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Sumnary

This report deals witch the effect of clipping on the performance of

an active sonar system using conventional beanforming techniques followed

by raplica correlation., Detection as well as range and Doppler cstimation

arc considered.

Two basic assumptions are made throughout the analysis:

a)

b)

The noise ficld (ambicnt or reverberation) is Gaussian and has
the same power level at each hydrophoune.

The input signal-to-noilse ratio at each hydrophona is small.

In addition much, though not 211, of the work assumes a transmitted

sigual narrew in bandwidth compared with its center frequency. The model

for reverberation noise postulates a scries of stationarv, Poisson distributec

scattering centers. Tho array geometry is quite arbitrary, but certein

computations require beam patterns narrow enough to permit approximations of

the form

sin 6 = 6 over the effective dimensions of the pattern.

The quantity of primary Interest is the clipping loss R , defined es

the output signal-to-noise ratio of the clipped instrumentation djvided by

the cutput signnl-to-noise ratio of the unclipped (but otherwise identical)

instrunentation.

The following results are obtained for detecticn:

7

)

If the noise (ambient or reverberation) is independent from hydrophonc
to hydrophonc one can demonstrate with complete generality that

R <1 . One can further demonstrate that, without additional
restrictions on signal and noise, a lower bound of R = 0 can be
approached arbitrarily closely. To set wmeaningful bounds on clipping

loss onc must therefore restrict the class of admissible signals and




2)

3)

4)

noises. A practically realistic and analytically fruitful
restriction is the assumption of narrow-band signals, which under-
lies all remaining results.

If the noise (ambient or reverberation) is independent from
hydrophone to hydrophone and if signal and noise are confined to
the same frequency band {narrow compared with the center frequency)
the c¢lipping loss is bounded by 0.89 < R <1

If the nolse does not fall into the same frequency band as the
signal, large clipping losses can occur. This i1s practically
important in a reverberation limited environment when the target
return is subject to large Doppler shifts. In such situations R
cen approach orbitrariiy close to zero if the Doppler shift 1s
large encugh.

If statistical dependences are allowed between the noise at different
hydrophones, one requires further restrictions befere useful lower
bounds caa bc set on R . An example is worked out to demonstrate
that, cven with purely isotrcpilc ambicnt . cise, values of K
appreciably below 0.89 may be obtained. Hewever, the example
requires such carcful matching of array geometry with carrier
wavelength that it appcars to fall more Into the catcgory of
analytical pathologies than into that of practically important
situations. A scarch (by ne means exhaustive) for more realistic
examples 1n which ambilent noise would prcduce values of R below
0.59 1led to ncgative rcsults.

Probably the most important situation frem a2 practical point of

vicw 1s that of » reverberation limited (nvironment. It was

- B B
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therefore studied in some detail. The most useful results were
obtained under the assumpticn that the array dimensions are small
compared with thc wavelength of the highest modulating frequency,
(1.¢., the wavelength of the maximum frequency deviation from the
carrier). The cffect of this assumption is to permit complete
scparation of spatial and temporal effects in the reverberation. In
thye absenc of target Doppler shifts cne can then establish with
censiderable generality that R > 0.89 . In the presence of target
Deppler shifts onc has, of coursc, the phenomenon discussed in  3).
The key assumption concerning array dimensions can be weakenod
considurably if the beam pattcrn is narrow.

When onc considers range and Doppler mezsurements one finds,
not surprisingly, that the cxact clipping loss depends to sonc
extent on the specific instrumentation. It 1s therefeore not possible
te drow conclusicns of quite thc same generality as in the analysis
of deteetion. Range (Doppler shift) is measured by cross-corrclating
the target return with a replica of the transmitted signal and
"locrting” the rosulting correlation function in time { requency).
Diffcrent instrumentations result from differcent functional defini-
tions of the term "locatinn', It appears rcasonable to speculate -
and seveéral sample computations tend to confirm this - that most
teasonable definitions of "location" would lead to rather similar
Instrumentrtions, and in particular to instrumertaticns with vory
similer sensitivity to clipping. This report concerns itsclf
primerily with range ‘Joppler) measurement in a reverberaticn limited

environment. Range (Doppler shift) 1s measured by comparing



cross-cerrclations with two replicas cof slightly different delay
(frequency) . Doppler shift is assumed known during the range
measurencnt and range during the Doppler measurement. Clipping
loss is defined as the ratio of the rws range (Doppler) errors
with and without clipping. The results are

6) Under the conditions specified in 5 the clipping loss factor
for range measurcment has a lower beurnd rot significantly diffcerent
from the figure of 0.89 obtained for detection,

7) As might be eaticipated frem 3) , the clipping loss in Doppler
neasurement depends heavily on the target Deppler =hift. Scparating
out this effcct by working with zero target Doppler shift, cnc can
again show that the clipping loss factor has a leower bound close to
0.89

Combining a1l of the ~bove, one Is lead te the following general

conclusion: Scurinus clipping lcsses arise in 2 reverberation limited
cnvironment when the target Doppler shift is large encupgh to move the target
return lacgely out of the reverberation band. In mest cother practicnlly
intcresting sit.ations the clipping loss in detceetion, raoging and Doppler
estimation is linited to a facteor of the crder of (.89 , equivalent to about

1 db  of input signal to-nofsc ratio.
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I. Introduction

This report 1is concerned with the effect of clipping on the performance
of an active sonar array. Correlation with a replica (delayed and Doppler
shifted) of the transmitted signal 1s used as the basic signal processing
technique.

The general block diagram for detection 1s shown in Figure 1. The

array geometry 1s entirely general.

s+
5 nl

xl x2 x3 xM summer __}ntegrator
multiplier T
\ & 1 dt y(t) =
[ | x y |TJ *
R o |

Figure 1

The delays 1 bring the signal components of all hyd:zophone .utputs into

alipnment. The clippersl then generate a set of signals {xi(t)} given

lIn practice the clippers would probably precede the delays (which would
then be digital). It is clear from pbysical reasoning that this interchange
would not alter the xi(t)




by

. J 1 if s(t)+ni(t—ri) >0

xi(t) = sgn|s(t)+ni(t~ri)J =
[ 0 1f s(t)-a (t-7,) <0

The xi(t) are sumrcd and multiplied by a suitable replice of s(:) .
The resulting y(t) 1is finally srocthed over a veriod T conparable to
the duration cf the signal.  If the neise has zerc mean the average cut-
put 2z is zcro in the absoner of = signal ccmpenent at the hydreophences.
Yhen o signal componcnt is present ot the hydropbencs 2z will ciffer from
zero. hence, if the output 2z(T) at tire 1 cxXceeds ¢ nreset threshold
(dupending on signal-te-uoise rario and allowed falsc nlarm rate) one con-
cludcs that 2 target is indecd present.

To measure range (or Dopplur) one mipht crploy two replicas with
slichtly diffcrent deloys (ecr Doppler shifts), multiply cach by the clipp.d
and surned hydrephenc cutputs  (x)  and usc the dif'crence botween the
resulting y's as 2 ncasvre of range (or Deppler shift). A possible
implementaticn is discusscd in sonewhat rore dotail at o leoter reint.

The noisce ficla is assured to be Gaussian.  This 1s ceascueble cven
in 2 reverberation lrmitod cnvirennuent  as leng os ne rojor pertion of
the noise power is contributed by larpe scatterers {(f2lse targets). [Scu

Repert Mo, 271,

A-6

(1)
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i1. General Relations for Detection

The output y(t) of the multiplier can be written in the form

M
y(t) = z_: xi(t) s(t) = 2;1 sgn{s(t)+ni(t—Ti)] s(t)
i=1 1=1

The delay of the replica is here assumed to be perfectly matched to the
signal delay.

The mean vnlue of the detector output is

N T
7= :\_, %j s(t) sgn[s(t)+n (t-1,)] dr
1=1 0

Now

s;n[s(L)+nj(t—1i)} = Pr([s(t)+nl(t—Ti)] > 0} - Pr{[S(C)+ni(t‘Ti)] < 0}

For zero-mean Gaussia® n, (t)
i

o [h—s(t)l2 )
5 / e 2 dn =% [l+erf §££~]

Pr(Ls(t)+n1(t—ri)] > [} =

V27N ’0 /2N
7
2l —x2
where erf v e j e dx
»/7
™70
and v is the average nolse power.
timilarly
o 'n—s(t)|A
Pr([s(t)#n,(t~11)] < 0} = — e dn = 4}l-erf —*
! V21N V2N
A-T

(2)

(3)

(4)

(5)

(6)

(7




It follows that

sgnfs(t)+ni(t—Ti)] = crf f}%l (8)
2N

when max s(t) << V2N
t

, i 2 slt)
sgu[s(L)+ni(L— 1)] .//r = (9)
T
) - o T N Vo -
Hence L dt s (1) for max s(t) << /2N (10)
/aT v }0 t

For a figure of merit of the detector we choose as usual the output
signsl-to-noise ratio, 1.c., the average output due to the signal divided
by the rme value of the output flucinatioun. If the Input signal-to-noise
ratio is low, the output fluctuation is very largely due to the noise
component of tlhe input, so that

— M M T /r
zz(t) i \ 17 J dt J dh s(t) s()) sgn]S(L)+ni(t—ri)J sgn[s(x)+nj(a—1j)]
. g2
0 j

=,
=1 y=1
T_‘} 11 T ’
= lf }_‘ ZQ j’dt s(t) “t) sgn|ni(t-ri)] sgn{nj(l—rj)] (11)
T fSuy=1 o

From a wcll-known result in noise theory

 — 2 ~1
sgnLni(t)] SHnInj(A)] = ~sin fgij(t—x)] (12)
where 911(1) is the normallzed cross-correlation function of the noise
. ) th th ) "
received at the | nd hydrophoncs., Hence, for low ilnput signal-




tu-noise ratio

e M_ M T R
2 1 \ 2 -1y
3 14e) B = dt s(t) fdk s(A) = sin p,,(t=r-1,+7,) (13)
e & ™ lij Lj]
i=l j=1 0 0

From Equations (10) and (13) the desired output signal-to-noise ratin

ir
i
DM 2
L s (t) dt
/; A"IN O
5 = , - {14)
N clipped T iy M M
/'~1—2- f! dt s(t) fdx 5(X) ;\-—\ Z 2 sin_l o, (t=A-1_ 7))
VTS = v 13 1]
0 0 i=1 j=1
In the absence of clipping
~ [ o2
z = 3 J s"(t) dt (15)
a
and
B MM T il
4 1‘—- dr s(t) /dA s(1) Ml .=”(t—x-ri+rj) (16)
Cod=l 4=l 0 0 )
where
» - = ze)
.JH Llj(t X ni(t) nj(/\) (17)

loace, the cutput sipnil-to-nolse ratlo in the unclipped case 1s

T
Mo 2
= | s7{t) dt
T ) 0
ir = —ee _O_ — (18)
O unclipped A F3 M M
— o ( -)
'/'f‘) de s(t) j dx s(i) >—J 7 Nij pij(t A T1+Tj)
v 0 0 =1 =




The present stuly 1is concerned with performance degradation due to clipping.

