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Technical Information Divieion.

1. A general remark concerning randcmized tests and confidence
ranges.

Let there be a class of distributions Po which depend on a
parameter & . let X be the appropriate random variable, and x its
realizations. Further, let there be a definition of a family of null
hypotheses Ho(6):6‘wo ($) - Each null hypothesis Hp C8) is

assumed to have a specific altemate hypothesis H’ (6): Be w, (J) .

The problem of constructing a test for a specific null hypothesis
Ho ( Jo) , which in a certain sense is optimal for the appropriate
alternative hypothesis H, (&) s with due consideration for a prescribed
safety factor o« , frequently leads to a "criterion" K(n,&o )

on the basis of which decisions about acceptance or rejection of the
mi11l hypothesis are made according to the following method:

H, (So) is accepted, if K(". S\o) <ec
K, (Jo) is rejected with probability p , if K (". "(0) = C
H, (%)  1is always rejected, if K(.,So) >c .

s

The constants C and p rust be chosen so that the prescribed
safety fuctor OL is maintained.

Let us assume that the distribution of K(xi &o) upon validity

of Ho (6‘,) depends only on J:, (but not on Q¢ 0, (6;) }. We
now define the following quantity:

8¢ (xr)= (K (X, )< K(=.8))s r Py (K (x.5)- K (x,%).
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The function Sf (l, ") permits construction of tests and confidence
ranges i a very simble mamer:

In order tn bring clarity into the following considerations, we

shall dispense with parameter § , which at this moment is irrelevant,
and write:

S(ur)s P(K(X)< K(9) +r P(K(X) =K ()
We now define a auantity ¢, for each numbcr &€ 0, l) by:

= wnf {c: P(r V)< C)goc}

@

Let R be a random varisble equally distributed in [0, )] which
i5 independent of X . In this case:

1. PK(S(n,R)<vL)=i , it K<e,
Proof: For all ré ;O, N, 3()(,?)5 P(K(X)S K (X))< oL

is valiq, i
K(x)<c,
2. pR - P(R()< <y )
PR(S &, R s 2 -
( (l, )< OL) = P(K(x): co:‘_ , 1f K(x) oL

and PCK(Q)= . )do.
Proof: P‘(P(o((x)< e )+t RP (k(X) = e )<we)=
ok fe L %o PRO)< %) ) - POk ()<q)

P (£< P(K(X)“C,() P(k(kj'ci ’
since P(k(X)< ;) s o < P(K(X)< ) is valid hecause

of the left-sided continuity of P(K (%)< ¢) and the right-
sided continuity of P(KO()§ C)

3. PR(S(JI,R)< o)s 0 it KIS e,
Proof: For all ré [0,1] , S(xr)2 P(K(0< KCDu 1 va114,
it KG)> €, .

We now demonstrate that S (X Q) is equaily distributed in [0, /J:
PR (S(LR)I< o) r et [o]

Proof: po¥,Rrg(x,R)< o) = EXPR(s(x,R)<o)=

- a«-~FP(R(x)< ¢
PkM< )+ - =
2

w) . P(K(X)‘Cd)‘d- :

[OOSR SO
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t follows from the preceding that the test method described above
nay also be formulated as follows: s realizatiorn (x.r) 1is determined
and the null nypothesis is rejected, if S(x,r)> % , ctherwise it is
accepted. This method guaranteses that the null hypothesis is accepted
(provided the prescribed safety factor ™ is observed), if K(x)< €
that it is rejocted with probability b o« -~ P(K(x)< )

(VA
P(K (X) * S

if K(")’ €y , and is always rejected, if K(v)) Cut

4

The function S‘ (1) also facilitates description of the
confidence range which belcngs to the test family discussed above:
The quantity of that ) , for which SJ(x,r)-: o, , contains the correct
parapeter value 4 with probability o and thus yields a confidence
rauge wWith safety factor &

If S,y (',f) is a monotonic function of § , the confidence
range is even more easily Jefined: One simply determines the value of

J; < ‘.hf{g:sa(x,r)-(u}

The confidence range therefors consists of all values S‘> S; (1f we
assume that S is a monotonic decreasing function of § ).

