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ABSTRACT 

A me thod  of i n c r e a s i n g  the uppe r  l i m i t  of the ve loc i ty  r a n g e  of the 
l a s e r  v e l o c i m e t e r  is d i s c u s s e d .  The  v e l o c i t y  i n c r e a s e  is a c c o m p l i s h e d  
by a r r a n g i n g  the opt ics  so that  the angle  b e t w e e n  the s c a t t e r e d  and 
inc ident  b e a m  is m i n i m i z e d .  F o r  f low f ie lds  with two or  t h r e e  n o n z e r o  
c o m p o n e n t s ,  an e x p r e s s i o n  is d e r i v e d  r e l a t i n g  the magn i tudes  of each  

componen t  to the m e a s u r e d  f r e q u e n c y .  

f i 
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A. 
J 

Ko 

Ko 

Ks 
Ks 

Ksx 
Ksy 

Ksz 

n 

V 

V 

Ct 

e 

~D 

Unit vector in the y-direction 

Magnitude of Ko 

Wave vector of the incident laser radiation 

Magnitude of K s 

Wave vector of the scattered laser radiation 

x-component of Ks 

y- component of Ks 

z- component of I~ s 

Unit vector in the z-direction 

Index of refraction 

Magnitude of 

Velocity vector 

Angle between the incident laser radiation and the 
velocity 

Angle between the scattered laser radiation and the 
velocity 

Angle between the z-axis (Fig. 2) and the projection 
of K s in the X-Z plane 

Angle between the incident and scattered laser radiation 

Wavelength of emitted laser radiation 

Angle between the incident laser radiation and the velocity 

Doppler frequency, radians/sec 
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T h e ' f i r s t  l a s e r  v e l o c i m e t e r  (LV) d e v e l o p e d  at the  Arnold  E n g i n e e r i n g  
D e v e l o p m e n t  C e n t e r  (AEDC) w a s  u s e d  to m e a s u r e  point  v e l o c i t i e s  of 
w a t e r  and g a s  f l o w s  in a c y l i n d r i c a l  tube.  1 A s c h e m a t i c  d i a g r a m  of th i s  
s y s t e m  is  shown in F ig .  1. With this  a r r a n g e m e n t  the v e l o c i t y ,  V, of a 
f lu id  with an index  of r e f r a c t i o n ,  n, i s  r e l a t e d  to the doppler  f r e q u e n c y ,  
fD, and the g e o m e t r y  of the s y s t e m  by: 

V = Ao ~D in sin + (I) 
2n • 

w h e r e  Xo is  the w a v e l e n g t h  of the e m i t t e d  rad ia t ion .  F r o m  Eq. (1) it 
can be s e e n  that for  an e l e c t r o n i c  readout  s y s t e m  with a l i m i t e d  f r e q u e n c y  
r e s p o n s e  the upper  l i m i t  of the v e l o c i t y  is  d e t e r m i n e d  by the s y s t e m  
g e o m e t r y  (the s m a l l e r  the g e o m e t r i c a l  t e r m  in the b r a c k e t s ,  the h i g h e r  
the v e l o c i t y  for  a g i v e n  fD)- With the opt i ca l  a r r a n g e m e n t  as  s h o w n  in 
Fig .  1, it was  found that O, the ang le  b e t w e e n  the i n c i d e n t  and s c a t t e r e d  
l ight ,  cou ld  be r e d u c e d  to a p p r o x i m a t e l y  8 deg. The  l i m i t a t i o n  of the 
ang le  was  d ic ta ted  by the p h y s i c a l  d i m e n s i o n s  of the opt i ca l  e q u i p m e n t .  

F r o n t  S u r f a c e  . . . 

M i r r o r  M 2 -. 

i 
, -:, ,. 

I 

F r o n t  S u r f a c e  
m 

e B e a m  . , - o , . / ,  . . . . . . .  

% ~ P h o t o m u l t i p l i e r  T u b e  

• I N e u t r a l  , , 

% , !  

L e n s  , L 2  I 

• e r l 8  I ~ .  