Hence the ratic R of Equetions (l4) and (18) serves as a convenilent cri-

terion.
[ T o
f o) dr os(X) S \ N o, (t=A-T +1,)
Tt /_,{ ) L. L7131 1) 1
. (S/N)0 clipped i ] 0 o1 g1
(S/N) . unclipped I i T M M
0 . N -1[ 7
t dros{d b N sin (t=A-1, 41
Yop sty g ) 1713 i
) i=1 j=1
(@R°)]
If the average acise pow.r ig the same at cach hydrophone, then
N'Lj = N and Lquation (19) reduaces to
/ T 1 M M
[ \
} de s(t) dros (M) s tex=t 1))
B 0 0 121 j=i
R o= / T r MM (20)
/ f » N -
\/ dt sty dy s(0y) ) sin p11(t-k—71+1j)]
0 0 i=1 j=1

G G o o= = a2 oam
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I11. WNoise Independent from Hydrophone tc Hydrophone

An Important speclal case is that of nolse indepeadent from hydrophcne

n that situation, Equation (20) reduces to

| T T

/ de s(t) [ dr s(}) p(t-2)

= i

e
{

|

where (1) cii(\) , L =1, 2 ... M, 18 the normalized autocorrelation

N
2 0 (21)

T -
dt s(t) ‘[ dx s(x) sin—l[F(t—A)]
0

function of the noise ac each hydrophone.
It {s a simple matter to show that Equation (21) can never exceed

unity. For greacer ease in manipulation, consider the quantity l/R2
aud expand the inverse sine into a pcwer serles (convergent for all values
f £ and * since [e(t-A)]< 1)

T
It s(U) J d+ s(X) [o(t—A)+l/ZXI/3 03(t-k)+l/2X3/4Xl/5 os(t—k)+-.- ]

0

IR 0
,/ dt s(t) [d)\ s()) plt=2)
0 0
T T T
- 3 r ) 5 .
i dt s(t) /’dx s(X) o7 (t=X) J dt s(t) dx s(A) p (t-")
a1 0 0 30 0 ,
- 1+ 1/6 = . + ¥ - =
/ dt s(t) jrdk s(A) p(t=A) j;dt s(t) jfdk s(A) p(t-2)
o 0 0 0
(22)

{ toing a corrvlation function, is positive definite. Hence, the




denominator in cach term 1s positive, regardless o the form of s(t) .
Furthermore, p(r) (s Fouricr inverse of a non-negative gpectral fun:tion
G{w) . 1t follews that on(x) is the Fourler inversc of the n-fold convo-
lution of G(w) with itself. This convolution is clearly non-negative.

so that Dn(j) {s positive definite. iticuce, all the numerators in Equa-

tion (22) are non-nepative. tiue 11l terms of the equation are non-negative

and one concludes,

s

or R 1 (23)

In order to set a lower bound on R {t Is necessary to make subsi-
diary assumptions. !u the absence of any restricecions on signal and noise
properties one uwight postulate a signal confined to one freqrency band and
a noise coufined to o different disjolnt frequencv band. In such an en-
vironment the unclipped aeteitor would be essent’ally perfect,l while the
clipping process could shift oppreciable noise power into the signal band.
thur values of 2 arbitrri.v cione Lo zero could be obtalned in principle
by sutficient]y artificia tees of sienal and novse spectra. Reasoning
more formally, onc can proceed as follows to establish the iwmpossibility of
finding a peneral lower bound on R in exevecs of zero:

Peplace the intevrals in teouation (22) by sums. The implied sampling

in time can be very raplce, .o i spproxination is arbitrarily good.
1 - L : ! .
Limited , vt P ; ¢+ Intaning perfectly disjoint
spectra with a il oof ninre rat{on,
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Aotypical term o in Equation (22) can then be written in the form

= §
\
(L=} 7 an 5
i 1%
A i _X:-:;--~—ij-~—--l (24)
i 1n N
5. 8
o 1) 1 2
g
whie 1 e
T RGN S S 2 ) B I 25
8 h wb - (n-1) @ (25)
atul
Aij ,(t1 - XJ) . s = s(ti)
-
e —anea ]
SIS WP R & e & M 3
R
: as ) SIS
BREERE
i j_..FEEJ-_ dlj)ﬁi % (26)
S
1 LY — a,. s S,
7 3 i3 1 ]
W ( '
j 1 for i =14
= -1 for i=k (27)

L 0 all other 1

mn

i = 1) and one obtains for the chosen




a N
A t i k 4
) (28)
i N
It follows that
(29)
J
1 ue s ' chousing the
times €, dn N ceotovvtner. With A at this
4 . n
upper bound  kquat i ¢
L ] i . :
1 .
in - - =N (30)
/ o
. L A
hus, for any fix L ind o snal  s(t) which
Caust R g bt crgt ( '
) T e ‘ cry difserent
from the cases in wdr sipnal would
almost certainty i 1
(31)
where ]( ) Lt rmining the pulse
hape) A : dulation. The
andwiatl { T I comparcd with




e

B R &S S 8B

gi}

2!

-
o e

= == Bl =N &8

Givow o narrowband sipnal, 1t appears reasonable te assume that the

“r¢ bana process also. For if the noise is primarily rever-

trar preperties are cetermined by the signal, while in

1w Amhi SR < linited e¢nvironmenr ene would employ filrers matched to
the bandwidtlooor b sional e order to improve sinnal-to-noise ratio. If
Pirr fo tne tarzcet signal the center frequency of the

©

nelise witd feow s (1) would assume the form

(1) = o](t) €os Wyt (32)

foe bandwidth of (1) is small compared with w Clearly pl(O) = 1

1 0
s 1) tor oall 1y Typicel forms of ol(r) might be
_ 2
N y=g = ! Z ul( ) =0 both of which have the computation-
Wl Ly pos s AT T l(.) >0 for all 1 This property will bv
assumed it dmcewrately [ollowing computatlions,
Usit: lguati (310, (32) and (29) a typical term of Equation (22)
can now be wrootern in the torm
] 1
L (A) cos | L+Q(L)] cos w A+¢(A)J pn(L D) cosnw (L-x)
: ] Y L =0 1 0
‘,\. = - - —— ——— —
n n E
it s, (0) 5 () cos[w0t4¢(t)J cosfwok+¢(0)] Dl(t-A) cos wo(t‘k)
0 )
(33)
"This would reman roreximately true for tarpets moving sufficientiy

slowlyv relative

with

Ul

$ 1k

1l

t

e 0

andwidth,

civer so that the boppler shift is small cowparec

A=1o




|

Since n {3 aic v Lifeger  Cos

coSs % ted iy >
The constant s .
particular, trooent
o
Subytitu {
narrowtand asoumpt | t
that only the terr w ol

nificantly to the gr

3 {
| dt !
/ J ’
(8] i
A = kR C S
n nln | 1
j dt / (¢ o /
Straighrforward use ity
t
= = oo ale) v

w o(c-A)  can be 2xpanded as follows

0
IR T T P + C  cos nw_ (C~))
nn 0
734)
g sfunsmial coefficients., In
- 1 ; (35)
h'fl
} and iavoking the
o Ris vtespue lemma to argue
) T 1 i4) contributes sig-
. i t3) becomes
- - woLig (L) costw0A+¢(A)] cos wo(t—x)

‘(l x‘rUJ|v”t+;(L)} cos[wox+¢(x)] ros wo(t—x)

(36)

w, cos|aw e ()4 (A)]

MO+ M] (D

cos | 2w

0

aployed to eliminat: all

£ Lecomes

& 0P 5 =0 a0 OB o9 U OGN a9



S & 5 on & o e 52 D0 =B an =55

&=

i
J de dx sl(t)sl(k)orll(twk) cos[¢>(t)-¢>()\)]

‘z‘r\ : KH(‘LH .(')-_.---9____ B - e R (38)

J dt -j dy sl(t)sl(A);I\c-A) cos[@(t)—¢(X)]

O 3y

ALY factors in tnhe dnte vand except for the cosine terms are non-negative.

As for the cosine terme rote that r](L-)) becomes small for (t=A)

larger than the corvelairon tiwe of the uoise process. For reverberation
this correletion ¢iuw is at most (stationarv scatterers) equal to the
correlation time of the sipgnal, which in turn is the smaller of the follow-
ing two quantitiecs: 1) the signal duration, 2} the time within the signal
nulee during which the modulation ¢(t) changes by, roughly. one radian.
thus the cosine terms reeain pesitive threurhouc the eftective region of

q . 1 0 . 7 —— f
intepration. n the ambient noise limited case the noise spectrum would

cenerolly e shapea by oandlimiting filters (or possibly transducer

L : . L
M case of reverteration from stationary scatterers is treated with

muche  reatar ricor an: con ralioy in Sectioa TV,




charact.r G0 conee have a bandwld
signei. 1 (vl dtion tine would there
b wlpuald 0 t '
bonder these conditions, the
nator ol tquat! bl r
o i
since ¢ (1)
1
t
licnce, tro ju
' 2 P
PR ’ .
R
{
Frouw the woll-k:
L.+ 34 1
{Z 4o n+.
or.¢ obtainus, upon (3
v ll
It is now a simple ottty r te hound
first few terms o r wistat i
to set upp. t r

from Lquatt (4

th at least equal to that of the
fore be no longer than that of

valid.

t1y

integrands in both numerator and denomi-

the effecrive range of integration.

2
- (m=1) “ l_
/ﬁ ntl (38)
'n-Z)IZ 1
=== 40
\l-l)? n+ ) (40)
| '
: (¢2)
trom above by evaluating the
neity sud using kquation (42)

irrving the exact computation

LS,




1
2
R

3 L2 (43!

Combining kquations (23 and (43) one can thevefore rather generally

houacd the clipping loss for neise independent from hyvdroohone to hydro-
phone by

189 o« o< 1 (44)

One situation in which the assumptions leading to Equation (44) are
not satisfied is that of an ambient noise dominated environment contain-
ing a strong narrowband noise component. her: the effective range of
integration is determ ned by the correlation time « the signal component
of tquation (38). 1t is clear from intuitive conside.ations that
rnszlt)-¢(‘)] does not chanpe sipgn over this interval. HMore specifically,

consider a sipnal of the form

5
Stn
L2
! N2
s(t) = e cos{w, t+ t5) (45)
O 12
substitution et [eation (38) yvields, after an elementary computa -
tion, L2
1 s
o S
o
[ 20 .
i 1
H
[uX e e X)
1 ¢
& 2
A T Soc- ool ey (40)
n n I kZﬁ i
[ Mo
. ) o) “
29y _
/ ix e o, (%)
y 1
- . . , 2 A
the relation 1+ 1/9 4 1/25 4 1/49 4+ —-- = 57/L has been usced¢ in
suaming the intinite curtes above n ¥
“The limits were extended trom (07 te (=", %) because in practice

the period of interrat o would undcubtedly cover thie effective duration of

the pulee.




Since both inteyrands of Equation (46) are non-negative and p?(x) < pl(x) 5
Equation (39) [and hence Equation (44)] rem-ins valid.

Thus 1t appears that the onlv practically important exception to
Equation (44) [for noisc independent from hydrophone to hydrophone]
occurs when a rapidly moving target 1s being detected in a reverberation

limited environment. here the returned signal might be of the form

S0 = s (0) cos[(wy + wp) €+ ¢(0)] (47)

1 .
where v is the voppler shift caused by the moving target. Following

the same procedure as in Lquations (33) to (38) one arrives at the fol-

lowing equivalent of Lkouation (38)

o T
/'dL /'() s](t) sl(A) p?(t-k) cos[wu(t—k) + ¢lt) - o(N) |
0 0
L . —_— - 4%
n - I"u('ln I i (48
dt f(u ”1(t) sl(,\) Cl(:-—x) cos[wD(c—)\) + o(t) - ¢(N)]
o
As a specific example, consider
")
= »L-
J N
e 5 2
BN =N TG (49)
1 : 2
a lincarly frequency modulatec pulse,
[t is a simple matter to demonstrate |}ee Lquation (€€&) with
i=3,d; =0]that 5 (1) [for reverberation from stationary scatterers|
lThe signal 1. assunce Lo be sufficiently narrowband so that the Donpler
shift may be re, v ied ao constant throupghout the band.

