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ABSTRACT

(Distribution Limitation Statement No. 2)

Distortion of transmitted signals caused by Doppler frequency spreading and 
amplitude modulation Is a consequence of the relative velocity between the 
transmitter and a reflecting surface. General equations yielding velocity 
components to any point In the Illuminated area on the surface, received power 
as a function of time, and generalized effects of vehicle motion on the trans­

mitted frequency spectrum are derived. The Fourier spectrum of the range 
modulation function Is calculated using computer techniques. With this, the 
spectral spreading of the transmitted signal due to rate of change of range 
Is obtained. A specific transmlttlng-recelvlng system Is analyzed. The system 
transmits a frequency-modulated continuous-wave (FM-CW) signal. The receiver 
consists of a balanced mixer, a band-pass filter, a square-law device, and a 
low-pass filter. The analysis of the system begins with the signal received 
from a single point reflector and Is extended to signals received from many 
points simultaneously. This particular system Is selected because It allows 
a unique analysis. In that the functional design would be dependent on the 
amount of signal distortion as defined In this research. A sunmary of the 
analysis Is given, together with recommendations of topics for further study 
In the area of analysis of signals returned from various terrains.
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SECTION I 

INTRODUCTION 

The distortion of a transmitted signal caused by Doppler frequency spreadin~ 

and amplitude modulation is a consequence of the relative velocity between the 

transmitter and a reflecting surface. 

The Doppler effect is associated with the apparent compression, or length­

ening of the transmitted signal wavelength, resulting from a positive or 

negative relative velocity between a transmitter and receiver. One of the 

problems will be the det~niination of the degree of frequency spreading cauaed 

by a finite antenna beamwidth a1 the trai:am.itter approaches a reflect~ 

surface at a constant velocil.ty. We shaU. show that the Doppler spreading ia 

a fwiction of antenna beamwil.dtb. 

The radar equat!l.on permits the determination of received power•• a 

function of range,, radar ciross aection. and the radar syatem parameter• 

Because the tranami1tter 1s moving towart1 the reflecting aurf ace at a conatant 

rate, the received aignal aDIJ)litude wiU be continuously increa1ing a1 ,at.ctated 

by the radar equation; thus, the t1eceived signal 1'• increasing a• ca ~unction 

of 1time and wUl be in the form of an ,amplitude modula.ted signa:.. lllhb 

amplitude modulation rp.resents a further spreading of !the t~anamll.tted alpal. 

Here, .. .ce shall show tihat the spectrun apreading ii a function of velocity and 

final altitude. 

We shalU. fint be intetiested io the properties ef a dgnal refiec~e;d &om 

a point targ,et. A pol.nt tariget is p'hysicaUy impoas!lblie, but its ,coneept will 

aHow the forimulation of relaUcmships yielding velocity oomponen~s to ,&11)' 

point on the ref1ecting surface and received ampUtude as a function ,of ra.e. 

Having described the riece!l.ved :signal in term• of ,a silrngle point target, we 

shall then ,eatend the analysis to a more complex target,, n•elly,, • thin 

t'eflectll.ng strip 1d!l.rectl7 bell.ow the transmil.tter. 

A vehicle carrying both tr1an11111itter and receiver willL be aHmed to ha•.e 

started tr&Xl8111tt!ling the signal at a d!l.•tanoe h friom ~he reflecting surface. 
10 

It will tihen tra~ell. at a 1constut velocity V toward the surface. Because tbe 

1 
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radar equation remains valid only for distances exceeding the near-field* of 

the transmitted electromagnetic energy, the analysis will not be carried out 

in this region. Numerically we shall show the de~ree of expected Doppler and 

spectrum spreading for various values of velocity, vehicle path angle,** and 

antenna beamwidth. We shall also vary the value of the final vehicle distance 

from the reflecting surface. 

By using the results of the analysis, we shall then determine the effects 

of the spectrum spreading on an FM-CW system consisting of a transmitter and 

a receiver. The receiver will be made up of a mixer, a bandpass filter, a 

square-law device, and a low-pass filter. This particular re ceiver is selected 

because it allows a unique analysis in that the functional design would be 

dependent on the amount of signal distortion as defined in this report. 

The problem of reflection of electromagnetic energy from terrain has been 

studied extensively (Refs. 1, 2, and 3). The problem, in general, has been to 

determine the effects of a random reflecting surface on a transmitted electro­

magnetic signal. Experimental data have been obtained in an effort to correlate 

the practical problem with the theory. In some cases, good agreement with the 

theory has resulted. 

For a rough surface, a true vectorial analysis, based on electromagnetic 

theory, quickly becomes too complex because of the unknown boundary conditions 

at the random reflecting surface; consequently, several scalar models of 

reflecting surfaces have been proposed (Refs. 1, 2, 3, and 4). Moore (Ref. 5) 

has proposed an approximate solution by resolving the reflected signal into a 

specular (coherent) and a scattered (incoherent) return. In 'his report, Moore 

concludes that 

:, ..• for a Gaussian distribution of heights from mean 

ground level, the relative contributions due to specular 

reflection and random scatter vary in accordance with 

*The near-field is usually defined ~ithin a distance 2L2/A from the antenna, 

where Lis the aperture length and A is the wavelength of the transmitted 

signal. 

**Path angle is here defined as the angle between a vehicle's flight path 

(assumed straight) and the horizontal. 

2 
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the negative exponential of the square of the ground 
standard deviation expressed in wavelengths." 

Moore also concludes that "the fading of signals from the ground (due to 
the roughness) is the same statistically as the fluctuation of the amplitude 
of a signal in noise." 

Davies (Ref, 2) proposes a technique with reflection and scattering of 
electromagnetic waves from slightly rough and very rough surfaces. Davies 
shows the results of an experimental program and its limited agreement with 
the theory. Davies also indicates that the reflected signal may be resolved 
into specular and scattered components. 

Most of the models for a reflecting surface are a consequence of the 
Huygens principle (Ref. 6), i.e., each point in a plane wave can be considered 
as an individual source and the net result of the wave is the summation of 
the point sources. In this way, it is possible to asst111e that each incremental 
area on the reflecting surface contributes an incremental radar cross section, 
and the average effect of ell incremental areas is caused by the average cross 
section . 

In this study we shall use a scalar model for the signal analysis and 
ass\.lDe the validity of summing signals contributed by small increments on the 
surface. 

3 
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SECTION II 

GECMETRY OF TRANSMISSION 

In this section, we shall define the geometry of the flight path and 

antenna beam with respect to the reflecting surface. A coordinate system will 

be selected such that the origin is located dtr,,ctly bel'Jw the antenna, i.e., 

the line betveen the origin and the antenna is perpendicular to the reflecting 

surface. We shall also formulate a general transmitted and received signal. 

1. Coordinate System 

The location of the antenna, together with the antenna pattern and the 

reflecting surface, is shown in figure 1. We have selected a right-hand­

coordinate system. The origin of the coordinate system is located directly 

below the tran111itting antenna and moves along with the vehicle. The vehicle 

moves toward the reflecting surface in the y-z plane at a velocity V relative 

to the 1urface. The angle y defines the flight path angle between the horizon­

tal and the flight path. We shall asslllle that the antenna pattern forms a 

right circular cone defined by the altitude h, the vertex v, and the half 

angles. In a later section we shall define an antenna gain equation. 
I 

To determine the return signal from any point within the antenna beam, we 

shall define a general point P within the beam on the surface. Rather than 

locating P by our Cartesian coordinate system, it will be simpler if we use 

the polar coordinates 8 and p, i.e., P • P(8,p). The range between the 

antenna at V and the point P will be denoted by the distance R. 

