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ABSTRACT

This report deals with the study of electrostatic ¥gves in bcunden

Erv v Re et

hot plasmas and, except for a few dc measurements, is ificoreticsl.

The study is broedly divided into two parts. The first section in-
vestigates iaves in a diode system with no dc megznetic field vpplied. A
dc analysis of the equilibrium plasma produced within a thersdonic diode
is undertaken to provide 8 basis for the rf analysis, and expected plasasa
densities in the diode are computed for 8 variety of practicsl situstions.
Electrostatic wave resonances in the diode are predicted by using the
hydrodynamic model for the norunifcrm plasma. The impedance of 8 unifors
plasma diode is obtained by using a kineiic model of the plasns. This
model enables us to take into account the end plste electron sabscrption
loss, a process similsr to that which causes end plate diffusion in the
Q-machine. The absorption loss is fcund to have a large effect on the
impedance of the diode.

The second part of the report deals with the study of guided waves
aleng a cylindrical column of Maxwellian plasms in 8 magnetic field A
dc study of the plasma column is first conducted. Thecretical dersity
and current profiles are obtained and sre compasred with the meg..vp r:-
sults, Since en rf anaiysis using 8 self-consistent dc splutior ir v.e
involved, the plasma column is approximated by a» uniform plesas witk a
sharp boundary and no drift, To obtain the rf fields in such & columan,
a plane-wave solution for an infinite Maxwellian plssms in an spplied
magnetic field is first obtained. By superimposing infinitely zany
plane waves, the fields within the coiumn are constructed. snd .’ mstching
the appropriaie fields at the boundary, a dispersion re:sticn is derived.

The solutions to the dispersion relstion reveal the existence of &
new type of unstable waves, When only the electrons sre ssrumed to respond
to the electric field, the surface waves which propsgate when “ce < e
are fouud to be unstable., When the i1on motion is included, sdditional
unstable surface waves .re obtained whenever “ei © ;pi' A study of the
instability shows that it is due to finite Lsrmor radii effects and is

driven by the transverse energy of the particles.

iii




While the “eiectron” suriace wave irstability is relstiveir weak
scd csn easily be stabilized by nasking —ce > “pe” the “:0a” surface
wave insisbiliiy is found to he very strong, and the statilizing condition
of ~ci > ~p1 is not easily sttained in high de:sity plasmse suck oS
those ir fusion mechines. Thus, the uustable ion surfscc waves msy have

8 serious effect or tke contsimment of the fusion plsams.
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I. INTRODUCTION

The object ¢f this study is an investigation of electrostatic waves
in bouanded kot plesmas, While the bulk of prior work on electrostatic
wavegs is restricted to infinitely extended plasmas, our study emphasizes
the effects due to finite plasma boundary, Originally we hoped to avoid
complicaticns due to instabilities by restricting our work to near equi-
librium plasmas, Yet in the study of a perfectly Maxwellian magneto-
plasma column, we uiscovered unstable surface waves which are due to
finite Lermor radii effects,

Plesmas in perfect thermostatic equilibrium are generated inside a
black body, and our work on the subject of equilibrium plasma generation
and the waves in such plasmas is summarized in Section A below, A near
equilibrium column of plasma is obtained in a magnetic field between
electron and ion emitting end plates, Prior work on electrostatic waves
in such plasma columns and our own work which lead to the discovery of
unstable waves is summarized in Section B, A brief review of kncwn in-
stabilities in Section C places the newly discovered instability into

proper perspective,

A, PLASMAS IN PERFECT THERMOSTATIC EQUILIBRIUM

Theory and interpretation of experimental data on plasmas often
suffer because the deviations from equilibrium are not known exactly,
A situation in which all of the constituents are in equilibrium may be
found inside a black body, A study of the dc states of an equilibrium
plasma bounded by thermionically emitting walls is undertaken in Chapter
II. An earlier work by Not:tinghaml considers the diode geometry con-
sisting of two parallel infinite walls emitting only electrons, 1In such
a system the electron density within the diode sp.ce was found to be
highly nonuniform and became very low at a distance of a few Debye lengths
eway from the wall, We show that under equilibrium conditions a small
amount of ions emitted from a thermionic emitter can neutralize the
electron space charge to form a plasma in the diode space, This is il-
lustrated by computations based on diode walls made from pure refractory

metals, The effects of enhinced ion emission from the walls due to the
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introduction of alkali vapor in the diode space are also examined, Some
experimental measurements for a sodium plasma are given and compared with
the theoretical prediction,

