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SOME STUDIES OF WHISTLER INSTABILITY
by
F, W. Crawford, J, C, Lee and J, A, Tataronis

Institute for Plasma Research
Stanford University
Stanford, California

ABSTRACT

This paper treats the instability excited when a transverse electro~
magnetic plasma wave, propagating in the right-hand polarized (whistler)
mode parallel to a uniform magnetic field, interacts with a stream of
monoenergetic gyrating electrons, The objectives of the work are two-
fold, first to obtain numerical estimates of the growth rates for various
parameters, and second to identify the instabilities as being either sab-
solute or convective,  The régults show that if the background plasma
temperature is zero, absolute instability, i.e, temporal growth, always
occurs, This instability may be quenched either by collisions or nonzero
electron temperature in the background plasma, leaving a convective insta-
bility, i.,e. spatial amplification, The absolute instability can also
be quenched by introducing a longitudinal energy spread in the beam,
Even‘uhen whistler growth is predicted theoretically, it may not be
observable in practice, due to the presence of competing instabilities,
Two of these are treated in the paper: perpendicularly propagating

cyclotron harmonic waves, and longitudinal beam/plasma interaction,
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1. [INTROIUCTION

¥histler tnstability is of interest in sress an widely seperated ase
magnetospheric physics, thermonuclesr fusion, and microxave Leam plasas
amplification, There are consequently meny descriptions of 1t to be
found in the literature, written from differing potnts of viex, and
covering numerous special cherged periicle velocity dlatrlbutlnnu.l-l
In this paper, we present resulis of an extensive series of computations
on variations of the basic case of a gyrating electron beam interscting
with a cold background plasma Only propegation parallel to the magnetic
field will be considered, A particular feature of the work, lacking fronm
most previous studies, is a detailed stability wsnalysis to determine
whether the instabilities are such es to give wave growth in space (ccn-

13,14

vective) or time (absolute), In addition, potential competing
instabilities have been examined so that their growth rates can be com-
pared with that in the whistler mode for the same parameters,

The plan of the paper is as follows, 1In Section 2, we present the
dispersion relation for a Maxwellian plasma penetrated by an electron
beam with both longitudinal and transverse energy spread, Numerical
solutions for several limiting cases of this dispersion relation are
examined in Section 3 for real wave-number and complex frequency, and
predict the occurrence of instability, The nature of this instability
is discussed in Section 4, where it is shown that in some parameter
ranges temporal wave growth occurs, and in others spatial growth, Com-
peting instabilities are treated in Section 5, and the paper concludes
with a brief discussion of the results and their implications in

Section 6,



5 BAR IC DISFIRR JUN RELAT JUNe

188 vhatl Yollows, Yhe wBhiatic nusde e deljbed se & 7ighl hesd poiers
1evgd clectrunaghetic nagnctoplasns veve plupegelleag s wep L -2
paraliec]l to the static naghelic ficld vidlh pheaee sefow iy £ &) &
sthere ¢ e the specd of  Jlght and VZ 1 vhere e Hhe

LY £

clectron gyrofrequency., Jt vill be agsumed thet «’ ie Bigh emowgh
for ton sotions to be lgnored, Tre anaiysle of plecns vase propsgstios
is now highly developod, and aer far as Infinlte hofogeteous pisense im
mersed in 8 constant magnetic ficld are concerfed, the derlvation of djes
persion relations has been sediced to the nechaniceal process of subsitite
ting sBteady-state veloctlty dist-ibutions for the charged particler inlo
a standard expression derived by cosbinling 'he collislonless Bollznann
equation with Maxwell's equations, For the wvhistler, the gencrallrsed

|
dispersion relation is given byl‘)’16

+x oo
- 2 2 2 :2 : 2
D(w,k) = ck -w + wp / dVI f dv1 21(\"(0(\«'.\~‘)
-0 0
W - kv“ k2 Vf
X T ey = + 2 = 0 . (1)

In this expression, the summation is taken over all beam and plasma
electron components; wp is the plasma frequency; fo(v“,vx) is the
steady state velocity distribution, and v“ and v.L are the components
of the velocity vector parallel and perpendicular to the magnetic field,
respectively, Equation (1) is defined for wi < 0, For wi >0, its
analytic continuation must be used, Here subscript i denotes the
imaginary component of WwWE W, + iwi) .