2. Signal Considerations. 

Consider a signal transmitted to the incremental area tiA1 lo1~ated by the 

1th point P(e
1

,p
1
). The signal returned from tiA1 is 

[ 
2R1(t)] 

st----
t C 

(1) 

4 
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• 

Figure 1. An.tenna Geanetry 
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where Ki(t) is the attenuation of the transmit ted signal as a function of 

time, St is the transmHtecl signal function, and c is the velocity of propaga­

tion. Th~ range is given by 

(2) 

th where Vi is the velocity component to the i point and R
0

i is the initial 

range. The total de ay of the signal in propagating to and from the surface 

is given in equat ion (1) as 

where we have ass\llled that Vi<< c, where c is the velocity of propagation 
th (see Appendix I). Because it is possible that the i point may be described 

by either a positive or a negative velocity component, we will write equation 

(2) as 

(3) 

By substituting equation (3) into equation (1), we obtain 

(4) 

For a stationary vehicle Vi• O, and equation (4) becomes 

(5) 

Comparing equations (4) and (5), we see that the effect of velocity is to 

introduce a "time compression" or "expansion," depending on whether the 

velocity component is positive or negative, respectively. 

6 
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In Appendix I, we have derived an exact solution for the total transmission 
delay. Also, in Appendix I we have shown that the effect of velocity on a 
transmitted signal spectrum is to decrease the amplitude and stretch the 
spectrum by the factor 

a • l + 2V 
C 

The phase shift of the received signal with respect to the transmitted signal 
is found to be a linear function of frequency 

~ (w) r 

2R 
0 •-w 

C 

The velocity component to any point within the antenna pattern* ls 

V(8,6) • IVl(sin y sin 6 +cosy cos 6 sin 8) 

where IVI is the magnitude of the vehicle velocity along the flight path, y is 
the path angle, 6 is the angle of incidence, and e is the azimuth angle on the 
surface (see ~igure 1). Of course, if w~ are given a particular transmitted 
frequency, the Doppler shift may be calculated from 

2V 
w - -w d C C 

where w is the carrier frequency. C 

From the results of Appendix II, we may find the lines of constant Doppler 
on the surface; for example, if y • n/2 (a vertical flight path), the velocity 
then becomes 

V(e,6) • lvl sin 6 (6) 

and the lines of constant velocity on the surface become circles . 

*See Appendix II for derivation. 

7 
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3. The Tote! Received Signal 

Equation (5) will allow us to determine the signal returned from a single 

increment on the surface. If we aes\llle that the total signal from within the:? 

antenna beam on the surface is the sum of the contributions from all increments 

on the surface, we can write the received signal as 

N 

S/t) • ~ Ki (t) (7) 

i•l 

where we are considering N increments. 

In this section we have derived general equations for signals returned 

from a single point and N points; we have also defined a coordinate system. 

In the following section we shall formulate exact expressions for the return 

signal. 

8 
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SECTION III 

SIGNAL ANALYSIS 

In this section, we shall determine the amplitude and phase of the return 
signal. We shall begin with the radar equation as a means of determining the 
return from a point on the surface and S\111 the return from all points to 
obtain the total return as seen at the receiving antenna. The amplitude of 
the received signal will be defined from the radar equation as the square root 
of the received power (across a 1-ohm resistor). We shall find that because 
of the continuously decreasing distance between the antenna and the target, the 
received signal amplitude will have the form of a double sideband modulated 
(DSB) signal. 

As a result of the relative velocity between the antenna and the target, 
the carrier frequency will be shifted by a factor proportional to the relative 
velocity. Also, the time delay in propagating to and from the target will 
appear as a phase shift. 

We shall combine the resulting amplitude and phase representations to 
obtain the effects of velocity and antenna beam width on the amplitude and 
phase of a transmitted signal. 

1. Power Considerations 

The power reflected from a smooth, flat, infinite surface and intercepted 
by the receiving antenna is determined by the radar equation 

P G2 A2 p G A sin o t r s s 
p ------------ (8) 

r (4,r) 3 Rt+ 

where 

p is the received power r 

pt is the transmit ted power 

"r is the power reflection coefficient 

9 
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G ii the scatterer gain in the direction of the source • 
A is the ill\lllinated area 

s 

6 is the angle of incidence 

R ii the range from A to the source s 

G is the antenna gain 

) ll the radio frequency wavelength 

A back1cattering cross section is given by reference 7 

a• p G A sin 6 r s s 

and an average cro1s section per unit area by 

a
0 

• p G r a 

(9) 

(10) 

From equation (10) and equation (8), the power received can be written as 

Pt G2 A2 a
0 

sin 6 As 
p ----------r 

The power received fran an element of area dA is 
s 

dP • r 

P G2 A2 a sin 6 dA 
t O 8 

(4w) 3 R4 

(11) 

(12) 

The antenna gain G may be written as a function of angle of incidence 

(lef. 8) 

G(o) • G sin2 6 
0 

(13) 

wlaere G is the gain on the antenna axis. By substituting e(!uation (13) into 
0 

equation (11), we obtain 

10 
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dP • r 

P G2 A2 o sin5 o dA t O O S (14) 

Normally, Pt (transmitted power), A (wavelength), and G
0 

are constant. Ass\llling 
a constant average cross section over the illuminated area we can write 

C • 

then 

P G2 >. a t O 0 

(4'1f) 3 

sins o dAs 
dP • C---­r 

(15) 

(16) 

The total received power from each element over the illminated area may now 
be obtained by integrating equation (16): 

p • C r J 
sins o dA

8 

14 
A 

s 

From figure 2, dA can be determined as 
8 

but because 

we can write 

dA • p d p d 8 
8 

p2 • R2 - h2 and sin o 

dA • Rd Rd 8 
8 

11 

(17) 

(18) 

h --R 
(19) 

I 

(20) 
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----·-· ·-·---·-·· .............. _ 

V 

Figure 2. • GeOlletry fc,r Determining Power Returned 
from an Element of lll\lllinated Area 
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and 

2,r R 

p • C J r . 
0 

J max h5 d R c 
de ----

Ra 
h 

By completing the i ntegrat ion, we obtain 

2 s (1 l ] P • -ir Ch ---- 1 

r 7 : h 7 R7 
max 1 

The vertical altitude h may be written as .a f unction of t ime, i.e., 

h(t) • b - V t 
0 Z 

and the maxi.mm t:ange then becomes 

h(t) 
R • --------

max sin omf.n 

(22) 

(23) 

where b
0 

is the initial altitude and V z is the antenna v.ertical velocity 

component. By ·subst1tuti1'g equation (23) into ,equation (22)~ we obtain 

2 P (t) • ..,.
7 

,r C 
r 

or, in terms of the antenna beam width, 

p (t) 
r 

l - sin 7 o min 

(h - V t) 2 
,o z 

where 8 1s defined in figur,e 2 and is a constant. 
max 

13 
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·-

The briginal assumption of C • ccnstant will now be discussed. C was 

given by equation (15) 

C • 
p G2 >.2 a 

t O 0 

(4n ) 3 

There is no problem in assuming that 

p G2 ).2 
t 0 
----• constant 

(4n) 3 

becanse these parame;ers can be controlled during the system design stages. 

We must focus our attention on the average cross section a. As has already 
0 

been shown (equation (10)), for a smooth, infinite, flat surface 

a • p G o r s 

where p is the power re1lection coefficient and G is the scatter ,r b~in in 
r s 

the direction of the source. For an isotropic and homogeneous surface, p will 
r 

remain constant and will be independent of geometrical considerations. The 

scatterer gain, Gs' is d2termined (at the receiver) by the vector sum of the 

field components from contributions of all incremental areas on the surface 

and it is clear that, for our problem of a flat, infinite surface, G will be 
s 

independent of position over tlte surface and consequently, will be constant. 

