bandwidth definied using 6& is a more sen-
sitive function than the conventional 3 dB bandwidth,

|
; Stsady siate is reached ofter T/2 seconds
f/I !
ne - / } :
/ : i
| i
| |
! !
Qﬁ-— ] :
[\ N -
, d l/20hm: QT!-é-g
[] l [}
/ | |
WYY ; | :
fer? T”u - T,'f 1.257T
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3.6.2 71wo-20rt Lossv Network

This i3 shown in Fig. 3-10,

may be interpreted as the frequency corresponding to

each frequency

f=(2% - l)fo

where k 1is ar integer.

The system function to the coupled port is given by

- a2

=T 5 5 = CE]
1 - ™2" 1 - Iz"

H,

)]
L

where

- Th &

less psrallel-line (quarter-waveiength) coupler described in Sectior IV.

port network formed by considering either 82,(2) or 541(2) is lossy.

H4l(z) as a function of the coupling coefficient % . The resonant fre-

As 2 second example we will consider the familiar four-port loss-

We are interested in evaluating the trangmission between the direct colinear

The system functions for these couplers were derived in a classic
paper by Oliver.26 He aiso plotted the impulse respcnse (i.e., the inverse
Laplace transform of Hy,(2) and/or 541(2)) and the amplitude speccrum of

quency cf the device corresponds to the frequency for which the line lengths
0 . .

are —; meters, where Aofg::c . Since tne impulse response of this class

cf networks it a train of uniformly svaced impulses, we know that resonance

path ¥, (z) and the coupled path dg;(2) . In either case the overall iwo-

{3.58)

spectrum is periodic in the frequency domain, .:ith rescnance occurring at

where T 1is the spacing between impuises. Also, we note that the arplitude

(3.59)

j
¥
4
|
4
4
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k is the ceefficient ¢” coupling

2 _ _-p2%

-nT
z" = p2

= e

-4
"
g

(3.60 cont.)

The normalized ampliiude gpectrum can be found by latting v = jo and plot-
ting [Hdl(e“Jwt)] . This is given in Fig. lla for various values of the
parameter k . In Fig. 11b Oliver also plotted the inverse transform of
Eq. 3.59. Note that for small k the impulse response is essentially

time limited: for large k (i.e., k>%) the impulse response ig a train
of impulses whose areas are weighted exponentizlly, and the trinamission

is dispersive.

We next find 6&4 by substituting 2 for ;% . forming €(2) ,
and evaluating the contour integral given in Eq. 3.37. Thus,

Hy, (2 = B2=1 (3.61)

z-r°

and
__ 2
62 = 757 (8, - B2 (3.62)
where
ar _
a__ = H(z) (3.63)
88 lz=-1 1+ 2
Hence ’
&z - (3.64a)
= « 043
1+ 202 - )

cfg) = Bimjt = frzz) (3.6a)

i
3
g
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obtain

e _ ﬁ
QI‘ -

0N

HZI(Z) =

es can be verified at zero freqguency,

1+ 722 P - r4?
. a+19H%0 -1

Q-1

(1 + r2}

de 1
(e + D% - %29

G -1z
321(3) = Ry

z -1

i- F2 =""~§§—*§
(g+ 1)

We then find €(2)

fa-r_z
{1+ Fz) (2 - Fz)

_ rfa-1r%_ 1

(1+r2) (E—I"?Z)

(3.65)

In a eimilar fashion, after the sianal-front delay has beeir factored,

(3.66)

{3.67)

as before, and

(3.68a}

(3.68b)

TN Fmema e e < -,
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The results using Eqs. 3.66 and 3.69 for different vzlues of k are given
in Table 3-1.

SO i e Lalt s ]

TABLE 3-1
§ QT vs k
3
‘ . 0. Q. !
r 1
. Ta Ta1
. .99 | 0.0545 .08

l 1/,70 0.278 0.049
4 1//10 0.374 0.017
.

1/10 0.392 << 0.1

Refercring to the smplitude spectrum shown in Fig. 11b it can be seen that

3 as k =1 the bandwidth in any given period approachds n and the effec-

: ; tive bandwidth approaches o« . This result agrees with the computed value

of 6& , + Ina similar fashion it can be seen by examining Fig. 1la tha:

for very small k the direct transmission is virtually an impulse and

heuce, it's effective bandwidth is very large (e.g., as kqo:EEZI.O and Bwé??mh

A The settling times of the direct and cuupled arms are both excel-
lent for small k . There is virtually no distertion in the direct branch
since the impulse response is essentially an impulse. Due to the Increased

W

effective bandwidth in the coupled arm the rise time i1s superior when the

coupling coefficient k approaches unity: the setilisg time, however, is
poorer because of the increased distortion in the phase function.

3.7 EXPERIMENTAL RESULTS

In Sectinn 3.6 we theoretically evaluated 'ET foT a line and a
stub, and for a quarter-wavelcevjth coupler. It is the purpose of this sec-
tion to investigate the response of these networks experimentally. A more
detailed experiméntai analysis of 3 dB, 19 dB, and 20 dB quirter-wavelength
couplers. is pr§§eq¥ed in Sec;ion 1v,

T ISV 0 A 3 R RN 5

BB ALY Al
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3.7.1 A LigeS niioprat

& pulse modulated fnput showm in Fig, 3-12 ot fc =1,35 GHz is
fed inig a X-ohw length of RGY/U cable connected in series with o tee con~
nector. A OU-ehm stub, electricaliy equal tc %? meters and short-clrcuited,
is connectad to ene ¢hd eof the tae, while the otnar end ig thuted to the
£P 12 GHz oscillescupe. The pulse-mcdalated source is generated by the

pulse-forming xetwork descrived in previous repors.

Tha leading edge of the response is idemtical to the vesulis pre-
dicted in | 3-8 (dr3 omd, It is difficult ¢o examine the treiling
edae. however, hecsuse the signal level is consziderably reduced snd, sfter
the second period, becomes ~omparabis to the time residues after the inci-
dent pulse.

Note that to obtair the €y coefficient desceibed in Eq. 3.38
one can examine the leading edge of the response. The comstant a . can
ke Letermined by inspection of the response: thé-ieading edge reveals the

3.7.2 The Quarter Wavelength Ceynler

The experimental resuits fer the gusrter wavelengih coupler are
presented in Fig. 3-13. The particular casc here shows zhe lesding and
trailing edges for both the colinear snd coupled arms for k =v%§ The
oulse-modulated vesponses are alsc evaluated at the ressnant frequency - £
the device; namely fc =1.35 GHz, The time-domainr resuits are inm close
agreesent with the resuits predicted by Eqs. 3.359 and 3.61 aud shown in Fig.
3~11. Once agninm it should be noted thst the preferred method for evalua-
fing the h coefficient would be <o wse )eadihguedge rather than trail-
ing-edge data for the reasons giwc: in Section 3.7.1.

3.8 CONCLUSIONS

Ne conclude tha. specifying the transieat behavior of a micyro-
wave network by a sincle aﬂnbgr. Sor cvﬁuple its eftective banduidth or
its trensmission quality fector QT . 13 not sufficient. Thzs ausber. how-
ever, is a good messure of how quickly the aetwork (after the signal frout ‘delay
has been factored) responds to o sgcp‘aadilated isput at resonmance. If

-8 -

,
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one plots tne enveiope of the magnitude of this response, then the rise time
(éefined in the conventional manrer) is directly pruportiomal te 5&. The

settling time, T. . must be spocifisd independently. Indsed. for very wide-
band distributed systems, it seems more apprepriai¢ to specify three quan-
tities; namely,

(1) the signal-front delay
(2) the rise time
(3) the settling time

in contrast to specifying bounds on the amplitude spectrum and phase func-
iion in ine fycquency dowmain. Fractically, specificastions oa bounds ia
the frequency domain (especially for small deviztions from linearity) are
difficult to measure and their verification is time consuming. In addi~
tion they must be related, mathematically, to the eventual domain of in-
terest, namely, tac time cdomain. Instead, a set of three measurements in
the time domain is sufficient to specify the response of the systeir to a
step-modulated input. For a pulse-modulaied input. a bound on ihe time-

residue level may also be desirable,
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COUPLED TEM-MODE NETWORKS
(R, Smith, Sperry Rand Research Center)

4.1 INTRODUCTION

The analysis of the transient response of coupled TEM-mode net-
works is presented in this section, Starting from the well kuown matrix
approach as it applies to multiconductor lines, we derive the impulse
response of several commonly used coupled structures. In genersl, it is
fourd that the impulse response is a periodic trazin of impulses. When cer-
tain constraints on the coupler are removed (namely the need for a pexfect
matoh at all fraquencies at the laput), it is found that the transient
response can be meds to be time limited. This rosuit is significant in
that it leads to a new type of directional coupler which has near optimum
properties in the time domain.

4.2 CONVENTIONAL COUPLED TEM-MODE NETWORKS

The mathematical tools needed to analyze any TEM-mode device are
available in the literature.25 We shall illustrate the use of these ivois
in the anslysis of a pair of couplec lines terminated at kotih ends by un-
coupled transmission lines (Fig. 4-1), This

perticulsr configuration has
been analyzed in the past from the frequency domain point of view and has
led to coupled-line directional couplers.26'27'23 It i3 interesting to
note, however, that the original pcper26 on the transmission--l1ine direc-
tional coupler found the frequency respoase from the time-domain impulse
response, but since that paper no analysis of the transient hehavior has

beew made.

Consider the coupled tramsmission lines in zegion 2 (Fig. 4-1)
having the admittance matrix:

ol = v Yu’xz-] . C11 ~Cu wn
Y], = fY ] = = L . (4.1
2 =Y

Y12 Y22J VT B

i

- s

B
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FIG. 4-1 A parallel-line coupler.
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Lét the uncoupled trensmission lines in regi : 1 2ad 3 be terminate: in

t
thelr characteristic admitiences, The ddkit.ance motrices of regions 1 and
3 are thea P ’

i

‘o)
[YJI = (region 1) (4.2)
) 0 I
b
B B
Yc ¢
(Y], = (region 3) ©(4.3)
0 X ’
L d
-

From these admiitance aatrices we can find the reflection matrix
of 2 wave incident on ths junction between any 'two rcqiuas.zs These are

-1
(rd,, =-0rl, =[tvd, +0el,] (043, -red, ) (4.4)
-1
[rlyq =-~rlyy = [[¥1y+0¥],]  [111,-E1,] 4.5)
where [rlij = reflection matrix for a wave incident

from reaion i cnto regioa i

Upon substitutfon of Egs. 4.1, 4.2 and 4.3 into Eqs. 4.4 and 4.5, oae
obtains the expressions for the reflection matrix in torms of the line
paraneters; i.e,

- Py f}it Tab _
[?}12 T = e 421 = [ (4 .6)

ria er




s=hinpe

r
ce

(Ml = - MMy =}
1
de

(X, =Yy )(Xpe Y, )

~Y

Fea

de

0

12

r_=—=

(Y +Ya)(Y2

11 2

(Y11+Ya)(‘x'22

+Yb) -Y

—-Yb) -Y1

2
12

2
2

e’
i

2w 2w hiu
\l v h_J\X

11 "a" 722 b

2Yh le

+Y. ) Y

2
12

(Yn +Ya)(Y22 +Yb)

2 ‘1{al le

-Y

o
e

12

ba .
un + Ya)(Y22 +Yb)

_ (Yu - Yc)(ng'* Yd)

-Y

-Y

2
12

2
12

ce Y
(Y11 +Yc)(Y22 +Yd)

-

-Y

2
12

2
12

2Y,Y12

(Yu +Yc)(Y2"2""Y:d)'- Yl

2
2 .