% i 

1 
i ~  Le.s gi 

i 

R 
C W  L a s e r  

U 
Fig. I Schematic Diagram of a Typical Laser Velocimeter $~stem :" 

Ij. I. Shipp, R. H. Hines, and W. A. Dunnill. "Development of a 
Laser Velocimeter System." AEDC-TR-67-175, Octob~2r 1967. 
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In th i s  r e p o r t ,  a s y s t e m  is d e s c r i b e d  in which  the  a n g u l a r l y  depend-  
ent t e r m s  can  be s u b s t a n t i a l l y  r e d u c e d .  It is  shown t h e o r e t i c a l l y  that  at 
l e a s t  two o r d e r s  of m a g n i t u d e  i n c r e a s e  in ve loc i t y  m a y  be m e a s u r e d  
without  a l t e r i n g  the f r e q u e n c y  r e s p o n s e  of the e l e c t r o n i c s .  Data  a r e  
p r e s e n t e d  for  an o r d e r  of magn i tude  i n c r e a s e  in ve loc i t y  m e a s u r i n g  
capabi l i ty  o v e r  the o r ig ina l  s y s t e m .  In addi t ion,  an opt ical  s y s t e m  
for  obta ining v e l o c i t y  p ro f i l e s  about an i r r e g u l a r  mode l  is d e s c r i b e d .  
F o r  th is  app l i ca t ion  t h e r e  m a y  be two or  t h r e e  n o n z e r o  ve loc i t y  c o m -  
ponen t s .  The  m e a s u r e d  dopp le r  f r e q u e n c y  is shown to be p r o p o r t i o n a l  
to an e x p r e s s i o n  which is a funct ion of all  the ve loc i ty  componen t s .  
Equa t ions  a r e  d e r i v e d  which  y i e ld  the r e l a t i v e  m a g n i t u d e s  of the v e l o c i t y  
c o m p o n e n t s .  

SECTION II 
TH EORY 

2.1 MULTICOMPONENT VELOCITY ANALYSIS 

In this  s e c t i o n  an e x p r e s s i o n  is d e r i v e d  r e l a t i n g  the dopple r  f r e -  
quency  to the c o m p o n e n t s  of ve loc i ty  in a flow f ield.  F r o m  the r e s u l t s  
it is  s e e n  that  it is f ea s ib l e  to obtain the t h r e e  componen t s  of ve loc i t y  
us ing  the LV t echn ique .  In Fig.  2 the ca se  is dep ic ted  w h e r e  the 
v e l o c i t y  V does  not l i e  in the opt ics  plane def ined  by Ko and K s .  Thus:  

q A A A 
= iV x + jVy + kV z 

I~ ° -- ~K o 

K s  
/% A A 

= iKsx + jKsy + kKsz (2) 

w h e r e  

Ksx = K s sinOsinv 

Ksy = K s cos 8 

Ksz = K ss in~cosy  

The dopp le r  f r e q u e n c y  w D is re la{ed  to the s c a t t e r e d  wave v e c t o r ,  
Ks,  the p r i m a r y  wave v e c t o r ,  Ko, and the ve loc i ty ,  V, of the moving  
source by: 

oo= (<- <).v (3) 

. , 
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' ' i 

Fig. 2 Off-Axis OpticQI Geometry 

Therefore 
o o = Ksx V x + Ksy Vy + Ksz V z - K oVy (4) 

where 
K ° = K s --- K 

Combining Eqs. (2) and (4) yields: 

~D = x [vx ~ i .  e ~ . ,  v + v z . ~ .  0 cos v + v, Coo. 0 - 17] (5~ 

For the case of small e, Eq. (5) reduces to: 

COD = K0 (V x sin), + V z cosy-Vy 0) (6) 

The angles 0 and 7 are set, K is known, and ~D is measured. Equation 
(6) contains three unknowns, Vx, Vy, and Vz. By introducing two more 
K s measuring systems from the same point in the flow, three equations 

having three unknowns will be obtained which may readily be solved. 