In a practical problem where the reflecting surface is random, G will be a 
s 

function of position (Ref. 2). The quantity, o, is usually determined 
0 

experimentally (Refs. 1, 2, and 4). 

2. Derivation of the Return Signal 

We have determined expressions for velocity to any point on the surface 

and the total reflected power. We have also determined an expression for the 

return signal as modified by vehicle motion. Here we shall formulate an 

expression for the total signal. 

14 
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The expression for the velocity component to any point on the surface due 

to vehicle motion has been found to be (Appendix II) 

V(0,6) = lvl (sin y sin 6 +cos y cos 6 sin 0) 

which is a function of azimuth angle e, an~le of incidence o. and path angle y. 

The path angle is assurned constant for a particular problem. This expression 

fo r velocity is important in the present analysis and in the final model since 

it becomes a factor in the determination of rate of chan~e of received power 

and total Doppler shift. 

The total power from the illuminated circle on the reflectin~ surface as 

a function of time was found to be (equation (26)) 

where 

P G2 >. 2 o 
t O 0 

C •-----•constant 
(411) 3 

P (t) was derived by assuming that the antenna gain as a function of angle of r 
incidence 6 is (equation (13)) 

G • G sin2 o 
0 

The return power is a maximlDD when S, the beam angle, is r./2, and approaches 

zero when S approaches zero. The analysis of return power is not as simple 

as indicated, since, as S approaches 11/2, the angle of incidence 6 approaches 

zero and the antenna gain approaches zero. 

Because the return power, as derived, involves total power, the expression 

is not valid if we assume a varying cross section o over the illuminated 
0 

area. It 1s desirable to obtain an express~on for return power from an 

15 
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elemental area for which o can be assumed to be constant and sl.DII all the 
0 

from the illtuninated area as a function of o . In a practical 
0 

power returned 

problem, a is 
0 

a random quantity and a particular probability density will 

have to bf'i assumed (or measured), depending on the surface characteristics. 

Kerr (Ref. 6) defines o as "the area intercepting that amount of power 

which, when scattered isotropically, produces an echo equal to that observed 

from the target." 

Consider an element of area M as shown in figure 3. This elemental area 
s 

is selected such that the angles e and 6 remain constant as the vehicle m0ves 

toward the surface. The vertical altitude is given by 

h(t) • h - Vt 
0 Z 

where h
0 

is the initial altitude and Vz is the vertical velocity. The ran~e 

to M
8 

is given by 

R(t) • h(t) • h(t) csc 6 (27) 
sin 6 

For an isotropic scatterer, M , t.he power returned to the aource as a 
8 

function of time, is 

6P (t) • r 

P G2 A2 sin 6 M 
t s 

(4n) 3 [R(t)] 4 

The antenna gain has been assumed to be 

G • G sin2 6 
0 

(28) 

where G is the maxinn111 gain along the vertical axis. By substituting into 
0 

equation (28), we obtain 

Pt G2 A2 sin5 6 6A 
6P (t) • o 8 

r (4n) 3 [R(t)] 4 
(29) 

16 
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f 

Figure 3. Scattering Element M 
s 
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,,r because 

p c 2 x2 
t 0 
---- • C • constant 

(4n) 3 

6P (t) • C sins 6 M 
r {R(t)]I+ s 

(30) 

For a smooth, homogeneous, isotropic, infinite surface the characteristics of 

6As will not vary as it moves over the surface, although in practical problems 

the properties of 6A
8 

may vary considerably. In fact, the power reflection 

coefficient p and the s~atterer gain G may vary rapidly such as over snow 
r s 

surfaces or across paved roads. In a practical problem the properties of the 

area 6A
8 

are usually considered to vary randomly (Refs. 2 and 4). 

For a transmitted signal St(t), the received signal was found to be 

(31) 

where K(t) is the attenuation factor and is defined as (see equation (29)) 

(32) 

Then the received signal can be written a~ 

~ ]
l/2 

sins 6 6A [ ( ) 2R ] 
S ( t) • K s S t 1 + 2V ( e I o) - 2 ( 3 3) 

r [R(t)]2 t C C 

where 
G >. 

0 
K•---

(4,r) 3/2 
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If we recall that the range R is an arbitrary initial range, then we can 
0 

define the relation 

R 
sin o 0 --h 

0 

between the initial range and the initial vertical altitude; as o approaches 

n/2, R approaches h. 
0 0 

Equation \33) may be written as 

S (t) • K r 

[ ] 1/ 2 sin5 o M
8 

[R(t)J 2 

where T(t) is the total time of propagation to and from the target. 

2R 
T(t) • 2 - 2V(8,o) t 

C C 

(34) 

(35) 

The delay (equation (35)) is a function of time ·and is continuously dectea1ing. 

From equation (34), we can see that the received signal amplitude varies 

directly as 

and inversely as 

[
h - V t]2 

[R(t)J2 • oain ~ 

and the received amplitude may be written as 

19 
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because 

____ ,. _____ __,.,._,.. _ _ 

R(t) • 
h - V t 

0 Z 
sin 6 

With eq•ation (37), equation (36) may now be rewritten in general as 

S (t) • A(t) [t - T(t)] r 

(37) 

(38) 

J:~q,:ationa (35), (37), and (38) define the signal returned from an incre­
ment~! area within the illuminated surface. To obtain the total return at 
the receiving antenna, the contributions from all increments on the illlDDinated 
surface must be SUllllled. 

(39) 

th where the return from the i increment is (see equation (38)) 

(40) 

In the next section the signal from a point target will be analyzed with 
respect to spectrlDD spreading and amplitude modulation. 

20 
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SECTIO;~ IV 

ANALYSIS OF A SIGNAL RETURNED FRCM A POINT TARGET 

So far we have discussed the effects of vehicle velocity, relative to the 

reflecting surface, on a transmit ted signal. First, we have found that, 

because of a finite radiation beam width (Appendix II), a baad of Doppler 

frequencies will be generated. Second, the radar equation shows that, due to 

a decreasing range as a function of time, the signal is continuously increasing, 

thus producing an amplitude modulation on the transmitted signal. 

In this section, we shall st1DD1arize the effer.t of a continuously changing 

range on a transmitted signal as it is reflected from a point targer. From 

this we r.an extend our analysis to a signal returned from an extended target. 

Consider a simple sinusoidal signal 

(41) 

transmitted toward the point target. 

From equation (38), the retum signal tdll then be 

(42) 

where 

(43) 

as in equation (37) and ~ is the phase. If we select a point target where 

6 • w/2, then equation (43) becomes 

A(t) (44) 

21 
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Let us normalize A(t) as follows: 

(45) 

Then for our point target at 6 • n/2, we obtain 

(46) 

Because~ is arbitrary, we can select~• 0 without loss of generality, and 

From equation (35). we can write 

where 

and 

T (t) • t - At 
0 

Substitution of equation (48) into equation (47) yields 

S (t) • A (t) cos w (t - t + Xt) 
r n o o 

or 

S (t) • A (t) cos [(w + Xw) t - wt] r n o o oo 

22 
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Equation (49) has the form of a double-side-band (DSB) modulated signal shifted 
in frequency by the Doppler AW and shifted fo phase by w t . 

0 0 0 

Frequency Analysis of S (t) r 

The fourier Transform of equation (49) is 

+jw t ri a 
+ e 

O O 
A ~w + w0 + AW0~ (50) 

Equation (50) is the spectrum of the modulating range function A (t) shifted 
n 

symmetrically about the origin by fw +AW} with a constant phase shift wt. 
\ 0 0 0 0 

The amplitude spectrum is shown in figure 4. 

Figure 4 shows the transmitted signal spread caused by the range modu­
lation and the frequency ~hift due to Doppler effect. The return from any 
other point on the surface will be similar to figure 4 except for a different 
Doppler shift and amplitude. In the next section, we shall superimpose the 
returns from many points such as shown in figure 4 and we shall determine the 
degree of spreading due to the r~nge function A(t) and the complete Doppler 
shift. 