A-20
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assumes ti rorm

ol(T) = e (50)

1 2 2
—— i+ g ) may be interpreted as the bandwidth of the signal and

P2
: ZOT )

hence of the reverberation.
Substituting Lquations (4¢) and (50) into Equation (48) and extending

the ranges of integration to (-=, @) , one obtains, after some algebraic

manipulation
: n-1 1 1
SIS e o S e (51)
27 "
‘7

If the signal bundwidth is determined primarily by the frequency modulation

2 2
K G >° -ﬁj and Lquation (51) becomes
£
3y
s B C [l S ) ;
An = hnhln exp Wy =3 K Oy (52)
. 22 4 ' .
Conversely, if K op << T3 Llittlc or no frequency modulatlon]
O
3
. ) __n-1 2 ] 2
o~ Kncln S0 4ink1) 91 Yo (53)

In either case the coefficient An becomes large when W greatly
vuceeds the bandwidth of the signal. Under the same conditions the factor
R will therefore tecome very much smaller than unity. It may, in fact,

come arbitrarily close to zero if the Donpler shift is large enough compared




with the signal bandwidth. This {s quite reasonable from a physical point
of view: Under the postulated conditions the signal and reverberation
spectra are essentially disjoint so that the unclipped detector operates
in an environment that is almost ncise-free in the signal band. Clipping,
on the other hand, shifts some of the reverberation power into the signal

band and therefore sharply degradas detector performance. a
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IV. Noise Dependent from Hydrophone to Hydrophone

When the noise field exhibits significant coherence from hvdrophone
to hydrophone Lt appears to be difficult to obtain results of the same
generality as In the previous section. Thus even in the absence of Doppler
shifts and with constraints or signal and noise, such as those specified by
ktquations (31) and (32), one can readily specify realistic spatial covarlances
for the noise which result in values of R lower than 0.89 [Lquation (44)}
by modest amounts. Au example of this type is worked out in Appendix A,
where an R of 0.74 is shown to be attalnable, even for isotropic ambient
nolse. With sufficient ingenuity, one suspects, one cjuld devise noise
models yielding even lower values of R . However, even the simple example
of Appendia A requires falrly special assumptions and one feels that the
search for more extreme cases would lead to more and more artificial
assumptiocns. It appears mere rewarding, therefcore, to abandon the scarch
for extremes and turn to the question whether serious clipping loss is likely
to occur in cases commonly encountered In practice.

seme qualitative inclyht into this question may be gained by restating

Lguation (20) in the frequency domain. Definlng
] _ 1 . —-jwt 54
Lij(w) == j—“ij(T) e dr (54)
and
7 -1} y
Po(w) = . j = sin 1’., (r)] AT 4 (55)
1j 7 i L

onc obtains the Fourler inverses




i jur .
Qij(T) =5 J,Gij(w) e dw (56)
and
PTG
- sin pij(T) =5 ) Pij(w) e dw (57)
. i a0

Subscitution of Equations (56) and (57) into Equation (20) yields

(after a few steps of computation)

[ m M M
B ‘I|||f dw'S(w)|2 Z/ 2_/ Cj_j(w) e_]‘N'(Tj‘Ti)
L ojR e i=1 j=1 ‘
R = ]/1T | |||| o _H‘ ﬂ‘ (5&)
V12 : -
| [avtsen? ) 3 a0 o)
{ == i=1 j=1
where
T
S(W) b [dt S(t) e_jWC (59)
0

Since the observation interval (0,T) would generally cover the entire

signal pulse, S(w) s in effect the Fourier transform of the signal.
M
The expression > in the numerator of

SRV SRS

i=1 j=1

Equation (58) is nothiny ocher than the normalized noise power spectrum

I i jwlt,-1.)
iA P..(we 31
{ 1]
=1

is the normalized noise spectrum at the same point in the presence of

at point x in Fipure 1 with the clippers removed.

™k

1

[y
]
.

clipping. Thus the numerator (denominator) integral in Equation (5%)

.




represents the power output: of a filter wmatched to the signal whose inputs

is «x

in the unclipped (clipped) instrumentation. Since clipping tends to

spreau the spectrum, one woulc ex =t a smaller pcrcentage of the power to

fall within the filter band in the clipped than in the unclipped case.

Hence

cepti

R should gencrally tend to excewo /457;'= 0.8 . Important ex-
ons to this rule vould be enpected in two cascs:
1) The unclipped noise spectrum is centered at a frequency quite
different from thi center frequency of \S(w)[2 . This would be the
casc when the tarpget vetvern is subject to a strong Doppler shift.
Reverberation noise is not subject to this shiit and it is only throuch
th2 clipping oporation that a significant amount of noisc power is
transferred into the sigrn:l band.
2) Strong negative corrclation between closcly adjacent Xy in
Figure 1 causes the teims 1 # j  in Lquation (58) to subtract sub-
stantially from the power input into the filter matched to the signal.
This effect can result in values of R smallcr than /—57;. only if
clipping reduces . he negative correlation so thot the effect is loss
pronounced in the denominator than in the numerator of Equation (58).
7o see when this might be the case, consider the inverse sine in
rquation (20) uvxpanded into a power series, as in ITL. The equivalent

of kquation (22) is now




1 1 8o sl
dt s(t) dr s(A) N p 3(t~)\—r +1.,)
L LTy 1]
1l . 1l © 0 i=1 j=1
DI~ = MM
R o o
J[ dt s(t) deA s(\) }4 roop,, (E=x-T +T,)
(i 1]
0 0 i=1 §=1
T M M
. N 5 =
det s(t) J[cd s(A) 24 LJ oiﬂ(t A—ri+1j)
L300 0 i=1 j=1 s
40 T T M M
N (60)
fdt s(t) fdx s(X) >_) >_./ oij(t—A—Ti+Tj)
0 0 1=1 j=1

Unless the peak nepative value of ij(T) is fairly close to unity

for 2 significant number of i # j , the required subtraction in theo

(1)

denominator docs not take ploce. On the other hand, if pi1

, pig(T) is not too far from (-1) and

comes very closc to (-1)
a similar subtractic) takes place in the numerator. Thus one looks

for maximum clivping loss In cases where the negative correlation be-

tueen closely adiacent phones is stronp, but not strong enough so

3 ' :
th-t Lii(l)'r'x hae o magnitude comparable to unity. Since these
no
conditions on the gy are quite restricrive one is not surprised to
J

find only mocdest accreases in R for cven rather carefully con-

) 1
structed vxenples, such as the situation analyzed in Appendix A,

L . . .

dote that the rather rapidly converging sequence of coefficients in
tquation (60) demanas intcugral ratios of at least the order of 5 ‘before
/K2 begins to increase very substantially.
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To complete the discussion the clipping loss will now be computec
for a fairly pencral case of operation in a reverberation linited environ-
went, The most important restriction {o the assumption of neglible Doppler
shift, both in the target returu and in the reverberation.

The key step is the computation of the cross--correlation of the rovoer-

. th .th ,
beracion at the i and j hydrophone. [f the sipnal assumes the narvow-
3 tl

band form of tquation (31) the reverberation observed at the 1tl hydrophone

is

AN |

T AR e o b(t-
v (1) =Sy s (tt)) cos [wp(t-e ) + lt=c )] (61
£

tp is the travel time of sounc from the origin of coordinates (nominal
th th
center of the sourcn) to the g scatterer and back to the 1 hydro-
. th
»hone. a, me:sures the amplitude of the signal reflected by the ¢
scatterer. It includes effects of the transmitter beam pattern as wcll

2 . .
as those of scatterer cross-section. Similarlv, the reverberation at

the jth hydrophone is
v, (t) . = it cosiw, (-1 ) 4+ (- T ). ¢
] ' =" 2 leL(L_ 9) cos Wyt g elte £ J

i 7, . th
EQ is the sound travel time from the origin to the j hydrophone via

th .
the scatterer. hence the desired cross-correlation assumes the f

1Th(—: effect of strour tarcet Doppler shifts has already been di.cusscu
in Section I1I.

2 . 3
the gens "al nomenclature is that or Report No. 27.




9 m
R.(T)-‘-‘E\ ------ ,,s(tt)s(tT«H)x
lj L_J 2_' L 2T £
L O om 9
x cos[wo(t tg) + g(t-t ) cos[w (t-T +T) . ﬁ(t'Tﬁ+T)J> .
(63)
Ixpressing the cos( ) cos( ) product in terms of sum and difference
frecuen:ies one can invoke the Riemann-Lebesgue lemma to eliminate all
but the difference terms of form ¢ = m . tHence
[ 2
- é.l
Ri {1 p i Z = -—0- sl(t t )s (t-T +1)cos[w (t 24 +1)+¢(: T +1) pLe-t )]
L p e 1 (64)
The next step is to express T2 in terms of t2 . Consider the

spherical rsordinate system shown in Fipure 2. DBy arbitrary comvention

Rth scatterer

//6"//x .
>S‘ e nhone i

phone i /\-:— . ——

Qj >\\

Fipure 2 \

L. . .
The -.ymbol L{ } denotes the expectation of the bracketed quantity.




E S B S a e m =8 o=

£
-

] th . X
the origin is placed at the 1 ' hvdrophone. d;. ls the distance bulween
]

phones 1 and j . A simple trigonometric computation now yields the

, th . )

distance Root the (L scatterer frow plone o in terms of Lo the

i . th _
distance of the & scatterer from phone |

b 1 2
1 il ‘i

ko= 1 - — Teiu ‘ (g~ -¢ + cosl & i e 64

; i‘/ = jshie in o Coscost, 5 (64)

: r

. i
In practice e I for all scatterers sufficiently ¢lose to the

target to receive some illumination simultancously witn the target. Usiog
this approximation and dividing both sides of Fouation (A by the velocity

ol sound one obtoins

T =1t - - ‘Jin“,sin”,COS(Q L) 4 cosn CUS”,] (65)
2 % U o [ O X 1

For greatev ease in subsequent manipefation we introduce the nota-

tiom
aocosdnt o sing cen(d -0 ) 4 casp CosA, (66)
X } o) it X 1
Then
P 2
(S 4 ¢
Y By R=Re=, 1 b s B A t.)ul(c—tq*d -4 ) x
B - L~? O AR T T
“ k) —
L
di] d‘} )
rns[wn(1-~—+ )] 5 m(t—LQ+ a —E-'+ T)”é(t-LQ)J
(67)
The joint prebabidore dencotiv ot A and Ny has been calculated
V- 2l




in Report No. 27. For volume reverberation from scatterers independently

and unifocmly distributed over a large volume V the result is

3

=S 2
p(t,, 9,, 0) =gy &, sin 6, (68)

. 2 : ; .
The coefficient ag is now decomposed into Its two primary

components

b 2

7, I

& F sine2 g(GQ"OO' ¢2_¢0) (68)

2 .
‘oQ is proportional to the scattering cross-section while g(8, ¢) is

. 1
the transmitter pattern,  centered at (eo, ¢0)

With the introduction of Equations (68) and (69) and the change of

variable

45
St-t o+ gt (70)
L c 2
Lquation (67) becomes
it 2]
3 b . drk
g g il i] il
5 e e : ! -4 e +
Rii(r) = Tev (EJ t 5 ’/ dqQ ./fdeﬁ g(eg s ¢ QO) j(dxsl(x > T A )sl(x >
0 0 0 -»
d, T d 3 2
x cos{;o(x_%i + 1) + o(x + 3) - plx - % =) (71)

lThe use of a frequoncy independent pattern function implies that the
sipnal is sufficiently narr-w-band to have its dircctional propertics
described by a2 single frequency pattern function.

