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ABSTRACT

This report is primarily concerned with the study of
electromagnetic scattering by random scatterers, Potential
applications to radar detectiorn and communication problems
are stressed, In radar dctection problems, it is often necessary
to detect a target echo in the presence of other unwanted echoes
(clutter). In order that a radar receiver can be designed to operate
effectively in the presence of clutter interference, it is necessary
to develop a suitable theoretical madel of the clutter which can be
used for the design and evaluation of detection schemes. In radio
communication problems, it is desirable that signals can be
communicated between two non-line-of-sight points by means of
electromagnetic scattering from a medium which occupies the
region of space illumi- ated by the two antenna beams, Detailed
knowledge of the scattering characteristics of the medium will
enable one to select prbper signal parameters for transmittal of
information and optimum processing schemes.

A cloud of dipoles (chaff), dispensed in a proper region
in space to act as radar reflectors, can be described as an
assembly of random scatterers. When chaff dipoles are dispensed

from a moving craft in space, they will in general move relative
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to one another. In addition, each dipole will have a tumbling
motion due to effects of injection forces, body instability, and
other aerodynamical properties., Since the location and motio;x
of the individual scatterers are unknown, the scatt:ring problems
are best treated statistically.

The bistatic radar reflecting characteristics of a
randomly tumbling dipole are investisated. An expression for
the scattered voltage is derived by application of the Lorentz
reciprocity theorem. The correlation properties of the received
signal are examined. Some statistical assumptions are made in
order to obtain readily usable results,

A theoretical model is developed for the radar echo from
a random collection of moving dipole scatterers, The analysis
of the model takes into account some effects of scatterer x:otation
which have been neglected in previous work, The fluctuating
characteristics of clutter echoes are also determined. The
theory and soiie experimental results in the literature are shown
to be in relatively good agreement.

The properties of random scatter communication channels
are also investigated. The constitutive parameters of the
scattering medium are assumed to be varying randomly with
space and time. The effects of antenna gain are included in the

derivation of the channel function in order to take explicit account
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aa of the fact that scatterers may flow in and out of the volume
illuminated by the two antenna beams. Arbitrary polarization is
assumed for both the transmitting and receiving antennas., Specific .
results are obtained for dipole and plasma scattering. .|
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Chapter 1

INTRODUZ TION

GRS g

1.1 The Problem and Objective; of this Study

In radar systems it is often necessary to detect a target echo
in the presence of other unwanted echoes or clutter. Clutter echoes . |
include signals reflected from chaff, surface of the ground and sea,

vegetation, etc. The ability of a radar to detect a target echo is .

limited by the presence of clutter. In order to develop a radar

receiver that will operate effectively in the presence of clutter inter-

ference, it is desirable to have a.theoretical model of the clutter
1 ’ which can be used for the design and evaluation of detection schemes. i
If the clitter waveform were precisely known, it would be possible,

in principle, to synthesize a filter which optimizes the signal-to-

PO

noise ratio at the output o’ the receiver. B :

The clutter model most often assumed for theoretic_:al analyses g’

is the "'point scatteres’ model. Rotational motion of the scattsrers -

bl i e v

is neglected. The scatterers are treated as point targetc with

variable cross section,
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Chaif is a form of countermeasure used against rad.ar. A
chaff cloud usually consists of a large number of dipoles resembling
an assembly of random scatterers. When chaff dipoles are dispensed
from a mov.ng craft in space, the dipoles experience certain .forcca
which may cause them to rotate or tumble. In some applications the
dipoles may be constrained tc rotate =bout a prele'rred ;xi!. 'I'!mc..
ignoring the effects of scatterer rotation will result in an incorrect °
reére:entation o  the model. Ground clutter.exhib;xts ‘echoing charac-
teristics similar to thos:;ol an assembly of random acattere?s.
Rotational -motion of the léattereu. or equivalent movements of

branches, leaves, grass, etc., under the effects of wind force, c.an

become a major contributing factor to the observed fluctuaticas of .

echo intensity.

Herein, a new theoretical model for the radar echo fro;ﬁ such
collections of random scatterers is developed. The scatterers are
treated as randemly oriented dipoles instead of points with variable
cross sectiony. This au\;mption permits the determination of

scatterer rouglon.

In many radio communication problems signals must be -
communicated between two non-line-of-sight points by means of

olectrbmagnetic scattering from a medium which occupies the region
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of space illuminated by the two antenna beams. The scattering
medium may be continuous such as the inhomogenecus atmosphers or

may consist of a random collection of metallic scatterers such as

chaff,

The scattering medium i general varies with both pesitioa

and time. In the analyses of random scattering most investigators

have ignored the time dependence and have been concerned only with
the calculation of the average cross saction of the scattering medium,
The average cross section is useful .for estimating the signal-tc-noise
ratio at the receiver; however, it does not provide adequate informa-
tion regarding the fluctuating _chirdcteri:tics of the scattered wave-
form. In the present work, we study ;catter ci'ianneh in which the
scattering medium is randomly varying. General time dependence is
assume;l. The stati:t.ic'al nature of such channels are carefully

examined,

1.2 S;xmmaxy of Previous Work

Clutt;er echoes are often rega..ed as signals reflected from ’
an assembly of independent random scatterers. A.c.loud of dipoles
(chaff). dispensed randomly in space, is an example of such 2 set.

Because of the rindom location and motinn of the individual scatter-

ers, clutter echoes are best tr-ated statistically., Siegert [26],
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Kerr (13], and Lawson and Uhlenbeck [ 27], de\‘relopc_d the first
probability distribution funictions {or the magnitude of the returned
eci.> from an infinitely dense chaff cloud. Kelly and i.ornor [24]
developed a more extensive theoretical cha.ﬂ' model. They showed .
that the returned echo from the chaff cioud could be regarded as o

random process and treated the scattererz as points with variable

cross sections,

Kerr [13] and Lawzon and Uhlenbeck [27] presented soma

experimental reaults on the measurements of chaff models and ground

clutter. Some anomalous characteristics were observed in the
measured correlation functions, Kerr suggested that the cause could
have Been due to the effects of scatterer rotation, but he made no

theoretical analysis to clarify this phenomenon,

The possibility of using a cloud of' chaff dipoles for estab-
lishing short time communications between non-line-of—oigh& points .
was considered by Blom [8] and Hessemer [9]). The recent West -
Ford Project [11] extended this b;aic ¢ uncept and deployed an |
orbiling dipole belt. This belt established the first world-wide

scatter communication channel,

Some of the statistical properties of random scatter chinnels

were presented recently by Kelly [14). Kelly's analyses include both

>
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the continuous and discreate scatterer channels., He took into account

quite generally the varying character of the constitutive parameters

of the medium with position and time,

¥ i.3 Summary of Results

Chapter 2 presents an analysis of the reflecting characteris-

' B tics of a rotating dipole. The dipoie is assumed to be rotating about
an arbitrary axis perpendicular to its length. Arbitrary polarization

is assumed for both the transmitting and receiving antennas, The

TR TR LIRS

Lorentz rcciproéity theorem is applied to derive an expression for

i the bistatic scattered voltage. It is shown that the received signal is’
E - in general modulated in both amplitude and phase. The correlation
) properties of the received signal are examined. Some ltttictiéd

assumptions are made in order to obtain tractable resuits.

1 ’ A theoretical model for the radar echo from a random collcc-'_

tion of dipole scatterers is formulated in Chapter 3. The analysis

B2 ettt it

of the model takes into account the effects of scatterer rotation. An i

T

expression for the correlation function of the 'rcturned echo is derived
in terms of the characteristics of the transmitted waveform, polari-

} 2 zation, and the statistical properties of the scatterers, Under the

: A assumption that the cloud density is slowly varying, the process

becomes stationary. The probabiiity density of the returned
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wa\;cform is shown to approach ; Gaussian probability deneity as the
rate of echo retﬁrn becomes large. The theory can be applizd to the
study of a wide class of clutter signals which exhibit similar echoing
"characteristics. For example, targets making up ground clutter nch
as trees, grass, etc., will move and/or oscillate wit!'a the wind. Tbo
. individual blades or stems zcatter like dipoles. 'i‘hc ﬂuctuatﬁ:.
characteristics of clutter echoes are also determined. Comparison
between the thecn;y and sonla.e experimental results in the literature

are shown to be in relatively good a;reen:lent. -

Chapter 4 des.cribes a communication channel which is
provided by heans of electromagnetic scattering from a collection of
scattere:’s randomly distributed in a .region of spaca. The collect;on
of scatterers behaves like a dispersive medium, and the ‘»mm!.:er
density varies with Boifx position and time. The channel response
function is described in terms of the scattering properties of the
mediurn, The mean and the covariance of the channel output are
d_el.'ived under the assumption of Poisson statistics. The gain func-
tions of the transmitting and recei;ing antennas are i.fucluded in the
analysis in order to take explicit account of the fact t‘hat scatterers
may flow in and out of the volume illuminated by t‘he‘-two antenna:
beams. The effects of scatierer rotation are also considered. The

case of dipole scattering is given ar an exampls.
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The properties of a dispersive con.inuous channel are
considered in Chapter 5. The scattered fields are derived in terms
of the electric and magnetic susceptibility functions of medium., As

in the discrete scatterer casz, the effect of antenna gain is also taken

into account in deriving the channel function. Since there are many
similaritics in the formalism between the two types of scattering,
most of the resulis obtained for the discrzte scatterer case are valid

for the continmous case. -

‘_—m
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Chapier 2

BISTATIC RADAR REFLECTIONS FROM A
RANDOMLY ROTATING DIPOLE

2.1 Introduction

‘When a plane electromagnetic wave impinges upon a target
in space, some of the incident energy will be scaﬁered in the diu;c-
tion of the radar receiver. The characteristics of the scattered -
signal depend upon (1) the size, shape, and orientation of the ur'c‘

and (2) the frequency and state of polarizatioﬁ of the incident wave,

The problem of electremagnetic scattering from cylindrical

wires has becn considered by a number of investigators (1] - [7].

A bundle of metallic wires or strips .(known as chaff), cut to resonate

had

at a certain wavelength, may be dispensed in a proper region in
space to act as effective radar feﬂecio'n. Th;se reflectors can
perform two different functions:

(3) To preaeni certain characteristic echoes to a.uda‘r for

purposes of identification, decepticn, or confusion [1].

(2) To provide a channel for beyond line-of-sight cou.tmunl-'
cations [8] - [11].
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A cloud ol’. dipolus can be represenied by an assembly of
random scatterers. When chaff dipcles are dropped into space, they
will in general move relative to one another. Each dipole wiil heve |
a slightly varying position ind velocity, thus giving rise to a Doppler
spread in the scattered signal. In adc;ition. the dipoies will have &
tumbling motion due to cffgcu of body instabifity and other aero- .

dynamical properties. Tumbling motion of the dipoles can cauae

e S S S S S L A ST, PR )

further frequency spreading in the received waveform. In many ~ . i

practical tituations, tumbling speeds were not thought to be very -

o 0 M

rapid {11] -[12) and considered to give only second order effocts;
while in other situations, the effects of scatterer t'umbling (or.
rotation) could be observed and found to have significant contributioas
upon the received waveform [13]). It will be shown in Chapter 3
that, in general, the effects due to iscatterer rc.ation cannot be
neglected if the Doppier spread arising from the velocit'y fluctuations

of the scatterers is small, Z

In order that a radar receiver can be designed to operats ia 1
an optimum fashion, an adequate knowledge of the amplitude and .

phase characteristics of the scattered waveform will be requirad.

i3 507 SRR B

In the analyses of random scattering, most investigators ignore the
effects of scatterer rotation and assame a "point scatterer" modol.

using the information on the average cross secticn of the iadividual
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scatterers. The "point scatterer" modeal is valid for rotationally
symmetric scatterers. However, such a representation is not

2daqurte for scatterers of other shapes such as dipoles.

This chapte. presents an analysis of the reflecting cl;arae—
teristics of a tumbling dipole. It is assumed that the tumbling.;m.:tion
of the dipole can be described by a rotation about an axis perpendicu-
lar to its length. An expression for the bistatic scattered voltage is -
derived as a function of tf\e transmitter and receiver polarizations
and the orientation of the rotation axis of the dipole. The statistical
propertiem of the signal reflected from a collectxon of nndomly
rotating chaff dxpclel are discussed by means of a mathematical
model, The correlation function of the received signal envelope is
derived in terms of the charzcteristics of the transnﬁitfed waveform,

polarization, and the statistical properties of the scatterers.