Figure 4. S (t) Amplitude Spect~um r 

23 
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SECTION V 

ANALYSIS OF A SIGNAL RETURNED FROM A THIN STRIP 

In this section, we shall extend the analysis of the return signal from a 

point target to the signal returned from a thin strip of finite length. We 

assme that superposition holds and simply sm the signals returned from many 

points on the thin strip in order to obtain the net resultant signal. 

We shall select the thin strip on the y-axis (see figure 3) such that the 

angle e is either +Tl/2 or -Tl/2. We shall limit the analysis to the signal 

returned from N points. The received signal then becomes 

where 

and 

N 

s,(t) • 1: A01(t) cos ((w
0 

+ , 1) t - w
0

t
0

] 

i•l 

A (t) • 
ni 

[,1n 61]9/2 

(ho - Vzt}2 

(51) 

(52) 

(53) 

Proa equation (52), we can see that the 118Ximum. return occurs w en 6 • Tl /2 

u ■elected in the previous section, for 6 ~ Tl/2, sin 6 < l and the return 

froa other than the vertical (6 • Tl/2) point decreases as 6 decreases. 

The Doppler shlft is determined by the velocity components to the points 

on the thin strip (equation (53)). The velocity component to any point on 

the thin strip is given by 

24 
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(54) 

and 

Vi • lvl (sin y sin '\ - cos y co"S-.1\) 

~" 

• lvl[-cos (r + 11)] for 8 • - •/2 (55) 

\ 

From equations (54) and (55), the follord.ng properties of th velodty components 

are ob taiued: 

> 0 if h - ,5tl < Tr/2 

v(e,oi} • 0 if h .. o I i • Tr/2 fore•+ 1r/2 

o---lf IY - 011 > Tr/2 (56) 

> 0 if Ir+ oil > Tr/2 

v(e,oi} • 0 if IY + oil • Tr/2 for e • - Tr/2 

< 0 if IY + oil < Tr/2 ,i 1(57) 

Equations (56) and (57) indicate that under ce,:-tain ,conditions the velocity 

cmponent may become negative, thus yielding a negative. Doppler shift. For 

rJtample, .say tha,t 

y • Tr/6 (58) 

o i • Tr/6 mn ·(59) 

o • Tr/ 2 max 
(60) 

25 
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then, for 6 • + n/2 

and 

----·---------

IY - 6 i I• 0 < n/2 m n 

h - 6 I • n/3 < n/ 2 max 

(61) 

(62) 

By comparing equations (61) and (62) with (56), we see that the velocity 
components are positive for all 6 when 6 • + n/2 . For 6 • - n/2 , we get 

h + o I • 3n/2 > n/2 max 

(63) 

(64) 

From equations (63), (64) , and (57), the velocity components become positive 
for values of o close to 6 , and negative for values of o close too i. ux m n 
The point where the transition from positive velocity component to negative 
velocity c011ponent occurs when 

h + o I • rr/2 

or 

o • rr/2 - rr/6 • rr/3 

thl:!refore, 

o > n/3, V > 0 

and 

o < rr/3, V < 0 

26 
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Consider the signal returned from the thin strip shown in figure 5 with 

only 11 points being considered, then the spectrllI) due to the 11 points may 

appear as shown in figure 6, which shows the spectrum for w > 0. The total 

spectrum spreading is w
0
(x11 - x1), assuming that the spreading caused by the 

range function A{t) is negligible compared to w
0

(x 11 - x1)· The return raused 

by point six being· directly beneath the transmitting antenna is seen to be the 

maximum contribution, while smaller contributions come from the outer pointa. 

5 Rs R7 

Figure 5. Return from a Thin Strip 
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Between the contributions, we have shown a slight overlap caused by neighboring 

points at the larger amplitude, which may or may not occur (see sertion VI). 

Intuitively, the de~ree of spreading caused by the range function A(t) is 

dependent on the velod ty, V z, i.e., the greater the velocity, the greater the 

apreading. In the next section, numerical calculations of the range amplitude 

apectrm will be made. We have mentioned the overlap between contributions of 

adjacent points only to point out the dependence of spreading on velocity. It 

iA clear that the contributions from two adjacent points will always overlap 

if we choose the points close enough . If we consider the contributions from 

all points (an infinite n\lllber) on the thin strip, a continuous spectrwn, as 

indicated by the dotted line in figure 6, will occur. 

' ' 
I 
I 
I 

' ' 
' ' 

' ' 

Figure 6. Am~litude Spectr\lll of Signal Received from a Thin Strip 

In analyzing the return from all the illminated area, we would want to 

conaider returns from points of constant velocity. In general, the lines of 

conatant velocity will be ellipaoidal (Appendix II) and the range to these 

point• of constant velocity will vary and contributions to the total amplitude 

for a particular velocity will therefore vary with the angle 8 and the return 

will not be 1ymnetrical, aa indicated in figure 6. 
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SECTION VI 

NUMERICAL ANALYSIS OF A(t) AND DOPPLER SPREADING 

In this section, the spread of the transmitted signal caused by velocity 

will be shown n\Dl\erically for different values of velocity, flight path angle, 

antenna beam width, and final altitude. The de <!ndence of signal spreading on 

the final antenna altitude has not yet been discussed. This phenomenon is 

caused by the rate of increase of the received signal which increases at a 

faster rate at the lower altitudes, thereby having the effect of spreading the 

transmitted signal more than at higher altitudes. 

1. Amplitude as a Function of Time 

Figure 7 shows the received amplitude, 

as a function of time. Three different velocities are considered, 5 x 103 fps, 

10 x 103 fps, and 15 x 103 fps. At time t • O, the initial altitude is 105 

feet and the final altitude is 500 feet. From the figure we can see that the 

amplitude increases by 4 orders of magnitude as the antenna moves from 105 feet 

to 500 feet. Intuitively, we can see that the received spectrum would be 

spread more for greater velocities. Also, because the rate of increase of the 

amplitude is greatest at the terminal altitudes, this would indicate that the 

smaller the terminal altitude, the greater the spectrum spreading. 

2. A(t) Amplitude Spectrllll 

Figure 8 shows the A(t) amplitude spectrum for velocities of 5 x 103 fps, 

10 x 103 fps, and 15 x 103 fps; h
0 

• 105 feet, and final altitude hf• 103 feet. 

Here we can see that our previous assmption of greater spectr\lD spruding for 

greater velocities is verified. Figure 9 shows similar plots but for a final 

altitude of 102 feet. If we compare figures 8 and 9, we can see that the 

spectr\DI\ spreading increases rapidly for amall terminal altitude (10 3 feet 

versus 102 feet). 
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Figure 7. Amplitude as a Function of Time 
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Figure 8. Amplitude Spectra for hf • 1000 feet and Three Velocities 
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The amplitude and phase spectra are .determined from 

A(w) • 

where 

h - h 0 f 
tf • V z 

3. A(t) Phase Spectrum 
A single ~lot of phase versus frequency was obtained. This plot is ahown 

in figure 10 for h
0 

• 105 feet, hf• 102 feet, and a velocity of S x 10
3 

fps. 
The spectrum is a linear function of frequency as in Appendi.X I, 

180 

90 
a; 
11..1 
LaJ 
QI: 

t5 
0 0 . -LaJ en 
Cl 
~ 
CL 

-90 

-180 

0 
10 20 30 40 50 60 70 80 90 100 ANGULAR FREQUENCY - w (RADIANS\ 

Figure 10. Pha8e Spectrua for hf • 100 feet and Vv • S x 10
3 

fps 
33 
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4. Velocity Spread 

The range of velocity components to each point on the surface is derived 

fr0111 

V • lvl(sin y sin o +cosy cos 6 sine) 
C 

(see Appendix II). Figures 11 through 19 show the velocity components on the 

surface for flight path angles, y, from 30° to 90° and vertical vel0cities of 

5 x 103 fps, 10 x 103 fps, and 15 x 103 fps, as a ftmction of 6. The flight 

path velocities, Vfp' are noted in the figure. These latter velocities are 

obtained fore• -90° and +90° only. For y • 90°, we can see that the velocity 

components are syaaetrically distributed about the origin noted in equation (6 ) . 

