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Summary 

This report deals with  the effect of clipping on the performance of 

an active sonar systcn using conventional beanfoming techniques followed 

by  rsplica correlation. Detection as well as range and Doppler estimation 

arc considered. 

Two basic assumptions are made throughout the analysis: 

a) The noise field (ambient or reverberation) Is Gaussian and h.is 

the sar.e power level at each hydrophone. 

b) The input signal-to-noise ratio at each hydrophone is small. 

In addition much, though not all, of the work assumes a transmitted 

signal narrow in bandwidth compared with its center frequency, The model 

for reverberation noise postulates a series of stationary, Poisson distributee 

scattering ceiv'.ers.  The array geometry is quite arbitrary; but certain 

computations require beam patterns narrow enough to permit approximations of 

the form sin 0=6  over the effective dimensions of the patwCrn- 

TIG quantity of primary interest is the clipping loss R ,  defined as 

the output signal-to-noise ratio of the clipped instrumentation divided by 

tlu. output sigml-to-noise ratio of the undipped (but otherwise identical) 

instrumentation. 

The following results are obtained for detection: 

1)  If the noise (ambient or reverberation) is independent from hydrophone 

to hydrophone one can demonstrate with complete generality that 

R ^ 1 .  One can further demonstrate that, without additional 

restrictions on signal and noise, a lower bound of R - 0 can be 

approached arbitrarily closely.  To set meaningful bounds on clipping 

loss one muet therefore restrict the class of admissible signals and 
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nolsee. A practically realistic and analytically fruitful 

restriction is the assumption of narrow-band signals, which under- 

lies all remaining results- 

2) If the noise (ambient or reverberation) is independent from 

hydrophone to hydrophone and if signal and noise are confined to 

the same frequency band (narrow compered with the center frequency) 

the clipping loss is bounded by 0.89 £ R < i . 

3) If the noise does not fall into the  sane frequency band as the 

signal, large clipping losses can occur.  This is practically 

important in a reverberation limited environment when the target 

return Is subject to larg^ Doppler shifts.  In such situations R 

can approach arbitrarily close to zero if the Doppler shift is 

large enough, 

4) If statistical dependences are allowed between the noise at different 

hydrophones, ont requires further restrictions befon, useful lower 

bounds cna be set on R .  An example. Is worked cut to demonstrate 

that, even with purely isotrcpic ambient .oise, values of k 

appreciably below 0.09 may be obtained.  However,, the example 

requires such careful matching of array geometry with carrier 

wavelength that it appears to fall more into the category of 

analytical pathologies than into that of practically important 

situations.  A search (by no means exhaustive) for more realistic 

examples in which ambient noise would produce values of R below 

0.S9 led to negative results, 

5) Probably the most important situation from a practical point, of 

view is that of 3 reverberation limited environment.  It was 
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therefore studied in some detail.  The most useful results were 

obtained under the assumption that the array dimensions are small 

compared with the wavelength of the highest modulating frequency, 

(i.e., the wavelength of the maximum frequency deviation from the 

carrier).  The effect of this assumption is to permit complete 

separation of spatial and temporal effects in the reverberation.  In 

the absence of target Doppler shifts one can then establish with 

considerable gt-nerality that R > 0.89 .  In the presence of target 

Doppler shifts one has, of course, the phenomenon discussed in 3). 

The kty assumption concerning array dimensions can be weakened 

considerably if the beam pattern is narrow. 

When one considers range and Doppler measurements one finds, 

not surprisingly, that the exact clipping loss depends to some 

txtcnt on the specific instrumentation.  It is therefore not possible 

to draw conclusions of quite the same generality as in the analysis 

of detection.  Range (Doppler shift) is measured by cross-correlating 

thu target return with a replica of the transmitted signal and 

"locating" the resulting correlation fuiutlon in tine ( requency). 

D'lffv.rent instrumentations result from different functional defini- 

tions of tlur term "location".  It appears reasonable to speculate - 

and several sample computations tend to confirm this - that most 

reasinabl'. definitions of "location" would lead to rather similar 

instrumentations, and in particular to instrumer.tations with very 

similar Sensitivity to clipping.  This report concerns itself 

primarily with rangt- 'Jopple.r) measurement in a reverberaticn limited 

environment.  Range (Doppler shift) is measured by comparing 
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cross-correlations with two replicas of slightly different delay 

(frequency) .  Doppler shift is aesumed known during the range 

measurement and range during Che Doppler measurement.  Clipping 

loss is dofintd as the ratio of the rms range (Doppler) errors 

with and without clipping. The results are 

6) Under the conditions specified in 5)  the clipping loss factor 

for range measurement has a lower bound not significantly different 

fron the   figure of 0.89 obtained for detection. 

7) As night be anticipated fron 3) , the clipping, loss in Doppler 

measurement depends heavily on the target Doppler shift.  Separating 

out this effect by working with zero target Doppler shift, one can 

again show that the clipping loss factor has a lower bound close to 

0.89 . 

Combining all of the above, one Is lead to the fo]lowing general 

conclusion-  Serious clipping losses arise in 3 reverberation limited 

environment when the target Doppler shift is large enough to move the target 

return largely out of the reverberation band.  In most other practically 

interesting situations the clipping loss in detection, ranging and Doppler 

estination is limited to a factor of the order of 0.89 , equivalent ta about 

1 db  of input signal to-noise ratio. 
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I.  Introduction 

This report is concerned with the effect of clipping on the performance 

of an active sonar array.  Correlation with a replica (delayed and Dcppler 

shifted) of the transmitted signal is used as the basic signal processing 

technique. 

The general block diagram for detection is shown in Figure 1.  The 

array geometry is entirely general. 

s+n, 

hydrophones 

delays 

clippers 

s+n3 

Tl]  SÜ3J 
"1        | 

I 

Jlij 
x„ 

S+nM 

summer 
multiplier 
 ®  

Integrator 

Figure   1 

The delays t.  bring Che signal components of all hydrophone outputs into 

alignment.  The clippers  then generate a set of signals  {K,(t)} given 

In practice the clippers would probably precede the delays (which would 
then be digital).  It is clear from physical reasoning that this interchange 
would not alter the  x.(t) 

i 
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by 

X (t) = scn|s(t)+n.(t-T ) 
1 if s(t)+n (t-T ) > 0 

0 if s(t)-n (C-T.) < 0 
(1) 

The x.(t) are  surared and nultiplied by a suitable replica cf s(:) . 

The resulting y(t)  is finally sr.orthc-d over n period T conparable to 

the duration of the signal,  Tf the noise has zero raean the average cut- 

put  z is zero in tin absence of '. signal cenpenent at the hydrophones. 

When a signal connonent is present p.t the hydrophones z will differ fror; 

zero,  hence, if the output  z(T)  at tire i     exceeds a preset threshold 

(depending on signal-to--noise rafio and allowed false alarm rate) one con- 

cJudes ttiat a target is Indeed present. 

To neasure ran^fe (or Doppltr) one night er.ploy two replicas with 

slightly different delays (er Doppler shifts), nultiply each by the cllpp;..d 

and surned hydrophone cutnuts  (x)  ami use the dif'.crtnce between thv. 

resulting y's as a measure of range (or Doppler shift),  A possible 

ir.pli_ner.tati( n is discussed in somewhat more di tall at a later point. 

The n. ise field is assured to be Gaussian.  Thin is oaso'.able ^ven 

in a reverberation United environnuiit  as long as nc r.ajcr portion cf 

the noise power is contributed by l^rge scatterers (false t.-irgets) .  [See 

Report No, 271. 
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11.  General Relations for Pfcttction 

The output y(t:)  of the multiplier can be written in the form 

y( t) - )  x1(t) s(t) - )  sgn[s(t)+ni(t-Ti)] s(t) (2) 

1=1 i=l 

The delay of the replica is here assumed to be perfectly matched to the 

signal delay. 

The mean value of the detector output is 

M_     T 

\  i I 
<_, T 
1 = 1   0 

I s(t) sgn[s(t)+ni(t-Ti)] dt (3) 

Now 

sgn[s(t)+n   (t-T^j   =  Pr{[s(t)-Hii(t-T  )]   >  0}  -  Pr{ [sCO+n^t-^)]   <  0)       (A) 

Foi   zero-mean Gaussla ■    n   (t) 

Pri [s(t)+p.1(t-T1)J   >   0}   = 1 

/2TIN   ' 

.l"-.B(t)]2 

2N 
dn = h 1+erf 

0 

3(t) 

/2N   J 
(5) 

i erl   v dx (6) 

and     '.<     i:-   the   average  noise  power. 

Kind larly 

rr( [s(t)+n   (r-T^J   -  0} 

0    _   |n-s(t)]' 
if 2N 

/2TTN 

do = M 1-erf 
s(t) 

/2N J 
(7) 
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It follows that 

sgn(s(t)+n (t-T ) erf ^ Lt) 
/2N 

(8) 

when max 6(t) << /2N 
t 

ü^ncü 

sgn[s(t)+ti1(t-'.1) 

       dt S (t) for max S(L) << /2N 
t 

(9) 

(10) 

For a figure of murit of the detector we choose as usual the output 

sigml-to-noise ratio, i.e., the average output due to the signal divided 

by the rms value of tlu output fluctuation.  If the Input signal-to-noise 

ratio is low, the output fluctuation Is very largely due to the noise 

component of t'.ic input, so that 

z   (t)   = 

M       M J 
2 dt   j  dA   s(t)   s(X)   sgn[s(t)+ni(t-T1)J   sgn[s(A)+n  (A-T.)J 

1=1 J = l 0        i) 

M       M T ,-   

= ■^2)      )        I   dt   s(t) )   sgn[n   (t-T  )]   sgn[n   (\-T  )] (11) 
T '     '     '     -' J ' J J 

i=l j=l    0 0 

From  a well-known   result    In  noise   theory 

3gn[n1(t)j   sv,n|n   (A) - sin"1 [p.,(t-A) (12) 

where p. (x)  is the normalized cross-correlation function of the noise 

received at the  1    md  )    hydrophones.  Hence, for low input signal- 

A-s 
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to-r.olse   ranlt 

  M      h        T T 

'n.)   =  ^r ) !   dt   s(t) dA s(A)  - sln"1!^, .(t-X-T.fxJ 
T-  '—    C- ) J TT L ij i    j 

i=l   i-l 0 0 

(13) 

From Equations   (10)   and   (13)   the desired  output  signal-to-noise  ratio 

is 

TA' 
s   (t)   dt 

0 
;IA) 

clipped / T T MM 
4    / f <— ~ 

/—   /   dt s(t) dA s(X3   ) f sin-1 p^t-X-r^) 
i=l j=l 

In   the   absence   of   clipping 

M     f    2. ,   , z    =    —    J     s   (t)   dt (15) 

and 

M       M T 

dt   s(t) dA   s(A)   N,.   c, .(t-A-T +T.) 

1=1   j=l     0 

(16) 

where 

Ni-   plj(t"Al   =       ni(t)   ni(A) (17) 

Ilt.ice,   the  output   signal-to-noise   ratio  in  the  undipped case  is 

M      I        2 
-    j      sZ(t)   dt 

0 

' '0  unclipped /        T T M      M 

/~    j dt  s(t)     j dA  s^A)   )      )      ¥1 

(18) 

C   wij  h^-'i^P 
/ 0 0 i=l j=l 
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The present atui!) is concerned with performance degradation due to clipping. 

Hence the ratio R of Equations UA) and (18) serves as a convenient cri- 

terion. 

M  M 

(S/N)0  clipped 

(S/N)     undipped 

j     JL    t(t)       )    d>   si\)     > )     N,,   p.ft-X-T.+T,) 

'   0 
I      T T M      M 

it   ; (t)     /   c1'   s(>)   )       /    N  sin 

0 i = l   j = !. 

-1 

.PlJ(t-A-Ti+1J^ 

(19) 

ij 

If   the  average   noise  pow.r   is   the  same   at   each  hydrophone,   then 

= N     and   Equation   (!'J)   reduces   to 

R = 

dt s(t) s(>)   ,' 

M       M 

(t--X--i   +i   ) 
'1 i    J 

i=l j=l 
C T M     21 

dl   s(t)     /   d>,   s(X) )      sin"1 p     (t-X-T +T  ) 
y —>      — L  -^ .J ^     J 

i-i j=i 

(20) 

i 
i 
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III.     Noise   Independent   from Hydrophone  to Hydrophone 

An   Important  special case is  that of noise independent  from hydrophone 

t !,i  i.Vilp.v ;.. :i   .      in   that  situation,   Equation   (20)   reduces  to 

R  = 

/    7 T 

't  s(t)     I   dX   s(A)  p(t-X) 

__n ^o  
IT      " T 

1   dt s(t)     /  dX  s(X)   sin"1 p(t-X) 

(21) 

WIILT'-  P(T) - p  (T) , i ^ 1, 2 ... M, is the normalized autocorrelation 

function of the noise at each hydrophone. 

It Is a .simple natter to show that Equation (21) can never exceed 

2 
unity.  For greater ease in manipulation, consider the quantity  1/R 

and expand the Inverse sine Into a pcwer series (convergent for all values 

of  t  and  '  since |p(t-X)|< 1) . 

dt  s(t)      /   d>   s(X)    [p(t-X)+l/2xl/3  p3(t-X)+l/2x3/4xl/5  o5(t-X)+...  ] 

1 0 

dt   s(t) dX  s(X)   pft-X) 

T 

1  ■+   1/6 - 

z1 
:\   S(X)    p    (t-X) ■    dt   S(t)       /   dX   S(X)    p    (t-\) 

,   3      0 0 0 
T T A0 

,'   dt   s(t)      /  dX   s(X)   p(t-X) 
J 
0 

/  dt  s(t)      /  dX  s(X)   p(t-X) 

0 0 

(22) 

,   i'.ic.r,  a  correlation   function,   is  positive  definite.     Hence,   the 
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denominator in each t^rm is positive, regardleas o  Che form of  s(t) . 

Furthermorti, P(T)  is Fourlcr inverse of a non-negative spectral funrtion 

G(w) .  It follows that p (T)  is the Fourier inverse of the n-fold convo- 

lution of G(w)  with Itself.  This convolution is clearly non-negative, 

so that  p (-[)  is positive definite.  Hence, all the numerators in Equa- 

tion (22) are non-nepat. 1 ve.  Thus ill terms of the equation are non-negative 

and tine concludes 

or H2 ±     1 (23) 

In order to set a lower bound on  R  It is necessary to make subsi- 

diary assumptions.  In the absence of any restrictions on signal and noise 

properties one might postulate a signal confined to one frequency band and 

a noise confined to a different, disjoint, frequency band.  In such an en- 

vironment the unclippei detector would be essent.-'al ly perfect,  while the 

clipping process could shift appreciable noise power into the signal band. 

Ihus values of  R  arbitr.utly ciost to zero could be obtained in principle 

by .sufficiently artlficia) i l.'.'ices of signal and noise spectra.  Reasoning 

more formally, one can proceed as follows to establish the impossibility of 

finding a general lower bound on  R  In excess of zero: 

replace the integrals In louation (221 by sums.  The implied sampling 

in time can be very rapid, so ti.ai ü'.c   apprnxiraation is arbitrarily good. 

Limited rnlv iv [lie [r-.vt:   .ibi'itv r f r,i In! .-liniri^ perfectly disjoint 
spectra with a siv;r.al cf fir.iie duration. 
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A  typic.il   terra   in   Lquation   (22)   can  then be written  in  the  forra 

/    / n 
aij M öJ 

—■  v—* 

\ 
/ PiJ   Sx   Si 

'   .] 

(2A) 

. I1W    l He,.l): 

3 _-__ 5_ -—   K n_ 
—   (n 

11    xi 
1)        n 

(25) 

a, .    :   i-v(t,   -  X J s,   =   s(t,) 1 1 i J      • i i 

h          i 
n -  

(aij   ^  ^ l^iiiJiJi 

i       .1 
a .     s .   s . 

3 (J1J 
aü)Sl  Sj 

\      \ 

■        i       ij     i    J i J J 

(26) 

1  for i = v. 

- 1  for  i = k 

U all other i 

(27) 

i,,=')  and one obtains for the chosen  s. 
L 1 i 
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A  = 1- 

n 
a, . 
K ■ 

■j, J (28) 

It f fl lows Li,at 

1) 
(29) 

.  . 1.11 ■ I-- v i-y ciujosLnp the 

times  i.,  -uui 
K 

i..:; : L';.t Iv > hr.».' l •. VA't i;r r .  With  A   at this 
n 

upper bound, Kquatlon    > rt id 

i '  . ■» 

(30) 

i hus , for any f ixi .; , ■ 

causes     R     it.  be  rr;-;tr:i: siv  close   i 

H. -t.    pr.,.  '  

f rom   tin-   ease-,    j us!   .:■.,. u     ■ e . 

almost   certain!'/  he    ■( 

•   .1   /   1   -   x 

It   Is       'sibh    L.i   tiud    !     i,-nal     s;(t)     which 

ir.,, ,    n e   ve ry   di 1 ; '.:rent 

; i .i 1    i   I j . •     uMiar    a^iia 1  wtHil d 

(31) 

wiie re.      s . (t )       is 

ahapt )   .aid      ; ( !. ^ 

bandwioths .■!  '?, ' ' ' 

w.       ! ■ i i t : 

...   t ioi:   . :■ ! • rrainlnp   the pulse 

■ ■ .ueie    ;   ir.odulatlon.      Hie 

■ ..s'.ii i'n'ij   as   ■:,:  ill   compared   with 

I 
i 
i 
i 
i 
t 
i 
i 
i 
i 
i 
i 
i 
s 
i 

tj 



Gtveii ,j narrowband sii-nal  it appears reasonable to assume that the 

:•ro bana process also.  For if the noise is primarily rever- 

i"cLrai properties .-ire cletcnnined by the signal, v/hlle in 

ar arrb:, em   i c 'initcd environment one would employ filters matched to 

■ h-, sif.nal in order r.o inprove sicnal-to-noise ratio.  If 

tn tt;e target signal the center frequency of the 

Mi-.'i i (i)  would assume the form 

t !'c i ■        ■   no Uop]- ' ; l.lll 

i 

( : ) =    P,{t )     COS W 1 (32) 

ii.e bandwidtl! of  i ,(')  i" small compared with  w  .  Clearly p.CO) = 1 

md    (T)      .'or all  i .  7ypic?l forms of  p.d)  might be 

. (T) = <•       ■- ■'i '' - = t'       both of which have the computation- 

all;/ '.k,-;; .1,1  ; ....oily ;■ (T) >_  0  for ail T .  This property will be 

assumed i;. i ir lrra.;ecj atoiv following computations. 

Isii;:, I.'iuarions (31), (32) and (25) a typical term of Equation (22) 

can now be wi .■:IT,
.I in the form 

1 T 

(Ä) co.sj'.-,1t+.; (t) j cosrw0A+,-(A)j p^(t  ) cos^Ct-X) 

n   n 

dt     I   ü\   s   (t)   s   (X)   cos[w tH$(t)]   cos[w A+4i(o)]   P1(t-X)   cosw0(t-X) 

fi f) 

(33) 

This would remain irproximatelv true for targets moving sufficiently 
slowly relative I  the la reiver so that the Ooppler shift is small compared 
w.i th the SJ gn i] bandwidth . 
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Sip.ce     n     is   an  vc..'.   Lp'-yaer    CO-J    W   <I-A)     can  bt   c.xr,anded as  follows 
o 

cos     w   ft-M   «   C 

The  constant ■■     '.. 
li 

parti cular ,   ;i   3t r;.: 'ht 

n . 
1 in   "'   |   r,    1 

SubH L 1 tl.il i Hi'     ' ■; ■ 

narrowband  asyuuipt lc>n 

'.., n-\) + i',-\)  +    + c       cos nw, fc-A) 
nn 0 

'34) 

..   :--lii-' i''0   binomial coefficients.     In 

....   n ^ 

    ii+1 

IM .   i iuA: ..   i   (3J)   and   invoking  the 

.:i.   LIIA'   l'.    Rh-ri.r-m-Lcbesgue   lümma  to  argue 

(35) 

that only the terr  C,   . ■. w.(t i)  ui !...,'.,.: i.>n ( }4) contributes slg- 
1 r l1 

nlflcantly   to   ttu:   int • ., 

J ,J 

nee,   ;..iuat.i ■■'   ( '?,')   becomes 

|   dr.     !   oA-, !:.■'.). : i, ;-■.■..-■: |v,u-t-(r (r.) j   cos[wX+$(X)]   cos  w   (t-A) 

A    s   K C, 
n n   In       ; 

dt      /   ü^'l 

(■• f 

,/,      (t-))C0s[wnt+:l-(t)j     COKJV/   X+(i)(A) |     fOS   W    (t-X) 

(36) 

Straight furward   use   ci    t r'..■: iv.;n,   ; : . ■.■:;;■',   yields 

-:w
0

!';  ! i ,, .•     cos  w
0( t -») 

zci !<?(t)- ;', - i <-  ^   cüs|2w0t+$(t)+«(X)] 

Onrr  mcrf'   ■ h.    R 

ut.  ;'•. 

,    cos|2w0A+.:; (t)+(|)(A)] (3 7) 

:npl.oyed  to  ell.ivinat:   all 

' idi   becomes 

i 
I 
I 
i 
i 
I 
i 
i 
§ 

i 
i 
i 
i 
i 
i 
i 
i 

i 



i 

A  = K C,    0      0 
i    1 

| dt | dX s1(t)s1(X)pJ(t-X) cos[(f(t)-<t>(X)] 

ü__  0        
T T ' 

( dt j dA s1t'.)s1(A)p](t-X) ccs|_(p(t)-$(A)] 

(38) 

0    0 

A1J fartors in the ir.ti-• i'.ind nxctpt Lor the cosine terms are non-negative. 

As for the cosine terms  rote that r.(t-A)  becomes small for  (t-A) 

larger than the (.orrelaLion time t,.f the noise process.  For reverberation 

this correldtion tinn is at most (stationary scatterers) equal to the 

correlation time of the signal, which in turn is the smaller of the follow- 

ing two quantities;  1) the signal duration, 2) the time within the signal 

nulsu during, which the modulation vtt)  changes by, roughly.    one radian, 

Ihus the cosini' terms rt'.ain pcsitive thrcughout the efiectivc region of 

integration.   rn the ambient noise limited case the noise spectrum would 

"tner.'llv I e shaped by oanolimi ting filters (or possibly transducer 

The case nf reverberation frot.i stationary scatterers is treated wltli 
mini,  reater :i:"r an: ,o,, ralliv in Sectitia TV. 
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charact. 11:. ( .  : aiu IK.IICC have a banuvidth at. least equal to that of the 

signal.  It b ciarcJ.itlon Lirae i-ould therefore be no longer than that of 

th  f.;i.):na I . ,. ' ' ■' Ci.i  1.. vi.  ; ■.r.ir.' n nains valid. 

Linder thebe conditions, the integrands in both numerator and denomi- 

nator of Iquat ti IL ( ,; ,tu ;. i ..:.'.. > ..r the effective range of integration. 

Since  ■' ', ( ! ) J. . , > '  • ' ' ■ ; 

•- (i.-J) 

- (;,■ 1) 

1 
n+1 

(39) 

Huncc, t rum 1 qua! i : 

1 
- <  1 + 2 ■ 
2 - l / '     I, kti-i)   n+j 

(AO) 
i 

Fro::, the wi ll-kO' wn ;; L ■,::ili LV 

1 ) 
.ir+. 

(41) 

one obtains, upon ■ L11 

i i ..' i (42) 

It is now a s imp 1 c r.a 11 

f i rs t few t" nns of : ;i ; 

to Set upp.  tniui"..' . i-i 

from bjuat Lou (■■>■.  I LO 

r to bound  J'V  from above by evaluating the 

: -u   I-.'') L'.mputat ionaJ ]y and using Lquation (A2) 

;■::;:, t rr. .  Canving the exact computation 

i 'ra!'-, iir.xr-. 

i 



1.277 (^)- 
R 

Corabinin;;   tu:[uaLions   (23)    ,nd   i'ti)   one   can   therefore  rathei   fenerally 

bcuac   the  clipping   loss   for  noise   Indepondent   from hydrophone   to  hydro- 

phone  by 

0.89 1 (AV) 

One situation in which the assumptions leading to Equation (44) are 

not satisfied is that of an ambient noise dominated environment contain- 

ing a strong narrowband noise component.  liern the effective range of 

integration Is deierm.ned by the correlation time i.  the signal component 

of tquation (3b).  It is clear from intuitive conslde.ations that 

ens [ A( !:)-,},()) 1  does not change sign over this interval.  More, specifically, 

consider a signal of the form 

s(t) COS(w t+-r t ) (45) 

iubstltution   ir.ti    h,nation   (.to)   yields,   after  an  elementary   computa 

t ion 

\^T n .   . 
P1(x) 

A     ?   K  C. 
n        n  lu 

JX  e 

K2-   2\ K     1        2 

(46)' 

P^x) 

i 
The relation  1 + 1/9  4 1/25 + 1 /49 + 

Gu;;ining the infinite series above  n -- l| . 
■; fb    has  been used In 

g 
'"The linils were extended from i!',M to (-:"",'-) because in practice 

the period of intec.rat ■ r. would undcubtedly cover tfie effective duration of 
the  pulse. 

A- I: 
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Since both integrands of Equation (A6) are non-negative and p1(x) _£ P,(x) , 

Equation (39) land hence Equation (A4)J rem-ins valid. 

Thus It appears that the onlv practically important exception to 

Equation (44) [for noise independent from hydrophone to hydrophonej 

occurs when a rapidly moving target is being detected in a reverberation 

limited envi ronmc'nt .  hero the returned signal might be of the form 

( L)   COHKV;     i   w   )   t  +  <i{t) I (47) s1(t)   cos[(wD + w0)   t + MO] 

i 

where w  is the hoppler shift caused by the moving target.  Following 

the same procedure as in Equations (33) to (38) one arrives at the fol- 

lowing equivalent, of Equation (38) 

T    T 

dt I  (/ s^t) s^A) p"(t-X) cos[wD(t-A) + ((.(t) - ((»(A)] 

_0 _0_  
n r ^n In  T 

0    I) 

^(t) s^A) p1(t-X) cosfw (t-X) + ^.(t) - <}.(X)] 

(48) 

i 
i 

As  a  specific example,   consider 

s^t)   =   e 
K     2 

4(t)   - "-  t (49) 

a   linearly   frequency modulatcc   pulse. 

It   is  a  simple  matter   to  demonstrate   [see   Equation   (88)   with 

i   -   i .   d   .   =  01   that      ,,(1)      ffor  reverberation  from stationary   scatterersj J       ii 1 '1 '- 

i 
i 
I 
I 

The signai i 
shift may be nyar. 

assuiaed to be sufficiently narrowband so that the Eonpler 
■d as constant throughout the band. 
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assumes   th     form 

P^T) 

1 ,2    2       2 
V2+   ^l 
2oT - r- 

(50) 

2G 

1 2    2 i 
2 +  K o may be   interpreted  as   the  bandwidth of   the  signal  and 

hence   of   the  reverberation. 

Substituting  Lquatlons   C^1.)   and   (50)   Into Equation   (48)   and  extending 

the  ranges  of   Integration   to     (-«>,   ")   ,   one  obtains,   after  some  algebraic 

manipulation 

K C,     exp \ 
n   In 

n-1 
H 2~T 

2 T 

(51) 

If   the   signal   bandwidth  is  determined  primarily  by  the   frequency modulation 

L2 2 

K o,,     >> 2 and   Equation   (51)   becomes 

n   '     n  In 

2     2 
Conversely,   if     K o_     << 

n-1     2     2   \ 
■D n+1  K 0

T 
(52) 

-*-z   ,      [little   or no   frequency modulation | 
o1. 

,n-l 2       2 K c      exp ( -,7-—- v 0,,     w 
n   In       '   \ '((n+1)      1       D 

(53) 

In either case the coefficient  A  becomes large when w- greatly 

c-Kceeds the bandwidth of the signal.  Under the same conditions the factor 

K will therefore become very much smaller than unity.  It may, in fact, 

come arbitrarily close to zero  if the Doppler shift is large enough compared 

A-21 



i 
with the signal bandwidth.  Thlo is quite reasonable from a physical point 

of view:  Under the postulated conditions the signal and reverberation 

spectra are essentially disjoint so that the undipped detector operates 

in an environment that is almost noise-free in the signal band.  Clipping, 

on the other hand, shifts some of <"he reverberation power into the signal 

band and therefore sharply degrades detector performance. 

A-2 2 
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i 
IV. Noise Dependent from Hydrophone to Hydrophone 

When the noise field exhibits significant cohetence from hydrophone 

to hydrophone it appears to be difficult to obtain results of the same 

generality as in the previous section.  Thus even in the absence of Doppler 

shifts and with constraints on signal and noise, such as those specified by 

Equations (31) and (32), one can readily specify realistic spatial covarianccs 

for the noise which result in values of R  lower than 0.89  [l.quation (A4) | 

by modest amounts.  An example of this type is worked out in Appendix A, 

where an  R of 0.7A is shown to be attainable, oven for Isotropie ambient 

noise.  With sufficient ingenuity one suspects, one could devise noise 

models yielding even lower values of  R .  However, even the simple example 

oi rtppendj.^ A requires fairly special assumptions and one feels that the 

search for more extreme cases would lefd to more and more artificial 

assumptions.  It appears more rewarding, therefore, to abandon the search 

for extremes and turn to the question whether serious clipping loss is likely 

to occur in cases commonly encountered in practice. 

Some qualitative insight into this question may be gained by restating 

Lquatlon (2ü) in the frequency domain.  Defining 

i 
and 

c; (w) 
ij 

(T) e-jw: di (5A) 

ij 71   J  ,1 
P,  (T)   ^WT dT (55) 

one  obtains   the  Fourier  inverses 
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P^CT) Gy (w)   eiWT   dw 06) 

and 

2     <   -1 
— sin ^M -±-     f^.Cw)   e^ dw (57) 

7 
— on 

Subscitution  of  Equations   (56)   and   (57)   into  Equation   (20)   yields 

(after  a  few steps  of  computation) 

M      M 

dw S(w)|2  ^   ^   G     (w)   ejw(Tj-T: 

1=1  j=l 
M      M 

(5B) 

dw|S(w)|2  ^    N^    P..K)   ejw(Tj-Tl) 

i=l j=l 

wr.ere 

S(w)   =     /   dt  s(t)   e  Jwt: 

0 

Since   the   observation  Interval     (0,1)     would generally  cover  the entire 

signal  pulse,     S(w)     is  in  effect   the   Fourier   transform of   the  signal. 

MM •   / •> 
V   v Jw(-'i-i^ 

The  expression     )       /      G,,(w)   e J in   the nunierator  of 

1=1  j=l 

(59) 

Equation (5b) is nothing ocher than the normalized noise power spectrum 

at point  x  in Figure 1 wit'.i the clippers removed ■It 
1=1 j=l 

P.j(w)e J     i 

is   the  normalized  noise  spectrum  at   the   same  point   in   the  presence  of 

clipping.     Thus   the numerator   (denominator)   integral  in  Equation   (56) 

A-24 
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represents the power output- uf a filter matched to the signal whose inputs 

Is x in the undipped (clipped) instrumentation.  Since clipping tend? to 

spreae the spectrum, one woulc ex  .;t a smaller percentage of the power to 

fall within the filter band in the clipped than in the undipped case, 

hence  R should generally tend to exceeu  / 2/TT = 0.8 .  Important ex- 

ceptions to this rule vould bi expected in two cases; 

1) The undipped noise spectrum is centered at a frequency quite 

tiifferent from tlu center frequency of  |S(w)|  .  This would be the 

case when the target reti'rn is subject to a strong Doppler shift. 

Reverberation noise is net subject to this shift and it is only throupl 

thi clipping operation that a significant amount or noisr power is 

transferred into the sigr.d band. 

2) Strong negative correlation between close))' adjacent x.  in 

Figure 1 causes the terms  i. 5* j  in Equation (58) to subtract sub- 

stantially from the power input into the filter matched to the signal. 

Tliis effect can result in values of  R  smaller than  / 2/^  only if 

clipping reduces uiie negative correlation so that the effect is less 

pronounced in the denominator than in the numenlor of Equation (58). 

To see when this might be the case, consider the inverse sine in 

Equation (20) expanded into a power series, as In III. The equivalent 

of Equation (22) is now 

A-ii.> 



i 
dt s(t)  I dA s(A) ^  ^  p 3(t_A-Ti+T ) 

L.m 1+1 J5 Q   i=i_izi  
R2      6  ^1        J       M  M r 

1=1 (=1 

dt s(t)  / üA s(X) \       )      p.   (t-A-T+i. 
J CJ /_-  ii     1 J 

,) 

4-^  0 

r T _^,   M 

dt s(t)  / dA s(A) )  )  pii
5(t-X-Ti+T ) 

0 i=l J=l 
40  T T        MM 

/ dt 9(t)  / dA siX) 

0 0        i=] j-1 

P,.(t-A-T.+T.) 
ij     i J 

(60) 

Unless the peak negative value of P..(T)  is fairly close to unity 

for ,'. significant number of f ^ j , the required subtraction in the 

denominator doe.s not take place.  On the other hand, if p.,(t) 
1.1 

3 
comes very close, to  (-1) . o  (")  is not too far from  (-1)  and 

a similar subtractio i takes place in the numerator.  Thus one looks 

for maximum clipping loss in cases where the negative correlation be- 

tween closely adjacent phones is strong, but not strong enough so 

3 
that G. (i)i     hat; a magnitude comparable to unity.  Since these 

i)   'max 

conditions on the  , .   are quite restrictive one is not surprised to 

find only modest Decreases in R  for even rather carefully con- 

structed examples, such as the situation analyzed in Appendix A 
1 

Note that the rather rapidly converging sequence of coefficients in 
Lquation (60) demands integral ratios of at least the order of 5 before 
,/R'     begins   to   increase   very  substantially. 
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To complete the discussion the clipping loss will now be computua 

for a fairly jyeneral case of operation in a reverberation .Timited environ- 

ment. The most important restriction Is the assumption of negiible Doppler 

shift, both in the target return and in the reverberation. 