2 T . . :
The bar indicates an averaging opueration over the number of illuminated
scatterers.
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L
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, : : 8 2 A
Yhe slowly varviag amplitude factoe b; e, -~ a4 = has here bevn

N &
5

Tpdacd g bt whes i ; e cavel] cime M@ fne

target to the oricin of coordinates.  #or targets remote compared with

the radtal dictanee coverdcd by oene potoo thie ahould be an oxecilent

approaination,

e turther snprcR .ot o wiinl oow beomade, boih based cn o the
obsvrvation thu Lol ot e smeil. It is a siumple
matter to demonatrore that . Mo, it the waximum distance

s

d, . .
butween any pair of uydrophonos 1o the array is 20 tt,, (o _Lif < 0,004

70

sou o dhe typioal poise cavelepe function ;;11L) dous not change

sigulficantly over intervai of S onillisccends.  Hence,
1) A ? - io approximatod by -l(x - ?) 1 Equation (71).
(L) is alng volativedy stowly varyine funcrien. Using a Taylor

series one can write

- 1]

(t) is the dnstantan. ous §reguency modulatioa o radlans/scc
i

<
: L . . :
s by the phioae o Cothe soduration froquency between
(5
Lydropho :
it
i .
4) o ¥ == L T Al ST S S ;) on the assumption
that the phan. w11t Che maxarun frequency deviation (from wo)
{ S R O R | { i s El T
ittt T S TE S T B 3 = oo tandwioth, 1t both puslhtive




and negative devintions are acllowed) and a maximum spacing between
hydrophenes of 20 ft., one finds that
d
i T 1
max [0 (x - = u*—j- = 0,41 (
2 c
Approximation 2) has certainly become questionable fer these
parameters. Howcver, in any practical array a very small percentage of
the total hydrophone pairs have spacings close o the maximum array
dimension., Furthermore, one tends to use arrays in such a manner that
few, 1f any, hydrophone pairs assume an endfirc alignment relative to che

4
1

target. hence, o will generally be well below unity and a v i a

2C ft. array would be substantially below 0.004 sec for all, or almost

@&

all, valrs. Hence, approximation 2} appears not unreasonable fov array

of this guneral size and bandwidths up to the order of 100 c¢ps

With approximaticns 1) and 2) Equation (71) becomes

2

C
N i
Rij(T' 16"

3
[

T

2

}
)= ooy - F)
J

o4

coes

PR . L e
AO\:_'. c + f) + (p(}( +

7=

Assuming, for the =ake of computationzl simplicicy. that s

bt

4

~nd ¢( ) are both even, 1i.c.,

1 .
By introducing an assumpticn of narvow beam patterns one can, in

é. .|
e laerably weaken (e inequalaty |o'ey o O L inplied
ac., consigerably weaken the Inequaiity i¢'(x - 3) 4 —| << 1 i0p
2 e
by 2) . The ~pproprizt. weaxer inequality 1o workead out in Appendix B.
9L 5

LS

(74)




i

S

e

=

o &

111
]

sl(x) = sl(~ x) pulsc cnvelope symmetrical (75)
and
2(%) = 4(~ x) Lv.n paase nodulation or odd frequency (763
modulation, such as lincar M
onc can readily ruduce Equation (74 to the form
o =<5 T ) R )
7 2P 7 1 4 l‘ v + o . A\ e w
iit! 1oV ¢ o i.)d.‘ SELE s g Y
S 0 0 0
'/ dx sl(x - é) sl(x + %) cos[;(x + é) - plx - é)]
L4 2 r R
-JEE (1) n PE" / de [ do o nle - ¢ ~s ) cos Wi = 7 \
T1ev Y L BAE Tl w,m8ys COB Wata ¢ G
[ {0 0 0
an
where
p(1) [dx sl(x -3 nl(h + %) cos|.(x + - sx =D (78)

The double integral in Fquetion (77) dupends only on transmitter nnd

rcceiver geomctry, while p(7) depends only o the waveshape of the

transmitted sipnal.  The complote separation of those two effects is the

dircet consequence of approxtuetions 1) o 2

The double tntegra] oo be turther simpliticd i{ one considers

svmmetrical pattern functiens narrowly « o v ctod near

that case one can vxtend the ) g Timite 1o (==,
) g

represent a hgustion (60) Ll 1l gn 0 . torms of

(0. # ) . In

=) and




a = aij + Bij(el-eo) + Yij(¢2_¢0) (79)
wherc
aij = sin 90 sin Bj CO?(¢O—¢j) + cos eo cos ej (80)
Bij = cos 0, sin ej cos(¢0-¢j) - sin 8, cos ej (81)
Yyy T sin 60 sin ej sin(¢j-¢0) (82)
With the changes of varilables 62—90 = u, ¢2-¢0 = v the double integral
tecomes
w - . 1
/’du J{dv g(u, v) cos Vit B —%J- aij + Bij u + Yy v)j (83)

According to Equation (20) we are ultimately interested in the valuc
of the autocorrelation function not at 1 , but at t - ) - T + Tj

However, with the array stecred on target we obtain from Equaticns (65) and

(66)

i (84)

Hence, [(rom Equations (77), (83) and (84), using the postulated symmctry

of the pattern function about (8,, ¢4)

2 w ® d
° R ba El( + v)
Pij(r—ri+rj) = igv'p(T) oS Wt i ;E ‘ du dv g(u.v) cos VoTe Biju Y3
P 0 e e
o 2 . -
3 b A e
ol Pl (_11 J -
= léV((__ tz )G - Cijwo | T Ye4Yo p(t) cos Wy T (85)
£ 0 -




D
{
B
o)
where
_
Ha
G(w, z) = du dv g(u, v} cos (wu + zv)
f -0 -0
i
i
[du / dv glu, v) o (G2 ) (86)

Thus G(w, z) 1is the Fourler transform of the pattern function glu, v)

S 223

To normalize the crosscovrelation function we need only recognize

from Equation (85) that

R s

ﬁ o by
Sh==— N [EN—<" (6 8
Ry (O = R, (O) = 1 ( = )((0, 0) p(0) (87)
t
2 0
!5 lience,
I d v d \ l
E Cl( c il 0) l 13‘40)_ (1)
Dij(r-ri+r,) = P—(?)—)‘ cos wy T (88)
‘ . G(0, 0) E
i
Ve Equation (88) must now bu substituted into Equatlon (6J). Designating the

general term of Equation (60) by An as bufore and using an obvious

generalization of the steps leading to Equation (38) one finds

( \ '1‘1n
1
M M}G(Lijg w}(ik——j-y w) | @
— Ve P13 0000 ¢ TiiT0). i 8 fp_y 0
i A=) T = = ~,\ [at s iv) [ar s ()\)cos‘«p(t)—mr()\)] plrzd) )‘)']
o A M 1 ! p(0)
it B G (0, 0) |
2 i=1 ]=l - -
K C e A s e [ —
n ln @ @
i. 1 \
I‘ -“l __..J_ Y o) L
g sl o 6 e 1% )| T YU"O}] . . (i )
) > e o [dt Sl(t) /d,\ sl(‘\)coslg(t)w()‘)] * il
o G(0, 0) ' : :
i=1 j:l ’ —c0 -
g (89)




g(u, v) describes the spatial distribution of radicted power and is

therefore non-negative. It followss from Equation (86) that
G(u, v) <G(0, 9) for all wu, v (90)
Furthermore, 1t is shown in Appendix C that for narrow beem pattcrns
G(u, v) >0 91)

The ratio of the double sums Equation (89) is thercfore no larger than

unity and onc obtains

e
ert s,(8) J(dx sl(A) cos [¢(t) -o(N) ] 1?;20))
0 K S =2 — (92)
- - ')' —A
jdt Sl(t) fd)\ Sl()\) cos L\b(t)"b()\)J lﬁal

Using Equations (75) and (76) it is a simple matter to show further that

o

Logetey [ Jde) ple=n)

e e ?-—..-u--—-_--_—-*-—-—— (93)

K C
n = n In o

o jelt) -3¢(x)  p(r-2)
[dt (t) e jﬁdxs () e U7 )

- -m

The fact that both double integrals are in form of convelutions

suggests the use of Fourier transforms. Define

S (w) = Jrs (¢) el #U®) N o (94)
of 1

-

and
Plw) = jp(t) L (95)
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Thus ng(w) is the Fourier transform of the low frequency signal, i.e.,

the signal after a downward shift by L In terms of Equations (94)

and (93) An can now be written as follows

@

[dw |szf(w)i2 (P(w) * P(w) * ... % P(w)}

—tr

Flt=1) -
An = Knclnlp(o)l

By

[dw ISEf(w)|2 P(w)

. )

Herc A * B dcnotes the couvolution of A with B .

Consider next the rela:zion between P{w) and Sﬂf(w) . Using the

postulated symmetry of 8, and ¢ one obtains from Equation (78)

0

p(t) = J[dx sl(x - %) sl(x + %) e

o

: Iy I
jolx + 90 ~3elx - 5)

The change of variable x + %-= y leads to
; - v_.'r
p(1) = J dy s](y) Cj¢(y) sl(y - 1) ¢ joly-1)
-~ . . (
which is a convolution of Sl(y) gj¢(f) wlith s](y) @ joly) It

follows that

P(w) = |s”(w)l2

Thus, F(w) 1is real. Now subpstitutineg Lecuation (99) into

Equation (96) and using Parscval's thooren

A
Ao

(96)

(97)

(98)

(99)




;?
dw P(w) {P(w) * P(w) * ... * P(w)}
..(n-.l) —0 ——— .
An = Kncln[p(o)] »
jrdw P(w) * P(w)
- 1+l
p(m|”
fd'r {p(o)
= g, — (100)
n 1ln (e f 12
p(1).
de {p((.])

—~

Since n assumes only odd values, the integronds of both numerator

and denominator are non-negative. Furthermore, from Equation (99)

[oa]

I 2
e {dwls._fw)l = p(0) (101)

-

lp() ] = '2*“1-1 jdwlSJ(W)lz ed¥T

Lence, the ratio of integrals in Equation (100) has an upper bound of

unity arnd

A <K C (102)
n- nln

but this is identical with Equation (3%) so that one obtzins

immediately from Equation (44)
R > 0.89 (103)

Thus, at least in thoe absence of Doppler shifts, ~lipping losses
in a reverberation lim!ted environment are quite small for a very general

class of signals and arrays.
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V. Range .stimation

An estimate of target range can be obtained by regarding the correlator
output as & function of replica delay (1) and establishing the locacion”
of this function on the 1 axis. Details of the required instrumentation
depend on the precise definition of the term "lovation™, bt 1f the signal
correlation function 1s sufficicntly concentrated in 1 fo permit uscful
range estimatus one would expect any reasonable mecasure of "location" to
lead to comparable results. One such measure is obtained by the arrangement

shown in Figure 3. x(t) 1is the output of the bcamformer as in Figurc 1.

S(tftl)
> ) >
= I integrator
multiplier + i T |
Y S o
x(t) T | dt y(t) =
- ]
multiplier e

Figure 3

It 1s cross-correlated with two replicas of the signal, delayed by tl
and t2 seconds respcctively. The resulting short time correlation
functions (. ~ subtracted to yicld the final output =z(t) . If the target

delay (tO) is given by

~J

‘1

|+

t =

+ ot
0 3

the expected value of 2z is zero. Deviations of Z  from zero indicate

(104)




values of target delay other than that given in Equation (104). The
measurement error of such an instrumentation has been discussed in Report

No. 29 (Section I). If the true target delay is t, then the rms measure-

0
ment error is
\/z2 o Lty
L R 2 (105)*
‘0 3z i
ato . t1+t2
0 2

This figure of merit must now be calculated for instrumentations with
and without clipping. 1In the absence of clipping the cquivalent of

Equation (2) is

M
x(t) = M s(t—to) + E:: ni(t—ri) (106)2
i=1
Hence,
M
g (L) = M s(emty) s(e-t) ¢ >: n (-1, s(t-t)) (107)
i=]

lFor sufficiently high signal-to-noise ratio to make meaningful range
neasurement possible,

2The tarpget delay t, was cmitted in Eoguatlon (1). Since range was

assumed to be known in the dctection study all delays could be measurcd
relative to tO .
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yz(t) =M s(t"to) s(t-tk) 4 n l'-Ti) s(t—tZ

L

i=1
Since the averege valuc of the nuise 1s zovo

I
J dt s(t-to) [s(t—tl) = s(t—tz)]
0

HEx

(109)

Similarly in the presence of clipping one obteins from a computation

parallel to Equations (2) - (10) [low input signal-to-noise ratic|

B =\/% —P—:—/—_ [Tdt s(t-ty) [s(e-t)) - s(t-t))]

(o8]

\110)

(111)

(112)

T VN 0
lience, by & trivizl computation
oz
at0 clipped /2
3z o
’tO unclipped
In the absence of clipping tue mean square value of @ isg
S (e H T M
2_ 1 v g [ | R
z T [dt: s(t tl) " ni(t i) T dt s(t t2) é_J ni(t Ii)
i=1 0 i=1
T T
-1 . . = ; o
= ;rz—fdtfd,\[s(t—tl)o(x—nl)vzs(ur], \.—t2)+s(t-t2)s()\—-t2)_] il
0 0
Moo
we bt §
N ey
i=i =1
1 , . Fla= -
The contribution ¢ L j i 2 @l ! T has been Lpno

under the assumption of low Loput signces-—-to-nolse ratio.




Similarly in the prescnce of clipping [see Equations (11) - (13)]

T

2 _1 i

20 = ;E.I’dt deALs(t—tl)s(x—tl)-ZS(t-tl)s(X»t2)+s(t—L2)s(A~t2)} x
0 0

ERDN

M M

o _— _l_ .