In this case we may further use function S to obtain a median
unbiased astimate function for & . This function is given by §,
(9, page 83). 2

These introductory remarks are designed to simplify notation in
subsequent chapters. We shall generally limit ourselves to the "criterion®
K (x,&8) applicable to aach problem. Tests, confidence rarges and median
unbiased estimate functions are derived from this criterion mechanically
with the aid of function Sy (x,v) ; for this reason thc procedure

b 1 ¢ 3 maveavm $malindad
AWQUVLL 40 MOVULE LitwLuwulwue

Since there are certain practical reservations against randomized
metnods, the author felt justified in working with the (non-randomized)

M
function 86 (9 = Sg (" ’ %) . In repeated application to various

tzst : .--wiems this method will surely produce the safety factor o on
the averags, At any rate, employment of function SS? (,) would be

preferable —- even from the practical point of view -~ to the customary
method which corresponds to the use of function Sg (x,0) and therefore

yields safety factors of excessive size systematically (and, consequently,
confidence intervals that are too wide systematically).

Next, a case of practical importance will be stressed, in which
SS (!,v'_) is a monotonic decreasing function nf &

3
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Lesama 1: If the random variable Y= k (x.g) contains a monotonic
increasing density quotient, and if K (x,§) is a monotonic decreasing
(or constant) function of & , then SJ (x,r) is a monotonic decreasing
function of

Prcof: It is known (9, page 74) that ""(7) is 4 monotonic decrmasing
function of § for every monotonic decreasing function associated with
the monotonic increasing density quotient EJ‘ Y (Y) . Therefore,

| is valid for ¥y <K ('.5)
\P(Y'S) s r is valid for y = K (x,{)
0 is valid for y > k (x,8)
EgW(v8)2 E5, W(Y,8)  1svaud for §< &, ’
However, in view of K(','S); K(‘,S') » "F(]S)g VCY'J }

is also valid for 0 < d’ , therefore: '
E5. ¥(Y,5) 2 €5 (V&)

and: Eg WCY,J)g Eg,\F(Y,é') is valid for § < 6'.

However, since EJ‘ W(Y,S)’% ("a') is valid for function \V(,,é‘)
defined above, the lemma is proved.

2. Exponential distributions.

Let us consider a class of distribution functions whose densi'y
with respect to an O -finite measure /& defined in Euclidean space
is represented by:

(1) ';(:' 9) = c (g) ez.ﬂ [al:'

where ff’(";o)lf"o')=l isvalidfor'(ﬂ .

The study of such exponential distributions is of particular interest
because an arbitrary class of distributions having a function ¢t (») ,
which is exhaustive with respect to its parameter, may always be reduced

to the form: ,»("9) . C(‘)"‘f’ [Gt ¢9] h(x)

by appropriate transformation of the parameter, provided a certain
regularity axists and the range in which the densities are positive i
independent of @ (8). Since t (*) is exhaustive with respect to ¢
we may restrict ourselves to the distribution of t . The latter has
density C(6)exp[6¢] with respect to an appropriate measure s (¢) ,
which leads the general problea back to form (1).

'y
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Thus tiie results obtained from a study of distributions (1) are
applicable to a Jarge class of distributions with exhaustive functions.
We shdll subsequently discusa tn2ir applicatioi to certain discrete
distributicns.

3. Criveria for parameter 6

Theorem 1: The criterion
K (l‘ 90) = X

defines & most powarful test for the null hypothesis L E 9 with respect
to all alternati-e hypotheses @ > 9 .
. C"l 6)

Proof: For 6> 00 , the quotient of densities _P—(;T)_

is a monotonic increasing function of x . For this reason, the above
criterion leads, according to Theorem 3.2 in Lehmann (9, page 68) to a
uniformly most powerful test in the range @ > 9 .

We shall now considsr the null hypothesis ‘/ G- 90 and the
alternative hypotheses H,:0=6p ~ A and H 6: 6o+ O . There
is no test that would be most powerful with rOSpect to both alternative
hypotheses. We must, therefore, resort to another concept of Bt.imalit.y.
Assuming that sach of the two aiternative hypotheses W, 'y has

the same probability if Hy 1is not valid, and that u n rejection of H
a classification (i.e., & decision for H or Hl must take place,

we may use the optimal test and clasaification method developed in
(11, paze 15). The method is based on the following criterion:

_ pl-.%-4) p(x6,+4) '];
K(6) MM[P("%) YY)

) (6~ 4) C(*A) ex adl
= Max [‘———E?o—)—-—- [ J f‘[ J

On the basis of this criterion we must define a function S(':")
and reject M, 1if S, (x,¥) Dot . The decision is then made in

favor of N, or ” s whichever is associated with a larger quotient

of density funct;ons. (If both quotients are identical, the decision
is made arbitrarily).