The key step is the computation ot the cross-correlation of the rever- 

bera:ion at the i  and j  hydrophone.  If the signal acsumes the narrow- 

band form of Lquation (31) the reverberation observed at the i  hydrophone 

is 

V^t) = 
i.     t 

'-  Sjd-Cj,) cos[w0(t-t£) + >Kt-c£)] (61) 

t  is the  travel time of sounc from the origin of coordinates (nominal 

center of the source) to the i       scatterer and back to the i  hydro- 

phone,  a  me;sures the amplitude of the signal reflected by the i 
tli 

scatterer.     It  includes  effects  of  the   transmitter beam pattern as well 

2 
as   those  of   scatterer  cross-section.       Siroilarlv,   the   reverberation  at 

the  j       hydrophone   is 

V,(t) 
i;      1 

% siu"V  cos[wü(t"V + *(t-T£)i (i /) 

1   is the sound travel time from the origin to the j   hydrophone via 

the 1  scatterer.  hence the desired cross-correlation assumes the f i 

The. effect of strong target Doppler shifts has already been dlscussfc 
in Section III. 

2 
ihe gens "al nomenclnture is that of Report No. 27, 



VT) =E r "Sri2 si(tv si(t-vT) 
^ T 

f.  m   'v  m 

\ 

x C :os[w0(t t{) >r  «(t-t^)] cos[w0(t-Tm+T; i.(t-T +T) 

xes) 

Lxpressinp the  cos( ) cos( )  product in terms of sum and difference 

freouen :ie£  one can invoke the Piemann-Lebe.sgue lemma Co eliminate all 

but the difference terms of form i = n .  Hence 

i 

1 

Vt) -\  E|^ -^---s1(t-t£)Sl(t-T£+T)cos[w0(ti-T£+t)+Mt-Til+T)^U-t£)l 

I £  
ti Ljl (64) 

Th'.' next step is to express T  in terms of  t  .  Consider the 

spherical coordinate system shown in Figure 2.  By arbitrary convention 

*    ?.th scatterer 

A 

0i/d^   A 
ihone   i pc- X 

-^: 

ii^X  " 

phone   i 

Ficure  2 

i 

i 
i 
i 

The symbol  L{ )  denotes the expectation of the bracketed quantity, 
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the origin is piaced at the    i   hvdrophone.  u.   is the distance between 1,1 
phones  1 and j .  A simple trigonometric compulation now yields the 

distance  R, ol the i scatrerer fmi;) r';.. n..'  ]  Ln terms of  r. , the 

distance of the i. scatterer from phone  1 . 

i        i j/    r,  ■ sliu- .■in'-  v. o^(w -<;.) + cjst! cosri.! + 
*    ]     i.     ] I i 

(64) 

In practice 1  for all acatterers sufficiently cJose to the 

target to receive some 111umination simultaneously wltii the target.  Using 

tills approximation and dividing both sides of Efiuation (6'-." by the velocity 

nf sound cue obtains 

!.i!,,sin" cosfv ■-■',.)   + costt. cos'i. 
1     '  J       '    J 

(65) 

For greater ease in subsequent manipulation we introduce the nota-- 

11 m 

sin" sin*) cc^dt-',   ) + cos 0 COSH 
k.       j        i. ] K 

(66) 

Then 

1   (v~    ai ,!-i 
LJ    2  | r     _ d ,2 1   v 1   e   c 

cwsjw (. —— -t   T) + i(t-t0+ a —i-i- + T)-^(t-t )J 

(67) 

ihe joint prebalulitv den: Ltv nf  i nid  M  has hi-en calculated 
i 
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in Report No. 27,  For volume reverberation from scatterers independently 

and uniformly distributed over a large volume V the result is 

P(t„. 9„, dO = ■§77 t„  sin 6. 
^ i'     9'   ^i 8V £      i 

(68) 

The coefficient a   is now decomposed into its two primary 

:omponents 

ai   = s'iti; 8(e5,"
0o' *e^o) (69) 

b is  proportional   to  the  scattering  cross-section while    g(9,   0     is 

Che   transmitter pattern,     centered  at     (6n,   $„)   . 

With  the   introduction  of   tquations   (68)   and   (69)   and   the   change  of 

variable 

x   :   t   -   t     +  cr^+i 
i c 2 

(70) 

Lquation   (67)   becomes 

3   \—'   b 
2 

8   co    o 

dt do,, B(ero0, $r^) il. 
dxs,(x- ]r - n )s1(x+r) 

12 c       1       ^ 

d d   4 

x  cos  w   (a-Ü- +   T)   +   ({)(x + 7)   -   ij)(x  - — -  cr~") (71)' 

The use of a frequnncy independent pattern function implies that the 
signal is sufficiently narr-'V-band to have its directional properties 
described by a single frequency pattern function. 

2 
The bar indicates an averaging operation over the number of illuminated 

scatterers. 
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slowly  varying  am).J1 cudt   facto;     b,   /   t, U   ' has  here  bcun 

,■1... v.i   '.•; : ii     (,   ' /t   *■   ,   wh. r,       i : ■ .   .!        rvcl   time   : ;■'. r..   ' vi; 

inrgit   to   the  origin  of  coordinati-b.     Kor   tdrgets   remote  compared with 

the     radial   dl.'tmo   covrnd   l-.y   m,   pi:' ■ ,    rl,i"   nhould  be  an  ..xccUc-nt 

app rox iiaat Ion , 

,wc   lurttu'r   ."■■! ii..xiiii.it ,   'i.-,  wi i 1   r.,w   tj«.   iiiadL ,   bulh  bastd   en   the 

obsirvali m   t hn: •   Ltxciv   tc  i      ly.jLi/   .••itnall.      it   ib   a   slmplt 

matti'r   to  demons t mi i;   ihat .     iti nee,   it   i In   maximum  distance 

d , 
bel.we.t:ii  any  pair   nf   liydrnphone s   in   the   array   1H   20   It...     a _}_'_ 

sc.   .     ihe   typical   ;'i!sc  envdepi    function     H   U)     does  not   change 

significantly   over    m   infervai   ol   A tni.l 1 iseconds.     Hence, 

0.004 

1)      -^(x   - is   approxiinat i d  bv     s   (x   - ■-•)     in   Equation   (71) 
I - 

,'(t.)     is   also    i   nlalivcly   slowly  varyinj'   funcrion.     ü&ing   a  Taylor 

M.- rns   one   can  wr i tk 

;ix      ,)'   :\:- - =)  .. 
ij 

(72) 

;   (v)     is   tin    i.nst anl;!riio\is   f rt-fiuency modulatioa   In   radians/sec   . 

;    (t)    !        1 .s   thi   phasu   ..hi!!     •(    tin    ,-i.!di/! at ion   f r» quency   between 

h.yiiroiihcp.. .■      i      . : .! '.^ • 

I 
2) 

that   the   pha.,. 

1:    :,-; • 1 I    Is l;w> . s   ; 

t ti   a  maxi iiiur;:   is  ■;   ' i^\ 

.1.,   spprox ini.ir.'d   1 ,      ■ (.-;        -)     on  the   assumption 

lit    it   tiiv   r.ax urun   t requency deviation   (from    w.) 

rv   für -h.-n. 

inUwiath,   ii   butt,   pusitiv.. 



i 
and negative deviations are allowed) and a maximum spacing between 

hydrophones of 20 ft., one finds that 

max O.^TT (73) 

Approximation 2)  has certainly become questionable i'or these 

parameters.  However, in any practical array a very small percentage of 

the total hydrophone pairs have spacings close to the maximum array 

ciirn._r.sion.  Furthennore, one tends to use arrays in such a manner that 

few,, if any,, hydrophone pairs assume an endfire alignment relative to the 

d^ , 

target. Hence,,  a will generally be well, below unity and a —-  in a 

2C ft. array would be substantially below 0.00A sec  for all, or almost 

all, pairs.  Hence,, approximation 2)  appears not unreasonable for arrays 

of this general sizt and bandwidths up to the order of  100 cps ." 

With approximations  1)  and 2)  Equation (71) becomes 

RiJ(T) 16V d(t dec g(e,-o. i dx so 25 V*^ 
U  i/ 

cos wr c. -^-+ T I + $(X + y;    ,;x - ri (lit) 

Assumin,-;, fo1" the ?ak£ of computational simplicity, that s, ( ) 

'.nd ,+ ( )  are both even, I.e., 

i 

i 

1 
By introducing an assumption of narrow beam patterns one can, in 

; c   i 
-i <<  i    implied fac., consiaerably weaken the inequality u.''r. - —) fl 

by  2) .  The appropriate weaker inequality 1,- worked out in Appendix B 



^(X)    -   5^-   X) pulse  envelope symmetrical (75) 

and 

i})(x) -' i,( - x) L.vjn phnssj modulation or  odd frequency 

modulation, such a3 linear FM 

(76) 

one can readily rodiice Equation (7't) to the form 

h.(<) 
C3 

16V dO, '■( , ,0.   cos  w0|a-- + rj 

t.  f)  0 

dx ä (x - r) H (x +■ -) cos A'X + -'-) - (t)(x - r) 

where 

C" 
b 

^   2-, 

16V P(T) )_       '"1    i     d^ 
' {  to    "o 

,   I ^ 8(S;('ü' ^rv C0B wotL   : 
(   d 

. COB wnia - 
U 

(77) 

P(T) :    dx H,(x - 4) ä,(>.  +   -)    COs|,;,(x + 7) - ,; (X - ^) (78) 

The doublt integral in Ivquatlon {'/ >   depends only on transmitter and 

receiver geometry, wliiK  pO)  depends only or. the waveshape of the 

transmitted signal.  rI!i< complete separation of these two effects is the 

direct consequent i of approximations  1)  and  /'.) , 

The double uu"i.t',r,'l can be (urthet stmpJificd if one considers 

symmetrical pattern functions narrowly i-'i. •.v.::   ted near  (On' "'n^ '  ^n 

that case one can extend the  !   and  "   limits to {—'•',   ")  and 

represent o  ILquation (66) j by   the !l:..t tur. e terms of a Taylor series 



a; ^+ vvv +vw (79) 

where 

a  = sin e0 sin 9. con<t>0-4».) + cos eo cos 6 (80) 

i      = cos 00 sin 9. co8i$Q~$J   -  sin BQ  cos 6 (81) 

Y1. = sin e0 sin 6. sin((j) -(JIQ) (82) 

With the changes of variables  6 -O« = u, 4»»-*« = v  the double integral 

becomes 

CO CO 

du  I dv g(u, v) COS v 

— CO -CO 

.In 
-a + hju+ Yiiv. 

(83) 

According to Equation (20) we are ultimately interested in the value 

of the autocorrelation function not at x , but at  t - X - T. + T. ■ 

However, with the array steered on target we obtain from Equations (65) and 

(66) 

aij 
Ti ' Tj = ~" aij 

(84) 

i 

Hence, i"rom Equations (77), (83) and (84), using the postulated symmetry 

of the pattern function about  (SQ, ^Q) 

,— b 
CO        CO 

v^w 16V 
ij 

(t) cos W0T )  -| | du | dv ^(u,v) COS «^--(ß^u + Y^V) 

I     ""O -« 

"ij 
eiiwo  ' 

'JA 
c YiJW0 

P(T) COS W^T (85) 

i 
i 
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i 
where 

C» 00 

G(w, z) =  | du  I dv g(u, v) cos (wu -i- ^v) 

— CD        _CJO 

.   -j (WU + 7,V) 
du  I dv g(u, v) f 

-'.l' —01 

(86) 

Thus G(w. z)  is the Fourier Cransform of the pattern function g(u, v) 

To normalize the crosscovrelation function we need only recognize 

from Equation (85) that 

R..(0) = R..(0) 
ü     Jj 

C 
16V 

\2. 

i    t0 

G(0, 0) p(0) (87) 

lience, 

ij 
c   4iwo/' 

dlJ 
c  ij 0 

P,.(T-T.+T.) 
ij   i J G(0, 0) 

p(i) 
p(0) c^ wo T (88) 

Equation (88) must now be substituted into Equation (60).  Designating the 

general term of Equation (60) by A  as before and using an obvious 

generalization of the steps leading to Equation (38) one finds 

A 

M  M 

n  /_ /_ 

K c  ifUzii 
n In 

M  M G 

): r - 
i=i j=i 

1Jo   i M-J    Mi  R   V7  I r V   W  1 CD cu 
c ßij 0/ '1 c '^ij 0iJ( r 

—( jdt  s  it)   Idx s (x)cosjl|i(t)-4>(x) 
G (0, 0) 

p(t-A) 
p(0) 

a ■     c 

c ßljW0 ' ■■T-Ynwoj 

0(0, 0) 
Idt sAt)   ld\  - (A)cosU.(t)-d,(x)l P-77^- 

(89) 

A-;: 5 



g(u, v)  describes the spatial distribution of radiated power and is 

therefore non-negetive.  It follows from Equation v'86) that 

G(u, v) _< G(0, 0)  for all u, v (90) 

Furthermore, it is shown in Appendix C that for narrow beam patterns 

G(u, v) >  0 (91) 

The ratio of the doublt sums Equation (89) is therefore no larger than 

unity and one obtains 

dt s1(t)  / dX s U) cos [({>(t)-4)(A) 
P(t-A) 

. P(0) 

A  < K C, 
n — n In 

dt s1(t)  / dX s^X) cos[*(t)-,j(X)] ^"fp 

(92) 

Using Equations (75) and (76) it is a simple matter to show further that 

dt sjt)   ej,'(t:)  ' dX Sn(X) o I dX s1( 
-j^(X) ^(t-X)]" 

1. P(0) J 
A  < K C, 
n — n In 

dt Mt) ^(t) UxsA»  e-^(A) i^f 
1 p(U) 

— GO — m 

Tin fact that both double integrals are in form of convolutions 

suggests the use of Fourier transforms.  Define 

and 

S'w)   =      IsAt)   e^(C)   e-|Vt   rfl 
It 1 

P(w)   =      /  p(t)   e   ^l   dt 

A-;i(; 

(93) 

(94) 

(95) 

i 
i 

i 
i 
i 
i 
i 
i 
i 
i 



i 
Thus S  (w)  is the Fourier transform of the low frequency signal, i.e., 

the signal after a downward shift by w  .  In terms of Equations (94) 

and (95)  A  can now be written as follows 
n 

dw | S „,.(«) |  {p(w) * P(w) * ... * P(w)} 

A < KG, [p(0) 
(n-l) 

n — n In 

dw 13  (w)i  P(w) 

    (96) 

Here A * B denotet the convolution of A with B . 

Consider next the relation between P(w)  and Snf(
w) •  Using the 

postulated symmetry of s1  and  $ one obtains from Equation (78) 

P(T) =  / dx s (x - -) s (x 1- -) eJ     I    c  Jy    2 (97) 

The change of variable  x + y = y  leads to 

P(0 
,   , >  ]<)'(y)  -    . -j'J'Cv-T) 
dy s (y) cJ  7  s (y - T) e J 

which is a convolution of s,(y) 

follows that 

J(Ky) witli s. (y) e jt>(y) u 

(98) 

p(w) = |saf(w)r (99) 

Thus,     P(w)     is  real.     Now substituting  Eruation   (99)   into 

Equation   (96)   and  using   Parseval's   thiorem 



A    <  K r      p(0) 
n —   n In1 

|  dw P(w)   {P(w)   *  P(w)   *   ...   *  P(w)} 

•(n-1)     -°°   _   

dw P(w)   •   P(w) 

P(T) 

p(o) 

in+l 

K C 
n   In      M (100) 

Slnce    n    .usunies  only  odd  values,   the  integrr'nds  of  both numerator 

and denominator  are non-negntlve.     Furthermore,   from Equation   (99) 

lp(0 
J. 

2Tt 
ilc      ^   ^ i 2     JWT 

dw|S ,    (w) |      e^ 
<   27     I  dw|Sjf(w)|2  = p(0) (101) 

Hence, the ratio of integrals in Equation (100) has an upper bound of 

unity and 

A <  K C, 
n -  n In 

but this is identical with Equation (39) so that one obtains 

immediately from Equation (AA) 

R > 0.89 

(102) 

(103) 

Thus, at least in the absence of Doppler shifts, clipping losses 

in a reverberation limited environment are quite small for a very general 

class of signals and arrays. 

i 
i 
i 
i 
§ 

i 
i 
i 
i 
i 
i 
I 
i 
i 
i 
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V.  RanRs Estimation 

An estimate of target range can be obtained by regarding the correlator 

output as a function of replica delay (T) and establishing the location" 

of this function on the T axle.  Details of the required Instrumentation 

depend on the proci&e definition of the term "location", b-t if the signal 

correlation function is sufficiently concentrated in T  to pemiii- useful 

range estimates one would expect any reasonable measure of "location" to 

lead to comparable results.  One such measure is obtained by the arrangement 

shown in Figure 3.  x(t)  is the output of the beamformer as in Figure 1. 

s(t-t1) 

x(t) 

1 

multiplier 

multiplier 

integrator 

Ö- z(t) 

s(t-tj 

Figure 3 

It is cross-correlated with two replicas of the signal, delayed by  t 

and  t. seconds respectively.  The resulting short time correlation 

functions <. n  subtracted to yield the final output  z(t) .  If the target 

delay  (t )  is given by 

t  = 
0 

Ll + (104) 

the expected value of z is zero  Deviations oi  z from zero indicate 

A-...) 

0 



values of target delay other than that given in Equation (10A), The 

measurement error of such an instrumentation has been discussed in Report 

No. 29 (Section I).  If the true target delay is tn then the rms measure- 

ment error is 

V        Vim nos^1 
a      = —  (J-Ü5; 

3to!    h+h \tQ   »-y- 

This figure of merit must now be calculated for Instrumentations with 

and without clipping.  In the absence of clipping the equivalent of 

Equation (2) is 

_M 

x(t) = M s(t-t ) + )      n.lt-T.) (106)2 

o    C i  1    i 
1=1 

Hence, 

M 

y (t) = M s(t-t0) s(t-t ) (- )  n1(t-Ti) s(t-t1) 

i=l 

(107) 

For sufficiently high signal-to-noise ratio to make meaningful range 
measurement possible. 

2 
The target delay  t  was emitted In Eauation (1).  Since range was 

assumed to be known in the detection study all delays could be measured 
relative to u. . 

A-4() 
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ond 

y2(t)   = M s(t-t  )   s(t-t?)  + n, U-T)   s(t-t   ; 
11 z 

105; 

i-l 

Since  the nvurege value  of  the noise  Is  zevc 

z = -   |  dt s(t-e0)   [s(t-t1) s{t-tj (109) 

Similarly in the presence of clipping one obtains froin a computation 

parallel to Equations (2) - (10)  [low input signal-to-noise ratio] 

- -~=.       dt s(t-t ) [s(t-t ) - s(t-t )] 
"   TVN   o 

UiO) 

Hence, by a trivirJ romputation 

3z_ 
3t( 

3z 
3tr 

clipped 

'0 I unclIpped 

In tb\.  absence of clipping the nean sqi are value of z  ia 

M 
1     f 

M 

dt  s(t-tj   )      nAt-J   -^   j   af    ■•'''   ' ,)   /       n,(t-;,) 

0 

T T 

1=1 0 
i' U  "1-     r 

1=1 

= -j /  dt   1  dx[s(t-ti)s(A-t1)-2s(t-t1)-(\-t2)+s(t-t2)s(X-t2)j  •< 

0 0 

K       M 

N   )_    ^   p.^t-A-T^.) 

U]    i-l 

(111) 

(112)- 

The   contribution     f   t >■     -..h't,-:   ■; i". v.-f lonr   to     r/     has been   Lpnoi 
under   the  assur.iptioti  of   Low   input  signai-tn-noise   ratio. 

\- I 



Similarly  in  tho presence of clipping    see   Equations   (11)   -   (13) 

2       1 
2      dt   I dx[s(t-t1)s(X-tl)-2s(t-t1)s(X-t2)+s(t-L2)s(X-t2)] 

0 0 

M     J^ 

-)      )    sln"1!^. .(t-X-T, + T.)' 
IT 1 .      i . "   ij 1       j 

i=l j=l 

(113) 

From Equations (105) ind (111) - (113) the clipping loss ia 

L0I clipped 

"01 undipped 

T   T 

| dt j dX[s(t- |)s(X-t1)-2s(t-t1)s(X-t2)t-s(t-t2)s(X-t2)] 

0 '(I        ^   

j dt j dA.[s(i.-t,)tt(A-t1)-23(t-t1)s(X-t2)+s(t-t2)s(X-t2)] 

0   0 

_M  M 

/   D, . (t-'.-T.+O 

i=l j-1 
i-1 i j' 

!l   M 

)^ /^sln" [p  (t-X-^+T )] 

i=l j=l 

(114) 

The sirallarity with Equation (20) Is obvious.  One can clearly enrry 

through nany of thu ßen^ral arpunents of Section III a^.d obtain similar 

results.  Here we shall concern ourselves only with the case of reverbera- 

tion Ln the absence of Doppler shlftltre-.Ud in Section IV,, Equations 

(61) - (93)1.  Once •>;Min we work with the general narrowband signal 

;(t) = s (t) [cos w t + *',t) (115) 

A-4: 



B 

With the eatne restrictions on array dimensions as in Section IV 

[array diameter small compared with wavelength of maxinura frequency 
L 

deviation from wJ , one obtains from Equations (60) and (88) 

M  M 

A ■= K 
n  n 

7 dt j dX 
_CX)        „CO 

M  M 
r \ i c 
i-i j-i 

CO oo 

dt   d\ 
G(0, 0) 

-cn      -co 

s(t-t1)s(X-t0) -2s(t-t1)s(X-t„)+s(t-t0)s(A-t,.) p(0) 
cos w (L-X) 

(116) 

where K  is defined by Equation (25), p(t)  by Equation (78), and A 

is the n   term of the expansion of 1/R  .  The limits of Integration 

have been extended to (-«, «O  on the assumption that the integration 

time  (0; T)  at least covers the duration cf the two replicas.  As in 

Section IV, the rr.tio of the double sucn has an upper bound of unity. 

Hence, 

j dt / dx[s(t-t )s(X-t1)-2s(t-t1)s(X-t2)+s(r.-t2)s(X-t2)J 

I  < K 
n -  n 

-a    _oo 

OO        00 

dt / dx[s(t--t )s(X-t1)-2s(t-t1)s(X-t2)+s(t-t2)s(X-t2)j 

— CD      —OO 

P(t-X) 
p(0) 

cos wn(t~X) 

p(t-X)       ,,. ,. 
Vror cos vo(t'x) 

(117) 
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Only the  •'erm In    s(t-t  )   s(t-t-)    differs  from the forms  treated 

previously.     One can express  the constraint of  Equation  (104)  by 

t2  -  t0 +  A 

4 " C0 "  A 

(118) 

(119) 

Substituting Equations (115), (118) and (119) into (117), one obtains 

after some algebraic nonipulation (invoking the Riemann-Lebesgue lemma) 

00      oo 

dt I dx{s1(t)s (X)cosl(t(t)-$(X) J-s1(t+A)8 (A-A) 

A  < K C,  — -"- 
n - n in  oo   oo 

dt / dx{s1(t)s1(X)cos[\}.(t)-1j)(X)]-s1(t+A)s1(X-A) 

-00      —T! 

cos[2w Ä+$(t+Ä)-(i)(X-&)] } 
p(t-X) 

P(0). 

cos |2w A+<|>(t+A)-^(X-A)l } ^(-— 
p(0) (i.7.0) 

The signal correlation functidi is monotone only over intervals of 

the order of half a carrier cycl... Hence, the separation  (2A)  between 

tht two replica delays cannot exceed TT/Wn if the output from the device 

of Figure 3 is to have an unambiguous interpretation.  For time increments 

of the order of  TT/W  the relatively slowly varying functions s (t)  and 

<{i(t)  do not change significantly.  Hence, 

The practically more interesting situation in which only the envelope 
of the correlation function is used in ranging is discussed on p. 42. 

A-4-: 
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i 
CO CO 

d sJSrD t    dA81(t+A)s1f\-A)co6[2w0ZH-«(t+A)-<j)(X-A)J  I       (5) 

-OD —00 

00 CO 

dt  j  dxs1(t)s1(x)cos[2woöf$(t)-0(A)] p(t-X) 
P(0) 

"oo —oo 

CO 00 

:os2w0A   / dt   / dXs^t: s^cos |>(t)-4.(A)]    ^jff 

— 00 — OJ 

cr fo 

- sin2w0A I dt   1 dAs   (t)s   'A)sin [i})(t)-<)>( A) ] 
p(0) 

— cc       — oo 

The change  o;' variable 

t -   .\ = x 

t +   X »  y 

yields 

CO CO 

j   dt   /  dAs1(t)s1(X)sin[;,(t)-ij.(X)] 
P(0) 

— 00 — 00 

h i dxM^- 
P(0) 

dySl(^)Sl(Y-)sin[^)-^)J 

(121) 

(122) 

(123) 

s  and §    are even functions by assumption.  Therefore «i1 (—r-)-<H 'r~) 

is odd in y .  It follows Chat the integrnnd oF Equation (123) is odd 

in y so that th._ vilue of the integral ig zero.  Using this result in 

Equation (121) and substituting in Equation (120) one obtains finally 

CO OD 

dt   / dAS1(t)s1(A)cos[<)(t)-^(A) 

\     < K C, n —    n  In 
— CO — OC 

co on 

dt       dAs, (t)s. (A)cos I J(f)->t(X) I 
1 

P(t-X) 
p(0) 

P(t-A) 
p(0) 

(12A) 

-00 —CO 

A-) 



But   HIIK   In  IdonLLf.'ii with   hquHt  on   (92)   HO  tl)nt   F.quation   (103)   ramnlns 

t ruo: 

K   •  0.89 (125) 

The CHHCUSH Ion just concluded Iü unrunl 1st I C In oiu roepcct.  Tlu1 

po.stul.itud Inatriiracntntion um n the  carrier Frequency !n rnnp.lnp,, tlmri 

nbt.ilnlng in eftect ixtremo range nccurncy (lo n  small fraction oi   r\ 

carrier wavelength) at the expenne of ambiguity over inult I p Li's ol the 

carrier wave length.  In practice one cannot tolerate ouch ambiguity.  One 

would therefore almo"! certainly Ignore carrier frequency efli'-ts and Beek 

to locate the envelope of tin: nljinal correlation function on the  i  'xls. 

Tin formal analyiil.s of an appropriate instrumentation Is fairly cumln.TMome, 

but i.iuch oi the deslnd Inalpht Into the questlmi ol cllpplnj', loan can he 

obtained from the followlnf, line of reanonlng. 

A typical signal autocori'elat ion (unction Is aketched In Figur, 'i. 

R (i) 
!■   •  A  -•  •  A 

i i t- 

Figure  It 

i.n   Insl rumi-nt .■>.t. 1 on   ol    the   I yp>    of   Figure    1   ui   .l»'.!!»'«!   to   track   the   . IO'I lone 

would   have   to   compare   the   amplitude   ol    the   quas   -sinusoidal   one 11 lat lotiH 

.■'.t   a  dlHtance    A     from  the  origin.     This   clearly   le/uls   to   lower  si ir. 11 I vl t len 

It, 
than In the previous computation, where  A  was of the order ol a 

0 
quarter wavelength  ol   t lie  carrier   fnquemv.     Hn   the  othei   hand,   It   Is  clear 

A- Hi 

i 

i 

i 
i 
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i 
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from Equations such as (109) and (110) that the ratio of sensitivities for 

the clipped and undipped instrumentations [Equation (111)] is unafftcted 

by this change.  Furthermore, the output fluctuation z  for the envelooe 

observation is simply the output fluctuation of Figure 3 with the delay 

adjusted for operation at the peak of the appropriate carrier cycle (as 

suggested in Figure A).  Thus, Equation (11A) and hence. Equation (120) is 

still indicative of the clipping loss if A assumes the appropriate value. 

One can now no longer make the approximation in the second lint of Equation 

(121) and must writr instead 

Idt  Id* s (t+A) s (X-A) cosi2wüA+ (f.(t+ A) ..(A~A)J 
. p(0) 

'.os 2w A dt dA s (t+Ä) s.(X-A) cos|V(t+A) $(A-A)J P(t^) 
. p(0) 

sin 217-A  / dt  / dA s (t+A) s (A-A) sin[(},(t+A) - O(X-A)] 
pCt-AJ 
p(0) 

i n 

(126) 

The ch-^npe of variable (122) applied to the last term of Equation 

(126) still leaus to an odd y  function so that this integral vanishes. 

The equivalent of Equation (12A) is therefore 

1-n, such that w T = Ky The zeros of R (j)  occur at values of T 
s 

K odd. However, the peaks of R (T)  do not necessarily occur nldwry 

between the zeros, a fact which causes an apparent difficulty in the precise 

choice of A .  Fortunately, it turns out that changes of A by a small 

fraction of a carrier cycle dn nnr affect '"■,i clipping loss computation. 
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OQ Ki 

I dt   j cU  P-J-^     ls1(t)81(X)cog|Ht)-4(A) 

A    <  K C, 
n ~    n   In 

-OJ —ft) 

00 «' 

du      dXi1-(-~^(ti1(t)B1(X)cob|l!.(t)-<;;(A) 
/ p(0)        1 1 

- coaZw  A«   (t+6)s   (X-A)coB|i()(t+A)-())(A-A) | ) 

- COB2W  As   (t+A)ü   (A-A)co8[()>(t+A)-«(A-A) | I 

The  first  turmts   in numerator and  dtnomlnctor   ire   idcntlcnJ  with  the 

i nil j'.r.'ils   In  Lquntion   (92).     The  Gecond   terms  can be   reduced   to  an 

nn.-'JogouB   form by   the   trnntiformntion 

x  -   t  +   A 

y  "   t   -   A 

Following   the  s.uni    sequinct'   of   steps  nu   in   Kqti   l lunr;   (92)   -   (100) 

uiiv   now  ohtains 

(127) 

(128) 

u   In 

d-M 

Jr( 

p(0) 

pO) 
p(0) 

- ":   ^oA   pCÖ) I      ...nV 

(129) 

con   2w   A iiiüil fljiA'V 
O"   |p(0)|     p((i) 

s 
I 

lUc'use   of   the   nivMllvi    UIMS   It    Is   dlfficull    In   il r.'iw   conclusions   ol 

tlu    same generality  as   In   the  case  of  detection   | li|u it i ons   (100)        (If)-')], 

'llu-   practlc.'.l  picture  becones  clear,   however,  when    ne   recalls   thil 

p(t)      (Equation   (97)|   Is   in  effect   the   autocortel   iIon   function     R   (i)     o| 

ill'    signal.     Furtbe riiion  .   A    nusi   be   choiien   In    i   r ingi    of     i     vilu. :.  win II 

F   (i)     decays   rapidly.      ii   I !i>    envt lope   ol     H   (i)      Is   sufflcKntly 

A    I 

i 

i 



concentrated on the T axis to permit meaningful range rf.easurt.ru. nii, 
n 

p(2A)  should be very small. Hence, the product 
P(0) 

p(T-2A) 
p(0) 

should 

be small for all T and the second terms in numerator and denominator OJ" 

Equation (129) should have only a minor effect on the ratio of integrals. 

Thus, one expects Equation (102) to remain true with, at rcosi. minor 

modifications. 

As an example, consider a signal consisting of a Gaussian pulse with 

linear frequency modulation 

.2 

T K 2 
s(t) =■ e     cos(w t + - t ) 

A straightforward computation yields 

(130) 

2 2 
Rill = P-  n T 

P(0) 
(131) 

where 

^c 2 

(132) 

Thus,  f) is the effective bandwidth of the transmitted signal. 

Substituting Equation (131) into Equation (129) one obtains 

A < K ^ V :3T n — n In V n+1 

1 - cos 2w A 
^l4 n A 

1 - cos 2w A c 
o 

2 2 
- 2 HA 

(133) 

pi^) /p(.0)     has maximum slope at  x ■ i —^ 

delay is chosen for A .  Then 

Hence, this value of 
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n —   n In    v ii+l 
"VzT'o      n+1 

(134) 

1  -  cos 1^2-^ 

The  last   fraction in  Equation   (134)   has  a naxiniKB value when the  cosine 

terms  have  arguments  equal   to multiples  of     2TT    and when    n ■*• ^   .     There- 

foie 

T    1   -e"2 

A     <   K C,       V—T    -——- 
n -    n  In     / n^-l     ,       -1 

1  -e 
1.37  K C ,,, 

n   In     V  n+1 
(135) 

n    flssunies  only  odd values.     For    n =  3 

1.37   K C, 
n  In 

1__ 
n+1 

0.966     K C (130) 

It  follows  that 

A    < K C: for  all    n  > 3 
n —    n  In 

(137) 

Since A = 1 ,  0.89 remains a lower bound on R .  In this particular 

exanple the low^r bound is definitely not reached, so that the clipping 

loss is actually LVi_n stnaller. 