Electrostatic waves within the equilibrium plasma diode are studied
in Chapter III. The nonuniform sheath effects are investigated by means
of the hydrodynamic model of the plasma, Previously the hydrodynamic
model was u.ed by Weissg1392 and later by Parker3 to explain the Dattnerh
resonances in a nonuniform plasma column, As opposed to these previous
works on free boundary shesths, our study is directed to the cathode
sheaths bounded by an emitter,

In the second part of Chapter III we present a study of end plate
loss effects by using a kinetic model of the plasma, The end plate
losses are due to the same mechanism which causes end plate diffusion
in a plasma column such as that produced in the Q-machine.5 When par-
ticles in the magnetized plasma column are absorbed by the end plate
and re-emitted with different guiding centers, the net result is a
diffusion of the particles away from the column, In the diode system
consisting of infinite parallel planes, we are not concerned with dif-
fusion, but the process of absorption and re-emission causes rf energy
loss in the diode. An electron emitted from the wall acquires rf energy
as it traverses the diode space, and the entire energy is lost as it is
absorbed at the other wall, Previous work oy Hall wused kinetic theory
in considering a plasma capacitor but assumed perfect reflection of the
particles at the boundary and thereby neglected the end plate loss effects.
In our study we include the absorption effect at the end plate, but
because of the extreme complexity of kinetic analysis, we were able to

study only the case of a uniform plasma in the diode space,

B. ELECTROSTATIC WAVES IN A PLASMA COLUMN

In a practical plasma the emitting plates are not infinite in extent,
In fact, plasmas are often produced between two circular emitting plates
which are scparated by a distance several times greater than the plate
radius, Confinement of the plasma in such a column is achieved by ap-
plying a magnetic field along the axis, A dc study of such a column of

magnetized plasma is given in Chapter IV, Theoretical density and

[ —
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current profiles are computed from an appropriate solution to the Boltz-
mann equation and a comparison is made with some experimental results,
The study indicates that the plasma column may be approximated by a
uniform plasma with a sharp boundary, To simplify the study of waves in
the plasma column, it is essential to assume that the column is uniform,
In 1957 Gould and Trivelpiece7 used the cold plasma model to predict
electrostatic wave propagation along a uniform plasma column such as the
one shown in Fig, 1,1, The dispersion relations for cylindrically sym-
metic waves along such a cclumn are shown in Fig, 1.2, When wc > wp,
propagation ;s cogfined within two frequency ranges, O < W S_wp and
wc < W< /wp + wc. Whether the plasma completely fills the waveguide
or not, these passbands are unaltered as long as wc > wb' However,
when wc < wp, filled and unfilled waveguides have different passbands,
For the completely filled waveguide, the two passbands are 0 < ® < W,

and wp < W< w? + w? When the plasma does not fill the waveguide,

P c’
the upper passband is as before Cbp <Ww< w§ + wi ), but the lowest
order mode of the low-frequency band propagates in the band 0 <« w <«

(wﬁ + wi)/a as shown by the dotted line. This particular mode is a

WAVE GUIDE

FIG. 1,1, CONFIGURATION OF PLASMA IN A
CYLINDRICAL WAVEGUIDE,

_3..




ST

S e+ o

05 12

I.4F ——FILLED WAVEGUIDE
12k ---- UNFILLED WAVEGUIDE

.6}

1.0
A _
o8 B ngt
,ﬂ
06}
0.41
0.2H

A i L It i i s

ko

FIG, 1,2, DISPERSION RELATION FOR WAVES IN CYLINDRICAL PLASMA
COLUMN, Dispersion relations for waves in a cylindrical
column of cold plasma are given for two cases, The diagram
on the right shows dispersion relations with w, = 1.2
and on the left dispersion relations with We = G.5 wp are
shown, The quantity ka 3Js the product cf wavenumber and
the waveguide radius,

surface wave in the frequency range o < ® < /(wﬁ + mi)/Q in that the

fields are strongest near the edge of the plasma, Such a surface mode
cannot be excited in a filled waveguide, In Chapter VI attention is
directed toward this surface wave which becomes unstable when the
temperature effects are included properly,