(2)

A test and classification method constructed on the criterion
defined by (2) guaranteses that the probability of a correct classification
is maximal in the event H- ia invalid, provided the preseribed safely
factor is observed (11, page 14,15).
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Criterion (2) also depends on quantiiy FAY . If our interes. is
focusad principally on alternative hyputheses near the null hypotheais,
we may employ a localliy optimal test and classification method. We
obtain the latter by using criterion

' - ak ('09)
K'(.6)= L2
A=0
Since (,' (o)
(3) O -E,(x) o
-Eig.g_'i) = Max [-x+E, (X) x-E, (X)]
is valid. This proves: 4=0

Theorea 2: The criterion
Ko (g, 90)- ’\(-EOOCX),

defines a locally optimal test and classification method for null
hypothesis 6+ 6, at point Ax (0  with respect to alternative

hypotheses ",=9=0° ~AQ and H2.= f- 90 YA

Generally speaking, the two-sided problem described here does not
require delineation of the critical regicn in suich a manrer tnat both
parts of the critical region have the sans probability, but demands that
they be symmetrical about the expected value. We may, of course, find
a (bilaterally bounded) confidence interval for @ on the basis of
this criterion.

Another possibility of obtaining a test which is, in a certain senaa,
optimal for hypotheais H, with respect to alternatives H, and H,
is offered by limitation to universally unbiasel testa. The class of
unbiased tests contains a test which is most powerful with respect to
both alternstives. This test still depends on /\ . Here, again, a
locally moat powerful test may be constructed when alternatives close to
the null hypothesis are involved. The test obtained in this manner is
found in Lehmann (9, page 126, 127). It is not identical with the
criterion formuicrted in Theorem 2,

’




4. 'the 2-sample prcblem: Criteria for the difference of ti»
parameters.

Let there be two distributions with densities
P (x, 9£)= G (9,:)exp EGLx], =12

with reference t> measures 4, or u, . We now replace 6, and 4,
by two new parameters ¢ and § :

g,-6+d

(4) 92 -

and search for a test for the (combined) null hypothesis &= I;,, fel),
i.e., we luok for a test for the difference of §, and 6, without
making assumptions of any kind about the magnitude of either paramster.

The combined density of ( X,,X;,) with respect to measure x¢ = p X
1"z v al i as

is: .
P("',XJ, 9,9): C, Cﬂ-ﬁg) CZ (6)cxp[6’(x,+ xl).p Jx,J ‘

We now consider the conditional distribution of X, I X, +X, =x.

According to Lemma 2.8 in Lehmann (9, page 52), there is a measure
Vx(x,) which is such that the conditional distribution of X, [ X, +X, =x
has the following density with respect to this measure:

(5) C, (§)exp[Sx,].

This density is independent of O (i.e., function x =¥, + %,
is exhaustive with regard to parameter & ). Furthermore, the same lemma
provides that the distribution of X (for stabilized & ) is an ex-
ponential distribution with the parameter § , and therefore, accordi
to Theorem 4.1 in Lehmann (9, page 132), complete for every value orn%‘ .
Consequently, based on a familiar theorem of Lehmann and Scheffe
(ef. Theorem 4.2 in 9, page 134), every similar test for the above-
mentioned null hypothesis has a Neyman structure, i.e., it 18 a
conditional test for X ,+X, = X . Thus the problem of findinga
gimilar test for the abowe-named combined null hypothesis is reduced
to the problem of finding a test for null hypothesis & :'Q based on
density (5). This pmplm was solved in the preceding chapter. We
proved:
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Theorem 3: The :ritericn

K(x 2,()=¥

/

-
defines a test for thc combined null hypothesis o = S{)z g¢ Q
which is moat powarful similar with reference to ali zlternative
hypotheses > 4,, 8¢ 1 . Lf we base our construction of function S
on the condit.ional distribution of X, l X+ Xy = . (Formla 5).

Similarly, we may derive the corresponding two-sided problem from
Theorena 2:

Again we start with representation (4) of parameters 9, and &,
by 6 and § , and obtain:

Theorem 4: The criterion
K'(xp0 0 50 D= €5 (X, 1l

defines a test and classificatlon method .or the null hypothesis

§> J ,0efl which is local optimsl eimilar at pofnt A~0 with
reipect. to alternntive hypotheses H,:§:4§,-A , 8¢ S and

H, &80 4, Hecl)l |, if we base oyr conetruction of function S
on the cond* »ienal distribution of )( Y, + Xz X (Formula 5).