(Yn +Yc)('£22 +Yé.)

2 Yt:. le

-Y0

2

rdv-fr-:-
Sk (Yuﬁ Yc;) (~¥22 +X6)
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The coupled line configurution in Fig. 4-1 is then equivaleat to
the simple cascade of transmigsion lines in Fig. 4-2, where

(v], = complex veltage matrix of wave near junction of region 1
and region 2 traveling sway from junction in region 1
[V]3 = complex voltage matrix of wave near iunction of region 2

ar
and region 3 traveling away from junction in region 3

[V.T;1 = complex voliage matrix of wave near junction of region i
) and region j traveling to the right in region 2

[V];j = complex voitage matrix of wave near junction of region i
and region j traveling te the left in region 2 .

[V]s complex voltsge matrix of source wave near junction of
region 1 and regica 2 trdveling toward the junction in

region 1

The traasieut solution of the system in Fig. 4-2 can be solved ia the same
way as the corresponding case for simple transmission lines, where all of
the opezations performed must be matrix operations,

One way tc solve the problea is tc use signai fiow graphs. The
gl f1o% graph for the system im Fig. 4-2 1s easily corstructed and is
shown in Fig. 4-3. Since the gains on the paths of the graph &re matrisas,
it iz not possible to use Mason's formula for the transmission bhetween
source and sink nodes directly. Imsisad, ond uust transform the graph by
absorbing modas and elininating 10693.29 30,31 This leads to the follow-

ing source-to-sink transmissions:

o L - -l
SO (e I | VRS o M R S Il £ W ML B T

(4.8)

\gx pos

v Chmevar -

1} = [F12+00,] €3, [radofey @mwﬂ”"] Teaetes,,] i

4.9
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FIG. 4-3 Eatrix flow graph.
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f1] = the {dentity matrix

First of all, note that Egs. 4.8 cud 4.9 are perfectly general and
o any number of coupled lines. Cocondly, since the evalmation of
G4 oandg 4.9 would be somewhnt tedious, it wonld be Judlcioul to choose
.unie the trassmissions by coaverting the matrix graph into a: equiv..~
srapicfnvolving saly scalar terms. When one omaidera the -eéniuq of
coxt of the matrix graph, i1is can be vdogo;wby inspection. yielding the
- in Flg. 44, where

VS‘ ch
vl., = i, =
2 0 v
Ve vt Nwast d'—
v r"vc*“
[V]" e ° rv]i =
1 s
b - d
=
‘a
E% .
b

v axe inoa ponit’on to apply the Mason flo'.! graph fomula diroctly to

S, This roaulta ik

B

] . ’3,3
oond ..ngj, -
St [r\ +I‘ brae ~ Thral. cd” ~Ta (rabrbn ae bbj]
‘ rr -yisz
‘ch%c T, Taq) } - (4.10)

;:,__j. . nj‘_«!ﬂ‘
wrba»&[rba(rabrdc-rr r' RS (1»1" ) (14T, )]e

r(r.T r, ) o484 4.11)
*“i;a ce dd cdf!e@ I .
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Equetion 4.17 has txg postible solutions; we will use valy the salution

rbb

since the alteruc's solution correspords to cr active rermination which
will not be treatec here. Substituling the expressions fz2 T and

a8
rbb iato €q3, 4,15 and 4,18 yields
2_ 1
(Y., + ¥ ;{v _v\_‘2=n 14 _20)
11 al\.zz de J 12 v Vmsarws

Equations 4.19 and 4.20 lsad to the following values for the iaput liae
sdmittances

Ya Yu J1- 18 (4.21)
_ %y = iy VI .22

Waen the expressious for ths ssfluction coffisients
stituted into the remainiug conditien {Eq. 4.1€) togetlsr with Egs. 4.21
and 4.29 the wesnit is

28 (Y _-Y )Y, +Y )(Y +Y,,)

...1....1:0 b+ 4 b2 -, 4.23)
Yayb Y('."22 YdY22 +Ych

Equstion 4.23 hes iwo possible solwtions:

Yc = Y‘ (4.28)
.

xba..yg (4.23)

o(:.&.,w

=0 (4 18)




J

thall net siudy the so.ution reoreseated by Ea. 4.25 here,

]
since agzin it leads %0 an sctive vather thun a passive device.

¥res this analysis we have thus found that the most general sondi~
tim. .. Laich the coupler lires (Fig. 4-1) are perfectly maiched are

=Y =y JI-W = Yo, o T -
Y a nve-- a5d Yb Ypoo'1

Significantly, ws note that these conditions are completely i{nde-
pendent of the characteristic sdmittance Yd of 1ine d. This should svg-
gest that the voltage excited at port d is sero, since otherwisc the
admittance at port d would be expected to have an effect on the matching
condition. When, in facu, the expressions for the reflection tovfficients
are substituted tcgether with Eqs 4,21, 4.22 snd 4,23 sn Eq. 4,13, we find

that

Thus, not only is this device perfectly matched at all frequencies, it also
has periect directivity ai aii fre. sncies. We can also conciude thai all
voltuages and curreats on the lines must be independ.at of the admittaace of

poxt & , siscs uo voltsge
then can have no effect on the rest of the limes. Thorefore, lsi us assume,
without loss in generality. that Yb = Yé in order to simplify the algebra,

since the* Las no effect on the resulting expressions in terms of admit-

tances. Then

r =7 T =P . =9 4,27}
as bd cc dd

rab = ch (4.28)
rg‘ = rac (4.29)

. v




\J -1
b _ __be ‘ :
~‘ab ba® | -
V. (1-r.T, )o I .
e &0 _Da . - .
= ' g (4.31)
Ve 1-r, T o208
b ba : '

%

wecutiiutiog for the reflectica eoefficiests, we get expressions which arc
. q} 5

icsopondest of Y, , i.e. *
: _‘;1_)_ _ \/ 2% sinbi “.32)
| Ys Y22 T2V s bl +) sinpl .
i'
| v e ;
| & 1o (4.33)

] JO ) cosPA+ ] sinpl

Lraezbsring that B = — , we con rewrite Eqs. 4.32 gnd 4,33 as

v Yo
b= gx [P - siner T 4.3
3 22 ,(0-W) cosor +) slnwr »

o
7= LI » (4.35)
v, |

JO-K¥) coswr +3 slnwr

ole

=|

PR

whiere T & % . the one-way time deley ia the coupling =sgionm.
e
We cen receogrizo the above equations ss the system functiens of
t2¢ uetworks evaluated ulosg the jo axis. The megnitude snd phcée of the
wbove functions are pletted inm Fig. 4-3 for um vaiwes 62 K. T
funciicas reduce to thosze feund by oum-” when the cowplimg is symsotric,

§ oy, YIE = Y22 .

In oxdor te find the impulse respense ¢f the petuprk, 9o mevely
cuve ne take the Fowrler tfacsferm éf Bt .sdcBuaid €.33. This @sy be dows
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more exsily if we first rewrite tie esuutizss is the (ollowinmg wers comven-

[, P Jep—
AouL 10rm;

Yoo [ oaq. e
V' : Y22 1 - pEe-jzm
e (ophedT
V‘ i - pze-,;aw
where
= b
° 1+J1-?

Expanding the demominstor us an infimite series, one obtains

[
_;gg /f.l_! pl1- gty ) 22 gmi2ner]

=1

»
L
i_g = (1= 92) z 92n e-j(znﬂ)m’
' w0
The impulse rasponse is then

@"" -
by (1) = \/;1-‘- lew-a-pd ) ;“‘%u-zm]
b 2 =1

L -3

(V= A-p2) ) p*Ra(t - 20t T1)
by, ,
=0

whers. 8(t) is the umit jmpmlie.

o
t

4.3)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)
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- From Las iSpuiss ISSpouss ue son eacily fiad the step-modulated

response to ar input of the form
V (e} = (sin ®-t) w(t) (4.42)

wheze o) = 7/27 end u(t) denotes a unit step. That is

!"’1’—‘ [ _J
v (1) = \/ 2 s[m)-u- 0%) Z 92“2(-1)"u(z-2m)] ot (4.43)
22 -
n=1
®
Vc(t} = (1- 92) z 923(_1)1-0-1 w(t-[2a+1]7) cos ®,t {4.44)
=0

Equations 4.43 and 4.44 are the rosponse td s wideband signal
whose frequencies are cestered svound the canter fregquency of the network
(Fig. 4-5). Thus, sweh factors as the rise time and the settling time of
the step-modulated regpomse shouid ghev us a good gresp of the wideband
transient behavior of the metwork.

Let us comsider thc transisnt response for the three wuluey of k
uted in Fig. 4-5. These thrse vslscz of k, memely 1/73, 1/10 , and 1/10,
correcpond to a 3 dB, a 10 dB, and & 20 dB coupler, respeciively. The
transient responses for the awwiirie couplier are as foiiows:

For k= % (3 @8 coupler)

Ry () = 414 8(t)~ 343 8(1-27) - 0509 8(t-47) - Q101 &(1-67)  (4.45)
0 C

™ evens

hy (t) = ,820 8(s-7)+ 142 8(2-37) +.0244 &(t - 3v) + 00418 8(t-TTr) (4.46)
FINd ‘ ° * b .