VI.  Dopplcr Estimation 

Radial target velocity can be cstinctcd by a procedure very similar 

to the one used in range estlnation.  Figure 5 shows a schematic Doppler 

estimator equivalent to the range estimator of Figure 3.  The target 

delay is assumed to be known and the signal is 

1 
i 

i 
i 
i 
I 
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s1(t)cos[w1t+^(t)j 

x(t)   = s1(t)cos[(w0+wD)t-HJ)(t)] 

S1(t)C0£|w   tJ^(t)j 

z(t) 

Figurt;   5 

L.ken as  sufficit.-ntly narrow-band  so  that Dorpl^r .shifts  in  the  Lnvelope 

and  phcot  nodulation nay be   Ignored, 

By  analogy witli   Equation   (105)   the   rras  Doppler error  is 

W0+WD 

w1+w2 

(138) 

is 
3wr 

w1+w2 

A conputation  entiruly  parallel   to  Equations   (106)   -   (111)   verifies   .hat 

9w 

3v 

ci ipiiL^ 
1/ TTN 

(139) 

0 j undipped 

Proceiuding  as   ir.   ?ecticii   IV  en«;  obtains   in  place  of  Equation   (117) 

P     hi     -2   F 
> ,. n n n 

(140) 
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where 

CO CO 

D    -     I dt    I dXs1(t)8  (X)co9[w.t+(()(t)Jcos[w X+$(X)] 
^t-\) 

-CO —00 

00 00 

Eri »     /  dt   I dXs   (t)s   (A)cos[w t+<j)(t)|cos[w X+())(A)J 

p(0) 

P(t^) 

cos vAt-\) 

(141) 

p(0) cos wn(t-X) 

-00 —CO 

(142) 

s 

00 00 

/ dt   | dX61(t)s1(A)cos[w  t+(j)(t)]cos[w2x+(!)(x)] 
P(t-X) 
p(0) 

cos w0(t-x) 

-o-* -co (1A3) 

Set 

Wl  = W0+WD  ~  A w 

w2  = wo+wn +  A w 
(1A4) 

Then  a  sinple  conputatlon yields 

00 CO 

D +E     = --^ 
n    n 2 dt   j dxs   (t)s   (x)cosaw(t-x)cos[wD(t-x)+(f.(t)-(j,(x)] 

P(t-X) 
L P(0) 

-00 —CO (1A5) 

With the change of v;riable 

f 

i 

t - X = x 

t + X = y 

one obtains (using the even synractry of <|>) 

CO 00 

c 

(146) 

D +E    = ~   / dx 
n    n A      I 

P(x) 
p(0) 

cosAwxcosv x   I   dys   (i^)s   (■iy-)cos[o(^y-)-(}>(^-)] 

i 

'In dx P(x) 
p(0) 

in+I 
p(0)cosAwxcosw x (147) 
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A similar sequencb of steps yields 

F = 
n 

Mn 
dx 

p(0) 
coswDx I dys1(^)s1(

i^)co3hwy-6(^-)+${^-) (148) 

P(X)    i      n 
p(0; - 

HM 
P(0). 

decays more rapidly than Pi2L) 
p(0) 

It fellows 

fron Equation CIA?) that thi. ratio on Liu tight .side of.   Equation O^O) 

can be made much larger than unity by choosing w  sufficiently large, 

This, of course, is sinply the pht.nonenon discussed in Section 111:  If 

cue target Doppler shift is large there will indeed be substantial 

clipping loss because signal and noise spectra in the undipped instrun.en- 

tation are almost disjoint. We are here concerned with any additional loss 

which nay occur in Doppler measurement.  Hence, we choose w = 0 and 

attempt to set bounds on A  for that case. 
n 

Fron a qualitative point of view one can make the follcuing observa- 

tions:  Aw would be chosen so as to place w  and w  near the points 

of maximum slope of the signal spectrum.  Roughly speaking this identifies 

Aw with the half-bandwidth of the signal spectrum.  The effective duration 

of  (TyT    is given by the correlation time of the signal. Hence  the 

maximum value of Awx in the effective range of integration is of the 

order of a radian for D,+F.,  and less for D +E  . n > 1 .  Therefore, 
11 n n 

the expression for D +E  does not differ greatly from n     n o J 

III     / dx   \£l*l 
2      j 1P(0) 

n+1 
.(0) (140) 

which  is   (except   for   a  constant   indi pendt-nt   of     n)   the   same  as   the 

numerator  of   Equation   (IOC,;.     In   ttK   ijwression   fei     F     .   on  the  other 
n 



hand, the effective range of the y integration covers the signal duration 

and over that range Awy could go through many complete periods (except in 

the absence, or virtual absence, of frequency modulation). From the 

s 

Riemann-Lebesgue lemma one would then infer that 2F  is small compared 

with D +E  , except possibly in the absence of frequency modulacion. One 

would therefore generally expect the bound on A  given by Equation (140) 

not to differ drastically from Equation (137). 

To give some quantitative support to this line of reasoning, consider 

once more the Gaussian pulse witli linear frequency modulation i 
, N      T    ,   , K 2, s(c) = e     cos(w t + — t ) (150) 

Straightforward computa,': >s yield 

D + E = -f51 
n  n   A 

(Aw)' 

^ 0T  V^I 
n  1    A(n+l)fi 

ü    G 
(151) 

1 
and 

cin   /~     nr i      n+1  2 
2Fn = -f   y2T,oT f^   -    e 

1 + 
] 

2 2 
2oT Q  n 

(Aw)' 

(152) 

where  fi is the "signal bandwidth" defined by Equation (132) 

Substituting into Equation (140) one obtains 
2 

n   T 
n+1  2 

1 + - 

A  < K C,  l/-~ — ~ n - n In / n+1 

1 - e 

2 ' 
o 7>.  n 

1+-—T (Aw)' 

(Aw)' 

(153) 

i 
i 
i 
a 

A- 



i 
The signal spectrum has maximum slope at w = i »2 fi . With the 

2    2 
substitution  (Aw)  = 2fi  , Equation (153) becomes 

 1_     IL   V 
l-T-    , 2(rri-l)  " n+l 0T 

A  < K c  -,/„2_ ire e  
n-VlnVn+1 ,  2^2 

,     -k      " ^T " 
1-e    e 

(154) 

One can readily demonGtrate by direci computation that the right 

2 2 
side of Equation (154) docs not exceed  K C,   ior any value of  o_ Q 

n In T 

and any n _> 3 .  As anticipated, the exponential terms [proportional 

to the ratio of  2F /(D +E )1  are small unless R ; — . The lowest 
n  n n ' aT 

value of  fi  is reached when  K = 0 , in which case Ü    =  ^  and 
2o ~ 

< K C1   1/ 
n - n In  V 

/ 2 
n+l 

(155) 

Thus the bound 

R > 0.89 (156) 

remains valid for Doppler estimation,'  at least in this particular 

example and - rrom the preceding discussion - probably for most cases of 

practical interest. 

h ■lote that we ..:re working with w = 0 .  Our conclusions, therefore, 
refer to clipping losses abide from those due to spectral separation of 
signal and reverberation. 
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Appendix A 

i 

Consider the probleir of detection in a spherically Isotropie ambient 

noise field. Here 

T+T 

P.^T) 
_1 
2T 

ih 
D(X) dX (A-l)- 

ih 
T-T 

ih 

i 

where o(A)  is the normalized autocorrelation of the noise and 

lib 
Tih ' c 

d   is the distance between the i   and h   hydrophone.  If the 

system processes only a narrow band near the nominal signal frequency, 

one ccn write as before 

(A-2) 

p(X) = pAX)   cos w X (A-3) 

Suppose, now, that  p,(X)  is essentially constant over the interval 

T - T., £ X ^_ T + T,  for every pair of hydrophones and every value of 

T .  This is the narrow-band assumption discussed in detail in Section IV. 

Then Equation (A-l) becomes 

P,(T)  ,-  ih 
P..(T) = -z   |   cos w odo 
ij     2-t.,   )       0 

ih 

Sin Vih 
W0Tih 

ih 

p (T) COS W T (A-4) 

R. A. McDonald, P. M. Schultheiss, F. B. Tuteur, T. Ucher.  Processing 
of Data from Sonar Systems, Vol. I, A-l, Equation 3. September 1963. 
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Returning to Equation (20) and expanding tht sin   terra as in 

Equation (22), one obtains the following equivalent of the latter equation 

T        T       M  M 

dt s(t)  | dX  s(X) ) 
) <_^ c . 
0 _     _i=l j=l 

M  M 

N    \ Q,]     (t-A-T -1-T ) 
ij i j' 

h-^s-   R T J 

1 dt s(t)  | d,\ s(X) 
J J <- 
0        0       i=l j=l 

D. (t-X-1 +1 ) 
ii     i  i 

M  M 

•+ K5 j dt s(t)  I dA s(X) )  )  c'ii(t"X"Ti+Ti) 

0 0 i=l j=l +   
M  M 

dt s(t)   dA s(A) \ 
L L  ii(t-x-Ti+1i) 

i=i j=\ 

(A-5) 

where K  is given by Equation (25). 

Equation (A-5) is of the same form as Equation (32).  Hence, if one 

t-.gi^n postulates a signal of the form (31) one can pursue an argumeat 

entirely parallel to Equations (33) - (38) .  The tvpic-.i verm of Equation 

(A-5) now becomes 

M  M 

dts1(t) / dAs1(A)p"(t--),)) 

A =K C, - 
n n lr 

1=1 j=l 

slow 
O'lj 

lJ, T 
0 ij . 

cosjw (t.-T )+4(t)-^{A) 

dts1(t) | dAs1(A)p1(t-A)y 

M  :'. slnw.i . , 
r- r-.   0 ij 

cos J^QCI .-" ,) + C.(t)-*v'A) 

= 1 j^L 

(A-6) 

In deriving this equation p . (t.->.-T PT ,)  hai. been repliced with 
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p..(t-A) , invoking once more the narrow-band assumption, that the corrfc.1.ation 

time is large compared with sound travel time across the array. The 

definition of C   is given in Equation (35). 

If we consider an array confined to a plare and a target producing a 

plane wave parallel to the plane of the array (remote broadside target), 

then T = T  for aU  i and j and Equation (A-6) reduces to 

i=l 1=1^  u ^ 

dts1(t) I d)i8;i(X)p1(t-X)cosl(|.(t)-^(X) 

n n In M  M sinw^r,. 

i=l j=T 
V T 
0Tij 

dts^t) I dxs. (A)p1(t-A)cos[o(t)-(J(X)1 

i 
i 
i 

I 

i 
(A-7) 

The ratio of integrals is identical with that in Equation (38) and 

therefore has an upper bound of unity.  This upper bound can be approached 

arbitrarily closely,  for instance, by choosing ^(t) = 0  (no frequ-ncy 

modulation) and taking p.d) ? 1 for  j t ' ^ T  (narrow-band noise). 

Thus 

i 

M  _M 
\ 
/ , 

1=1 j=l 

/ 

sin w,,i . ,n u n , 

Vtj   } 
A  < .< C 
n — n In M  M  sin v-t.. 

(A-8) 

\ 

i=l j=l 
sin wnT. . 

0 i.l 

The upper bound can be approached as closely as desired by proper choice 

of P,(T) . 

Consider now a planar array constructed from equilateral triangles. 

Figure .'•!  shows the most elenentairy version of such in array, with only 
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seven hydrophones.  For it A  nssumts a maximuK value of  1.72 * 
n 

at uoTl2 - 5,0 . 

1 

A 

\      / 
\   / 

■. / 

Figure Al 

For Che next larger regular hexagon (Fig.iru A2, nineteen hydrophones), 

tr.c mexiauc A  is 2.33 KG,  . Going to   \  still larger regular hexagon 
n n In 

(seven phones along a diameter for a total of thirty-se-ven phones), one 

arrives it a naxlmum A  of  1.02 K C,  .  In each case A. , A. 
n  In 7 

arc  onlv  slightly   larger   th ;n A,     beciusi.   onJy   the   terns     i  =   J     contributt 

significantly   to   the   nunierator of   Equation   (A-8).     Using     A     =   3.02   K C. ^                      ^ ' n n   In 

and   following   the  procedure   of Iquations   (3^)   -   (A3)   one  obtains 

R   >   0.7Ä (A-9) 

Thus,,   the   clipping   iuss   has   increased   ti-     . .b  c'.b   U'ron     1     db   fcr 

uncorrelatcd   phones).     No    ■tt._rr.pt   w v-   ;■   cU,   i.<'  ivaluute  -nort.   complex   irray 

structures,   but   it   appears   net   unreasonabl.    that   still   Larger  clipping 

losses  might   he   encount. r.d.      Ih,-   physicM.   r.   ■     tis   far   the   obst-rvid 

phenomenon  are   clear:      i\<     ,        r:\y.       : .n..,,   I.-A.I  ■ph-.:n.'S   is   rirefullv 

1 
n terns of equ iva IM, t inont signal '  -i , c ratio. 



0 

selected to yield high negative noise correlation between adjacent phones. 

This reduces the effective noise power in the undipped case, but is 

ineffective in the clipped case because the generated harmonics do no retain 

the sane phase relations as the fundamentals. i 

B 

Q 

Figure A2 
u 

o 

Q 

ii 
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Appendix _B 

In  order  to  exhibit   the   inf lue-nct:-   of   the   tr^p'-iiitter  pattc-rr,   en  : nc 

narrow-bend approximation j   return  to  tquatioii   (bi)  r.nd evalucte    R        at 

the  point   i  -T.+ T     .     Usinp,  Equation   (8A) 
:L    J 

^(T-T^Tj)    =|   E''   ' 

'■     \ 

-:   ■  . ( t    I „ ) r . j t    t 
i.l 

(■-'• d . 4)   f   ; 

lj 

cos V0 + V^^^ij5   +   ^ 
t-t„ +   T +    ^(u-a (a-V ~  .Mt-t£) (B-l) 

i 
D 
Q 

Let 

"iJ 
x = t-tÄ+T-   (a-a    ) +2 

!hi_n,   using   Equations   (63)   and   C69)   one   obtains 

3    - -,   b0 c K 
i.   (T -T       +    T    J =         \ 

I i 1              J 16V   , ^ 2     j      ' f 

"0       0 

dl3; 8(Vc,o   h'^ 

(B-2) 

dxs , x^^(a-a..) 
2    c i i 

d.  • 
i 1 

(B-3) 

i'o'-  narrow  beams  oni   obtains   iron   Equation   vHi) 

■ -   li,  ■ Hi^i"^ + ^•i(^-0o) (3-4) 

wlv re     c-   .     and     y,.      u\   U^t'in._u  bv   Equations   (83)   and   (84) 
1.1 ij ' 

simple  matter   Co  denionsCr':t •.    I',   t 

It   is   a 

1 IT. (B-5) 



Hence, 

max |a - a !  < max|6 -9 1 + nax|v„ i3      "      \ h O1 

Approximation 1)  |p. 27J  is at least as good as before.  In 

place of approximation 2)  one nov; has 

0 lii (a - c^.) «x -~)   - ^'(x - y)^3 " Vj) 

2 *(X - -2) 

Thus, one makes the implicit assumption 

d. 
[max 0 (x - --) 1 -Ü 

2    c [max(a " aj JJ <<  ^- 

Using Equation (B-6) this becomes 

(B-6) 

(B-7) 

(B-8) 

[max « (x - ~)\  -^—i max | 9 - 6 | + max h - 0 j] <<  1 (B-9) 

The maximizations in  0  and Oj  extend over the width of the 

transmitter pattern.  Fc a maximum frequency deviation of 50 cps and 

a maximum distance between hydronhones of 20 ft., Equation (B-9) reads 

0.<4i! (sun of  9 and  C pattern half-widths) << I      (B-10) 

Tht pattern half-widths are measured in radians.  Hence, the patterns 

need not be very narrow before Equation (B-9) becomes substantially less 

restrictive than its equivalent In Section [V. 
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Appendix C 

Single Frequency Pattern Functions 

Consider a transnitting array consisting of N  omnldirecticnal poiiit 

transducers in an arbitrary (but specified) geometrical arrangement.  We 

wish to find the angular distribution of power in the far field.  The basic 

geometry is shown in Figur.. Cj and is baslv illy t.r,, b.vi.v as thai  of Pieviri 2, 

Figure Cl 

Ignoring spherical spreading losses [which are not part of the coefficients 

a  in Equations (61) and (62)j tlu powir al point  P  is 

1 w (t -1 

1'! 

(C-l) 



where t  is the delay of the signal applied to the j   transducer 

(steering) and t  i'j the sound travel tine fron the j  transducer to 

point P . The pattern function g( ) measureE the angular dependence 

of power and is therefore directly proDortlcnal to (C-l). 

Fron Equation (65) one obtains 

d. 
TJ  =  t. ^   [sin  6  sin  ej   COB^-Q  ) + cos  fl  cos   9 J (C-2) 
J   0  c  L j       .1 j 

where  t  is the sound travel tine from the origin to point  P and 

d.  is the distance of the ] transducer frotr. the origin.  If the 
J J 

array is steered in the direction of  (6n, Cn)  then 

d. 

c 
[sin Ö sin 6  cos(^n - $ ) + cos 0n cos 6 J (C-3) 

If the pattern is confined ".o snail angular deviations from  (9 , 0^) 

one can approximate (C-2) by the first terns of a Taylor scries 

V ^-T1 K" V6-V +V*~ VJ (C-4) i 
where     «,, , .   ß„ . ,   Y„.     are analogous   to  the   parameters     a,,,   ß.,»   Y, , 

Oj       Oj '     Oj ö                                                    ij       ij       ij 

defined   in   Equations   (80) -   (82).     Fron  inspection  of   Equations   (80) 

and   (C-3) 

r 'J ^ = 7 ao (C-5) 
i 

Now,   substituting  Equations   (C-4)   and   (C-5)   into   (C-l) 

g(6-90S   W0) 
^    iw[t-t0+ß0j(G-e0)+Yj.(^«0)] 

1,  ^  iwi(ß0j-ßok) (o-e0)+(v0j-Yük) (^n)] 

j=i k=l 

•o' (C-6) 
I 

A-(i'l 

P 



Hence, the Fourier transforn of g( )  is 

G(u, v) = 

N  H 

dx c     J dy e     J 

1=1 k=l  -"> 

N  M 

= ATT 
2 \ 6iu-w(ß0j-ß0k)l 6[y-w(Y0j-Yok)I 

1=1 k=l 

(C-7) 

Thus, G(u, v)  is a non-negative function. This result clearly 

remains true if one considers the pattern function defined by the total 

power over some frequency band, for the w integral of (C-7) is clearly 

non-negative. 

A-ns 



SOME COMMENTS ON OPTIMUM BEARING  ESTIMATION 

by 

Peter M. Schultheist 

Progress Report No. 32 

General Dynamics/Electric Boat Renearch 

(8050-31-55001) 

July 1967 

DEPARTMENT OF ENGINEERING 

AND APPLIED SCIENCE 

YALE UNIVERSITY 



i 

Summary 

The problem of optimum bearing estimation is discuö.sed lot   r ho  -'•....u.at 

possible case.  The receiving array couslstK oi two hydrophonts.  Signa] and 

noise are stationary Gaussian random processes with zero means and spectra of 

the same form.  The noise at one hydrophone is statistically independent l/rora 

that at the other.  The follrviap resiu't;. :■•:<.■  o'.'t ai ..m':. 

1) If the outjTut slgnal-to-nol'. r.u lo Jf. larpv ^.oaj;!) "o pcr"'t accurate 

bearing measurements, the mis bearing error of a simple cross-correlato* 

(with pre-whitening) reacb.es the Cramer-Rao lower bound for all input 

signal-to-noise ratios.  Hence the cross-correlator is an optimal 

bearing estiraatjr. 

2) In terms of the Input signal-to-noise ratio (S/N) the rms bearing 

error of the cross-correlator varies as (S/N)   for (S/N)-<  1 and as 

(S/M)   for (S/N) ■ • 1.  Thus the optimum bearing estimator has 

characteristics normally associated with a coherent (incoherent) device 

for high (low) input signal-to-noise ratios. 

3) The rms error of the cross-correlator varies linearly with the 

correlation time (inverse bandwidth) of signal and noise.  It varies 

inversely with the half power of t lie time-bandwidtn product. 

4) The rms bearing error of a 2 element split beam „racker is equal to 

that of the cross-correlator if the phase shift between beams is 

achieved by a pure differentiator.  If a pure  ' pha.se shift Is 

used in place of the differentiator there is a s-mall loss in 

performan.re, cai Ivolont to about 0.6 db ol Jnpe' sigaal-to-notse 

ralio. 



I.  Introduction 

The purpose! of this note is to correlate and extend certain previously 

reported results on optimum «ind subopt imur. ;H. , ■ ■:, i stimation.  The stimulus 

was provided by a recent paper by Middlcton using a very different approach 

and obtaining, in part, different results. 

In the following analysis the problem of aptimlity is approached by 

using the Cranu r-Rao In., quality to sut n lower bound on the attainable nns 

bearing err r.  Reaiizcbiiity is then established by describing an 

instrumentatLon which actually reaches the lower bound.  Only the simplest 

physical situation is considered.  Signal and noise are assumed to be 

stationary Gaussian random processes with zero means and spectra of the same 

form.  The noise is assumed to be statistically independent from hydrophone 

to hydrophone.  The observation time is long cc .and with the correlation 

times of signal and noise.  In most of the discussion the rcce-Lvlnß array 

consists of a single pair of omnidirectional hydrophones. 

a 

Ki3 

i 

s 

D.   tliddleton,   "t t ; imum and  Suboptimuir  Bearing   is» iraatian  for 
Letermini.-j t i c  and  Rar.,.;e"   Signals   in  Normal   Nolsi   Pi, '.us,1' Papu-r  Ef7,   Acoustic: 
Society  of  America,   7 mi Meeting,   April   ln(i7.   N'  ■■■  York.     For  a raon    detailed 
treatment   of   the i-.xt r"c11 on of Random 
Acoustic Signals by Ric- ivers with Di itrilmt ed i K IKI. 1'■■,"' Ravtheon Company 
i'.eport (S-ibmarJe; Sig; .i '•..,• i■.,i.;■!i; , -c ; bei l.'i-o. i 
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i 
II.  Lowfar Bound on RNS Bearing Error 

If the   receiving array consists simply of n pair of omnidl.'. c! ■ •. ;• ; 

hydrophones thu probier; of bearing . .-1 1-, t i;jii i. ..quivalcnt to the probleo 

of estimating the signal delay between tht two hydrophones.  Let the true 

and estimated delay be ■ne . t-pectlveiy.     For   Lie  casu.  of  signal 

and noise  processes  with   tru   (iroperti«'-   of   C.aissün  white  nrlsi.   Ijnat.d   in 

frequency to 0 £ f McDonald has calculated the Crjm&r-Rao lower 

bound on  (6 -&*)' 
o 

(6 .^2 > (S+V (S+N2) - S   1 

HW i WT - iog(2WT-l) - 0,3772 
3 

S is the signal power, K  , N  the noise power at phones  1 and  2 
i   t- 

rospcctively and T the observation time.  If  N 

Equation (1) reduces to 

(1) 

N and WT >> 1 , 

(i-ä*)' 
2 2 

in  W (WT) 
(2 ^ + \-) y     S   2 

(2) 

In order to translnte Equation (2) Into a Lower bound on bearing 

accuracy, eunsider the ^.(.ometry of Figuri i.  LI the target distance  r 

is very large compared with the spacing d  between hydrophones, on< can 

write to an excellent approximation 

6 = - siu   (■ (3) 

A.   L.   Levcsquc,   K.   A.   '  .;ioii 
of  Data   from  Sonar  Sv-'.-r-,   V-L nd ix   L.. 

I she r .     'L i cci •■■K i n.: 



c  is tht velocity of sound in water 

plr. 

x     target 

i 

If   the   true  benring  is 

is   related   to     'A bv 

n.:n   >;lic  cstimaticn error     •3*  -  0 

(:,i.n    vk-Si i in   -j(tJJ--','   }   cor-  %{!)*+(}  ) 
c o o 

"*) 

In picctice',   one   J ■.  crnc.-rne-d with   tr     n\in.^iico.l value  of   the  nns   tracking 

error  only   if  it   i ■■  nuit..   sivill.   1, 1;"     •'*   -   n       c'.oos  not  exceed  e 
o 

snnll fraction of 3 radian virh any .significant probi,.bill'".y.  In that 

case, one can appro* in,! ■. ^ 

i 
(5) 



i 
and, except for  0  extrumtly close to ~ , 

:os -iCe** 0 ) ~ crs ' (h) 

Substituting these approximations in Equation (A) one obtains 

f* - 6  - (e*-f' ) - cos Q 
u '     o c     a 

(7; 

Hence, the Btandnrd deviatio;' of  '0*-6 )  hac the lower bound 

hie*) (8*-e )' o 
 /3 c  

2 /2 n W /.vT d cos 0 
(B) 

This result generalizes in  trivial fashion to nor,-white signal and 

noise spectra, as lung as the ratio of the two spectral functions is  a 

constant  over the processed freqnenry band  0 < f _< W .  For then one can 

regard the output of each hydrophone as prewhitenud by an appropriate 

linear filter, prior to further processing.  The' (invertible) linear 

filtering operation can clearly not have any effect on the clnimum 

9 
attainable' mean square error.  Thus. Equation (LI remains "alld. 

In practice this condition is often at least approximately true, 
because signal and noise spectra art shaped by the same hydrophont nd 
receiver characteristic;. 

2 
This argument; does not prove fc-rna! ly that th( ''ram ; r-Rao low t 

bound might not be lowei for nor-whltt. spectr,..  HOWL ,/et, it does pt.ovi 
that any such lower value cannot be niJizahU.  The optimum estimator 
after prewhitening rannet achieve a p rioniiTnce bette.- than the right 
side of Equation (8).  i.ut the optlwun •. ■.; imat.ur v'O) Id include linear 
filters to shape the spectra to the most desirable i. .rm.  rheretore, no 
realizable estimator working with Liu initial spectra can iraprov». on the 
lower bound of Equation (S) . 



III.  An Optimal Instruciintatlon:  The Cro.s s-corrc l::tor 

Whun only two hydrophones art available :.n obvious Instruritntation 

for delay neasuremenc (and lietice bearing !i._usuri.:u.uL) Is  the  simple cross- 

correlator shown in Figure 2. 

ohone 1  o-- 
! )     1 

phone 2 o 7—- delay C 

=  s (t) + 11 , (r ,1 

-.1.-•'
, y(t) 

/ mu l.t ipl 1. r 

low  pa, fi 
filter z(t; t1) 

Figure 

Tn<i system output is the short-tlrn- crosn-ccrrelation (avttagtd nvur th>. 

smoothing tine of the filter) of the two hydrophone outputs, delayed 

relative to each OIIK.' by  t. .  At my gLvn inn.  t , Z't; 1.. )  is 

computed for all possible values of  t.  .  Tht v.-'lut  t   ot  t  which 

maximizes z(t; t )  ! . d. s ignat^d -;; th. \  u-. tant. arn-ous estlnate of 

signal delay.  The bi-arjug .., si i;, : I . \:>  then obtain..d froa an obvious 

analogue of Equation , i . 

(9) 

i 

i 
i 
i 



The maxlnum of  z(t; t )  occurs at a point where 

at. (K 

Thus the rns error in t  is equal to the rms fluctuation of the null 

of this derivitivt.  This fluctuation is givm by 

i3Cl 
j 

'I 

8tl 

h  = 
I 

0 

(11) 

D ( )  denotes the Standard deviation of the bracketed quantity. 

The output y(t)  of the cultlplier in Figure 2  is  given b.' 

y(t) = [s(t-6o) + n^t)] [sCt-t^ + n^t-t^J (12) 

If the noises at the two receivers art statistically independent of each 

other and of the signal (and have zero means) 

z = y = S p (t -6 ) 
s 1 o 

p   (T)     is   the  normalized   autocorrelation   function  of   the   signal, 
s 

(13) 

TVe are assuming that  Dz/Dt  has only .nu z. re In the neighborhood 
of the correct value, t  = 6  ,  For slgnal-to-noise ratios high enough to 
peruit tracking with reasonable accuracy this should be a good assumption. 

In evaluating sljpe and standard deviation at  t. = <5  , we imply 
furti   that the null of  3z/3t  fluctuate,«- by luss tnan the correlation 
time of the signal.  Examination of Equation (36) reveals that this is true 
when the output signal-to-noise ratio Ls large compared with unity.  This 
is the only condition under which the' bearing accuracy problem has much 
practical interest. 



0 

Diffürentiating LquaLior. (13) twlcu with  .bpuct to  C1  and 

evaluating at  t = J  . one obtaina 

ll 
0) 

hence, 

/  -I' li(,;) 
J ■ t , 

Vv must ronsider i fi !■ ■ which snioothey t n.  'utput ov,.r the past 

seconds.  Such a fill' i l.'s thi w, ightiny function 

i     -        ■    ■    -   ■   '\ 

)   - 
< 1 sew;     ; , 

CIA) 

If   the   lowpasf.   tilti.r   '.i   i-'i>ujr>   .;  '::        . wti^htinH   runction    h(o)   , 

thu   output      7. (' ,      I--   ;■ ; ■ hy 

. (t)   «     |    dr   :i(i)   v(t-o) 

o 

(15) 

(16) 

(17) 

li  T  3 nuch i irr^r thar ' ru. (on.  t ion !.liu of yicnal and 

noise, It is a smpK natter to dunonstr.n  li^poi; ".".   10, Equation (9)J 

that 

i—- 

P       (i)      Is   tiK   autoi-i rr ■ 

3tl 

t Ion   fur.e! I ■■n   .if 

-   R,,      (■-<.)     d^ 
ix. 
ati 

(18) 

i 
I 
i 
0 
s 
8 
i 
3 

0 
i 
I 
i 
i 
i 



From Equation  (12) 

3 
,,     - -   [8(t-6o) + n1(t)]   [s  (t-t1) + n^  (t-t1)] (19) 

Hence, 

V (T) 

3t, 

E{[s(t-6o)+n1(OJ[ß(t+T-6o)+n1(t+T)][8,(t-t1)+n2(t-t1)] [s ' (t+T-t1)+n2( t+x-t1)] 

(20)- 

Twelve of the sixteen terms in this average vanish immediately, becau&tj 

they contain one of the noise components only once.  The remaining terras 

ar^ 

R,  (T)  =  E{s(t-6 )s(t+T-6 )s'(t-t1)s (t+T-t.)} dV O 0        i 1 

3t1 

+ SNp (T)P '(T) + SNp '(T) p (T) + N2 p (T) p '(T) 
s   n        s     n        n    n 

(21) 

p (T)  designates the normalized autocorrelation function of the random 

proctSQ x(t) .  Both noise processes are assumed to have the stine auto- 

correlation function p (t) . 

Since the signal process is Gaussian, the first term of Equatirn 

(21) can je expressed in terms of second order moments.  Thus 

R-J. ^t) = 5 p (T)p ,u) + RL'(6 "tj + R  '(6 -t.+x) Re '(6 -tn-t) fly        s  ^s       ss  ol    ss  ol    ss  oi 

+ SN[p (T) p I(T) + p .(T) p (T)] + N P (T) o -(T) 
s    n       s     n n    n 

(22) 

hi   }  stands for the expectation of the bracketed quantity. 

B-9 



Here  R (T)  is the   (unnonnai.i-zed) croüs-correiation of x(c)  and 

y(t) 

There remains the computation of iht various rorrelatlon functions 

Ps.(T 
)   =   £(s'(t)s'(t4-t))   llin r/U(^^0 - 5(t)i l.s(tTi-At) - s(t+T)j] 

S ' At-\ ' S (At)2 j 

lim 
At-O 

2D   (T) - ;. f t-t-At) - c d-At) 
 S s__        s  

" ""(At)2 
(23) 

rfon fxjjanding   the   laut   two   terras   into Tayloi   series  about,   the 

point 

r 2 
PS,(T)   =^o7L_/2Pg(T)   _   ips(0   +   %'(r)A.  +   Ps"(T)^    +o(At)2l 

(A t j 
I 

D    CT)   -   p    '(OAt  +   p   "(l) 
s s s 

(At)' 
+   o(At)   I   ' 

(2M 

Tne negation o(6t)   indicates '.Lat the remainder term in question 

2 
approaches zero faster than  (At)   as At+0 . 