Thus V x, Vy, and V z c~n be uniquely determined. : 

3 
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F o r  the  c a s e  w h e r e  one v e l o c i t y  c o m p o n e n t  is s m a l l  c o m p a r e d  to  
the o t h e r  two, Eq.  (6) can  be s i m p l i f i e d  e v e n  f u r t h e r .  As an e x a m p l e  
c o n s i d e r  the  f low abou t  the m o d e l  s h o w n  in F ig .  3. F o r  th i s  m o d e l  it  
m a y  be a s s u m e d  tha t  Vx and V z >>  Vy. 

Z 

• Y 

Y z 

X 

Fig. 3 Two-Dimensional Flow about a Model 

Since  0 is s m a l l  and  ~ is u n r e s t r i c t e d ,  the  l a s t  t e r m  in the  b r a c k e t  
(Eq. (6)) m a y  be n e g l e c t e d .  With a d d i t i o n a l  a l g e b r a i c  m a n i p u l a t i o n  the  
fo l lowing  e x p r e s s i o n  r e s u l t s :  

( vz ) 
(~D = KOVx sin y + -~-~- cos y (7) 

T h e r e f o r e ,  to c a l c u l a t e  V x and Vz, only  two s y s t e m s  would  be r e q u i r e d .  

2.2 HIGH VELOCITY GEOMETRICAL ANALYSIS 

Since  t he  g e o m e t r i c a l  c o n d i t i o n s  d e f i n e  the  u p p e r  l i m i t  of the  LV f o r  
a g i v e n  r e a d o u t  f r e q u e n c y  r e s p o n s e ,  o p t i m i z a t i o n  of the g e o m e t r i c a l  
a r r a n g e m e n t  is  d e s i r a b l e .  In th i s  s e c t i o n  an o p t i m i z a t i o n  t e c h n i q u e  
c a l l e d  the M i n i m u m  Ang le  D i f f e r e n c e  (MAD) s y s t e m  is t h e o r e t i c a l l y  
e v a l u a t e d .  
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• , o  

If Eq.  (3) i s  w r i t t e n  in a f o r m  w h e r e  the  i n c i d e n t  w a v e l e n g t h  A0 . - 
of  the  l a s e r  b e a m  is c o n s i d e r e d ,  i t  is  f o u n d - t h a t  the  v e I o c i t y  m a y  b e . '  . " ' " 

d e s c r i b e d  as fo l lows :  " - 

V = ~x°fD ( ~ o s B -  ~o~,,1-' 181 
n 

w h e r e  
K - 2 ~ ' n  

Ao 

ca D = 2 [  D 

n is  the  i n d e x  of  r e f r a c t i o n ,  and  ~ and  a a r e  d e f i n e d  in F i g s .  4 a n d  5 
f o r  two  d i f f e r e n t  g e o m e t r i e s .  I n  F i g .  4 it  i s  s e e n  t h a t  t h e  v e c t o r  
Ks  - Ko is  a l m o s t  p a r a l l e l  to  V. C o n s e q u e n t l y ,  the  c o s i n e  of the  ang l e  
b e t w e e n  K,s - Ko and  V is  a p p r o x i m a t e l y  un i ty .  F o r  p r a c t i c a l  a p p l i c a -  
t i o n s ,  the  f r e q u e n c y  r e s p o n s e  of the  e l e c t r o n i c  s y s t e m  is  l i m i t e d  to  
s o m e  f r e q u e n c y  fD1, t h e r e b y  s e t t i n g  the  u p p e r  l i m i t  on the  m a x i m u m  
m e a s u r a b l e  v e l o c i t y .  On the  o t h e r  hand ,  in t he  g e o m e t r y  s h o w n  in  
F ig .  5, w h e r e  t he  d i f f e r e n c e  b e t w e e n  a and  ~] is  m i n i m i z e d ,  Ks  - Ko 
is  a l m o s t  p e r p e n d i c u l a r  to  Vo T h u s ,  f o r  the  s a m e  l i m i t e d  f r e q u e n c y  
r e s p o n s e ,  fD1, the  r e d u c t i o n  in  the  c o s i n e  of t h e  a n g l e  b e t w e e n  K s - Ko 
and  V a l l o w s  m e a s u r e m e n t s  of a h i g h e r  v e l o c i t y  to  be  m a d e .  If we a l l o w  
a 1 and ~1 to  r e p r e s e n t  the  a n g l e s  s h o w n  in F i g .  4 and  a2 and  ~2 to  r e p r e -  
s e n t  the  a n g l e s  shown  in F ig .  5, the  p o s s i b l e  v e l o c i t y  i n c r e a s e  is  d e t e r -  
m i n e d  by the  r a t i o  of the  d i f f e r e n c e s  of the  c o s i n e s  of the  a n g l e ,  A, i . e . ,  