L I & i

' v #l-'lbo

V() = [.m w(t)+ 343 u(t-27) - 0509 1l t47) + .GIOL u(t-67)

SUE e -




r
E ey B2Bult-T) - 142 w(t-37) + 0244 u(t-57) - 00418 ult-Tr)

+ ] cos wt (4.48)

F'er (10 ¢E coupler)

fal
Y]
st Iw
<o

for w162 8- 198 8(t~27) - 00416 8(t-41) - 1,09 2.107% 8(t-67)
- e | (4,49

L G8) =974 8(s~7) + L0256 8(t-37) +6,T7 X 1070 8(¢ - 51)

+ L7810 80T +..L. (4,50

ty o= i 162 u(t) + ,158ult-27) - ,00416 u(t-4v) +1.09X% 10" ult-6r)

A 1
- ---..J'iﬂmot | (4-51}
2= LT ueaT) - 0200 a0 4 0,77 1070 ala-87)
S LTBXICTO u(e-Tr) 4 ... jcosmot (4.52

For k= Ylf)' (20 43 coupler)
L. {t) = .050 8(t) - 050 6(e-27) ~ 1,26 X 1074 6(47) = 3,5 1077 8(t-67)

1)

- eeeen 14.53)

(1) = 99T 8(1-7) + 00251 2(t-37) +6.30 X 167 8(1-57)

-8

"*’E.%Xlﬁ q(t"‘?f}"...- (4;&)

) v 0% u(t) 4+ 000 uit-27) ~ 126 X 1070 u(tedz)

+3.38% 107" ait-br) - ..'...Isyiié;;i (4,55
O L o s M e e
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Vo(t) = - | 877 alt-) - 00281 u(r-3r) + 6.30% 10°® u(t-51)

-8

- 1.58 %10 u(t-7) + ] cosw. t (4.5¢)

0

The impuise ieapouses and the envelopes of the step-modulated
responres are plotted in Figs, 4-6 and 4-7, respectively. If one defines
the settling time as the time it takes the step-modulated respcnse to reach
aid remsin within 5% of the stuady-state value, then by comparing Fig. 4-5a
and Fiv, 4-7, we note that as the apparent steady-state bandwidth increases,
the seziling time ircrecsses. Thus, in & real sense tha transient response
of the network actually is made worse 5y increasing the network bandwidth,
We also note that the phase function becomes more noniirear as the bandwidth
is increased, which indicates that thz transient respense is quite sensitive
to phase varisticas. Thus, it appears that descxi,ing the wideband proper-
ties of a device by its bandwidth is not sufficient: one must also include
the effects of phase distoriion. {This matter is more fully discussed in
Section 1II of this report.) In this coupl:xr the transient tleoretically
lasts indefinitely, slthoagh practically speaking only a few terms uf the
iafinite series in Eqs. 4.38-4.44 ere important.

|
|
i
!

4.4 TIME-LINITED TRAMSIENT RESPONSE

We wish to consider the possibilivy of eliminating the ‘nfinice
series in Eos, 4.38 through 4.44 as a means of improving tie transieat
respuns2. In this particular coupler, the infinite series will vanish only
if the cosfficient of e J°84 in the denominator of Eqs. 4.35 aund 4.37
vasishes. For the constraints aivesdy imposed this will only occur for zerc
coupling batween the lines., Thus, to oxamise the case of time-limited -
responses one has to remove the sbove constraints sad start again with Egs.
4.10 through 4.13.

We recail that we developed the directionr coupler by assuming
that the input was matched at all frequencies, aad we found, as an additional
bonus, that the neiwork had infinite directivity at all frequoncies as well.
Ke kncx aow that the coaditiom of a perfect match at the iaput at all fre-
quencies is ieo stzoug a restriction and restils in a transient whick iasts
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shevefore the coefficients of ¢
vawaish icentically; i.e.

"iinitely.  Removing this restrictien, requiring only that the coupler
w o duniinite dixectivity, gives us an additional degree of freedom which
sows oue to eliminate the indefinitely continuing transient,

We require that

-

Y
o

(4.57)

Ll

[5]

~jnBf in the numerator of Eq. 4.13 must

- al - 5’ k) 4};- ol : . J'.
(1 rae)ldc Tba\ﬂ Idd) 0 (4.58)

. L] Id £
rba(rccﬂrrab‘dc'+rccrdd"rcd de ) +{1- T )chrgb 0 (4,553

Ordinarily the solution of the two cquations above would be very

¢i1fficult. Fortunately, we can make use of symmetry and reciprocity to

zimplify the above equations. Fizst, note that all excitations at port a
ceodduce ne voltage at port d by Eq. 4.57. Therefore, no change in the
wimittance at pert d can have am effect on the veltage clsewhere in thre
;ztwork vumen excited from port a. This allows us to conclude that the
rtition for infinite direcrivity i3 indeperdent of the admittance Id
onost &, if we consider nn excitation from port d, we will fine
that the voltage at port a -ust be zero by the reciprocxty theorem. By
e same argument we used sheve, we car conclude that the condition for
infinite divectivity is indepondent of “ﬁﬁ; Therefore, the condition for

a

infinite directivity depends only on Yb and Yc

Since the conditicr for infinite directivity dces not depend on

sud Kd~, for mathematical conveaienss we cdn choose
= i g Do 3
‘ Ya YC - i - H (4469;
- ) 3 ]
Y, = ¥ . (4,6} ;
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Then Too ™ Tec 4.0%)
B, =T, (4.63)
rab = ch {4.64)
Fba = [‘dc (4.65)

bquations 4.58 and 4.59 now simplify to

- r’ba(i‘aa + th) =9 (4.66)
™ ol -
rﬁa“aa + 1bb) =0 (4.67)
Substituting for the reflection coefficients in Eq. 4.61 yields
YY =Y Y, - 1.7
be” T11722 T TI2
(4,68)

- v 2
- i11Y22(l “'k )

We note that thig condition is satisfied for the directional covpler we have
previously discussed. However, in tals case Ya and Yd are arbitrary,
thus giving us an additional degree of freedom.

3imce the voltages in the netwoxh are independent ¢f Yd . let us
chkoosge Yd svch that

t.

2 .
LATERRED A PR } {4.69)

This will simplify che calculation of the transfer functions withoui affect-
iag the results. The yesulting reflection coefiicionts now satisfy the

relations .
bl

- oy L
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3
]
11
: I 4T, = 4.70)
8n dd - 0 ( o?ol
- . |
Sop t I‘cc =0 (4.70)
| .
i T I‘cd (4.72)
'§ Tos = Tdc (4.73) l
!
P | §
{
% The trz-sfer fusctions now become | !
. |
E I ve = (rnn+rhbe~j2ez) \ i
- T — (A 74
v -jzs A\ S PO L) g
i |
' -J281) ?
Vb - I’b (1-e J !
: y = —— 251 (4.75) |
_\ ; 8 Lo (T Tha = Taalbp 22
I
- 5
X [(1~T )(- JedF
=5 = as. __.LLL_, (4.16)
¥ 1-(T -I‘ 1” )e ST
ab ba
% As in the caze for the pravious diiectionai coupler, we can sew
: that in generai the impuise resporse will contain an infinite sequence of
impulzzs, Thue, in general, the tramsiemt will lest indefinitely. We <an i
impruve the transient responie hy eliminating the iafinite series that vo- 1
° sults from the exponeatial term in the denumingtor of Eqs. 4.74 - 4.76. ]
B Thiz may D¢ :iome by settiag
B«
§ i i} .
¢ Taa'bb = Tee™na = O v
Then tue xpapense:z -implify tp
g W ar s“j”")‘ (4,78)
é Va 3% bb )
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ol o
n jor
i

= - I‘hg(l.- c-jzﬁﬁ)

ae]

lo

]

(1 -1, - T,,)e 48 (4.80)

i

‘ke impulge responses corresponding tc Eqs. 4.78 and 4.79 have .l most two
inpulses. Thus we have obtained improved transient xesponse. It now re-

mains to Le showm that we can, in fact, meet ithe conditior impsled by Eq.

4.?7.

When the expressions for the reilectioz coeificient are sub-
stituted imto Eg, 4.77 = get

(@ - %‘i—) @ - ;i—) = ¥ (4.81)

This is indeed reé}i:ahie. AS 5 matter of fsst, we still have some freedom
is choasing Ya and Y, , Let us choose

Y Y
‘1:‘3‘ = .iJz;. (4.82)
11 'R

Th§a~gioi Eqs. 4.69:tnd 4.81 we obtain

.

y, ¥ f :
"?.ﬁ-'s?hrzlﬁk s . o (4583)
11 a2 .
YG
i oo

Upc. substitation of thess conditions imto the expressichas for the reflec-
ticn coefficients in Eqs. 4.78 through 4.80 »e find
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Lettiag B4 = wt as before, we find that system fumctions

a :

x

kicos avie I¥T

[t

1l

v

i jk(tiam)e-jm
vs \I Y22

v

VE = (1:k)e %

Tae impulse response can be 28sily found from Eqs. 4.85 through 4,87

< 2 X[
uvau) = 25l a(0) -mt-z'«)]

Y
by (0% / ?2-%[@&) -&t-zv)]

h () = (1 xk) 8(t-T)
Ve
The step-sodulated respense to the sigual givam by Eq. 4.42 i

Lo EENRC:

NI g

viit) =t Eluy-ueonFemes - ¢

3 i R

= 397 -

Cre.

(4.89)

(4.90)

to be

(4.91)

(4.92)

(4,93)
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e

[r—

/.—-1-« % [u(t) +u(t-21’)} sinugt (4.95)

V 1o

~ (1 % k)u(t-?)coswat (4.,96)

{
Vb.t}

N

\
Vc(i,

The transient responses are piotted in Figs., 4-8 and 4-9 for s
symmetric csupler and for the + case in Egs. 4.91 throuch £ Q4. We see
that the transient is iime limwited and fully completed within half of a
cycie of the carrier. Thus this device always has a better settling time
than the standard directional coupler discussed in the beginning of this .
saction,

e r————— AW Mo« .

o

in a real sense we can argue that this new coupler has the .
optimum transient respoase at the cutpvt, The coupler response c¢ai bc =ade

%c fsster since it experiences pure delay with no reflections. Now consider

the response at the input to the coupler; this contains two reflections, If !
it3 response wers .o be improved, it would contain sne or no reflections,

If it contain3 no reflections, then it would behave like the stardard direc-

tioma: coupler, whose transient response we know i3 not hetter. discussed st

the beginning of this section. The only aiternative is one reflection at

the laput. However, this case must reflect energy in the steady state, and

sence could not be matohed in the ateady state., Thersfore, we can cexnciude

that our new coupler is "op”imum.”

W2 have stated that this new coupler is optimum caly for systems

ia the form of Fig. 4-1. 7The quesiion arises: "Can the respouse be improved
by cascadiag several sections of coupled lines?™ We know that this technique
is used to ¢ive a broadband equal ripple awmplitude characteristic.az'sa

One .

can show that this techaique cannot improve the irasnsient response over the

"optimia™ couplar. .