Eﬂ }_‘sin ’pij(t—k—ri+rj)J (113)
121 §=1

From Equations (105) and (111) - (113) the clipping loss is

o i
R = Olclipped
%
Ofunclipped

T

dt | dr|scr ‘)s(A-tl)—Zs(t-tl)s(A—tz)rs(t—tz)s(k-tz)]

\\\—]

-

dt dxls(t—t,)s(A—cl)—25(t-tl)s(A—t2)+s(c—t2)s(x—t2)]

o*-~§\_i
oﬁ!o‘

| }%

N \
N+
- (_.,oij(t A ¥ TJ)

l
L___"W,i=1 i=1 S

MM L
_u,sin—l[bij(t-x—1i+7j)] !

=] /

The similaritv with Equation (20) 1is obvious. One can clearly carry
through many of the general areunments of Section IT11 and obtalr similar

results.  Hore we shall concern ourselves enly with the casc of reverbera-

tion in the absence of Doppler shift&re:tud in Section 1V, Equations

(61) - (93)|. Once ~uain we work with the gencral narrowband signal

s(t) = s, (t)]|cos w.t + ¢.t)] (115)

1 0

B =D o5




4

s With the same restrictions con array dimensions as in Section IV

g [_array diameter small compared with wavelength of muximum frequency
deviation from wo] , one obtains from Equations (60) und (88)

i _

' |m
- o, " ) B Y plt=)) R -3
‘ l.sir: tds(i-t,)-2a(t-t )s(i-t,)+a(t-t, ' ald t2}.| ‘ o(0) cos wp(t=1)
@ e - i . - - -+ )] BLE=M) -1
[ s(e-t)s0mt)) ~2s(e-t )8 (A, ¥s(e-t))s (A £,)] T3} eos wg (Lo
(116)
where Kn is defined by Equation (25), p(t) by Equation (78), and An
E is the nth term of the expansion of l/R2 . The 1limits of integration
= have been extended to (-», ®) on the assumption that the Integration
i
i time (0, T) at least covers the duration c¢f the two replicas. As in
o Section 1V, the ratio of the double sums has an upper bound of unity.
3|
3 Hence, - -
fdt [d)\[s(t—tl)s(A--tl)-25(t-t1)s()\—t2)+s(t—t2)s(x—-tz)_]
A <R e
n- n 5 &
Iy - -
B ! -t )- = -t )+s(t- -
i fdt jd)\Ls(t t))s(A-t)-2s(t-t )s(i-t,)+s(t-t,)s (2 c2)J
§‘
A n
4 plt-2) n 1
[p(O) cos wo(t A)
3 —
)
tg P_(_E_"_)‘l -
! 5(0) cos wo(t A)
(117)

g A-43




Only the tcrm in s(t—tl) s(t-tz) differs from the forms treated

previously. One can express the constraint of Equation (104) by
tig ==t B+ (A (118)
t, =t . -4 (119)

Substituting Equations (115), (118) and (119) into (117), one obtains

after some algebraic monipulation (invoking the Riemann-Lebesgue lemmz)

j dt jfdx{sl(t)sl(x)cos[¢(t)—¢(k)]—sl(t+A)sl(A-A)

ATNG K G == S - — e
n~ nln ® ®
dt J(dx{sl(t)sl(x)cos[¢(t)-¢(x)]—sl(t+A)Sl(A-A)

' In
COS[2w0A+¢(t+A)-¢(A_A)]} lg(t—x)

- plQ) -
Cos l:2w00+¢(t+ll)-¢>()\—a) B p(t-2)

p(0) (120)

The signal correlation functica is monotone only over intervals of
the ocder of half a carrier cycle. lence, the scparation  (24)  between
the two replica delays cannot exceed n/wO +f the output from the device
of Figure 3 is to have an unambiguous interpretation.l For time increments
of the order of n/w0 the relatively slowly varying functions sl(t) and

¢(t) do not chenge significantly. Hence,

1The practically more interesting situation in which only the envelope
of the corrclation function is used in ranging is discussed on p. 42.
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j'dtj’dxel(t+a)sl(x-a)cos[2w0A+¢(t+A)—¢(X-A)J lgjstﬁy}

p(0)

- -—co

n

© @ i 0 n
J’dt J’dksl(t)sl(x)cos[?WOA+¢(t)“¢(*)]‘_PéEO))}

-om =

. e 1"
cos2wOA j’dt erxsl(t,sl(x)cos[¢(t)-¢(x)] [Rﬁzﬁslw

0

sinZwoA[dt [dxsl(t)sl()‘)sin [6¢t)~(2) ] ‘P_(_t_‘_X)

p(0) |
= = (121)
The change o7 variable
t - \=2 ¥
(122)
t+ L=y
yields
/'dt ’d)\s (£)s, (Msin [4(e)-9(N) ] ple=n)|”
i 1 1 ! i p(O)
T ale@ ] KRy yoX xbyy_ yoX
=Y dx‘P—(l‘-l dys. 5y s (%) sin [4(50) - 053]
) P (0) i) 2 2 (123)
s SN yrx 2
s, and ¢ arc even functions by assumption. Thercfore ¢ (57)-¢(4%7)
1 i 2 2
is odd in y . 1t follows that the integrond of Equation (123) is odd
in y so that the value of the integral is 2c¢co. Using this result in
Equation (121) and substituting in Equation (120) onc obtains finally
[e-] (=] ) - (L—A) n
J(dt j’dxsl(t)slkx)cos[¢(t)—¢(k)]l BBTBT—
A< Kncln 3 N == (124)
i e =7 1 pLe=2)
Jdt[d)\sl(t)sl()\)co._lJt) 50 | )

A-do




But this is fdentlcnl with kquat-on (92) so that Fquation (103) remnins

truce:

R > 0.89 (125)

The discussion just concluded {s unreallstfc o one respoct.  The
postulated Ingtrumentation usces the carrler frequency !n oranging, they
obtalning fn effect extreme range accurncy (to o small fractlon of a
carrfer wavelength) at the cxpense of ambleuity over multiples ol the
carrler wavelenpth., 1o practice one cannot tolerate such amblgutty.  Ono
would therefore almost certalnly fgnore carrfer frequency offestas and occk
to locate the envelope of the nignal correlatton function on the v axle,
The formal analysls of an appropriate {nstrumentatfon s falrly cumlersome,
but wuch of the destred Inafpht Into the questlon of clipping Toss can be
obtalned from the folltowlog Hoe of reasoning.

A typleal sipnal autocorvelatlon function §s sketched fn Flgure 4.

R"(l])
3 « /\

¢ - A .
l A !

| -

Flpure 4
A Instrumentation of the type of Flpure 3 doigoned to track the onve Topg

wvould have to compare the amplitude of the quas -sinusofdal osciliations

at oA dlistance A from the orfgio.  Thia clearly lends to lower sonsitlvitics
a7

o0 than o the previous computattion, where A was of the order of a

A

quarter wavelength of the carrtor froquency. On the other hand T Is clear
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from Equations such as (109) and (110) that the ratio of sensitivities for

the clipped and unclipped instrumentations [Equation (lll)] 1s unaficcted

2
by this change. Furthermore, the output fluctuation 2z for the envelope

-

E* observation i{s simply the outpul fluctuation of Figure 3 with the delay
adjusted for operation at the peak of the appropriate carrier cycle (as

suggested in Figure 4). Thus, Equation (114) and hence, Equation (120) is

still indicative of the clipping loss if A assumes the appropricte valuc.l
15
w Onc can now no longer make the approximation in the second line of Equation
(121) end must write instead
dt [ dx s, (t+8) s, (A-a) cos[2w. A+ o(t+a) - &(A-0)] MR
0 g 1 pft T eNEA T p(0)
i_"“ -0 -
= cos 2 d d +4 (x=2) o (et )] R
\, = cos 2wgh t A sl(c 5) §;(A=0) cos e(t+a) - &(A-b ()
i
- sin 2u,A dt dx s, (t+a) s.(A-a) sinfg(t+n) - ¢(x-0) ] pLe-0) "
b 0 1 1 b p(0)
i3 e (126)

The chonpe of variable (122) applied to the last term of Equation

b

(126} still leaus to an odd y i{unction sn that this integral vanishes,

The equivaleat of Equation (124) 1s thereforc

kit
EE lThe zeros of RS(T) occur at v~lucs of 1 such that Wt = ks,
K odd. Howcver, the peaks of RS(T) do not necessarily occur nidwey

butween the zeros, o fact which causcs an apparent difficulty in the precisc

choice of & . Fortunately, it turns out thet changes of 8 by =2 small
f? fraction of 2 carricr ecvele do nnt ~2ff ot v ~lipping loss computation.
1Y A
bt
2
1! A‘\—" i
be
i

SR
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-[dt fdx|p‘p£20_)l (s, (e, Meos[a(t)-¢(M] -
By < Ky o

j’dt j dxpﬁfégl{ul(t)sl(A)cogl¢(t)_¢(x)I _

- canwUAr;l(HA)s](A—A)cosltb(tJrA)—d)()\»[\) [}

- cunZwOAH](L+A)sl(A—A)cosl¢(t+A)-¢(A—A)Il

(127)
The first terms in numerator and denominetor are [dentical with the
futegrale In bquation (92). The sccond terms ¢ be reduced to an
analogous form by the transformation
X = t + A
128
e (128)
Followling the same sequence of steps as In kque tlons (92) - (100)
one now obtalns
;i i n+ 1 n L
[ dri 1’_(.1)’ - con 2ug |PL2| phiz2a),
p(0) TR (o) pem
N« kC S . e . (1r2m

p(m 07 {p@0)| pt0)

j dirf | e 2 A llﬂdll Pﬁ‘i!ﬂi,

swowse of the nepatfve torng ft Is dificult to draw conclusions ot
the same gencrality as in the case of dotectfon [lquitions (100) (162) .
The practic:l plcture buecomes «lonr, howevor, when  ne roealls tht
pQy) {Equullon (U7)| ts in vifect the autocornel tlon function Rq(l) i

A

the sipgnal.,  Foarthermoro, A oust be ehomon dn ronge of 0 valuen whior

P‘ (1) decays raptdly, It the cnvelope of R _(l) o sulflciontly
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concentrated on the 1 axis to permit meaningful ronge measurcnonts

p(]" plr-20)
p(O)] 2 (0) sheuld

be small for all 1 and the sccond terms in numerator and denoninnter of

p(248) should be very small, Hence, the product

Equation (129) should have only a minor effect on the ratio of integrals.

Thus, one expects Equation (102) to cemain true with, at most, minor

modifications.

As an exemple, consider a signzal consisting of o Gaussion pulse with

linear frequency modulation

cr
[ oS3 B 8

o y
T K 2
s(t) = e cos(wot + 5 t)

A strailghtforward computation yields

p(1; B erz
p(0)
where ( Kgc 2
1 T
& 2 ®
.

Thus, @ 1s the ecffective bandwidth of the transmitted signal.

Substituting Equatien (131) into Equation (129) onc obtains

- 22
~ =54 B
/ 5 1 - cos 2w, 8 ¢
A <KZC ——— D
n— n ln -l -2 PZAZ
1 - cos 2w A © ’
0
p(1)/p(0) has maximum slope at 1 = 2 i . Hence, this valuc of
\/7; I
delay is chosen for 4 . ‘rnen

A-19

(130)

(131)

(132}

(133)




W o
— 0 ) 2 —
—— = +1
2 1 - cos(j/Z /e -
< - ————— ——
An - KnCln \/n+l w (134)
1 - con (VT2 | !
The last fraction in Equation (134) has a maximum value when the cosine
terms have arguments cqual to multiples of 27 and when n > = . There-
fore
_E_ 1 -v~2 2
LR s s S S TR gy (13)
r assumes only odd values. For n = 3
1.37 K C ‘\/«-—2~ = 0.966 K.C (139)
) n 1n n+1 : 3713
It follows that
A <KC for 211 o > 3 (137)
n— n ln -
Since Al =1, 0.89 recmains o lower bound on R . In this particular

cxample the lower bound is definitely not reached, so that the clipping

loss is actually cven smaller.