2.2 Characteristics of the Scatt.ered Signal

An expression for the scattered ligna} can be derived by
application of the Lorentz reciprocity theorem (Apbendix I). The
radar system consists of a tranamitter which illuminates the tz.lrget
and a receiver at which we e¢valuate the scattered signal, The total
voltage received is the sum of the voltages induced by the transmitter

.

lielci and the field scattered by the target. in the following derivation,

s
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we shall ignore the coupling effects between the transmitter and {%

) receiver, but ailow for variable polarizations. The received \'rolhgq i
< is then given by ;
r:—-‘—f’éo'fdv (2.1) 3

21 R
Ry
|

where IR is the feed-point current which would have to be supplied to

the receiving antenna, if it were used as a transmitting antenna, to !

create the field E ] in the absence of the target, and T is the. current - i

density associated with the ciipole. If the dipole is thin and if the

field can be congidcred uniform throughout the small vclumc_'v“ : E
containing the dipole, the integral on the right side of (2,1) can be |

expresscd in terms of the induced moment on the dipole. Thus, ; |

j’ E -JdV = jw p+E, (2.2) T

The induced dipole moment can be written as

-p- = (to a‘(d . ET’ .| (Z. 3’

where ET is the transinitted electric field, @ is the polarizability
L3

oI‘ the dipolel. ard d is a unit vector parallel to the dipole axis. The

llv-lere the polarizability is treated as a scala:; more generally, it
is a tensor (14].




field quantities ET and E_ can be written as E = and

~ .
R 1" Eor®r
ER = b OR °R’ where er and ep 3re the polarization vectors of th
transmiiter and receiver, respectively, and the symbol ~ is useé ts

indicate a complex quantity, Equation (2.1) becomes .’

l!ﬂoceﬂe ~ e . roc )
g 2L EorEor(d* ep)td- ep) B L

If the same antenna i.l used for transmitting and receiving

{monostatic case), we have er=eg= ¢ and Eo.rs EOR= EO’ (2. 4)
reduces {0 g
in ca ' . . '
3= _00e =242 42
az —oo I E (4 o)' (2.5)

The bistatic scattering geomet.rg.' is shown in Fig. l.. The
transmitter and receiver are separated by ;he angle §. The incident
wave is assume& to be propaga.ting albng the positive z-axis of the
transmitter (unprimed) coordinate system, and the scattered w_avo'io |
observed in the direction of the negative z'-axis of the receiver
(pri.med) coordinate system. In order to compute the !;inuﬁe
scattered voltage, it iz necessary to express the dipole orientation

and the polarization vectors in one common coordinate system. For

simplicity, we choose the bistatic angle f such that it represents a

B e e

A B S

s N M O

e P kb Uit s

"
s o8 el e i B bt b e i o . W

=R

U TSRS




a2 il e R W W T a— T A e e ey —

,,,,,

13

Recelver

Transmitter

Fig. - Bistatic Scattering Geametry

B Bt i

P

S e NPT —

':r*-
?
3
§
:




14

rotation in the xz-plane. Hence, the unit vectors (;':. ;',. ;'s, in the
receiver coordinate system are related to the unit vectors
(;:. :,. :.) in the transmitter coordinate system by the rotational

transformation,

cosp O sinp 3 '
0 l ° * (2. 6)
-sinp G cosp ' :

Figure 2 shows the coordinate system for the rotating dipole.
For the present purpose, the distance between the dipols and the
radar is assumed to be fixed. The dipole is rotating about an arbi-
trary axis s defined by the angl;u Sand n. Let(u, ;r. s) bg-a set of
orthogonal axes, then u and v lie in the plar;e of rot;tion of the dipole.
If w; is the angular rotation frequency of the dipole and if @ is its
initial position with respect to the u-axis, ther; the instantaneous

position of the unit vector d may be represented by

d = aucost + 2 sin § (2.7) , i

where § = u')’t +Q and 3“ and ;" are unit vectors.alongl theu and v
axes, respectively., For convenience, the u-axis is chosen to be

coincident with the .ime rsection of the xy-plane an;! the plane cf -
rotation of the dipale; thten. by means of a transformation between

the (x,y, z) and (u, v, 3) coordinate systems [15], we obtain

.




Fig. 2 - Coordinate System for Rotating Dipole




1$
d:= {- ;x(sin Ncos§ + cos § cos N sing)
+ iv(cos Ncos§ - coe§ sin 1 sind)

’

where (; ’ -
x Yy

1
. |
+ :.mn € sin 9)) {2.8) l
. . |
;") are unit vectors along the (x,y, x)—sxeé. resfnco' (

F tively,

L - The polarization vector nf an arbitrary polarized plane wave
E can be written as the sum of a right-handed circularly polarized wave

and a left-handed circularly polarized wave. Then, for the trans-

mitter polarization, we write . : s

ey = ’i’roéfi‘a? | (2.9

whare

Al
L 3

p - —Lﬁ‘-;;,')
Z . L& +.l.a)
mox Y

and‘;r and :‘ are complex constante satisfying the relation,

12+ 15,2 =

Thus the state of polarization oi the transmitted plane wave is com- ®

pletely determined once the complex quantities_:r and ‘:ﬁ are known;

e
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~ -
e.g., for circular polarization, we have sither iarx 1, T 0) or

(‘;r= 0, a,= 1) and for linear oolarization, we have a® .z =

ip o
(1272)e © where Q, is the angie between the electric field vector and

the x-axis as shewn in Fig. 1. Similarly, the receiver polarlzaﬁoi.

can be expressed in terms of the primed coordinate system. Thus,.

e = é’f.‘-‘ﬁc‘ .  (2.10)
where
é'z }—;‘-(;"-il') -
2‘: -L("' +ia')
[ x Y
" .

PR Y

Substituting of (2.8), (2.9), and (2. 10) into (2. 4) together with the aid

of (2. 6) yields, after some algebraic .nanipulations,

R [E+?:.“"+T..""] (2.11)
[ -]
where
- jmca
s = —28p p (2.12)

R R

AR R okt
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used for transmitting and receiving, we have E

18
C = -%(ZZ' - BB (2.13)
. U - -%(Xﬁi)(:'i' +B') (2.14) -
L= -3(X-B0K' - (2.15)
% = /—;—(?‘c“"- st (2. 16}
B = ;Z’LG'.“-"* 3’3_3‘“.‘) cos & | (Z;.H)
y X ;;- (Fcoo® 8 -7 sia? 2 ‘.“"
+ (G sin & -3 cos %) ."‘"] ‘ (2. i6)
B - 7;5 {[@yeo z%-?;.m?%).“"
-Gyt g -TeoS) o ""] cels) |
© . [C;" 1a) #in p] sin § } | (z..m |

For the case of monostatic radar (B = 0), i.e., the same antenna is

or” Eor &' = A

and.B' = E The quant'i'ty :° may be interpreted as the maximum

scattered voltage with both the transmitier and receiver polarization




19
vectors parallel to the dipole axis,

The first term in (2.11) is ind;:pendent of ¢ and hence its
amplitude does not vzry with time. The received signal conjistc of |
three spectral components, Inamely a carrier component plu; the
upper and lower sideband components separated from the carrier by
twice the rotaticnal frequency of the dipole. Furthernfsro. the
amplitudes of the upper and lower sideband components are in general
nct equal, depending on the radar polari'z_ation and the orientation o! )

the rotation axis. Thus, both amplitsi_nde and phase modulation of the

scattered signal <an result.

Equation (2, 11) is a gener.al expression for the bisfatic- scat-
tered voltage with arbitrary transmitier and receiver polarizations.
As a special examplg. consider the case of backscattering of &
circularly polarized wave. Assume that both the transmitting and
receiving antennas are polarized in the same sense and that the
rotation axis is the positive z-axis (clockwise rotation about the line
of sight). Using Eqs. (2.11) to (2.19) and setting ¢ = wrt +Q, we

find

-i2(w ¢t +a)

Te-3ue T (2.20)

=landa'=a"°)o

for the right-handed circular polarization (ar= a'r TRl

and

.
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= ) . ti2(e t+a) :
az-Jae | . (2.21)

for left-handed circular pohrizaﬁon-(:‘ = ':; = 1 and';tz ;; = Q)

. Since the scattered voltage is a real function of time, we multiply

+is t : ' :
(2.20) and (2.21) by ¢  ° 2nd evaluate the real part.- Hence, we

obtaia’
1~ | . ’ |
i 3 13l cos [(a - 25 j i+ vy ]-----RHCP

113 r .
2 Iaol cos ‘“o+ Zwt) t+ YL;] .- --LHC.P

of the transmitted wave, and '”r is the rotation frequency of the
dipoie. Thus, the original transmitte.r frequency is shiﬂet.l. 'ﬂlc
 {requency shift is either downward or upward depending on wbe!h;r.
~ the polarization is right-handed or left-handed, respectively. More
Precisely, the frequency of the returned signal is shifted down if the
polarization vector and the dipole are rota.ting in the same dire ">
and is shifted up if they are rotating in opposite directions. This
result ha.s also been shown by Mikulski (16] and Montgomery [217]

by means of periodic scattering matrices.

.

where YR and YL'are constants, ."o is the angular 'carrie; Irequ'eucy

e
-~
-
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2.3 The Bistatic Scattering Cross Sectioa

An expression for the bistatic cross section can be derived by
considering the power flow in the iransmitted and the receivad waves,

Thus, the average éowef recelived o
1 2 '
P‘ z -i-z-; ra'l (2.22)

where 20 is the characteristic impedance of the transmission line, |

Substituting (2. 4) into (2, 22), we obtain

2.2 2 .
Wo Coﬂe ~ 2, ~ 2 s a - a z K
P, = —F- IEg 1" [EQR! l“"'t"d"a” (2.23)

Let P.r Le the average power supplied to the transmitting antenna to

ereate the field E

i free space and let G, be the .gain functioa,

oT’T T
thena the time average magnitude of the Poynting vector at a distance

"l‘ from thé trammittcr is

G.k. . [€ .
= 't 1 \/ o 1~ 2
T .

Similar definitions can be applied to the receiving antenna. Thues,

G P e
= R R 1 o 1 12
IS,l = ooz 2V IEg,| (229
R
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where PR = -;- Zo laz is the power whick must be supplied to the

receiving aatenna in order to create the field ‘EOR;li in free li)&CC.

Combining (2. 23),.(2. 24), and (2.25), we obtain

ne
P = e GTGRP

A am? r,: -

~id

ld-epnd-a i (2.26)

»

If Eq. (2.26) is compared with the bistatic radar equation,

.2
G.G_ P.)
p = —LRT (2.27) .
s (msrz!z .
T R
we find,
o= ok &l l(d.er)(a-en)l (2. 28)

where 0 is the bistatic cross section and k°= 2n/\ is the free space

wave number., The quantity k:a: /47 is just the broadside cross

A

section of the dipole when the incident electric field vector is parallel

{o the dipole axis [1]. For a thin dipole, the polarizability is

approximateiy given by [18],
% = n 13 _
e 24 7
6[‘"( a )' 3]

where £ and a are the length and radius of the dipole, rzspectively.

A
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This approximation is valid when% >> 1. Using (2.11), (2, 28) may

be written as

xS+ Tt L2 (2.29)
R .
where
1 . 4_2
% = 7= %o %s {2.30)

Equation (2. 29) also applies to small resonant.(tuned) dipoles

and is approximately valid for half-wave resonant dipoles, siice the

difference between the patterns of a half-wave dipole and a short
dipole is small, However, the quantity o, must be replacea appro-
priately; for exampie. the broadside c;ou section of a simall

resonant dipole is approximately given by [18],

9 .2 2 '
and that of a half-wave resonant dipole is [(s] - (6],
2 ' .

Of particular interest is the computation of the average
bistatic cross section of a randomly roiating dipole, Assume that
the initial orientation of the dipole axis in space is uniformly

distributed and that every orientation of the rotation axis in space is

P s ik VRS

e
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equally probable, then, from Eq. (2.29), we have

r
i
S -
- % 2" " 2 2 2
: <o> = EL Io(c/ +U+ L% ain £ dE dn

= q <ctruterds (2. 33)

where C, U and L are the magnitudes of C, U, and L, respectively,

'YM_\‘L_-(’W b

and the symbol < > is used to denote an ensemble a\ierage. 1f we
_ ) denote the quantity <€:z + Uz+ L") by <b:'> s (2.33) can bn writtea
P . :
: as
- .
| <g> = a°<b > (2.34)

Using Equations (2, 13) through (2. 19), we find

, : 2. 1 i i B e D s
;_ . <b >= o5 {l+(la,| - If,l )layl”- |2 [%)con 8

(2. 35)
G, TR - ) - (2,43 )3 437) cos a]lz}
2 £ r'2 r £ r'8 r
Equation (2. 35) is a general expression for the average rela-

tive bistatic cross section with arbitrary transmitter and receiver

polarizations. Hence, if the radar system is equipped with po.lario'
zation diversity capability, the polarization of the transmitter,

" 'i'eceiver. or both can be varied to achieve either maximum oz

U ——
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minimum cross section as desired. For the case of ba.ckocattotlu.

the average cross secticn becomes

o
<0,>= 73 {l+(|a‘| - |4r| Hliﬂ - l‘;i ) + 2“"": g "l.t,lz,}
(2. 36)

Since the process is random, the measured cross sectioa
usualiy fluictuates about the average value. The probability dexsity
functions for the radar cross section of N randomly-orien:;d dipoles
bave been discussed by Borison ([19], Fielding {20], and -

Rheinstein | 21],

2.4 . Signal C;orrelation ‘Prcwpertiel

.The average cross section provides useful information for
cor;\puting the expected s‘ignal to noise ratio at the receiver [ll:l. '
[22]). Howevet, knowledge of the average cross section alone is uot
sufficient for optimum radar receiver design since only‘ very little
information ‘is provided regarding the fluctuating characteristice of
the received waveform, Proper design of radar receivers yeqdroo
a knowledge of scme of the statistical groperties of the scattered
waveform, Specifically, we need a suitable model for the chaff
cioud from whick we can deduce various statistical properties of the

received waveform, For design purposes, the most im‘pom ’

i TR A GlE o NG o 0 P AR

1
i
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1 - irformation may be considered to be contained in the received signal

correlation functica [23].

Consider a chaff cloud composed of a l;rge number of dipoles
which are moving about and reflecting energy independently of one
another. In addition, each dipole is assumed to be continuously
tumbling (rotafing) about an axis perpendicular to its length, Asium;

that the transmitted signal is of the form

O .
| eo(t) = Re(s(tle ) . (2.37) ;"
" | o \ - . |
; where . : ) Y
18 () | |
() = |Si))e © ' (2.38) . :

is the complex mecdulation envelope and 9 i3 the angular carrier

frequency. Let ';k(t) be the reflection coeificient of the km scatterer,

and L% and r'k be the distances from the km scatterer to the trans- . i
mitter and receiver, respectively, The complex envelope of the
received signal over an observation intervai (-T. T) can be repre- h .

sented by [24], (25),

r w, t
Z(t) = z 'Ek:k(t-tk+ -é!)‘:(t-tk)i dk (2.39) *
zkc(.'r. T)

E ] | where the subscript k designates the kth scatterer, tkz (rk+ ri)/c
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is the time delay between the transmitter and receiver, @ ak is the
Doppler frequency shift, and ;k is a complex numher which msy s &

function of the positional coordinates, the antenna beam characteric-

tics, and other initial parameters. From Eq. (2.11), the reflectioa .

coefficient can be written as

500 =3, [Ce n) ¢ Tie, n) exp [+ids , t4a)]

-+ A8, ) exp [-idls ¢ +a 1) (2. 40)

The following simplifying assumptions are made regarding

the scatterers:
o

(1) The scatterers are statistically independent-and . 4

" identically distributed,

| (2} The distribution of the scatterers obeys Po/sson

statistics, i.e., the joirt probability for n reflections

s Y T SR b porite

to occur in the time intervals (tl' t, + dtl).