The amplitude and phase charscteristics of the coupled arm coin-
cide with the graph piotted ia Fig. 4-5 for k = 1/10 within the accuracy
of the greph. It 1s juteresting to note that optimus couplex has "he narrow-
€34 ban‘width and the hest settlisg time; this fact is diccussed in Section 3.
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g Practically speaking, the transient response of the standard 3 4P
% coupler is very good, since its settling time is on the order of 1% cycles
of the carrier, us opposed to 1/2 cycle for the optimum coupler. This indi-
cates that for many applications the conventional quarter-wavelength coupler

is sufficient. In other applications, however, where a cascade of such

devices is raquired ard time resicdue levels must be very low, the new time-

: limited coupler should be prolerred. Hoie ihai tne "optimum” coupler re-

; quires changes in the impedance ievel, since it is not possivle to have the
Jame impedance terainating all four poris.

P 4.5 EXP-RIMENTAL RESULTS

The pulsc response for three different experimenmtal coupiers is |
> shown in Figs. 4-10 through 4-13. We can see that the agreement with ‘
experimentsl resulis and the corresponding impuise respousas given in Fig.
4-6 is quite good for all thrme coupiers, The improvemeni of sertliag
time with decreasing coupling coefficisnts (k) iz clearly evident. The
step-modulated response of a 1,35 GHz carriexr for the different cou’l-rs [
is shown in Figs. 3-12, 3-13, 4-14, and 4-15. We see, again, that the
experimental data agree quite well with the corresponding theoretical

results given in Fig, 4-7, i

In the theory for the directional coupler, we predicted that there
would be no reflection at the input and no output at point d {(uncoupled
output)., In actual praciice we find that therz are outputs at these perts.
These outputs are depicted in Fig. 4-16 for the 3 dB coupler. The cutputs
are supezimposed on the corresponding input pulse with an increase in gain
of 3 te 1. We note that in both figures thire is a large component which

’ is apparently proportional to the derivative of the irput pulse. This dif-
fercntistion of the input pulse is characteristic of radisting anten:xas.‘r

e s gatmerey o
’

T This subject is discussed in related antenna papers to be presented by
G, Ross and J. Delorenzc at the 1967 NEREM Conlerence,

~v.rre
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* 5 is proportional to volts
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0 4 nsec /div
0.05 p¥/div

{c} Peort 8, Coupied Output

O 4 nsec/div
. C 05 p? “div

(b) ,Port C, Direct Output

*o 15 proportional to volts
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(O 4 nsec/div .
0.02 p*/ div

(a) Port8, Coupled Ouipu:

Q 4 nsec/div
0.05p*/ div

(b) Port C, Direct Outgut

¥ p 15 proportional {ovolls
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0O 4 nsec/div
0005 p*rdiv
(a} Port 8, Coupled Output

0.4 nsec /7div
0.05 p*/div

. {b} PortC, Direct Qutpui

*p 1s proportional to volis
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O 4 nsec / div
0 C05p*7 v
(a) Port B, Coupled Output

O 4 nsec/ dwv
0 C2p™7dwv

(b) Port C,Dwect Output

% s proport:onal to voiis
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0.005 p*/ div

(a) Port B, Coupled Output

0.4 nsec /div
0.02p*/div

(b) Port C, Direct Output

*p is proportional to volts
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0.4 nsec/ div
(a) Input Pulse And Input Reflection

0.4nsec /div
(b) Input Pulse And Uncoupled Output
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such rudiation within the coupler involves the excitation of non-TEM modes
us should be excited by a transition within the coupler. This leads us to

c¢onclude that the deviations from the theory are due mainly to the excita-

TR el

tion of non-TEM modes.

t.0 SUMMARY AND CONCLUSIONS

In this section we first derived the general expressions for the
voitages occurring at the ports of a pair of coupled transmission lines
terminated by uncoupled trsnsmission lines. The conditiors necessary for a
perfect match at the input, independent of frequency, were derived and found
to be the same as the conditions for the conventional coupled-transmission-

iine directional coupler.

The transient responge of the conventional coupler was studied in
detail. It was found that the settling time improved and the bapdwidth de-
creased as the coupling of the lin.s was decreased. We considered the
possibility of improving the t-ansient response by relaxing the restrictive
condition that the device be perfectly matched at the input, When this re-
gquirement wacs removed, it was found possible to develop a directional
coupler whose impulse response was time-limited and whose transient response

was optimum,

When values of coupling less than 3 dB were considcred, we found
that the conventional quarter-wavelength directionai coupler has a transient
response that approaches the "optimum” coupler as k=0 ; this is supported
by the experimental results, The real importance of the new coupler lies in
the fact that it suggests the investigation of a new class of elements which
have a time-limited impulse response. Such a class of networks would, for
example, be important in problems of time-domain equalization,.
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SECTION V

SIDEWALL CQUPLERS
(L, Susman, Sperry Gyroscope <u,)

5.1 INTRODUCTION

The wideband properties of a microwave network can be deduced
by examining the behavior of the device over all frequency or by ite time
response to particularly simple inputs such as an impulse or step function,
Until recently, the frequency-domain description has bzen entirely adequate .
for almost all enginecering applications for which these devices sre commonly
used, This is because thc input signals most often used have been, to a -
very good approximation, narrow band, Thus, a complete representation,
valid for all frequencies, was unnecessary; only a good representation
valid over the range of operating frequencies was required, With the present
emphasis on the use of wideband signals in modern radar systems and the
recognition of the potential high-resolution capability that car be realized,
the problem of signal distortion becomes very pertinent as one of the limi-
tativns to the resolution that can be obtained, To analyze the behavior of
microwave networks in a way which makes clear the wideband behavior, one
can revert from the frequency domain to a real-time description of the net-
work's behavior, This point of view has been adopted in previous contracts34
where the investigation of the trans: »nt behavior of microwave structures
commonly used in arrays was initiated, Ths work performed under this con-
tract can be viewed as a logical extensicn of the previous studies of the
transient response of waveyuides, magic tee's, branch-wall couplers, etc,

In particular, this secticn discusses tke regi-time respense of
sidewall couplers, Although the analysis prasented is appiied here to one
particular device, the mathem:tical techniques presented, and certainly the
point of view adopted, are appl‘cable to many more commoniy used microwave i
structures, Section 5,2 briefly reviews the work done on the transient re~
sponse of straight waveguides, Saction 5,3 considers, in some detail, the
analysis of the sidewall coupler; i.,e,, the real-time behavior of tws uni-
form waveguides coupled through a lirge aperture in & common sidewaii, The

-\..—.-«-,_ﬁ.q.
"
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fact that the aperture is large is quite pertinent, since the complementary

L e

problem of rectangular waveguides coupled by small apertures involves quite
aifrerent metliemaiical representations, Section 5.4 presents the results
of experimental work on the stcp, impulse and step-modulated response of an

.-band sidewall coupler,

5,2 REVIEW OF STRAIGHT SECTIONS OF WAVEGUIDES

-

In previous reports34 the transient solution for a section of
waveguide was examined from a number of points of view, The general dJdiscus-
sion and results are reviewed here, since they form an integral part of the

analysis of sidewall couplers contained in Sec, 5,3,

As explained in previous reports, the analysis of waveguide com-
ponents differs conceptually from nondispersive microwave structures in that
the input-output quantities are in general vector field components rather
than scalar voltages, To interrelate these various output field quantities
to input varjables requires a dyadic system function, From a formal point
¢f view, the impulse response contains all the information about the transient
and steady-state response to any arbitrary input, Knowing th2 impulse re-
sponse allows one (in principie at least) to compute the complete response
to any other input excitatfon, Finally, ssymptotic estimates of the set-
tling time cuw “e 0ob*ained by examining either the impulse response or the

step response,

5.2.1 Transient Response

Consider the case of moct practical importance, a rectangular
waveguide operating in the dominant mode TElo. One can show that the sys-
tem function corresponding to the ratio of the Hz components at z = z,
and z =0 1{is given by

Hz(x,y,z:p)_ -

B (x,5,0,p) -e = 5.1 |

~ 123 -



where w, is the cutoff radian frequency of the guide, ¢(x,y) gives the

f;antfﬁrse spatial dist:ibution of Hz' ¢ s the velocity of light,
YTV pT # wc/c , and p 1{is the complex frequency variabie: p = o + jw .
“he transverse components of the field can be shown to be

Py

H

E (xy,2,p) = pH_(x,y,2,p)
(5.2)

Hx(x,y,z,p) = sz(x,y,z,p)

o

To find the impulse response correspoudiag te Fq, 5,1, the in-
verse Laplace transform of Eq, 5.1 is required, This is found to be

-% p2+w(2; (,DcT
J & st -1 - ——
' Vt2 - 272

e JlG”c t2 - sz u(t - 7)

(5.3)

z
c L d

The general character of this impulse response follows the
ceoputed impulse response of an ideal high-pass filter, First, there is
an impulse term minus some oscillatory function, It should also be noted
that the output for t <t is ~ero, For t >> v, Eq., 5.3 raduces to

where u{t) dis the unit step functivn T =

J.(w t)
h(t) = w T -—‘-—-{9— (5.4)

This form of the equation resembles the output of the high-pass filter,
since as 1 =~ @ | Ji(wct) approaches sin w t ,

Returning to the system function of the transverse components,
it can be seen from Eq, 5,2 that the jmpulse response for Ey(z,t) can
be feund by differentiating Eq, 5,3 with respect to t ., (These expres-
sions have been given in previous veports,) The various impulse responses
consist of impulses and their derivatives (i.,e.. doublets), as nelf as
ussctilatory Besgnl functions, Figure 5-1 shows the response H(z.t) to
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an impulsive Hz field applied at z = 0, The transient response of a
straight length of rectangular waveguide was computed by treating thc
structure as a two-port network,

The explicit assumption that the impulsive response corresponds
to an impulsive excitation of one of the field components, say Hz, Ey,
or Hx' is not realistic in most practical cases, For example, if a
laboratory setup designed to test waveguides is arranged with coaxial-to-
waveguide transitions, it is unreasonable to expect that an impulsive
voltage applied to the coaxial line will result in impulsive field com-

ponents,

A more reasonable model results by assuming that an impulsive
voltage produces (approximately} an impulsive current across the guide,
This problem is important because it closely simulates the experiment2l
setup used in evaluating the thecretical results, If the impulsive exci-
tation of a coaxial system produces an impulsive current demsity across
the waveguide  the transverse electric field Ey that propagates down

the guide is then given by Collin35 3$

E(z,t) = 8(t - 1) - cwct J. lw ,/tz - 72 u(t - 1)
y VAN i

(5.5)

