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I. SUMMARY

The solution to the simplified two body problem is
presented based on the paramsters of the redial and nocrml
components of velocity made dimensionless by division by the
eiroular velocity at injeoction , The orbital and dymamie
elements are presented in grephical form for velocities wup
to ten times the circular velooity at injeotion,
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IV, NOMENC LATURE

Dimsnsionless semi-major/semi-transverse axis
Dimensionless semi-miner/sem!-conjugate axis
Linear ecoentricity, oonstant

Directrix dintance

Zooentrioity

Yelooity paramster (See equation 15)

Poous, feros

Grevitational oonstant

Infinitestiml

Mass of revolving body

Mase of attructing body

Dimensionless semilatus rectum

Distance between bodies

Dimensionless distanoce

Systen

Time

Velooity

Dimensionless velosity
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Dimensionless redial velooity
Dimensionless normal velooity
Velocity vector angle vith respect to the mormal directioa

Angular pelar coordimte

VW QO %X ™o

True anomaly

Pubsariote
A Apogee
¢ Cireular
o Initis) comdition
P DPerigee
r PBadial oempenent
& Norml oomponent

Misoellapecua

Pirst derivative of x vith respect to time

Mo

Second derivetive of x with respect to time
Voeoter x

M> M

Unit vecter is x direction
8 Equality by definitiea

.. Consists of
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V. DINTRIDUCTION .

A. ASSUMPTIONS

The system defining the simplified two body problem oconsists
of two bodies:s one, ths attrecting body eonsidered as a point mass,
M; the other the revolving body oconsidered as a point with infini-
tesim] mss,m ., An attraction foroe is exsrted on each body
aosording to Mevton's Imverse Square lav of Greavity, The assump-
tions mathematieally represented are:

S L

such thats rno= ¢

B. KBCESSARY INITIAL COMDITIONS

To obtain a complete solution o a partiocular tvo body problea,
the following must be specified: the mass of the attrecting body, A7 ;
the distanoce between the two bodies, /. ; the angular distance froa
soms reference lime, 5. ; the time, r, ; the velocity of the revolving
body vith respect to the attracting body, ., ; and an angle, taken as
the angle the velooity vector makes with a norml to the comnmecting
lins between the two bodiess, 47 .
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To simplify the solution, the lollowing comventions =re nade.

1. Time i» taken as sero for ihe initial point, {

2. All distances are made dimensionless by division by
the initial distance,

3. A1l velonities are msde dimensionless by divisien by
the velosity at the initial distapse.

C. SRINCTION AND DEFINITION OF PARAMETERS

The eriteris used im selecting the parameters is the potentiasl
to commnicate all the orbital informetion im the most expliecit man-
ner, To universalise the solution, the additiomal stipulation is
mde that there cannot be any direct dependency on the magnitude of the
attmoting body.

The satisfying of the latter requiv-ement is best aceomplished
by utiliszsing the circular veleecity corresponding to the initial dis-
tanos, vhich involves both the magnitude of the attracting bedy aud
the initial distance,

For a particular ” and . , any s 7o oombimstien unigquely
dotermines thc orbit. It is thus seen that tvo parmameters are suffi-
oclent if one of them imwolves the above mentioned eireular velocity.

The peramoter cusbimetion /) , 7

Ve =

Ny

= =
= £
=

‘s the sbvicus choloce, but has the disadvantage of different units.

To form a coneistentily defimed gombimation which is indieative
of the initial injecticn conditions, the above dimensionless veloecity
is resolved in a redial direction (< ) and a mermal direstion ( P Yo

x &8 Vo sm &

ﬁi-“V.c'aJr);
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The initial launch angle and velocity becoms

-y o

So = Tan E‘
a2 a 1
V, = (« * )
There are four unique combinations of 0 vhioch define four
orbits chaisoterised by:
ardbit It ro, TR, 0t &z
Orbit II: Ty A L

arbit 1INt -, -, #

arbit Wi ot -5, -4

RBIT II
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D. EQUATIONS OF MOTION

The foroes acting on the body oan be resolved into components
sonsistiig of a foroe in the radial direction and a force in the
norm] direction. The foroes acting on the revolving body can be

expressed:
: G N
P B = ':,QL”—"
fe = O :
vhere che tetal foroe is represented by
— A
F = Fr +rFgé 6

Aocoording to Kewton's Second law, the foroe is equal to the
mss timeg thes acoeleration, Using the familiar expression for
aceeleration in polar coordinates, the foroe 1is