We now specialize Eq. (1) to the case of stationary plasma with an

isotropic Maxwellian electron velocity distribution, fp(v“,vl) and a

stream of gyrating electrons with velocity distribution, fb(vl,v“ - VOH) H
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3. NUMERICAL SOLUTIONS OF THE DISIPERSION RELATION

Whistler stability can be determined by solving the dispersion rela-
tion for w complex and k real. In particular, wave growth occurs if
the imaginary part, ml(k) < 0. In this section, we shall examine some
special cuses, The type of instability concerned will be characterized

in Section 4,

3.1 Zero Plasma and Beam Tempceratures,

As v, ,vll ~ 0, Eq. (4) reduces to a form first derived by Bell

and Buncman,

w-kv K™ < v >
2
P, u o . t— = o . @

w=-w b -kv 2
WW Ky 2 W-w-kv,, )

D(w,k) & c2k2 - w2 +

These authors analyzed Eq. (8) in the weak beam limit [(wbﬁuc) - 0]
with o - kvoﬂ:a w, - This implies that the gyrating beam electrons
‘see’' the whistler frequency, w , Doppler-shifted up to cyclotron
resonanc? at wc , and may excite instability. As our numerical results
will show, unstable waves are excited with essentially constant growth
rate, over a very broad spectrum of frequency.

The way in which the interaction occurs is illustrated in Fig, 1,
Figure 1(a) shows the uncoupled whistler, and the line along which the
Doppler-shifted frequency (w-k VO“) equals wc . Since w < wc , 1t
should be noted that vOu < 0, i,e.,, the beam is directed opposite to
the directionof propagation of the wave, Figure 1(b) illustrates the
coupled modes in the abseuce of beam transverse energy. As Kk — o the
upper branch approaches w, while the lower approaches the beam line,
Note particularly that « 18 real for all k real, This implies that
no instability is excited, and agrees with the conclusion of Neufeld
and Wrightl for these conditions, Figure 1(c) illustrates the effect

of beam transverse energy. There exists a value of k below which

is real, and above which w 1s complex, AsSs k-~ o , W w, o+ nui)



tends to

(9)

If k 1is real, there must be a pair of conjugate complex roots, The
branch with wy > 0 corresponds to decay, and is of no interest,

For the parameters of Fig. 1, the maximum growth rate is
(wi/wc) ~ 0.019 corresponding to a temporal growth rate of 1,1 dB/
cyclotron period, The corresponding wr and k are in the vicinity of
the intersection of the two modes shown in Fig, 1(a). Physically, it
might be expected that the most unstable waves would occur near that
intersection since it is there that the gyrating beam electrons see the
whistler propagating in the background plasma Doppler-shifted up to wc 5
On the other hand, the gain is only slightly lower well away from the
coupling region, where the background plasma plays no role, This insta-
bility of the beam alone has been stulied in detail by Bers, et a1.8,
using full relativistic theory.

3.2 Nonzero Plasma Temperature, Zero Beam Temperature,

For the case of vt“ = 0, Eq. (4) reduces to

(ZUJ
2.2 v

2 p
ck -w S V- ZE€ )
21 2kvt 0

D{w, k)

w - kv k2 < v2 >
2 Oy L _
+ oWy e o v + 2 = 0 ., (10)
c o) 2w - w, - kvOn)

Figure 2 shows the effect of nonzero electron temperature on the unstable
mode of Fig, 1(c). Even for (vt/c) = 0,02, corresponding to a tempera-
ture of 102 eV, there is virtually no effect on the growth rate, Further

computations show that even for (vt/c) = 0,05, the maximum growth rate

-7 -



]
:
3

e

is reduced by less than 10 percent below its value for v = 0 . The
implication is that in considering the instability, the plasma tempera-
ture can generally be ignored,