The step response can also be found in this case and is given by

a(t) = cJ (w Jt? -+ )u(t -1 (5,6
[+] C )

The impulse and step responses are shown in Fig, 5-2, These soluticns
Lhave been the basis for Saxton and Schaiti's experimental verification
of the transient responsze of waveguidas,sb

5.2;2 Step-Modulgted Regponse

The préviizs soction reviewad the results already obtained for
the transieat response of a uniform wsveguide, There is much more 1fiterature
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FIG. 5-2 The normalized impulse and step respszses for a

rectangular waveguide excited by a line source.
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available on the step-modulated response of uniform waveguides, It is
rather unfortunate that so basic and seemingly straightforward a problem
should turn out to be extremely unwieldly from a mathematical point of
view, The original work on this problem (and still the most complate) is
contained in Cerrillo's dissertation.37 He shows (among other things) that
the step-modulated response of a uniform waveguide can be expressed in
terms of Lommel functions, For the range of values of usual interest no
tables of these functions are available, Recently, several investigators
have reopened this complex problem and have added to it considerably by
applying the maihematical results to cases of particular practical im-

portance, In principle, the response of an ideal waveguide to a step~
modulated input of the form

e(t) = sin wyt u(t) (5.7

is given by the well knewn inversion formula

w ¢
) = g | s e Plap (5.8
p tw
T 0

One noiicés that tne intégrand has a branch'out at p =+ jwc and a pole
at p=+ Jw - Karboniak38 .obtained asymptotic expressions for the step-
nodulated response in essentially three regions of Lime: a) a.region of
antecedentc b} -a_miin signal reg1on, and c) the posterior transient region,
His approach makes use of branch-poiﬁt integration in the complex plane,
More gecently, Wait and Spies39 treated the pgoblem of propagation between

W&"ﬂ,w‘»‘n -, e W 8 A A T . ——

paraliel plates and were ‘able to derive a pouer-series solution which is
basically equivalent to Cerrillo s, Wait and Sples compare their results to the
use of Fresnel iniegr;l ippxoxiuations to ggznsfgtgfunction of tht wave-
guide, Suemsi prevlously treated the step~modn1ated response of a wave-

guide by startisg from the jmpulsive response in the time domain and deriving

an upper bound on the buildup time whichk agrees well with expeciment, 40
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Since the major emphasis in this.report is on the transienc per-
formance of microwave structures, several remarks that indicate how this

RN I I £

3 work can be related to broadband behavior seem in order, When the exci-
tation to a waveguide is relatively narrow band and not tco close to cutoff,
it seems expedient 1o rely on frequency-domain concepts in araivzing the
distortions introduced by the waveguide, IHowever, when very broadband
signals are user (or signals extending close to cutoff), accurate results
can be obtained only by using exact results, and one is forced to use either
Cerrillo's exact expressions or the time-dowain approach via o convolution |

. with the impulsive response of the waveguide, Either of these approaches
requires the use of a high-speed digital computer,

The following section treats the transient response of sidewall
couplers, The emphasis here is placed on obtaining a clear picture of the
mode coupling in the transient case, The step-modulated response of a

real coupler is discussed in Sec, 5.4 but, as might be Jxpected, only
qualitative agreement can be claimed for these results,

5.3 ANALYSIS OF SIDEWALL COUPLERS

Consider the ideal sidewzll coupfer shown in Fig, 5-3, It con-
sists of two rectangular, uniform waveguides coupled by an aperture across
the narrow face of the adjééent wallg, For analysis it is convenient to
divide this four-port structure into three regions, Region I is the input
section, region II is the coupling section, and region ITI is the output
section, The device is designed to operate over a band of frequencies

such that only the deminant TE10 mode can propagate in each of t¢he wave-
guides In the input and output regions (I and III), In region II it is
assumed that the dominant mode and the next higher-order mode (TEzo)

are the only propagating meodes,

Irn cousidering the interaction of the electromagnetic fields in
the three regions of intevest, it is best tu start with the field configu-
rations for the propagating modes, In regions I and III the field com-
ponents are
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F1G. 5-2 An L-band waveguide sidewall coupler.
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A1l the other field components are zero, Z.o 1 the characteristic
impedance of the guide and is given by

1
ZTE T em——— (5.10)
f
£
l(f}
where fc is the cutoff frequency of the guide and is given by

- L
fcl = 55 for the TE10 mode, (5,11)

In the coupling region (region 1I) the expression for the field
componients are the same as Eqs, 5.9, with a replaced by 2a, That is

- nx
E = Eosin %a

E
H = - —L (5.12)
x 1

where f is given by
2
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The field components s)rresponding to the TE20 mode in region II are
given by the same expcressions as Eqs, 5,9, In the normal mode of operation
all higher-order modcs are cut off,
the coupler is showr schematically in Fig, 5-4, which shows the rela.ive
cutoff frequencies for the higher-order modes (where it has been assumed
that a/b = 2),
coupling region is .omewhat reduced,
the TE30 mode up, thereby extending the useful operating range of the
device, A tuning post is also provided in the form of a bubble in the

coupling region; this is needed t)> insure good isolation at the decoupled

The resulting range of operation for

Ir the actual sidewall coupier the "a” dimension of the
Thie is done to move the cutoff of

port,

Tv understand the transient behavior of this rather complicated
structure, it suifices to know the responses of the device to an impulsive
excitation at one of its inputs, It is also convenient to take advantage
of the inherent symmetry of the structure and censider the input at a single
port, say port 1, as due to the sum of an "even-mode" and an "odd-mode"
excitation at ports 1 and 2, The even-mode excitation consists of a TEIO
fieid distribution at ports 1 and 2; the cdd-mode excitation consists of
a TEIO field distribution at port 1 and its negativs at portlz. The
desired response is seen to be due to the sum of the even-and odd-mode

excitations and will simply be called the sum mode.

The convenience of this approach lies in the fact that one can
assume that the odd mode propagates %hfough the entire structurz with
virtually no distortion due to the discontinuities at the interfaces of
This is true as long as the dimensions of the inner
The effects of the;e discontinuities on the various

the various rgions,
wall are kept small,
modes are dis.ussed in the following section,

& L

Effects of Discontinuities

To quantitatively analyze the effects of the.abrupt change in ..
going from regions I to II and II to III genrerally requires the solution
of an integral equation for the admittance of the junction, The particular
model needed for the sidewail couprdt corresponds to what is commonly called
treats this type of junction and derives

3.3.1

an H-plane bifurcation, larcuwitz42
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an equivalent circuit which indicates that the juncticen is essentially
equivalert to a hybrid coil arrangement, However, his range of values
of the equivalent circuit is limited in the frequency domain to the usual

operating ra~ge of the waveguide, An exact soluticn, using the Weiner-Hopf

43 but here, too, Joucs

integra! equation approach, can be found in Jones,
treats the case where the smaller waveguides are cut off at the operating
frequency, In order to apply the results of this classical boundary-value
problem to the distortion of transient signsls we need an approach which
gives the correct junction behavior at high frequencies (since it i3 this
pcrtion of the frequency band which determines the behavior of the fncident
field), For this purpose we have chosen to use the Schwinger-Lewin vari-

ational method,44

-4

Consider first the case where the even-mode excitation in region

is incident on region II,

It can be shown that the junction aduittance is
41

. @ a
given by r a ) 2
ux X
Y [ Ey cos 5 dx + j{: Yo Ey cos 55 dx
0 m=3,5.7,. ...
y= a i
2
ox
kl j Ey 8in dx
0 (5,13)
where
2
~fox _ 2 = Jimm 2 )
Yo Voa = K Ky = ( a) -k k=2

Because cf the stationarity of this expression for the admittance, one can
approximate Ey (the field distribution at the junction) by sin %f .
With this approximation the real and imaginary parts of the junction admit-
tance become

¥m

(me - 4)
0=3,5,7,...

¢=41
ky

jB:-—%z-—

b4,
9n’ n’k, 2
(5.10)
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Lnowin we can find the veflection and transmission soefficients; they are
4 v y

Ry TE3E (5.15)

The meaning of R is clear, the meaning of T requires a note of explanation,
T gives the transwission ceefficient relating the incident even mode to the

TEIO mode in regien II,

: In a completely analogous way, one can derive the equivalent admit-
; tance for the TE . mode in region II incident on region III; the resulting
; admittance iz

g -]
G’ = il r jB’ = ? . v
_'y‘l 64 "yl 2,2

(4-m")
m=3, 5,7
(5.10)
v KI E B y’ TI 3”
1+y! 8(1 +y”)

We could also derive the equivalent admittance for the cdd mode,
but, as we indicated before, one can verify that the odd mede does not
encounter any distortion due to the discontinuities at the interface of
the various sections,

UL OIS L S T el D | S K Sy

5.3.2 Hatrix Analysis of Sidewall Coupler

4

To maké offective use of the calculations in the previous section
the following mathemstical artifice is used, A scattering matrix S’
describing the junction effects is first formulated,® The S’ ratrix is
then modifiéd to take into account one-half the length of waveguidz ir

® A detailed difcussion of the use of scattering matrix techniques to
determine the transient response of microwsve networks is presented
in Appendix D,
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regisn 1, The resuiting siructure {5 then cascuded with its irror image
by uwsing the well known formulas for cascade connections,lg The use of

gcaitering wetrices for a deseripoion of discontinvities is weil known, but
the develorment here 1s unconventional in the sense that it has been found
advantageous Lo use, not the incident and reflected veltages at the various
ports, out independent iisear combinmtions of these so that the slements of

the resulting zcastering matrix ave exactly the quantities computed in
Sec, 5,3.1,

Consider then the mathemstical model shown in Fig, 5-5, The in-
pul port quintities correspond to even- and odd-mode excitations st ports
1 and 2 of the sidewall coupler, The rutput quantities are the wave ampli~
tudes of the TEIO and T520 mode signals in the coupling region of the
coupler, For our purpsses we have taken the network repregentation to be
a 4-port network, To be completely rigurous would require g doubly infinite
nwiaber of input and output purts to handle not only the mode which propa-
gates but also these that sre cut oif,45 This additional complication has
been avoided, since it can be shown that ir will have only 2 minor efiect
on the results, (Hotice that the presence of cutoff mcdes was considered
in the cslculation of R, Rl, T and T,,) Denoting albl’ 82b2, a3b3, and
a4b4 a5 the incident and reflected scattering variables at the even mode
input por%, odd meode input port, TEIO output port, and TE20 output port,

respestively, the scattering matrix for <he junction is then seen to be

- - - 3 ' ‘ = - -
b1 R 0 | T 0 a,
¥ £ !
02 9 ¢ ! 0 i 82
- e -, - - r - - m .- —— (5,17)
b3 T L R 0 83
H
b 4 0 1 1 0 0 a'i
! A
L. .J n " "