Mow carrying on! {].:    linitiriß operation 

s        s 

By completely anaJogous computations one obtains 

:■ ,(T) = - r" (T) n n 

(25) 

(2b) 

and 

i 
i 
I 
i 

R ,(')   *  S,.' (T) = - R  ,f-i) 
S S fa s s 

(27) 

In the absence of     DC  and other deterministic components of signal i 
!',- ID 



and noise, all of the correlation functions and their derivatives tend 

to zero as x ■*■ *>  .     Hence from Equation (22) 

R.  («) " R  tf6 -t.) - Sp '(6 -tn) 3y      sä  o 1    sol 
(28) 

8t, 

Now substituting Equations (22) and  (25) - (28) into Equation (18) 

,2 la_ 
3t 

1^ I M^s !(T?P8"(T) + p^^d^) Pe
,(T-ä0-.t1)] 

7 \ 
+ SN  [p8(T)pn"(T) + Pti(T)p8

,,(T)] +N Pn(T)pn"(T)> 
| 

(29) 

Using Parseval's theorem and the real translation theorem 

„2(1^.11 |d.„V6>) ll-e3""-"1'1 2 2   I 
+ 2 SN g (w)g (w) + N g  (w) ) 

s   n I 

(30) 

where g (w)  and g (w)  are the normalized spectral functions of signal 
s n 

and noise respectively. Note that the first term 

■^  / dw w2 S2gc(w) 1-e ̂
^V'lh   2, r2 f\       2 ^ S^   dw w g (w) [l-co32w(6o-t1)] T    J     -s 

— CD 

(31) 

exhibits the effect on the output variance of a misadjustment In t. 

For  t. = 6  this term vanishes and one obtains 
1   o 

2hi_ 
at. 

2n 
, dw w [2 SN g (w)g (w) + N g (w)] 

i  1 s   n       n 
(32) 

h'^o 

B-ll 



Noting   that 

'vO) dw   u'    ,,   (,w) 

we   can  now  substitute   liquations   (IM   ant!   (32)   into   Equation   (11)   to 

obtain 

1w  w   l2   SN   g   (w)g   (w)   +   N     g   (w) i 
n 11 

S      I  dw w*"!»   (w) 
1 s 

Consider now  the white  spectra 

g   (w)   =  g   (w) 

i     1 
Iwl   ■■   l'-V 

I    0     ,    |w|   >   27iW 

Straightforward  evaluation  of   the   Integrals   in  Equation   (34)   yields 

I U(WT)      '■/ 

which is identical with the square root of the right side of Equation 

(2).  Translation of dtlay error into bearing error proceeds as in 

Equations (j) - 1, .'i) , v:. hlii'.g i.he result 

(33) 

i 

(34) 

(35) 

(36) 

/ 

D(i"i*) 
'3 

2 

 .y^„/l  (37) 



Thus r.he instrumentation of Figure 2 actually attains the Cram&r-Rao 

lower bound. The value of t  which maximizes z(t, t )  is therefore 

the optimum bearing estimate.  It is obvious by Inspection that it is an 

unbiased estimate, as demanded by the formulation of the Cramfer-Rao 

inequality used in deriving Equation (2) . 

While the last part cf the argument has been carried out for white 

signal and noise, a trivial modification of Figure 2 generalizes tha result 

to Gaussian signals and noises with arbitrary tper.tra, as long as the ratio 

of signal and noise spectra is a constant over the processed frequency 

range.  In such cases one simply inserts a prewhitening filter after each 

hydrophobe, thus reducing the problem to the one just treated. 

It is interesting to observe that the rms error of the optimum tracker 

varies as the r.verse first power of  S/N  for small Input signal-to-noise 

ratios (the typical behavior for in^-- -nut processing) whereas, for large 

input signal-to-noise ratios it varit:  r the inverse half power of S/N 

(the typical behavior for coherent proceysing).  For large input signal-to- 

noise  ration or.u can reason, of course, that the waveshape at each 

hydrophone is a good approximation of the signal waveshape.  Thus, one has 

something akin to knowledge of the signal waveshape, the distinguishing 

characteristic of coherent operation. 

@ 

I 
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IV.  Conventional Split Beam Trackers 

An InstruraL-ntatlon frequently used in bearing estimation Is the split 

beam tracker, .:n elementary version ai  which is shown in Figure 3. 

delays 
x,(t) 

K9(t)     r—- 

x
M
(c) rr i 

M r 

M+l (t)r 

M+1! 

XM-f2(t)r 1 
I M+2|-v 

v.:'" 
/adder 

/ 
/ 

■ + v- 

■"ilter 

H(w) 
jw 

X2M(L) 

1_2MJ 

Low pass 
Filter z(t) 

/''multiplier 

/ 

0 
i 

Figure 3 

This configuration hns been analyzed in di t, i1 in Report No. 29.  Omitting 

the interference (tlu (ju.'intity oi primary Interest in Report No. 29), but 

retaining the sign1.! ;..; > i..^, r.' :eiT.;j h  Li fluctu-itlon, one obtains from 

Equation l.i3), |_Peport No. --'■,,   .iit._r a few steps of computation 

HI i 

i 

e 

i 



-f1        dw ■ [ir S g (w) + MM sM]     -   fM S g (w)|' 

on target    -«>   L - 

2 
0  is the output variance and M is the number of hydrophones in each half 

of the array. All other symbols retain their earlier meaning. 

Using again the white spectra of Equation (S.^), one obtains, after 

evaluation of the int3grals 

(38) 

A'2 0
z ~  2TO~ (1 + 2M J (39) 

From Report No. 29, Equation (65) 

Hence, 

32 
36 

= TTSW M -  cos e 
c     o 

on target 

(AÜ) 

D(6) = 

3z 
3 9 

/T TI W /TW M d cos 6 
S 
M 

on target 
\!i+24 

(AD 

For direct comparison with the optimum bearing estimator, consider 

M = 1 (array consistin;» of two hydrophones) and take the ratio of Equations 

(37) and (41) 

0(6*) _ S 
D(e) "  2 

(42) 

B-lf 



Thus the split beam tracker performs almost optionally:  The ratio of rma errors 

is 0.07, equivalent to about 0.6 db of Input slgnal-to-r.cioe ratio. 

If in Figure 3 one replaces the pure phase shift 

with pure dlffereritiator 

H(jw) J". 

)K1W)   »   jw 

(43) 

(4A) 

Equations   (39)   and   (AO)   assume   the   form 

2 1      ;2SN  M3 + NVI 

on  target 

and 

;IT 

Ar-nr     c M3  d 
■ ■ -.; —     S  M    -     cos   0 

J CO 
on  target 

hence,    1 or H =   1 

D(0) 
'3   r 

2/2 TT w v'wr ü cos ö 

H:^ 

(45) 

(46) 

(47) 

This  is   identical  with  Equation   (37)   ami with   the  Cramer-Rao   lower bound. 

Thus,   at  least -fn   the  simple  c.ire  under  discuBsion,   the  conventional  split beam 

tracker  actually  ,v'.icvos   the  i^rimurr. posslbli.'  performance. 

i 
i 
i 
i 
i 
i 
i 

i 
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:• ■roi-jriicn 

The   ob^r,1-.   rr  tt.j.s   r'--iy..-:\  ij   ; , \,t--, >,-< 1 at';   ■Ji"   effp-Ct of  It'Ori'i i ;'ed noise 

H ikFil ;>*-<>■ V-raMci ) detectcr. 

v    .icrs  !>■:■   MP  |-eifni'iiis:K;.p  loss  of 

.L L.. ■ ' ■   : i; ' rf-; IL  r."."t   and 

; !■•■.. i.e i.     'r   're  preser.t. i.-i.-a^ 

i 

i 
i 
i 
i 

Sources on  t\r  perforr.a;.^^ . i   •.],r\   «•■ 

In a prci GU'~  ■..-■■'■^i'- 

J Lk'^lihr' 'i-r .' ' i   ■!'-■',■■(• > ;...;,  t.!,f   i 

a  coriponi;!'.'   f.^'T '   ■;.   v* 

these  results ,■■.■ > i.'ir-i *■ ■ >: >       '   •   ;■•    '-' -i,,    .... .,'. ^•"■rr" in an 

attenr.t   to also f '   'Ujrr.e '■'..';'.iii ■lt.<:-  '■;     ,f.  .■'■^.',"a^', uirf lo.:;.  cause 1 by aui sutiv^v 

sources  that are not  ;;;,rjr,p.l.v  lo^altzcl.     .ut.'i:  sources  can,  presumably,  be 

represented by a  larpe  number of closely spaced point .sources. 

The notation   .sod fellows  U.,-:'     '' ?.>•;■];.'■■ et.  al.   |2    ,  sine    this per- 

mits  ir.Dortant  .sir.t ; ; i, .      IMIIS   :v-?r  the   r.-'.r     ;.  used previously.     For  the   sake 

of completeness  the ■■;•••. rosi'. •:,.-   for ')>"■   '; IKI-.:hood-: ••it ic rrooossor   sre rederived 

here and a brief comparLsrn  rot,--.-   i,  the  oil -,;ii ne'v nctation is given, 

Unfortunately,   in   spite  of  Uie   Simplified  r.otaiicn   the   fn.   ,   result   is  still 

difficult  to evaluate.     /      i; proxirnaln   •■•   ,;lt.  showing  that,   the ocrformance loss 

due   Lo point noise  s-'ur  i      i.;  e  uivalct :   to  the   'loss  of    -no  hydrophone  per 

point source can  be  obtained  by eli.Tunatioi,   ,f all of 'he  t^rms causing 

computational dif j'ifui Lie,;.     iiri.   ■■■:',   since  tnese   icrms  also contain all   the 

infornation about   ttie 

mafion is   fai r] ,•  .::•'. -■ 

. .i . I .■.■    1.00.1 , 1 ■.(.. ;. i.se sources i.r.is apnroxi- 

■.,'0 number )f localized noise 

sources is sn •.. ' an t 

target direction.  /-.:. 

aru sc ':■;;■-  '- .f.t'ii ; 

ron other -.m '  fror;  'he 

... ■.■   re obta inoM for ar. ij 1 

.;    f   .;   ;   i: o;   no ire  s      ■-"i 

■   ' ;    <..  or,-'   ra :i JU in 

i 
ifnernfCTvwmMwmw* 



azimuth has approxina-cel.y the Tame effect on detectability as a single point 

sorrce of the same strength located at the center of the distributed source. 

For large anisotrcpic-to-isotropic noise ratio a similar result can be demon- 

strated only if the anisotroüic noise source extends only over a much smaller 

angle. 

In order to get. seme idea of performance loss in cases not covered by 

these analytical results computations were also performed on the digital computer. 

Although these computations are not conclusive they indicate that the analytical 

results for distributed noise sourcos »it Ion .nnJ.sotiTitrLo—to-isotropic noise 

ratio can probably be eoctended to large auig<ihr«j..ir.-t.o--lRotro^ltf uwi/m mtto. 

i 
i 
e 



II, Basic Analysis 

.Assumo that the array consists of M hydrophones, and that the received 

signal at the i  hydrophone is x.(t). Then if the spectruni of x (t) is 

limited to frequencies below W cps, and the x(t) are observed over an interval 

T, such that VJT » 1,   x. (t) can be expanded in a Fourier series: 

W(T) 
x. (t) =  I        x. (n)e 

n^-WT 

j2nnt/T (U 

where the x (n) are complex Fourier coefficients satisfying x,(-n) ■ x (n) and 

where the asterisk stands for complex conjugate. Then all the available in- 

formation about the signals received by the entire array is contained in the 

set of vectors 

X(n) 
h in) 

*A (n) 

(2) 

Following Bryn   |3 I  or ''.delblute,  FISK,  and Kinniaon   |2 I  ,  we assume that X(n) 

and X(m) are statist'cally independent for n/  -  m.    .^njijjijat)  tiisfc the sigiml 

x^ (t) received at tne  i      hydrophone ^r.ij.sistr, cS MgnfQ   And i^i-rvoj  thmi wo 1c+, 

the signal be giv.n by 

WT 
^(t) ^(n) e 

j2nnt/T (3) 

so that the signal at all   hydrophones   LS  repiesented by 

/(n) 

y- (n ) I 

y'(n) 

(a) 

Here again we assume the i(n) to be independent from Y(m) for n / t m. 

The optimum detector is known to be the likelihood ratio detector, which 



riotfnluiufif!  jcoseiice  ■■'-' ftbsHi:^^  of r. .si ;na'J   by  crrr--   ri.;.";   the  lücelihcod ratio 

T:; 
fN(x) 

(5) 

to a fixed threshold.    Here  f.i'X) is the conditional probability density of the 

received salaries   (rve.'  "w 1   Lydv :■  ;i:.-; ■':■.■■ i    •!!   i't • ^■■■■..r ;f;j) when si.'^nal is 

assuraed to be present; siräl'irJy ^.(X) is Lac cerr-üticmal prubcibility density 

when signal IG assumed tc be absent. Since .U-u) ■= "^ (n), and ;rince X(n) and 

'[(m) are independent f( r  ;. T*' - m 

^    f   lX(n) 
L,J -  H     -^-  

n=:i     fT.|X(n) 
(6) 

We assume now that whether  signal   is prei^nt c.r not x(t) is a stationary 

Qftussian randoir process vnth zero mern value.    The norr.alized covariance matri:: 

for noisr onlv is 

Q(n)^   <:i%)XT(n)>N (7) 

./\ 
where tb.o smerscr: pt T refers to  tr^nspesitien 'u. : the ir.nbolx /'„means enaerable 

N 

averafje  fjub.ject   to  tiie  imlfv     ,.\y i.v,. i',',iv.r.-.i:».   li'r.j   ^.'i   K'.to ftvp.raj^ ^i<'i.cie power 

at frequency /'KI./T rad/soc.     The:. 

.   -1 fK|'JC(n;J= CH(n) exn   ^.^[r-(nj ^ {,,) ;;   (,.) m 

wliere C  (n)  is  the  ncrma'J i-, i;-.,-  ".:.:''■■,'" :.     "H   V:^«-,. TH.'>1T ib-.Hfi'^', 

Assume  thai  si'-nal  and noi:-" are  j .'r'enei.ck,:.'-,     nd  that   t.he  norT^liwsd ^xntfu-iajir« 

matrix  "or  .:'.'ri.'.'l   al 

r(n)  = ^.   'fin)  YV.   /H 

whore ^(r !   ir.   ^h" avi   afo  :'!..■■ '.;   ■; ;r 

(9) 

8 
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If the signal is a plane wave, the elements y.(n) of I(n) are all delayed re- 

(10) 
pliCöfl of each other;  thus . 2nn  T 

y.(n) - c.s(n) e"3 "T" d 

th r. where s(n) is the n  Fourier coefficient of the signal wave form; the c, are 

weighting factors to take into account that the signal strength or gain at 

different hydrophones may be different, and x. is the delay at the i  hydro- 

phone. The c. 's are conveniently defined in such a way that 

for all n. Hence 

and therefore 

<a  (n) s(n); = g(n) 

Y(n) - s(n) 

2iini. 
i 1 

c oJ T 

'    2m\ 

c.e" 
r'l 

/ */ A -H- 

P(n),ig (n)3(n^   v(n)VT(n) 
S(n) 

(11) 

;S(n)V(n), (12) 

(13) 

V*(n)VT(n) (Ih) 

P(n) :s seen to be of raik 1.    Because of the indeptaidsiice of signal and noise 

the covariance matrix of signal am1 noise together is N(n) Q(n) +  S(n) P(n). 

Therefore 

fs[x(n)] - Cs+N(n) exr<j-XT(n)[N(n)Q(n) + S(n)P(n)J ~l fin)}       (15) 

and therefore the likeJihdod ratio is 

WT    Cc „(n) 
LRc     n     J2t~   exp/ XX(n) 

n"l  C(n) 

(fhn) 

N(n, 
- I N(n) Q(n) + S(n)P(n^ X%) (16) 

Since P(n) is of rank 1 the inversion of the second term in the brackets 

is easily acccmplished by using the followir.f Identity ■ h, ; For an arbitrary 

nonsingular 



matrix A and two vectors U and V 

'ft + UV )~X  = A  - —  (17) 
T -1 

1 •* V 1  U 

Uninp this identity 

.1 Q"1^)        S(n) Q"1^)) P(n) Q-1^) 
I N(n) Q(n) + S(n) V{n)\  * ■ = (18) 

N(n) N2(n)! 1 + 3(n)Go(n)/N(n)l 

where Gr^n) - VT(n) Q"1^) V*(n) (19) 

A3 is shown by Edelblute et. al. ( 3 ] , G (n) is the maximum value ef the array- 

gain. Using this result one finds t^ot the logarithm of the likelihood ratio 

is given be 

WT   S(n,' Xf(n) Q-1^) P(n) Q"1(n) f(n) 
log  LR - C + ;: •  (20) 

no1 N2(n) [1 + 3(n) G (n)/N(n)| 

WT 
where C  - \oc      "  H,, . (n ) / 0v(n) 

Since Q (n) " Q (n) the  quadratic form appearing in this expression can 

be written in the form: 

XT(n) Q-^n) P(r ) Q~3 (n) X*(n) - XT(n) ^(n) v"(n) VT(n) CT^n) x'(n) 

= |y*T(n) /^(n) X(n)!T [vjKn)  Q^m) X(n)l * -| ZT(n) X(n)| 2   (21) 

and therefore 

WT 

log LR   - C  ••     ■;-   \ Hr(n    X(r • ' 2 (22) 

n<l 

where H  (n ) •■ — (23) 

H(n ) /]-:'       r   '•;]  !I(n • 

(   -i. 

§ 
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This implies that log LP. can be obtained from a circuit of thb form shown in 

Fig. 1 where the elementd of the filler harJi lor f »f are the elements of the 
n 

■vector H(n). 

H (': - 

H2(f) 

\^ 

&<\nnw.T 
Intfe. ■ 
prat01 

Vi= 

l»p; LR; - C 

Figure 1  Likelihood Ratio Detector 

Except for the scalar multiplier this result is tt.-? same as that ch+rfiined. by 

Knapp |5j . The difference between the result given here (which is that of 

Edelblute, et, a'l>) ancl Knapp'a stems from the fact that Knapp's filter 

maximizes the output signal-to-ncise ratio defined in terms of a signal-plus- 

noise covariance matrix Q^,  rather than producing log LR. 

III. Detection Index 

In this section it in assumed that the signal-to-roiso ratio is small; 

i.e. ,i(n)G (n) «N(n) for all frequencies.  In this case one can assume ' 

that log LR is approximately a Gaussian random variable and that the per- 

formance of the detector ii Joecified by 

(?U) 

c-r, 



where u » log LR, and where a ..(u) is the standard deviation of u under ihe 
N 

hypothesis that there is only noise at the input. The computation far n ia 

straight forward; for details see Appendix A. The result is 

WT 
I   K(n)S(n) G (n) 

d =. ^L. °  (2^ ) 

^  2  > , 
J-  K (n ) U   (n ; u (n ) 
nal 

where K(n) - -^JZ^l'dii :    'liliL      if 3(n) G   (n) «N(n)       (26) 
1 + S(n) Go(n)/N(n) N^n) 

Using the small signal     pprcximation  to  K(r.) 

/WT      S^i.) G^n)' /WT  .2,   , 2     ' 
•     /  v 0— .    ;   z    ±-lILl| 7T(n)Q-1(n) v'^n)] ' (27) 

Ilote  that  in earlier  ronrr'ts  we  ü.S.MI    ' ; 

d =A     :■■   tr (p(n) Q'^n^)  2 (28) 
> ' 2 .1=1 

This   ii equivalent   tc Er;.   (27) ao car. V e 3onn by usinp the identity 

T        * ii    T 
U    A U    " tr A U    'J tr Li" L'1   A (29) 

where U is a vector and k   :i ^ ,: r.^quarf: i.n.lx.    Hence 

l 

tr [ P(n) Q"1^) j -'v;   :'\n)\r\n)   ."^n ) V;(n ) j VT(n ) Q"1(n ) / (30) 

The  Lr^rktU« :   „■   • '.,..; ■  ■. t'.-  factored out;   in fact,  this 



scalar is G__(n). The remaining terras *re  ?IRO equivalen*:. t D ■G (n) by F.q.,3.(29} 

and (19); thus or I p(n) Q~ (n) , ' " c/'in),    Ihv.  lactcr of 1/2 appearing in 

Eq (23) does not appear here because of the complex notation that is used. 

Thus Eqs. (27J and (28) are identical. 

A.-' 7 • ■■" tlv .TJ:",^.'J' ,: ;■! ■ rCirin,' '.r. 7 i   (27) CMI he (;oi;wp,-t#i< to nn irtf^vj:.-' ' 

PS follnwr,: 

/;r(n) >,   (n; W    S2(f) G''(f) 
d =  /t i ;. r   - y-  1 df (3i) 

v/n        N?-(n) n N2(f) 

IV.    Zrr.ct ol Directional Interference 

Suppnse that the noise conponent of x.(t; consists of two parts,  an 

Isotropie part and an interference part.     It.  is assumed that  the interferencf. 

is generated by R point sources.    The r       /oint source is located at an 

azimuth ancle 0 ,  and its spectral density is I  (u); hence  the interference 

power from  the r      interference source at the frequoncyo    is I  (n).    The 
n r 

desired  target  is   :     the azimuth ancle ■'_   a 0,   and  it  is assw.na UNat. fix* ■ea-vny 

is steered in the  '-.rp t dii'ection.    The Isotropie noise pcrsror    at the 

frequency aj    is N   (n ).     The  iflo.i irp-i'-  luii/v  n/\m|jniiQutj   tlie   h)tj?rfexci»no sonroea, 

and the  target signaj  are all assumed to be mutually iiyt^.^udoiit (VaiwHian pi'o- 

cesses  with  zero im>ai:.     Then the  total   :-,•■: se  power density is given by 

R 
N(n) =" N  (. M    '     i  (n) (3?) 

n     '       r 1    ■" 

and the nc.i-mrJizjad unisr  covariaacu /..u.nx nas  the  form: 

,n i •       : /T ' 
  Q  (n ■   '      '■;"(:' i  V .(r: (33) 

■.(:-) R     i   Cni 

J1   .     m   >        —-     -r----  V     .")■/'nil 

o 



where (n'■ in t ■ .-• 'i.-rnnlir,!--'. c.?viri ince n:irr::< -f the Isotropie r.oisp com- 

pi'.nont ana where ■••;''■■ 'ler-r.'. ~1 ''•'■ -.u:::':.'. results i'rom one of the inter- 

ference point  sources.    By diri-ct   inalot-y '■   Eq?,   (12),   (13),   snd  (1/4) 

(3a) 
i r 1 

(r ) '.h where:   u . ;   the   wl-.y ■ r  the  rime  w.p.-   from   the  r      interference  source 

. th 
at  Lee  1       hvdi e-.l,. ..e. 

The  rmtrix Q(n)  c e. b-    mv^rtci  oy   esin,:   the   i'nll/'W.in,;  generalization of 

Eq,   (17):   j t'  A   is    •  1.. r  ■ i; ,  ;] .•.;■ rn.'itri-    of   iünensian M   'inri B is   a matrix of M 

rows   ind  R  colurns  thi n 

(A 
...T ,-1 

Tins   i -ici.t i ty   i ' 

. -1 

■\.-i' . :   ,-1.  • .-1   nT   .-1 
B     [if   r     A      :'   )        Li    .■■ 

1  K'.'  -,; i ■■ n  ; i ■■ ; v : rn: 

... -1 

(35) 

I     »    b   fi   h 

I    ^   P 

1    v 1 
-1. 

U 
-.1   nT -1 

B A 

(36: 

In  the  or' re r.t 

(37) 

i 

i 

i 

i 
i 
i 
i 
i 
i 
0 

:   l.y. 

■J   !:(r.v 

.     (n)l 

U. (3^) 

i 



where K (n) - I (n)/N (n)    for r ■» 1, r< 
r    o 

Also, 'o si llfy the notatlc! l^t 

,  !•<) 

G      - G    (f    - V T(n' C. ~1'' ) V*(u) 
rs        r.s -r -■-■ -e 

Note  that Ci     (r.) ha-   the  rpriprn' 

call it p  "cross  ; rr^y ,'-:- 

G       (n) - G rs sr 

t   Is  cl-'ir   t!,-,t 

-I, ■« 

(10) 

(..1) 

In terms of thif? nct'^ion ttio ::;)■ ;•!>■       ►  '^/i  'lu    of 1'',.   (3r i beconea 

I + 

"1 -1 
■ * •  • f 

/ K, i 
/ 

y KR -R 

- I   : — -ii-      * -it      ' <t 

3   ■ i     1-1   .   ■     <i—2   . . >     rt—R 

1 + K1G11 

JK^K^  G-p     1 + K? G, 

^ K K    G ftir3  IR' 

1  R    IR 

•■' K2KR G2R 

f  KR   'RR 

_   I   .   G 

by an obvious definition of the "rrr-s.'i-r-irra.v 

square,  of dlmensionali ^ ^  ;-;;   '•  i ■■>.•■;■. !• •' 

The detection index is fnven by Eq,   (.. 

sistency we  rewritf; V(L,. if-.   ■'   i'a,.     Ti.er. 
— —j 

/  ■" 

(h2) 

it'   matrix G,    Note  that G ia 

•xept,   that for the sake of con- 

d  -- 3(r.)    ..T 
(^J ) 

/   : 
V  U'-l 

-   ■■ t r.. I':!:,! 



i 
where 

F(ri 1 - V (n } v"' ir, ' v"(n ) 

o i -n   -c. fll--l 

■' ^ 

R-R   —  -  I 

^R 

-1 I  « 
^o -o 

, ' V'T, 

6«      J 

Thin equation cu. C-P- wrl 

that 

(h5) 

K. G-, n  no 

T 
L ̂ h't". ^ / K 

1 ol       2 o? * K.ii  , 

iro rimpact  fom by defining a vector g such 

(I46) 

Then,   since G" rs rs 

r1' i I F(n )  = 0 

It   is oj.ear that 

vi 
(Ü7) 

itirain array ^ain with iaotmic noi-e and that 

T    c i -1     i 
11      E + li-i       ll    rer resents   '10 ef!".--ct of  Mie  interference.    In general the evalU' 

ation of the  interference  • ■, 

a')     n.e  cross-T'ray pa 

■..   (n ,    1 it.i'i v -o 

b )    Hven it'  the .... 
U 

Th Ihus  it   is necesEary eith 

perndttin.    -n    nal^lo 

?he star.dard  s.   ; i .ri- 

ecific   instances is difficult for two reasons: 

■.i'   Tualratic  forms  Involving the  inverted 

known   me  .   «   H .matrix   II + .j]   must be  ii verted. 

0   iolv'      ,.   ; .7 ,  by commitor or to make apiroxiinations 

r.'         :i   in most r.revious  analu"ses  and 

which elii inates  -art of th"  diffjc'.;3tv inv .Ived in evalu;-tinf the G, , is to 
id 

assuine tliar. I,: 

i sotro'-i r. no: :. 

and   i: 

no cr- an ';.:—..■:■.(. hydrophones due  to the 

iris   been considered before 

in any significant way. 

i 

i 

i 
i 
I 
i 
i 
I 

i 
i 
i 



00 J i f H 
' M , 

M       .    /    (r) (a; 
Qr  (n).L    e^(Ti-       -1i       ■ (h9) 

i=l 

A further small sinjlix'ication  results i': TI the fact that   thp arfay is rtoci-eJ 

t,n targetj  this implies  that   i.'    '' « 0,  ai.ti  thßrefcre 

M 
G     (n) =    E    e" W:1  T.i(r) ($0) orv .  , i°l 

Eq. (U?) is now explicitly evaluatnd for a numher of a-imple apecial cases. 

V. Single Point Interference 

If there is only a ■'■'ngle int^rfeience, the Eq.(l47) becomes 

K I 0  1 2 

F(n) = G 1 2±-  (51) 
00   -  .. _ 1 . K1G11 

and with the simplification Q   (n) = I;  this becomes 
—0 —■ 

i2 K^ I n  , 
F(n) =. M ±—2^L— (52 ) 

1 +  KM 

By En  (50) 
-         M M .     fl          ,   ,           M        M 

I G J    =     t ! e^  k  -    i^    „     :         "    cos  Q  (T,    -   T. ) 
ol           ,  T .   . .   .. ,   n             n    k         1 

i=l k»l i-l k=l 
M-l      M 

M +  2       E 'i coy  .^(;.   -   1,,) (53) 
1=1    k=i»-l 1 

wherej for simplicity  x -   '. 

Hence the term representing   Lho IO-JS of dyluct.ability due to interference  in 

Eq.(h?) becomes 

KnH r        „        M-l      H , 

 i      I 1  + -j-i " cos  '„^      ■ V ([1ll) 
1 + K.M     - i d    K=I + I 

This result  is essentiallv   H.°r.t,ica]   to :'-:. {?'?'' of  iief.Ll'- 

c   1 



The  ■.■diUf 

is    '.eere', 

.   ore    '   ! s   : :. 

souiri,   .ui'i   ■    . '■ 

to Lhc  ci:.V ■ :.••    ; 

1:    . ;.' lo  u; 

as shown; 

1 

oubs'i LuL.i :.:•   Lhia  ex- re'-- 

. : .:   sur.   :r.  : •■;. i 

•■    .:.i. 

O   , :'t : 

! c   ^'cj.   :n 

■•   K  )   '- S   k 

:an  be .M. ■■ her ev-Quated  t'^r the 

■ I.-, -.   piiOiiCo.    If such an array 

:aLion perperuucular to the 

(5^ ) 

iv cl^rcnts,   c   i;.  the  veloci y of 

;:     fror:  ths   in"   rference source 

■ i  array axis. 

tn he   replaced by a  single .Turn 

(^6) 

)   r- ■alL- 

(n ^ J (n ;; k=] 
(M - k )cc3 kco  :   i i 

n o ■ 

(??) 

wr.ei'P   . . . n 

.jj nno oiu1   in* ■ :■■:.• ',: 

5(n)/M   (n)  ^sd ^   ■, ' .,      .;. ;. 
o J 

i 'JOtrO' IC   HOI -lO. r-r' : 

fon^ed by convertinj-  it   Lntc 

•n !er !   -if r. 

.   in:• ■ rji, 

•);:c! L lat 

f 

■erm,    issume that 

■   il,      ■''nrf'-rr-ncf!,   and 

■ ion     ■-■' r  n can  be per- 

il };  i.e. 

2 
k   -s  L'nkf- 

o ' df    (5'3) 

Aft pr 
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T i zr {(H - 
KAi 2        liK-H   [1+^(11-1 

;   - 
1 +  K^l \i "I' 

M               sin2nkW  T 
,   (M-k)  

2K: 

(1 +  K M)*-        k      i 

H      M I  ;-in 2n(k-i)H'T_ 
I      I    (H-k)(H-i) 

sin 2n(k+i)W- 

2n(:c-i^/ 2n(k+i> 
0 

(59) 

In most practical crises the maximim frequency piocess^d ^a such that 2nWi    » 1; 

this is also consislcnt with  the assumption that Q   (nj = I.    Then the summand. of 

and the same  is true of 
the single summation in the  second term is small and oscillatory, the last term 

2K2 M3 

cxr-.fTifl-. ifhcn k-'j ;  t.hnf)   Khe last   Itivm is appixarimatfi^y oqua)   to    ■ v,    and 
3CWU1) 

d^ T^^   {   [H- -i-  (1 ^ i   -J—) I      + 0( -i~)   ) (60) 
N l+KnM J    l+KnM 1+K^M o 1 1 1 

where ()(•) is a remainder term which is of order 1/H relative to the first term. 

1 

Hence if KM » 1, 

d2  ^ Tco ^   [ M-2/3] 
No 

(6i; 

which indicates  that the effect of the interference   is equivalent to the loss 

of 2/2 of a hydrophone from the array.    This  is  substantially in agreement with 

the conclusion of Ref.    I 1J where it was concluded that the loss under these 

conditions uas equivalent  to one hydrophone;   this was  arrived at by completely 

neglecting the aurcmationterm   in Eq.   (^h).    Since   the firure of 2/-, has been derived 

only for a linear array,  and since it probably cependb on  the array configuration, 

the fi[ure of one hydrophone is probably a  rcnöoncble estimate  in general. 

VI.    Two Point Interferences 

;-'ith  t..'o interferer.cej  ■•-;.n,7l  :r--. 

( - i 
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where Rev ) '■■■■ '■■ 

As before iho '■ ■ 

as  before. 

-,  -1 

F(n) =   3oo  -    ,   r^G^/ K^n>] 

Q (n) =  ] 
—o - 

lfKlGll   /K1,'2G12 

i     u     li 

(62) 

K.n   ^   K:..S r,^/  +   MLK^IG^I     -2^^6(0^^) 

(i-.;/;?. i - K^! G12| 

(63) 

■ on'p.iM   "f the interference.    If, 

then G 

G 
OS 

i-1   k-  1 
■ -y: i'51) 

!■! M 

Z       cos  co 

i=l k=i+l n   i 

and Re   0 
OJ      I I     C 

■1 . (^J' 
,(1)   ,   T(2) 

k=i • : 

fl (1) +   r(2)       T(2) 
)       (6ii) 

other anci  t>on   ''''■   iirr'-'! ,   tl.o:. ,;. 1 
K 

■.,ir  i-oefficient  of K K    in both 

If the  t/.;-,   '.merf' r-ri'-e  sources  yre vj'idejy separated in augle from each 

ilffcr .'-.ubstantially for all k and 
r. r. 

are not elf ■ ■,■•!••,     ' ■  ■   .     ,.■.■■:•  ■•-■:..<: .   :.■:. 

the nur.ner-M,' ini ;■.,;:;... , r ; ,, r ' ; i; ■ :■ ■ with ri while the other terms 

increase '.-ritl'. " , ricne^ , .? ;.;.e . M e-.^; (-.v.-fficients become negligible with 

the  result. 