VI. Doppler Estimation

Radial target velocity can be estimntud by a procedure very similar
to the onc used in range cstimatfon. Figure 5 shows a schematic Doppler

cstimator equivalent to the range estimator of Figure 3. The target

deloy is assumcd to be known and the signal is

A-H0

A

EE=n =

iﬂlll ] B =3




sl(t)cos[wlt+¢(t)J
|
P
| g
integrator
! O
o | Mo ) 5 { dt y(e) |
= i -0 t4h ] ._F_ wirh ! Y
x(t) sl(t)cos[(wo4uD)L+¢(Lh! p(r) 0 - !

sl(t)costw2c4¢(t)J

Figure 5

L.ken as sufficivntly narrow-band so that Doppler shifts in the cnvelope

and phose modulation may be ienored.

By analogv with Equation (105) the rms Deppler crrer is

£ computation entircly parallcl to Equations (106) - (111) verifics

~

RE-

Ovoletipred | /2
N T VmN
9z .

3
0 ] unclipped

[rocewding as in Section IV cne cobtains in place of Lquation (L17)

. R LR L
ok n__.n_ " n
n Sk ) T T 5 -
T I ;
L Y 1
\-51

z(t)

(138)

(139)

(140)




where

w

2 n
D = jrdt jfdxsl(t)sl(x)cosEwlt+¢(t)]cos[wlx+¢(k)] [éé%é%lJ cosnwo(t-x)
- -0 (141)

E = ert j’dxs (t)s (A)cos[w t+¢(t)lcost M) ] ’ (0) cosnwo(t—x)

n
(142)
i p(e=)]" o
F = det /’dxs (t)s (A)cos[w c+¢(t)]cos[w Ao (1) ] [ ©) ] cos w,(t-1)
= R (143)
Set
wl = w0+wD - AW
(144
w2 = wo+wD + AW
Then a sinple computation ylelds
5 =k
D +E = 20 [dt fdxs (t)s (x)cosaw(t—x)cos[w (e-\)+¢ ()= (W) ] [p(O)]
- (145)
With the change of veriable
t - A =x
(146)
t+ A=y
one obtains (using the even symmctry of ¢)
D +E = —lﬂ dx coswac05\ dys (Xi—Js (i——)cos[¢(Xi-) ¢(X’—)]
n n 4 (O)
¢ r ntl
o p(x)
5 J(dx[ (O)] p(O)coswacostx (147)
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A similar scquence of steps ylelds

ao m

C
= =% J [ﬁ_%)%] °°s‘”j dys, (555 G5 cos |y -‘(Y— B+ () (148

-0 -0

ﬁ%%% <1 . Hence {Ez-l} decays more rapidly than P%%% . 1t follows
fron Equation {147) that the ratio en the right sidc of Equation (1.0}
can bc made much larger than unity by choosing Yp suffliciently largc.
This, of coursc, is simply the phenomenen discussed in Scetion I1T: If
the target Deoppler shift 1s large there will indecd be substantial
clipping loss becausce signal and noisce spectra in the unclipped instruncn-
tation are almost disjoint, We¢ arcehcre concerned with any additional loss
which may occur in Doppler measurement. Hence, we choosce vy = 0 and
attenpt to sct bounds on An for that casec.

From a qualitative point of view one can make the follewing ckserva-
tions: Aw would be choscn so as to place vy and w, near the points
of maximum slopc of the signal spectrum. Roughly speaking this identifics
Aw with the half-bandwidth of the signel spectrum.  The offective duration
of ﬁ%%% is given by the vorrelation time of the signal. Hence, the
naxinum value of Awx in the cffective range of integration is of the
ordcr of a radian for D +E, and less for Dn+En , n>1, Therefore,

1 Sl

the expression for Dn+En dous not differ greatly from

o+l
n () (14%)

which 1s (except for o constant indinundent of  n) the same as the

numcerator of Lkquation (10U). In the carcression far Fn , on the other




hand, the effective range of the y integration covers the signal duration
and over that range Awy could go through many complete periods (except in
the absence, or virtual absence. of frequency modulation). From the
Riemann-Lebesgue lemma one would then infer that ZFn is small compared
with Dn+En , except possibly in the absence of frequency modulation. One
would therefore generally expect the bound on An given by Equation (140)
not to differ drastically from Equation (137).

To give some quantitative support to this line of reasoning, consider

once more the Gaussian pulse with linear frequency modulation

et
2
1 K 2
s(t) = ¢ cos(wot tot ) (150)
Straightforward computat’ s yield
(AW)2
© el h 2
_ _1n n 1 4(ntl)Q
Dn+ En =0 VZn o =i g © (151)
and
K
n T 1 2
. — | Tmi2 ll“L . zosz (8w)
2Fn =~ \/ZTTOT \/-r.\?i 7 T (152)
where § is the "signal bandwidth' defined by Equation (132).
Substituting into Equation (140} one obtains
2
. . .
n T 1 2
EETSU) [1+,, 22 } Caw)
204 7 n
2 1 -e
An :‘Kncln ntl 5 2 (153)
. 2
A
1l -e 2(_;T 5
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The signal spectrum has maximum slope at w = t /20 . With the

substitution (Aw)2 = 202 , Equation (153) becomes

1 .o 22
o = 2(n+l) e o+l T
a2 k0 Vi e (134)
_ Lﬂ T kY4
l-e e

One can readily demonstrate by direct computation that the right

242
side of Fquation (154) does not exceed Kncln for any value of O Q
and any n > 3 , As anticipated, the exponcntial terms [proportional
to the ratio of 2F /(D +E )] are small uvnless 0 = !;-. The lowest
n‘- n n’- Op
. 2 1
value of Q is rcached when K = 0 , in which case Q7 =-—"5 and
20,I
A <KC ‘\/"2— (155)
n- nln ntl
Thus the bound
R > 0.89 (156)

. ; 1 :
remains valid for Doppler estimation, at least in this particular
example and - irom the precuding discussion - probably for most cases of

practical interest.

lNote that we .re working with w_ = 0 . Our conclusions, thereforc,
refer to clipping losses aside from these duc to spectral separation of
signal and reverberation.




Appendix A
Consider the probler of detection in a spherically isotropic ambilent

noise field. Here

o] =t YORT (a-n?t

where p()) i{s the normalized autocorralation of thec noise and
1 = ———ih (A-Z)

dih is the distance between the ith and hth hydrophone. If the

system processes only a narrow hand rear the nominal signal frequency,

one c¢ccn wrilte as before

p(A) = pl(A) cos wOX (A-3)

Suppose, now, that pl(k) is essentially constant over the interval

L S R ih Th for cvery pair of hydrophones zand every valuc of

1 . This is the narrow-band assumption discusscd in detalil in Section IV,

Then Equation (A--1) becomes

T+
0, (1) Tih
pi.(T) = 21 j’ cos woodo
J ih 4
tin
sin w.1
= __;_TQ__i_h_ pl(r) cos Wyt (A-4)
0 ibh
1R. A. McDonald, . M. Schultheiss, F. B. Tuteur, T. Ushcer. Processing

of Data from Sonar Systems, Vol. I, A-1, Equation 3, September 1963,

A-D6
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Fcturning to Fquation (20) and expanding the sin"l tcrm as in

Fquation (22), one obtains the following equivalent of the latter caouation

T T MM
LCCR L) 3
dt s(r) | dr s ) ) tmA=T 4T
f (t) j s(M) Ll Piy ( L j)
1_2 =1 + K3 __0__..--__ __.._O..__.__ -__ii.;].:_l__ S
R T M M
fdt sit) [ dd s(A) Yoo, (t-d- A1)
J J s (o i 2
0 0 i=1 §=1
T 9l M
L8
5 ./’dt s(t) , dx s(}) /. 2_‘ pij(t “A=T +Tj)
0 i=1 j::l

M M
\—“Y o
[Idt s(t) dA s(X) L4 ij(t A ri+1j)

0 i=] j.—:'

where Kn is given by Equaticn (25).
Equation (A-5) is of the same form as

agi.n postulates a signal of the form (31)

entirely parallcl to Equations (33) - (35).

(A-5) now becomes

T

i M
fdtb (t)f NS (A)pl(t A)> >
0

0 1=1 j=1

{ =K — e e e ———————— e

n
M % [s)

jfdts (t)<j dis ())ol(t A)[
0

0 t=] j‘L

In deriving this cquation ul((‘\‘TLTI

(A-5)

Fquation (32). Hencc, if one
one Can pursuc an argumeat

The typicor verm of Equation

E n
sinw01ij
iy cos [y (1 17T 4 () =01 ]
Yo'y
. inw0~l1
; ey COs Wy (7 —~j)+ (t)“Q\\)]
J- 1]
{(A-6)
1) tias been replaced with




o

X T

I

pl(t-l) , invoking once more the narrow-band assumption, that the correlation

time is large compared with sound travel timc across the array. The

definition of C
In

is given in Equation (35).

If we consider an array confined to a plare and a target producing a

plane wave parallel to thc plane of the array (remotc broadside target),

then i, Tj for all] 1 and j and Equatlon (A-6) reduces to
B n
<L ii’ sinworij \ T . ) _
nva WOT;T——) dtsl(t) jrdxsl(k)ol(t—k)cosl¢(t)—¢(k)l
foep o Asli=1 A 0
‘s n ln M M SinwOTij T
i) 2 N - -
0 ‘ oniT— jfdtsl(t) dxsl(k)pl(t X)cos[¢(t) ¢(A)]
i=1 j=1 ] 0 0

The ratio of integrals is identical with that in Equation (38) and

therefore has an upper bound of unity.

arbitrarily closcly,

for

inst

modulation) and taking rl(r)

Thus

(A-7)

This upnur bound can be approached

s(t) = 0

(no frequ’ ruy

(narrow-band noise).

ance, by choosing
1 for || < T
M M sin w,r. .\
S G i
P |
SVNves L G [
f=1 y=3 ¢ O 1 J
{1 M sin w.t, .
o == 0 ij
) 2 —
(. (. sin YoT
i=1 j=1 J

The upper bound can be approached as closely as desired by proper choice

of ol(f)

Consider now a planar array constructed from .quilateral trianples.

Figure 1 shows the most elementary version of such an array, with only

A58

(A-8)
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seven hydrophones. For it An assumes a marvimum value of 1.77 *_fl”
av J = 5
at k0712 0
1 2
LA
A \
49 >3 H - kl 3
A
W= = oy
6 7

Figure Al

For the next larger

tre maxiour A is
n

(seven phoncs along

Arrives it 2 maximum

rcgular hexagon (Figuare A2, ninetcoen hydrophonues)

2.53 K C
n In

a diwmcter for

A of
M

arc onlv slightly loreor

thun A

3.02 K C

}

Going to

vostill lerper ropular hexagou

a total of thitty-scven pbonus), onc

In

buc tusc

In

T l‘,‘

each case

the

Lo rms

A

5
1

.

J

contributc

s

significantly to the numcrator of tquatien (6-%). CUsing sy

and following the procedure of Fquatiens (39)

R = 0,74

Thus, the clipping iuves hne Inureascd 0 L Lh
the Lo

1
uncorrelated phones),  No ltempt w

structures, but it “ppoars nct unroasonnbl, th

(43) one obtains

I, trrom 1 db fcr

= 3.02 ¥ _C

nln

(A-9)

tlunte more complex array

bostill larger clipping

lossus might be vncountorod. The phivaicdi 1. s tor the obscerved
phunomenon are cler: o STIRY T &R (8 AT srus AR ¢ lipfial 1A
In terms of equivals vt wicnal 0 oa e bt 1 )



selected to yield high negative noilse correlation bectween adjacent phones.
This reduces the effective noise power in the unclipped case, but 1is
in~ffective in the clipped case because the generated hermonics do no retain

the same phase relations as the fundamentals.