For conven.ence, we shall write thie metrix relation in the partitioned
form

F o1 i~ b ooer ] £
"2 | ,%’1 s b1'2’ 12 e
1 ! e
— = Sy - (5,16)
. sf
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It is well known that adding lengths of waveguide to various
ports resuits in a new scattering matrix given by

5=105'¢ (5.19)

-Jvyd
where 8 1is a diagonal matrix with entries e i : here £ 1is the length

of the waveguidz and -+ is the propagation constant, If the length of the ‘
coupling region is 4 , then the resulting scattering matrix is v

o ‘ b | ’ . - 7 { 3 |
oo s ) skl oo
] ¢ i
§=90588=}|—- —-|— ~— ~ .-..--:..___ e e o — -
i LI
-‘jvﬁ/z ! i ’ |°JY$/2
9 }E 501 | Sy 9 &

(5.20)

where 1 15 the 2 ¥ 2 {dentity matrix, O is the 2 x 2 zero matrix, and
i -jy,4/2 ~jyot/2

eIvt/2 "7 672770 | When Eq. 5.20 is

combired with Eq, 5,17 the resulting overall scattering matrix is

$ a diagonal matrix (e

b, | "R o i a1 ol [a |
1 1 1

|

b, °© o Y | 22

_— - e T . - (5,21)
| ‘
|

_b4 | i 0 A, | 0 0_ | 84

where
~§y,£/2 ~jyqt/2
XI = e and A2 =e -

Thig overall netwerk is then cascaded with its airror image.
The derivation for the re-ulting scattering is well known and is reviewed
in Appendix D, The final result corresponding to Fig, 5-6 is
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FIG. 5-5 Scattering matrix formulation.
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r-b} h i ] 3 b
X W G| |,
2 2
- = - (5,22)
~21 ~22 .
i a
2. i 4 L2
where the starred quantities denote the scattering varisbles and
- 1
)2
. 0
1 - re4h2
S, =8, = 1
~2 =2l (5.23,
2
B 0 12 3
— -
R + T'TA?R’
4 ) (5,24)
_ {1 -R22
17 %27 !
) 0 0

To ase the above developwent for a case of practical interest,
assume that the output of the coupler is satched (that is, &5 = gy = 0)
and that port 1 is excited with an input of unit amplitude, Then a, =+ %
and 8, =+ % becalise this sum of the even and odd modes yields a single
unit input at port 1, The refiested variables can then easily be found

to be
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0«? | 1 R+ T"H?R’
AR b, = = -—
46 - - . y
; 12, R"Af
"?‘ 4
% b"’»: O
; . . T/TA2 (5.45)
b, =5 -t
| 172 T R2d
* 12
by =5 Ay

These are the outputs, hut expressed in terms of an evem and odd

modal decompositior, In terms of actual output variables we need bl * ‘02 and
& &
b’ + b2, thus
1 R + T’TA?B’
by =by =3 24
1 - R’ Al
(5,26)

. . omad 2

b £b =% —m——— 4 ==

1 2 2 - Rlz)\? 2

: It saculd he recognized that B, R/ T aud T’ are all functions of
frequency. For zny one frequency, ¥qs, 5.26 contain ali the information
needed, For example, the condition that the sidewall coupler be a 3 dB
coupler is

& %, _ @ © .
[B] + bof = 8% - b5 (5.27)

For our purposes it i» convenient to fermally expand the demominator term
in Eqs, 5,26, TL leads to

) . /24-(’24)2 2.4)4
b‘i 2TT Al 1+R \1 ] A! +(R Al} + ...

(5.28)
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Since K? 15 of the form e in the p domsth, the output is

seen to be a train of distorted waveforms similsr to the transient solution

for a straigh: section of wayeguide (see Sec, 5,2}, Additional distortion

is intrvoduced sinue the reflegtion and transmission factore are aiso functions
of p., Some quantitative data can be obtained by apply.ng a modified initial-
value theorem (seé Aupendix D) but since *he soluticn is known to be highly
oscillstory the first few terms of the power series that results give very
littile infdrmation. It is clear from Eq, 5.28 that successive refl :ctions

are separated in time by 2(%) seconds, where £ is ;he lsngth of the coupling
region,

5.4 EXPERIMENTAL RESULTS - SIDEWALL COUPLER

To experimencally verify the suitability of some of the approxi-
maticns made in Sec, 5,3 and to obtain meaningful results for rea. sidewall
couplers, an L-band sidewall coupler was tested, The experiments ccusisted
of displaying both the impulse and step-moduléted responfes for evén- and
odd-mode excitation between various ports. The means for gemerating these
test sigpals have besu discussed in previous repot":s.\s“5 To summarize, the
test signals "saﬂ for the waveguide sidewall coupler were: (1) a 0,2 nsec
video pulxe au (2} 16 cycles of a 1350 HHz step-modulated signal These
signals. wete syntheaized from the output of the Hewlett-Packard time-comain
reflectometer and were arplied to the waveguide through an L-band coar-to-
waveguide adapter The sidawall coupler is 21 inches long, coupled over e

region of & inches by a large aperture in the sidewell,
5 -

The impulse response of the sidewail g@uplér‘was examinqd experi-
mentally Ly applying the 0.2 nsec pulce faxua:t 1 of the coupler (see Fig.
5-3) and measuring the response at the other three ports, This was dune
for three types of modal excitaztinn, the even, cdd, anu stw modes; the
results are shown in Figs, 5-7, 5-8 and 5-9, respectively, During the
tests gll unused povrts were terminated in a matched load, In Fig, 5-7 one
notes that the responses at ports 3 and 4 for the even-mode excitation are
identiczl, The pregence of distertion due to multiple reflections is
evident after approximately 1.6 nsec, while the overail transient is basi-
cally zero after 20 nsec, Frem this one can conclude that an upper bound
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on the buildup time for the step-mooumiated response is 20 nsec {as previous
experience has shown, this is a rather gross upper Beund, and one expects
buildup timec which ave cenrsiderably shorter}),

Tk AL IR AR N

Figure 5-8 shows the impulss resporise of the L-band sidewsll
coupler fer the odi-modz excitstior, i.e., where ihe excitations at ports )
end 4 are the megative of each other, From theory oue would expeet this

P R L

; type of excitation to create 2 minimum of disteviion, since the transpert

s mechanism from input to outpul invelves only one modal senfiguratien. Hrom
Fig, 5-8 it is evident that distortion due to internail re-reflections does

not take place befare 2.5 nsec of timé delay, The compressed view ir Fig, 5-8
shows that the tramsieat respouse is somewhat fonger for the odd mode, lasting
. approximately 24 nsec.

Figure 5-9 shows the transient response to the sum excitation (tha
even plus oldd excitation), ¥First of a1l, it should be noied that at poris
3 and 4 the iaitis] ouiput Is positive, The ocutputs at porte 3 and 4 are not
identicel, bs:t have the sawec general cheracter, The satput st port 2, the
normally decoupled port, is quite different, Firs:, the output is not zeroc,
as might be predictad from the steady-state characterietics of the desice,
The ouiyut at the decoupled port bi:jlds up graduslly, with distortions due to
re-refiections encurring 2.5 nsec after the initie} excitation,

. - ke

Figure 5-10 shows the step-modulatad réspense of the sidewsll
coupler to a 135 NHz signal spplied as an even and add excitatisn, We sce
thzt st pure & the eren and odd modes have epporite pelarity, The odd mode
has ¢ siightly longer vise time as conjectured from the results of the
trangiedt excitation, The rise time is seon ¢o bde on the ovder of 2 asec
in ai} eeses; the-buildyp time ie wuch lengar,

PR R TA  AE N

‘igure 5-11 shows tha rasponse of the sidewall coupler o the
1350 8z steg-moduleted gigra)l appifed in the sum mede, The outputs 2t
perts 3 and 4 have aimost identiecal rise timez, but the builidup time at port
3 is slightly iess than that at port 4, The sutput at port 2 is quits low,
with no spurious level,
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Qutput at port 2
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Time scale : 2 nsec/maj. div.
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5.5 CONCLUSIONS

The transient response of the sidewsll coupler is similar in
several regpests to the transient response of interconnsctioas to TE¥-mode
lines, The response con3ists of delayed, but now modified, versions of a
basic ferm, The delays are governed by the elestrics}l dimensions hetween
discontinuities and depend on the reflection ané transnission coefficients
at the junctior, The response is cumplicated by two inherent properties
of the structure's geometry, First of all, ihe propagation threugh the
straight sections of waveguide is affected by the dispersive nature of the

propageting charvacteristics, The degree of d&ispersion depends on the cutoff
frequency of the mode considered and, unfortunately, oa the leagth of the
waveguide, The second complexity arises from the fact that the junction
effects, the reflection and transmission coefficients, depend ¢n frequency
in a complicated way. These two factors aione are sufficient to make any
attempt at obtaining exact agreement between theury and experiment extremely
difficult,

70 add to the difficuity, the basic waveguide acts as a high-pass
filter: since the displsy equipment has a kign-frequency cutoff, there is
an inevitable degree of rounding caused by the dispiay equipment, Feor the
case of TEM-mode structures, this distortion is not critical hecause the
impulsive train is time separated; for waveguides, however, the transient
response is not a train of impulses but a hignly oscillatory waveform, and
the distortion introduced by the display equipment effectively masks the
details of the waveform,

. . The best that can be obtaired from an investigation of the transient
reébonse of highly diSpérsive devices i5 a better and clearer understanding

of the mechanism of transient behevier, This, we feel, has been accemplished,
It is interesting to note that the analysis given in Sec, 5.3 relies neavily
on the synmetry of the structure invelved; thic geometric property is inde-
pendant of frequency and so is equally valuable in a frequency- or time-
domain approach,
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APPENDIX A

A NUKERICAL APPROACH FOR EVALUATING WAVE PROPAGAYION THROUGR
A SEMI-INFINITE FERRITE MEDIUM

The discussion below provides s method for inverting the Laplacs
trangform (LT) of Eq. 2.2 numerically. Briefly swmarized, the procedure
iuvolves the application of the initial value theorem (LT theory) to invert
nune~icuaily the rystem function of a propageting medium. The significant
fzature of this method is the fact that becsusge the signal is traveling
through a distributed medium, it is delayed and no longer exists at t=0 .
tlence the response must be advanced by the signal front delay Ter (1.e.,
retvened to the origin) before the initial value theorem can be applied.
This technique is described in detail in a recent IEEE journal.34 Thus,
if the response of a network to a step cxcitation is given by

£
g(t) «—» G(p) = F(p)-H(p)
where
Flp) = LT {w()} =1/p
H(py = LT (h(t)} = H.(p) + H,(p)
[ . 2 (A.1)
H (p) = exp(- pz Wm
Hz(p) = exp{- pz ‘/“o ep -K)J
then
iPonce - v §one - g2
gl =gt - 'rfr): g(or) + "+~ ‘ﬁ +..}u(t- vﬁ,)
\ ' . . .
The Fourler transform of h(t) can be found from H(p) Dby substi-
teving Jw for p im Eq. A.1l. Thus - T
110 . ; o Do .