:(n' (6^) 

(65a) 



where the second approximation involves neglect of the oöcillatinf 

p and |G    |    .    Thus the effect of Irrberferences is seen to t*. ^J.i;'   ■/••■ 

undar these conditions.    For small interference-üo-ambitsrrt-nni s« ratiOj  where 

}LM and KJA are very much less than unity,  F(n) if reduced roughly  i-y   ',"   ■   ^^J 

while for very    large interferrüi-o-t-o-ambiont-noise ratio,   il.i'  t f'.-'vr.:'   i.  i ' no 

greater than 2.    Thus  for sna]! interftM^enuc-t-Kj-ruaise ratio   Ihe  tc-i   .,t i   :.    .,!":■: 

d decreases roughly with the first power  of intfrfwftjxii^-on J.. :.~»  «-«i.lo  {HOI.' 

Eq.     ilk  ),  but the maximum offoct is no greater than the loss of  LHO hydx^^n.^ 

Suppose next that the  two interference .idu-coe are sufficiently r.lo.se to- 

gether so that for all frequencies of interest,  and for all i 

Co |  T.
(1)
 - T4

(2)
1  ^0 (66) 

n1    i i     ' 

2 ?■ 
then  |G „I      %     Q . 1  o2 ' ' ol' 

|Gl2i
2   i    n2 

andlteCG^G^)    ^   M|Gol|
2 (67) 

K-f.+OOl G    | 2 +   K   (1+K M)!a  J  - 2MI'   K,,^.     i' 
Then      F(n)  ^G J ' 0l ' 

oo 1 MK.   +  K9) M 

,2 
(K +K   )   |G     , 

- G    -     1 -g—si  (68: 
00 1+(K1+K2)M 

Tnus the result converges   to the case  of a single  plane-w    e   inlti rr;v r.       -f 

strength IL  + -C    in this case. 

For a linear array of W elements  spaced d ft.  apart we ein sot 

|   ^-x^Mi^-ii-i'    ;Si:i -.un     . 
'      i i v ^ ' c       ' j. t 

where J:'.c delay at the "•■■..■    ■-•■;■.■■ ■      - •■ ■■        ^'.'■-•'■*—xr'--   ■ 

For small ti„ - 6 , 



IT^ - T^I - 2i K/2 -i| |sin 
6l-92l ,  V6-   , -j—j   cos   ( -—   ) 

I   I M/2 -ii||  1^ - e2l cos e^ (70) 

h - .2 

where 6 «  ^— Ls the angle ruilf-way between tho. two interfarences. Then^ 

since w   is 2nW 
nmax 

co I f) _ ,(' 
nil    i nVA'I 6„ I oos e (71) 

max 

and the two interferences are olnse enough together so that Eq.(68) holds if 

TtWM - I 0, - 60 i cos Q <1 

or  19 1 - 62 | « (72) 
nVJM - cos 0 

c     m 

As fn example let W - 5000 cps, d - 2 ft, c * 3'000/ft and M^IO, then if 10  ~ e J « 

.Olö/cos 9  radüans the two interference points have the same effect as a single 
m 

one with a higher power level and therefore the maxiinum detectability loss call be 

no greater than 2/., of a hydrophone as shown by Eq. (6l). 

Note that for e " n/o the two interferences ar^ located symmetrically to the 
m   ^ 

end-fire axis of the array; therefore their effect is always that of a single 

interference. This, however, is due to the symmetry of the linear array and does 

not hold in other cases. 

Note further that Eq.(72 ) is a rather conservative limit since neither the 

effect of integration over frequency or over hydrophone spacing has been considered. 

Depending on the exact form of the power spectrum these integrations should re- 

sult in increasing the value of i (L -ö | by a factor of li or 5 over that given 

in Eq.(72) 

If the interference-to-nnise ratio is small enough so that (IL + K„ )M << 1, 

then Eq. (68) ai.d ':lq.(6,:a; are approximately the same; thus under this condition 

C-ls 

i 
i 
I 
I 
i 
i 
i 

i 

i 



the effect of two interferences on the detectability is pronortional  to  Che  inter- 

ference power,  and independent- of the  sracing cf the  two interference sources 

2 2 
from each other.    Note,  however,   that approximating | G , |    and | G p|    by M still 

implies that the interference direction is substantially different from the tar- 

get direction. 

VII,    Hore  than Tv;o Interferences 

Extension of the results obtained r.o far to more   interferences is diffi- 

cult and involves further approximations.     Consider first the large interferenco- 

to-noise ratio case,  with all interferences     widely separated.    We assume as 

before that Q    « I and that therefore G      = M for r = 0,1,?,...R.    It can be seen -o      - rr >   >   > 

from Eq,(6[i) that the off-diagonal elements of G are of order   / M.    It can  be 

shown in general  (see Appendix B)  that for the purnose of approximate inversion 

an n-dimensional matrix whose diagonal elements  ave  of order k relative  to the 

off-diagonal elements  can be approximated bv a diagonal matrix if k » n.    Thus 

if   /"K » R the off-diagonal elements of the matrix [l + Gj can be neglected in 

forming the inverse,  with  the result  that 

F(n)   ^G 
oo 

R      KG 

r=l    1  +  K G r rr 

(73) 

R        K    G 
= M -    E V-   ro 

r=l K M 
r 

(7U) 

M -   I 
K ¥- 

v 

r=l      1+K K r 

M„1 

i--l    k:--i+l n    i k 
(75) 

(r) 
whore i.       is  the interfn : 

i 

hydroohone,    Eq.(73) is   ' ■■■ 

-l^y  fr th   ... ,.      .th 
:r.; •rUrence  source at. tin; i 

••■-. ■-■■) 
i.di"Ttes  that  for 

•'■   I..i 



widely spaced poii/ : interference sources the detr-ct;- iHt.y loss is approximately 

equivalent to the loss of one hydrophone per interference source. The approxi- 

mation is good only for R « /M, 

Si 

VIII.     effect of Distributed Interference Source 

A distributed interference source can be  roprfi;5enti'd by a large number of 

closely spaced point sources.     Suppose  that  the interference  source has LI  spectral 

density I(n) and t'.at the interference  power -is uni fnnii  for .-uigje.i iixsitle  the 

interval   a,   <   P _f     90 and  z^ro outside.    Then The interlerence can be represeiited 

by R points  of spectral  density T(n)/R equally spaced in  the interval,  where R 

is a large number.    Initially it will be assumed that the interference-to-rmhient 

noise ratio is small.    Albhough  the  result obtained undi r this assumption is 

somewhat academic  (since  the interference effect, is   ;■.,-   .   snaxl in any case) it 

is possible  to obtain an analytic  result which  is nrol U.ly applicable with ? me 

modifications  to larger interference-to-arr.bient-noi.sc:  [■•tios as well.    Undei  this 

assumption,   the  ^lenents of  !,he matrix G are all veiy :--..ill,  and it is approxi- 

mately true that 
I   '   u   i: _[ 

Then the matrix inversion is,   of  course,   trivial. 

Eq,(76) to be a good approxir.ation may be deduced  !: 

condition is that R        
I / K K     IG     I   « 1 fc; r s   I     rs I s = l 

In the present  discussion K    -  KT/r;  for all  r - 1... 1 r        I' •■ 

the total interfcrece-to-ambient-noise ratio.    A coi, 

such that Eqs.(76) and  (77) are good approxuiations 

(76) 

i'ficise conditions for 

;  a simple sufficient 

..R (77) 

rs' i! for all r,3 (seo 'ia. {[,■)). :!encc, i 

KM « 1 

, ■■! -re Kj = I(n)/No(n) is 

rvative upper bound on Iv, 

■:ti i ined by letting 

(70) 

i 

i 

i 
i 

i 



Eq,(76) is a pood approximation,  and under  these  cnrditioni  iilq.(lj7) ber-'--ni?n 

F(n) = G      - g    R 
■JO ~~        ~~ 

Kr R x i _     i ^ G r 0    ! 
Drt or 

R r»! 
(79 ) 

and by use of Eq,(6l4, ti is  1»^    ■■•y. 

.-: i A~l , ,   s 
F(n) = G        \     ih+1       '■ I cos       .':kl '  -   ■lr-')) C^1) 

2K M-l 1-i        Ä                        t   \         {   \ 
= G      - KTM i L           E         i;      cos u)    (T.lr'  _ T)r j) 

oo                   „ ■  -i ,   •  T _ i            ni            K     ' R i^l k=i+l r«l 

We assume now that the  azimuth angle  siibtended by  the iid-crferrnra is  muall 

(r ) 
enough so  that  the   f.       do not differ very i reatly as  r r^oes from 1  to R.    Then, 

(r ) 
it is possible  to expand   T.       in a Taylor seri s in r as  follows: 

T.(r)    =     >)    .      (r   _m,    .,.      T. (81) 
111 

R (•71) 
where m = — ir used as the point about w! ich the exnansion is nerfomed; T.  is 

2 ' 
effectively the nean delay cf the  interference wavefront. 

A..  R is allowed 4 ■> po  'o  infinity the  summation in r can be converted into 

an integral and evaluated -is follows; 

\   cos c    (TK   i^) 
r=l n      1 

X    I   cos  co   [ f:)_   r(n' +   'r-.OC.AT..  . T  )i 

r=l n      ■1 1        ^ 

R (...) 
-+    / cos  w    f,;   '..'•■+   [r-r )•'?>•.   - b.     ':     ir 

j- n   L i k '    i K 

sin —- (AT.   -  Ai.^ ) 

(62) 

- ■:.■•-. i 



Hence Eq.(80) becomes,  after some  reduction 

Ftn^G^-Kj    H + 2     _ 

w R 
sin —  (a^-A^) 

i"l      kÄi»-l    u1 R 

/  (ra)    (m) v 
n    i       K     ' (83) 

00 

h-1 
! 

,        -■ /■ (w)    (m)x H        sm w  ( T.     - T    ') 
I n    i 'Tk 

1-1      k=ia        ,   (ra)        (.. K 

.   (m)    (m), 
0r> t0n(^-   -\     \ 

(8li) 

Jhere, in going from Eq(83) to (8I4) we have used the fact that 

('v-'V-^i-'iv- f'-^"" (85) 

Aa before, the term representing the loss of de testability is the bracketed term 

in Eq. (8U).  Except, for the 
> imc term the fom of the double  summation ia  the 

same as that which would be obtained for a  single interference,   (Eq,  5h) with a 

mean delay T .'at.  the i   ' hydrophone,  under  the  condition Kvh ■«*< 1.     In fact,  the 

argument that the suirmation of oscillating terms   tends to become negligible 

applies here with ever gr iter force,  becaaae  of the :: term.     One can con- 

clude,  therefore  that for  interieronce-to-ar.bien-.-noise ratio small enough  to 

satisfy Sq,(78),   and if the angle subtended by the interference  is relatively 

small,  a distributed interference  source affects   the performance in essentially 

the same way as a single  point interference. 

In order to obtain an estimate of the magnitude of azimuth angle that can be 

considered "small",   consider a  linear array with M hydrophones spaced d feet apart, 

For such an array 
T 

(rj       .    i     .      , 
=-• x - sm   'i (&6) 

where   ■:   is r he   ^yruth  .:nglo 

nterference no-ie;   is entfer 

th 
interference point. Assume that the 

'■■u'"    s "' ^ &o and is -ore outside this 
1 "~  —  c 

g 
I 
§ 

i 
I 
i 
a 

i 



i range. The of the interference is at the angls 

u in  2 vül 
(8?) 

Then,   -^ aaslopy with Eq.(0l^ v;e  fxr-n'i  "^n  ,.    a hont   ,-,   ;   i.o. 

sin  e     1-  ^in  0     <■   i'       -.   ■■    ; cor   G (08) 
r   ■ ;•; ■ n; in 

All the  oth.er sters  le.-'iim- ■■ii.{'ßh) can  : hen  be  Derf.-i-MM  m exactly      le 

same way,  with   '.! '    -: 

final rorui.! t. r.-n.   t^-.  ( 

.ion over R rer'J 'ici b/ an inte('rif :ion ^ver u  ,    T!'e 

into thu  for:- 

n F (n ) = G      - K_    H •   ?  v   (ivi-J-: i   .os   (—~ si n  R   > co        I , '., v       ; *• c ,„' 1 k=l 

I   c m      ^      ( 1 

—'-  I it?: 
k(x. d 

n 
cos  8 ( 

m 
, 02-^ 

I 

sinx  . . . i ■     ■ •     , ■ ..I Except ior  o )e    ter.r. in  the  suniri.Ti.ion,   this as onain the expression r.h.-n.    irw f x ' 

would have obtained for a sinple -joint interference located at * he ancle H , It 
i.i 

is clear that the accuracy of :.bi3 expression depends on the accuraiy of 50.(^8), 

which, in turn is a fairly Good aporoxir.ati.on for i-,, - u    less th? i about one 
c        1 

ridi^n.     Thus we conclude  that an   interferenci.  sourc   3pread over no more  than 

one  raaian al-'fec*.     th.e  }<:':.•:   tability essentially like a sinple  point  interfereoce, 

proviaoJ  that KTIi <■■' 1. 

Since  the effec'   of iriterference for KTM « ;.   is  very snail,   th.p 

result  just obtaine i is  aot very in!,« res tine   :nd i *•   would be desj.rablo to extend 

it  somehow  to  the   c.r,-f   -if K.M  ->-- 1.     '•nfortunatelj1   this  is  quite  difficult:   in 

fact,   the only simp'Jt   result   that hat   bv.e.r) obtained  is an extension of Eq,(68) 

to more  than 2 interference sources.     If,   as  in 'lie. ease of  : x   interferences, 

it is assumed  that  the int. rfer^nce  points   i.'e close enouph  together so that 

for al]   freciuencai's n*   ü .,-rr-sT 

■ 



then 

and 

Then the matrix I 

or1     ^   '   ol1 

G   {n) z :■; 

for all r-1 R 

for ?11 r,3,n. 

(91) 

(92) 

becomes 

I  v G 

1 + RjM        / hy^K ,.../ l^KpM 

/K0K 
2 1 

1   ♦   K,,;-: 

w 

IC..K ^1 
c    il 

1   '   ^K1'1 

(93) 

I + 
/ KpM 

/ K,.:. 

/ K^M      / K0K .../'LM] 

This Is easily inverted by use of Eq.(17 ) 

I + G ^ I 
R 

1 * Ml     E K 
r-1 r 

Also the vector g defined in o..;.(li6j becomes: 

(9U) 

(95) 

g
T * Gol[rh;-K2 ... .KR!T (96) 

and therefore F(n) of Eq.([i7) be^omea R 

F(n) 

G  , I        IK 
oi           -,     r  r°l  

R 
1 +   ii     E    K 

(97) 

•bviously,   if all   the  K    are eqv,al   to V.^/?.,  Fq. (97) becomes 

F(n) 
Oi I (98) 



Thus the detectability loss is again equivalent to t.hst of i  single interference 

source of strength K , as one could have expected. It is clear from the result 

for the case of two point sources that for a linear array having M equally spaced 

hydrophones the maximim value of .-, -• n for which Eqs.(97 ; or (98) hold is given 

by Eq.(72). 

IX, Comjuvtational ie'y,'-SjL 

Since it has not ^een i.«rn.'; ihlf to ^bt.a.in tnoaniriful analytic raault-o for cases 

in "hie]) the. approximations made in the above work are not applicable, F(n) has 

been evaluated on a digital computpr for a number of different array and inter- 

ference pat1-"-—0^ and for specific frequencies. The results uf some of these 

computations oii-e presented in Figures 1 through 6.  In all comnutations it is 

assumed that the array is steered on target at an angle 6=0 and that an inter- 

ference sxiats at some an/?le b  .    The curves are then plots of F(n) as 8 is varied. 

Thus, if u  is near 0 the interference is near the target in azimuth, and F(n) 

is small. Also, the assumption that correlation of ambient noise waveforms between 

differant hydrophones is zero  has not been used; instead the exact form of the 

Q (n) matrix a.', given by Bryn [3|waa used. As a result F(n) /  M in the absence 

of interference as would be inferred from equations such as (52), (65), (75) or 

(98), In fact, F(n) < H in al] cases; howpver, this is a coincidence; it is 

possible for F(n) > i-i as i.- shown by tBryn !l  .  In all cas^s the interference- 

to-ambient-noise ratio is large. 

Figure 1 shows the effect of a single point interference with a small circular 

array. It shows that if the interference directions differs by more than about 

I4O from the target dlrecti c; ^" "ff'-rt or  : ■ is essentially negligible.  It 

must be borne    ir.d, howc- ■ ■<.?-     T.rated for a single 

frequency '.     ■ ;, • c ■■. •'••'•onr, at -iher frequencies, and 



BiJ 

the integrated effect of a]l frequencies therefr.e, has the effect of the loss 

of cne hydrophone aa is predicted by the analysis  of Section V. 

Figures   (2) and  (3) are similar to Figure  1 except that the interference 

uoi   i   uS  respectivei.,.   ;■;   ' w:    mi cj        ,:      :j.nto,   separated by .1 radian.     Since 

e interference covers  a larger n-;    :t.h se.gnent,   the effect on F(n) covers n 

larger angle;  however,   it   :r,  y . . .   '.rue.  Uiat  ior interfer«ncs sourcflfl at ane3f>» 

for removed from zero lie  eliecr, on Fin} is  small.    A similar result la  shewn in 

Fig.   (U) which shows  '.he eifect of  two  interferences separated by a large angle 

(90   ).    The last, two figures  show the effect of a  strong interference  (iL.'-JOO) 

distributed over a  relatively large angle   (17   ),    Again the effect at angles far 

removed from  the target angle is small,   but,   as   is shown in Fig.(6),  the relative 

effect is quite different at different frequencies,  as has  already been pointed 

out. 

The  computations leading to the results  shown  in Fig.  1 through 6 were 

quite time consumming,  with computing times  on  the order of several minutes on 

the  iil-i 7091-1 for the    ases with large  number,.:  of  interference points.    For this 

reason no attempt '.-.'as   -.ide   '.t <:'■.' •■  :■• . detection index,   .since this 

would have   required summation of   i-t n '  over a  large  number of  freiiuencieQ.     The 

computer  results  '.;.■ reftre   .,t ill  l.:i". cor.cli:   ively answer the question of how 

serious thf   effect -f l.-irge   'li".luted int-r.'-rences  is.    The  indications are, 

however,   that  the  r-    :.                         •: '. 11]   . iv   ;..; :.d under considerably wider con- 

ditions   than those  assumed  > h/re   '     ;-.roduce  ar:al\'l.ical approximations.     In fact, 

it appears  that loss of  do! ■   t  i     : LV   ;   :■  rather ■.■;! tely distributed inter- 

ference is  equivalerd   '- ai            •'■•. >■   :.■■ ■ r   ■ ■  -, 

i 
i 
i 
ß 
I 
i 
0 
0 

0 

Q 



§ 

The majnr difficulty in    btaining genera]  estimates of the effect, of 

directional noise  ">n the  -"■ *   ctihi 1 i "y in  an  nrrzy processor ia that  the 

mathematical maninul'itir'i" .v-ri  •        .>'••-   --^y.   ■•*  ,-,rp  quite  ormplex. 

Results have  therefor' ■., nne-^ oi.ij-   ;n a  :'■  ■'■  iccen number of simple 

cases. 

The genera]   r-enor of  these ro;..uJ Ui  -, ;  that if the aniaotropic-to-isotropic- 

nois1^ ratio is srnai]   the efff.ct of a  number u£ local noise sources is additive; 

that is  the loss of detectability resulting  from two noise sources of equal 

strength is twioa  that resulting fror: a  ningle source,     P'or large  ara.ootropic- 

to-ambient-noise  ratio  the effect depends  .n whethei   the  directional noise 

sources  are close together or not.     For  a   -..ingle  point source it lias  beer 

shown previously and corroborated here,   that the los;;  in detectability is 

approximately equivalent  to  the loss of one hydrophone from the array.     If 

there  are R noise sources,  widely  separated from each other and from the target 

direction the loss   to  approximately equivalent  to  the  loss of R hydrophones, 

provided that R «jM,   where M is the nur.ber of hydrophones. 

Point noise sources  that are  close  together affect  the system like a 

single  distributed noise source,  and (.).*•   indications  are   that if such an 

anisotropy is spread over a  relatively   amall  dngle its effect is essentially 

that of a single point noise,    u.-^'oriuniituy  Ihis has  not been conclusively 

demonstrated,  even  by use  of „   h;;,i':,,i      >•      UT,     ni cniy a  rather conservative 

estimate of azimuth angle   that car! be  considered to be "small"  has been 

obtained. 

i 



Appendix    A    Derivation of the Detection Index 

.e^.tion index d is given by 

N 
WT 

%(*) 
(A-l) 

where u =     I   |  HT(ri) x(n      2 (A-2) 
n=l 

flhd Mliaw    H(i:; ■■-/ K(n}'   O"1^) V""0-^ -•  KCn)" ^(i,) vT'1(il> ^-'!) 

with K(t:) -   -   S(nVN'(n)       -  — (A-l;) 
1  v S(n)G  in)/N(n) 

o 

Then <u)N -     ;;'    HT(r.) (x(n) X*T(n)> N ^(n) (A-5) 
n-i 

But from Eq. (?)     (X(nJ ^"(n^  - M{n)    Q^n) - N(ii) QT(ii) (A-6) 

VIT T T ^ W KV T 1 
Therefore  <u>., •-     L   N(n) K  (n) Q (n) H  (n) «      ^   N(n) K(ii) V.    (u) </   " (n)V(n) 

n=l n-1 

iff 
-     ?:     K(n) N(n) C^t'r^ (A-7) 

SimLlai'ly,   aiid using  the  fact that 

(x(n ) X*T (n j/:. fi,    - N (n ) QT (n ) + S (n ) rT (n ) (A-8 ) 

vrr 
;u>.s+N =      ?     K(n)    S(n) G2(nJ + N(n) G  (n) (A-9) 

Hence '■JT 
(U>CJM  -   <u>    -      r  K(ni 3(n) a^(n) (A-10) 

n=l 
b+r 

2' 
T« find i-1,., fu) it  i.s necessary  tr  find   'u '    ,   given by 

:     /^r(r ■ X(:/-i   2   |HT(ir.) X(m)l   ^ H (A-ll) '\^.-  M   '' ü   >'.     ^v-',■ i^   >,'■■.■ ii.\'"/'    /   «i 

(■-2S 



Let w(n) "• H (n) X^n)^ then w(n) 3.5 a OrniÄn^n "indom variable ainc" \(n) 

is. In terms of w(n) 

WT  WT 

n-1 m-l  x 

/ ^ .*.• ^x vu/., -  r   I    <V{T\)  W (n) w(r^ w '■-',* > v, 

WT  irr 

n^l  m-i 
'.■.;.■ w'"^))  .w(r; w*(m,J; v < \w(n)w(mj) <w (n ^ (mK 

+ ^(n) w (m)>  ;'w (n) W{BJ) (A-12) 

This e:<pansion is permissible ber.iuae w(n) is Gaussian I It 1. The first term in 

the expansion is simply the square of the mean (u^M the second term vanishöa [ $ \, 

and in the last term all terms for which n / m vanish because components at diffe 

rent frequencies are assumed to be independer.t.  Hence 

WT 

^ -  > 
^ - ru 7 M  ^ ' N n^i 

/ 
/  1 
\ 1 

WT , ,2 

r |K%) (X{n)X*T(n)>,T H*(n) I 
n-1 

wT 
£  K2(n) fr(n) r:(n I 

n=l 

as  in Eq. (A-7 , 

Thus,   finally 
r, K(r,) Sd.) rv

2:r.) 
n=l 

Q   = 

-,      / 
i-JT 

^(n) N2fr^ n2(:! 
v    .; ^ j. 

For small signal-to-noise ratio,  such  that 

K(n)    I   S(n) / K2{n) 

Then 'T    :^( 

r--i 

wr 

;wo(n)A;(n; 

•„v'- 

■     .(ny 

/ N 

A-ni 

(A-11:) 

(A-15) 
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Appendix B 

Approximate Inversion of a Matrix whose Diagonal terms 

are Large Relative to the Off - Diagonal Ternia. 

Let the nxn nonsingular matrix A be given by 

A ° D ; B (B-l) 

where D is diagonal and B i-i a matrix with zero diagonal elements. It is aB3'ained 

that all the non-diagonal elements of B are of about the same order of magnitude, 

and that the elements of D are of about K times that magnitude, with K > > I. 

The inverse of A is given by 

A"1 " (D + B)"1 = D 1(I + BD"1)"1 » D 1 I - BD"1 ^(BD"1)2... I     (B-2) 

Since the elements of D are of order K relative to B the elements of B D~ are of 

order 1/K relative to unity. 

It can be shown [SJ that a sufficient condition for convergence of Eq.(B-2) 

\jl
<1 i  " 1 n (B-3) 

is   n 
I 

where b,^ are the elements of BD" . Assuming all of these elements to be of about 

the same order of magnitude, condition (B-3; can be expressed in the approximate 

form nb <1 (B-b) o 

where b is a representative element of BD . This element is of order VK; 

therefore convergence requires    n/K <1 (B-5) 

The convergence will clearly be more rapid if this inequality is sharper; hence 

one can approximately neglect the matrix B in the inversion of A if n/K « 1, 

C--M) 
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ABSTRACT 

In this report yon^ studies have been carried our for a clabs of 

adaptive filters consisting of tapped delay Lines and adjustable gains. 

The method of stochastic approximation and mean square error criterion 

are employed to adjust the gains automatically.  Tt is shown that it is 

not necessary that the d.:-;'r   igivJ g n.o-i'lv .-••■' 'o rhtaln the ■ rr^r 

function is aval lab 11-.  Klther signal .■: nnise correlation functions will 

suffice to generate the error gradient.  Problems basic to all adaptive 

processes such as the conditions for convergence, rate of convergence, 

effect of misadjustment, effect of time-varying parameters, and the re- 

lationship between mean square error and the number of delay elements are 

answered with explicit expressions. 
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I. INTRODUCTION 

1.1 Optimum Linear Filters 

The problem of desicninp; n dev:.'■" ^o <-.;; - r ^t.e noise or to preiict 

the future behavior of an incoming signal lias been considered by Norbert 

1 
Wiener more than twenty years ago.  this kind of device has been termed 

as "filter1- in general. Consider a linear filter shewn in Figure 1, where 

the input x(t) is a combination of the useful signal s(t; and noise n(tj, 

/.ssuming that n(t) is additive to and statistically independent of s(t), 

we have 

x(t) - 3(t) . n(t) (1.1) 

and s(t) n(t) = 0 if sjt)  - 0, nltl - 0 

h(t) y(t) 

(1.2) 

Figure 1. A  linear filter 

The output y(t) of the filter is to approximate a desired luncticn 

d(t) which is related to the signal s(t).  The performance criterion to 

be minimized is the mean square error 

e2(t) n (d(t, - y(t)]2 (1.3) 

This  is the classical   problem  of Wiener,   the analytic solution 

(for the impulse response of a  realizable   filter) is known  to be the solu- 

2 
tion of the k'iener-Hopf integral equation 

I)-) 



KJT) xd 

.of 

h(t) R    (T-t) dt 

with the solution* 

^xdU 
H     (W)    =■     ^-y 0        cpJJ 

and the minimum reean square error 

(i.U) 

(1.5) 

mm (C|)dd(j-    H^^OJd 

= d^(t) - ^(t) (1.6) 

In  the above equations  R    (T) and rt)    (w) are the   cross correla- M xy    ' Txy 

tion function and spectral density functions between x(t) and y(t). 

y  (t) is the  output of the  optimum filter.    The results are valid for 

.3 

stationary signals, 

Kaiman and fluey have presented a new method to design optimal 

linear filters for nonstationary signals. They considered the model for 

the signal process as 

it 
!'X + UU (1.7) 

(1.8) 

{1*9. 

where u(t) is white noise, i.e., 

u (t j u (T i = l'.6[t-7) 

The observed signal is assumed as 

Z = _Fix + v 

where  H =   (1,  0) and v is white noise of spectral density d) . 

*This   type  of   filters  may  not   bo   physirally   realizable.     Further  discussions 

can  be   found   in Wiener" 

i 
i 
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The optimum filtering problem consists  in determining 

x(t) =■ E[x(t.)   |   v.{j'}] (1.10) 

A 

where x(t)J   the  conditional ( xpectation of x(t) given the observation 

a(T) in the  interval  (0,t),  Is  bhe   'ir.ir.'x-n variance unbia.ind estimator of 

x(t). 

The optimum sysi",-,  is  described succintly by  the   following four 

equations   : 

with 

and 

^ * Fx + PH cp       (z - Hx} 

x(o) = 0 

dn T T i  -1 
dt=   KP+ PF    -PHcj,   lll?+{0}it 

l'(0) - E | x(o) 7T(o .'^ 

0  0 (1.11) 

For time varying systems,   Kalman-Bucy filters can provide much 

better performance than Wiener filters. From   (1.0) and[l.ll) it 

is  seen that the   statistical properties  of both signal and noise should 

be known in order  to design cither  type of the   two filters. 

Thus,  if the a priori information  is  not known completely,   opti- 

mal  performance  of the   {liters  cannot be expected.     In an attempt  to  re- 

cover some  of the  missed a priori  infonviti cr;  bv t/.valuaticn of  the actual 

performance of the operating system,   the  concept of adaptation  has  been 

developed and accepted as  one   of  the  [a .;: Jilc  solul Ions   '• many  such 

problems. 

1.2    Adaptive  bystems ai..i   :(;ci:;:i , •  . 

ii  system is ada^tiv     :i   ' i-nrv.   .      i   loci s i .-i:;-!;; iKini; box  in the 



feedback  loop where  Uie observable output is  compared with the desired 

output so as   TO ad.just the syster   "or better performance''     .     In other 

wordsj  an adaptive  system is a,.e which is provided with a means of con- 

tinuously li'.or.itcrinf i f rs  own performance according to a given performance 

index,  and also a means of adjusting its own parameters by closed loop 

action sn as   to optimize  its own operation.     Relaxation method and method 

of steepest descent       r ascent) are two of the most cormonl'r-used adap- 

tive techniquea. 

The  relaxation r.othod involves making a change in the  value  of only 

one 01   the   controller parameters  and then re-evaluating  the performance 

measure.     Tf the    performance has  been improved,  a  second change m the 

same dire.L Lion is r.adej  otherwi3e5  the first change    is  retracted and a 

change in  the  opposite direction is made.    This process is continued until 

no further    improvement in the performance measure  can be accomplished 

by adjust .»,   that particular parameter; whereupon  the sane process is re- 

peated for e;;ch  of the  remining controller parameters.    After several 

iterations  through  the entire procedure,   the  controiler parameters  tend 

toward  that   set of values which yields  the  optima)';  performance measure „ 

The methods of steepest descent  (or ascent),  referred as gradient 

techniques  are operated in a manner similar to the  relaxation method, 

with the notable exception that all parameters are  adjusted simultaneously 

rather  than sequentially.    This is done by measuring  the partial deriva- 

tive of  the  performance measure with respect  to each of the controller 

parameters  r-.rc  tlvn adjusting  all the    parameters  in such a  way that   the 

net effect is  th-   Urgest possible improvement in tiu performance measure. 
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A number of techniques have been developed for detemiiiing the partial 

derivatives. 

The most straightforward methed   i?  10 perturb each of the para- 

meters sequentially and measure the derivatives directly.    This procedure, 

however,   offers little  advantage over  the  relaxation method,    A second 

technique is  to perturb  the p^raineters  '«imultaneoualy  in .aich a manner 

that the effect of the perturbation of each parameter or  the performance 

measure will be distinguishable from the effects  of  the  perturbations of 

all the other parameters.    Ways in which  this  may be  done   include per- 

turbation by independent random noise,   distinguishing  the individual ef- 

fects by correlation detection'3  or perturbation by frequency-separated 

sinusoide,   distinguishing the effects by narrow-band  detection .    Gradient 

techniques can be  considered as  the special case of   the more general 

method of stochastic  approximation,   by which cither deterministic or 

random problems can be  solved with ease. 

1,3    Adaptive Filters and State  of  the Art 

Adaptiv    filters have honn investigated  by a number of research- 

ers  '     '       .    Their methods differ chiefly in  the ways  of implementation, 

but all are designed with ti.i:' same purpose in mind -  to extremize  the 

performance index by cradually adjusting the system parameters,    One of 

the simplest implementations in this    area  is  tin; use  of tapped delay lines 

which can be  constructed easily with shift   registers  in   ligital computers,, 

Weaver      considered tapped delay line  fillers,   but  his adaptive scheme 

was rather ineffective and required  the  sol.:' ton  of many simultaneous 

equations.     Marendra  and  the  author uipd  delay  'lines   to IJentify  the 

characteristics of some ■!nkrr-,.-.rri n-nli';'  ■■•     Mmic  systems.     Although  the 
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feasibility of the above-mentioned methods was  indicated by computer simu- 

lations,  some figures  of merit to judge these schemes,  such as the rate of 

12    13 
convergence of the parameters  to the optimum,  remain untackled.    rfidrow    ' 

has attempted to solve  these problems by defining somu adaptive constants 

and misadjustrr.ent formulas.    His system consists    of d'slay lines and ad- 

justable gains,  and has been acclaimed to perform nearly as the Kalman- 

Bucy filter when perfect a priori information is available.    Under cir- 

cumstances  in which  the a priori  information is not  perfectly known,   it 

:is quite possible that, the performance of such an adaptive fixter could 

exceed that of either a Wiener or a Kalman-Bucy filter.     However, Widrow's 

system requires the  availability of a desired signal to generate the real 

time error function.    Convergence proof of his LMS adaptation algorithm 

(least-mean-square-error algorithm ) was not given,   and the development 

of the  rate  of adaptation was not mathematically rigorous.    Moreover,, 

how to make a  time-varying system adaptive has not been considered. 