The physical reason for this can be made apparent by considering an
alternative electron velocity distribution which happens to give a simple

algebraic dispersion relation, Consider the resonance distribution,

2
f (v v) = = (a/g ) 55 ] (11)
(v“ +v, +a )

We then obtain an expression similar to Eq. (8) but with (w - wc) in
the plasma term replaced by (w - w, - ika).14 It is clear that thermal
effects can be ignored if !w - wcl >> Ikal , 1.,e., if the intersection
point between the beam line and the whistler dispersion curve is below
the region where the whistler alone would be strongly cyclotron damped,

It is interesting to note that by the nature of the modification
made to the dispersion relation for the case of a resonance distribution,
there are no solutions with @ and k real simultaneously, We may
easily demonstrate that this is also true for the Maxwellian, In Eq. (10),
assume (¢ and k real, and set the real and imaginary parts equal zero,

With use of Eq. (6), this yields

2 Y
w w - W,

0 = 7—21 2kv expq- "7—_21 2kv B (12)
t t

For wp yow, vy and k finite and nonzero, Eq. (12) cannot be sat-
isfied., This is an important result, It implies that each mode of
propagation is composed of waves that either all grow, or all decay, in
time, Hence, if for some value of Ve it can be established that a
mode has growing waves, then we can conclude that every wave in that
mode must grow with time, and that this cannot be changed by varying

the temperature of the background plasma,



3.3 Zero Plasma Temperature., Nonzero Beam Temperature,

We may consider two cases here separately, First is that of a spread
in the beam transverse energy alone. It is clear from Eq. (4) that the
details of this are unimportant, since only <vf> appears, Physically,
this is simply a statement that all of the beam electrons see the same
Doppler-shifted frequency (w - kv0") , which depends only on vO ,

I
and can give up their transverse energy to the cyclotron resonance. This

is not so for the second case: that of a spread in VOH . Under these
conditions, and with vt = 0, we have as the appropriate limiting form
of Eq. (4),
2 2
W w w <v >
= 2 2 2 P 2 (o] L ’

D(w,k) = ck” - 0 4+ —— + W 1——77——-u§)+————z €) = 0

W UJc L 21 2kvt" 4vill

(13)

Figure 3 shows the dispersion characteristics of the unstable mode

as varies. It will be seen that the growth rate is very sensi-

\
tive tg this quantity, The instability is essentially quenched when
(vt"/c) = 0,0045, which corresponds to a temperature of only 5.2 eV
compared with the beam energy of 640 eV,

It will be observed from Fig, 3 that there is a value of Kk , for
any given (vt”/c) , above which the wave is damped, This value can be
estimated as follows, Assume  and k real, substitute from Eq., (6)

in Eq. (13), and then separate real and imaginary parts, This yields,

2
w_w
- 1-2 - 2.2 _ 2 p - el =
w kvOI + ( ” w 0 , k'ec w  + e wC + (1 7an o ,

(14)

where y = (<vf>/2vi“) , and Eq. (7) has been used. Equation (14) is
only cubic in k , and can easily be solved to determine the critical

value at which wy = 0



4, INSTABILITY CLASSIFICATION

In Section 2, we have been considering waves propagating as
exp i[n(k)t - kz] with k real and (k) satisfying the dispersion
relation. For wi < 0 the plasma is unstable and, at first sight, no
steady-state conditions appear possible. It was pointed out several
years ago by Sturrock18 that there are actually two distinct types of
instability, This distinction becomes apparent only after a spectrum
of waves is superimposed by inversion of their Fourier and Laplace

transforms, This inversion can be written in the form

Az,t) = f-g‘—:’TJ’ -‘z’l; A(,k) exp 1(wt - kz) | (15)
c

where A(wn,k) 1s the spectral amplitude of the corresponding wave, and
C 1is the Laplace contour in the lower half complex w-plane, parallel
to the real axis and below all singularities of the integrand.