5. Some versions of the k-sample problem.
Let there be k distributinns with aensities
Pi(x,6:)<Co (8 exp{8n] i~ 1,2,- k
with respect to msasures AC,, M. --- &y . We assume that the

parameters 0,.6,, ... ¢ depend on two parameters @ and & 1in the
following form:

6 0.(8)-9+4.(5) wth A (=0 (-1,2,.k

Theorsn 5: The criterion
K (v, npee 20 0) " ZA (4

defines a test for the combined null hypot.hosls d- U Ge {2 nich is
wost powerful similar with respact to alternative ¢ = 5 e L) | if we
b se our construction of function S on the conditlonal distritation

of X x?,.\~
|
IS
l




Corollary: 1In the special case A\. (J)- A g we finally obtain

tile critericn
K (%, k'o) Z Q;x;

which is independent of { , making the test most powerful with refersnce
to all §>0

Par tlculdr interest from the practical point of view 1u due in two
cases, where . .For L 12,k and A=l {of cel, <L
A = 0 {or S L *I e k .

(X The proof of Theorem 5 is obvious: The combined density of

Xoyoen X i = :
2 k) with reference to measure s = m, /‘zy... )(/av.“L is:

P e, rpny :0,8)s /rrc (644, (5)))&'9[2!-4-26 . (&) ]

We now consider the conditional distribution of X,,X PTERL X ,ZX

According to Lemma 2.8 in Lehmann (9, page 52), there is a measure
Vo (4}, ~vn ) which is such that the conditional d’stribution of

x in . X | 2 x = X
with reference to this measure ha.s the follouing density:

(7) ¢, (esp [z; 8, (§)x,

This density is independent of é . The same lemma provides that
the distribution of x (for stabilized ) is an exponential cistribu-
tion with the parameter @ and therefore, according to Theorem 4.l in
Lehmann (9, page 132), complete. For this reason and according to the
above-mentioned theorem of Lehmann and Scheffe (Theorem 4.2 in 9, page
134), every similar test for 6=0,6€(L has 8 Neyman structure, i.e.,
it is a conditional test for X, 4K 4o+ X, = . Consequently, if
we construct the quotient of densifies (7) for §= g§ edS=0 ,
we see that it is a monotonic function of _k

ZA Gr))u ,

Let us cpnsider another version of the k-sample problem: Let there
be m hypot.heses H, .-« H, . Hypothesis H;  establishes the
valuss 4, ; 1{ in a quit.e specific manner (where Ai;(¥=0 always
applies to a ). We shall discuss the followfng cases in detail:

proving Theorem 5.

R R




§ for v = Ly 2,0k
- . . L' - ' )\\l
s) A‘:J‘(g)~ {0 for L % /

. , th
In this case hypothesis HJ indicates that the ) distribution
~— and only this one — has a parameter value (6#+§) ~“which deviates from
the remaining distributions.

oA, €): [EfrE2) ek
J 0 fov ¢ <)
In this cause hypothesis H indicates that a jamp bad occurred at

point j and that the distributions,j4 /... k have a parumeter (0# tf)
which deviates from the remaining distributions.

In treating the problem formlated above, we assume that each of
the altsrnative hypotheses H,n HM has t. same probability, and
that a decision must be made for one of the aliernative hypotheses, if
the rull hypothesis "a: 82 0,6¢ (1 is invalld and must be rejected.

Theorem 6: The critserion

k
Y 0)=~r:"\:.\m [Z: A'aj (0)(";.‘Eo (Xi"‘))]

defines a test and classification method for the combdned null aypothesis
£:0 6eSfL which is local optimal similar at point §=0 wi a respect
to alternative hypotheses H,... H,, , 1f we base our construction of
function > on the conditional distribution of X X X X: = x
(Formmla 7). R S L

1

Corollary &: In the special case a, we get the criterion:

le“ﬁ\?x“[ xj - £0 (XJ Ix)]
’ for a11 §> 0)
Incidentally, this criterion is uniformly optimal’in case all measures

M P M are identical, and, since ,
Eo(X,JX)=l:o(X2‘x)'= .H=E(\k’x),
is further simplified to:
Max [4]

le’\\\ k—

10
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Corollary b: In the special case b, we get as criterion:

k
Max N fws - .
(8) el k | 20 E, (X 1%)
L)
Since the proof of Theorem 5 wad presented in detail, proof of

Theorem 6 may be abbreviated. As above, it is shown that every similar

test of the null hypothesis must be a conditional test. According to
(11, page 15),

Max [f’; (v iy 8) ]