1
(:'z. tz + dtz). o.. oo s0p ('u. tu + dt-, i. 'iveu b’

P(tl. tz. 2000 'u;n) dtldtz-ooooom.

A 5 DA SR PRI AN DS O ol

n oMYy S
= k.xd k exp[-I.T\’(t)dt]dtk | (f-il)

where V(t) is the rate of signal arrival at the zeceiver.




(3) The velocity of the scatterers and the. magnitade of
the scattered signal are weakly correlated within the

observation interval (-T, T)

(4) The orientation of the rotation axie iz wot greaily affected

by the motion of the scatterers.

(5) The initial orientation angle @y of the dipole axis ie

uniformly distributed in the interval 0 <&, < 2w,

k

For simplicity, we 2ssume <z(t)> = 0 and the correlation

function is given by

| L 90 v
R(t, 1) = 5 <EA)El,)>
= T _avy) T .
1
=z = L ~[ } expi-}] Wt)dt|d
znzo'[-'l' ‘kel X [j-'r. Jo,

. - 5 ': - 4 4 4 -» @ o~ -~
'J“"j p(s.l '>'n'°'”d'”r)d‘...dmflz*‘tl’:(tZ’l
(2. 42)
with

< < - g L )
Iaco P(s..ogoccpwr’d‘...dmr

"

4+ . te 3
. j....Ip(:) a3 ---[__u-JM;,":f

" PR
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and

. .
p(:f)d: = 0l p(w,)dw, -
§=1 i |

-+ ‘ ’
where ; represents ;, LRTRY etc. Substituting (2. 39) and (2. 40)

into (2. 42), we kave

R(t). t,) i K1, | (TIM(7) exp[-IrT\,“,d‘] T

. z I j u v“‘"

kll
- t ';#(tl-tk) 7(tz--tki

k=1

s 'K". (T)M(lﬂ exp [-Ir‘rv(t) dt }
- e -T

- - T n-1
. nl:o -;}:- [I.rv(t) dt]

° I v(t')‘:"(t «z’}?(t -t') dt'
s 1 2

--T —~ -~
= K¢, (7)M(T)J Tv(t') ¥ (¢, -t') zstz-e')dt' (2.43)
d g

ey AL

B
*

;.;
2
%
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where
1 ~2 ~ 2
| X = 3 <“| ><Igol > (2.44)
B | . bs
LA 'z‘el . (2. 45’
PR 2 ] 2.
M{1) = [<CT>+<U> ¢ (21) +<L">4_ (-21)]
4 4
(2.46)
4o in, T
d
¥ (7)) = p(a».)e ~ du
:nd I.. d d
i = characteristic function of ple d, {2.47)
o ie v
(=] paye T a
w‘ o r ®
= characteristic function of p(mr) . (2.48)
and C, U, and L are magnitudes of E. ﬁ. and f. respectively,
Eguation (2, 43) expressei the time-varying correlation of the
. received waveform, However, if V(t) varies only slowly with time
and if the observation interval is long compared with signal duration,
(Z.. 43) reduces to
5 o
R(T) = KV ¢, (M(T) | S*(u-)5(u)du . (2.49)
o w, = .
3 : where vo is the average rate of signal arrival at the receiver,
Thus, the correlation function depends only on the time difference

B

e T N N
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3 g
i
: (tz-tl) and the process becomes stationary. Furthermore, if the *
dipoles are not rotating (mr= 0), {2.49) redu.ces to )
2 +0~ = ]
R(T) = Kvo'wd“) <b, >L. 8% (u-7) 3 (u) du (2. 50)

T T

where <b:> = < (:-z + Uz + Lz> is the relative average cross section,

2.5 Evaluation of Scattered Power in Spectral Components

The computation of the received signal correlation functioa

requires the valuzs of <Cz>. <Uz>. and <Lz>. These qumti'tlu
represent the relative magnitudes of the average power contained in ' 3
the three spectral components. Assume that all orientations of ths.
rotation axis of the dipole are equally likely, Then, from Equations -
(2.!3) through {2.19), -we find
S ) Z U S S
<C™>= o {l +(|a‘| - .arl )(ia‘| - ]afl )co.a!
1 ~ o ~ ~ ~'..~' 2 .
% 5 |[(a‘- ar)(a"- a;)- (a‘+ar)(a‘+ ‘r) cos )| }
' (2.51)

SRS AR T W A Ot o

z) = <Lz> s <82>-

<y
= T {l +(Ia‘| - llr| )(lail = l‘;.l ) cos

E T @3 E T - 3,43 ) 430 cos ’]lz}

joza '@E'W fiakidrnied. - e R

. ' ' ' : ' (2.52)
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The received signal depends upon the receiving pelarization
as ;vell as the transmitting polarization. Thus, by properly choosing
the values of ‘;‘. ;r' 2, and :; as in Equations (2, 9) and (é.lO). .
the scattered power for any polarization combinatien cu be obtained.

In many practical sitvations, either linear or circular polarization is

employed. For the case of linear polarization, we have

2 1 " 2
<C™> = 50 {1+7 (sinwo aimp; + cosg  cos®! cas B] (2.53)
<52 = L (141 (sino_ sing' + cosp coso' cosf)?] (2.54)
40 3 c ° o o i °
<t;z> = - [.l + 2 (sin®_sin®' + cos®p cos@' co;s)z’ (2. 5%5) )
o 15 Vo o o e o E

where P and cp"’ are defined in Fig.' i, For ihi. case, it is noted -

that minimum received po\;ver is observed when -

[ [y . . = :
(nncpo sing, + cos P, co8 Py cosf) =0 (2. 56)

and maximum received power is obaérved when
(sin@o sincp"’ + cos® cosw"’ cosf) = 41 (2.57)
Equat.ion (2.56) can be satisfied for many combinations of L Q:'."
and B; while Eq. (2, 57) can be satisfied only for limited values of
¢°. Q"’. and‘B; i.e., (1) 8=0 and the transmitter and_ x;cccivor | .
polarizations are parallel to each other and (2) § .# C and both the : Y

tranemitter and receiver polarixations are perpendicular to the

(e
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plane of incidence o= & 90° and q:; = 4 90°j. Similar conclusions

have also been observed by Berison [e].

For the case of circular polarization, we find

<cz>= z%[(l_téosﬁ)i—%(l?cosﬂf] | 12.58)
<s®>: Lllrcosp)s 5 1T cosn®) (259
<b®> = -l-!o-[u--;-coczsl_ i (2.60)

where the upper sign corresponds to the case when both the trans-
mitter and receiver polarizations are circularly pol;riud in the
same sense 'and the lower sign corresponds to the case of the oppe-
site sense. The received power is a function of the bistatic angle

and the cross section is independert of the sense of polarization,

2.6 Conclusions
The signal scattered from a rotating dipole cot;nists of Avee
spectral cormponents B a carrier component, an néper sideband
' component, and a lower s.ideband oomponent. The sideband
components are separated from the carrier component by twice the _
rotation frequency of the dipole. 'i'he ampiitﬁdes of fhe _sitieba.‘ '
components are in general not equal and hence both amplitude and

phase modulation of the scatterad signal can result,

taiw
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The average cross section is not affected by the .rotaﬁoa of
ihe dipoles. For all polarization combinations of the transmitter and
the receiver, the average cross section varies between the limits of
T!S- )R and % 0. where co is the maximum cross section. In general,
the polarization of the transmitter, the receiver, or both canbe -
varied to achieve either maximum or minimum recéived poﬁei' for

a given bistatic angle.

The correlation function of the received signal envelope from
a collection of randomly rotating dipole scatterers depends upon both
the transmitting and receiving polarizations, the transmitted signal

envelope, and the statistical properties of the scatterers. -

it




important to develop a suitable theoretical model of the clutter,

. the first two probability distribution functions for the magnitude of 8

Chapter 3

A MODEL FOR THE RADAR ECHO FROM A RANDOM
COL.LECTION OF ROTATING DIPOLE SCATTERERS

3.1 Introduéﬁon

In radar s'ystems it is often necessary to detect a target echo

in the presence of other unwanted echoes or clutter. Clutter echoes

include signals reflected from chaff, surface of the ground and sea,
vegetation, etc. In order that a radar receiver can be designed to
operate effectively in the presence of clutter inierference, it is

Siegert {265, Kerr [13], and Lawson and Uhlenbeck {27], presented

the returned echo from an infinitely dense chaff cloud. Kelly and

Lerner [24] developed a thcoretical model of a chaff cloud from
which they derived various statistical properties of the returned echo.
The signal returned from the chaff cloud was considered as a random

process and the scatterers were treated as points with variable cross

sections,

The basis for the analysis can be described as follows, An

35
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RF pulse is transmitted from a radar toward a cloud of ra;adom ] ’ !
scatterers moving about and reflecting energy il;dependeuﬂy of one
another. In addition, the cloud is assumed to have an overall dr.ll't
velocity. Since the wavefront intercepts scatterers at different
ranges, the echoes returned to the radar will arrive at a rate whick | 1
depends upon the local density of the cloud. If the effects of Mﬂﬂc
scattering and scatterer rotation are neglec‘tec'l. the echo signal from
'a particular scatterer can be regarded as a Doppler-shifted replica

of the transmitted waveform. However, any change in the o.rienution

E of the scatterers can cause variations in the returned echc power and
phase, which in gereral cannot be neglected. It is the purpose of the
present analysis to show that rotztional motion of the scatterers can . : ’

have significant effects upon the echo waveform,

e T e A D R L5t At e B

"Chaff" is a form of countermeasure u#ed against radar. A

chaff cloud usually consists of a large number of metallic strips

e e

(dipoles), which closely resemble an assembly of randum scatterers.

car

When chaff dipoles are dispensed from a moving craft in space, the

effects of ejection forces, body instability, and other aeradynamical

propert:ies car; cause the dipoles to rotate. Thus, ignoring the eﬂ’ect.l

of scatterer rotation cax result in an incorreét representation of the .

i chaff model, although in many instances such effects can be tolerated

without greatly affecting the results. Ground clutter exhibits echoing
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characteristics similar to those of random scatterers. Ré.taﬂoul
'motion of the scatterers, or equivalent movements of bunélui.
leaves, grass, etc., under the effects of wind forces, can become & |
major contributing factor to fluctuation of echo intensity. Kerr [13]
and Lawson and Uhlenbeck [27) presented some experimental resuits
on the measurements of chaff models and ground clutter. In the case
of chaff measurements, it was reported that, in addition to the fast
Doppler-beat fluctuations a slov;r secular variation was almost always
observed, The origin of this type of fluctuation was not clea.r. but i.t
was. conjectured that the cause could be due to the rotation of dipoles.
For .the case of ground clutter, it was shown that the wiflth of the
fluctvation frequency spectrum was not prol;ortional to radio
frequency as would be exvpected if the fluctuations were due entirely:
to the velo;ity éif;tribution of the sc.tterers. At some wavelengths,

the fluctuation spectra approximately resembled those ol randomly

moving zcatterers, vwhile at other wavelengths the measured results

differed significantly from the theoretically expected values, Kerr

indicated that this anomalous behavior could be due to fluctuations of

two sources instead of one, but no theoretical explanation was ofiered

to clarify this phenomenon,

This chafier presents a refinement of the theoretical model

for the radar echo from a random colle<tion of scatterers, The

EW
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scatterers are treated as dipoles instead of éointn with varizble
cross sections. This assumption permiis the determination of the
effects of ..scatterer rotation which have previously been neglected
(24) - [27). The theory can be extended to the study of other classas
of clutter signal which exhibit similar echoing characteristics. For
example, targets makfng up ground clutter such as trees, grase,
etc., will move and/or oscillate with the wind. ' The individual blades
or stems scatter' energy like lossy dipoles. For our present work,
we ignore the loss characteristics of the ;éatterers. The relative
magnitude of energy reflected by individual scatterers is taken care

of in the probability distribution, of course.

An expression for the correlation function is derived in iex.-ml
of the characteristics of the transmitted 'waveform. polarization, and
the distribution of the scatterers. . Under the assumption that the
cloud d;nsity is slowly varying, the process becomes stationary. It
is shown that the power spectrum of the returned echo consists of
threé closely spaced components, one centered at the mean.Dopplor
frequency, while the other two are cent?red at the qu{\ and difference
of the mean Doppler frequency and the twice the mean rotation
frequency of the dipol;s. The fluctuating characteristics of cluttct;

echoes are also determined, and the theory is compared with some

oi the expcrimental results in the litersture,
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3.2 Analysis of the Model

Let the coordinate tystem be centered at the radar. The

cloud consists of a random collection of moving dipoles reflecting

energy independent of one another. In addition, each dipole is

assumed to have a periodic rotation about an arbitrary axis perpea-
dicular to its length, £ The polarization of the transmitted wave is

assuried to be uniform throughout the illuminated volume and the

effects of multiple scattering are neglected. As in Equations (2. 37)

and (2. 38), assume that the transn:itted signal has the loru!."

- iet : :
eo(t) = Re[s(t)e °] . (3.1)

where 3 (t) is the complex modulation envelope. The returned echo
from a collection of sc'attereu located at (rk. Ok. lk)., k21,2 30000
can be written as

x(t) = Re [x(t)) o '

G(o., 9) _ -
2(t) = K, E.—-k L 'k“'%) S(t-t)

%

The term ''rotation’” used here impliec inie instantaneous change ia
orientation of the dipole with respect ro the direction of the radar
during the time interval in which the dipole is illuminated by the
radar beam. For the purpose of calculation, it is convexieat to

represent suck » change in orientation by a periodic rotation sbout
an appropriate axis,

B BB TR

NHOPREES VPRI 0 e

AL e R




49

o]
"

& constaunt

power gain of antenna3

reflection coefficient

>0

2v lvk

o I j
aK ( = + pr )no- Doppler frequency saift

R
"

overall drift radial velocity of the cloud

<
"

Ve ° differential radial velocity of k“h scatterser
= velocity of light

B, = Phase shift depending on initial parameters
€ = pﬁ‘:ale shift due to the antenna beam phace
characteristics.