As t - o, Eq. (15) may describe one of the two forms shown in
Fig. 4. The pulse disturbance may grow in time at every point in space,
or it may propagate away while growing in time, eventually leaving the
plasma at any given point quiescent, The former instability is termed
"absolute”, while the latter is termed "convective". The importance of
making the distinction now becomes clear, If the instability is convec-
tive, it should be possible to excite propagating waves having real
and complex k , i,e,, growing in space away from the source, If the
instability is absolute, there will be growth from noise until a satur-
ation condition is reached everywhere, for which the small-signal theory
breaks down,

This section will be devoted to a study of the whistler instabilities
already introduced in Section II to determine their nature. To do so,
we will use the now well-established method described by Derfler,13 and
by Briggs,l4 which consists of mapping the lower half of the complex
w-plane onto the complex k-plane by use of the dispersion relation. The

stability criterion then states that an absolute instability is present

- 10 -
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if a saddle-point is formed in the k-plane by the merging of two roots
of the dispersion relation which come from opposite sides of the real

axis, If, in the limit, as the imaginary part of @ tends to 0 - , a
root crosses the real k-axis without forming a saddle-point, the insta-

bility is said to be convective,

4,1 Zero Plasma and Beam Temperatures.

This procedure has been carried out for Eq. (8), and typical results
are given in Fig. 5(a). It will be seen that, for the parameters chosen,
a saddle-point is located at (kcﬂnc) = 7.29-i0,31. The corresponding
branch-point in the -plane is located at (ws/wc) = 0.598-10.062. The
growth rate of the absolute instability is given by -(ws)i which corres-
ponds to a gain of 3.4 dB/cyclotron period.

The locus of the branch-point is indicated in Fig, 6 as a function
of the beam velocity and its transverse speed, and in Fig, 7(a) as a
function of beam density Qniﬁni) . Figure 7(b) shows the locus of the
saddle-point in the k-plane as a function of beam density. These dia-

grams were obtained by solving numerically the simultaneous equations

AD(w, k) -0

D(UJ,k) = 0 ’ A K ’

(16)
where D(w,k) 1is as given in Eq. (8). Note that the second part of

Eq. (16) is equivalent to (Aw/Ak) = O . Hence the roots of Eq. (16)
are the positions of the saddle-points in the k-plane, and the corres-
ponding branch-points in the w-plane,

The curves in Fig. 5 show that, for a given v the growth rate

of the absolute instability can be lowered by decreasing <vl . On

the other hand, for a given <vf>1/2 , the growth rate tends to increase

as vOu - 0, reaches a maximum, and then approaches a non-zero limit
for vo. = 0 , Figure 7 shows that there i8 an optimum value of
(wiﬁnz) , hnear 0.2, which maximizes -”1 , but that -k1 increases

with increasing cuiﬁui) over the range examined,
We now wish to investigate conditions under which the absolute
instability is quenched, to establish whether a convective instability

persists, Two possible mechanisms for quenching the absolute instability

- 11 -



will be considered: collisions, and non-zero plasma electron tempera-

ture,

4.2 Effect of Collisions,

Electron-neutral momentum transfer collisions occurring with fre-
quency Vv can be accounted for by including a collision term in the
Boltzmann equation for the plasma electrons, The only modification
made to Eq. (8) is that (w - wc) in the plasma term changes to
W - iv —wc)

The locus of the branch-point as v and <v2.>1/2 vary is shown
in Fig. 8(a). It will be seen that, for the parameters chosen, for
(xv2> /z/c) = 0.025, the branch-point crosses the real ( axis when
(vﬁnc) = 0.033. For higher collision frequencies, the absolute insta-
bility is not present since (ws)i > 0 . There is, however, a convec-
tive instability, as the k-plane plot of Fig. ©5(b) for this case indi-
cates, For the remaining two values of (<vf>1/2/c) in Fig. 8(a), very
high collision frequencies would be required to stabilize the absolute
instability,

It is interesting to examine how collisions modify the dispersion
characteristics. Figyre 8(b) illus:rates this for the parameters of
Fig, 5(b). There is a weak maximum in ki , near the coupling point
between the beam line and the plasma mode, corresponding to a growth

rate of a few dB/wavelength.