Jt l'\\\ ™m P CK,O“‘ Xps 0)

is the optimal criterion of decision. Here Pj (Xp‘“ Xl ! 'Y) is the
specific form assumed by density (7) under hypothesis # J‘ » therefors

k
by (oo %8) e (D esp [; 4 €8 *LJ ‘

P(","- K 0) is the density in case of validity of the null hypothesis.
In order to obtain a local optimal decision procedure at point §« 0 ,
we merely employ the criterion

Maox [d SIS 0)]

je'.\“m P (x',\“ xk'O)

A\
where PJ" (% *k'Y/ is the derivative of f«(l,n“ Yk' S“) after
S at point ¢=0 . 4

Since | Cx(l) Co)_ = - iA’U (0) Eo (x(: ,")I
et (0)
Q CK,'\\\pr O) - i’e‘ A’;‘)\ (0)(1‘\' - E; (x““ ,l))
P (x,, N xk,' D) ‘TJ
is valid, which proves our thscrem.

Specialization for k' 2 1eads us once again to the 2-sample
problem: . .

Theorem 5 is converted to Theorem 3, since the quantity
A| (b’,)"*Az(a,) x, 18 a monotonic function of x,  for x x5 = X




Theorem 6 1s converted to Theorem 4, if we make the obvious
assumption that € (€)=4,,(§) and A,, (a) 2,(8) - In this case the
criterion of Theorem 6 proves equivtlont t "= )( |.)| bscause

"'1 =R,

6. The k-sample problem upon r repet.it.iona.

Let there be k x r distributions with following densities
with reference to certain maurea/ui:j (e 1,2, k= 1, 2,000 r) !

P (1 65)= C.. o\\)w [9_,,] Le 2,k

J* Ll,a T

We Auuno that pamctera 0 ¢} are dependent on certain parameters
(9.9,.~6,,8) Ain the following manner:

L=12 - k
Y ‘* N th N o '--0 ¢ ' ’
@ %9 A,(5) with &, (% Jr 1.2,
HWe are faced with the task of finding a similar test for the
combined null hypothesis H,: o= 0, %\ Gﬂ, Jol 2.

In practice, such a problem occurs when a test is designed to
establish whether k distributions are identical and the test is
repeated ¥ times, although it is impossible to arrange repetition. '
such a wvay that 6; has the same value for all repetitions. The
formulation chosen above seems adequate when the situation promises
upon failure of the null hypothesis, that values 4, (§) A ?6 “ L(J)
are identical in all repetitions, e.g., that an mcrusing tre
present in all rspstitlicns, or that cone distribution devistes !'!‘cm the
others, that this distribution is not identified from the start, although
it is clear that the deviation would be valid for all repetitions and
would always involve the same distrituation.

As in the preceding chapters, we consider that each similar test
mist. be a test with Neyman's structure. If we designace the :ealiza-

tions of distribution P as IU » and %t gttt e = X,
while x;; R bt -"-J s We may formlate the following
theorems: J

Theorem 7: The eritericn

Ko %4 0) " ZA (5.

defines a test for the comblned mill h.vpol.haats §:06 fﬂ 2 e
whieh is most powerful similar with respect tc the altomt.ive

B € ,)=1,2,-«r , if we base our -ntruction of function S
on t. o eonditional di stribution of X“, . 'l X, NS X-r = x
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Corellary: In the special case A'(!)'ﬂ‘ g we ultimately obtain

the criterion
K(x",-\.x 0) ZA=1\

which is indspendent of { , making the test most powerful with respect
toall §>0 .

The proof is analogous to proof of Theorem 5.

Theorem 8: The criterion

K (LIRS lk"o)-Lt';’T:M [Z' A._C (O)Z (":J 'E (x“ 'X'J ))]
i

defines a test and classification mthod i‘or the combined nu:ll thesis
4:0,8,¢Q,j:),2,...r  which is local optimal similar at point

with respoct. to altorna.tive hypothesis H,.~-~ H,‘ s 1f we base our
construction of function S on the conditional distribution of

x".~\\ xk' 'x.'- '.'; 3N X

Ar !r .

(Hers hypothesis Hp determines the values &8; (§) with AMC‘), " er(é)-

Cf. page 10 for this and special cases a and b).