The geometry for the kth scatterer is shown in Figure 3.
The rotation axis of the diéole is described by the angles gk and e
where ;k is the angle between the rotation axis and the unit.vector
ér (*he direction of propagation) and 1% is the angle betweeg the
projection of the rotation axis in the 9 I~'plane (the plane perpen-
dicular to the direction of propagation) and the unit vector :e‘ The

reflection coefficient takes the same form as Eq. (2. 40}, i.e.,

If the arienna has different gains for transmitting and receiving,
i.e., due to pelarization changes, then G should be replaced
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:k(t) z ‘:ok [Eﬂk. ﬂk) + B“k' nk) exp [ +i z(rk“' nk)]
+Lg, n) exp-i2(s t+a1]] (3.3)

| where :ok is the broadside eci.o voltage of the lipole with the
electric field vector parallel to its axis, ® is the angular rotatica

frequency of the dipole, &, iz the initial angle between the dipols

k
axis and the plane perpendicular to the direction cf propagatien, and
the quantities ‘E. ?.'!. and T.. are functions of polarizatinn and the

orientation of the rotation axis of the dipole,

i If we assume that the cloud ocrupies a finite volume in space
and the mean distance between the cloud and the radar is large so
that the difference between the range of ; particular scatterer Ty and
the inean range r is small compared with r, wecan ignore the
;;ositional dependence of the amplitude of the acho signal. Hex'u.a.

substituting (3. 3) into (3. 2) and setting Ty =T We obtain

K A . :
z(t) = —‘5 TGO, B ), s(t-t ) exp [+ig (t-t)]

r - k=l .

(-

. {C(Qk. N UL, n) exp_[*w.(t- %)]

LY

+T.(§k.r|k)expt-i¢.(t--.%-b.]} | ) (3.9

e
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' _ where
. ’ic(" ] (Uo + wc.lk“ + 9[" ‘“k’ .k’ - (3. 5)
@‘“) b 3(¢'k¢ ¢ ‘k’ (3. ‘).

The same statistical assumptions as in Section 2. 4,

Chapter 2, can be made regarding the scatterers. The zrandom

A
values a

ok’ 8&' .k' gkn nkv Sk. ak' dep and wrk are taken from the .
joint probability distribution where it is presumed that a scattercr
is present at range Y and time tkl 2. It is shown in Appendix II that

the pzobibility distribution of the echo waveform approaches Gaussian

5 as the rate of echo arrivals becomes large.
a : £
> Following the same procedure as in Chapter 2, the received :
signal correlation function is found to be . = g
' i
: R i = e ' 3
R(1)= K,voe ® i, (IM(1) [ Ts@-1)Tw) du (3.7) »
d c® B
"‘ where . i
) ~ " ‘
K, =« —— |K,|Z<c?><|5 > (3.8)
2 4’1 ° ~ %
2r ;
° ?
v, = average echo rate
’ 1
2. . _..2 - 2 . 3
. M(7) = [<C'>+<U >q' (21)+<L >t. (-21)) (3. 9) ,
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te ie ét . E
0.‘(7) = I Pla,)e dw, . : .
o®
: , z characteristic functioa of ple ‘) (3.10}
b b.
¥, (1) = I Ple )e ds_
r o®
3 ' = characteristic function of Pla ) . (3.11)
and <Cz>. <Uz> » and <Lz> are the expected values of !E'z. Iﬁlz.
i and ﬁ:!z. respectively. If we define p{7) = R{7)/R(0) where R(c) is

the noise power, (3.7) becames

_ hot
| pT) = S AT)Y, (7) M(1} (3.12)
<b "> d
°
‘  where <h°z> s cctrulsLls ana
o
J -0
-®
A(T)= e . (3.13)
J’ [s(e)|"ae
-®
is the normalized autocorrelation of the transmitted signal envelope. ‘
The power spectrum of the echo waveform can be obtained by taking _ *

the Fourier transform of {(3,12), Thus,

«
4
B E o T
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, ‘ e =t teel ot 2 2, .
i g(w) <bz> (<C >rc(a-w°)+<u >Fn(‘"°¢s“q‘ >r‘(..o.)]
o * _ ' (3.14)
where |
.§.
F o) = I plag) f(w-w ) dw, . (3.19)
4o jo )
F (o) = J‘ J‘ plsy) plw) !(w-ad-Ztnt? dw,de_  (3.16)
e® o0
4o 4o
F (o) = I j‘ Plog) plw ) fle-v 420 ) dw de  (3.17)
) -and
» . +. . ’ ’
fw) = IA(:).""M (3.18)

is the power spectrum of tiu: transmitted signal envelope. The

AT N a4l

Wi ol

power spectrum is symmetric if p('.od') and P(Wr) are symmetrie,
For example, if p(wd) and p(wt) are Gaussian with means :‘ and

;r' the-power specirum can be interpreted as c@misting of three

S IR £l GRARAR

closely spaced components, one centered at the mean Doppler

frequency (;.u°+ -.vd) while thcj- other two are centered at (w°+ md+ 20r)
and (mo L X a- 2‘0').

It is noted that the normalized correlation function and power

27 Lo RSN G ORI
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spectrum do not depend on polarization if the effects of scatterer

rotation are neglected. Thus, if W= 0, (3.12) and (3. 14) reduce to

l-ot ' :

PlT) = M""d"h - (3.19) 1

3 . |
% , 8,(0) = F (u-9) {3.20)
3 |

These results are equivalent to those obtained by others { 24], [25],

y provided that the echo rate is nearly uniform,

The av}enge baékscattefed power contained in the three
spectral components can b2 ._valuated by using Equations (2. 51) |
through (2. 60). Since the scattered powér is polarization dependent,

the resuits for the following special cases are summarized below:

(1) linear transmit - linear receive
{2) circular tn.nami& - circular recelve
(3) orthogonal‘ linear transmit and receive’

(4) orthogonal circular transmit and receive

¢ This implies that the trarsmitter and receiver polarization are
| orthogonal to each other, i.¢., ;,r'- 36 =0,
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. , Cass <c3> <u®> <1 <b:>
2 1 1 1
. (n 15 30 30 5 .
1 1 3 2
(2) 30 20 20 1S .
: 3. 21
(3) - 1 A =1 ‘ ’
60 40 40 18
7 - 1 1 2
{4) %0 120 120 18

Other cases can be evaluated in a similar fashion,

3.3 Characteristics of Echo Fluctuations

The echo power fluctuates with time because of the motion of

g the scatterers. For simplicity, we assume in the following analysis
3 that the mean number of scatterers at a given range is large so that
the process becomes essentially Gaussian, The first and second al

probabiliiy distribution for the echo power are thus given by {13],

[26]) - [27).

ST SRS

4
. B i
: x e ) :
w@Eap=e °©° 3B (3.22) j
1 | P

o !
i
P, +P, z
P1-0Y) 2p'/PF, dPdP, 3

W, (P,,P,,7T)dP dP, = ¢ 1o( 5 =

2
. Py1-2') 7 Pt1-p)

i e

(3. 23)
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where lo is the zeroth order modified Bessel function of the first
kind, Po is the average echv power, Pl = P(tl ) Pz 2 P(tz).
T= I."l’ and p' is the correlation coelficient between the echoces

-

of successive pulses. From (3.12), ‘we obtain

“o' ' : '
Re (e ¥ (TIM(T})) - - {3. 24)
o "

p'(T) =
<b >
o

The correlation function for P can be defined as

: 2
<P -P.)(P.-P.}> <P.P.>-P
i — g zzo . nzz za (3:35),
<pl>'P0 | ~<Pl>-Po
Using (3.20) and {3.21), we obtain o
. [ _J
2 ' 2 )
<> = le(Pt“’n dpls zpo
A
. ce | |
<P.P.>: II W,(P,,P..1)P,P.dP, dP, = P2(1+ p'%)
152 AP P TIP) PpdPydly = B
00
Thus, (3.25) becomaes .
" .
I(z) = [p*7)] (3.26)

Now, we assume that both the Doppler shiit and the rotation frequency

have a Gauasian probability distribution with means ;d and '-'”,

st et b e s e 5 B At M i M s
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respectively. Thus,
P(Dd) = = exp [f (:n‘l-'..l;‘l)zIZﬂ‘;2 (3. Z?j
(+]
d
. L, o= 2,29 |

P('”r) =z o exp L— (Jr-iir) IZO' ] (3.28)

r

Frora (3.10) and (3.11), the characteristic functions of :p(ad) and

P (mr) beéomc.

= r % 3
w7 -}th

t..dm e e 13.29)

R -io.ztz g _

by =e "¢ T - (3.30)
o ' .

Substituting (3.9}, (3.29) and (3. 30) in (3. 24) and suppressing the
o +0.)T o

phase factor e (which corresponds to mixing the returned

A

signal with an oscillator of frequency .n°+§,). then (3. 26) becomes

3
2.2 : 2.2
-0, 7 2 <20 1 2 &
I(T)=e <Cz> te T (<Uz> + (!"'z?-)coc 2:31’
<b > . €<b > <b >
o o . ° i
(3,31)

r 4 4

Since <'Uz> z <L > =<8 >, (3.31) can be writtea as

o

ke AT

PRSTE

e b Wi

kg

RN < e B A

Al

-%;
4
]
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) z
2.2 2.2 |
-0, 7 F 2. -20_ 7
<
I(r)=e ¢ -‘—c—z-’-n—sz-?e T ocon2d T (3.32}
<b > <b > ¥

The frequency spectrum of the power fluctuations can be obtained by

taking the Fourizer transform of I(7). Thus,

2 2

a 1 ,% 2 2
. B e T % et 3 00(5)
G{Q) o (<b°z> e +Za( ), a .

ERIRIE D62, A6

e, 2 zr Lolay 0-45’-2 Loy n+4:-=
“d ,<8> '4(0 )( o) 4(0,,./ ) '
+== ...._.) e P r“ te
(3.33)
whers
Q = w/o, : (3. 34)
cfa a': + 4 f (3. 35)
2.z, .2 '
9, * %, + s, . (3. 36)

One of ouz objectives was to clarify theoretically some of the

anomalous phenomena observed during early experimental studies of




s
clutter [13]). Figure 4 illustrates the correlatica function fe.i’
wooded ground clutter measured at 9.2 cm and at wind sp;em of
50 mph. The experimental data were taken from Kerr [13, p, 5871,

The theoretical values are shown by the dashed curve, =hich cﬁ be

wesl

 obtained from (3. 32) and (3. 21} with <c3>1<bf> 3 % and

> .
<sz>l<b;'> = f:- for linear polarization. Thus, we have

4.2
1(1) = °-0.0189 x10° %

_ ead. 2 .2
.[5 ¢l 0309 x 10700 asme].  (3.31)
3 3 )
This corresponde to 04" 17 rad/s and 3'8 oL\ 39.3 rad/s, The
corresponding frequency spectrum of the fluctuations can be 6bulncd

by taking the Fourier transform of the correlation function, ard is -

shown graphically in Figure S,

It should be mentioned that the measured correlation functions

were obtained by radar envelope measurementz. However, Kerr

{13] has indicated that the difference between the correlation fuzec-

tions for envelope and power is small, the muximum deviation being
0.027. Hence, by neglecting this small difference, the two correla- _

tions can be considered equivalent,

It is noted that the curves deviate zignificantly {rom the uzuzl .

expected Gaussian slape. Instead, they drop very slowiy towsrd
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f(cps)

Fig. 5 - Fluctuation Frequency Spectrum for Grouad
Cluiter on 9, 2 cm (Heavily Wooded Terrain al
Wind Speeds of 50 mph)
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zero. The anomalous appearance of the correlation funciion is due
predominantly to the oscillating character of the scatterers. Kerr

has pointed out that a small positive asymptote has been subtracted

from the original measured correlation function.in an attempt to

correct for the slow secular variations. The correlation function

has been renormalized to a value of 1,0 at T= 0. Hence, an exact

comparison between the calculated and measured values cannot be

made. However, the cloge resemblance between the shapes of the

theoretical and experimental curves indicates good agreement of

theory with experiment,

3.4 Conclusions e
When a rad;r Operatealin an environn":nene of clutter, it is
important to determine all possible eﬁect.s s.:vh'ich can limit the
! effectiveness of the receiver. If the echo waveforrﬁ were nrecisely
known, it would be possible, in principle, to synthesize a filter whh‘:b
optimizss the signal-to-noise ratic at the output of the receiver. In
this chapter, we have einphasized the e“c:cts,ka scatterer rotation. -

;

The following conclusions can be drawn.

1) If the spectral spread due tc the Doppler velocity
fluctuations of the scatterers is large, then the effects due

to scatterer rotation can he neglecied. Receiver

o s, e et e e e o= et 0 et v B R s 8

S AP WL

e o e

L R e

b




2)

L1
characteristics will be primarily determined Ly the

Doppler spectrum of the clutter,

If the Doppler spread is sma!l, then ilie contributions due
to rotations of the scstterers can become llgnl{icaﬂ.
This was demonstrated in the example considered st the

end of Section 3.3, -
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Chig;ter 4
ON SCATTER COMMUNICATION VIA RANDCM
TIME-VARIANT "DISCRETE SCATTERER" CHANNE, .

4,1 Introduction

In mony radar applications, communication may be estab-
lished between two distant points by mcare of electromagnetic
scattering from a collection of scatterers randomiy distributed ;a 8
region of space. An clementary scatter communication syster is
shown in Fig. 6. The region of space occupied by the csilection of
scatterers is referred lo as the scattering medium, An ex;mplo of
such a medium is a cloud of resonant dipoles (chaff) (7]-[11J. The
basic eqﬁation relating the 2ystem parameters is the bistatic rqihr
equation, | |
P G G, \*

P, . 3. 2.2
T {4n) r,rr‘

o (4. 2)
where the subscripts R and T refer to the receiver and tranemitter

parameters, respectively, and the quantity ¢ is the scattering funs-

tion which depends upon the characteristics of the mediom,
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Figure 6. Scatter Communication System
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ir graerzl the scattering mediw varies with both poeitica
and time, When viewed {rom the trarsmiiting and receiving terminals,
the scatter channel acts like a linear, random, time-v2rying foar-

terminal network. Our objective is to develop a suitable response

function for this network.

in the analyses of random scattering, most investigators
ignore the time dependence and are concerned only with the mean
power which rnay be provided by the channel with a sine-wave excita~
tion. For example, it; Eq. (4.1), ¢ usually represents thc average
cCrose oe«:ti'on of e.l'm scattering medium, In a praciical satuation, the
medium ie time-varying, the tr;rwmitted‘wa.veform is a modulated
currier, and the received signal is passed :hrough various filters,

The design of such filters requires more infurmation than the mean

channzl power outpu® or the average croas section of the scattering

mediwm, .