5, Comparison of Doppler and Amplitude Modulation Spectrum Spreading 

To determinl the degree of spectr\111 spreading that might be expected from 

both increasing amplitude and the Doppler effect, particular system parameters 

were selected. The results are tabulated in table I. 

From table I we can conclude that greater spreading will occur for wide 

beamwidtb.s and low final altitudes and that the spreading decreases for 

narrow beamwidtha and higher final altitudes. 
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Table I 

FREQUENCY SPREADING CAUSED BY DOPPLER EFFECT AND INCREASING AMPLITUDE 

Total Doppler Increasing amplitude 

at y • 90° at 50% width 

Velocity e f d x 103 Hz 
hf 

f x 10 3 Hz (fps) (degrees) (feet) a 

10 o. 2 

5 X 103 5 0.06 25 0.07 

60 5.00 100 0.017 

10 0.4 

10 X 103 5 0. 1 25 0. 13 

60 10.0 100 0.037 

10 0.5 

15 X 103 5 0.2 25 0.20 

60 15 .0 100 : 0.052 
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SECTION VII 

DETERMINING THE EFFECT OF THE REFLECTED SIGNAL ON A RECEIVING SYST&t 

In the previous sections, we have obtained equations to define the received 
signal as it is reflected from a smooth plane. In section II the tranl'lllission 
geometry was defined and an expressi.on (equation (7)) defining the received 
signal was derived. In section 111 the return signal was defined in terms of 
the amplitude and delay to and from the reflecting surface. The amplitude was 
obtained from the radar equation. Thus, equations defining the received 
signal as a function of time were obtained (equations (35), (37), and (38)). 
In sections IV and V the signal returned from a point target and a thin 
reflecting strip was analyzed and the results were used in section VI in 
obtaining concrete results for the amount of distortion that may b~ expected 
because of rate of change of range and because of the Doppler effect. 

In this section we shall utilize the results from the previous aections to 
show (at least qualitatively) the effect of the distorted return signal on a 
postulated receiving syst•. As mentioned previously, the receiver postulated 
here is selected only for the purpose of showing the consequences of receiving 
and processing a signal as hypothesized in this paper. A system description 
will first be presented and then the system analysis will be carried out. 
Figure 20 is a diagram of the system to be analyzed. 

1. System Description 

a. TranB1Ditter 

We shall aasme that the transmitter includes a modulating signal, a 
carrier signal~ a modulator, and all required amplifiers. In particular, we 
shall aaame that the transmitted signal can be repre.,ented as 

where 

t 

ljl(t) • mf J g (t) d T 

0 

45 
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For simplicity we let 

and equation (1) is written as 

g(t). cos wt 
m 

where B • mf/w (peak frequency deviation) with w >> w. m o m 

b. Fixed Delay 

(66) 

A sample of the instantaneous transmitted signal is taken and is 
delayed by a fixed amount t

0
• This fixed delay is useful in maximizing the 

system output at a fixed altitude. A variable delay could just as well be 
used, but the analysis is simpler if a fixed delay is used. 

c. Balanced Mixer 

The received signal, which i1 a delayed and attenuated version of the 
transmitted signal, is multiplied with the delayed sample of the tran-nnitted 
signal in the balanced mixer. The output of the balanced mixer contains the 
&\Ill and differences of all frequency components being multiplied. The balanced 
mixer translates high carrier frequencies to lower frequencies. 

d. Bandpass F~lter 

The bandpass filter selects the lower difference frequencies provided 
by the balanced m.!xer. 

e. Square-Law Device 

The function of the square-law device is to separate range information 
from the difference frequency carrier as provided by the bandpass filter. 
The range information at this stage is contained in the amplitude of the 
signal caused by the varying range delay and range attenuation. 

f. Low-Pass Filter 
... 

The low-pass filter select• the low-frequency range information a1 
separated by the square-law device and provides a signal to decision circuits 
which follow. The decision functions will not be discussed. 

47 
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2. The Method of Analysis 

We shall first analyze the system by assuning that the signal is reflected 
fro a single point on the surface. Next, we shall discuss the effect of 
1ignals from two or more points. We shall base the anal ysis on the Fourier 
transfom method, obtaining amplitude and phase spectra for each function 
block. The characteristics of the filters will be assumed to be ideal, and 
will be described when appropriate. 

If the tranS111itted aignal is 

S (t) • A cos (w t+ B sin wt) t o o m 

then the received signal from a point target is 

S,(t) • A(t) cos I w0 [t - t (t)] + B sin w11 [t - t (t)] ! (6 7) 

lbe ••pled signal after a fixed delny oft is 
0 

Sd(t) • co1 [w0 {t - t0) + B sin w11 {t - t 0)] 
(68) 

lbe 1a11pled 1ignal aplitude ,equation (68)) has been normalized to unity. 
Equation (67) aay be expanded as 

S,(t) • A(t) jcoo w0 It - t (t)] cos (e sin w11 It - t( t)l] 

By uaing the well known relations 

and 

CIO 

cos (x sin 8) • J
0 

(x) + 2 'E J 2n (x) cos 2n8 

n•l 

• 
sin (x sin 8) • 2 'E J2n+l (x) sin (2n + 1) e 

n•O 

48 
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where J (x) is the Bessel funct:1.on of the first kind ai;d order n, we can write n 
equation (69) as 

S (t) • A(t) cos w (t - i (t)] [ J (B) r o o 

00 

+ 2 J: J 2n (B) cos 2n [wm [t -

n•l 

- sin w 
0 

[t - i (t) ) 

By substituting 

we obtain 

1(t) • t - At, where A 
0 

+ 2A(t) E J 2n (B) cos 

n•l 

2V --c 

cos 2n [(w +AW). t - wt]· m m mo ; 

00 

- 2A(t) E J 2n+l (b) sin [(w0 + Aw0 ) t - w0t 0 ] 
n•O 

49 
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Similarly, equation (68) may be written as 

+ 2 L J 2n (B) cos (w
0
t - w

0
1

0
) cos 2n ( wmt - wmt o) 

n•l 

00 

- 2 L J2n+l (B) sin (w0 t - w
0

1 0 ) sin (2n + l)(wmt - wm'o) 

n•O 

(71) 

Equation (70) is composed of an infinite number of frequency components, each 

of which is amplitude-modulated by A(t). Each component is in the form 

which is a double side band (DSB) modulated carrier. The Fourier transform 

of equation (72) is 

(73) 

By using equation (73) and the convolution theorem, we may ~rite ~quation (70) 

as 

00 

{ 

-j(w t +2nw t) ( 
(B) e o o mo A w 

50 
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where 

j (w !:+2nw t ) ( 
➔ e O m O A w + w + w + 2n 

o od 

on 

+ L, J -j (w t -2nw t ) /,. 
(8) le o o mo At~ 

00 

00 

-I: J2n+l 
n=O 

J -j f w t + ( 2 n+ 1 ) (JI t l ( 
(b) t e Loo rn oJA w 

t -j fw t -(2n+l)w t ] ( 
(B) )e [o o mo A w 

111111 II 

(74) 

(75) 

The first tum in equation (74) is the spectrum of the modulating range function 

A(t) shifted symmetrically about the origin by w + w d' where w d is the 
0 0 0 

Doppler shift, and the amplitude is given by J (B)/2. The second a .. d third 
0 

terms are summations o.f an infinite number of sum and difference frequencies 

of amplitude J2n (B) shifted symmetrically about the origin and centered at 

w + w
0

d; each frequency component is modulated by A(t). The fourth and fifth 

terms are identical to the second and third terms except they are comprised of 

51 
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of the odd harmonics. The phase of each component is determined by the 

exponential facto1. 

