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THE NUMERICAL SOLUTION OF ONE CLASS OF NONLINEAR INTEGRAL

EQUATIONS OF DISPERSED TYPE

i. Nedyalkov and G. Penchev

This work presents one method of numerical solution of nonregularized
Low integral equations. Low equations are systems of Nnonlinear
integral equations of dispersed type (which include Cauchy integrals).

For various values of N, particular cases of Low equations obtain.
Thusfor example, where N is equal to 1 or 2, we have Castilejo, Dalitz
and Dyson equations, where N=2 -- Wanders equations, where N=3, Chew and
Low equations [1], Chew and Handelstam equations [3], Shirkov equations
[5], etc.

In modern investigations of the numerical solution of Low equations,
two methods are used: the ND-method and the similar Chew-Low-Salzman
method [2]. It is characteristic for both methods that first the Low
equations are regularized, then solved by iteration. An algebraic method
essentially different from these two was recently suggested, but we
will not discuss it (6].

It is known from the theory of singular integral equations [8]
that the solution to regularized equations may not correspond to the
solution to the initial equations and due to this, in each individual
casedetailed investigation is required. This is also true of the two
methods mentioned above. Due to the fact that the denominators Du(z) and

ha(z) may have zeros in the complex equation sometimes solutions are
produced which do not satisfy the original equations. Since in practical
calculations the zeros in the denominator are not sought out, the usage
of these two methods involves a certain risk.

The purpose of the present work is to present a numerical method
for solution of Low equations which does not have the defects of the
ND-method or the Chew-Low-Salzmm method. Just as in the case of linear
singular inter~l equations [9, 10, 11], the procedure involves direct
solution of the initial equations without preliminary regularization.
Due to the presence of nonlinearities in the integral equations, the
difficulties of numsrical solution are such greater than those in [9, 10,
11].

Since the difference in the individual form of the equations is
inessential from the point of view of the ethod, throughout the following
we will concern ourselves with a single special type of Low equation -- the
Chew-Low equation (1]. using which one can describe the P-wave of
pion-nucleon scattering on the assmption that the nucleon is fixed.

In section 1 below we give formulas for replace'omt of variables
and outline the printry operational formaulas; in se,.Lc(nu 2 and 3 we
present the necessary explanation concerning the application of the method

F-IT-23-911-67 - 1 -
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of sequential approximations to produce adiabatic and resonant solutions,
and in section 4 a few numerical results which we produced using an
electronic computer in the computer center of the Joint Institute of
Nuclear Research in Dubna are presented.

1. Conversion of the Equation

The Chew-Low equation can be written in the form

1. 3
L()--+ z-z -- ,/)] (1)

where h are unknown functions, analytic in plane z with cross-section

(-", -1) and (.1, +-) with the exception of point z=O, where they have
simple poles with residuum Aa; z-w+ic where w>l, z4w-ie where w<-l,

3 1 , A., 9 -1 -2 7 4 (2)

p= [2-1)1/2 is the impulse of the pion in the system at the inertial center,
w is the total energy of the pion in the same system, f2 is the coupling

factor, v(p)ul/(l+p2 a 2) is the formation function (a=0.27) with the given
h, c and rest mass of the pion in the position equal to unity, and index a
has the value

a,'l.-,.-,}
a=2-_(12'

The first index in the parentheses is the total isotropic spin of
the pion-nucleon system, the second index -- is the total moment of the
system.

From (1) and (2), certain properties of function ha (W) follow

immediately:

FTD-HT-23-911-67 2



sin 'AJO n,; ',(/) •. . ! I d.
ZOO2 ~vQ (C u)(- 1)

(7)

This can be written as follows:

(8a)

a

. f.I[drt'

in which

f ). • t2 t
A'() -:-(--I " 'M(i'Lt,.:{: - (9)

If we represent this portion of equation C8a) as QaCt), obviously

2.() (8b)

Finally, multiplying (7) by tg 6 at) and using the representation of
(9), we produce