F = ,,,/,:-'_,»5"/,: +m/ré'r.zr"9'/é‘ 7
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VI, BASIC ANAIYSIS
A. NORMAL VELOCITY
Corparing 5) and 6), the uormal foroe term in 7) oan be
eet equsl to sero -
0=m//o”f,zr:é/ 8
The quantity in the parenthesis ocan also be written
L L0r%s) = o 9
- PLa
As the differential of a oonstant is sero, 9) reduoces to
c=r‘e 10
Applying the genersl dsfinition of the normal velooity given in
3§ for the initial condatiuns
CL I L =
In general, the normal dimsnsionless velocity is
/"9' -
Vg = "&c':‘ = . R 12
vhere
SR 17
RT
B. RADIAL VELOCITY
Setting the redial foroe terw in 7) equal to that fourd in §5)
-ETZ - (P -rs’) 13
Eliminating & by using 10), and introducing the cirocular velooity
from 2), 13) oan be solved for ¥ ,
FORM NO. A-782-1
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a2 a F

s ro 2%,
3

,

- ~ 14

r

Integreting, eliminating the constant by letting ~- /- when /-
«3 ,the fimsl equation for the radial velooity is

. _ » iy f
r = ~ o -
v, = s _*/ R p r2R // , 15
vhare, the velocity paramster f is
f = 2_ ,(‘_/5"

For the initial redial velocity, the sign is chosen to mateh
the eign of o . VFor other than the imnitial condition, a cheek
mst be made to determine wvhether the body is on the side of the
orbit wvhere the zadius is inocreasing in the direction of motion,
or vice versa,

C. PERIGEKE ANGIE
or

In order to obtain r as a funotion of o, e is firet ob-
tained from
o
P 1€
Using 12) and 15), and noting that f';/—': = - //',f/ §
/ -’
Ao = — /R‘!/ — i 17
..*‘(—,q"'/a r 2R -//
The standard integrel formmla
o x "_&
/A‘—X‘)* a 18
spplies vhen 17) ia put in the following ferm
d3 = Z oA (2P ” 19

[ -t (p-p) )7

FORM NO. A-782-1

. ———



RPONT_ (R
CONVAIR I ASTRONAUTICS P13

The perigec distance is given below and its use here before it is
dorived 1s alleved as the result of this ssction dees mot affect

the amalysis leading to its derivatien,

2

A
ta (r- /ld‘/"

Rp = 20

u{:ui:. 19) between the limits of the initial point and perigee

-8 = = OJ-I———LZ—-—//_/ )t e
> /c S T f/*/ =

Investigating the restlt for the four pessible erbits, using

t co:-’(- x) = 77 -cos 'y 2
lﬂl

1% 1s found that Orbits I and III and Orbite II,IV have the

same perigee anglee. By intreducing the arbitrery conventiea of

msapuring the perigee angle in the epposite directien from vhieh

the bdody is treveling, the periges angles berome

adit I 6, = - eo:"?f;_v,z . 8,

orbit II: Gp = -aw f(‘a:-l(‘T_ﬂ;;-/"/% r &,
oMt IIT: o, w-cu"(—ﬁ—f;’, o 76 °
MtV g, - C(J_{;_/T » 8,
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For Orbits I and II, 6 is alvays msasured in the plus
direction; for Orbits III and IV, © is measured in the minus
direotion.
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D. RADIUS AS A FUNCTION OF TRUE ANOMALY

! Integrating 19) between the limits of the initial poinmt
and a general point

- =i, ‘_ -t /3’_
&-6,= = L
Cos ,d(/‘__ */,4 cos ,6(/3"- {) ” 24

Considering ths four possible orbits and the oorresponding
initial perigee angles, 24) can be reduced to

R et
(/_ [/C/ a
or
25

2

A
/- //-/-,a‘/“ cos @

R:‘

for all four orbits. The true sromly & is given for the four

arbits by
arbit T $-6-a
Orbit IX ¢'6"6,o
26
arbit ITI 2 -6+6,
arbit IV pc-0ro0

The true anomaly determines whether or not the body 28 on
the side of the orbit where the redius is increasing in the
direotion of motion, or vice versa. For positive #

2N < G <T ra7n 27
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For negative #
77 ra?ipnn < @ <27 + 2770 28

vhere » is the number of times the body has passed perigee,
E. DYINAMIC AND (RBITAL ELEMENTS

Equation 25) oan be compared with the standard equatien {
of the conic section in polar coordinates in order to determine [
the elemants of the oconic section. The results are shown in
Table 1,

The ealculation of the dynamic elements is straight fosfward
and summrized in Table 2,

It should be noted that each «,4 figure is also a plot
of ¥, 47, as oan be seen from Figure 6,

¢
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VIII. TABLE 2, DYNAMIC ELEMENTS
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