A-l

- e A O T TR BT




H(fn)‘z H(p)l = A(m) axp[-Je(w)J

p=jo
Then by definition
- ()
Ter = Aim ™
roe

This car Ye shown to be

Aim Q%szfr=z/vuc

o
Siag

Using the procedure outlined im rel. 34, the first four uru of the
Maclaurin series exprnsiom of g(t) are given by

Cglor) exp!- ka] + exp[’ig:}
A L2 2 1
X - _1a . —LR®
bl ]2 )

1}

§ o) =
6(2)(0+) SRR S Bb?' + 48b + a2] ﬁia exp kBl §.3 exp S
16 2 A 2 . 2
a -
2 AR T “ .
+ K 5 [4b + 3]2[84 eipl-g—&] + ol oxp kﬂ 1
1289 : L o
3k [ 3, oaad + 40252 + 6 { [-kﬁ W ETA
(OH.---—‘-?; 58" + 24a"h + 40ab” + 64b | (R e + R* exp|—5—
1203 o LT - J
2 [3 2 3|fas  [ad] . a5 [-ite]
- 2% + 8e%p + 24e0” + 320°| i oxp| 2 | + #” exp |
128a J J L i
A { ; a )
13J56  Cl-kR| . 246 ~IR® |
---—-—5 a + &R exp[———] + R* exp[ }
30722 [ j 2 2 .

" In order to adequat‘oly' ropreu;n the tu{tlypy it is necessary to evaluate

the & n term of the expansion which is of the form

A~2
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The inversion intergral was approached directly by R. Churchk, Research
Staff Member, SRRL, and has been programmed for the 70Y4 using a method to be
. described in e forthcoming Research Report. '

Principal features of the method are:

(1) Choice of path of integration sufficiently to
the right of the origin that gingularities at
the integrand are not troublesone.

(2) Use of the efficient high order Gaussian
qeadrature formulas for the near rsgion.

(3) Use ef the Euler transformation for a slewly
converging alternating series for the tails.

Thz results of these methods are shown in Fig. A-1.
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APPENDIX B

JHE COnVERTIONAL QUALITY FACTUR

(6. F, Hoss, Sperry Rend Resesveh €~ e

I. INTRODUCTION

In the sarrow-bind sense, @ is defined as

3 ,% 5
¥o® Tatal’l.u

(Pd)‘wo

L~

{B.1s

here fi : § tex [
vhere w_ is tihe rz:-nant frequency of the system, (%Totai)lwo is the

time average of the t-cal stored zapergy at w,

average of the perer dissipated in the network,

¢ ond (Pd)lwo is th~ time

The definition Is applied

to driving-point (dp) impedance measurements and "loosely” to tramnsfer-~

& XL

function weasurements. A more general definitiocnm of ¢ ~an be obtained by

usizg the relstionmship

Q

Y v . .

::i: E?«JIN = (Pd» + jm/(&m) - ‘(ﬁe}\
\

/

It is not difficult to shew that this relavicaship is givea by

- %0 10 e} o, (8.2}
FO

o

aud the methnd used to «btais thiz solutier =ii pe demonstzated here.

~

x> N

®This cefinition is still a sarrewbesd approximation, 4% will soon hecoms

evident.

e S =
e e A e =

P B I Rt orio €2

i
i
i
¢
i
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In the very sarrowband case, the impedance or trzasfer fr.ction
in geestior mey be cepresented br s» equivalent circuit consisting of a
single resistor B. an inducter L, and a capacitsr £, 211 cuamected in series.
Thes, for a given current magnitude [I| it is clear thit the time average
of vhe power digsipnted ir the resistay is giver by

(Fd)

]
™)

i
P~
-
T
no

while H )

y=di (8.3)

and a8,

b
=

Substituting the values given in £q. B.3 into Eq. B.2, we obtain

£1 02 12
o el 11® - 1 )

Q= A o (B.4)
Pd) w=a,
which redures to
[ 1.1 7
9y i%mQ% T L }’H j
Q =
By
) Q\ {Bo 5)
®s @Totai)}{w:ﬂ%
P [, =,

This iz identical to Eq. B.1.

¥




W P

e
. '
ettt A T

e e e o e Sprn i S A RTINS 7 peed D

i I1. STORED ENERGY AMD T RAMSFER FURCTIGR FOR A LOSSLESS TWO-PGHT

For the special case wheve 2 network is lossleses and reciprocal,

the unitary condition on the scati~ring matrix® can be applied. resultiisg
in

2 _ 2 ,
}szl| =1-1s,,| £3.6)

[

We can evaluate |S iz sirce
11

) \
(-]

{B.7)
Uy +1 aup ] __@L<<w> YR
T "1
Letting P = 2(2.%). and ¥ = -ﬁ"-z-/(“e) ~ Wy }\we have from Eq. B.6
1| 112\
2 2
‘ 2 (® -V +H
i (P +1)"+ ¥
!
! rd
Lo
4 ®
2 2
- }821] =% - lsnl = (B.9)

[@+12+ ¥

Next we define @, s the rescnant frequency of the network, as that frequency

whore the time averzge of the stored electric and magnetic energies are

Vs § aqual.za Thus. in Eq. B.9 wa have, at zescnence,
>, oA ‘, .
R SRS TR, e | )
o ¥ *s s = I, tie iaentity matrix. ’
:) & :
Yo E i e e e




. WK

18,17 22 2. 1)
i\ = ( 041}
3 SO W@ g
[ (F) i i\iﬁ"iﬁg
Rowmalizing Eq. B.9 with respect te Eg. B.10. we ehiain
2 o
Byl L@y v P
{(B.11}

Is ll“ W, = I8 21' Nomm ~ [Py +1 1%+ w2

Expending ¥ in a Taylor series sbour the resonant frequency wo + We have

~sll e [od - )
m{ %) <w>}jw {<w> |

((W) - (ﬂ )ﬂ}w(w - wg) + ...} (B,12)

[ fQ <u>-<w>\1 (w-wolé*i-...

l{,.n

H

(14

1

[V

becsuse ot resonasnce {ﬁe) = (E;) « Substituting Eq. B.12 into Eq.
B.11l, we shiain

P
Is 21s Noxa ~ {((g} 1) + j"] (8,122
) e
'((g)"'!)‘:"ju—"—' <B) "(%Q\} }(@%‘} .o e i
Tin mn% h é?
B»é
fed
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Now zgein letting P = ?‘?gl
I

2
- -t ©w=wg

S e e s 4 e e ey m———— i -

. . TNy SN Mfgé?p";? 7 @"‘mw, ‘F

. »
; At the “half-power” frequencies, [, |% = 1/2.
frequencies for which

ot

er {approximately) when

1S, 1%, =
i 21 Nexa
#k(!’d) l..l_z )w_ +J{,‘ Z(w-wo)-g— () - (¥ )) Y

UO""wo

(B.14)

This occurs at the

. 2
(Pg) + %L = v, 2{w~vgs a%;{(ﬁ'e) - ('ﬁm)} - + .
3

(B.15)

2
{Pdy + l%i»

Bancwidth = An ¥ 2(w - mo) =

(o T e ,{;4y > - <yé?;}

S ,(Pd) " «a-L»

N\
: (ﬁ) - (w > [l o rie

i wb dw {r (3] m €>=W° ( y

(B.16)

Using the narrow-band definition of Q , we have

h vy - N it ELY
Q= Eﬁ fodted oo

B.17)

e T

o ety e e
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or, alterunately,

C . \
Do 5% w( We? - (M )}lwzwu

0 - ¥ {so !g}
X
[¢eay + u—]w o

2
L

which fs almost ident ° to the form given in Eq. B.2 and reduces (with

interpretation) to th. .1l known defimition given in Ea. B.1 for the

series RLC circuit resuvuant st Wy « It {5 instructive to ipterprét the

result given in Eq. B.18. the term (Pd) {s clearly the power dissipated
in the laad and is equal te |Vo|2 . This folluws. since the network was
assumed lorsless except for the termination; therefora

2 AN
L” e zap = 5,12 = 111—j}2 B o pgy (819

Where I is the pegk value of the tota] sinusoidal current entexing the
port. The term [Iiz « also in the denomingtor sf{ Eq. B.18 is the

power dissipated i% the spource impedance of the gemerator. If the network
is "transpazent™ at resonance, we have

12

| = (Pdy
o,

(B.20)

One can consider the “lcaded Q" (or the Q fncluding the losz irtrsduced

by both the load and source impedances) as given by

w Zétg;?[’<§e} ) <wm>:i}hn=mb
o =3—

\ .
.

(8.21)

B-b

o e Pre—
1




—

where it will be remembered that the term ﬁ{m( W) - (%}}! =w,
closely spproximates the total energy stored in the network at' wg . The
Quantity (Pd) is vartuglly ap invariant function of frequency. This is
not surprisisg in broadband lossless networks, since the magnitude squared
of the transfer functfon (equal to (Pd)) is by definitfon & “fiat"
function of fraquency; the phase function, however, ¢- be a nonlinear
function of freruency.
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APPENDIX ¢

THE TRANSHISSION COEEFICIENT AS A :UNCTION OF THE STCRED ENERGY IN A ®ETWOSBK
(G. F. Ross. Sparry Rand Reseaxch Center)

I, THE ONE-PORT NETWORK

s et U Y e

Consider the "black “ox" shown in Fig. C-1 enclosed by surface
SI: it is essentially a one-port network. It can be shown that for a one-
2
port networkl‘ i

RS R

3 YNy - (Pd) + j&u( W) - (&9) (€.1)

T NS b ¢ ot ngee

; and, since VIN = IINZdP' we have

2p = —2—{ (pa) + j%((ﬁm) : <wﬂ>>} (€.2)
< Hpyl? -

o

%ﬁ;

<F

If the one-port network is lossless. (Pd) = 0 and the driving-point (dp) !wpedance
is a strict function of the stored energy within the netwerk. This relation-

S
4,
. hle
% S
YRR MR T R s N

ship will be spplied in the next section to siudy the transmi~sion praperties
of the lossless tworpori network.