4,3 Effect of Plasma Temperature,

This may be understood most simply by choosing for the plasma elec-
tron velocity distribution a judicious approximation to the Maxwellian,
We shall again assume the resonance distribution of Eq. (11), so that
the dispersion relation is given by Eq. (8) with the denominator of the
plasma term changed from (p - wc) to @ - ika - wc) . The treatment
is then similar to that for collisions,

By making (n/c) sufficiently large, the absolute instability can
be eliminated, and a convective instability can bg uncovered., For
example, for the parameters of Fig. 8 and (<vf\1 2”c) = 0,025, the

critical thermal velocity to quench the absolute instability is piven

- 12 -



is given by (a/c) = 0.0045. The spatial growth rates are then compar-
able to those indicated in Fig. 8(b).

Computations for the Maxwellian distribution have been made using
Eq. (10). The results are shown in Fig. 9. They illustrate that tem~
peratures above 100 eV are necessary to stabilize the absolute insta-
bility for (<vf>1/2/c) > 0.025. When the absolute instability is

stabilized, a weak convective instability remains,

4.4 Effect of Beam Temperature,

It was pointed out in Section 3.3 that only a small longitudinal
beam temperature is necessary to stabilize the absolute instability,
Figure 10 has been computed from Eq. (13) and shows the branch-point
locus for three beam transverse energies, The ratio [vf /<vf>]
required for stabilization is approximately 0,04 in all tﬂree cases,
For thermal energies in excess of this, there is weak convective insta-

bility, as in the previous cases.




5. COMPETING INSTABILITIES

In addition to the whistler instability which may be excited by a
gyrating electron beam, at least two longitudinal wave instabilities
may be excited. The first is in the cyclotron harmonic wave (CHW) mode,
and needs only a nonzero transverse component of beam energy, The second
is a beam/plasma interaction parallel to the magnetic field, ard needs
only a longitudinal component of beam energy. In this section we shall

consider the growth characteristics of these two modes,

5.1 Cyclotron Harmonic Waves (kl = 0).
|

1
These waves are described by the dispersion relation Pk

;2) = H (v”)
1+Zk2+k Z f ||w-kv-m)=o (wi<0)
il 1l nN=-o I
® n  of of k v _
H(V)=21tf dv _c_a_O k a_O J2 =2}y . (17)
n'y 0 L\ v, v, i v|l n\ w, L

where k.L and k” (= k in previous rections) are the components of
the wave vector perpendicular and parallel to the magnetic field, re-
spectively, and the first summation in Eq. (17) extends over all charged
particle species present, For k.L = 0, Eq, (17) describes electrostatic
wave propagation with no effects due to the static magnetic field, For

k" = 0, we obtain

2 o 2
w w of k v
p c 1 %o affs
1 '2'5 z an(k-l-) =0, s (k) edevv dv Jn < N A
w k L L c
C N=-o 4
(1%8)

for which numerous solutions have been obtained, Here we shall consider

two distributions: The Maxwellian, and the ring distribution given by

W

fo(vyr) = (v, =) 800 vy ) f2nvg, , (Rig) . (19)
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For the Maxwellian, the dispersion relation is

o, " o , (20)

O’\)l‘u’\)

i exp(- k) I (}) nw

N=-m

where )\ has been written for (klvt/wc)z, and In is & modified Bessel
function of the first kind, Figure 11 shows the dispersion characteris-
tics described by Eq. (20). For a specified value of (wi/wi), propagat-
ing branches lie between successive cyclotron harmonics, and there is a
real « solution for any real kl, i.e. the distribution is stable,