The Fourier trsnsform of equation (71) is 

00 

{ 

-j(w t +2nw t ) ( o o mo r: 
e u w 

j(w -r +2nw t ) l 
+ e o o mo 6 (w + wo + 2nwm)j 

0C.' 

{ 

-j (w T -2nw T ) ( o o mo r: 
e u w 

j (w T -2nw ,: ) } 
+ e O O m O d (w + w

0 
- 2nwm) 

_... {-j fw -r +'(2n+l)w Tl 
+ ~ J (B. e • l o o m o J 

/-J 2n+l 
n•O 

j f W T +(2n+l)w T 1 t 
+el O O m 0J 6 {w + w

0 
+ (2n+l) wm) j 

00 

- ~ J2n+l (B) 

n•O 

_,_...,...........,.... __ 

o o m o r: 

{ 

-j [w -r -(2n+l)w t ] ( 
e • u w 

52 
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j rw T -(2n+l)w 1 ] } 

+ e LOO 
m 

O 
6 (w + w

0 
- (2n+l) wm) (76) 

Equati.on (76) differs from equation (74) in that the terms in equation (76) 

have not been shifted by the Doppler effect and the individual frequency 

components are not modulated. 

Thus, from equation (74), we can see that the effect of transmitting an FM 

signal to a point target from a moving vehicle is to spread the individual 

frequency components over a wider frequency range than if the relative velocity 

were zero. 

The amplitude spectra of the range function A(t) and the received signal 

are shown in figures 21 and 22 (compare with figures 8 and 9). The greater the 

relative velocity the wider the range function spectrum will become. At very 

high velocities (see section VI) the line spectra of the received &ignal over­

lap and cause added distortion. 

3. Determination of A(t) Spectrum 

We have found that the received amplitude is a function of angle of 

incidence and time and is represented by 

The Fourier transform of A(t) is given by 

+co . •. A(w) • i A(t) e-jwt dt 

-ou 

,For our problem, we shall consider the following limits on A(t): 

A(t) • 0 otherwbe 

53 
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IA(w )1 

_______________ __. _____________ _,. w 

0 

Figure 21. Amplitude Spectrum of the Range Function A(t) 

"'C -31111 wc-2"'1 we- "1 

we= waf-wod 

Figure 22, Amplitude Spectr1 .. :r. of t he Received FM Signal Showing Onl y 

a Few Spectral Lines 
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where 

h 
t < _£ 

f V z 
(80) 

The quantity tf, as we discussed previously, must not only meet the condition 

specified by equation (80), but it must also limit consideration of equation 

(79 ) to points outside the electromagnetic near field since equation (79) is 

nnt defined in that region. 

equation (78), we obtain 

Therefore, by substitut i ng equation (79) into 

A(w) • 

t 
{'.f K( o) e -jwt dt 

j (h - V t)2 
0 0 Z 

(81) 

The solution of equation (81) is an infinite series, but concrete results 

were obtained through computer methods, The numerical results were given in' 

the previous section, and the general amplitude spectrum is given in figure 21 

for comoarison, In figure 22 we have shown a part of the amplitude spectrum 

of the received FM signal with the spTeading due to A(t) E!mphasized. 

4. Analysis of the Receiver 

a, Balanced Mixer Output 

We have seen that the function of the ba;.anced m•i.xer (BM) was to 

multiply the received signal with the delayed signal., thus providing sum and 

difference frequencies of these two "mbed" signals at the BM output. 

The BM output may be obtained by multiplying equation (70) and 

equation (71), The multiplication is carried out by first expanding each 

term in equation (70) and equation (71), then multiplying equation (70) and 

equation (71) term by tenn, The expansion and the multiplication are sh,own 

in Appendix III. A~pendix III also shows the difference frequency part of 

the BM output. 

We have conside.:ed the BM to be a linear multiplying el ,:'ment; there­

fore, the returnf,d signals from many points may be treated separatelv and 

then summed, The only limi.:ations imposed on the millter by the received ,signal 

spreading is the maximum bandwidth, but because the mixer is usually a wide­

band device, the spreading will have a negligible affect on the m:l.xer. 
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b, Bandpass Filter 

We shall ass1.111e that the bandpass filter (BPF) tranfer function is 

composed of H1 (w) and H2 (w) ,. as given in f1,gur,es 23 and 24. Papoulis (Ref. 9) 

has 1shown that for an amplU:ud,e modulated input 

,of canier frequency equal to the center frequency w of the filter, if 
0 

F0
(w) • 0 for lwl > w - w 

~ 0 C 

(82) 

(83) 

where we is the filter cutof f frequency. then the BPF output is given by 

g(t) • g 0 (t) COS W t 
,_ ,O 

(84) 

where 

and Hi (w) is the equivalent LPF transfer function. The equivalent LPF ' I 

transfer function is shown in figure 25 .. 

For our problem 

(86) 

is the input to the BPF (see Appendix IU). 'We shall assum,e that all other 

l:'tl output frequency ,c.ompon,ents are attenuated completely ,. By using equat.lon,s 

(82) and (84 '), the BPF out'put is then found to be 

i I 
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~"omox 

Figure 23. H
1 

(u.i) Bandpass Filter Characteristic 

I , 

Figure 24. H
2 

(w) Bandpass Filt,er Characteristi,c 
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,----------

womax 

Figure 25. Equivalent Low-Pass Filter Cha[acteristic 

(88) 

OT f,:om figure 25 

A 
-jwtb 

for lwl < AW e 
0 omax 

Ha,(w) • 

0 for lwl > AW 
omax 

(89) 

equation (88) becomes 

(90) 

58 
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Hence, if we use the shifting theorem, equation (90) may be written as 

Therefore, equation (87) becomes 

(92) 

i.e., the output of the B:PF is a delayed and attenuated version of the input. 

From equation (92) we can see that the BPF output t:.ignal is in the 

form of a DSB modulated signal with the Doppler as the carrier and the range 

function A(t - tb) the modulating signal. Therefore, the BPF must be selected 

such that for a point target it will pass the A (t ~ tb) spectrum. For a 

retu!."n from many points o,n the reflecting surface, the bandwidth selection of 

the BPF becomes more severe. The first criterion in .selecting the bandwidth 

is that the total Doppler spreading must be considered, and, second, the 

A(t - tb) band must be considered, i.e., the A(t - tb) due to each point on 

the rdlecting surface are shifted by different amounts by the Doppler effect 

at that point. 

c. Square-Law Device 

lip to this point we have only qonsidered linear operations on the 

received signal., making it 1?ossib1e to an, 1yze tlhe effect of 1the !."eceived 

signal from each point in the illuminated area and then summing the toto.1 

si 1nal to determine the to1ta[l effect. Because the square-law device is non-

1inearr, superrpositn.on does not hoil.d, and the total. sd.gnail. must 1be considered 

in one operation. First, we sha11 condder the return from one 1point, then 

from many points. 