The present analysis is an extension to that of Kelly'! 14.?.
The general theory of eh«:xromag*wt}c scattering from a random
collection of gmall metallic scaiterers is developed. The antenna
gain funciions are included in the 2srivation of the channel function
in grder 3o mtw explicit account of the possibilitv that scatterers may
flow ié ané auf of the volume iliwminsted by ‘he two antenna beamae,

Arbitrary iransinitiing and recelving polarizazions are considered,

§5, S e i
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. and the effects of scatterer rotation are also taken into account.

Finally, specific resuits are obtained for the case of dipole scattering.

4.2 Derivation of the Scattered Field

Consider the scattering from a collection of meuillc scatter-
ers which are contained within a finite volume V. Assume that the
origin of coordinates is also contained within 'V and that all sources
which produce the primary field are external to this volume. The

fields everywhere satisf{y the Maxwell's equations,

- dH
VHE® M
A o . - (‘.2’
| =~  E , = _
VXxH = towi'J ’

. .

where J is the source current which gives rise to the primary ficld,

If the scatterers are perfectly conducting, the bc;undary conditions

A-H=0and A x E = 0 are satisfied on the surface of each scatterer.

. It follows from (4.2) that E satisfies the vector Heimholts equation,

0= = §|
== aE a: - 4
VxVx E+u°¢° ;3 = -uo 3t - (4.3)

We assume that the tir..e dependence of the fields and its
sources can be resolved into Fourier components,
i

BTy - Eli | E(r o) ™ dw, etc. (4. 4)




Equation (4.3) becomes
- z- -—
 VXVXE-KE = -iouo.l (4. 5

where E = I'-J(;.m), g = 3(;. w), and kz = ozuoco.

Applicatién of the vector Green's theorsm, together with the ,

proper boundary conditions and the radiation condition for r <e, to

(4. 5) yields (Appendix II)

E(r) =

{Iv T(r,r') - 3(r") av

iwe
s °

+ Isf(?;?'-; A x A(7) as" } (4. 6)

where

- e

-ik| r-r |
RETAR (x Ll vv) .

|x'-r |

is the dyadic free space Green's function {287 and ? is the identity
dyadic. Other field quantities are related by Maxwell's equations.
The first term on the right side of (4.6) is the primary field, Eo(;).

Hence, thec zcaiiered field is given by

Z
E,(T) = m j T(r, ") - & x H(r") as 4.8)

where the integration is carried over the surface of the scatterer.

The geometry for a single scatterer is shown in Fig. 7. We

FH i bl e it

o . e i
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Coordinate System for a Single Scatterer
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iet 1 b2 the vecior diztance from the coordinate origin to.the center
of the scstteres, and £" be the vector distance from the coordinate

zrigin io 2 poln? on the surface of the scatterer. In addition, we let

"}

= p'.p'. Then, in the far zone, jr-r"in {z-r'l-2' .7 . whire

4718 a uni? vector in the {r-r"} directica, and

en e

oik] zopt| _

T(F 7" ——(T- &' o' ik dt.r, (4. 9)
4nir-'g .
Equation (4.8) becomos
2 -ikir-r'| 5 ‘
E (7) = —K- ! fodx [ LaxETm1eMt 2" T3 350 4. 10)
s iwe — J
o 4nir-2'l ] . ,

U thz effects of multiple scattering due to the presence of other

scatterers are neglected and if the scatt?rer dimension is small com-

pared to the wavelength, the surface current induced oa the scatterer

may be approximated by that due tc; the prima t.y field alore, If

kl-r-.l is sufficiently small, the exponential inside the integral wnay.

be replaced by i} +ikd'. -r-.). With these approximations, equatioh

(4. 10) becomes

2 ‘-iki;-;z;'l ' :

E (r) = - L
‘0 - 4uir-2'|

{fAx ﬁo(;")] (1 +ika'. :.) ds" (4.11)
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Next it can be shown that, [29)
ol | = - e l » S— a == = ¥
', M9y [ . 2
. ‘[sh r‘)[nx!-lo(r )1ds 74 !Lt.K[nXHg(r“i]dS” . :
4.12)
Hence
2 -iklr-7'!
= i k o » - k - -
E.(f) = r ine £ [a'x(a'Xp) + ;a'zm:‘ (4.13)

o lr-2'l

where ; and m are the induced eleciric and magnetic dipole moments,

respectively:
P A Ee win |
m = % j r ox [AxH (x"))as" 3 (4. 15)

i E ' S

Thus, in the far zone, the scatterer acts as though it were both an
electric and a magnetic dipole in a uniform static field. In classical

electzomagnetism the induced electric and magnetic dipole momente

are also expressed as linear vector functions of the appiicd fields

E.oi-r") and ffo(;‘), respectively [30]- [31], as follows:

P e oe E (T “.16)

' ﬁog?) | (4.17)

B R At
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where : and ’B'are the dyadic electric and magnetic polarizabilities

which depend on the size, shape, and orientation of tﬁe scatterer,

Now assurne that the scatterers are located at points ;‘l
where i = 1,2,...,n. By Eq. (4.13) with p and m given by Equations

(4.16) and {4.17), respectively, the total scattered ficld becomes

2 n .ikl?-?'i

E(r) = -= ¢ *—
. A im 173

c{a et E T e Ba® A (:-)} ' 4.18)
o o .

In the far zone, r ie far from V so we may put i"i = 5‘. and ‘-r.-;il =

r- 5'.?’. With this substitution, (4.18) becomes

i
e 41202
== 2 .-i.e-r' n +ic£r n
E‘(r,w) = .2 3 L e
4ne 4 i*l‘
{a X[arxui E (ri,m)] —:—c-a XB -H (l' oﬂ)} 4.19)

where we have replaced kz by .Zici.

" In order to put (4.19) in t*> form of a stochastic integral, w¢

use the method of E. J. Kelly y 147, Kelly assumes that the position,

size, shape, and orientation of any scatterer can be represented by
a set of parameters, X eXgeeeesX which we take to be the coordi-

nates of a pbint x ina v-dimensional space X. This space s a

M Mmmb‘m' i
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direct product of the ordinary three-space V, which describes the
position of the scatterers, and a parameter space Y, whose ccordi-
nates fix the size, shape, and orientation of the scatterers. 'l'hn]l. ‘
-l
specification of a point x in the one scatterer phase space is repre-
- - o9 - ’ -
sented by x = (r,y), where r locates the scatterer and y describes
all other paramete '8, if x. locates the ith scatterer in its phase -

i
- ==
x

space, one writes : = q(x,), Bi = ?(;;). and 1! = ;'(:l). where

i ( i i
H(;) and B(;) depend on all but the spatial components of : and ;'(;)
has components equal to the positional coordinates included in :.

Next we introducz an integral-valued measure, N(S), of measurable

sets in the v-dimensional phase space X, which desc ribes the collece

tion of séattererl. If S is a measurable set in X, we iake NIS) to be

-
the number of scatterers for which xi

Eq. (4.19) may be written in the form of the Stieltje's integral,

Lelongs to S, In this .nanner,

- 2 ¢ +i!£o ;":)
E(T,u) = - @ . e j e r 1
4ne

- {&_x[2 X3 E (TN :7 3 x8(x)- A ("), o)} AN

“.20)

Using Eq. {(4.4) or taking the Fourier transform, we find .

S e L S

L R

M SR e R

Kt Mt

. LR LAUNCURI A A o

st

i e i




6%

- e 1 r - s & . T

E (T.0= - = jde(x) Lu‘ {i‘rx[a'rx a(x)- !-'.joir'(x).t)]

2 b e o = 'i“[t“s'*l‘ d ;'(;:)]
+ :‘:‘-:-.i?x BxMH (F(x)al}e € €T de  (4.21)
Since
2 = i jwt
-® Eo(r,u) = r Eo(r,t) 0-4 dt

Equation (Q.Zi) becomas

- - 1 r .'.'.:-o.'.: ....'-o Sl..-.-‘n
E (r.0= e Jx{i’x (3 x8(x)-E (T (x)t- < 4= i ¥ (=)
1 . =-o!.'.....-o r_l.._'-. =
+ ;;-c- £ x8(x} H (7 (x)..:-;_-f; ;T (x))l} dN(x) | (4.22)

If o probability mcasure is impressed on the sets of X, Eq, (4.22)

can be treated as a stochastic integral,

If the scatterers are slowly moving or changing thelr size,
shape, and orientation with time, the measure N then becomes time-
dependent. If we assume that all these motions are slow with respect
to the pericd of the primary impressed fizld, Eq. {4,22) will remain

valid with dN(x) replaced by dN(x, t).
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4.3 Derivation of the Channel Function

Assume that a transmitter is located at 2 vector distance ;...
from the origin and that the collcc;ion of scatterers, which prod&:ol
the scattering, is in the far zone of the transmitting antenna. I s
real signal {(t) is applied to the input terminals of the transmitter,
then, in the scattering region, the transmitted fields (;an be repre-

sented by

E(T0= K, [op® ept[es gip ip]

K

.. . (4.24)
— - o —~ [ l - wn
A (T,0) = T G {7 h,rf[e tode (r-;t)]

where

" 1/2

o\

k=(—3) . . (4.25)
" 4y

" _’uol fo is the intringic impedance of frce space, G‘l‘ is the gala
function of the transmitting antenna, “l‘ is a unit vector in the ;'l'

» I - "
direction, p is the electric polarization vector, and h’l‘ = —f,rx 41.

(the wave is propagating in the '-i,r direction). Substituting (4. 24) in

(4.22), we obtain

SR

X

FRA A A S

LD 5 g, P




ek i

L " R N W
4

68

- o o - 1/2¢ . . W B =
E (v, = o x[c,r(r =N {a’x[ i x a(x)-e,r]«&ﬁtxﬂix)nhr}
T t-%(rﬁ,r)+%(5.!.+‘5t)-‘;'(;)ldﬂ(;.t) (4.26)

Next, we assume that a receiver is 1ocated at a vector Jig-

tance ;R' also far from the scattering region. Then, for Tnearr

R.
we have 1/r » ler. ‘r o aR, and r o rR+ aR° (r»rR). where ‘R ie a
unis vector in the r. direction. Equation (4.26) becomes

R
E (R0 = [ togmnt 56
[ 1] l - - _. - ‘ e - 1 . -> 0 .
f [t-to- ¢ pta ) vx) - o (rrp)ed, lanix, g (.27)

whers
‘t ='l(r +r.) .
o ¢'T R

is the total time delay from transmitter to origin to receiver, and

wix) = —32— {S‘Rx[ikx alx)-é_1+4 x?(x)-ﬁ,l',} (4.28)

Now, Equation {4.27) can be put in the form

T IR A A AR P I,
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== e 12— e 1 = .
E (7.0) = jx L LG NI Sx)E [tes- ¢ (7org)-dy)
8ot b2 (3, + i) T (x)1ds aN(x, 1) (4. 29)

where §(-) is the Dirac delta function. In this form E. represents 8
superposition of plane waves, propagating in the direction of the
receiving antenna, with slowly varying amplitudes, Let 38 be the

polarization vector of the roceiving antenna and GR be its gain func-

tion. Then, by flux considerztions, the plane wave

= -
/GT wglt- = (I'—IR)° ‘R] |
propagating over the receiving antenna, will produce a tlgnﬂ

A

ﬁ_ﬂ:_'—':- GTGR (ERO w) ‘(t).

na in the -iR direction. Since the ocatterer.l are in niotlon. the

at the antenna terminals, where G_ is the gain of the receiving a..tea-
scattered signai will in general have a time-va;'ying amplitude and
phase. If we assume that the receiving antenna is sufficiently wide-

band to follow these variations, the total reccived signal will be

B opmanbent, 25 % i ey S
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by ?‘ - - -— - l,z - - _ e . .
B Jx RCAER EREE a CRR TR
ol l~t°4% ($p4d) T'(x)Vds dN(x, t) (4.30)
For convenience, we let
SR V- w2
(Gp(FIGR(F] = [GoeGpp) G(F) .31}
where GO’E and. G 68 are the maximum gain of the transmitting and *

receiving antennas, respectively, and G(r') is the normalized gaia
.function relating the product of the two antenna gains. Substituting
(4.28) and (4.31) in (4.30) and using the value of K fro;n (4.25), we

Ay e L L =2
s _.‘_’.Z.J : c(r'(x))[én-u(x)-é.r+ﬁn' B(x)« h]
d4nc? "X z® _

1

'Y » = ...' -t -$ .
f (t-¢) 6[t-t°+-¢- (aT+ aR) r'(x)]ds dN(x,t) (4.32)
[
| where .
2 G .G lz )
' o 3 2 2
| SN (L g

and we have made ul'e of the fact that eR- aR= 0and hat ;.R; cn. _ .

If the overall scattering process is regarded as a random

time-varying channel, we may put

E
3
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P.. N
alt) = ] k{it,a} {{t-s) de i£,34)
°
where k{t, s} is the response function of the channel, If
1 e
f{t) = In J Flo) e de “4.35)
. -m ) .
then
p i '
Bi) = 5= | KitoiF(wie'™ do 4. 36)
-t®
where
. - : .
K(t,w) = J’ kit,e) e " ° ds (4.36)
Following Kelly, we will call K(t,®) the channel function. From
(4.32), (4.35), and (4.36}), the channel function hecames
it . B O B
Kit,w) = Aoe J G(r'(x))Q(.,x)e dN(x,t)
X : :
(4.37)
‘where
- o z u_ o [
Q(w,x) = _r—"? Cég- a(x)- et SR' B(x). b1 . (4.38)

This is A generalization of a similar result obtained by Xelly [ 14].
In (4.37) the collection of scatterers behaves as it were a dispersive
medium. The relpons.e of the medium is described by the channel
function. In the .uationary case N is independent of time, and the

frequency response is proportional to .2 since our analysis has been

ey il




based on the static polarizabilities of the scatterer=, If the scatter-
ers are not small, our procedure remains valid if we allow the ’
polarizabilities to depend on frequency. In this case, Eq. (4.37)

- e R = aa -9 0 -
still holds with a(x) and B(x) replaced by a{w,x) and B(w,x ).