More generally, if (afo/afi) < 0, for all v, >0, this is always

true., The ring distribution is an example for which thit is not satig-

fied., It has the dispersion relation,

o = dI” (u)
N (p nw kivoy

—2' ©= Yll) =0 ’ M= ® . (21)
C N==-0 ¢

Figure 12 shows the numerical solution for w(k ) for two values of
(wz/wi). If this parameter is relative small, each propagating branch
undulates about a harmonic of W, . As Qngﬂni) increases, two successive
branches can couple, leading to regio?s in the dispersion characteristics

where the « 1is complex for real k and instability is present, The

)
imaginary frequency components can b:come very strong indeed, For example,
in Fig, 12 (wi/wc) is of order unity, and growth rates of the order of
50 dB/cyclotron period are implied, This figure is to be compared with
the more modest growth rates of about 1 dB/cyclotron period found for
the whistler instability,

To compare electrostatic instabilities of perpendicularly propa-
gating ChW, and the electromagnetic instabilities of the Wwhistler mode,
we shall consider a plasma containing a fraction, ¢ , @f the electrons in a
Maxwellian distribution, and the remaining fraction (1-0) in a ring

electron velocity distribution, This system has the dispersion relation,

- 15 -




2 +00 20

w exp(-M)I_(O) nw a2 ) m
Pl n c 1 n c
1 -—=]a = + (1-a) — 0
2 A W= VR« T w -
W, c c

n=-o00 N==00

(22)

where we note that in this subsection only wi refers to the total clec-
tron density (wi + wi) elsewhere,

Figure 12 shows the threshold conditions for instability in the
first four frequency bands obtained numerically from Eq. (22). When
= 0, all electrons are in the ring group, instability first occurs
in the passband 2 < w < 3w, for (miﬂyz) = 6.62. In the passbands
0 W< W, » Wy <w < 2mc and 3mc < < 4nc , t;e ;hreshold condi-
tions for instability occur , respectively, at «up/wc) = 17.02, 6.81,
and 6.94 . As ( 1increases, the threshold conlitions become strongly
dependent on the velocity ratio (vol/vt) . Indeed, in some cases, the
threshold condition may be lowered if (VOL/vt) is sufficiently large.
Figures 13(b) and 13(c) show that instabiiity is predicted for values
of Qyiﬁyi) that correspond to stability when the electrons are exclur
sively in the ring group. This also has the effect of increasing the
maximum attainable growth rate of the instability in a given frequency
band. This is clearly illustrated in Fig. 14 where the maximum value
of (wiﬁyc) is plotted as a function of ¢ . It will be seen that the
growth rate of instabilities associated with the ring distribution alone
can be increased by adding io that distribution a group of Maxwellian
electrons.

These results suggest that CHW instabilities might compete strongly
with the whistler instability, Th electrostatic instability will not
dominate, however, when o~ 1 , corresponding to a weak beam passing
through a plasma, Figure 13 indicates that for o=~ 1, 1t is only
when v0¢ >> Ve that instability can be excited, and then only for a
very narrow band of (wiﬁni) . For the parameter values used in the
whistler computations: «ng + w%)ﬂni =26, = 0.96 , (vt/c) = 0,02
and (voi/c) = 0,025 , we have (VOL/vt) = 1,25, which is well within
the stable region of the diagrams shown in Fig. 13. An additional
factor is that the CHW growth depends strongly on f(vl) , whereas the

- 16 -
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It is readily established that Z #0 if w and k are finite and
1 ]

nonzero, Hence, we conclude from Eq., (26) that

m2 wz
, = L e ‘
W k“\OH = 0 , 1 wz + > 5 = o . (27)
ton

Equation (27) determines k" at which ¢ 1is just real, We have

UJ2 w2
2 p b
kK2 = el g (28)
] v2 v2
0y ty
2
From Eq. (26) we see that if v < (w. /)| v , k < 0, imply-
l tul ' l{(”pl O||| il

ing that the critical wave-number is purely imaginary, This violates
our initial assumption that both k and w are real, Hence, when
this inequality is satisfied, all wgves with k > 0 must have
complex, We know that if vt“ =;l, then ther! "Xists one mode of pro-
pagation which has growing waves, 1If vt“ > 0, but within the limits
specified by the inequality, every wave belonging to that mode will have

a complex frequency with wy < 0, and will grow with time, The situ-

. 2
y > i
ation changes if I\ ||| leﬂ vCil' , s5ince now k“ >0, as defined

by Eq. (27). Hence, there is one positive value of k at which
is real, !