Corcllary a: In the special case a we get as criterion:

m:‘ [Z Cr 'Eo(xiJ":j))]

Incidentally, this criterion is uniformly optimal (for all ixo ) in
case measuresp., ,,f, o A4 for constant ) are identical, and is

frthar o mn’l" fiad
Max [ 'ic]
‘ a k

E, (X'J Il:)\)=Ea (ij,x.)')t...‘ E(ij’-,j)

Corollary b: In the spocial case b we get &s criterion:

¢=|,M\:' [2 Z (rij - €, (3l ,))]

7. Somes theorems pertaining to reproductive distributions.

because

Premise: Let there bs a class of distriobutions which depsnds
on two parameters & and A. , and wnich is complete [or every fixed A. .
Further, let this class be reovroductive for every fixed € with respect
to the parameter A o

13
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and let the sum variable X* X, + X2  be exhaustive for all values
with respect to parameter &

Let X (¢ =1 - k) be independent random variables with distritu-

tions Po A; . .':I'he sum variable X in that case has the distribution

Po,h with A = z"' Ay
lemma 2: On the premise dofine{ above,
E(x b 5=
Proof: Due to reproducuvity,
E(x) == E(")
For this reason, E (E(X ,X)) E(X )"_E(x) E(_‘X)
that 1is, E"(E(X;IX) - T-x = 0.

According to the premise, X  1is exhaustive with respect to é , and
E(x |n§ is independent of § . Furthermore, since X has distribu-

tion ‘Po A and the latter is complete according to the premise,
E (XJ:)- -:?L x =0 is valid for all =x ('Pa,l, - nearly everywhere).

Lexma 3: On the pronise deﬁ.ned abovc,
V(X )= (1- v(x, )
C (X ) T - — —\——- v ( l)

\V] ( X, l) is the unbiased astimate function for V(") .

Proof: Due to reproductivity,

A,
v(x)» TV(")-




S

SEAITIE ¥ e opL a1 P

[y * 1w

IR LRSS RARIR I L

Meretore, EX(V(X. Ix)) E"(E(x‘/x))-e"(e'(x-lx)z)*
- E(xz) “E(x) V() E(X ) a EC)-

e (-

"R

and ( V(X ,X) . v(x)
)

is an unbiased estimate function for V(X )

V(XI)

A ("

(independernt of & ). Howsever, since the distribution of X is conplete
for every value of A, , the unbiased estimate function for V (X)
(P §a - nearly everywhere) is clearly defined, If we designate the

_ unbiased estimate function for V(K) by‘il(’l /L) then

V(xi.' 9 * -—h"— '_ 7\—") v(x, h> (-Po' ). - nearly everywhere)

is valid and proves the ratio of variancea. The ratio of covariances
follows directly from

V(XX 1) = V)4V (K5 1)+ 2 C (i X 1)

- E(Zk: ., Xi")z fel

(z« X, i) V(e 1)
E[a] - Za V[‘] Z(“"El.".])

Tha proof 1is derived directly from Lom:as 2 and 3.

Here

)..
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8. Specialization of general theorems concerning exponential
distributions for reproductive exponential distributions.

Although notation of density in form (1) and incorporation of
any factors independsnt of # 1in the measure A¢ facilitated general
considerations, it is more feasible in application to let the measure
remain fixed. This is particularly valid in case a second reproductive
parameter A exists in addition to & . In this event we take the
measure & (x) as a basis, which is independent of A and. with respect

to which 'P“ R has denaity

C(6,1)exp La,x]f(h r) L

In this case the conditional distribution of X, Xp, .« X |2 X; =«
has density '
)

k.
a  C (61 b e [Zo: x (J)Ri] £, N)
with respect to measure (¥ )xa (%) X .. X m (rp<1) under the

conditions listed on page 13. (This formila replaces Formila 7, p. 9).
In case J‘ 0 , this density becomes

k
1TeC )
) )
for a11 t=/,2,... k due to A;_ (0) =0.

Lemma 2 permits further simplification of criteria defined in
Theorenms 4, 6 and 8 in case of reproductivity, and allows conversion
to aven more feasible forms under certain conditions. We shall dispense
with their detailed treatment and merely list a few examples:

Theorem 4 (page 8) proposes ,x'-Ed; (X,"')l as criterion.
In case J; =0 this critericn proves equivalent to
1] ol "‘
o K0 |32
A bR
due to E(X,Il)' _RL‘ » when A,‘h."’lz ang’!""i""z

ars consiaered.
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Furthermore, we may, under certain conditions, approximate the
criterion's distribution by a normal distribution, if the null hypothesis
is valid. This requires standardization. Upon application of Lemms i,
standardization of critorion (12) leads directly to form:

(13) T

Upon standardization of the criterion ZA N listed as

{
corollary to Theorem 5 (page 8), Lemma 4 immediately supplies the
standardized form of the criterion:

iA;_xL-E[AJ" i (AZ_E[AJ)'L'

(14) ! or

NV[AJ (A ) VVv[Aalve, )

k. a k 2 M
where ELA):ZAL#' V[AJ:Z(AL_E[A]) ol

Finally, we shall specialize Theorem 7 (page 12) for k = 2 in the
case of reproductive distritutions. As in Chapter 5, we consider that the
criterion is simplified to:

'(/y..,..\.v. O):!_
SO kr! )

in case k = . In case of reproductivity we get the criterion

2
i N (’u‘ ) 'zJ)
. lJ ‘lU A

J=! )

Z 'J lJ ‘(. J’l )
N
by standardizetion vased on Lemma 4.