4.4 Example: Dipole Scattering

Consider the scattering fram a collection of axially symmetric
scatterers (i.e., cylindrical dipoles). The electric and magnetic

polarizability dyadics for axially symmetric scatterers can be repre-

sented by
= o n P Y
G = al dd + czn
. . (4.39)
8 =p8,dd +8,58 '

2
where d and p are unit vectors parallel and pery-ndicular to the axis
. | ' -
of the scatterzr, respectively. The components of the dyadics a and

.B. are complex function of frequéncy and the size and shape of the

scatterer. The transmitting and receiving polarization vectors can

be written as

‘e"r =. (ao GT)J + (;- Sr); ‘
(4.40)

o= (§-80d ¢ (5-8)5

Hence “ )

e i SR
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fpe @ &p= [lay-a,d. 303 8) + 0,08, &) (s.41)
and .
hg® B hy t(ei- Bz)(d-ﬁn)(d- ko) + ’z‘ﬁg' "'r_’] : (4.42)

For thin dipoles, the magnitudes of az. Bl. anda Bz are smat!

compared witha .. Then .

|
Qw,x) ~ (d-&_Md: &) (4.43)
Vime | RT

and the channel function becuqe.

A +2(2 _+&.) T(x)
K(t,w) = J—_—_—é [ "o ¢ ¢c' T R
4ne X
[al(».;)(c‘i- Nd-2) anc;.:g 4

where al(w,;) depeads on all but the orientation -~oordinates included
-9
in x,
Rotaticnal motion of the sca:*-1ers can be taken into account
by allowing the orientation vector d to become time-dependent. It has
been shown .n Chapter 2 that the quantitly (d. GR)(J- G‘l‘) may be put

in the form

(4. 33)(a° 31.) = [C+T cﬂz'+ fcou' )| (4.49%)

e




s D

74

where &'. ﬁ. and I. are functions of the orientztion of the rotation i

axis of the dipole, and ¢ is the instantaneous orie.ntatioa angle of

the dips~le axis. Comparison between (2.28) and (4.43) shows that
the quantity | Q(m,;) |Z has the sig'nificance of the cross section of an
individnal dipole, If all orientations of the rotation axis are etjmlli

likely, the average cross section is given by

< | Qtw, x) Iz >= o, < h: > (4.46)

where oo is the maximum cross section, and

<b:> s.<Cz+Uz+!.;> o . -

which has been evaluated in Chapter 2 (Eq. 2.35). In the preseunt

chapter, the bistatic angle B (the angle between the directions of the

transmitter and recciver, viecwed from the scattering‘ region) is

given by

cos B = ﬁ,r N .(‘lf47)

4.5 Statistical Properﬁos.

In the previcus sections, we have derived results for the
scattering from a definite set of scattercrs in space. In this section,

] we will examine some of the statistical properties of the channel

output,
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The collection of scatterers is described by an integral-valued
measure, N(S,t), of sets in the one-scatterer éhale space X, Since
the scattering is random in nature, N{S,t) becomes a n;sdmly time-
varying random measure of sets in X. Poisson statistics are
assumed for N(S,t) o t}.nt the random variables N(Sl.. ). ..'.NB..t)
are independent if the'leu S!,. oo .Sn are disjoint, and that the

probability that N(S,t) eguals the intcger n is given by

[ <N(S,t) >

[}
B

Pin) =

exp [- < N{S,8) > ) (4. 48)

where ZN{S,t) > = E N(S,t) denotes the average numbers of scatter-

ers in set S at time ¢. We assume that the measure < N(S,t}> has a
- . : .

density <n(x,t) > sc that

< N{S,1)> = ; <n(x,t)> dX . .49

e

where dX is an infinitesimal ziement of volume in the phase space X.

If we ket
w o= ! W (x)dN(x,t), i=1,2. | (4. 50)
1] Jx i

.mpn' '

Ew = | W,(%) <n(x,t) > dX : (4. S1)
i Jx i

ET"he symbol E 21so stands for the expected value or ensemble
average. We will use these two notations interchangeably.
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. r ) -»
Var w I \V‘ (x) <n(x,t) > dx {4. 52)
b 4 .
and
Cov [w,w,] = wax‘:’wz‘;’ <n(x,t) > dx . 53)

Now, from (4.34) and (4.36), the chanael response functicn

may be expressed ir two useful forms,

h(t) = [ xtt,8) £(t-0) a0

(-]
+o . .
s3] K(t.w)!‘(u)e dw (454
where .
*O .
k(t,s) = ’ JK(t.u)e deo 34, 58)
wcﬁu&
Zhiy = J" E k{t; s) {(t-2} ds
4+ . )
= ’ J" E K(t, o)F{u) e™ de . (4. 56)
and

5 a
3 Cov [h(th,ht')V = | !
3 Cd
»
+ +¢
l [ )

L | s zJ JCov[K(t,m),K*(t' w)] Hot-'t') s )P+ (') d-du"
o {¢n) -® om

Cov [ k{t, s k(t',8') ) i(t-s)(t'-s') ds ds’

- @Yy

(4. 57)

. | The two channel covariances are related by

et e it
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*'#.
Cov [k(t, ), kit',8")) = 3] [covixe,e, Ktet'.-')]c"" ¢ aede
'z“’ ol «o®
4. 39)

Equation (4. 56) implies that the mezn output to £(t) is detes-
mined by the mear propertiéa of the channel. From (4.37) 2nd (4. 51),

we obtaia
- 12 (5 _+&_ ) T(x)
E K(t,®) = Aoc “oj e c' T R
* ! X

G(T'(X)) Qlw,x) <n(xX,t) > dX  (4.59)

Recall that x = (r,y) 80 that dX = 4V dY, and Q(w,x) depends only oa

the y-parameters. Furthermore, in mary situations, it is poahlll‘blo

to put

< n(xt) > = £(y) < n(rot) > 4.60)

where < n{r,t) > is the rean number density in the ordinary space,
* -

and f(y) is the probability density on the y-parameters, which may
also be time-depcndent. Then, Equation (4. 59) can te written in the

form
-l.to -
E Kit,w) = A ot < Qm,y) >

(a +é& ). 1 - .
‘.j’v. T R G <n(F,0>4av*  (4.61)

where

T L,

:
i
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<Qey)> = [ €(7) Qe,7) dv 4. 62)

In the dipole scattering example of Section 4.4, if we ascume

a uniform probability of a1l orientations at any one time, we find

|
<«d- 8 Né- 8> = %(GR- R |

- < Q(w ;)> 2 1 'z a {w)(e &) . © (4. 63)
3,’:;-‘3 3 R T i

where R and 8,1, must refer to the same coordinate system. In tezrms

e o e

of the notations used in Scction 2.2 of Chapter 2, we put

e ekl s 8

! | | é‘-ri'li+'i'-2_

T r J
3R= :;i'% :"dt. : ) ' §

LES

Here S,r and 88 are the polarization vectors veferred to the trans-

mitter and receiver coordinate systems, respectively. With the aid

of the rotational transformation given in Eq. {2.6), we compute .

2 ..\-P~~' ~ o~ Z§-~a'v' ~ o~ z-’-"“
(en ¢e )" L(a‘ar+ aa ) cos ' Z- hz’f &r",'r)'m_ 7 . (4. 64)

This expression can easily be evaluated once the transmitter and

receiver polarizations and the bistatic angle are knowa,

The covariance of the channel output can now be invest'gated,

it
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Since the scatterers are in motion, we begin by examining t_h§ flow
of the variables ; = (:,;) in the phase space X. Consider two

elements dN(;, t) and dN(;'. t'). Suppose that ; flowe into :l as

time goes from t to t and :2 flows into x' as time goes from t to t',

where t = (t+t')/2. For sufficiently small values of t-t', we may put

%= x -i.'l (%L'-) ‘(4.65
- and | .
D %, +%, (%‘-‘) ' (4..66)

where x is the rate of change of the position vector x in the one

ﬁcatterer phise space. Thea

w = Jf W(;) dN(;,t) W[x -x dN(xl.t)
X

- - 'S . - -: P L= -
wo= [ W(x'HN(X, ¢} = W[x +x, (2 Vangx,. 0
J J 2 2 /. 2
X X -
where :l = :l(;l'?)' and :2 = ;z(';z.?). ;t !aiiewg from the assunp-

tion of Poisson statistics thet

-.-o/'

Coviw,w') =j;z w[?-;?(% wix+ (3 —/’i< n(x,t) >dxX (4. 67) |

where we have assumed that the velocily field ;(;, t) is statisiically

IS
¢




independent of the measurs N{S,t).

Using (4. %7) and making assumption (4,60), we obtain

Cov [ K(2, w), K*{t',')] = A: exp [-i(e-.')tol

I J;E G[;"%'G:z‘-t)] exp {‘E (dp+dg) [;"2;_' "\]}

\ 4

Gt[ r'+r C t\" {-i'{(i,ri»ia).[?w';" ""\]}

] 1.8~
Q[a,y-y t——t> Qt[ ,y+y(t ¢ -‘f(y)<n(r'.t)> d’r' )

-'Az exp [ i(u--')t ] exp[ (u-u')(a +a )- r"]

E {exp [- —(o'l'o')( ‘t\( ,r+ SR)- v(r ,t)]
G [?-7(?,?)(\%-‘] Gt[;"};(;',?)'(%i )’] }< n(r,t) > a3

j EQ[-.; v(—-— }a'[‘m.yw t g\-‘*’(ﬂcﬂ (4: 68)
Y ;

where ;(-r., t) = ;(-r.. t) and we have asswned that v and ;are indepen-
dent. Let F(v; r,t) be the probability densiiy that & scatterer has &

velocity v at (7,t), Eq. (4.68) may be written as |
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Cov [ K(t, w), K2(t', w')] = A: exp [-i(o-..')tol
th-t N\ t -t N\
Eafe7-y S las[wuye fy) ay

el e ()

H{ exp {% (o-e') it £p)- 7 ]} F(w D)

{s[rvE () ]et [ FumD "“‘)]

exp i.' b fotw) (‘z /( +ag) 3"(}‘-.?)'} } < n(r'.?) > 7w
4.69)

We assume that Q(m..y.) is sufficiently wideband, so that
Q(w, ;) s Q(m".-y.) <ver the signal bandwidth, where - ie the'angular
carrier frequency. In addition we assume tint'i (t*-t)B << 1, where
B is the signal bandwidth. Substituting (4.69) in (4. 575. we obtain )
e DR
ov [h(t),h(t')] = ;z:)-i W(.Q.t -t).

te
) '{I F(m) exp [iw{t-t *= (3 +'R) [ -v('.'t)(t t\]}] de

I.r (0') exp - ‘“'{"“o+f=("r* UGEE G B
G[r'-v(r o5t '“G‘[r”"-"( )]

Flv;s',t) < p(r‘.t) > d’:d’?’ (4. 70)

where

T et e P B, e 1
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Wia_,t'-t) =I EQL« gl ‘\] Q*[w_ Ty —-"\] £(y) dY
(4. 71)
Again the method ard results given above 2re a slight generation of

those given by E. J. Kelly in Reference [ 14].

For the dipole scattering example, the ; -parameters it;ciudo
€, 1, and ¥ (see Fig; 2), where the angles § and 1) define the orien-
tation of the rotation axis and § = mrt+a. is the instantancous orienta-
tion angle of the dipole with respect to the u-axis. Hére . ; and 8
is the initial orientation angle. If we assume that every orientati;:n of

the rotation axis is cqually probable and that the initial orientation of

the dipole axis is uniformly distributed in the interval 0 <a< 2n » WO

find ' ¢

a2r .2 2 2
Wiw ,7) = v-z;‘:z |al(¢°;f| [< G%s 4 < U vargz-r) tel ?v.’(-zf)]

(4. 72)

where 7= t'-¢ and v. {r) is the characteri stic function of p(mr) defined
4

ir. Chapter 2.

Since e

) = 35 [ Flore'™an

and l‘(t) is real so that F*(-w) = F(w). Equation (4.70) may be written
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©
Cov {h{t),h(t')] = Az W ,t'-t) -
|Jf{tt+-(a +ig).[ 7 -v(r-.c)( )]}
‘{""‘o+ ¢ lptip) [;'+;‘;°'?’ 't'.i.'!)}
Grr'-v(r'.t)(‘ ;‘;".c*{}'w?e?'.?) ")
-— - T e |
F(v: r',t) < n(r',t)>d v & r* (4. 13)
Now f(t) can be written in the. form of a modulated carrier,
£) = m(t)cos (w e+ o ] (4. 74)

Substitute (4. 74) in (4.73)-and assume that m(t) and g_(t) vary only
slowly compared to cos w t Then, by keeping t'-t su!!!c!éasly small,
we may drop the term — (’T+ aR) v( t) b t) from the arguments
of m{t) and Qo‘l). We then use the sum and difference identiiy on the

product of cosines and drop the sum term because of its rapid varia-

tion with r', Equation (4. 73) becomes

{.
:
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Cov [h(),h(t")] = + Al Win ,t'-t)

J'j'c[ r’.v(r’.t)k L3l 3 IG'[ r ov(x’.-.)(‘ =£
, m[t-toi'% (p+d): v Iml t'-t,,*% (& + ‘Rﬁ" ')

' -— o - - - . -_— — -—
cos [ -:e(i,r-l' SR.)w(r'.t)(t'-t)} <a(r',t)> F(v; r'.t)d’v d’ b

(4.7%)
The variance of the channe! output can be deduced directly

from (4.75). Thus

Var h{t) = Cov [h{t), h(t))
s 3 Al W(mo)jv\c(?-)izmz[ t-t + (S 500 F) < (7, D> &°F

{4. 76)
whe re

Wi ) = < ‘Q(wo.;)‘z> = Iw |Q(m°.§')lz (Y @477

2
The quantity %m {t) is proportional to the average power being
transmitted at t. Likewise, Var h{i) is proportional to ine avéragc

power in the fluctuating component of h(tj, received at t. Recall that

' 2

2 A GTG
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hence, the quantity o - . :
wiey | la®™|® <m0 > dw
v .
has the significance of channel cross sectioa.