Agdur and Weissglas8 used the hydrodynamic model of the plasma to
point out the temperature effects, Later Jayson and Lichtenberg9 used
an electron plasma model with Maxwellian velocity distribution along the
magnetic field but with zero transverse temperature to compute dispersion
relations for waves in filled waveguides, Kuehl et al1O used a fuliy
therinal plasma model but with infinite magnetic field to compute the dis-
persion relation in the identical geometry, The models of Lichtenberg
and Jayson and Kuehl et al yield Landau damping of the modes, while
tne hydrodynamic model does not. The study of waves in fully thermal
unbounded magnetoplasma has been :onducted by several authors,ll’12 but
the waves in a magnetoplasma column have not been treated before due to
the extreme computational complexity involved, This paper reports the
study of waves in a magnetoplasma column and the discovery of surface

wave instabilities,

L i mhanton
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In preparstion for the study of elactrostatic-wave prcpagation in a
asgnetized plasms column, s dielectric tensor appropriate for sn infi-
niteiy extended Msxwellisn plasma is obteined in Chapter V. Our dielec- ;
tric tensor is siopler than the "dielectric" tensor presented by Stix.13 |
The simplicity of our cdielectric temsor results from subdividiug the
plasss current into prlsrizstion and magnetization currents, A cylin-
dricsl weve solution & .propriate for a uniform column of Maxwellian
clasma is synthesized from plasne waves and the dispersion relation for
the waves iz obtained in Chapter VI, At low magnetic fields @nc <<Dp)
tne surface wsve along the column of a Maxweliian electron plasma is
shoxn to be unstable, The nature of the instability is studied by means

14,15

of Derfier's stgbility criteria, The surfece waves which occur

< W are also found to be
i pi

unstable, Since the complete analysis is so vast, only the lowest-order

near the ion cyclotron frequency when O,
cylindricaliy symmetric mode is numerically analyzed,

€. IKSTABILITIES

Piassa instabilities can be divided into two general groups, micro-
instgbility snd mocroinstsbility, The instabilities which cannot be

dezived {rom the standsrd magnetohydroldynsmic equations but which depend

on detsiled microscopic equations for the plasma are classified as micro-
instabilities, ¥e are interested primarily in the microinstabilities
which occur in a finite geometry,

Among the macroinstabilities in a current cerrying plasma are the
well-known kink and sausage instabilities ehich are csused by the inter-
actionn of the plasme with its seif-magnetic field, Another instability
which ocqurs in a plasms with a directed current is the Kadomtsev insta-
bility.lb The Xelvin-Helmholtz instabilityl7 occurs in a stratified
fluid in which the adjacent lavers are in relative motion,

The above instabilities can dDe obtained from the fluid model of the
plasma, The second class of instabilities, the microinstabilities, may
be divided into two broad groups. The first are those instsbilities
which are caused by the peculiarities of the velocity distribution and
w8y be calied veiocity space instabilities. The second group of insta-

bilities depends on tke plasma geometry, A simple example of the first

-5-
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i1. DC SIATES OF BOLLOW CATRODE PLASMA

Citen plosmss prodmced 1t he isbonatory differ from s true thermo-
Svouics] smiiibrian plasme. [a such nosequilibrium plssmas the energy
€strimtion of the comstitmeats {slectron, ioas, nsutrals and radiation)
dovistes siguificeatly from Boltzmsam's probebility isw (exp - E/RT).
Thase S9Tiaticas Sre & spperealtly isexhsustitle source for the discovery
o! ase osispiiities, designed by asture 1o unilinstely restore equilibrium,
Theory aad i1aterprelatioc of experimestsl dats frequently suffer becsuse
the Se3isticas from eguiiibrium are never kaosn expectly. A situstion
shere 8ii ccostitaeats sse 88 close ss possible 1o strict thermodynamic
eguii:idrivm =97 be {oamd withis s boamdery consisting of walls which
eTRioaisily) exil eleciroms, 10ms. aad mewtrels, Ie this chapter e
1.5 exaxime De ¢ Iroperiles of egwilibriun pissaas dounded by such
eTEIo t8lly en21l15g ®Riis., Yumerics: results are givea for some

IBCU . SSTWMRII TS,

4. FLASKA NOE

i1 128 saCciior we 1TTISiigale ideoreiically ime plaswms produced
Teeer THq TPT 1XYi1ile Jisne emitiiag wells 83 shown 13 Fig. 2.1, Irere
c8 1t w1 & IOIETILS] ALTOSS 1he Mode, and ke saditers emit electrons
anf o8 % some KIST MLber rEiiO 5—2 =2 (i) 'm L}, whica is f1xed

T: ThTRodTIBRCC TI0S168T2110m8 of 'he mslertsl.
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In the past a great deal of work has been done on diodes consisting

of thermionic emitters,

The majority of these papers deal with the study

of ¢c and oscillating states with a nonzero dc potential applied across

the diode. An early work on the thermionic diode with zero net potential

was given by Nottingham,1

who treated the probleam in the absence of ioas.

Witbout the ions he found that the electron density was highly nonuni form,

921 if the spacing was much greater than the Debye length, the density

@t the midplane was very low, Eichenbaum and Hernqvist25 included the

ion emission but studied the problem using the collisionless Boltzmann

eguation, never allowing the empty regions of the phase space to “ill up.