1,,^   Outlines of the Report 

A.    Con'ider a random function Q(x|c) where x = I x.,, x0,   ...,  x   ] _i- -     )   i      <; n j 

is a vector o    stationary random process with distrioutior i  Kx).    In an 

attempt to rr.nimize the    criterion 

l(c} = Ex(Q(x(c)) (1I12) 

it is natural to set the gradient of 1(c) to zero, 

^ince  P(x 

Vl(£x = ExjVc Q(xl£)) :- 0 

x) is generally unknown, an algorithm derived from the method 

(1.13) 

i 

i 
of stochastic approximation to obtain c , the optimum value of c, is 
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Algorithm (l.lii) converges with probability or 

] 1 

as well as in mean square 

/im        K 

under tha following conditions 

oo 

ii-i-S* II 

'   j-»- ^ j    "* j=i ^ j     ' ,2 ^ j     'ö j 

B.     inf    E 1 (c - c*)T ^c Q(x|c )]    > 0 

c-c   I    < - > r. 

C.    EiV„T Q,(x|c)yo Q(x|c)j < d(c':'Tc4!  .-  Jc) c       -'-   v c 

r all c and d > 0 

(Uli) 

(1.15) 

(1.16) 

(1.17) 

(Ufi1 

(1, ] 9 

B,     For the tapped delay line  fi.ltor under 'jt.udy,  the  transfer 

function of the  filter is represented by 

N 
MT. H(a>)-   £    c,   e^'k 

k=() 
(1,20; 

and its impulse response is 

h(tH E ■k(()(i-T ) 
k=0 k    K 

(1.21) 

i 
i 

If we attempt to minimize the mean square error 



= E| (d(t) - Z(t) j
2| = E |(d(t) - I ck. x(t-Tk))

2] 
(1.22) 

the optimum values of c is obtained as 

c  = P.„ ^IJ 

where (1.23) 

H  = E 
, RA = E 5 -dn 

U, 

d 
with rj,(t)=x(T-Tk) 

l> j 

i 

i 
i'c is seen that in    (1.23) the values of c  cannot be determined 

unless we have full Knowledge about both signal and noise correlations. 

Substituting  . (1,23) into '  (1.22) we can obtain the ex- 

pression for the minimum mean square error as 

2    A
2
/^        a  T  * e .  = d (t) - ri,.   c 

mm    v     -dh 

= d (t - H,    Rrt  
x R^ 

-dij   - r|    -di 

= d2(t) - z2(t) 

vjhera z   (t) is  the output of the optimum filter. 

The mean square error at any time  for arbitrary values of 

c is 

(1,214) 

'(t) = e .     +  (c - cT    R      (c - c") mm       ^-      -       -fi      -     -  ' 

and the effect of non-optimum setting is bounded by 

2,, 
e   (t) - e   .     < (N+l)    max     I  c.   - c. mm all i 

max M: 

(1.25) 

(1,26) 

i 

i 
g 
i 
i 
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A relationship between the Minimum mean square error and the 

number of delay elements is 

The last term in the right-hand side of   (1.2?) is a functional 

of N, the number of delay elements and the correlation functions. For 

"2 
any known forms of R (T) -nd R {T),  a plot of e . versus N can be con- nw     B

S
 ' "      * min   

2 
structed. It is anticipated that the larger N is, the smaller e , ' mln 

will be. 

C.    Under various practical situations we may not have perfect in- 

formation about both "  (T) and R  (7),    Techniques of adaptation can be s n 

employed to estimate the incomplete a priori information and to make the 

filter adaptive to changing operating conditions. 

From        (1.22) the error gradient without averaging operation 

is obtained as 

Vc Q(xl£) a -2   ( d(t) " 2^)   )>](*) 

so that the desired adaptive algorithm is 

The above algorithm converges if 1.    Q(o) is  strictly conveXj 
2 3 0 2, -^2  exists and is uniformly bounded, 3.. n(t) and n(t) are uniformly 

bounded. 

In        \1.20) the desirud    signal d(t) is used to generate  the 

error function.    This assumption is not so practical when dealing with 

D-;; 



a 
detection problems. If only the noise correlation function is known, we can 

change Eq.. (1.28) to 

£j+1 = £^^?. (^-a.)-2^Rn (l.2o) 

vine re 

i 
*n = (V0)' — Rs V) | 

I 
i 
1 

On :he other hand, if only the signal correlation function is known, ve have 

c.  = c. + 2)f. R - 2Y   z. n, (lo3ü) 

where R^ = tks(
0^ ">  Rs (T r^) 

D,    The other problem that vie have to consider is the rate of adaptation, 

or the rate of convergence^    We want to estimate how fast the gains approach 

their optimum values.    Defining 

EJfVj) (r^l = sV, *   p -1 6      P (1.31) 

w .=>   p   'c   ,    »i   =   p    n   , (1.32) 

and y^? = - J . g-r- for the p      component of   n  , 
P 

we can express the component of    '■■  at any time during the adaptation 

period as a function of the initial '-holer and the  optimum values of    1', i.e., 

»] = -f-k («r -^ + "* (i.33) 

2 
Usinf .   (1.2li) we obtain the difference between e (t) at any time 

, T~ 
and e  .     as 

mm         p 
2        2 >A    .     f±     w?^ 
e.-e.     =■   5-   X    (—t - -?- j 

J        mm      ^    p      J       j {lM 

v-2   .       if, ■if-.T (Küle.in     ^       (c    -c^)1     R       (c 

J j      I I 

i 
i 
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t - ß t (1.38) 

then the method of two time scales can be used to modify the algorithms 

obtained previously. The mean square error is changed to 

e2(t) = E |(d(t) -Z c,  .(t))2) 
1      i=0 ^ 1  / J 

C     N      N    ac.(t) 

m^* } (act) - 2 c, s-yzi^-ir-      (1.3?) 

where T  i.ri the average delay time. Algorithm (1.28) is modified to the 

form 

^i = -v2^ v2VTa a^ä ^o) 

where 

Be,(t) 

The minimum mean sauare error for this case is 

2     2 c 
, n - o min    avl - 

2m2 5 e! ^ -.- PTaJ h R,. - 23V  I  ^n  & (Lia) -do    'avl -  - >] 

2 
where e  . is the minimum mean sauare e::ror of the time-invariant 

o nun 

filters. 

1,5 Research Work ir "rogi 53 

So far preliminary remits have been obtained for a single input 

simgle output filter under very general situations. Practical examples 

for different types of s 'nal, icise and ways of parameter variation are 

being worked out. Tn orcVr to ■• rify the resultSj digit?! cc-itpater simu- 

lation will te conducted. 
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th th 
where X is the p  component of A and vn is the p  component of w.,. 

E. So far w e have asaimed that the whole system is time-invariant 

and the output signals are stationary at least in the wide sense. How- 

ever, son.1« times lor one reation or another, system parameters or signal 

properties may change slowly. One instance of this situation is the 

fluctuation of power levels. Some schemes to adjust the gains under this 

case would be highly desirable. First consider the quasi-stationary 

case where only slow time vsriable is involved. If a time function x(t) 

is delayed by an amount of T and multiplied by c such that 

y(t) - cx(t-T) 

or 

y(t+T) = cx(t) 

which can be written as 

Ly(t) " exit) (1.35) 

L is a linear differentiation operator 

'a   mi 
L = e 

PT  =   Z   IrJ 
i=0 

-       1        ^ d 

37 P   and P B -^: (1.36) 

Let x(t) = e" and y(t) ■=■ z(t,X)e , then z(t,\) can be obtained 

as z (t,\) =» ce 
o ' 

■\t 

if c is a constant, and 
1 AU) . 

i^i11   dr 
(1.37) 

if c is time-varying,    Tho effect of time-vsrying parameter is observed. 

During the trailing period the system is  operated in real  (fast) 

time t.    If at the jame time soTe parameters ni . clurngin?; slc-'^y in slow 

time t such that 
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A very interesting and practical application of adaptive inters 

is the sonar detecting system consisting of many hydrophones steered or 

not steered on target. The output of each hydrophone passes through an 

adaptive filter, and the sum of the filter outputs is squared and averaged 

to indicate the presence or absence of a target. When the input signal 

to noise ratio is small and the levels of signal and noise are the same 

at all hydrophones, the whole system can be adjusted to form a likelihood 

ratio detector. Some features of this detector will be studied with em- 

phasis on adaptive schemes, rate of convergence and detectability for 

stationary and time-varying processes. Performance analysis will be 

carried out with analytic and numerical examples. 
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II. METHODS OF STOCHASTIC APPROXIMATION 

1. Historical Developments 

The methods of stochastic approximation were originally developed by 

Robbins and Monro in 1951.   Their purpose was to find the root of a 

noisy function. The term "stochastic" refers to the random character of 

the experimental errors, while the term "approximation" refers to the con- 

tinued use of past measurements to estimate the approximate position of 

15 the goal. Kiefer and Wolfowitz  adapted the idea of stochastic approxima- 

tion to the problem of finding the maximum of a unimodal function obscured 

by noise, Blumx used the gradient method to extend the above techniques 

17 to multi-dimensional case. Later on Dvorestzky  greatly generalized and 
-i Q 

unified the whole theory and Kesten  derived some formulas to p,pecr) up tho 

rate of convergence in terms of the number of changes in sign before a 

certain stepo 

lo 
2. Basic Considerations 

Stochastic approximation,  much like ordinary successive approximation 

in the absence of experimental error,   involves two basio  considerations  - 

first choosing a promising direction in which to search and selecting the 

distance to travel in that direction.    Picking a search direction is no 

more difficult for stochastic tlia n for determiri'tic approximation^ for 

one simply behaves as if he b,-,;leved the experimental results-,  igncving en- 

tirely the pnssibility of err c.    This means of course that the experimenter 

will move away from his goal vi..^aever he is miE;i '. by the vajcarles of chance 

error.    It    will be seen  thai. „:;ch temporary sei-'",:.ck.r    '.o net. prevent 

D-l- 

i 
i 
i 
i 
i 
i 
i 
i 
i 
i 
i 
i 
i 
i 
i 
i 

i 
i 



ultimate convergence if the step sizes are chosen properly. 

In both stochastic and deterministic schemes, the corrections are made 

progressively small as the search proceeds so that the process will eventually 

converge. To make this convergence rapid, one would like to shrink the step 

size as soeedily as possible. The main difference between stochastic and 

deterministic procedures is in fact the Speed with which the steps can 

be shortened, '//hen noise is totally absent one can reduce the steps very 

rapidly, but when there is danger of an occasional jump in the wrong di- 

rection, shortening the steps too rapidly could make it impossible to 

erase the long-m: effects of a mistake.  In the latter case the process 

would still converge, but to the wrong value. 

2o 
3, The iiethods 

i'lany problems in modern cybernetical systems design can be reduced to 

that of finding the extrema of functions of several variables 

Q(.o, 

where c ° 

,, ..., c ) - Q(c) 

|cl' C2>   "•  cn ] 

(2.1 

Denoting the optimal values of c by c  and assuming that the ex- 

tremum of interest to us is a minimum, we can obtain the solution of 

c = c by setting the gradient cf Q(c) equal to i.e.. 

vuere VQ(c)-p3i.i 3. ia) 

(2.2) 

[J- i; 



Generally a closed-form solution cannot be obtained for   (2»2) so 

iteration methods are required, especially the gradient method. 

The gradient method relates the coordinates of a given point with the 

coordinates of the preceding point and the gradient V Q(c). The algorithm 

for determining c' can be written in the form 

s 
i 
i 
I 
I 

Here Q       determine 5 the pitch of the algorithm and generally depends ™ 
J 

I 
i 
1 

(2.1;) I 

I 
[l,  0,   ...,  O)    en= |o,  0,   ...,.  ih (2,5) 

The corresponding algorithm is then 

rQ.(L  a ) - Q (c  a ) ) &) 
c . = c. -y-j-     j  ^ ,.  ^ L' (2.6) | 

In the above we assur.^d bh       Q(c)    is a detc  -.inis-ic function.    If K] 

we consider a random function    Q.fxlc), where    x ■--■). x, ::„,   ..., x   1   is 

a vector of ctaticnary r? ndom ,,   -cesses with disu-ibut-1: i    p (x),  it is j  j 

natural to attemct to find the   ■ •.trema  of  iha mat. .r.atJ.. .\1 expoctatio."! 

I 
| 

on the index of the step and the function itself. 

When    Q(c)   is not given analytically or is not differentiable,  the 

gradient \7Q(c )    can be approximately determined with the formula 

Q+(c,  a) - Qjc,  a) 
— 

where 

Q+(cJ  a) =!Q(c + a^),   ...,  Q(c t ae^) I 

and    e.     denotes the base vectors 
i 

h 



I(£)-J      Q(x|c) p(x) dx « E   [Q(X|C)|. (2.7) 
J 

The condition for deöermining the optimal value    c n c      is of the form 

V 1(c) = EJV O(xlc)] = 0 (2.8) 
1 ) 

We can apply the algorithriG (2,3) and (2.6) to    (2.8) and functional 

(2.7) only when the a priori distribution P(x) is known and, consequently, 

the mathematical expectation (2.7) can be determined beforehand.  Fre- 

quently, however, the probability density function p(x) is unknown. 

Nonetheless, the optimal vector c = c  can still be determined by 

applying the gradient method using \7 Q(x'c) instead of E)\7 Q(x[c)(, 
c - - j c - - j 

This is the advantage of using the method of stochastic approximat Ion. 

V/ith this method the algorithms for determining c -^ c  can be written 

in the form 

c. . * c. -Y.y Q(x,|c.) (2,o) 

if    Q(x|£) is analytic and differentiable,  and 

T.i ( c    ,   - c . - U- ; Q  (x .1 c .,  a . ) - J   (x.je .,  a .)] 
-ji      -J      23^1    »- -j1-,]'     j;        - -j'-.V     J   I 

if    VQ(x|c)    doc:;  not exist. 

(2.10) 

Algorithm (2,9) is a multivariate  form of the Robbins-Momo procedure, 

while algorithm (2.10) i;5 a muitii iriate form of vv Kiefer-Wolfowitz 

scheme.    The analogy between detcrministiu  and slochastic  ?lgc.'Lthma  is 

apparent.     It should be enphas.''7.ed however,   that     ■.icha- , Lc algorithms deal 

with stationary random variablen which may cental:  ranacn noise in a Ui- 

tion to the useful signal.    The convergence properties of the above al- 

gorithms will be  consider"!  ir  the  'ipyl   -ection. 
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lu Convergence Property ea 

In this section the conditions under which the above-mentioned al- 

gorithms converge will be described. Since mean square error is used in 

this report as the only performance criterion Q(x|c) is analytic and differ- fi 

entiable, and we therefore need to consider only algorithm ('.9). 

such that 

> 0 for c > c 

(A3) 
3=1 

CAli)      tf. > 0 {2.13d) 
J 

e<jl c - c^ll <-- e > 0 
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Let c ' satisfy the equation I 

EJVc Q(x|c)] ■=> 0 (2.11) 

Eiy Q(x(c)( is a set of real measurable functions of real variables c i 
8 

Eta   Q(x|c)  /<0 for c < c* (2.12) g 

\ a 0 for £ = c 

where    c > c'>>    means    c.  > c      for all    i, ; j 

Theorem: Let'X'^j'X'p^   •••  be a sequence of positive numbers such that 

(Al)       l'> Tl =■ 0 (2.13a) I 

(A2)       I y. = " (2.13b) I 
j=l ' w 

f ^2 <» (2.13c) H 

i 

i Let the following conditions be satisfied 

09)       inf   EJ (c - c*)TVP Q(x|c)] >0 B 

i 
i 
i 
i 



(C )    zh   T Q (x| r ) Vc Q (xl£) 1 < d( A f cTc ) (2.15 ) 

for ail c in a bounded set 

and d > 0 

Then the sequence c. defined by (2,0) converges with probability one to 

* 21 
c . 

Proof:  Subtracting both sides of Eq, (2.9) by c  we have 

c . ., - c " c , - c 
-j+1  -   -j  - 

where, for simplicity, 0 = Q(x|c) 

Squaring Eq. (2.16) 

1 -m 

(c. .  - c*)T  (c.  ,-c*) =  (c  - a")7  (c.  - c"') 

J J 

(2.16) 

+ ^
2
V

T
QVQ 

J 

and taking the conditional mathematical expectation for given    a.,   Cp,   .v.. 

c.,  we obtain -r 

E  1 lie. n 2.1 > —2'   "">> £n 

c. - </||2 - 2^. EJ(c. - c*)T  (VQ)) 
,J 

^
2
E{V

T
OV 

j    i 

(2.17) 

From condition    {Q), '.        (2,1?) becomes 

E{ |U3+1 - i\\ %, s;' ? lUj - £*ii2 - % ?\% - £*)T^Q) 
(2.18) 

i)-l. 



Using condition (B), (2.18) is reduced to 

E/||c.+1-c *ii2 
C™ j      o o t }      C _      I 

J   i 

^ lUj -£f||2 a+K2id)+ 2^d£T^ 
(2.18a) 

h.2 Let    Z    =   ||o    -c^ll' TT    (1+^ d) 
k"j 

I     2drS/c*    I     (l^!d) 
(2.19) 

k=j mak+l 

Then   Z.+1=||c       -cV    Ä     d^^d) 
k°j+l 

+   t   2dy2 cT/ TT    {i+r2
md) 

k^j+l        "''' m"k+l 

(2 „20) 

Taking the conditional mathematical expectation for given    c ,  £„,   „o., 

c..  we have 

E   I !o*l iHl'  -' S) ) ■ E jlKnl - ill2 ISl-Sj) ^ K d) 

+  I   MV; cT c* 7C   (i+^m d) 
k=3+l m^k+l 

lc. - c^|| 2(l+d^) + 2^ dcV i   X     (l+^d) 

+   £    2d^ £T £*  7C    d^ d) 
k=Ttl       K m=k+l 

« Z . 

or    E j Z . -, | c       ...,  cA   \   < Z . 
S -J+l | -1, j       ~3 

(2.21) 

9 
i 
i 
i 
i 
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i Next taking the conditional mathematical expectation for given    Z,,   ..„, 

Z ,    on both sides of (2,21), vie have 

E)Z.nZn,   ...,Z.l   <Z 
-0+1   -1' ' -3 {      -J 

Since     z 
j 

f (£.1 '£-2 • " ' '-1 ^ 

(2.22) 

Inequality (2.22) shows that Z. is a semimartingale, where 
J 

E Z ...< E Z .<,,.< E Z, < 
-G+l ~     -3 "  -1 

(2.23) 

22 
so that, according to the theory of semimartingales '  the sequence Z 

converges with probability one, and hence by virture of Eq. (2.19) and 

(2.13c) the sequence (c . - c ) also converges with probability one to 

some random number f. It remains to show that P K = 0) D 1„ It is 

seen that frcm    (2,23), (2,.19) and (2.13c) the ssquence E(c . ~c ) 

is bounded. Wow taking the mathematical expectation on both sides of the 

inequality (2.18), 

Mll%+1 
■«•,,2 

[ll-j  - 11 j    h       ) - 

^j^c c +Mc. c.)J 

. - ^)TVQ 

and adding the first j inequalities together^ we have by deduction 

c. .. - c 
-J+l  - 

Cl-C 

"f 2rkE((c .c*)TVQ] 
k=l  K  I ^       j 

|    c. - c   ||   (    is bounded nnd condition  (2.13c) is fulfilled. 

(2.2U) 

Since E 

from  '. (2.21;) it follows that 
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SV   2 f(c. -c'f)TVQJ<- (2.25) 

oo 

Using condition (?.".3b),  i.e.,    X   0 • 0 ^    and noting Eq.   {2.1k) 

c < He  ... c    11  •■-. ! 

inf E)(c-£rVQ}>0 

E 

We deduce from    (2,2^) that 

i 
i 
i 
i 
I 

(c - cr) \7Q |—>0 with probability one for some sequence Nc 

(2„26) | 

,<ing    E/ lie. - c" l|   {-}■   c   vjith probability 1, and comparing sn 

i 

i 

Nox^ tal- 

(2,26) with "  (2.lU)'we obtain 

- = 0 with probability 1 (2.2?) 

Therefore, algorithm (2„9) converges with probability one 

P . Ijm (c. - c*) = 0 ^ - 1 (2.28 

as well as in mean square sense, i(e,. 

'^EJH^ -£;"||2l -0 (2'29) 

5, Geometrical Significances of the Conditions for Convergence 

In the last section we mentioned several restrictions imposed on the 

properties of the sequence \'Y'-[,   ...,)r'.] as well as on the behavior of 

the function SJ Q(x|c). These conditions not only guarantee the convergence 

23 
of the algorithms but also possess certain geometrical meanings „ 
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A. Q   . > 0, This is to assure that the corrections, on the average, 

are to be made in the right directions. 

B. (jTr^-O as 3-^a,, This is to assure that c. calculated from 
J J 

algorithm (2.9) will converge on some specific value.    Suppose we let the 

weceuved  error gradient, be   ^ Q(xic)    and the real gradient be    E/ \j Q(xl_c)L 

Normally there is random noise in measurement 

VcQ(xic) = EJVcQ(x\c)j + |. 

j  = 1,   2,   ... 

Thus y Q(xlc.) i 0 even if c. => c r For c. to converge on any value c   —ZI  ' —J —,1 

at all, the condition 'X'-->0 as j-t« must be satisfied. 

It is seen that the method of stochastic approximation is extremely 

noise resistant. Random independent additive noise "*> . is eliminated 

and does not affect the final results. 
00    « -1=00   _ 
__     2 ^-r- 2 

C. 2. ^ • "^ °° 0T     L^ A~^rj    A3    J-?™*    This condition is to 
j=l a        j=J ^ 

account for the accumulative effect of 9 ...    One application of this con- 

dition has been seen in the last section. When random noise v . is 
r    J 

added at each iteration step, algorithm (2,5) becomes 

c . _ - c . 
-3+1  -J ^Vc^lH'^fj (2,30) 

Summing the above equation from j = J upward gives 

J     i=J  J i-^.T  -1 X J 
(2.31) 
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(2.31) expresst.r.. Vne total variation in c from the Jth step onward. 

Since 

J=J J    ^       7  j J J 

co i ■" 2 

/L ^T .-^ 0    assures that the total random variation:   /L  }f .f . ) 

approaches  zero as  J becomes very large. 
CO 

D, ^" y^co- The above conditions assure that c. converges 
n=l ^ «> " 

on seme value c .  >_ 0 rT1-^ assures that c ^ c'.  Since this condition 

"Jf .-t00, if c . approaches any value other than c , the 
j=J 3    - "^ 

total correction effect ^Q-SJ  Q(x|c) is infinite. On the other hand, 
J=J 3 C 

we have no fear of overshoot because each step is very small as (f'.—^-O 

when j-^^r Conditions Ä-D state that the rate with which V"  de- 

creases must be such that, on the one hand, the variance of performance 

index vanishes, and on the other hand, the variation in X".    over the 

vaiiation period is large enough for the law of large numbers to hold. i 
i 
i 
0 
I 

Ex|Vc
TC(x|c)VcQ(x|o)j | 

I 
i 
I 
i 

E. inr
r 1    : / (c - c*)T 70Q(xlc) j    > 0 for  e > 0. 

e < ||c - c " i|  < -      I -    "   '"  ) 

This conditioi. detendnes  the behavior of the surface    E   I \7   Q(x(c)l    ■= 0 x|    c      --  | 

close  to the root and,   consequently,  the sign of the increments of    c.„ 
J 

Actually, if the error criterion does have a unique minimum, the above con- 

dition is generally satisfied, 

F. 1' (V T Q(x|c.)V    Q(xlc)\    < d(c'iTc* + cTc) for d > 0,, |    c _ _        c       -        j 

This condition requires  that the mathematical expectation of the quadratic 

forms 

increase,   as    c    increases,  no faster  than a quadratic paraboloid. 
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III.    TAPPED DE! M LINE FILTERS 

1.    Optimum Tapped Delay Line Filters 

Linear filters can be continuous or discrete.    The optimim Linear filter 

developed by Wiener has the form of Eq,   (1.5) 

H (ID)    may be either physical realizable or not.     If it is   phvsically 

realizable,  then standard techniques in network  theories  can be applied 

to obtain    H ( u))conflistinp   of RLG elements with or without transformers.'1 

Another method of synthesizing a continuous linear filter of arbitrary trana- 

ferfunction  (and,  hence,   impulse response) is to represent it as an infinite 

linear combination of filters 

H("j = X    G.   F.   ( •)) (3.2 1 
i=l    "■     L 

where the functions F. ( J are independent and together form a complete 

set. While an infinite sum is necessary to reproduce exactly the optimum 

filter response h(t), in practice it might ''■ more useful to find the 

best filter which can to  constructed from a finite number K of such 

independent cemponentö. 

One particular type of .   (3.2) but discrete in nature is the tappea 

delay line filter. This filter consists of a lapped delay line, or 

equivalent, with adjustable weights at each tap.  In this case 

HCuO = Z    ^ e" l''Tk (3,3) 
k=0 K 

and the impulse response is 

h(t) -  y   C.J)   (t-T. ) Och) 

k°0 

where    T« IcT,  T    is the  delay increment between delay line taps,   G      is 



the weight at the kth tap on the filter, and 6 is the Dirac delta function. 

The configuration of such a filter is shown in Fig. 2.  D  denotes a delay of 

T.     In time. 1 

8(t) 

signal 
xU) 

^Hrra 
I 

noise 

C 
n o 

O .'-N —o 
O J7)-^1--' 

i11» YoN..- / 

Fig. 2 Tapped Delay Line Filter 

The signal n.  obtained at a point after the delay element D  is of coure 

j-t 
ni(t) =   X(T) li1(t-r)dt 

X(T) 6 (t- -Tjdr = x(t-T.) 
J i i 

(3.5) 

The weight«?  C *(1 = 1,2,...,M which optimize any performance criterion may 

be found by using standard techniques such as calculus of variation or by setting 

the partial de;ivatives of the performance criterion with respect to the adjust- 

2 
able galr; to zero. Moan squared error criterion E{[d(t) - z(t)] } is used here 

because it is simple to use as any and most configurations are not very sensitive 

to error criterion 

A.  Frequency acmain optimization using calculus of variations. 

We art Interested in a^tertMln^ng U(ui)  minimizing 

F = E {[d(t) - z(t)]2} = d2(t) + z2(t) - 2R, (o) 
dz 

i 
i 

(3.6) 

Each   t^rm of (3.6) can be related to  H'JI)  by means of frequency integral. 

n-_'i; 

i 
I 

i 



Since the filter output is 

2(t) 
N 

kio   Ck\(t) (3.7) 

and its spectral density function is 

N   N N   N 

IK       .    . 

N   N 
4(0))  E   L      CzCk  c 

£»0 k=0  " K 

-jüj(£-k)T (3.8) 

the second term in (3.6) z (t), is given by 

N   N 
I 

i=0 
Z (t)  = ^r—- ,   (u))dü) = £   E CC,", -r— '     - ~  ^    k=0 ^ k 2.  J * (ai) e 

-jw(£-k)T 

The  third  term is 

dw 

(3.9) 

Rdz(o)   "  E       d(t)   Z(t)       = — 
"dz 

(w) dw 

I 
k«0 

r    ,   ,  ^)d(.: 
dnk 

(3.10) 

and  finall' 

H2r-. -    1 
; ,(u))( (3.11) 

Combining   (3.9),   (3.10)   and   (3.11),  we  obtain 

r 
F = e  (L 

:==0     k :    k       '   2T. :o.-(e-kr 
dw 

N 1 ■2    E    C.     ~ 
£=0     k     21T 

,   .   jw^T,   , 1 
!*;d(uj)eJ        duj]     + ~ (Ji   (w)du (3.12) 
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The frequency integrals are simply correlation functions; that iSj 

and 

Mow let 

27f 

Ck = ck +  ^ k' k a 0' 1'   •••, N 

(3.13) 

O.ik) 

where    c      is the optimum and fo,     is an arbitrary constant.    For    c, 

optimum, F(£) must now have a minimum at    e a 0,    Or 

N        N 
dF 
de 

e= 0     ic=.o   l =0 

^     Rdx UT)L 

^ .   N 

2 =0    k=0 

for any and all A   .    Therefore 

N 

2l(Z      c«  Rx^)-Rdx^))^ = 0 

X    anRx^~k) ~ Rdx ^T)        for  i'3 0'  ^   '••' N-     ^'^ 
k=0  **■ 

In matrix form 

s C       >=■ (Bd.) 
T   -1 

(R    )      RJ 

where 

^       ^ 

(3.16) 

(3.17) 
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and 

1 '     ^} 

(3.16) 

B.     Direct Differentiation 
N 

Since I 
T. 

e(t) = d(t) - ^    c.r] .(t) = d(t) -  fl       c 

i=.0       ' I 5 

e   (t) = d  (t) ~ 2d «  L   c    - c ■■   ^     ^       c 

Taking the Kiathermtical expectation,  we  have 

G^t) =■ d2(t) - 2d   11   ,r    c    +   'c T    R, (3.19) 

'ik- 
Let VCQ = 

Q 

bmce \n cT R. c'l   ^ - ^ c        Rn      c '    =    R c      +    R„ 

1    )   "1 
together with R 

I       1 
The gradient of    e      is 

Vc e2 = -2  d ^   +  2    K    T (3o20) 

For    e      to be minimum,  we set   SJ    e    ° 0. 
' c 
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T -1 Then     c* =  (R    )      R, same    as  obtained above. 

C,,    Derivation from Wiener Filter. 

Another derivation of      c in be obtained directly fron   the Wiener 

filter.     From (1.5),  the optimum linear filter for additive noise is 

(3.21) 

Setting      c    =    c'       in Eq.   (3.3) and combining with Eq.   (3.2) give 

T 

N 

k=0 

.juo 
„jut 

_1wnt 
•^e  ■       / 

or §J^ 
e„jut 
e~ 

ke / 
( &^- (3o22) 

hultiplying both, sides of I.3.22) by   (e*"^ = (^e^0.,^ ^'^ J 

and integrating from    -00    to +"j  we  obtain 

(3o23) 

Comparing    (3.-23) with    J.l1?), we see that they are identical, 

20 Minimum iiean Square mirror and Effect of Hon-optimum Settingsc 

A,  Expressions of mean square error. 

The minimum mean square erroi of the tapped delay line filter is 

D-3i) 



obtained by substituting the expression of the optimum filter irto e . 

Using ^ c > 
1 -U;)" -El (3.16) 

we have 

or 

or 

2 "X, v  „ 7  T 4.     •« T D   « e___.__ = d (tj - 2 d r,  c  + £   ?i7 'S- mxn 

d2 (t) - 2 d r. T R T ■"1 

+ d r, R„ x    R„  R„  ■1 d 

d (t) - R,    R,/    RH 

= d t) - R, i c 

"1 
cl2(t) -?(tT 

(3.2^) 

(3.2Ub) 

(3o2Uc) 

where  z (t) is the output of the optimmn filter» 

In terns of e . , e (t) can be expressed as follows: 
man' 

2 2 ■T T 
From e   (t) = d  (t) - 2d, n       c    +    c        R        c (3.15) 

Using Eq.   (3.16) and (3.2[ib)j  the mean    square error is then expressed as 

e2(t) = d (t) - 2d n'1'    c    +   yT    R        c 

2 -       i       ---        „ . -    T   - ■    ,T „ e  .    4- d n        c      -2a>7        c    +    c      nn mm - j r| 

2 usT  ., 
6   . +     G ri^ 

mm        -        - h 

-7—       ,     -T e :    '    r1        - 
nun 

-;t T 
9    +    c     LV,     5. 

( P    -    c '   ) (3.25) 
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B. Effect on Minimum wean Square Error due to Non-optimum Settings, 

From    (3.25) the difference in mean square error due to non-optimum 

values of [ c 1 is 

A  F = e2(t) - e2^  = ( c T - c* T) B„ ^ c - c" ) (3.26) 

Let c. = c." +X . 
i   i 01 

then 

<(N+l)2max 11,1  max I n ^ i (3o27) 
all il ^ H  i,o! (xf(J | 

Thus, the error due to non-optimum settings is bounded if the deviations 

of the weights and the input correlation functions are bounded. Note 

that for delay lint filters max | ft ,, y7 ., | = R_(0) = l^0) + ^ (0^0 bers    max I n . vo . 

Co    Relationship b^.ween the minimum mean square error and the number 

of time delay elements used in the filter. 