For the case of backs?attering. both 51, and ‘R are in the
direction of the antenna. However, the anténm may have different
polarization for transmitting and receiving. 1f one introduces a -
coordinate system (x,y,z) with the z-axis in the negative (‘.‘1" ‘l’
direction, and assume that the antenna gain is nearly vniform over
the cloud of scatterers, then the cross section per \.mit range {s

given by

ofz',t) = W(mo)ﬁ < n(x'.y'.z';:i', dx’ dy' (4. 78)

This represente simple incoherent scattering from a collection of
_ indcpendent scatterers, i.e., the total cross section is equal to the
average cross scction per scatterer times the mean number of

scatterers illuminated at time t. . e . : A

For the dipole scattering example, we bhave

4
.

12
W) = ——|a,w)|"<cC
o 4'“:4|lo

2

+ l!z+ Lz, > (4. 79)




Chapter $ _ -

SCATTERING BY RANDOMLY VARYING CONTINUCUS
MEDIA WITH APPLICATION TO COMMUNICATIONS

s

S.1 Introduction

Interest in the problem of establishing long° distance canmu;
nications via forward scatter has motivated the study of scatteriag
from a perturbed region of space whose eliectromagnetic properties
vary randomly with space and time. In th_ ;;revious‘c‘;iapier. wo
studied the propertie; of a 'discrete scatterer" channel, in whick the
scatiering medium is made vp of a collection of metallic scatterss
randomly distributed in a region of space. The scattering charac-
teristics were exprezsed in terms of the electric and magneiis

polarizabilities of each scatterer,

In the present chapte.r. the properties of a "continuum®
channel are examined. The constitutive par.ameterl of the medium
are assum.eq to vary randomly with both position and time. The
scattering characteristics are expreu‘ed in terms of the electric and
magnetic susceptibilities of the medium. General time dependence

is assumed. An expression for the channel function is derived in

86
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. terms of the scattering properties of the medium. The approaches
being taken here are parallel to those of Kelly { 14] ;‘bovwvo.r.
slightly different techniques are employed to derive the scattered B
fields. Also, the cifect of zntenna gain is explicitiy taken into
account in order to allow for the fact that scat.terers may flow ia and

out of the volume illuminated by the two antenna beams.  The theory

ie developed in a general manner so that it may be aprlicd to the

e Bt B AR it Ot A

study of 2 wide class of yroblen.z; e.g., scattering by a turbulent
and inhomsgenecous atmosphere, ionized gases, and * .bulent wakes,
5.2 Scattering by Continucus Media

Consider 3 scattering volume which is filled by a randam

continuous medium. The interaction of matter and the fields are

deecribed'by
D = «E+P | ‘(s.l)‘
= L= - ‘ :
H = _B‘u * (503’
Yo

where F,and M are the electric and magretic polarization vectors,
respectively, Outside the scattering velume, we have free space,
and the polarization vectors vanish. The electrumagnetic fields -

. : everywhere are governed by Maxwell's equations [37],
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- E ) - :
vxB-ue 3 - u (T ‘SE'"”“) (5.3)
in:'+%"-’;- 0 (5. 4)
v-Es-:-(p-"v-ﬁ : {s. 5)
. o .. : : .
v.s t ° (506,

where p and J are the charge and current densities which give rise
to th: primary field. The presence of the material medium is thus
accounted for by the potarization charge density - ‘i' V-Pand the-

2P — °
polarization curren’, density Bt +V x M.

The clectromagnetic fields can be expressed in terms of the

Hertz potential -ﬁ(;. t)

2=
- - 3 '
E«vv.B-ue = (5.7)
: Tl
= - ' .
B uo.‘.’ov X .a—t- . . o (5.‘)

where T satisfies the differential equation, '

v.zn e 9-%- S :‘-E(?. Q- c—‘- L[J(r. ") + V xM(T, £") Yde”

.13 o , o
. (5. 9)

The solution can be written as

ot

EE R T

Poare

i S\ Mg OB T e




89
(.1 = ;—‘-— {.[J P(F',¢')G(F, t; T, t') V" d¢!
» .

+ IIJ: de"[ 3(;', t"y+ M (;', t")] G(;. t; ;'. t"dV'dt'}
(5.10)

where
|77}

_ o[ vr-es
G(r,t; ', t') =

(%.11)

4n ;-;'l
is the retarded Green's function for the scalar wave equation {Appsa-

dix IV). The Hertz vector for the primary field is given by -
~ L3 ' ’
O (ra = = [[[[ Fr.enelo@mereavae (sa2)
o ' < o = ,

Assume that all sources which produce the primary field are external
to the scattering volume. Then from (5. 10), the Herts vector for the

scattered field is
' fi'.('r'.n = ;*;-Uj' F(;'.e-m(?._c; T,t') dV* &’
o .
+[[L] vxM(E.enae Jo(F s Foeyaviar] - (sa3)
[ -] .

where the domain of integration is the scattering volurae in which P
and M differs from zero. From the vector identlty V'XGM =

G V'x M- MxV:G, we have

|
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I (A xMG dS' = j GV'x i’iav--j MxV'G av* (5. 14)
s v v

where the integral on the left is extended over the surface enclosing
the scaitering volume, and & is the unit.ou'tward normal to this sur-
face. Assume that the scattering volume remains within a finite

closed surface, which is made large enough so th;t the surface inte-

- gral in (5. 14) vanishes. Equation (5.12) can be rewritten as

d (7,4 = = “{p(r'.z')c(r.c. .t
t'

+y ﬁ(}'-.c")xv-c(‘;.:;?-.:-)év-}dv'dv ' (5.15)
“o

From (5.7} and the relation VG(.;. t;;'.t') = -V'G(;, t;;'.t'). the

scaite r_ed field becomes

<»

E(r,0 = };— ;'j' [(P(r',e) v )V'G(r, 6 7, t') dV' dt

32
'"e_z j" P(r,t')G(T, t; ', t') V" e’

az ) Pt‘__ B
gV J{Jo M(F, ) xVGIE 7, e } v ae

(5.16)
Let the ongin of the coordinates be located vsithin V and

evaluate the lcattered {i\'ld only in the far zone, then




9

--' .’_.
lr-r N re-a °r
1 4

| —l!—' L -t— l o-|‘
G r=— Y{3 u.c cit :.9

MxV'Gw

. vieto L-.i_’..l
i (nerM(t tfc < ar ')
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where i'r is a unit vector along the r-direction and §' indicates
differentiation with respect io its argument. Substituting these

quantities in {5.16) and making use ¢f the formula,

jrea 6™y ax = 0® (*a)

we ob&iu. g
SR " - r - = - 4 ‘ - by
E(r,t) = {atx .I [atx P(r’,t-:+: at° ')} av?
4nc r \
+li'x'l.7.l(;'t-£*l‘-;')d\r’} (5.17)
c'r 'IV e e r a =
O T
where P = 7 Pand M = —5 M. The scaitered field can be inter-
o ot

preted as arising from a distribution of induced electric and mgmﬁc
dipolc moments per unit volume of the scattering medium. The sole-
tion will depend on the manner in which the polarization depends oa
the external ficld., If we assume that the dependenccle o('; and m oa

E and H, respectively, is linear, we can write

R e e R R R

I 0K 5

e
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Plr.0) = ¢ L X(r,t,8) + E(%,t-s) ds (s.18)
M(T, 1) = j' ¥(T,t,3) - FH(Tet-s) do O (5.19)
° .

where X and y are the dyadic electric and magnetic susceptibilities
of the medium. Xquation (5. 18) and (5.19) also cxprees the fact that
the induced polarization must not precede in time the field whick

produces it. If i(?. t, l)“and ;(;, t, 8) vary slowly compared to the

primary field variations, them’

%(?.t) = % Jr i(?.t.u) . é(-r'.t-c) ds
°.
fﬁ(?.c) - =(?.z'.-) . ;';'('?.z-.) ds
| | ¥

Further let us assume that the presence of the scattex;ing medium is
A small perturbation of free space conditions so thst the scattered
energy is small compared to that of the prir;\ary field, Then we can
use the Born approximation, replacing the total fields E and ﬁﬁy

the primary iields Eo and H_ within the integrals. With these

assumptions, kquation (5.17) becomes

e A PO A S A Aot 1 L A B L A e 7 Bt

b AT AR
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Y 3__1 ." X1y ¢ .2 °; r;l .-l .
E‘(r,t) 4n¢zr {irx IV‘L(.'X[xh oty 8) Eo(r toste :r-z-.)])awo

Y o = = - r, 1. -
t = dx jvl‘l‘(r'.t.’s)-Ho(r',t-:+:$ror'-l)]dV'ds (5. 20)
°

where we have replaced (t-i— +-:-5r‘ T') by tin the'argumeuu of x
and ; since the medium is slowly varying. This is the same as

Kelly's result except that here X and ; are dyadics instead of

. scalars,

5.3 The Channel Functioa

The channel function for the continuum case can be derived in -

. _ R
the same manner as for the discrete scatterer case. However,

because of the similarities in the formuliam between the two types
of scattering, a dircct analogy can be established so that the results
developed for the disc x;ete scatterer case can be applied imr.nediateﬁy

to the continuum case. Comparison betweeun {4.22) and (5. 20) sho=3

that the two c¢xprecsions arc equivalent if we put
a(x) 8{s) dN(x,t) — X(7',t,0) &V*

B(%) (s) AN, 0 — BT, t,0) V"

Thus, from the results of Section 4.3, Chapter 4, we find that the

channel function for the continuum case is given by

i e

e g b5y X
el

L

T T

e

| R SR R 5 s
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K(t,o) = A e °{vc(:')mr'.t.o)e av'  (s.21)
whete
: 2
G..G. _\ .
A: . °'§ QR (s.22)
{4n) r,r ’R
- ° .z M - P’y - . a
Qf{r,t,w) = “_“_cz { SR-X(r.t.m)- é‘,r+ hR~ Y(r,t, @) h,r] (S.23)
_ X(T,t, w) =J‘ X(F.t,8) 1 T (5.24)
N .
[ - = W o ‘!M
Y(r,t,w) = (r,t.8) e ds {5.25)
| ¥

Other quantitics are defined in Chapter 4.

The condition of rcalizﬁbility requires that the polarization be
zero for 8 < Q. . This implics that )?(-r.,t,w) and 'Y-(-r.. t, ») must be
analytic in the lower half of the compiex w-plane. Since

1

- 2 - + - . -' b .
t, = (a,r an) r' > 0 for any point in the scattering volume, it

follows that K(t,w) is also analytic in the lower half w-plane,

For simplicity, we restrict our discussions to a scattering

medium which contains only 2 single constituent, since the generali-

zations to the case for which the medium contains sevzral constituents
are straight forward. For a continuous medium with one constituent,

having number density n(;, t), we ;nay put

o

s A . A DU At S

2 e b s RS

S
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B - = =

X({r,t,®) = X{w) n(r,t)

B - . = -

Y(r,t,®) = Y(w) n(r,t)
where }?(m) and ;(m) describe the dispersive propertics of the
medium, Thus, the channel functi-n can be writéeﬁ in the form

i2¢a_+8 )7

-iwt - -
K{t,w) = AOQ(m)e * °§ G(r')e SRR n(r',t) 4V* (5.26)
\ 4
where
.2 -~ p—9 -
Qlw) = mcz. {en- X (w) e,r+ hn Y{w) - h,r] (5.27)

As an ¢xample, we consider the scattering by an ioniged gas .
(plasma). We assume that the medium is non-magnetic so that
8 -— .
Y(r,t,=} = 0. The eleciric susceptibility takes the form [40)

1:2 .n(;.t) =
m'go win-ivj

. )-('(?. t,w) ==

(5.28)

where? is the identity dyadic, ¢ and m are the clectron charge =nd

mass, n(;. t) is the electron density, and v is the collision frequency.

'I'hul,
RIS B SIPRRP (5.29)
’ *r—ﬂlcz me o.-iv/ R T

and the channel function beccnes
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A 2 -t
- © e W Na » 0
K(t, @) = -\Mn ci me (o-iv/(eg' el‘“ '
R £ Y 3 P .
jGlme T R n(T7, 8 av’ {5.30)
v

The channel function car e computed if the density profile
is known. For example, let us consider a hypothetical model of the
plasma for which we take to te a Qpherical column with a density

~12
-af) h'zi .

a(¥,t) = n_e Y ramse (5.31)

where ' is.a vector measured ﬁom,the origin within the plasma
column, a is a constant which has the dimension of length, and uﬁt)
is a time-varying parameter which défines the instanhneouo. size of
the plasma column. For simplicity we assume that the antenna
illumination is uniform, G(+')~ 1, and that.the piasma is collizion- -
less, v~0. With these assumptions, (5.30) becomes

2

K Yo Pop (5550 ™o
t. 2 e — R o @ 0
(¢, 0) Vin <2 “r* ®p’ ¢
t+o G(l) ‘;l(xl ) gt z.!_._ > S 2Tt o)
- bz ) = (E A ) rix',y',s')
Jrjj' a ¢ € gk dx' dy’ ds'

(5.32)

.
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where n; = noezlm ‘o’ In (5.32) we have assumed that a(t)laz fe
large cnough so that n{r',t)is a rapidly decreasing function of |.r-'l

and the integration may be extended from -® to +=, Since

¥ = ix+dy+da
x y s

and 2_ and §_ ar~ unit vectors from the origin to the transmitter and

T R

receiver, respactively, 80 that we have

i ax sin GT cos 'T* ay sin OT sin O,rf fs cos 01.

- = » + » + [
i ax sin BR cos .R a.y gin OR sin ‘R ;' cos ._l

Equation (5.32) may be rewritten as

A el ~lut,
K(t,w) = =2 __°ZB (SRo S.r) .
vén ¢
to o), .2

T(x' + y' + 3 ) i“" (ﬂxx'i' tﬂyy'"‘ﬂ s')

ifje
wh.en |
T = (sin 6, cos i,r+ sin 6 cos .R.’