(15)

n practice, one frequently has a free choice of parameters

l', ll' lk » provided certain limitations are observed (e.g.,

L3
2N E A, ). In this paper we shall not discuss how parameters

h Tl N are to be chcsen in order to afford precise informaticn
bout, 0 . -
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9. Application to various discrete distrimtions,

There are various discrete distritutions which are amenabls to
conversion to an exponential form through appropriate transformation of
their parametor, and are, in addition, reproductive with respect to a
second parameter. Specifically, these include:

x A-
Binomial distribution: (})P O-p)" "

Transformation ¢° "f_) TfF yields (l* E“P[OD‘QC»‘P [0"] <})

(Aa) 1
Polsson distribution: —7— &xf [‘ q')

This notation deviates from the customary style in that the mean
value has been entered as the product of two parameters. The additional
paramster A proved feasible because many applications present a
situation in which the mean valuesof distribtutions are related in certain
known proportions (A;) , while the common factor of proportionality
( a) is unknowm.

ll
The transformation 9=‘3 @ produces: exp ['l"‘f [_9)] exp (:9‘] !
. [l +x-1
Negative binomial distribution: ( ) ) r" C /- f)ll

-
aor (1-esp LoD esp L2222

Pascal distritution: ((*~ ! py el
sca n (l- .)(l F) F .
The transformation §< '3 (-p) yields: (ex P[— 9]“ ')lﬂf’ [O‘JC-,>.

It is kmown that all of these distributions are reproductive with
respect to parameter A , making thea accsssible to Lemmas 2, 3 and 4.
As shown by an elementary computation, the function v (x, l) takes the
following form in these four distributionsa:

x (A-x)
l .

Binomial distribution: V (" ' ’l) = ]

Poisson distribution: v(x,l) _— s (7\ *x)

Negative binomial distribution: v (X, 1) = Y

Pascal distribution: u(x,A) = 1—(7[1-:’&

13
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Basically, we can now explicitly elaborate any ons of Theorers 1-8
(when required, with due consideration of Lemmas 2 and 4) for each of
the specific distributicns l{sted above., Instead, we zhall isolate
certain special cases:

1. Propositions about the difference of two parameters.

In order to make unilateral propositions about the difference of
two parameters, we must, according to Theorem 3 (page 8), depart from
the criterion X, and consider the conditional distribution of
X'I X;¥ X3=x  According to Formula 10 (special case &, (&)« g,

AI (G) = 0 ), this conditional distribution possesses the density:

£, ) f(x, 1)
C. (;,l',hl)tlr [Sl'] ' f'?n,l)’ 2

whera ' . ex [.’] f['l'll)f(v-""lﬂ-) d (":) B
. (5,2,0,) f el IRy T

Specializing this general formula in the Poisson distribution,
we get density: 5 "

| & R-=X
AR - A e !
".) le]-»l A,efen
‘ ) 2 ) b}
This is the density of a binomial distribution with parameter
h_' )

S « In computing function S we may therefore o
1 ed+2 TR !
! 2

/’

tables of summable functions of the binomial distribution. In this
manner we obtain a proposition with respect to 4 . Even more clarity

is obtained by comrert:lnq.this proposition about § into a proposition

ahout er » since c&’ —a_,— because & = ’fJ @ .

p 8

We thus obtain, as desired, a test, a confidance interval or a

median unbiased eatimte function for the quotient % . The test
a °'a
for hypothesis -;’- = | (i.e., “, = ‘lz_ ) vas firat defined by

z
Przyborowski and Wilenski (12). Its optimality was proved by Tocher
(13). Bross (2) emrloyed these considerations in the construction of
a couiidence interval.
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Specialization in the case of binomial distribution’leads to
hypergermetric distribution if §: ¢ . We thereby get R.A. Fisher's
(5) test as optimal test for hypotheeis =0 (i.e., P, = Ff3 ).