COS ~ $  - -  COS n ]  

F o r  a p r a c t i c a l  e x a m p l e ,  c o n s i d e r  the  g e o m e t r y  s h o w n  in F i g .  4, w h e r e  
a l  = 90 deg  and  /3t = 98 deg;  t h u s  cos  /31 - cos  a l  - 0. 174. F o r  t he  g e o m -  
e t r y  s h o w n  in F ig .  5, p r a c t i c a l  v a l u e s  f o r  t he  a n g l e s  cou ld  be a2 = 15 d e g  
and  /32 = 14 deg;  t h u s  cos  f12 - cos  ~2 = 0 . 0 0 4 .  T h e  r a t i o  A is  f ound  to  be:  

A - 0 o 1 7 4  = 4 3 . 5  
0 . 0 0 4  

T h e r e f o r e ,  f o r  a g i v e n  f r e q u e n c y  r e s p o n s e ,  u s e  of the  MAD g e o m e t r y  
shown  in F ig .  5 p e r m i t s  v e l o c i t y  m e a s u r e m e n t s  m o r e  t h a n  40 t i m e s  
g r e a t e r  t h a n  t h o s e  c a p a b l e  of b e i n g  m e a s u r e d  u s i n g  t h e  g e o m e t r y  s h o w n  
in F ig .  4. F o r  s y s t e m s  in  w h i c h  c~2 and  f12 d i f f e r  by  on ly  a f r a c t i o n  of 
a d e g r e e ,  v a l u e s  of A on the  o r d e r  of 100  c o u l d  be o b t a i n e d .  
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SECTION I1! 
EXPERIMENTATION 

2 

A s c h e m a t i c  d i a g r a m  of the m i n i m u m  angle d i f fe rence  l a s e r  ve lo-  
c i m e t e r  (MAD-LV) is shown in Fig.  6. L ight  emi t t ed  f rom t h e . l a s e r  
is  sp l i t  by beam s p l i t t e r  BS1. The upper  b r a n c h  is  focused to a point 
on the moving  t a r g e t  by l ens  L1. F r o m  th is  point a s m a l l  por t ion  of 
the doppler  sh i f ted  beam is  s c a t t e r e d  t h r o u g h a n  angle /3. Th i s  s c a t -  
t e r e d  l ight  is focused  th rough  the b e a m  "spl i t ter  BS 2 onto the photocathode 
su r f ace  by l ens  L 2. The u n s c a t t e r e d  por t ion  of the l a s e r  beam is 
focused  by l ens  L3,  is  r e f l e c t e d  at the f ront  su r f ace  m i r r o r ,  M1, and 
is  ro t a t ed  by beam s p l i t t e r  BS 2 so tha t  it b e c o m e s  inc ident  on the ~noto- 
cathode s u r f a c e .  The two b e a m s  a r e  op t i ca l ly  homodyned  at the photo- 
cathode s u r f a c e  to obtain the doppler  f r e q u e n c y  that is  p ropor t iona l  to 
the ve loc i ty  at the s c a t t e r i n g  point.  