[ ..k ___ (10)X",(0).- tg b,,(f) I)..-- P dr

+J fd, ..... ..-
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I?,,,) H z r, ,, !h(/j /Ia'e tf~,p~'Z~l/,.. t,,, !,.h. ,) X.. d ,, : A .h ,

0-N ,,) / ,,' ,, ' I -r,<.. (3c)

Functions ha (w) are connected with the phases of scattering 6 ,(W) of

the P-wave by relationship

To find functions Reh,(w) and Jmha(w) (w>l) it is necessary to

solve equations (3a) and (3b) simultaneously, which produces a system of
three nonlinear singul'ar integral equations and three algebraic equations.
We will use the relationship (4):

$III 4.(u) Cox (4.,) A. 4 ,0' i., 96.(,'1 (S)

a
"... A.sl,#

Now let us introduce the boundaries of integration by replacement of
variables

I , I
Cl** I C6)

For simplicity after the replacement of variables,we introduced new
symbols for the functions ha, 8a' v and p.

Substituting (6) in (S), we produce the system

FTD-HT-23-911-67 - 3 -



In working for an adiabatic solution, the sign before the square root in
(8b) must be negative, and in the third phase (a.-3) of the resonant
solution it was proven that beginning with the minus on even numbered
paths the same sign changes [4]. In the case which we have analyzed, the
sign of two paths changed.

In [5] it is shown that in another type of equation (the equation
describing pion-pion scattering) three types of solutions are possible for
various asymptotic behaviors with increasing energy (l/ln w, l/w and

1w2 ). We will seek the solution which approaches zero at infinity.

2. Adiabatic Solution

We note the f,11riw4 fact. It is obvious that systems (8) and (10)
are equivalent, i.e. that if calculations are performed with sufficiently
high accuracy, the solutions produced will be the sam regardless of the
system used. However, due to limitations on the accuracy, the system
may be found inadequately effective. We believe, for exiaple, that the
accuracy with which calculations are performed in this work is insuffi-
cient for an adiabatic solution to the problem where 2>0.05, since near
the mximum of function X1 (t) the expression under the radical in (8b)

becomes negative. Due to this, we will seek the adiabatic solution by
solving system (10) and using the first relationship in (9). To use the
method of sequential approximations we must know the coupling factor

and use the first approximation of asplitude 8a (a.l2,3). Since the

speed of convergence of the iterational process depends on the suitability
of the first approximation, usually a progrm is written which, even
though the coevergence may not be too rapid, has advantages as concerns
systematic ordering. This sort of program is required in correspondence
with ,the well known concept of the adiabatic interaction in which at

Ar=o all phase differences are equal to zero. Then the first approximation

with f 2 can be produced using (11b), assuming QA a. The subseque t

approximations with the f selected ar produced by solving system (10).

After this, varying f2 with. sufficiently smal1 ince t A?" with the value

of f2 as the zero approximation, we use the solutions produced corspoedig

to the preceding fl.

3. O"Mnt Solutionm

Our calculatims hbw show ttt time adiabUc solution ut be
coordiated with ebperhimtal mults ee quaitatiwly as alculatod Is
this wor; we thed fov set .sae th tak of seeking the namt
solution. limewer, uslam there ca be sm umlinltod mier of iuch
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solutions, we sought the primary resonant solution, corresponding
closely to the experimental curve. This means that we must find a
solution in which the first two phases are sr U1 in comparison with the
third phase, in which the resonance is lucated. The prcgram which we used
in producing the adiabatic solution is not suitable for producing thv
resonant solution. With the given values of coupling factor as the first
approximation of amplitudes 61 and 62 we can use 61(t)=O and 62 (t)=O.

The first approximation of the third phase is produced from

ct 'jW) -
3_ w ,,,.)

2-where w0 -2.17, i0=0.0p7, p-l, *46.67 (mass of the nucleon) and

This last formula, as is shown in the work by Layson [7], gives
good correspondence with the results produced for 63 experimentally.