E S O @ T e a8 28 =

\
\\ \
PP R,
Figurc a2
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Appendix B

In order to exhibit thc {nfluence of the rroremftrov pattorn (u Lo

narrow-baond cpproximation, return to bguatliou (o/) ~nd cvaluete R, at

13
the point 1 -ri+rJ Using Equation (84)
Ly gl I ‘L }
!
- — + = -- [/ T v @ l - T 4 T %
Rij(x Ty 1j) e N R 1 O ( dl])
2 14!
g, |' = (——
L ¥ ‘
< ot +w - (g-u, )+ b, + T+ e (uea - o(t- B-1)
X coS &0[0 vy (o uij) -ty 2 («t ij)} (t EQ)J (
Let
dpr
i) 1
= t-t + —= - + = B-2
X t t)l - (a cij) 5 ( )
Then, using Equations (68) and (69) one obtalns
I
c] A n2 /1-'1 T
{ g + = —=F = o “, C ) - e ¥
B Cmme v 1) = 1oy 2 ) oy f do, B0 -y p=p)
0 0 0
2 s | d. . d, . |
/ dxs |x—3—2d (q=a . ) s (x+1)cos{w, +w ~1l(1~l Ve (i)~ x—3—~li(u~a. N
4 =2 ¢ 7 71377 207 0 0 iy’ 27 97 2 ¢ i4 ]
(B-3)
ror narrow beams one obtiins from Equation (81)
- " e Comh ) 0.
t z},‘, lij(('. '("+‘ii(§k' :’O) (8-4)
whore btj aond Yii are dofined by Equaticons (83) and (54). It Is a
<imple matter to demonsir ot thet
Poand Lol (B-5)




e

s

o~y
e

o

s -

Hence,

o~

max |u - a < nax|02 —GOI + ngxl?z - ¢0| (B-6)

| .
ij° -
% R

Approximation 1) lh. 27] is at least as good as before. In

place of approximation 2) one now has

d 0 d,.
- l - ._ij_ - (1 -4 — _T. - — _T._.i.l - a
= 2 c (o 'ij) A 2) e 2) c (o ij)
1
= o(x ~ _.).) (B-7)
Thus, one makes the implicit assumption
R e D]l = [ ) << 1 (B-8)
mex (x - 2) 2 max (o - aij
Using kquation (B-6) this becomes
: ' . dij ' | ]
a z - )| —|oa - 8 MK e, — O S B-
max ¢ (x - )] Slmax|e, - o)+ n;;. et | 1 (8-9)
L

The maximizations in 02 and 02 extend over the width of the
transmitter pattern. Fev & maximun frequency deviation of 50 cps  and

& maxloum distence between hydronhenes of 20 ft., Equation (B-9) riads
O0.4% (sum of & and ¢ pattern half-widths) << 1 (B-19)

The pettern half-widths are measured in radians., Hence, the patterns
need not be very narrow pefore Equation (B-9) becomes substantially less

restrictive than its cquivalent In Section IV.

A-02
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Appendix C

Single Frequency Pattern Functions

Consider a transmitting array consisting of N omnidirecticmal point

transducers in an arbitrary (but specified) geometrical arrangement. Ve

wish to find the anguler distribution of power in the far fileld.

georetry 1s shown in Figur. (O

Figure Cl1

¥

and is basloaly toc saw

transducer

The basic

)

g5 taR! of Pieg=m 21

Ignoring spherical spreading losses [whirh are not part of the coefficicnts

a, in Equations (61) and (62)] the pow ¢

{wit -t

VN
N

i

fl

peint P {is

(C-1)




where tj is the delay of the signal applied to the jth transducer

(steering) and 1, 13 the scund travel time from the jth transducer to

3

point P . The pattern function g( )} measures the angular dependence
of power and is theorefore directly projorticnal to (C-1).

From Equation (65) one obtains

d

T, = t, - El [sin 6 sin 0

I 0 cos(¢—¢j) + cos 8 cos ej] (c-2)

]

where tO is the sound travei time from the origin to point P and

dj is the distancc of the jth transducer from the origin., TIf the

array is stcered in the direction of (90, ¢0) then

nd
1
[¢] L‘o.

sin 6, sin 0, cos(¢,. - ¢,) + cos O, cos B ] (Cc-3)
0 ] 0 ] 0 ]

If the pattern 1s confined %o snall angular deviations from (60, oo)

one can approximate (C-2) by the first tirms of a Taylor series

[«%

. = _ - -4
Tj Pty - g [QOj + Boj(e BC) t v, (3 ¢O)] (C-4)

3

B

where &Oj’ 0j’ YOj

defined in Equations (80)

arc analogous to the yarameters aij’ B,., Y

137 4
(82). From Inspection of Equations (80)

and (C-3)

o

3 -
J i (C-5)

Now, substituting Equations {(C-4) and (C-5) into (C-1}

2
N
2 qufe-t 48 (0-8)+y | (¢6=0.)]
n \ 0 "0 0 v]j 0
g(e—eoy Q’-QO‘ = / e
3=1
N N i
RS I (U T AR (b-¢)]  (c-6)
A
j=1 k=1

A=t

257
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e

1

Hence, the Fouriler transform of g( ) 1is

N N o

E: E: ],dx J(dy )
j=1 k=1l -= =

1w [(By B0y )%+ (1, =gy -1 (uxbvy)

i}

G(u, v)

¥ N e w
— ix(8_ -8, Ju-u] 1y [ (v, =V Jw-v]
‘LL fdxc 03 "0k fdye 03 Y0k
i=1 k=l D) -
N N
2l R ,
di=1 le=0

Thus, G(u, v) 1is a non-negotive function. This result alearly
remains true if one considers the pattern function defincd by the total
power over some frequency band, for the w integrul of {C-7) is clearly

non-negative,

A-65H
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sSurmary
The problem of optimum bearing estimaticn is discussed for “he 0o Leat
possible case. The recelving array cousists of tvo hydrvophones. Signal and
noise are stationary Gaussian random processes with zero means and spectra of
the same form. The noise at one hydrephone 1s statistically Indepeniont {ronm
that at the other. The foliiwing resclte  re obiod,ed.

1) 1If the output signal-to-nol ratfo fs Jaige coough to permft accurate
bearing measurements, the yms boaring error of 2 simple cross-correlato~
(with pre-whitening) reaches the Cramer-Rao lower bound for all input
signal-to-noise ratios. Hence the cross-correlator 1s an optimal
bearing estimator.

2) In terms of the input signal-to-noise ratio (S/N) the rms bearing
error of the cross-correlator varies as (S/N)—l for (§/NY<< 1 and as
(S/N)—% for (S/N) - 1. Thus the optinmum bearing cstimator has
characteristics normally associated with a coherent (incoherent) device
for high (low) input signal-to-noise ratios.

3) The rms error of the cross-correlator varies linearly with the
correlaticn time (inverse bandwlidih) of signal and neise. It varies
Inversely with the half power of the time-bandwlidta product.

4) The rms bearing crror of a 2 element split beam .racker is cqual to
that of tho cross-corrclator 1f the phase shift hetwoin beams 1s
achieved by a pure ditfcrentiater.  If a pure 0 phase shiit s
used in place of the differentfator there is o emall less in
perfommance, car ivalent to about 0.6 db of Inpu' sipatl-to-nolse

ratio.




I. Introduction

The purpose of this note 1s to correlate and extend certais previously
reported results on optimum and suboptinen . aeatimation. The stimulus
was provided by a rccent paper by Middlctonl using 2 very different approach
and obtaining, in part, different rosults,

In the following analye:s the problem of ortilm-olfity is apprvoezched by
using the Cramir-Rao ircquality to st o lower bound on the attainable vms
bearing err r. Reallzzbility s then cstablished bty describing an
instrumentation which actually reaches the lower bound. Only the simplest
physical situation is considered. Signal nnd noisc are assumed to be
stationary Gaussian random processes with zero means and spectre of the same
form. The noise 1s assumed to be statistically indcpendent from hydrophone
to hydrophone. The obscrvation time is long cc | ared with the correlation
times of signal and noisc. In wost of the discussion the rceoiving array

consists of a single pair of omnidircctional hydrophones.,

D. Hiddleton, "Crtumum and Subuptimur Bearine tstimation for

Leterministic »nd Raroer Signals in Normal Dol {«lus,"” Papor Ef7, Acoustice’
Socicty of Amerfcn, 7ird Muecting, Apcll 1967, X v York., For o mor detailed
trentment of the same ! -] | A ‘i, “ixtr-ction of Rondom
Acoustic Signals by Fucoivers with Inotributod flonenta,™ Ravtheon Company

weRont  (Suemarion sinue .. : ¢ ol &
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1I. Lower Bound on RMS Bearinpg Ekrror

If the receiving array consists siuply of » pair of omnidirect
hydrophones the problem of benring tiootion L. .guivaleat te the preblem
of estimating the signal dclay between the two hydrophones. Let the true
end estimated dolay be &q ‘nd oiLepectively. Teor tte case of slgnal
and nolse processces with tie proporty b Geussrin white nefse Mot d In

frequency to 0 < f <y Mcbor,ald1 hivs caleulated the Cram@r-Roo lower

y

bound on (60—5*)“

G 2
I S N 1
T 7 53
S WS 1 TWT - log(2WT-1) - 0,5772
3
S 1is the signal power, Nl ] Nz the noise power at phones 1 and 2
respcctively and T the obscrvation time. If Nl =1, =N nd WT »> 1

Equation (1) reducus to

=0 2
N
(-e0)? > e @ N Ky
2 2o st 2
8”7 W (WT) S

In order to transl)-t¢ Equation (2) into & lower bound on bearing
accuracy, consider the poometry of Figure 1. L the torget distance 1
is very large compared with the spacing d  betwoen hydrophones, onc can

write to an excellent approximation

1 - .
A. L. L&vesque, R, A, Dili; ald, ¥, @ W o lsner, NC, w

of Date from Sonar Sveatvme Vo e v b

(1)

b

(2)

(3)

o4




¢ 1le the velocity of sound in water.

X target

'd
.
1 -
-
- o pleon L
Q
{d J
< : >
),
[ -~
1
1
=
If the true bearing 1is . e ol astimstidn eEret A% - 4
is raelated to i% b
R d ' ; 0 3 \ Loy Y [/
§x —~ ¢ = — (u1n vh-gin 3 sin (9% ) cos K{ATH( D 4)
) ¢ 0 2
In preccice, one . coneccrned with o1 ienl vaiue or the mes tracking
error oaly if it 8o quite il A p ¢ovs not ixcecd &

small fraction of =2 rodran wirh any signipicant peobebiliry.  In that

caSc, Ol Can approxir %

(5)




N =
-

and, except for 8, extremely close to

ros h(gktn ) ~ ces *p (6

Substituting these approximations in Fquation (4) onc obtains

g% - & v (9%-n ) g cos B 7y
w (i T o

Hence, the standard deviatiov of (H*-er) hac the loaser bound

¥
=

oo

+ (8)

YOI /
L(g*) = \/(s*—eo) > - tE) - \/2
2 /2 a W AT d cos O,

e

This result gencralizes 1o trivial fashion to non-white sigral and
noisc spectra, as long as the ratio of the twe spectral functions is a
1 g 3
constant’ ovir the processcd freguency band 0 < f < W . For then one can
regard the output of cach hydrophone as prewhicencd by an eppropriate
linear filter, prior to further provessing. The (invertible) linear

filterlng operaticn can clearly not have any offect on the winimum

2
attrinable " mean square crror. Thus. Equation (&) remoins valid,

1 ; ) L

In practice this condition {s often at lceast spproximately frue,
because signal and noise spectra are shaped by the same hydrophore -nd
recelver chavactoristics,

zThis argument doce not prove formally thoco the Tromr-Raoo low b
bound might not be lower for nor-white spectre.  Howiver, Lt dovs prove
that any such lower valuce cannot oo roalizable.,  The optlmum estimetor
after prewhitening cannet achivve o porforwance bottor rhan the right
side of Equation (&). HhLut tho optinu imator vor 1d anclude tiooos
filters to shape the spectra to the most desirasle porm. Thorelore, no
realizable cstimetor working with the wnjtlal spectra can improve on the
lowur bound of Equotirn (61,



III. An Optimal Instrumentation: The Cross-correlcotor

When only two hydrophones ave avallable —n obvious instrumentation
for delay measurement (and hence beariong reosurooent) Is the simple cross-

correlator shown in Figur. 2.