Moving Medium 

7 % -  
/ Fo uslng • 

/ - ~ Beam Splitter 
~ ~ t t e r  

/ ~ 9 ~ e n s ~ L 3  H ~ - ~ r  

Pho~ / -~ ~-" plier/~/omu- ~ ' " " 

Tube Front Surface 
Mirror M 1 

Fig. 6 Schematic Diagram of the Minimum Angle Difference (MAD) Laser Veloclmeter 

The moving  med ium in Fig.  6 c o n s i s t e d  of a so l id  a ]uminum disk  
mounted  on the shaft  of a v a r i a b l e - s p e e d  e l e c t r i c  moto r .  The l i n e a r  
ve loc i ty  to be m e a s u r e d  could be changed by e i t h e r  v a r y i n g  the m o t o r  
speed  or by v a r y i n g  the point a long the disk r ad iu s  at which the m e a s -  
u r e m e n t s  were  made .  A s t r o b o s c o p e  a c c u r a t e  to 1 pe rcen t  was  used  
to m e a s u r e  the ro ta t ion  r a t e  of the disk to provide  a check for  the 
ve loc i t i e s  obta ined  with the MAD-LV.  
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T h e  l i n e a r  v e l o c i t y  at the m e a s u r e d  r a d i u s  of  the d i sk ,  V, w a s  h e l d  
at 240 c m / s e c  by m o n i t o r i n g  i t s  r o t a t i o n  r a t e  w i th  the s t r o b o s c o p e  and 
a d j u s t i n g  the  p o w e r  to the m o t o r .  The  a n g l e  ~ w a s  s e t  at 3 2 . 2  deg ,  and 
the a n g l e  ~ w a s  v a r i e d  f r o m  4 7 . 6  to 34 deg .  In F i g .  7 the s o l i d  l i n e  
r e p r e s e n t s  a plot  of  the  f r e q u e n c y  v e r s u s  the d i f f e r e n c e  of the  c o s i n e s  
of  the  a n g l e s  f o r  a v e l o c i t y  of 240 c m / s e c .  T h e  data  po in t s  o b t a i n e d  by 
v a r y i n g  /3 and  m e a s u r i n g  fD are  s e e n  to fa l l  a l o n g  the  c a l c u l a t e d  l i n e  to 
w i t h i n  the a c c u r a c y  i n v o l v e d  in m e a s u r i n g  the  a n g l e s .  At the m a x i m u m  
a n g u l a r  s p r e a d  of  1 5 . 4  deg ,  fD w a s  found to  be 635 k H z ,  w h e r e a s  at the  
m i n i m u m  a n g u l a r  s p r e a d  of 1 . 8  deg ,  fD w a s  found  to  be 65 k H z .  
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Fig. 7 Frequency versus Angular Dependence 
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A s  ~ a p p r o a c h e d  t he  s p e c t r a l  a n g l e  of  r e f l e c t i o n ,  t h e  i n t e n s i t y  of  
t he  s c a t t e r e d  l i g h t  i n c r e a s e d ,  t h e r e b y  c a u s i n g  an i n c r e a s e  in t h e  
n o i s e - t o - s i g n a l  r a t i o .  F o r  a n g u l a r  d i f f e r e n c e s  b e l o w  1 . 8  deg ,  t h e  
n o i s e  i n c r e a s e d  to a l e v e l  s u f f i c i e n t  to  m a s k  ou t  t he  s i g n a l .  H o w e v e r ,  
t he  d e c r e a s e  of  t h e  f r e q u e n c y  by an  o r d e r  of m a g n i t u d e  f o r  c o n s t a n t  
v e l o c i t y  v e r i f i e s  the  t h e o r e t i c a l l y  p r e d i c t e d  r e s u l t s  u s i n g  t h e  MAD 
g e o m e t r y .  

F o r  f l u i d  f l o w  m e a s u r e m e n t s  the  n o i s e - t o - s i g n a l  r a t i o  s h o u l d  no t  
i n c r e a s e  a s  (~] - a) a p p r o a c h e s  z e r o .  T h e r e f o r e ,  t h e  a c c u r a t e  u p p e r  
m e a s u r a b l e  v e l o c i t y  i s  l i m i t e d  on ly  by t h e  m i n i m u m  v a l u e  of (~ - a )  
w h i c h  c a n  be  e x p e r i m e n t a l l y  d e t e r m i n e d .  