From (3,2lta) it is dean that 

e2.     = d2(t) -    R     'T    ^   ^    R, 
mm -'In rl -df in rt -dn 

Taking the case d(t) = s(t) and noting that 

d{T,)n±^)  = s(tj x(t-TiJ 

- s(t)C s(x,-Ti) + n(t-ii)j 

s(o) sU-f7) = Rs(Ti)J 

IX« 



we have 

e .  = R (o) -TR (o) R (Tn )-R (T f] min   s    k s    si  svn^ 

where R (T.) = R (T.) + R (T. ) 

R (o) R (T ) xv '     x^ n' LRS^ 

R (T, ) R (o) R (T J xv 1' xv ' xx n-1 

R (T )  R (o) 1^ xv n xv ' 

R^T,) 

R (T ) 
s 

(3o2l4d) 

The last term in the right hand side of (3.2Ud) is a functional of N, 

the number of delay line elements, and the correlation functions. For 

any given forms or values of R (T. ) a plot of e .  versus N can be 
x   i r mm 

constructed.    It is anticipated that the larger    N    is the smaller    e  . 

will be» 

3,. Adaptive Tapped Delay Line Filters 

The above discur ., 's presented a means of detennining the optimum 

values of the gains r  yided that the statistical properties of both the 

desired signal and the n&ise are known0 Unfortunately, in practice, it 

is not always possible to know all this information very accurately. 

If only the filter input and output are available and nothing else, no 

systematic procedures evi be found to adjust the gains/ However, if we 

know something about trie system, then we can develop seme algorithms to 

make the filter optimum. It will be shown that if a desired signal is 

available, or correlation functions of the desired signal, or (not and) 

correlation fimctions of the noise can be estimated within acceptable 

accuracy, the methods of stochastic approximation can be employed to make 

the filter adaptive to changing operating conditions. These changes may 

be due to variation in the input signal or the internal structure of the 

filter, .idaptation is acco'.pliF-bed by obj^rvation of the -eaction of the 
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filter to an external signal or to an internal variat-ion with subsequent 

goal-directed variation of the filter parameters so as to minimize some 

quality criterion. 

The quality criterion may bi   represented in the form of the mathematical 

expectation of seme strictly convex (not necessarily quadratic) function 

of the deviation of the output variation from the desired function. 

For    simnlicity we shall use the mean squared criterion.    Thus, 

I   (c) = E[Q(d(t) - z(t)K   with Q(e)  = e2 (3.28) 

For the tapped delay line filter shown schematically in Fig. 2,  we know, 

x(t) = s(t) + n(t) (1.1) 

It is assumed here that these functions are  stationary random processes. 

The desired function is t ic function obtained by applying an arbitrary 

operation on    s(t).    This operator may be a differential operator,  in- 

tegral operator,  predictor,  etc.     It can even be  a unity operator such 

that    d(t) = s(t)0      e shall first of all consider    the case where    d(t) 

is available.    Those    cases for which signal or noise  correlation functions 

are  known will  be treated in a later section-    They will  turn out   to be 

slight  modification of  the  first  case.     Nonstationary or  time varying  systems 

will  be  ronpidered  subsequently. 

For   the   first  case 

1(c) = E   fQ(d(t) -   z(t))| (3.29) 

N N ' 

since z(t) =   X      cknk(t) =   Z     \  x(t-kT) 

k=0 ' k=0 
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i 
we have 

1(c) = E JQ(f,.(t) -J      ckflk(t))] 
1 k=0 1 ) 

(     Q (d(t) - ^ \rjkM) ?M fcc 

(3.30) 

k=0 

Since    P(x)    is generally unknown,  algorithm  (2.9) will   be used.    For 
2 

Q(e ) a e   (t),     we  see   that 

VcQ(x|c) = 2eVce 

But 

Vce=Vc  (d(t)-   I     ckrjk(t)) 

k=0 

therefore 

f ae2 

öco 

\ 

. 2 
öe 

Uck / 

2(d(t) -X   c   w   (t)) 

k=0 t 

and the desired algorithm is 

.      = c . + 2)f. e.   n . (3.31) 

This is precisely the LMS algirithmAUsed by Widrow ' derived from in- 

tuitive reasoning rather than from rigorous mathematical proofs. 

It would be desirable an i instructive to give some physical Inter- 

pretations of the condition:; under which algorithm (3.31) converges. 
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Algorithm  (2.9) 

c. .  -= c. -X'-V   Q(x.lc.) (2.9) 

converges if the following conditions are satisfied: 

(a) um vo, irrm' ^^j" 
j=i 

(b) inf    ^   1 

in the neighborhood of    c 

E MH " £ )   7c Q^l£)     > 0 

(2.13) 

(2.11t) 

c   >  0 

(c)    .J V T Q(xlr)   \7    Q(xlc)( < d(c*V +  cTc). (2.15) 

The choice of Y'.    which satisfies  (a) is rather at our own disposal. 
J 

•3 

For example,   Y*. = -r-r-    with a,  b > 0    will definitely fulfill the re- 

quirement of  (a).    The remaining conditions depend on  the surface of the 

error gradient,  wnlc1'' in turn depends on the choice of error criterion and 

the ohysical system under consideration^ 

Condition  (b) is satisfied as lone ^ the function    ^(e)    is strictly 

convex.     Since    Q(e)    has a minimum at    c = c"y   it is evident that 

•P    > 0 for c.   > c! 3c. i i 
i 

° 0 for c.   = c. 
i i 

" 0 for c.   - c." 
i i 

(3,32) 

0,   1,  2, .  N 

Consequently (c. - c' ) —^      > 0 for all i 
i   i  8c. 

i 
i 
i 

i 
i 

i 
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an: inf    „       T      E|(C - c*)TV   Q(x|c)j    >0 

£    >    0 

Condition  (c) is  satisf"ied if 

(a) aQ exists and is uniformly bounded. 
äe2 

(b) s(t) and n(t) are uniformly bounded. 

Using a Taylor expansion about    c ^ c ^  we have 

N 
aQ(c) 
Be. 

] 

0  + 
I    {C1      "i'    dc.dc. 
1=0 i     J 

(3,33) 
c=c 

for arbitrary    j,  with    j  = 0,   1,  2,   ,.,,  N. 

For the tapped delay line filter with mean square error criterion 

N 

Therefore, 
)(e) - Q   (d(t) - J    c.^ .(t)) 

1=0 

aQ(e)      __      dQ 
ac.      '     ae   (-W.(t)) 

a2Q(e)   =   3^Q 
3c.ac. 

i    j Be 
I V^: (t 

r..jh) 

(3,35) 

By definition 

1 . (t) =   xCt-T. ) = s(t-T. )  *   n(t-T. (3.36) 

It  is evident   that -,  ^~-     is bounded if ccnditiom;   (a) and  (b) 
i   .i 

are satisliod. 
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Therefore, 

vc Q(X|C:   < ^ j (c.-c^) 
i=0 

(3.37) 

where    kn   = k      .? . 1 all i 
B2Q(c)| 

9c.8c , i 

Taking   bhe  inner product and mathematical  expectation on each  side of   (3.37) 

T „- 
gives E/Vc    Q(£|c)   \7C Q(xlc) 

N 

<i< y (c,-c#)2 <k;y (c^ + of) 

i=0 i=0 

,, -«-T -^       T   > 
a(c    c    +  c c) 

0,38) 

In practice conditions   (a)    and  (b) ai^  easily satisfied.    Thus the 

methods of stochastic approxiraation can be employed in a variety of 

adaptive processcUa 

D-38 
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IV.   Adaptive Schemes and Rate of Convergence 

1.   Adaptive Schemes 

A. An algorithm has been presented to adjust the gains in the tapped delay 

line filter. If the desired signal is available to generate the error gradient, 

the adaptive scheme is given by 

-j+l   ^.Cj +   2 Tj   e^j    ^  , (4.1 ) 

with       e (t )   = d (t ) - 

The scheme is shown below 

i J 

N 

^      Ck)?k(t) 

k^ 0      k   ' K 

zii):(^ e(i^ 
AC. 

( 4.2 

du: 

The complete adaptive system is shown in Fig. 3 

5ri)7QX(t) 

n(t) 

■■^^V- 
dd) 

Fig.  ■1.    Adaptive :."?t--m with   d(t)   available 

n   'M 



B.   When  d(t )   is not available but the statistical properties of the noise 

are known algorithm is modified as follows. 

Using   s(t)=x(t)-n(t)   in the expression of error criterion we 

have 

I (c )   =  E J Q(e )]     =  E   j   (s(t )-   z(t )) 

r s   . .21 / 
E f (x{t )- n(t )- z(t )]  2) 

-  E   i(x(t )-  z(t ))    2;     +     E   [ n2(t )l 

- 2 E |   n(t ) f x(t )- z(t ))j 

Since 

x(t )   =  s(t ) +   n(t ) 

k= 0        ' k-u 

N 

k=0 •    / 

and E   | s(t )   n( t ) | =  0 

Eq.  ( 4.3 ) becomes 

I (c ) =  E Ux(i ) - z(t ))     1   +   E   [ n^t )l 

2   E   [ n2(t ) |   +   2 E   f   n(t )     J      ck n ( t - Tk ) ] 

E j fxd )- z(t )")     j    - E  ( n   (t )? 

+ 2 E      i       c,   n(t ) n   t-T.   ) 
k-0     k k    j 

r       ' 2-) ^ N 
E     fx(t)-z(t)) -Rn(o) + 2    Z     ckRn(Tk) 

(4.3 ) 

(4.4 ) 

where  R   ( T,   ) is the noise correlation function. 
and e .pal to a (t) 

In comparing the algorithm used for the case when   d (t )   is available,/if 

s( t ) is replaced by x( t ) , we would adjust the gains   c    to minimize the 
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first term on the right hand side of (k.h),  i.e., to solve the equation 

grad E ', ,x(t) - z(t)v '  =0 

Now consider the rest of the right-hand side of {k.h).    The second term 

is independent of C, and the entries R (T ) appearing in the third term — n    K 

are known.    We wish to minimize  tro sum of the three terms,  i.e.,  find the 

solution N 
grad E ■■ ix(t) - z(tr     ',  + grad 2    ^    C^i'^) = 0 

k=0 

At this point we shall use a modified algorithm whose  convergence properties 

and proofs are found at Appendix A.    It is shown that if we let Q = Q    + Qp, 

the    algorithm 
(u.^: 

also converges in the same sense and under the same physical conditions as 

algorithm (2,9) for t" J tapped delay line filters. 

In (U.3) we can set 

Q1 = [ x(t) - z(t)] 2 

Q0 = .-^(t) - 2n(t) [x(h) - z(t)] 

But 

and 

Q ' - R (0) + 2 r  C, R (T, ) 
k=0 k nx k 

0„ = 2R = 2[ R (0) R (T) ... R (NT)' 2   -n     n    n ■      n (Ü.6) 

Thus, algorithm (I4.I) is modified to 

C . n - C. - Y. 1"  x(t) - z(t) 2 ■-■ 2R ]T 
-.1*1  -.1   i      0 -nJ 

C + 2Y , n.(x - z . ) - 2Y.R (U.7) 

The adaptive scherr:  is shc.-m below  ".:-,■'  M.o '/hole system is drawn in Fig,  I4, 

z t) 

T 

x(t) 

VT" 

*,h' 
( -•> f c 
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MiWlll, 

nrt) 

Fig. 4.   Adaptive system with known noise statistics 

C,    Now we shall consider the case when the statistical properties of the 

signal are known. 

Since 

I (c ) =  E   S (s(t ) - Z(t ))     } 

=  E   J sz(t )(- 2   E   }s(t )   z(t)]   + E   {z2{t )/ 

=   E   ^ s {t)\    -2E|  s(t )     rn   ck (s(t-Tk) + n{t-Ty)] 

fE(lo   i?o   Cic^i(t)^(t)j 
Rs(0)-kr02ckRs(Ik)+R|.ro     i^c.c^^.)^^)!        (4.8) 

) 

We c ■- sst 
C^ = + zc{t) 

Q2 = s-(t) - 2s(t) z(t) 

{h.9) 
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Following the Scime procedure as belore, we have in this case an algorithm 

(4.11 ) 

the scheme for Eq. (4.11 ) is then 

Ml *&- 

■T 
^O >AC 

\(±)        ?5(T,') 

while the whole system is shown in Fiy. 5. 

l(lWäI 

fid) 

c°dL-*c0 

Fig, 5.   Ac'aptive system with known signal statistics. 

In the above schemes no distinction between continuous and discrete 

processes has bten made because their connection is obvious.    In ti F 

discrete case we can set   o  ■ =    ~   while its continuous counterpart is 

rl 26 
( t )   =    r-    .   Theorems concerning the choice of % ( t )   already exist^ 

and are not discussed here. 
0- : 



2.   Rate of converger.ro 

Having found an algorithm which converges, we shall investigate how fast 

it converges .   In other words, we would like to know the mean square error at 

each stage during the adaptation period. 

From (4.1) 

cj,   =  c+2")f)?      e 

and using the expression 

N        •        i 
e,  =  d   - z   =  d   -     y     c,1   17 

J j        ito    Mi M J 

=  d 
^ J    'i 

we get the corresponding matrix form 

T 

1 c =    c      -If 

= (i - ^r. I-1> 
T 

c    ,  + 2 y    _d      , 

+    2 V     c   ■, 
J ^  j ■ J 

(4.12) 

'.'aking the mathematical expectation of Eg.  ( 4.12 ) and diagonizing the 

matrix     E \h 'h such that 

A 1' Üif -1 "  - 
where      _P     is an orthon^rmal matrix, and   /\ 

matrix, we obtain 

f Ao o   ^ 
is the eigenvalue 

M' 

J + l 
= (i-2r   Bh  ) c 2r. ^ 

i i % 

=      (   1   -    2   ^ P A f     )     £     J       +       2   T;     ^      I? (4.13 ) 

Altho 

nV:  ..-OIMG ■'P.X-V.S 
In the abov?'we assumed that   c    is statistically independent of   jl 

ugh   c   can not affect (7     in any manner, the increment of   c   at each 

L)-N 

i 
i 
i 
I 
i 
! 

i 
i 

i 
i 
e 
i 
i 

i 
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stage is, however, related to n by (h.l). Since the increment Is generally- 

very small and the total effect involve." addition of a large r^-nbcr r-f ynull 

increiTients, we can assume Jn. acn   in a manner similar to that used in the 

analysis of phase-locked loops* 

Let us define 

W = p C,   n' a Z n ^,-l[,) 

then (li.13) becomes 

wj+1 = (1 - 2Y . A) Wj + 2yi   "d^j" ih.lS) 

Since     dip ^ R C  as seen from (3 16), we have 

(U.16) 

Now consider any particular con.lonent w of H and for clari fy no 

subscript or supuscript indicating the component is used. Then 

W. ., - l/ = (1 - 2Y. X)(W.. W'') 
Ü+1       v     j    -■    y (li.iy; 

Using Eq,(U.17,  recursively giv.s 

tr     (l _ 2y . \) + W (-'- W*) 
k=] 

(14.18) 

Viterbi,  A,J,,   Principle:;  of Cone: 
Mew Ycrk,   1966. 

;mmunicat 'aw Hill  Book Co. 
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We shall now find  w. 

T From (A.l) and taking the product of c_   and £ , we obtain 

%i Vi = % + 2^ ej iij) (^T + ^ &i ^ 

T  ,  .     .    T  .      T. , ,  2  2     T 
= cj  cj  + 2Yj ^ (c^ rv,  + .1, ^ ) + AYj  e^ ^ ^ 

Since 

ej(£J^T+ ^^^ 

= (d - n. c ) (c, n, + n, c ) 

^J ¥/ + 'j^^j' 

T     T T     T 

N0te   A B T + B A 
T = MA B T}S 

where s denotes the symmetrical part of a matrix.  For example, if 

(4.19) 

r 
all a12 

a21 a22 

then 

s    2 (311 + ^     2   (a12 + a213 
A =  1 1 

2 (a21 + a12)  2 (a22 + a22) 

we have 

ej (£j ^J1  + -J -CdT) 

2('R c* c/' 
.1    J 

2; R (c* - c.) c. 

^ s 

(4.20) 

D-l (J 
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Taking mathematical expectation on both side of (4.19 and using (4.20) yield 

■=j+i -j+i  ^j ^     j ~n -  T ^ 

,,22    T + 4Y   e  ji rj  eJ ^^ 
(4.21) 

For large j  , the following approximation can be made 

2j   ^V 
2        T 
min -^ -y 

e  .  R 
min —n 

(4.22) 

(4.22) can be viewed as a Taylor series expansion around the optimum point 

and with higher order terms neglected for large j 

Therefore, (4.21) becomes 

is 
. , ,  v    ^ £4 £J + ^Y. / R (c* - c) c_ l c , ,, c , 

2   2 
+ 4Y,   e .  R 

j    min —n 

Using the transformation c = P  W as defined in (4.14), we can chang 

to the form 

(4.23) 

(4.23) 

T T -1      -1        T 1   -1 
w,,, w,,, = w, w/ + MY.P ;P ' P P  (w*- w)w p ( P 
-j+i -^+1  ~j -^j   i- {-   ~  —  -  -j - 

2 ~2       -1 .   -1 
+ 4Y/ P e ,  P x • P P 'j - min -  

And 

W.., W 
T , D T D 

W, W  '  + 4Y 
;-j+i -J+i ')   i-i -i  j J 

(W* - W) w T  D 

,22. 
4Y.  e   i\ J   mln - 

(4.24) 

In the above P denotes the iiagonal elements of a matrix.  These elements have 
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the desired form  w2 - which can be ^pressed as 

Vl = Wj2 + AYJ X (W* " Wj) WJ + 4YJ X 'min 

2 -     2  2 
j    J      j    J   'j   rain 

From (A.16) wc have 

(A.25) 

i 

i 

w.,, w1,,, =  (1 - AYJ A )(wj fT]  + 4Y! WA Ht j+1    j+1 'j - -4 (4.26) 

Let  Gj = (Wj - Wj) (Wj - Wj)1 = (W WT)  - W. W T 

Substrating the diagonal terms of (4.24) from those of (4.26), we obtain 

2    2 
-j+1 

(1 - 4Y,  ) 9, + 4Y/ A e , 
J   -j      j J  min (4.27) 

D 2_2 
Since  6   has the elements w   - w.  , we see that for any particular 

comoonent of  9 

2      2 2       7 
j+1   j+1     j+1      j   J    J   min 

Iterating backward, 

6 J+1 =   01  kh   (1 "  4YkA) 

2"     i       o     i 
+ 4Aemin    kil  Yk      ii k+1   (1  -  4^A) 

But     9     =0     because    w.   = w. , 
1                                     Li 

~2~         -1         2 ^ 
6.,-,   =  4X   c   ,            I       Y, TT       (1  -  4Y.X) 
J+1               min                  'k „,_,-,                i k=l ü=k+l 

(4.28) 

(4.29) 

i 
i 
0 
i 
s 
i 
i 
i 
i 

or 

(wj+l " Vl)2 =  4Ye2     Z       Y,2   t    (1 - 4Y?X) 
mln  k=i  

k   e=k+l 
(4.30) 

D-48 I 

i 



Several 37. clal cases will be considered. 

1 
(1)     Setting    Yj  -     YöTiTÄ (4.31) 

Th.s is a legitimate expression as y      defined by (A.r-i) satisfies all the 

required condlcions for convergence. 

N0te    J      1 ,    J   k    1 

knl k=l       J 

(4.32) 

(4.18) gives us 

j+1   j+1 ^"1 
(w, - w*) + w* (4.33) 

Note also that [see Eq.(B.8) of Appendix B], 

.  (1 - 4YoX) =  rr  (1 -—5-) - -(L+-122 
Jl=k+1      '    Jl=k+1 (J+1) 

(4.34) 

l      2      i         n  /  n    I                1      (k+D2 I     y v (1 - 4YjX) =   Z        —5 — r 
k=l K Jc=k+1 k=l b\  ik+l)        (J+1) 

n    k=l  (J+1)     4A  (J+1)' 
(4,35) 

t-hus (4.30) gives us 

(WJ+1 " WJ+1) 
"min 

A ' 
(j+1) 

(4.36) 

As derived in (3.25), the mean squared error at any time is given by 

e? = e2,  + (c,  -  c*)T R (c. - c*) 
j     min    v-j   -    n  "J 

r*^ V-l'\ = e ,  + (c, - c*) P  'J P (c. - c*) 
mln     -J       _    "  j 

e2,  + (W, - W*)T ^; (W, - W*) 
mln     -j   -   _  -J 

(4.37) 

The txpected dlfferencj between the mean squared error at each stage during 

the adaptation period and the minimum mean squared error is then 
D-li! 



Ei    Vl-Cmln   '  *    E   |   (Vl-W*)T    A   ^i+l-^l I t ^ 3+1 J+i 

(  N 
=    El    Z     X     (w - w*  )' 

l     A,   (w 
.2 

w^   ) 

i=0 i   v j+l.i i 
(4.38) 

Put 
2 -2.2 2 

^   J+l ; v   J+l j+l; j+i wj+l 

Using   (4.33)   and   (4.36),  we have 

 "         „ ~~2 ' 
jnin    _J_ (w —   w*)* 

^ j+1        ; -t-    1 

(j+l)2     (j+1)2 

(w    - w*)' (4.39) 

(4,38')   becomes 

2 
'min 

V 

1=    —L-        Z       e2(     +—•„       I      \   (w.       - w*)1' 
)     ^-j+i)2     k=o    mJn   (j+l)2   k=0     k     1'k      k 

■J—,   (N + 1)     e ,    + 
min 

(j+l)' 

—0   (^   -  c*,T    R     (c,   -  c*) 
2    "i     _ - n      i- 

(j+D 
(4.40) 

The  last   step   is   obtained   from 

N 
Z       X.     wT     =    W    A    w    =     c       R       c 

k=o     1     i -     -n   - 

Thiio   for  large    j   , 

T (N+l) 
E       e 

"rain 
j+l min    N,    ' j+l 

(4.41) 

("4.40)   is  t'io  desirci  expression  for   the  rate  of  convergence.     For   large     j      , 

the mean squared  error decreases  approximately  as   the  first  pow>.r  of  time. 

(2)     Setting       Y, 
1 

'•(j+l) 
(4.42) 
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The choice of y  defined by (A.31) requires some a priori knowledge about 

the signal and noise properties.  Otherwise, if the correlation matrix  R  is 

not known, the eigenvalues >,  cannot be determined. The arbitrary choice of 

X  defined by (A.42) will be studied. 

From (4.18) with  y 
i       Hi+D we have 

i x 
wj+1 =■ (w1 - w*)  j_  (1 - j+1 ) + w* (4.43) 

Bat 

J 
TT  (1 - 

k=l j+l 
) = 

r(i+i-x)  
(j+l)!r(2-A) 

^(2-x)(j+l)■ 
for j >> 1  and  j >> A (4.44)* 

Thus 
(w - w*) 

^    =    
i+1 r(2-A)(j+i)x 

+ w* (4.45) 

Note also that 

£=k+l £=k+l (j+D 
(4,46) 

Therefore, 

j 

k=l 
(1 

e=k+i 
4Y£A) 

(k+l) 
2 A 

k=l  4(k+l)2  (j+l)2A 

1 

4(j+l) 
2 A 

J 
I  (k+l) 

k=l 

2X-2 

Using the formula (No. 29.9, Tables of Integrals by Dwignt) 

p+1     p   ,     P-l n 
E u 

u=l 
P+i ~- r "    - ^ TT- P^P-D (p-2)nP  * • ' 

* Derivation appears in Appendix B. 
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we rar. let k+1 = n ,  p = 2X - 2 , n = j+1 , and obtain 

J      0. 0     j+1       j+1 
i   (k+i)2A-2   =      r    up=    i    u P -i 

k=l u=2       u=l 

l~2 2       12 (4.48) 

(4.47) then becomes 

j        2      J i n+n2^1       n+n2X"2 

k=l  k  i=k+l    2       4(j+l)2X        2X-2        2 

1   r   "I       ,      1 
4 

Substituting (4.49) into (4.JO) and combining with (4.43) yield 
2 2 

(WJ+1 2A-2   j+l+ (j+1)2X ^ r2(2_A )      Wn^    ^
50) 

and 
i 
i 
i 
a 
i 

for nnvergence as stated in (2.13).  In thuse cases the  Y,  and thus Lhu gain 

Increment &c.  become smaller and smaller as time J  proceeds during the adapta- H 

tion period.  It is anticipated that the rate of convergence will he Increased if 

2      2) 2 
j-T-1    min      , A  k   1+1 .k   k 

> k=0      J  ' 

2 ~2 2 
~ ■,    k  min _     k  _ .  l,k    k ,   ,2  .        fi sn 
■ k=0  (J+l) (2Xk~2)    '(]+l)n: r2(2_2V -     k  ''min1 

(3)   Y, - Y = constant 

The expressions for y.     defined by (4.31) and (4.42)  satisfy the conditions 

29 
a small constant value is set fur v •  As shown by Con.er   , the algorithm 

with constant  Y  bas comparatively little noise resistance.  Furthermore, In the 

2 
presence of measuring error with variance o   , convergence in the usual sense 

Ü- fjv 

i 
i 
0 
i 



does  not   occur,  but 

Um     E    (Ii   C     -  C r 2\<     F   f,.o   ,   .2) (4.53) 

and 

F(Y0  ,   o  )  -► o     is     Y0 ■*  o 

Now we shall study the rate of convergence when y     Is a  constant, 

From Eq.(4.18} we see that with y    = Y = const , 

j 
w  , = (w - w*)  7i  (1 - 2YX) + w* 

3 k=l 

= (1 - 2YX)J (w - w*) + w* (A.54) 

Since 

? .     .   ""I   a(l - Y ) 
a + ay +  a , +....+ nY   = — '— 

i - y 

We can obtain 

k = i 
(1 - 4Y\)'k   ~   [(1 - AYX)'0"^-!] 

4"'A 

Thus 

j 2  J 
Z     Y    ii 

k=l     i=k+l 

^    2 1-k-l 
'I - 4Y\) - :.  Y (i - 4YX)J 

k=l 

Y
2
(I - AY))3'1 (1 - A, Al 

k = l 

= Y  ^ [1 " ^\)J  ] 

and (4.30) becomes 

(wj+1-wj+1)
2 = ^yll-H-^-1: 
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ihe mean squared error Is then 

I 

> < e2  - e2  ) 
j+1    min j 

N 

k=0 

;<.=0 
(4.55) 

i 
It is seen from (4.35) that If the error is to decrease at all, one basic reqalrc- 

ment should be met, i.e., 

0 < 1  - 4YA < 1  with Y -• 0 (4.56) 

which implies 

0 < Y < 4X 
(4.57) 

X is the  largest  eigenvalue of   the  correlation matrix    R    .    Thus 
max —n 

Y = constant cannot be set at will If st  ility of the adaptive loop is to be 

maintained. 

^'.e rate of convergen-;e has b^.en obtained so far anly for the algorithm 

with the availability of a desired signal to generate the real time error 

function e(t) .  New wu shall compare the algorithm 

^j+l    £j ZYJ ^ ^J 

c. +  2Y, s 2y    z  'i 
j "j -J     J  .1 "J 

whiire    s,     replaces    d,     for   the desired  r,ienal with  the  other   two 
J J 

^j+i = c-j   +   2YJ   ^ - 2^ zj ^J 

%i = -cd   +   2YJ  -^J (XJ -ZJ) -2YJ^ 

(4.58) 

(4.59) 

(4.60) 

when slgual or noise correlation function;; are us%?d. 

i 
i 
0 
i 

i 

i 
i 
i 

i>r>] 

i 
i 



i 
Taking mathematical expectatinn on both sides of  (4,58)  glvs^ 

iLj+i    -    c,    +    2Yj    si  r^  - 2Yj    2j ^ (A.61) 

But 

sn 

j'8(t) + n(t) i   i 

E   ■( s(t)       8(t-T)  + r.(t-T) 

^ 
s(t-NT)   + n(t-NT). 

R3(o) 

R  (T) 
!     A (A.62) 

R   (NT) 
s 

and 

z. n.   ■   n.n.c. =   R   c, 
-J -j        -J-j-j       -n -j 

(A.63) 

u't?  thus  have 

c^i "   (l^Yj   Rn)  Cj  + 2Yj   H (4.64) 

Taking  the average on both sides  of   (4.5y)   gives 

%1 
=   5.J + ^j ^ - 2Yj  ^  nj 

which is Identical to ^4.64) hy virtue of (4.62). 

Taking th-? average on both sides of (4.60) gives 

£J+1=-J + 2YJ ^^j " ZJ) " 2YJ-> 
(4.65) 

But 
^ 

n x - R = E 
j j  n 

L 

6(t) + n(t) 

s(t-T) + n(t-T) , 

s(t-NT)+ n(t-NT) 

F. (o) + R^(o) 
i 

F. (T) + R (T) 
s     n    | 

Rn(o) - 
t n i 

I I 
.R (T) i 
i n | 

R (NT) + R (NT)!     iR (NT) 
,8      n  , <     ii 

[s(t; + n(t)] 

!R (o) 
I s 

R (T) 
s 

|Rs(NT) 

(4.6ö) 

D-5P 



(4.65) can then be reduced to (4.64). 

However, (4.64) is just (4.13) if d(t) ia  replaced by s(t). We therefore 

can conclude that for filtering problem where d(t) -sit)   ,  the expected values 

for the gains at any stage are given by the same formula, i.e., 

i 
WJ-LT  =  (wi - w*)  IT  (1 - 2vjA) + rf* (4.67) 
-1+1    i    k=1     i 

which  is valid  for the  Iransfo-.med  gain components. 

T Let  us now consider  the variation  of c    c for  the  other  two  cases. 

Taking  the product  of each side with  its  transpose  in   (4.59)   gives 

T T T T 
c,,,     c =    cj £4    +    2Y,   c,   R        -    2y.  z,  c,   n. -j+1    -j+1 -j  -j j  -j  -s j     J -5  -j 

- 2V.  R    c T    +    4Y,
Z
 R    R T - 4Y,

2
 Z     [R ]   ir],T 

j -s -j j    -s -f J       j       s j 

- 2yi   Zj ^  c^     - 4Yj     Zj ^  R,    * ^,    2j    H. Hj 

-    ^   c^  2Yj   i^  c/ + cj   Rs
T) 

T T 
"    2YJ    Zj    (Cj   ^   +   Hj    Cj   ) 

2 T T 
- 4Y,     z4   (R    n.    + n.  R  ') 

j       j    -s -J -J  -s 

2 T 2       2 T 
- AYJ      ^ Rs     +   AY .    2j    nj ^ 

- 8Y.
2
 (R    c.1^,  n,V   +   AY,

2
 R    K 

T   ^    V,,2 7 2 r,    n,T 

'j      -s -j    -y -J 'J    -s -s J       j    -j -j 

When  average  is  taken on both  sides,   wo  have 

~Y ~T   ,   .       1. T T  1 s 

n- si; 

i 
i 
i 
i 
i 
i 
i 
i 
i 
i 
i 

i 
i 
I 

•SY/   (^ £./ Rn)
S    +    ^Yj2    ^    V    ^    AYJ2  zj2 i, i,1 (4.68) | 

i 



Similarly, If we take the product of each sides with its transpose in (4.58) , 

we have 

%i Vi " ^ c:lT + 2YJ %  SJ ^T + Bi ^ ^T) 

o 2 T  ,  .  2  2     T 
" 8YJ    8J 2j ^n ^    + 4YJ  SJ ^ ^ 

^ /   2    2       T 
4YJ   ZJ  ^^ (4.69 

We shall  see  that   (4.68)   and  the average of   (4.69)   are equivalent by virtue  of 

the following  terms. 

T   j -^ j -a -J -j -s -s   -j 

(2)      Zj   (^ n/ + nj ^ Zj  Sj ^i ^   +   Zi ^ 9nJT 

2ZJ  9.1 ^J ^J 

(3)       R, 
*&   ÖJ-J 

s   s .^J ": 

The  last  expressions  .'■.'.re approximately correct  if the number of  taps  is   large. 

Thus       c,   .   c.in       eirr.er derived  from   (4.58)   or derived  from  (4.59)   are  equival- 

ent.     Similar  st^ps  can be  applied  to   (4.60).     In conclusion we  cm state  that 

the  rates   of   ccnv-"jrgonce are   the  same  regardless  of  the  choice of algorithms. 
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V.   Adaptive Tapped Delay line Filters with 
Time-varying Parameters 

The adaptive schemes using the methods of stochastic approximations have 

been studies for tapped delay line filters.   An Implicit assumption made so far 

is that the system under study is time-invariant and all the signals and noise 

are generated frcm stationary sources.   Although ergodicity of the process has 

not been required, wir! .-sense staiionarity is imp'led-If the system itself or the 

input signals ar? nonstnticnary or time-var/ing, the adjustments made for minl- 

inizlnq certain error criteria may not produce the desired effects.   Suppose that 

the rate of 'jarQiTi3:;er variation is faster than that of convergence, we can never 

expect to have the algo-ithn.: converge    at any time.    However, If the rate of 

parameter variation is slow, we con estimate Its effects in a qualitative fashion. 