From equation (92), the output f~om the iBPF due to ,the rr,etluro fnm a 

single point may be written .as 

- w 
0 

('93) 
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The output of the square-law device is obtained by 5quaring equation (93), i.e., 

8sl(t) .. [ gBl ( t)] 2 

A~[Jo(B}]4 

rl {t - tb)J cos2 [ i 1w
0 

t (tol - 1
0 )] = - w 

4 0 

.. A~[Jo(B)]4 

b(t tb)]2 1 + cos 2 [i 1w
0

t ( tol - 1
0)] 8 - w (94) 

0 

From equation (94) we see that the output from the square-law device 

caused by the return from a single point is composed of a low-frequency term 

and a high-frequency term. The low-frequency term is the A(t) spectrum while 

the high-frequency term is the A(t) spectrwn shifted to the Doppler frequency 

2). l w
0 

• 

The input to the square-law device caused by signals from two points 

on the surface is 

The square-law output now becomes 

2 

(96) 

60 

-·-•-~1P"l!"'"ffl!lt~~~ 



AFWL-TR-67-147 

which, upon squaring and expanding, yields 

+ AHt - tb) (1 + cos 2 [A 2w0 t - w0 (t02 - 10 )]) 

+ A
1

(t - tb) A

2

(t - tb) (cos [(,
1 

+ ,

2

) w0 t - (I) 
0 

(97) 

By comparing equations (94) and (97), we obtain two new terms because of the 

cross product of the signals from two points. One of the new terms is the sum 

of the two Doppler frequencies, while the second new term is a low-frequency 

component from the difference of the two Doppler frequency components• i.e., 

assuming the two Doppler components are almost equal. Extending the analysis 

to the signal return from N points, the output of the square-law device 

becomes 

from which we shall obtain 

N(N - 1) 
2 

- w 

2 

0 
(98) 

cross product terms. Thus, the effect of considering a distributed target 

versus a point target due to the square-law device is the generation of 

additional cross product terms due to all points under consideration. He 

shall see that the low-frequency cross product terms will introduce distortion 

at the low-pass filter output. 

• 
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Equation (97) shows that not only will tenns involving the Ai(t - tb) 

appear but cross terms such as 

will also appear, thus introducing edditional distortion tenns at the square­

law device output, 

d. Low-Pass Filter 

As discussed previously, the function of the low-pass filter (i,PF) is 

to extract the low-frequency range modulation function A(t), Therefore, the 

LPF bandpass must be wide enough to allow the spectrum of figure 21 to pass 
... 

through to the output terminal. Again we will assume an ideal LPF (figure 26). 

- Wh ' I 

HL (w) 

Figu~e 26. Low-Pass Filter Characteristic 
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The LPF transfer function, \Cw), is given by 

0 for !wl > whi (99) 

For a point target the LPF input ~s given by equation (94). Since the high­

frequency component will be attenuated completely, the output becomes 

G1(w) = 
A~[Jo(B)]4 

A' (w) {\ (w)} 8 1 

t\A2 [J (B) 14 
-jwt 

0 0 j A 1 (w) 
L ,.. e 

8 1 
(100) 

where 

(101) 

and* denotes convolution. By substituting equation (102) into equation (101), 

we obtain 

(102) 

and the LPF output time function becomes 

(103) 

Thus, the system output due to a point target is given by equation (103). 

Similarly we can find the system output from two points on the surface to be 

63 
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- t 
b 

(104) 

The first two terms in equation (104) are the required terms and the third 

term from the nonlinear operation of the squara-law device adds a distortion 

at the output. 

The number of cross product terms from N points on the surface that 

appear at the system output will depend on the LPF bandwidth and the difference 

in Doppler frequencies, ( >..i - >.j) w
0

• Because we would like to pass the 

com.t,Jlete range function spectrum through the LPF, the bandwidth 1s dictated by 

the vehicle velocity, i.e., the greater the velocity, the greater the bandwidth 

must become. 

5. Summary 

We shall now briefly summarize the effects of velocity and an extended 

target on the reflected signal on a homodyne system (figure 20). 

Initially, we have seen that the transmitted signal is amplitude modulated 

and frequency shifted by the vehicle velocity. Also, when considering an 

extended target, a spectrum of Doppler frequenciee is generated. We have 

found that when analyzing the postulated homodyne system, the effect of the 

Doppler and A(t) spectrum spreading is to increase the re'j..iired system BPF 

bandwidth, and the affect of square-law detection on the s~m of signals 

Teturned from an extended target is to produce unwanted low-frequency components 

which appear as distortion at the system output. Thus, for the system postu­

lated in this section, the effect of receiving signals from extended targets 

may complicate the system design considerably, especially because the system's 

geometry may not be accurately specified and worst-case conditions would have 

to be considered. 
64 
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We have considered the return from a thin strip, whereas in actuality th2 

return will be the result of a three-dimensional target (if roughness is 

included), and the problem of determining the exact returned signal becomes 

exceedingly complex. The analysis carried out in this section will give the 

reader at least a feel for the practical problem. 
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SECTION VIII 

SUMMARY AND CONCLUSIONS 

A method for determining the signed diE.1tortion caused by a moving antenna 

has been exhibited. Ideal conditions of reflecting surface and vehicle 

geometry were assumed. The effect of the reflected signal on an FM receiver 

was determined. We saw that, because ~f the nonl inear properties in the 

receiver and the signal spreading caused by a finite antenn~ beam width, the 

final decision voltage wouid be distorted. 

Numerical results f.or the A(t) amplitude spectrum and vdoci t) spreading 

were obtained for various geometrical conditions. 

The assumption of an ideal reflecting surface he.s allowed us to ignore the 

change in radar cross eection, a, as a function of angle of incidence. Theo 

for a random surface may be found to vary .significantly with angle of incidence. 

Thia phenomenon would cause the received amplitude to vary accordingly. 

The numerical results obtained in section VI ha,,e shown that the spectrum 

spreadin~ caused by the rate of increase of received amplitude is tl.'eater for 

higher velocities and lower terminal dtitudes (although the degree of Eipreading 

was found to be small). We have alao seen that the Doppler spreading du,? to a 

finih beam width depr·~1ds on path angle and beamwidth. The Doppler shift could 

be both positive and negative for a particular geometry. 

The analysis of an™ 1:eceiver in section VII showed that the final decision 

amplitude will be distorted due to the sillnal spreading caused by considering 

the return signal from many points on the reflecting surface. Distortion caused 

by range-amplitude modula~ion was found to be small (based on the numerical 

results of ~ection VI). 

Based on the results of this report, it would appear that a theoretical 

and experimental program based on the electromagnetic theory of propagation 

'Would be desirable i.n order to verify the results presented here. 
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APPENDIX I 

A SOLUTION FOR TOTAL TRANSMISSION DELAY 

AND ITS EFFECT ON A TRANSMITTED SPECTRUM 

In this appendix we shall show the effect of vehicle motion on a transmitted 

signal spectrum. The exact expression for signal delay to and from the t.uget 

will first be derived, then, using Laplace tran.sform techr:.iques ., t he received 

spectrum will be obtained. 

Consider a vehicle A (figure 27) traveling at a 'l.•talocity V from the point 

At an altitude R'(t) the vehicle trans­
o R toward the reflecting plane at O. 

0 

mj ts a signal which propaga tei; at a veloci t y c toward the origin O. Tht: time 

that it will take the signal to arrive at O is 

R I ( t ) 
(105) t' • 0 

j' 

Ro@t =o 
C 

A 
. -V 

Ro( t) 
,I, 

d .. 

I I 

..... <. 
C 

. ... 
I IC 

0 REFLECTING 
SURFACE 

Figure 27 . Geometry Used in Calculatin!t Total Delay 
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The signal is then r,eflected from the conducting surface back to the vehicle. 

The problem will be to find the exact receiving point when A has c:mtinued at 

~elocity V after having transmitted the signal. 