T o  c o m p a r e  t h e  s t a n d a r d  L V  s y s t e m  and  t he  M A D - L V  s y s t e m ,  
a s s u m e  t h a t  t h e  f r e q u e n c y  r e s p o n s e  i s  3 MHz,  t h e  l i m i t i n g  v a l u e  of 
the  o r i g i n a l  e x p e r i m e n t .  T h e  m i n i m u m  v a l u e  f o r  t h e  a n g l e  e of F i g .  1 
w a s  8 deg  b e c a u s e  of t h e  p h y s i c a l  s i z e  of t he  o p t i c a l  e q u i p m e n t .  T h u s  
t he  u p p e r  v e l o c i t y  l i m i t ,  o b t a i n e d  f r o m  Eq .  (1), w a s  f o u n d  to  be  
1350 c m / s e c .  Wi th  t h e  u s e  of the  M A D - L V  s y s t e m  s h o w n  in F i g .  2, 
a n g l e  d i f f e r e n c e s  of 0 . 5  deg  m a y  be r e a d i l y  o b t a i n e d .  T h u s  f o r  a s e t  of 
v a l u e s  of ~ = 1 4 . 0  deg  and  a = 14 .5  deg ,  a 3 - M H z  s i g n a l  w o u l d  c o r r e -  
s p o n d  to  a v e l o c i t y  of 8 8 , 6 0 0  c m / s e c  - an  i n c r e a s e  of  o v e r  a f a c t o r  of  
60. A n o m o g r a m  r e l a t i n g  t he  a n g l e s  a and  ~, t h e  v e l o c i t y  V, and  the  
f r e q u e n c y  fD w a s  c o n s t r u c t e d  and  is  s h o w n  in F i g .  8. F r o m  F ig .  8, i t  
c a n  be  s e e n  t h a t  v e l o c i t i e s  in  the  105 c m / s e c  r a n g e  s h o u l d  be  m e a s u r -  
a b l e  w i t h  a s y s t e m  h a v i n g  a f r e q u e n c y  r e s p o n s e  of 3 MHz.  

SECTION IV 
CONCLUSIONS 

T h e  l i n e a r  v e l o c i t y  at  a f i x e d  r a d i u s  on a r o t a t i n g  d i s k  was  m e a s u r e d  
u s i n g  t he  M i n i m u m  A n g l e  D i f f e r e n c e  {MAD) L a s e r  V e l o c i m e t e r .  T h e  d a t a  
o b t a i n e d  f o r  the  v e l o c i t y  m e a s u r e m e n t s  w e r e  e x p e r i m e ) L t a l l y  v e r i f i e d  by 
i n d e p e n d e n t  m e a n s .  F o r  a g i v e n  v e l o c i t y ,  t h e  d o p p l e r  f r e q u e n c y  was  
l o w e r e d  by  o n e  o r d e r  of m a g n i t u d e ,  and  it w a s  s h o w n ,  t h e o r e t i c a l l y ,  t h a t  
a t  l e a s t  t w o  o r d e r s  of m a g n i t u d e  i n c r e a s e  in  f l u i d  f low v e l o c i t y  c a n  be  

m e  a s u r e d .  

E x p r e s s i o n s  w e r e  d e r i v e d  r e l a t i n g  t h e  d o p p l e r  f rec~uency  to  the  v e l o c -  
i ty  c o m p o n e n t s  f o r  t he  c a s e  w h e r e  t he  v e c t o r  v e l o c i t y  i~ u n k n o w n .  T o  
o b t a i n  t h r e e  v e l o c i t y  c o m p o n e n t s  in  a g i v e n  c o o r d i n a t e  s y s t e m ,  t h r e e  L V  
s y s t e m s  m u s t  be  u s e d  to  d e f i n e  t he  t h r e e  c o m p o n e n t s  or v e l o c i t y  u n i q u e l y .  
T h e  e x p r e s s i o n s  t h a t  w e r e  d e r i v e d  m a y  a l s o  be u s e d  to o b t a i n  t he  f low 
v e l o c i t y  a b o u t  an  i r r e g u l a r  s u r f a c e  s u c h  a s  an  aerodYn~ m i c  m o d e l  in  a 
w i n d  t u n n e l .  
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