11. THE T¥O-PORT NETHORK

The network shown in Fig. C-1 and encloesed by the surface S1 is
defined as a two-port network, The network emboedded in surfece 83 nay »e
lossless, but the l-ohm leads terminating ports 2, 2. 4, so.,i make the

overall c®o-port a lossy network. This type of network has applicatioms in

many engineering prenlems where a system I» excited av an input port and the

response is ebserved a. e speeified output pori; the other ports ure “output” n
ports caly with respsct to surface 83 « The normalized scattsring matpix 3
of the two~porl meiwork is asscribed by

|
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Sll(w; Slg(w)

S - (5‘3)

5215w3 522(w)

where

Sa

lr kr
]

is the column matrix representing the

roflected waves

8 is the column matrix representing the
incident waves
Both §,,(w) and Sgg(m) are defined by the relatfcnshins

Zdp, ~ 1 Zdp, ~ 1
- —'-I-L-__""‘ L d 3 —— v —— t
5, = Zhap, FT Syplw} = Tap, T (C. 5)

If we now short-circuit the outpul port, we have by = = 8y and,
using Ea, .3, we Gbtain

=2
i
2]
@
+
w

{£.53a)

naz =8 a} + S {C.50)

21 22 %y

Solving tq. C.5b for a, and subetituling the vecalt futo Ege

C.5a . =me obtain

g s, 2

b §,. 5, | .
Ry Eq =5 "'i'%?%f #5,7 »g“}*“?f” .4
i !sc 28 o
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{or the speclal case where the network is reciproca’.

Befining

L

I f—

= S;;\e}  and solving for §,.(w), we ubtain
SC

Sy =[S, () = 8, ) T1 45, ()]

/ (del + Zdp) deg

:Q‘V

= c.7 .
{1 + del) (1 + Zépg) {1 + 2dp} (.m0

with the aid of Eqs C.4 note that £q. €.7 expresses the transfer function

of intevest (i.e., the ratio of the reflected voltage at the output port o
the incident voltage at the imput port) in terms of only the dp impedawces

of the network under matched wnd short-circuited conditions. It is therefore
evident, using the results presented in Eq. €.2 , that the dp impedance can
be expressed in torms of the time avecage of the power dissipated and the
energy storved in lhe netwo~k, Assuming that the time average of the power
dissipated in the network !s 2 constant within the bend of intevest (i- broad-

band networks thig is 3 reasonable assumpiion), them S, {w} is given fspproxi-

21
mately) as a function ef the energy stored in the network. If we multiply
Szliw) « given in Eq. C.7 , by its conjugate, we obtain the magnitude squuved
of the transfer function; this Is &lso enly a fusciion {to a close approxi-

motion} of the en2rgy store: in the network.

In certain cases of practical Importance {(e.g.. a lossless four-port

o (wd
35

between thod ports as au exacl function of the stured energy in the neiwork.

coupler) it is possinle to express ihe gemeral transfer fupction S

The procedure is $o measuze the ‘dp impedance §§i with all au{ﬁut BorLs
either open- or short-cireuited and reiate the results to Sijial , the
gratteving persmeisr obtained under matched conditions. Since uhe network is
lossless, 'Zii can onxy have sn imagipary part ang is therefore a 2triet
functiont 'of ithe ster&ﬁ#@ﬁargy.:5EV§n“§§ﬁﬁ‘tﬁs agtwark %sj:eciyrocai s however:

o
Reciprocity is defined by the relationship S<5° .

P
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gg 1k we must obtsiu itne sglutiss to ten simulizpsous, noniipesr sigebyalic ross~ %
et ]

P & rions ha.ing ten unkpowns, making the sciution of the arpbles iwmpractical in ?
E'»",E general {oee the next sectioni. !
3¢ h
B i
P A E II1. SPECJAL CASE - THE LOS..EGS RECTPROCAL THC-PORT NETWORK ‘
it s

: Assure the scatteriang matrix of a passive. linear. reciprocal

; tWwo-port naiwors is to be determined on’y from open- and short-circuit tests

g In partiicular, we are imizrested (o evaluating the tramsfer coefficient

g * SZiiw) in rerms of onrly the wpen~ and short-circvi® parameiers; tne dp é
% impedsnce of 2 lossl-ss netwerk vmder open— or short~circui. conditions '
B must be only r=actlve., and frew Jqg. C.2 we Enew tt ¢t the resctive comronent

is a funci'gn of the stored energy in the netwevk.

If the output _erminals of the two-port netwosrk are chort-circuited-

thewn

N AR I RS AT

s S .

; a, Si1 3y a, .8

§

!
¥ §
5
; !
.:..g-s +S 82 .9}

h a, B3 22 2 A5

“®

Soiviug €4, (€.9) for
obtain '

a and subsiitating the result isto By 4.8 . we .
| G ) . 3

B R
W

e

RN 5 3 )\ R ~ - E\'sqig
i =g = 8. e ceeehen 4 (C.10}
] 1L o it & ¥ 3
Hgr o 22
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b\\%“?\e e ' o - ) - ) ) i

2l

.w:;:;:f ‘ Similexiy. wiik the output terminels open-ctirculted we have

s

o b s, 2

e : e = 311! o = 511 - g“a‘l"“‘-{ = b (c.11)
ﬁ : and

TR
AR ARS
2 )

L

§. v b = ¢ €.12)

.

&
H

Yoz

&286 i§

AR BN
RN

Adding £, C.10 and C.11, we obtain

AxB_ g .22 & .
=== 8, =5 E (C.13)

Svutracting £q. C.11 fros Eq. C.iH . wo sbiain

P
8.4 _ Sop

2 1.3

2 =8 (co’,4)
22

Substiiuting Eg. C.14 inio Bg. C.13 sand solving for $1§s we ohtain

N 3 = - -
" ®n S’.’ 53,29 (€.15)

Y 7
2

Py

&
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M

Solving for 3212 and zubstitutirg the resu t together with Eq. C.15
into Eq. €.12 , we obtain

""Q;’ o

F b(1 - 5, 32)
2
?,] .
3
% Solving foz 522 » weé ¥ind that
? _CE+C+D
1. S22 T T T E (C.17)

] and, finmally, using Bq. €.14 ,
_ [ce + ¢ + nr
$21 =pd1 - Ewu——-+ S (C.18)

The interpretation of Eq, C.18 is of imterest. The result holds
for zny lossy recinrocal two-port network and should be identical to Egs.
C.7 amd C.& after mathematical manipulation. However, if we allow the
network to be lossiess, then A, B, and C nust haze a magnitude of unity: the
gusnitities A, B, and C are in reality the dp reflection coefficients,
i which can be roluted to a purely reective dp imput impedence hoouyh Bi
§ C.4. FronmEq. C.1 it is clear that the resctive component of the dx
I ' icpodance is & fus .fon of the energy stored im the zetwork. Hencs, we
have shomr that 3212&»1) of a lossless Iwo-port network ~1m be desc.ibed
by the storsd enorgy at that fraqueacy. Note aiso that Smim) oz i%mziw)
is, in ganersl: o cogplex musbers A, B. end ¢ ha® uniry mogaitude but in
gonezel gre cacpiex numbers. Pemce, 88 we wouid expect. ths numeraior and

dencainator of ¢ €.18 arp conplex quantities.
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APPERDIX D

MATRIX ANALYSIS OF RICROWAVE NETWORKS
(L. Susman, Sperry Gyroscope Ce.)

1. INTRODUCTIGH

The use of matrix techniques allows gue to formulate and solve
the transient response in a strictly mathemsticel but straightforward way
and has the advantage of be:ny ¢ famillzve yvechuique to microwave engineers,
Tn: formulation presented below is bassd or the use of a seattering mat>rix

description of the microwave network. and foliows closely the development
of Laermel.47

The scatiering matrix formulatier is usced to compute the overall
scattering representation of a cascade connection ¢f 2m n-port and k-port
microwave network (where in goneral n and k need not be identical). It
should be noted from the ouiset that the scattering matrix used here is a
representation of the microwavc retwork that is valid over 51l of w. This
differs substantially fror the scetterimg mgtrix techniques @wost oiten en-
countered by micruwave engineers-where a sin¢le frequency representation
of the device is usuazlly used.

11, INTERCONNECTION OF NETWORKS

Given an R-port network and an B-por: network, esch described
by scattering matrices S-N and Su. respectively, we are imterested ia find-
ing the scattering mstrix S of the network formed when k of the n ports
are connected to K of the m ports {as shown in Fig. D~1n) to form an
{n + m ~ 2k)-port network Let bN aN; bN aN¢ ba aa bn au be the
pors 1t 81 Por f2f Py 9t Dar Sy
a-k. k, Xk, and m-k column vectors denoting the varigbles of networks N

and N,

D).
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¢:§> are the scattering matrices of the metwsrks N awd B, Yh%en the networks
gﬂgg are intercomnected as thows in Figurs 2-lb,
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Frem equations D.1  and 0.2 it follows tkat

(2] = [b31 = (S

21 2] * [ %) = 5
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In>a similar way. a, can be found to be
-1
Na _ N ] N H M
[5) = (1 - 5y, S3,] {?11 Spy 8 * Sy 82} (0.5

From E¢s. D.4 and B.5 we arrive at ihe finzl result for thc overall
scattering matrix 8; i.e.,

- —
-1 -1
N 5 N ho§ M ¥
Sy 5y, [ -85, 55,0 sy 8y | Sp,01 -8y, Sp) 8,
S = —_— — — — — — i —— — . - - — —
-1
¥ N i -1
sior-sh sty s N N
21 271170 T2 | Sha+ Spy [T =55, 87,1 Sh, 5,
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1II. ANALYSIS (F SPECIAL CASES

A. Sppcial Case 1 - Unscade of Ty Ports

Consider the csscede of two ports shown in Fig. D-2, Them fronm
Eq. D.6 the overall scattering matrix is simply

PRSI §
|
{1} {2} (D) 1) (2}
5,.7 8 S. s 31“
s{}'} + I’ d l F &
11 1 - Q(Z) S(I} T - S‘)’) S(l)
=T %1 Va2 j * 11 22
g = - T “” - - i - - - — -
(2 (1) {2) (2) (1) (2)
ng Sz! S +S S S
23 (1) | {(2) Q1)
- Py J i -
1 =817 S99 | 1~8;7 S0
B. Spocis) Case 2 - Coscede of Identical Structures with Mirror Symmetry

Consider the cascade connection shown in Fig. [-3, Here the two
networks are identical and are interconnected to form a symmetric structure.

It 1s 2asy to see that the scattering matrix for the individual networks can
be written for network I as

I r——- | - i
by Si l‘ 12 % 1
SRR
2 21 22 2
and for network I1
3 S e S _
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