While 'th~ signal travels toward O, the vehicle travels a distance 

R' (t) y 
0 C 

(106) 

and is at the point 

at tile instant the signal is reflected from O. The signal then travels a 

distance 

d • ct" 

and the •ehlcle travels to the point 

equating dt,stao.ces (equations (107) and (108)), we ,obtain 

,ct" ,. R~ (t) (1 - ~ )- Vt
11 

or 
V 1--

t" • R' (t) . c 
o V +·c 

(107) 

(108) 

(109) 

(110) 

'the total 'time for the signal to travel fr,om the vehicle to O and ba,ck is 

o'r from equations (105) and (110) 
V 

R'(t) 1--
t • ..£.__ + R1 Ct) C 
d C O V + C 
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and substituting 

R'(t)=R -Vt 
0 ,o 

into equation (112), we obtain 

2R 
o 2V 

td. V + C - V +Ct 

where t • 0 when the vehicle is at R. 
0 

1•1 ' 

(113) 

(114) 

Therefore, if the transmitted signal :'.s St (t), an obsener at O would see 

a delayed version of St(t): 

s (t). s (t - t') 
0 t 

(11:5) 

and the observer A will, after reflection, see the signal 

or from equation (112) 

( 
2R 2V ') 

s (t) "'S I t - ___£_ + - t 
r t V+c V+c . 

(117) 

Rearranging equation (117), we obtain 

(118) 

Usually we can ass\Dlle that ,c » V and equation (11:8) becomes 

(119) 

2R 
where 'J.V ls a time compression and --2 is a time delay. 

C C 
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Frequency Analysis 

Assuming 

the Laplace t~ansorm of S (t) is r 

.t 
0 

S (t) e-8t dt 
it' 

Substituting equat:Lon (1119) into ,equation (120), we obtain 

Let 

and 

t hen 

,a= 

2R 
0 

b•­c 

t(t) • at - b 

dt • adt 

Eq~ation (l.20 may now be written as 

10 

(120) 

(122} 
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or 

whli.ch beoames 

oiI' !iln temns of F
1

t (s) 

b 

• ~ (s) • - e a F !. 1 -El""" ( ) 
r a t a , 

lris 
Ft(s) • !:.-.. F (as) ,a r 

The ampH:tu1\e specitr:um is gi iven bw 

and the pbas,e spectl1U111 by 

2iR 
1(!) 

Hw) • - w 
IC 

I
F (w)I • ll, w « w < wbl t Lo - -

7!i. 

11·1 

(11.24~ 

(1.29:~ 

I 

II, 
' II 

(t:10:) 
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with phase 

!Hw)I 
2R 

0 =- (J) 

C 

(131) 

The amplitude and phase spect·cums are shown in figures 28 and 29. The ampli­

t~de spectrum is seen to be reduced and stretched by the factor 1 + zv, i.e., 
C 

the higher frequencies are shifted by a greater amount than the lower frequencies. 

The phase shift increases linearly with frequency. 

72 



J 

. 

.. 

I I I 1,11 I " 'I II I 11 11. 

AFWL-TR-67-147 

1 
I 

w 
,Lo 

f F,(w)J 
"'h' I I 

I I 
I I 
I I 
I I I 
I a I 
I 
I 
I 
I 
• - w 

awLo ow hi 

Figure 28. Amplitude Spectrum for Transmitted and received Signals 

Figure 29. Received Signal Phase Spectrum 
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APPENDIX II 

GEOMETRICAL INTERPRETATION OF THE DOPPLER FREQUENCY 

The Doppler frequency shift is a phenomenon associated with the relative 

velocity of the transmitter with respect to the target. A surface of constant 

velocity vectors con be associated with the antenna motion. This surface of 

constant velocity vectors forms a cone with the antenna as the vertex and the 

flight path the axis. The constant velocity cone is a right circular cone. Of 

particular interest are the lines of constant Doppler formed by the intersection 

of the velocity cone and the reflecting surface. These intersections will, in 

general, be conical sections, i.e., ellipses, parabolas, and hyperbolas. The 

particular conic. that is formed will depend on various critical angles such as 

flight path angle, antenna beam width and angle of incidence. 

In this study we have ass\lJled that the antenna beam is oriented such that 

the straight line between the antenna and the flat reflecting surface is 

perpendicular to the surface and forms the axis of the conical radiation 

pattern. For this derivation we shall also assume that the antenna is 

stationR.ry. 

The geometry is shown in figure 30. The antenna path is directed from 

point V to point I. The beam.width is 26 and the flight path angle is y. The 

origin of the coordinate system is chosen on the surface at the point O directly 

beneath the antenna. 

Let tt,e point P(p,8) be any point within the illuminated area on the 

surface for 

and 

0 < p < p 
- - max 

1T 1T 
--<8 < +-

2- - 2 

(132) 

(133) 

These limits for p and e are due to the symmet y ab()ut the Y - Z plane (the 

flight path is in the Y - Z plane). 

The angle of ind.dence 6 will be limited by 

6 <6<!. 
min - - 2 

(134) 
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Figure 30. Antenna Geometry for Computing Velocity Components 
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while p is the distance from the oriitin to any point P (p, 0) in the illuminated 

area. The angle$ will serve to define the velocity cone angle and is a 

function of e, p, and 6. 

It is clear that the velocity component of the antenna velocity, relative 

to the reflecting surface, in the direction P(p, 0) is required to determine 

the limit~ of Doppler within the illuminated area. 

In general,, at a particular altitude h, the velocity at any point P will 

be a function of p, e, and 6. 

The velocity, V(p,0,6), may now be written in terms of ~(p,0,6) as 

v ( p , e , o) ... I v I cos [ HP , e, o)] 

From figure 30 the line segment Pl can be found by using the law of 

cosines for triangle PIO. 

Pl2 • p2 + D2 - 2pD cos (90° - 0) 
y 

Pl may also be found by writing the law of cosines for triangle PIV. 

2 
Pi2 ... [D(p,o)] + n2 - 2D(p,o) n cos (${p,0,o)] 

setting these two equations equal to each other, we have 

From figure 30 

we also have that 

p2 + D2 - 2pD cos (90° - 0) 
y y 

2 
= [D(p,6)] + D2 - 2D(p,6) D cos [$(p,0,6)) 

D = h cot y (a constant) 
y 

D = h csc y (a constant) 

D(p,6) = p sec 6 (a variable) 

cos (90° - 8) = sin 0 

combining equations (138), (139), (140), (141), (142), we obtain 
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sin y 
cos ¢(p, 0,6) = (h + p cot y sin 0) ;::.=== 

Vh2 + p2 

This equation does not depend on 6 directly and 

cos ¢(p, 0) = sin Y (h + p cot y sin 0) 
Vh2 + p2 

or rather than equation (143), we may write 

cos ¢ (0,6) = sin y sin o +cos y cos o sin 0 

From equations (135), (143), and (144), we obtain 

V(p,0) = lvl ( h sin y + p cosy sine ) 
V h2 + p2 V h2 + p2 

or in terms of e and o 

(143) 

(144) 

(145) 

V(e,o) = lvl (sin y sin o +cosy cos o sin 0) (146) 

From equation (146), it can be seen that for a vertical flight path (y = n/2) 

V(0,o) • lvl sin 6 

which depends only on 6 and the lines of constant velocity become circles. 

For O < y < n/2, the lines of constant velocity on the surface will be in the 

form of ellipses (figure 31), 

From equations (145) and (146), the velocity to any point on the surface 

may be found. Equation (146) shows that in general the velocity to any point 

depends on the angle e, the angle of incidence o, and the flight path angle y, 
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Figure 31. Lines of Constant Velocity for Nonvertical Flight Path 
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The Doppler frequency shift at any point is then i iven by 

2V( 8,6) 
f / 0, 6) = C fC (147) 

where c is the velocity of propagation of the signal and f is the carrier 
C 

frequency. Equation (147) may be written as 

th for the Doppler shift due to the velocity component to the i point on the 

reflecting surface. 
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