Figure 2.2 illustrates the model used by Eicherbaum and Hernqvist with

tae shaded region of the ion phase space unfilled,

Such ¢ nonequilibrium

anslysis is not realistic when there is no net potential across the diode,

Langnuira6
infinity.

FIG. 2.2,
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PHASE SPACE SKETCH FOR THE ELECTRONS AND IONS.

In our problem, we assume a strict thermodynamic equilibrium and fill

the phase space completely according to Boltzmann's probability law, and

hence the scale-height law is used for the electron and ion densities,

By taking thke potential to be zero at the midplane

equation hecomes

e
€

e
€
o

In,(x) - n_(x)]

{n+(G) exp[; =

] - n_(¢) exp[§¥]} .

x =0 Poisson's
( ),

(2.1) :
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At this point normalized quantities

;3 »
- XDO
eV
N=<7x
and
@ =370

with the Debye lergth at x = J;

A= —2—s]
De n_(0) e
are introduced, and Eq, (2.1) is thus reduced to

2
40 _ oM - ofe™y - (2.2)
d.",e

Let us first ccnsider the case of ( < i, the "electron” rich case,

The boundary condition at € = 0O is

the solution to Eq. (2.2) is found to be
F(o,®) = K(a) - § (2.4)

where F(a,w) 1is the elliptic integral of the first kine?( with

modulus @,
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integrals sre onthble.a:

a sod argusent X{2}-$. Heace,

By invertisg Rg. {Z.4). we obt
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where salk{a) - §,a] is the Jocobi elliptic feaction® w1tk modclcs

Ak

snd Kk(Q} = F{a,1; is the complete elliptic i1ntagral. Tsdles for beee
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Equstion {Z.7) easbles us ic czlralate 'he pclisziisl as 8 fraciins
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FIG, 2.2, RATIO OF ELECTRON AND ION DENSITY,
@ = n_(0)/n_(0), IN MID-PLANE AS A FUNCTION OF
SEPARATION DISTANCE 2L IN UNITS OF DEBYE LENGTH

A, FOR DIFFERENT VALUES OF B2 = n_(L)/n_(L).
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For (Q approaching unlty we have
1 2 2
sn(u,a) ~ tenh u +  (1-07) sech u{sinh u cosh u - u] ... (2.12)

and

K(a) N{n[—h—f/—a'] o (2.13)

(1-a)
For small values of w or \/E/—O‘: we also have
Fla,w) mw - 2 v (14F) ... (2.1%)
By shifting the origin to the wall,
& =-E+1L,

using Eq, (2.9) and letting the other wall go to infinity (o= 1), we
obtain from Eq, (2.7)

Nn~-24n sn[F(l,\/_B_) +. 5, 1]
~-24nsnl /B + €, 1]
~ - 2 4a [tanh (/B + §')] (2.15)

which is the result given by Langmuir for the semi-infinite plasma bounded
by an emitting plane,

Thus far, we have been concerned with electron rich cases, The ion
rich cases can be derived simply be re-defining the parameters «, B8,

n and A as shown in the table below,

DO
Symbol Electron Rich Ion Rich
8 n(u)/n (1) n_(L)/n, (L)
o n,(0)/n_(0) n_(0)/n, (0)
.2 2 2
Abo KT so/(e n_(0)) KT ec/(e n+(0))
n eV/kT - eV/xT

-13 -




With the new definitions, the Poisson's equation becomes identical to
Eq. (2.2) with a1,

B, NUMERICAL EXAMPLES WITH PURE METAL EMITTERS

To give some idea of the types of densities and potential profiles
which can be expected inside a "black body," we give some numerical re-
sults based on emission data of pure refractory metals, In practice
the quantity 32 = n+(L)/n_(L) is not easily obtained because the data
on ion emission rate from various metals are scarce., For the numerical
computations we use the following empirical formula on ion emission from
molybdenum emitter as given by Wright29 and the Richardson equation for

electron emission, Current densities are given in amps per cm2.

ed

In 3, =28.39 - K—; -0.4534aT + 6,22 X 1o'“T , (2.16a)
5 ed
J_ = AT exp(- T (2.16b)

with
2
A = 55 amp/cm

g, = 8.3 volts

@_ = Ll-.37 VOl‘t‘:’S 0

In the computation the emitters are assumed to be 1 cm apart, In Fig,
2.4 plots of n_, n+(0), n (0) and XDO versus 1/T are given, The
neutral density n, is obtained from the data provided by Honig.3O The
graphs rhow t<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>