As was mentioned in secton 2, systems (8) and (10) may be found
inadequately effective. This appears particularly strong in an attempt
to i1ind the resonant solution. The numerical investigations which we
pertormod on our electronic computer showed that it is impossible by
iterat* = to produce the resonant solution using equations (8a) and (ab).

We have already noted that the first two phases require the minus
sign b4fore the square root, and that 63., due to the resonance, requires

two paths with variable sip. It was found that the points where the
sign changes (where t-0.4 and t-0.57) discontinuities appear which
disrupt the smooth cotwre of the curve. Equation (10) is essentially
inapplicable to the resonant solution, since it does not contain to 6 ,

and &I tO.S(w-2)6 3rw/2. Due to this. we decided to use a combined method

which *osisted of the following: at the beginning of the interval, up
to ta0.46, the calculation was conducted according to (10) and the first
ioumla in (). thm in the interval from t-O.45 to t-O.SS -- according
t.o tb), (1h) d (9), in which in (1b) the minus sign was used for

1 ad 62 the plus sip for 63; in rhe next interval calculatims were

performed once mere according to (10) and the first formua of (9).
Tis was does In order to eliminate the deficiencies in system (8) and
t00). In the calculat 8 process it was found that it was necessary to
artificially wmtbe function 63 in those places wher the equations

were exchmpd. since with increasing m er of iterations at these points
(t-.4S md tO.SS) disconttauities gimkwly appear.

4. Nsumrial %Iblt$

Calcula m wre comductod raing eleca* tmic camptr m=4 the
edl decrbed in sectivas 1. 2 md S. IM Isterwal from 0 to I for t



was divided into 100 subintervals. Also, to improve the accuracy, the
integrals were calculated with automatic selection of the step; at points
other than those selected, interpolation was performed. The integrals
were calculated with a relative accuracy of 510 , and iteration continued
until the modulus of the difference bet,,een two successive iterations was

less than 510-3. Approximately five minutes uf d.achine time was
required for each complete cycle.

to 10 ,s'iCaiI~J!

I A

'V.

Figure 1. Figure 2.

in the alcilation of the adiabatic solution, tht culing factor

varied by &r-O.O1. Ie iterations converged where f44.07. In this case,

when f02 iucreased, th mber of iterations also increased, increasing

from seve iterations at F-0.01 to 21 iterations t f2-0.07. We must

also aote that Were f-0.07 the follwing pbeomsme was observed: up to
to to thirteat iteration the proms converged normally, wile between
the fourtmtdh mad ei~ktoent iterations two peaks appeared ia the function
61 (at twO.14 md to@.22) after ic bhey ft aver to a single peak at

FTD-II-23911-67 - 7-
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t=0.18 and the result after the twenty-second iteration approached the
solution of the problem. When the iterational process was continued

beyond f=0.07, the same phenomenon was repeated and as was to be

expected at f2=0.08 the sequential approximations no longer converged.

All of the functions produced and subjected to checking approximately
satisfied the initial equation. It was found that in the adiabatic case
the solutions which we determined satisfied crossing symmetry (3) with an
accuracy of 0.01%, while the resonance solution showed an accuracy of
about 0.1%. We present below some of our solutions for various values
of coupling factor. Figure 1 shows 6 (w)(a=l,2,3) in degrees for the

a
adiabatic case, figure 2 -- 61 (w) and 62(w) for the resonant solution;

63(w) for the same solution is shown in table 1.

The authors express their gratitude to I. Todorov and R. Genshev
for iseful discussion.

Table 1

0. ,y ere ,(..)where &.q where

l, I 0

I,11 1ow i"12' "1"

44"3 ' 4"54,

I,,I' I ~il' I ~ 1 8' 13*04'

1,67 3:w';' 3321' 3244'

2(,00 9702' 9"18' 94*05'

,m) 14V32' 1,1734.1 ' 145'4-l'

3 15712' 364"46' 16h"43'

4 17(05r' 17h,06' 1 AM2
& 176"57' 1I2'~r5 '  85"5t

7 80N ,' 184140' 86"12'

10 1a 8I'S 184"34' 384'39'

20 1A0-45. 1 ',21, I 31'41
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