= $in
1& (sin QT sin ‘T* sin OR s .a,

= (cos @ f cos ORP

T

Carrying out the intcgration in (5.33), we obtaia

dx' dy' ds' (5.33)
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A “‘3.2 .
Kit,w) = (€ - &) exp [-lwt_]
2c263 2“, R T °
2 2
r 1 ea 2 2 .2 1
expi-= (+7 +1) - (5.34)
i. 4‘:2““) nx % s’]
Noting that
ﬂ:? ﬂ;* 1;: = 4 cos’ -:- ' {5.35)
where 8 is the bistatic scattering angle,
-1 .
8 = cos (f,re ﬂn}
Equation (5.34) becomes
A el '
Kit,w) = - (8. &,)
2%y R OT
2 2
aw 2 B
cos = {S.36)
exp [- iutoa czam '3 ] .

From {4.36) the chanael cutpui is given by

+®

hit) = -zl;‘ j" K(t, w)F () e"f de

Assume that the transmitted signal has a Gaussian envelope; i, @,

1(t) = (B/2/5) exp [»thzh ], so that F{uw) takes the 'torﬁ

PP e m—

o
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el S

e Fiw) = exp [-o'/B%) o

Using (5.36) and (5.37), the channel output becames

ﬁl’ z ' 3 :
h(t) = k2 (& -8}
.3 cz cslz(tﬁ (l + 2B asz £ B N} 1/2 R. 8‘.
o). 27 .
2
exp {- % szB = (:-:o)?‘} . (5.38)
(1 +357-con 'i")
caf) .

Thus, the transmitted pulse is widened ard distorted as a result of

the electron density ﬂuctmtionl in the plasma columa,
A special form of at) may be represented by
+
aft} = LR a,lbm

where Ib(t)] < land alb(t) fluctuates about the value 60. ‘If the
time variation is small, (aoial) << 1, the channel output is approxi-

mately given by

3. »
A fa Be :
h(t) ~ - —2 o (8- a0 [0 - A )+ by
‘Yczcslz T [ o/( zyz/ ]
2 &, Y <
! exp {--—3-2[1 g (- b ] e ,z} (5.39)
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wherc
2.2
2
723 1 & - cos %
ca
®
in the stationary case, b(t) = 0, (5.38) reduces >
3 F
A Jia’Be 2
- . Y S -1 B 2 (
ht) * - g (g S e {-1 5 000’} g
ye 30 b §

5.4 Statistical Properties

Souﬁe of the statistical pr.operties of the scatter channel are
examined in this section. Again, we will restrict oﬁr a;lalyall to
that of a single constitucnt, described by a number density n(-;, th.
We assume that the medium is randomly varying so that n(r, )

becomes a random process in 'space'and time.

From Chapfer 4, we recall that the input-output relatica for

the channel can be wriiten ae

B = - rxit.m)l"(m) R (5. 41)
where -

Kit,w) = f.k(a.-) o 1% 4
and °

>

Y
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e
Flo) = j 1) o 1% ar

We assume that {(t) is non-random and k(t,s) is real so that K(t.ﬂ -

K*(t, -w). The mean of the channel culput is givea by

‘@

En) = & | EK(te) Fis) '™ de (5.42)

.

From (5.26), we have immediately

+.£R).';-'

12(d _ .
€ < n(r', ) > dV*

E Kit,@) = A Qls) e 1ot ] G T

v
. (5.43)

where < n(-r.. t)>= E n(;. t) is the mean nmnbei density.

L]
The covariance of the channel output is given by

o 40 .
| Cov[h(t).h(t')] % "'—l"i I S COV[K(toQ)aK.“'n.',] i
@w .

exp [ilwt-0't’)JF@)F (') dode’ (5. 44)
ﬁsing (5.26), we ;bmu '
Cov [Kit, ), K*(t',w')] = A:Q(m)a"(w') exp [ -i(w-a')t ]
'[v ij(;)G(?') exp T B ap)- (or-w'7"))

Cov La(7,t)s n(z',t)] 4V aV' | (5.4%5)

Ay . A SRR A 14 T WA TA DS

s
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\ .
‘l’lms. to compute the covariance of hit}, we need the covariance of
n(r,t). We suppose that the scattering is caused by inhomogeneities
in the density of the medium in random flow. In order to facilitate
the cdmputations, we shall make certain simplifying assumpticns
regarding the o=, Let t= (ttt')/2. We iike to relate u(;. t) to

u(-r.l.?) and n(;',t') te u(;z.?), where . is the point to which T

1
flows a2 time goes fromttot, and ;2 flows into ' as time goes
from t to t'. We assume that t-t' is small and ignore effects, other
than the flow, which can change the density of the co::;*gtituent being
considered.. Then, by means of an equation of contiruity, we have

n('r'l.?) av, o n{r,t) av
(5. 46)

nz?z.?) v, = n{r’,t') dV*

where dvl and de are two elementary volumes at ;l

tively. We also assume that the velocity of the random flow is

and -r'z » Tespec-

independent of the density n(r,t). Then, for small values of t-t',
we may write

- === m et

=T +v(r1.t)(7)

(5.47)

T s T (5
r,= T -.v(rz.t) 3 )

where v(T,t) i the velocity of the flow at {z,t). Thus, {§ 9(?) is

some function of position and. if

n —
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o = [ #(F)n(r.1)av
oy _

¢ = [ #(T) a0 dv
\ 4
then, from (5.46} and (5.47), ¢ and ¢' can also be expressed as

."‘f

- em e - !'-t\. - -
L. o 5w (Bl Dy,
1

<,

= -“ =Y = =
Lt v{ l‘ o t) -z—/_.nh-z.t)dvz

1t follows that

Covle,@')= [ | 8(X)'(T) Cov [nlr,t),a(T", 1)} aV dv*
v.

.

I ) Be[r-vﬂr.c)( )}ﬁ'[rzw(rz.n("“)]

Cov { n(;l.?).n(;z.?)] v, av, (5. 48)

In this manner, we may put

?+?

Cov[n(rl.t).n(rz.t)] A( 2 T,-T -> {5.49)

Applying (5.48) to (5.45), we cbiain

e o+
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Cov [K(t, o), K*(t30')] = A 2Qie)a®(e') exp C-ito-w'p ) ’

‘[VI exp[--(a.l;la }. (.r --r‘)] ; |
EG[rI-v(rl.fn)\—)] [T vir, (5 N - 3

exp{-‘-(i,lﬁfk)'{b';( .t)+nv(rl,tﬂ( )}

NG b 2 Tpe Tt ) 4V, av, . (s. 50)
If we define
T, T, -
= 1 "2 - == -
r = 3 : and P = 2, r

Equation (5..50) may be written as -

Cov [K(t,w), K*(t',w')Y = A Q(w)Q‘(w'P expt u---'n,]

-~ »..4‘ i i D — [ W b R

o riraen

Ec[x--»v ?-;-.T ';"):‘G‘[ﬁ-sw r+’.?)("")]
exp {__(w'-uxt'-l)(;,r+an) [v(r¢- ,g) v(r u]}
exp {-; n'+¢\( -l>(a,r+an) [v(r+z,g)+v g.‘;!}'

AL DT d’ > | (5. 51)

val
L ]




We assume that A(;,;,?) varies slowly with r and vanishes relatively.

rapidly as I -b.l increases. Specifically, we assume that A(;.;.?)
becomes negligibly small when ' ;' exceedl. some correlation length
pc which is small compared to the modulation wavelqngth lm: 2nel/B,
where B is the signal bandwidth. This implies that the signal illum-
inates many ;xncorrelated scattering volur;:en with n?arly‘ uniform

~

modulation. Thus, by keeping p sufficiently small, we may assume

that

Equagisn (5. 51) becomes
Cov [Kit, ), K*(t',0')] £ AZQuIa*(c ) exp [-1(--.9,;01
[[for {4 5y 30 [t - wemr )
G [r- £-v(rD '—z—‘ \'lc'r +; ¢S "‘1
exp [- < (ot o) (t._;?')(;'l"* AL 7(;.?)]
FunDAGLDE VST (5. 82)

where F(v;r,t} is the probability density for the velocity of the flow

at ‘;. t’o

Now we assume that Q(w) io wideband, i.e., Q(w) ~Q(¢‘b. and .

AT e
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that % {(t'=t)B << 1, where L is the angular carrier frequency and B
is the signal bandwidth, Substizute (5.52) into (5.44), we obtain

| Al

Cov [h{t),

@n) : ' |
HI f{ tog_+ : (E +dp)- [ T - — - (T, t) ')]} - 5

£ {t'-t +1 < (it an) [r +—+71;,?) 51:3)1}

DY

c[‘-g-?(?.?) L t\'\o:;"[ +—+v(r.z) —z'%

3
F(vir,t) A(r,p,t) T o (5. 53} o
. - i
where o e : ; g
) fwt ' |
(w = 5= j' Flale  de
»@®
; As in the discrete scatterer case, we assume that {(t) is of
" the form,
i £(t) = mit)cos [ w t + cpo(t)] (5. 54)

where m{t) and c;po(t) are slowly varving functions ¢f time. Substitute .

L s

(5. 54) in (5. 53} and assume that p and t'-t are sufficiently lmali. 80

that we may dr-op the quantities . ) .
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: from the arguments of m(t) and °om° We then uo-e the lﬁn and |
.difference identity on the product of cosines and drop the sum term
because of its rapid variationi with r. Equation (5. 53) becames
Ko | L
Cov [ht) b)) = —= et )| HI F(V:T, 1) A(T, 3, 8)
o[7-2- 2 _SED NG (72456 .u(‘_“.)1
l » - = - -
m{ t-t°+ < (a,r*l'.aa) *rIm( t'.--to+% (a,r* ‘R,. r)
3- 3

co-{ (i +d )-[B'G(?.I')(v-z)]}d’h Ta% (5. 59)

The antenna gain patterns can influence the covariance function |
gx"eatly when the value of v(r,t)(t'-t).exceeds the correlation length
pc. As ;(-r'.?)(t'.-t) increases to a large c;-nough value, the intg;n-
tion will be carried over disjoint vol'ume.s of the scattering miterhl,

and the covaviance func’ion will drop rapidly'té zero,

The variance of the channel output can be obtained directly

frora (5.55). Thus




Varh{t) = Cor [hith,21) .
2 ' ' .
= — law)l h A7, 5,06(7 - G*(T + §)

z ‘ ' - o .o - » = 3.- ,-
m [t-t°+ = (a.r* an)- l']coc. [ -e—(a,ri' ‘B,. p]d rd p
(5. 56)
1 2 ' '
Since zm (t) is proportional to the average power being trans-
mitted at t, hence Var a(5) is proportional to the average power in
the fluctuating ‘compouént of hit), rzceived at t. Substitute the value
of A: from (5.22) in (5. 56) and compare with the bistatic radar

equation, we sece that the <hannel cross .s,ection is given by

o = law)l® [ A 06E-fr6%T+8)

3 (5. 57)

cos [;2 (3ptdp)-7] d,;d.
In many practical situations, it is possible to put
AT, 9,t) = C(p) Var n(;.t)
whzre C(0) = ). Thén (5. 57).may bc written ae

o) = Jaw)l? [[G(F-21G* T+ &) varniFin

C(r) cos [:—" (3¢ in); p]ds? a7 {5. 58)
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. . If the antenna gains are nearly uniform, (5.58) reducas to
: oft) = |Q(o°)i e Vc ('0) I Var a(r, t) d,; {S. 59
v .

where ch (v) ts the correlation volume,
Vol = [ CRrcos [ 2 tigtin)7) d?; (5. 60)

For the plasma scattering example of the last section, the

quantity | Q(mn} |2 is given by

' 2 2 o
2 1 e \ 0 o - 2 ® f2es
7 IQ(U NE = s ) —.,—-T\ !(e .8 (5. 613
e .4\11:2('"'0'(5;*\!‘/ L

The evaluation of V’c (w) depends upon the particular model
used for the correlation function C(o). A possible form of C(F’

frequently assumed is

- 2
-Iplzlve

Clp) = o | (5, 62)

Substitute (5.62) in (5.60) 7nd carry out the integration using the

VY same method as that for evaluating (S. ‘.’oZ}é v obtalm

= o’ L z‘cooz 8
l »
. vie s 23 e ¢ (5. 63}
c <
where B is the bistatic angle,
N SRR b oS — = o - —= W




Appendix 1 E

APPLICATION OF THE LORENTZ RECIPROCITY
THEOREM TO SCATTERING PROBLEMS

AP}

Let (E-l.ﬁl) an{! (Ez.ﬁz) be two different distributions of

electromagnetic fields of the same {requency, which can be ectzd-

S v s Bl £ A

lished in a region of space containing no sources. Each set of field
_vectors satisfies the Maxwell's equationg. Lorents reciprocity

theorem st»>- |

r

} X H, zxﬁl)dsso (1. 1)

A-(E,xH, - E :
s .
where 1 is the unit normal vector to the surface S enclosing rhe regioﬁ_

of interest. Although there are many forms of the reciprocity

theorem {32])- [25], the form we use here is thzt due to Lorents

(133, (363,

In general, the scattering geometry consists of a transmitter
which illuminates the target and a receiver at which we observe the

scatterel signal. A schematic representation is shown in Fig. 8., In

B

pacticular, we seek an expression for the voltage induced at the

receiver lerminals by the field scattered by the target,

~ i
110 i
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Figure 8. Schematic Representation of Scattering
Ceometry




112

Let ‘Ex'ﬁx’ be the fields of the receiving antenna with driving
curx;ent lli at its feed point with no other sources prese;&t; f.e., both
the trausmitter‘louﬂ:e and target are remceved, Let (EZ'ﬁZ) b3 the
total fields obtaincd with both the transn:itter source and the target
in place. It is assumed that the same current IR is delivered (o the
feed point of the receiving antenna either with the tnnsmiuer. source

and the target ~emoved or in place. Thus, El and H‘

total fields which weuld be obtained in space if the receiving antenns

represent the -

were used as a transmitting antenna, while §2 2nd ﬁz

sum of the transmitter, receiver, and scattered fields,

reprazent the

The surface integral in (I.1) can be wr!tt_eg as

1 - ,=- - - -
“s 15 +S 48 D (Ellxuz- szHl)ds = <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>