Its optimality was a:mo demonstrated by Tocher (13). In the general

cas. we get a test of an arbitrary value of & (or a confidence

interval or a median unbiased estimate of & ). If we convert this

proposition about & into a proposition about the original parameter

f’ , pz » we got a propoaition about (' P'
2

Pg_ N
- o
- f, J I~ pq )

P
because 9=~l°3 I-—- s> or by antilogarithmic treatment, a proposition
P P f
about TJF_ : _1__) . This appears unwelcome at first glance, since
6 -6
one is accustomed to thinking primarily in values of P and a proposition
P
about ( P, - P;) or Py would be more desirable, Actually,
4
neither (P, - P:.) nor P_.;._ is a plausible measure for the difference

between £, and P2 . An increass from 1% to 2% is not the same as

an increase from 108 to 11% or from 50% to 51%. Nor is it the same as

an increase from 108 to 20% or from 50% to 1008. On this basis, Koller

(7, page 324) proposed — independently of the presant considerations —
>

(4
the value ( "lf S ] 1? ) as measure of the difference. Moreover,
) -

the transformation §- Ioa — is widely accepted in connection with
o
the evalwation of activity curves. It follcws naturally from the
aswumption that the effectiveness of & drug (i.e., the portion £ of
those cases in which the effect was observed) depends on the dosage in
form of a logistic function (cf., for example, Berkson 1). Finally,
let me point out that Weichselbsrger concluded in (17) that the
2
quantity (, P : I-p ) is an adequate measure, in certain models,
Y 2
for the degree of dependence in a 2x2 contingency table.

2. A test against tremnd.

If Formls (14) (page 17) for &) L is specialized in the
case of binomial distributicn, the reeult is:
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Essentially the same criterion is obtained bty specialization of the
results of Yates {14, p. 178) in the case of a 2xk table. (The sole
difference consist= in the fact that Yates employs A in the denominator
in place of A =~/ ), Yates' formula was adopted by Cochran (3, p. 435,
Formula li), where the reader finds practical exampleg.

Incidentally, this test shows a certain kinship with the test of
v. Eeden and Hamelrijk (4), although it is by nc weans equivalent to the
latter. Using our designations, the criterion employed by v. Eeden and
Hemelri jk isg: k

k+! X

.
' [

k4l A x(’L'k)-
Z( 2 MR-y

Aside from employment of the unweighted mean k+! in place of
2

[
Z‘ ¢ A » 4n essential difference involves construction of the
* .
criterion on instead of on K‘: .
1, ‘
In the spscial case )».{ -~ for L= ',2,”~L X!  can only
accept the values x = 0 and e~ | . Conaequen’ly the criterion
k
¢ ox. .
z. C which follows for A;_ = ¢ from the corollary to
|
Theorem 5 (page 8) becomes identical with the sum of those rank
numbers ¢ for wnich *; = | . This criterion of rank sums was used
by Haldane and Smith (6). It proved to be equi alent to Wilcoxon's
(Mann-Whitney) test, if the quantity ii: LA 13 considered the
rank numbers of one sample aad the quanti t,y{ as the

rank numbers of the second sample.
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7, The combimation of 2x2 contingency tables.

Specialization of Formla (15) (page 17) in the case of binomial
distribtution yields:

< M (3__.']_23.)
ST \NW Ta

A, N . -yt
| 2
3 . LI ‘
} X J l‘J
Since the test for independence in a 2x2 contingency table can also
be reduced to a cox?ariaon of two binomial distributions (cf., for example,
3)s

Lehmann 9, page li we way apply this formula to the combination of T

2x2 contingency tables. It will be optimal if an existing dependence
has the same direction in every contingency table and corresponds in
quantity to a constant logit effect, i.e.,

F s .
—_ -k Prj -for all J= F,3,v00 P,
I~ Paj 1= 01

The custom of eimply adding the 12 values of incdividual contingency
tablas is unfeasible in this case because the direction of dependence is
not being considered, and the consistency of dependence in the various
contingency tables does not coms into play.

A momewhat vefined criterion,
o)) 2)

D e d

r

Ay; 7{2.) (lJ -1)
which is based on Formula (13) and also finds frequent employment,
4iffers only in wsighting.

Criterion (16) was described by Cochran (3, p. 4ik). The formula
ia not strictly substantiated by him, although his principla of
optimization (3, page LL48-4,50) is essentially identical with ours.

Relevant examples of the application of this formla are found in
Cochran {3, p. 442-44%), 22 well as in Pearson ('0) and Yates (15,16);
the two authors mentioned last treat these examples by another method,
however.