When the results obtained here are compared with the instability
thre i0ld conditions of the whistler mode in the same beam/plasma model,
there appears to be almost an inverse relationship between the two
cases, For example, when the beam velocity has a thermal spread and
the background plasma is cold, waves with large k are heavily damped
by a relatively small beam temperature, Only waveg with small k can
grow in time, but the growth rate is almost zero, For the electrgstatic
waves, it appears that waves with small k“ are the first to be damped,

but only if the thermal speed of the beam elecirons exceeds a critical

- 18 -



number defined by |vc”| =(qu8| voI| | . For smaller thermal speeds,

all waves in the mode grow with time. 1In the whistler instability
studies, we used (wi/wi) = 25 | ('ui/wi) =1, and (\'Ou/c) =~ 0.05
With these values we obtain 'vcul = 0,01c, which exceeds the thermal
speed of 0.004c that was found to be needed to reduce the growth rate
of the whistler instability very significantly,

Finally, we consider the case where the background plasma is hot
and the parallel beam temperature is zero, The dispersion relation for

this case is

2 r 2
wp i W ( ] wb
1l + ll + Z - —se =0,
2 .2 1/2 1/2 ) 2
vt k“ 2 vtk“ 2 vtk|| (w-vouk“)

(29)
Assuming ®w and k“ real, and setting the real and imaginary parts of

Eq. (29) equal to zero,yields

(1)2 102
P 1) W b
1l + 1+ / - — = 0
2 2 1/2 ( 1/2 ) 2 '
v k 2 v, k 2 v k W=~ v. k
ty ty ty Oy 1?
2
W
p W [0
VA = 0 . (30)
2 2( 1/2 ) ( 1/2 )
vt k“ 2 vtk“ 2 vtk“ i

Since 7, # 0 if w 4s non-zero and k“ is finite, Eq. (29) cannot
be satisfied, Hence, there are no solutions of Eq. (29) where both
and k“ are real, The implication of this result is that the insta-
bility cannot be quenched simply by increasing the electron temperature
_in the background plasma. It will be recalled from Section 3.2 that the
whistler instability also has this property.

If the plasma temperature tends to zero, Eq. (30) reduces to the

usual cold beam/plasma interaction expression which predicts an infinite

- 19 -



convective growth rate at the plasma frequoncy.lq Provided the beam
velocity exceeds the plasma thermal velocity by an order of megnitude,

Eq, (30) will predict growth rates typically of many tens of dB/wave-
length for the parameters used in our whistler calculations.2 el

To demonstrate this, we replace Eq, (29) by the approximate expression

2 &2

1 --7 p22' > - (31)
w - 2 .

W kove (w VJ"k“)

solutions for which have been given elsewhere.21 Equation (31) mey be

solved for (kui/k r) small to give
i

2\l/3 2/3
k“rc (up/mc) kuic (w /uk) wy V5l
~ ’ moh —E—={Z) | =) (32)
“e fv. /c) “e (v, /¢) " Yt
Oy Oy P

as the conditions for maximum growth, For our usual parameters, Eq, (32)
gives (k"rc/wc) s 100, (k“icﬁxc) w~ 15 (VO"/Vt)2/3' The growth rate is
enormously greater than for the convective whistler instabilities (see

for example Figs, 7(b), and 8(b)). It may be argued that since this
maximum growth occurs for w stp, the growth should actually be computed
for @uﬂnc) < 1 for a strict comparison, This is not so, since the
beam/plasma growth will certainly dominate the situstion, and ultimately
spread the beam velocity, This makes the validity of the whistler

computations somewhat hypothetical,
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©. DISCUSSION