Let us say that (D ( t )   is a slowly va._-    q ime function if the relative change in 

its value in any interval of length   At       -  —    is small; here  u      Is the minl- 
o 

o 
mum freq'.-Cucy o' the nature! oscillation of the system.   If the transient behavior 

is aperiO'.;*c for ary inUlal conditions,  the function  (P (t )   is said to be slowly 

varying when it:, change is R.nr.ll in comparison with the relative change of the 

output.    The term  "slowly varying" used throughout this report is defined in the 

above sense.   T!.o st. istical properties of the delay line filter wi.U be studied, 

For stationary a,i;   nor.   ationary input signals the results seem triviel as a delay 

element do  3 no- chance any statistical properties at all, but for fr.o time-varying 

case the r::"thoe .'eveiored gives us some insights about the system. 

27 
1,    Statistical properties of delay line filters 

The statistical properties studied here refer only to the auto correlation 

functions and variance of the output as a measure of the accuracy of the system. 

D-Sf. 
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Some other properties like output distributions, probability density functions, 

etc. are not considered. 

A.   Stationary case. 

Let us first of nil consider a single delay element.   The input and 

output are related by 

*m Delci t 
""1 
-bl m 

j 

and the transfer function is given by 

H (j   u) ) =   *}}■■'   = c   e 
J 

x (j «) 
(5.1 ) 

If   x( t )   is a stationary random function with its covariance function 

function given by 

Rx ( T   ) =  Dx   e 
o/(Tl 

(5.2 ) 

The above expression corresponds to a Markov process and its spectral 

density function is 

4)x(co)=    Dx e du 
0     (olX -fJr)   , ^ C*>     (-dt     -.IcoT)  .   > = D- ^ u e 

^2
+,

2 

dt       +    !        e 
'0 

dt 

( 5.3 ) 

The output spectral density function Is accordingly 
2 

4)(W)=dM«)      K(^)|       =^^   c2=   2^C   D>: (5..) 
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The output variance is tl en 

D    =   J_ 
y        27\    J 

-GO 

Ds 

loic2    „     f00       d- 
D. 

71 

2 7i      A
; 

1 c^ 

«1 ds r;—? 

2^ 
(5.5 ) 

as we expected. 

A tapped delay line filter consi.jU of several delay elements , gain constants, 

and a summer so thai the transfer function of the filter is 

N 
H(JcO)=     X       ci 

i=0 
(5.6 ) 

Direct combination of 

spectrum 

(f)    (60)  =    ,, 

5.6 ),   (5.5 ), and (5.4 ) yields the output 

k=n ^  M. 
1.(T-Tk) (5.7 ) 

and the output variance    j., 

D.. =   D 

iiriir   transform of   (5.7) 

-ii I IT  -   kT 
( 5.b ) 

k=o  .=n 

B.    Nonstationary c?se 

Suppose that the input   y.   ib J nun-stationary time function with the 

correlation function 

lyt, t' ) = crx(!) ,;rx('' ) e" ^,t"t'! (5.9) 

The random function   x   nay l:e . . pressed by 

x(t) =  cr.(t )>;i(t j ( 5.10 ) 

where   x   (t )   is a siation-ary i.uiuoiii    ' ip.   function with correlation function 

giver, bv   (5.2) 

R,.! ( T  ) (5.11 ) 

i 

i 

I 
i 
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and spectral density function given by ( 5.3 ) 

^I<»)= ^ 
^+ml 

(5.11 ) 

Assuming that the standard deviation (J" (t )   of   x( t )   can be approximated 

closely enough by the exponential function 

OVt)   - (To6^ (5-12) 

According to    27     , a function   x(t )   can be put into an integral expansion 

of the type 
N    /^oo 

( 5.13 ) x ( t ) =    m^ (t ) +   2? vr ( üj ) xr (t, w   ; du- 
r=l/-0Q 

where   m   (t )   is the mean value of   x(t ), 
A 

v (w   )   are uncorrelated white noise 

and 
x (t,''1    )   are coordinate functions defined by 

xr{t, w   ) =   f   Cr    ( w )    eUk + ial )t (5.14 ) 
k = l 

r = 1,  2, ,   N,  C ,( w ) are coefficients. 

vvhile the output can also be represented by an integral canonical expansion 

like    x(t ) with the coordinate functions 

k = l        ' 
(5.15 ) 

r = 1,  2,  -- - ,  N 

The general formulae for the convariance function and dispersion of the 

output have also been provided by  ( p.  289,  Ref.  27 j 

R  (t, t'   ) =    £        if      Gju.  )    V C.   C     (  ") y ^       — r *- rk    r 
r = 1     -A J,„ k,>l lo 

H Uk + Ju ) H   (^    +   j u))e ̂
kt+¥ + j- ^"^ 1 

(5.16 ) 
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N r^ s 
Dy(t)=  ^      r.       ^^ |Z    Crk(-  )4?^kt]co  ) 

r = l     ^J !k=] K 

where   C^.( u )   are white noise intensities . 

In our present case   N- 1   , and the coordinate function is 

(p + ju)t 
x( t,  a) ) =    o    e 

o 

and the filter transfer function is modified as 

H (^ + J . ) =     1     C, e-J {^ +  U ) Ti 
i=0      1 

Mki 
du 

(5.17 ) 

( 5.18 ) 

(5.19 ) 

Therefore, using 

function 

R (t, t'   ) 
y 

( 5.16 ) and (5,17 ), we have the output correlation 

I   ^oM       ^ (t + ^ ) fej" ^  ) 

i=C X 
'-co a(2 +    u)?' 

d^ 

2     ^(t + t7 )     Mit - f/  |     N    ^2 
(Je e '    ?    ci 

0 i=0 
(5.20 

and the variance 

y *~   y i= 0 ^ 

xz 

-co 
^2+    2 

Dx(t)   I      C^ ( 5.21 ) 

2 2    2 Xt t 
v^here   D  (t ) =  (J   " ( t ) =   (J   ' e ' (the variance of  x( t ) , 

C.   Time-varying case. 

It is a very important case   .'h-n a linear system is not stationary throughout 

its total operating time but it? behavior is clor.e to it for a comparatively short 

period.   II such a system receivcn an   .iput .vhich is near to an exponential tunction , 

then the output is also near to an exponential [unction at the end of transient behavior 
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The technique used here is confined to the situations where only slow time varia- 

tion is involved. 

Consider a single delay element 

I  "1 

va-u- 
I 
I  

delay T i ^ yd) 

Since y{t )  = Cx(t-T ) 

- j^T 
therefore, Y( j co  ) =  C X( j .    ) e 

e+Jli;T  Y(j w) = c x(JU ) 

Or in time domain 

^T   v(t y(t )   = c x(t ) (5.22 ) 

where 

^T 
is an operator represented by 

oO 
t^  £    _L 

J = o  j .' 

i>T 

J   .J d '      with -p =    A 
dt ci; 

(5.23 ) 

At a first glance   c        appears to be a strange-looki-.g operator, 

-hi co ; . 
Actually    e       y ( t ) =   S"       T '      dJy(t)     is just the Taylor series expan- 

i= 0    j i 
dt 

sion of   y(t + T )   around T =0  .    The role of   -f)   played here  Is  clear. 

At At 
Let   x.( t ) = c with   X- yU + l^J       and   y(t)  = z{t,J\)e 

then Eq.   (5.22 ) becomes 

oo 

j?o   Ji (z(t;A   )   e^)   = 
At 

c e 

dt- 

or 

[S1)   ^^„A^i   - At z(t ,Ä)   [e      )   e      -f e^Te^'l^t, A   ) = ce eA% 

or 

j   --•   1        |    I 4 k > J   "-•    1       J    ■ , 
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We shall develop a procedure to approximate   z(t,X   ) .   In the first 

approximation, we negleci the derivative of the slowly varying function 

z( t, X   )   and obtain 

AT 
z  (t, A ) e       = c 

thus, 

zl[ t,A ) = c e 

At A(t-T) 
and    y^ t ) =   z   (t,A ) e        =  c e ( 5,25 ) 

as we expected since   y(t)=  cx(t-T). 

In the second approximation, the first derivative of the slowly varying 

function   z( t, A   )   is taken to be equal to the derivative of   Z|( t,,\  ) from 

the first approximai ion 

•3 z(t,A    )    .        dZl(tA)    =    _i  (5.26) 
3 t -St e M 

where      c dc(l ) 
dt 

We then get the v.ing equation for the second approximation 

ö t 

or AT .      - A T 
z 0 ( t, A   ) e =c-Tce 

z2(t/A)=    _i-rT   (c- Tc e'A T   ) (5.27) 

the ach approximötion of   .;(i,A   )   is 

zn(t,A.   )  =    _I_rr    (c -    X     -L-   AS-SU 
^l   '•       at1 

) 

depending upon t.'o GI ..er   n   to which the time derivatives of   c(t ) 

e- ist. 
I MM 
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For the actual delay line filter, the output is represented by 

N n 

y(t ) = 
1 

TT 2 [ j = o 

i 
AT  Z 

y JL__ 

1 = 1 d t 

yd  ) ) (5.28 ) 
/ 

the variance of   y(i )   is given respectively by 

^/ D   (t )        fco   |z(t,A+ j u;  ) j 
Dy(t)   =   ±~Z (       ' , „_J      j ., 

^L -co d2^'2 
(5.29 ) 

for the nonstationary input signal used for part B . 

- A T 
If   c   is time-invariant, then   z(t,X   ) =ce , (5.29) will 

be reduced to ( 5.21 ) as it should be.   The above formulationF are only 

applicable to asymptotically stable systems, and instants which are suffi- 

ciently remote from .he mitial time   t    . 

2.   Adaptive schemes for delay line filteis with slowly time-varying parameters. 

V'hen the system or input jharactnristics vary slowly with time,  it is found 

convenient to think in termo two time scales by using a  "fast" time variable    t 

A 
and a  "slow" time variable   t    .   The ratio of the two scales ..s ^ small number 

so that A rs 
( 5.30 

The  "fast "time variable   t    refers to the time variable in which the  TlaptlvH 

A 
rystem operates while the  "slow" time variable   t     relers to the time variable  in 

which some parameters in the system vary.    One example of the latter case the 

fluctuation of signal or noise power levels.   The levels chdnge bu: very slowly 

so that nearly all the techniques developed for time-invariant cases can be 

applied if additional modifications are made to account for the effect of slow 

variation.    For the adaptive delay line filter.'- under study,  if we know the forms 

of the signal or noise correlation functions ( even they are changing very slowly ), 
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the schemes described previously can readily be used.   However, if we do not 

know exactly how the correlation functions change ( but we know the cause of 

variation, for example, sinusoidal or exponential amp'itude modulation, frequency 

modulation, etc. )  then we can assume that the weight parameters are functions 

of slow time variables and leave the unknown fluctuations untouched.   In what 

follows the method of two time variables2^ la described and then applied tto 

the tapped delay line filters with slowly time-varying parameters. 

A.   Two time variable method 

Consider a linear system whose input  x(t )   and output   e(t )   are 

relate! by the differentia' equation 

Le (T ^ ) =   M x ('t^, O ( 5.31 ) 

In the above equation   L  and   M   are linear differential operators and can be 

written in the form 

L   =   L (c, t , ^   )   ---    £     a i (c,^   ) £ ' (5.32 ) 

1=0 
A m ^ j 

M  =   M (c , t ,-ij   )   =     £        b   (c , t )'b (5.33 ) 
j = 0       ' ' 

where the symbol -^ denotes the total denvative with respect to time and 

is defined by 

'P = —= 3~ + ü v. = Z + ßi (5-34'> r     dt      -d-r     ß at        P     PP 

Noting that the adaptive parameter is a slowly varying function of the 

slow time variable, 

c = c(t   ) (5.35 ) 

We can now expand the operations   L and   M  in Taylor series about ß=o 
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A A /V A 
L (c , t   .^   ) =    L ( c , t    , p   +ßf,) 

r 75^ 

A     .2 

r0     H        2 i^l^o [r 
+ — 

( 5.36 ) 

A 
M ( c , 't   ,-i))   =    L {c , t , -p + ß -p   ) 

=   M ( c , t , ^   )   +  

h- 0 

(^  ) + i ^2M 
2 34D

2 K 
(  «1   )    +-(5.37) 

ß! 
Pf 

Since   L terminates e' the power   a   and   M  terminates at the power    m   , 

(5.36 ) and (5.37 ) can be rewritten as 

L   = 

M 

j = o ' 

m 
A a 

I    Mi(^) 
i=0 

where 

L       j;    ^ 
3 7 'p^0 

1      -v i 
M   =   —   2 Ml 

1       *'      -^ J i   I 

■ ^ r0 

The solution can be expanded in the form 

1 

r _5.       L 
_ ^         j - 1 

rr 
1     3]Lo 

= 1     ^       M 
1 s^    I - 1 

= i  ajM0 

N 

J = o r 

A 

( 5.38 ) 

( 5.39 ) 

( 5.40 ) 

(5.41 ) 

( 5.42 ) 

Substituting the expression of   £ (t , t   )   into (5.31 ) and equating 

the terms with same power ol     ß    , we have 

N m N 

, 5.43 ) 
D-c: 
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thus, for  j = 0 , 

i = 1 

Lo  eo IVi0  x 

A 

Consequently,     e    = 

Lo  el   =-Li p   eo+   Mif x 

( 5.44 ) 

(5.45 ) 

(5.46 ) 

~  lLl^     ^-^2-^)-Ml^    xj (5.47) 

e       is just the solution for time-invariant case while   e    with   i  ^    1 

are additional terms as a result of slow time variation, 

A A 

The differentiation with respect to    t    implied by -t,   can be carried out 

explicitly. 
M 

( 
3Mo 

r    L0 L0 13 t 

> 

+ ^
Mo    3C(t) 

c= const      ~ ~ u   t 

M , 

T   c       v 
3Lc 

o 

M 
+ 

3 1 

o      c) X 

a c       ^ 

^ Lo   s 

c-- const 
a t 

Lo   ^^ 

If the variaiion in   c    is slowly enough such that 

then the solution has the Jorm 

d'cit) ^   0 

e (t ,t) ^   e0   +   ^ 
1 

where    e      is obtained by combining 

M. 

(5.47 ) and  (5.48 ) 

1       / A M A       . 

=   -— (l.1^eo   -   M^   xj 

g c(t )      Lj       3 e "5 c(tk) 
■■' ■-  — ■■'"■' ** "T~ 

M 7) 
3^ 'o 
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c 

(5.48 ) 

( 5.49 ) 

(5.50 ) 



From Eq. (5.49 ), the me;jn square of   e   is approximately 

2 2 
'o 

e=e        +    2 « e   e,    +  (5.51) 
r    o   1 

B.   Applications on adaptive filters 

Let us now turn our attention to the tapped delay line filter.   As has 

been shown previously, the filter output is 

N 
z(t )   =     ^    ci   x(t - ^ ) ( 5.52 ) 

i= 0 

Using Eq.   ( 5.22 ) , we can express Eq.   (5.52   ^ as 

N N ,   „ 
2(^=7     c  ^(a,  )e"Jt'Ti     =X(^)Z     c    e"JU,'i 

1=0 i=0 

or in time domain 

1         z(t)=x(t) (5.53) 

Comparing with ( 5.31 ), we see that 

L   =    l-  (5.54) 

I    cie    P  i 
i=0 

M   =   1   , unity operator 

the operator    L      is 

L    -   l^-    =        2 l  =   2f "    ^f       if -fJ 
1=0 

1 /   N 

1=0 
D-ti'J 

Z   (-'Ti)   ^e^^i] (5.55) 
i=0 ^ 

wmmmmmmmmmmmmmnmmammmmimmaBmmmmwmmmmvB 



and 
N 
1    ^c    e-?\ 
1=0 

N 

I     ci 
1 = 0 

r>Ti 
ÜV 

(5.5 5 ) 

Tav      defined by ( 5.56 ) can be though, as the average delry time 

of the filter. 

Following (5.49 ) the filter output is 

z(t )  £    20(T)   +   ^2^7,0 

with 

3  L. ^.^,-11^12(1^ 
a    'S 

t 3' c. 

N 
T     ^ ci( ^   , 
i=o    3 t 

N 

— I  I     c   x(t-T.) 
0     i    i=0 

1=0      C?   t ' 
(5.57 ) 

1- 

where 

)? (t )   = 

/  x(t ) 

x(t- T) 

x(t-TN)/) 

and S 

-AC   (t )   v 

l 

i 

\°N L   3 t / 
(5,58 ) 

If the desired signal   d(t )   is not slowly time-varying, the error function 

is then 

e(t )   =   d(t)   -   z(t ) 

Ay    A 

d(t )        zri(t )    ■   ft    z,  (t , t ) -o 

=   e Pi ( 5.59 ) 

D-7() 
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The mean square errjr is appro.dmatply 

eZ(t )  ~    ej    +   2 ß   eoe^ . (5.60 ) o r     o    i 

Or 
  r IM 

e2(t )   =    F.      (d(t)-     £      ci   ^i ^ 0 
( 1=0 i 

+    2 p  E       (d-  Z   ci y (OHT   rj(t)    4     ) 

N 
=    E   '   '' j(d(.)- Jo ^^(M)  j 

N 
(5.61 ) + 2 pav E    (d(t)- 2: ci ri^^jinn)] l 

Taking the partial derivative of    e2   with r'üpect to   c    , we have 

—   =2   E J   (d(t)-   I      ^ ^(t ))   C-   ^(t))] 

2 
Thus the gradienc of    e     is 

T        .  T 
jyc   C (x| c )|= -2    E     jl(t)    (d(t)-    )y(t): c 

-2   p  Tav   Ei   J?(l).    ^(t)       | 

7 c o (;i | c ) = - 2   rj (t)   f d (t) -   m t)       c   \ 

-2    ^Tav    Mt)      mt)   ^ (5.62) 

or 
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Using the adaptive schene 

^j+ 1   ^j   -^j Vc   Q(^l   ^       ' 

we obtain a new scheine for the time-vdrying case 

c =    c     +   2Y d     rt    - 2Y    ft -   j+1 -   j y  J  J    '[ j 0 j   '\ 

Algorithm (5.63 ) can readily be implemented by 

mh^m^ 

d(x) 1|; (t) -O ->^ C(; 

( 5.63 ) 

Thus the increment for the time-varying parameter    c.     is obtained. 

Similar schemoj can be ouifj.ned througli proper trar: .formations, Eqs. 

( 4.42 ) and  ( 4.4/. ), fc;  the cases where only the signal or the noise corre- 

lation functions ara assumed to be known.    The results are 

-V,  -V   'Y,?^  IJ ^  i 

X 

J    J 

)+l 

- 2 ^f.  h      z +  ly   iq 
J   I )    J j    I 

when     R^ ( T )   is known, and 

when     Rs(7)i3 known.        D-72 

R       ) -n (5.64 ) 

( 5.65 ) 
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3.   Effects of slow time variation on minimum mean square error. 

,2   _ If we set    V e     =0   , we see from Eq . (5.61 ) that 

T        * 2     1        d     +     2   ^   Tav-;r|     )| T    < 

Bn     ^       =     d     n 
+     ß Tav      Br,      h 

or    c R. H +    p  Tav    ^ (5.66 ) 

Substituting the expression of    c       for      c      into ( ri.61 ) and 

using ( 3.24 b ), we get the minimum mean square error 

e2min   =    d2   -     d   /j   T     c_* 

+    2^ 2 8 Ta„   E    % 'av n    (d(t ) -  ri ? 
-1 

mm =   d2   -   d   /j   T    R)(       '    d   « ^Tav  d   1  '  ? 

pU^ 1      T   T(R/|     "'      d   ^j     +   ^TavS 
+     2   pav i d     ^J 

=     d     -    d 

P 
lav     ,=) 

- ß  Ta„  S d   ' I 

-d 
0 min av 

T  
5     d 1   + ^ 2n.    2 T av h ^   h_ 

( 5.67 ) 

2 H2 wnet ,■      e =    d 
o min 

-1 
Is the minimum 

mean square error of the time-invariant illter as derived in ( 3.24 a )c 

The expressions     ß  mjn    for other cases  (known   ^('"\)   )   or 

Rs ( ^T    )  )   as well as the erfect of sio-.v time variation on me rate of conver- 

gencft  enn  ha obtainGd ■traIph nsl'ion 



Appendix A 

Proof of the modified alßcrlthm 

It was mentioned in chapter IV that algorithm (4.7) and (4.11) were derived 

from the formula 

(A.l) cj+1 = Cj " Yj (VQ1 + 7Q2) 

rather than from 

%i= £: Yj ^Ql +  7Q2) (A.2) 

where Q. + Q? = Q is a function of error, and the average of it is the perform- 

ance criterion to be minimized. 

Comparing (A.l) and (A.2) with the regular gradient method with constant y 

?j+l = Sj " Y (VQ1 + 7Q2) 
(A.3) 

we see that in (A,2) no average Is taken while in (A.l) partial average is taken. 

The error C caused by measurement 

VQ  =  VQ + ? 

is eliminated by the properly chosen sequence {y  ]   .  Intuitively speaking, the 

same [y.}    which eliminates the error caused by  (VQ, + VQ ) minus (VQ + V0n) 
j I i 1. c 

can definitely eliminate that caused by (WQ + VQ ) minus  (VQ1 + VQ ).  This 

stems from the fact that the measuring noise in the second case is smalle.- on 

the average than in the first case. Although intuition does not generally warrant 

mathematical correctness, we can state with mathematical rigour that either signal 

or noise statistical properties will suffice to generate the error gradiert used 

in the adaptive schemes.  The physical conditions under which these algorithms 

converge remain unchanged.  Two lemmas and one theorem will be proved in sequence. 
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Lemma 1, 

For the Capped delay line filters consldored in Chapter 4, If 

(a) Q = Qj + Q2 

(b) Q(e) = e2 

(c) 7Q  is independent ■r  c_ , 

then at the neighborhood of c*   , v;hlch Klni-r.i .^es  Td the following 

statement is true 

inf E '' (c - c*)J (7Q, + VQJ 

C-C*!| (A. 4) 

E > 0 

Proof:  If Q = Q + Q  has a mini.mim at £ = c*   ,   Chen 

5(Q1+^  >  0   for   c, :• c- 
3c, 

0   for   c = c * (A.5) 

0   for   c < c * 

thus 

(ci-'-iA)  3c 

«ip, + Q ) 
0 for all  1 (A. 6) 

and 

inf 
c < || c - c^ 

E; (c - c*)'- (yjr    + VQ,y >  0 
(A.7) 

e > 0 

Since "Q  is Independent of  c  , wc have 

E ■ (c - c^1 (VQ + VQ ) ~ 
i —  -      l Z   j 

El (c - r*)1   VQ1|  + E . (c - c*y     VQ„ ' 

=  E^ (c - c-)1 VQ, (il " !!*) J  E  -'Qo 

=  E j (c - c*)' (VQ] + VQJ 

Therefore, by virtue of fA-7) 

inf 
E < j I C - CA | 

c > 0 

1     F ', (c - t:*) ' f-'O, + VQ. V, > n 

l>7: 

(A.8) 

(A. 9) 



Lemma 2 

If Q ° Q1 + Q„  ,  Q(e) = e  ,  VQ  Is independent of c   , and 

(a)  TQ 
1 exists and is uniformly bounded 

3e 

(b)  s(t)  and n(t)  are uniformly bounded, 

then for the tapped delay line fil-.er 

E j (VQl +  VQ2)
T  (VQ1 + VQ2)| <  d(c*T£* + Jc) 

d > 0 

Proof: 

Using a Taylor expansion about £ = £* , we have 

(A.10) 

SQ1    3Q1 

3^ = ^ 

N ^2Q 1 
+     T.     (c - c *) 

i=o    i      i      3ciScj 
c = c -A 

(A.11) 

for arbitrary J , and j = 0 , 1, ■ J    J 

Since e(t) = s(t) - z(t) 

N 
= s(t)- I  C n (t) 

1=0 
(A.12) 

we see that 

aq^e) dQl       3e 

3e   ciCj 

3Q 
(A.13) 

and 

3 Q1(c) 

3c,3c. 

3 Q 
—-^  n.(t) n.(t) 
3e J 

32Q 
—--    [s(t - T.) + n(t - T )] [s(t - T ) + n(t - T )] 
3e J J 

(A.14) 
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Thus 

aV 
dCi*Ci 

is  bounded if (a) and (b) are yit. !■ ■ Id 

Therefore, from (A.11) 

Vc Ql <-    Vc ^1 

N 
+ k  I  (c^ - c/- 

c = c*     1=0 
(A.15) 

where  k- = k sup 
all 1 

*\ 

Ui*Cl 
(A.16) 

As Qp contains c_    only in the first order and  V Q  Is Independent of £ , 

we can write 

vcQ2 = VCQ2 

and 

VQ1 + VQ2 <  VQ1 

c = c» 

+ VQ. 
c = c 

+ k, :■ ( 

' 1=0 
c . - c 

i   1 

CA.l/) 

(,\.i;.j 

Note 

E > VQn 
c = c* 

+  VQ, ^ = E ) VQ + .C 
c = C 

=  E ^ VQ1 + VQ2  ) (A.19) 

Taking mathematical expectation on both sides of (A.I/) rjves 

E j VQ + VQ f  <  k   T.   (c - c *; 
I  i    /j      J- i=0 ^   i 

Lemma 2 is obtained by taking the inner product o; (A.20) 

E ) (VQ1 + VQ2) (VQ] + VQ2) 

N   N 

( 

< kr   L        L     (c. -c.*)(c- 
-  1   i=0  j^   1   1    J    ■! 

T      T 
= d(c* c* + c  c) 

(A.20) 

(A.21) 

I)- 



Theorem 

Let Yi , Yo - ~ ~ be a sequence of positive numbers such that 

(Al)   lin Y, =■ 0 

(A2)    Z      y 
j=0  J 

(A. 23) 

(A3)    I      y    < t* 
j=l  J 

Let the following conditions be satisfied 

inf 
^ 

E  (c - c*)1 (V Q- + VQJ \   >  0 
(B)      , ,    *il   1    ^ \ e < I|c - c* I | < - 

E    .e > 0 
(4.24) 

(C)   E 'j (VcQ1 + 7Q2)
T (7Q1 +"VQ2) ( 

T      T 
< d (c*  c* + c £)      , (A.25) 

d > 0 , for all c  in a bounded set. 

Then the algorithm 

£j+1 = cj - ^j ^Ql + ^2) 

which minimizes the performance criterion 

1(c) = E , Q(e) i = E ] Q1(e) + Q2(e) \ 

converges with probability and to £* . 

Proof: 

Substratiug both sides of (A.26) by £* , we have 

£j+1 " £* = Cj - c* - Y^ (7Q1 + VQ2) 

taking the inner product on both sides of (A.23) 

(£j+1 - £*)T (Cj+x - £*) 

(c 
j 

)L (c, - c*) - 2 Y.(C, - c*)1 (VQ, + VQJ 
-j 

!J 

+ Yj2 (VQ1 + ^q2)
T (7Q1 + vq2) 

(A.26) 

(A.27) 

(A.28) 

(A.29) 
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and taking the conditional mathematical expectation for given c.   , _c9 , 

c.  , we obtain 

c   - c* 

c - c* 

% ' ^2 ^ 

2yi    E \ (Cj - c*)1 (VQ1 + VQ2) ^ + voj! 

+ Yj  E | (VQ1 + Vq2)1     (VQ1 + VQ2) \ (A.30) 

From condition (c), (A.30) becomes 

4 Ncj+1-c*|i^ £1' "-^] 

<  c, 2^  E Wc^ - c*)T (VQ1 + VQ2)j 

2     T      T 
+ YJ  d(c* c* + c.  c ) (A.31) 

Using condition (B), (A.31) is reduced to 

E) l|cj+i-c* 

<  c, - r* 

Using condition (B) 

E l | | c^ -  c* 

Let 

< M. 

fj   =   I I Cj   -   c* 

C , ,    —   C     i 
—1'        -nj 

'   (1 + 2Y 
2 d)  + 2Y  

2 d c1  c* 

we  can reduce   (A.31.a)   to 

,2 1 

7 2 2 T 
Ml +  2Y.     d)   +  2Y,     d  c    c* 

2 2 
7,   (1 + Yk    d) 

(A,31a) 

(A.32) 

+    I    2d Y, 
2  cT c*       7i (1 + Y  2 d) 

k=j k    _   ~      m-k+1 

(A.33) 

Then 

-J+l       ' '-j+l      - k=j4l 
(1 + Yk    d) 

+      I 2d  Yk
2 £T £*       "        (1 + y  2  d) 

k-j+1 "       '       m=k+l !:! 

(A.34) 
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Taking the conditional mathematical expectation for given _c 1 , £„, c_^ , 

we have 

j+l 
," el   7T    (1 + Y, 2 d) 

k=j+l     k 

CO 

2 ■>.       I  2 d >. " cT c*  n  (1 + Y ' d) 
k=j+i    k       a=k+l 

jc - c*i ["(I + d Y.2) + ^ Y.2 d cT c* | TT  (1 J- rw
2 d) 

3 1      j       ^ k=j+1 

+ I 2dy  2  c1 c*  TT   (1 + Y 2 d) 
k=j+l m=k+]     m 

= ^ 

or   ( 

^ ^+1 
cr--'cn(  - ^ (A.35) 

Next taking the conditional mathematical expectation for given Z , 

botn sides of (A.35) we have 

-, Z^on 

r 
E\ Z 

.1+1 :"i' - h (A.36) 

Inequality (A, 36) shovTü that  Z  is a sü'.i.imartingale, where 

F   7    ,- p 7  .■   < ;• 7  < m 
L  -j+l '  -j -1 

(A.37) 

so that, according to the theory of semmartingales  the sequcace Z, converges 

with probability one, and hence by virtue of ■,'.33; qnd (A. 23c) the sequence 

(c - £*)  also converges with probabillny on«.' ;;o some random number C •  It 

remains to show that P(£, = 0) = 1. 

It is seen that from (A.37), (A.33) and (A.230 the sequence E(c - c*)  is 

bounded.  Now taking the mathematical expectation on both side of the Inequality 

(A.32), 

* ^ 1 I       * M 2 Pi   r    — c* 1 M-j+i   - i K i 1 ir. . - (:*i |2 I  - 2Y, F, j (c  - C*)T,7Q \ 
\ 

2      T T 
+ Y,  d [c*  c* + E(c  c.) 
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and adding the first j inequalities together, we have by deduction 

E  i i^j+i - £*lI2 ( 1  E | | |c1 - c*|I
2 \ + S  [c*T c* Yk

2 + d Yk
2 EC^ 

j        ( 

k 

-  r» I i 

Eq. (A.38) it follows that 

t^\    ^UJ I     2 y      E  (c, - c*)  VQ (A.38) 

S.'nce E j |[c4 - C*|| ( is bounded ana condition (A.23c) is fulfilled, from 

T   ^ Z    Y^ E j (c4 - c*)" VQ ( < <» (A. 39) 
k=l *      [- 

Using condition (A.23b), i.e.,  I    y,  a ^ 
j-1 I 

and noting (.A.2A) 

inf      1   E | (£ - c*)  ^Q\>, 0 
E < I I c - c* 1 I < — 

We deduce from (A.39) that 

E^ (£ - _c*)  VQ ( -v 0  with probability one lor some sequence N       (A.40- 

(  M '  0 / Now taking E j | | c_. - £A   \ •*■ r,    with prubat.ility 1, and comparing (A. 40) with 
I   J     '  -y  ~ 

(A.24), we obtain 

^ = C with probability 1 (A.41) 

Therefore, algorithm (A.26) convc-p.s v.:':.  probcbiliLy one 

P / lira (c - c*) = 0 /  - 1 (A. 42) 

as well as in mean square sense, i.e., 

lira (A.43) 
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Appendix B 

Some properties of Gamma fuuctionn 

Since r(a + n) = (a + n - 1) r(a + n -1) 

= (a -f n - 1) (a + n - 2)r(a + n - 2) 

= (a + n - 1) (a + n - 2) — aFCa^ 

We have 
n 
ir (<:  + k - 1) = a(a + 1) — (a + n -1) 

k=l 

r(a + n) 
r(a ) 

Thus Eq. (4.29) becomes 

Ml -—)=  rr (j+1 ~\) 
k=l    2 k=l 

C+D (j+D! r(2 ->,) 

(B.l) 

(B.2) 

Eq.(B.2) can bo approximated by using the formula* 

r(y) 
-x   x- 

X 

i     i  ■        1 1 

(2-)  v  + 12x    „„„ 2 

2488320 x 

139 

288x     51840X- 

-x 
c   x 

1 
x- 2 

(2TI)   for x >> 1 

From Eq. (B.3) wo can write for j >> 1 , 

rCj + 2 - a) = e-(^2-a) (j+2-a) 
j+2-a- 2 (2.)1 

= e-(J+2-a) (J+2-a) 

3 
j+ 2 (j+2-a)"a (2TT)

2 

(B.3) 

(B.4) 

* Whittaker and Waston, Modern Analysis, p. 253 
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3    1 

(j+D!  - r(j+2)  s e'(j+2)  (j+2)J+ 2 (27i)2 (B.5) 

Since 

j + 2 -a ? j+2  if  j >> a 

we obtain from (B.4) and (B.5) 

r(.1+2-a)  =  r(.1+2-a) 

(j+1)!      r(j+2) (j+2-a)' 

(j+D 
if j >> 1 and j >> a (B.6) 

Therefore,   combi.-ing  (B.2)   and   (B.6)   gives 

1 
T (1 

k=l j+1 r(2-x)(j+]) 
x (B.7) 

and furthermore, 

T    (1    -   -~   ) 
j=l ^ in+lf- 

(B.a; 
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