The computetions presented in Sections 3 end L indicete that gyrating
eleciron besms can excite weakly growing sbsolute instsbilities in the
whistler mode, These cen be quenched by high collision frequencies or
electron tempersture in the background plasma, or by a smell longitudinal
besm tempersture, A wesk convective instability remeins, Section 5
indicates that, for the same peremeters, strong longitudinal beam/plasma
intersction can be obtainerd, but growth in perpendicularly propagating
CHW is probsbly negligible. We may now consider these results in rela-
tion to laborstory end space plasmas, First, as far as fusion study
machines with beam injection are concerned, it seems likely that the
longitudinal wave instabilities will be most important, It should also
be remarked that a more common instability in such applications is
probably thet appropriate to the loss-cone electron velocity distribution,
This distribution is formed through loss of particles from the ends of
magnetic mirror mechines, It is also subject to longitudinal wave
1nstabilities.22 From the point of view of devices, it is strongly
implied that whistler amplification is too weak for use in wnicrowave
beam/plesme amplifiers competitive v'ith currently available devices,

Finally, we consider the magnetosphere, for which whistler growth
mechanisms have long been postulated to explain phenomena such as VLF
emissions, and very long multiple-hop whistler trains,23’2u In such
special regions as the bow shock, where u stream of charged particles
impinges on the earth's magnetic field, there may well be a gyrating
beam type distribution, Elsewhere, the distribution is more likely that
of a high energy loss-cone distribution interacting with a dense back-
ground of zffectively cold plasma.g"]'2 This specific distribution re-
quires more intensive study than it has received so far to cover the two
important points emphasized in our treatment here: determination of the
nature of the instability, and comparison with competing instabilities,

Several general points may be made in amplification of these last
comments, The first covers the nature of the instability, To maintain
the amplitude of whistlers in very long whistler trains, some type of
convective instability suggests itself, the constant amplitude observed

representing a saturation effect, It would be very useful, then,
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to establish whether the loss-cone distribution combined with a cold
background plasma leads to convective growth in both directions along
the magnetic field lines, rather than to absolute instability. Absolute
instability is more likely to give rise to continuous VLF emissions of
the hiss type,

The existence of competing longitudinal wave instabilities raises
an interesting point concerning whistler amplification observed from
the ground, The growth may not be in the whistler mode itself, but
in some other mode to which the whistler couples at entry and exit from
the active region, This point does not seem to have received attention
in the whistler literature, A second point concerning competing insta-
bilities is that our comparisons are of growth rates based on small-
signal dispersion relations, It is also important to establish the
saturation levels, which can be reached by the various modes, and this
can only be determined from nonlinear theory, It i1s possible that a
slower growing whistler mode might ultimately reach a higher amplitude
than a rapidly growing longitudinel instability, For the beam-type
distribution,it is very likely that the beam/plasma interaction along
the magnetic field lines will dominate, since many experiments have
shown that this type of interaction can grow to amplitudes sufficient
to disperse the beam completely, whereas Section 4,3 indicated that
only a small beam velocity spread would quench the whistler instability,
It has been suggested in the literature6 that conditions are accessible
in ﬁhich the small-signal whistler growth would be the stronger, Whether
this is so, and whether the large-signal amplitudes would continue this

trend, are still cpen questions,
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The objectives of the work are two-fold, first to obtsin numericsl eatimates of the
growth rates for vsrious psrameters, and second to identify the instabilities as
being either absolute o1 convective., The-results show that if the background plasms
temperature is zero, absolute instability, i.e. temporal growth, slways occurs,
This instability may be quenched either by introduciug s longitudinal energy spread
in the beam. -Even ¥hen whistler growth is predicted theoreticslly, it may not be
observable in practice, due to the presence of competing instabilities. Two of
these are treated in the psper: perpendicularly propagsting cyclotron harmonic
waves, and longitudinsl besm/plssms intersction. i
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