\1 ) 4 le )
phecne 1 o-—
; o low pees L
LN __l y((_) [ filt.ur | z(t; tl)
'
multialior
I
phone 2 o———={dulay ¢t |7
X, (1) A
= s(t) + u (1)
Figure !
Tnc system output Is the short-time croso-corvelation (averaged over the
smoothing time of the {ilter) of the two hydrophone cutpurs, delayed
relative to cach other hy Ll . At uy gmiven time U, ozt L]) is
N . * :
computed for all possible values of Yo Ihe volue t1 ot tl which
maximizes z(t: Ll) foode stenated e the tastant aneous estimats of
slgnal delay. The becring sttt s then obtoined {rom an obvious
analogue of Equation
+ _ %
. A gy L (9)
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The maximum of z(t; t,) occurs at a point where

1

12

ol
r
—
oy

Thus the rms error in t1 is equal to the rms fluctuation of the null

of thils derivative. This fluctustion s givin by

1
0, T TE T (11)
v [

D () denotes the standard deviation of the bracketed quantity.

The output y(t) of the reltiplicr in Figure 2 is given br
y(t) = [sCe=6) + n ()] [sCe-t) + n, (-t ))] (12)

If the nolses at the two reccivirs arc statistically indupendent of cach

other and of the signal (and have zero means)
= = - 13
2 y S ps(tl 60) (13)

CS(T) is the normalized autocorrelation function of the signal.

lWe arc assuming that Dz/ot has only one oo ro {n the neighborhood
of the correct value, t, = & . For sipnal-to-neise ratios high cnough to
pcruit tracking with reisonable accuracy this cheuld be a good assumption.

In evaluating slope and standard deviation at t, = & , we imply
furti that the null of 3z/0t fluctuit. . by luss t&zn the corrclation
time of the signal. Examination of Equatic: (36) reveals that this is true
when the output signal-to-noisc ratio is lurge corparved with unity., This
is the only condition under which the benring accuracy problem has much
practical interest.




Differentiating Lquation (13) twlce with

spect to € and

1
evaluating at t, = “D . onu obtalns
<
=k n ¥ (14)
1N
If the lowpnss 1ileor o Y , cwoighting tunction  h(a)
the output  z(, e by
2(L) = i L-o) (15)
0
hence,
e
s { h( ) ayimg) (16)
it L
i 1
Ve must conslder ¥ i tor which smoot Uit put over the past T
seconds.  Such o filtor Lo the woapl e f Lion
(17)
LS
1 T s ouct Ty th- e cor notlhe of sipnal and
noisc, It is a simple matter to doeronst Repor 10, kquation (9)]
thar
'z 1
= = = - K, ey dt (18)
|5 9y
' 3
‘)
IR
R (1) 1s the autowrrrs 2 Llon foy 4
iy iy
At




From Equation (12)

9 ! 1
gfz-n - [s(t-6 ) + n ()] [s (t-t)) + n) (-t )]

(19)

E([s(e=6 )+n; ()] [s (t7-8 )4n  (e+r) [ [o" (et Dbny(e-t )] [8" (tbr-t Dbny (ete-e )]

Twelve of the sixteen terms in this average vanish immediately, beccausc
they contain one of the noilse components only once. The remalning terms

are

Ry () = E{s(t—éo)s(t+1~60)s'(t—tl)s'(t+r—tl)}

Btl

SNy (D1 (1) + Np (1) p_(1) + N p_(1) p_t(x)
px(T) auesignates the normalized autocorrelation function of thz random
process x(t) . Both nolse processes are assumed to have the same auto-
correlation function pn(T)

Since the signal process 1s Gaussian, the first term of Equaticn
(21) can se cxpressed In terms of second order moments. Thus

2 2
R, () =5 DS(I)CS'\T) + Rss'(do_tl) + Rss'(do_tl+T) Rss'(éo—tl_r)

+ SN[DS(T) p (1) + p_1(1) on(r)] + N p_ (1) p_1(T)

lh{ }  stands for the cxpectation of the bracketed quantity.

(20)*

(21)

(22)




Here RXX(T) is the (uanormalized) cross-correlation of x(t) and

y(t)

There remains the computaticn of the warious correlation functions

o0l = EﬂS'SCZS'(t+1){ _ 1im fLS(L+AL) - s(t)] {s§t+r—6t) - S(t+I)J
Ps - = = At 2
\ S (at)

Mo e 0 s s (23)

Nov expanding the lust two terms jnto Taylor serles about the

point
lim 1 f (At)2 2
P (1) = 40 ?a.t*)_j \Z”s“) - i;»s(r) + 0 (DA + p M(T) St 4 e(be) |

( 1
(a0)” 27
S o (1) - w M toee + 5 M) SREE 4 atan) ] l’

(24)

v
The nmctation o(At) indicates +lat the remainaer term in question
2
approaches zero fagster than (at) as 4t+0
tow carrying out tio Jimiting operation
S CH R ) (25)
il 5
By ¢ mpletely analogous computatlons one obtains
g0 (g) = vo{q) (20b)
& n
and
By =850 ) = - R (=-1) (27)
G s 85

In the absence o+ DC  and other deterrintscric components of signal

¥ - Y
R SN EE M e &S

8=
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o0 == T8 8 S a8 e o o= ar S B 2=

and noise, all of the correlation functions and their derivatives tend

to zero as 1 + = . Hence from Equation (22)

2 '
Ry, (=) = RO1(8 -t;) = Sp (6, -t}) (28)

at,

£

Now substituting Equaticons (22) and (25) - (28) into Equation (18)
2.&,_; 2 \ n ' _ Voo
D ( 1) T JFdT < [QS(T'QS (1) + Py (I+60 tl) Py (1 56{tl)]

" " 2 " .
+ SN [ps(r)pn (1) + pn(r)p8 (T)] + N pn(T)pn (r)} (29)

Using Parseval's theorem and the real translation theorem
[+

pil2z_|. 21
acl T

-

\
(w)/

2jW\6 -t )
dw wz{szgsz(w) [1 e g J + 25N g, (w)g (w) + N 8
(30)

where gs(w) and gn(w) are the normalized spectral functions of signal

and noise respectively. Note that the first term

T j dw w S 5 (w) [1 e } o S S j’dw W gs(w) [}-cos w(éo—tl)]
- - (31)
exhibits the effect on the output varilance of a misadjustment in tl :
For tl = 50 this term vanishes and one obtains
2[ 32 om [, 8 , 2o o
D (atl) T j dw w2 SN gs(w)gn\w) + N gn_w)] (32)
'tlnéo —Co
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Noting that

we can now substlitute CUquations (14) and (32) into [quatilon (1l1) to

obtain
78 4 g 2 :
'/".’ Cdw ow "2 SN (w)s;r (w) + N7 v (w)|
. ' i
v 3
BB
1 ) j 2
S | dw w gs(w)
Consider now the white spectra
1
{w) (w) da B
g W =] E W =
& " I o lwl = 2aW

Straightforward evaluation of the Ifntegrals in Equation (34) yields

1 o Gl

which is ident{cal witn the square root of the right side of Equation
(2). Translation of delay error foto bearing orror proceeds as in

1

Lquatlons (3) - (4), +ic lding the result

D{O*A) SRR — 7

(33)

(345

(35)

(36)

(37)




£

@

Thus the ingstrumentation of Figure 2 actually attains the Cram@r-Rao

lower bound. The value of tl which maximizes z(t, t.) 1s therefore

1
the optimum bearing estimate. It is obvious by inspection that it is an
unbiased estimate, as demanded by the formulation of the Cramér-Rao
inequality used in deriving Equetion (2).

While the last part of the argument has been carried out for white
signal and noise, a trivial modification of Figure 2 generalizes tht2 result
to Gaussian signals and noises with arbitrary spectra, as long as the ratio
of signal and noise spectra is a constant over the processed frequency
range. In such cases one simply inserts a prewhitening filter aftcr cach
hydrophoue, thus reducing the problem to the one just treatod.

It is interesting to observe that the rms crror of the optimum tracker
varles as the iwwverse first power of S/N  for small input signal-to-noise
ratios (the typical behavior for ines ‘rent proccssing) whereas, for large
input signal-to-noise ratios it varie ¢ the inverse half power of S/N
(the typical bchavior for cohcrent processing). For large input signal-to-
noise ratio. onv can reason, of course, that the waveshape at each
hydrophone is a good 2pproximation of the signal waveshape. Thus, one has
something akin to knowlcdge of the signal wavieshape, the distingulshing

characteristic of coherunt oprration.

B-13




IV, Conventional Split Beam Trackers

An Instrumentation frequently used in bearing estimation is the split

beam tiracker, 2n clumentary version of widdleh is shown in Figure 3.

delays

xl(t) B
P R

([N, |

Q- b—

xﬁ(t)_f.; i
2

LM ———
;\) Low pass |
’ | Filter z(t)

‘multiplier
(t)y—— s

Fipure 3

This configuratiou has been aunalveod o detodl in Report No. 29, Omitting

the Interfoerence (the guantity of primary fnterest in Report No. 29), but
retaining the signb doror Lo v luctustion, one obtains from
Equation (55), (Peport Moo o0, alter o few steps of computation




- i
2 21 2 Z
o, = -—T-f [M Sg(w)+MNg(w)] - [ Sg(w)I( (38)
on target ~c0
022 is the output variance and M is the number of hydrophones in each half
of the array. All other symbols retain their earlier meaning.
Using again the white spectra of Equation (35), one obtaims, after
evaluation of the int2grals
2
o, =% MZ“ -+ M (39)
From Report No. 29, Equation (65)
%% = 7SW M3 g-cos 8, (40)
on target
Hence,
o
D{p) = = = C2 8 é (41)
— Y2 1 W /TW M° d cos 6 =
2z o N
386

]
142
on target \ Mﬁ
For direct comparison with the optimum bearing estimator, consider

M = 1 (array consisting of two hydrophones) and take the ratio of Equations

(37) and (41)

D(ex) _ /3
(o) " 2 (42)
B-15




Thus the split beam tracker performs almost optionally: The ratio of rms errors

is 0.87, equivalent to about 0.6 db of Input signal-to-ncice ratio.

If in Figure 3 one replaces the pure phase ghift

Hejw) - L

with pure differentiator

Fliw) = fw

Equations (39) and (40) assume the [orm

2
2 Vo
. =31f 12mJM3+rﬂMﬂ
Z 37
on target
and
9 g QY‘ 3
az el e < 0
o 3 M . cos (o
on target
hence, for M = 1
/'; .
o) s s ST
2/2 n W AT d cos 0 i

O

(43)

(44)

(46)

(47)

This 1s identical with Ekquation {37) and with the Cramer-Rao lower bound.

Thug, at least dn the simple -~ose under discussion, the conventional split beam

tracker actually & Ydeves the oorimum possible pe-formance.
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azimuth has approximately the same effect »n detcctability as a single point
gsorrce of the same strergth located at the center of the distributed source.
For large anisotrcpic~to-isotropic noise ratio a similar result can be demon-
gstrated only if the anisctropic noise source extends only over a much smaller
angle,

In order to get scre idea of performance loss in cases not covered by
these analytical results computations were also performed on the digital computer.
Although these computations are not conclusive they indicate tha*t the analytical
results for distributed noise sources at low anigotruwlo-to-igotropic noilse

ratio can probably be axtended to large auisotrupig-to-isolivpie wiiss 1atio,

e
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II, Basic Analysis

Assumo that the array consists of M hydrophones, and that the received
signal at the ith hydrophene is xi(t); Then if the spectrum of xi(t) is
limited to frequencies below W cps, and the x{t) are observed over an interval
T, such that WT »>> 1, xi(t) can be expended in a Fouricr serles:

W(T)

x.(t) = = x,.{(n)e
t ne-wT *

where the xi(n) are complex Fourier coefficients satisfying xi(—n) = x?(n) and

where the asterisk stands for complex conjugate, Then all the available in-

formation about the =ignals received by the entire array is contained in the

set of vectors

ﬁ(n)

Xa) - | (2)

x ()

Following Bryn |3/ or "delblute, Fisk, and Kimnison [2] , we assume that X(n)

and X(m) are statist’eally independent for nf ! m. Sippove that tle signal

X, (t) received at tne ith hydroplone rousists of signal and enisog theu wo 1ot

the signal be giv:n by
WT

si(t) N yi(n) e

n=-T

j2mnt/7 (3)

so that the signal at all hydrophones is vepresented by

|y (n)
i) = { ¢

Y(n)

[=

Here again we assume the i(n) to be independent from ¥(m) for n gt m,

The optimum detector is imown to be the likelihon~d ratio detector, which

-




dmienirives joigoesce o abserca of o sional brocone i the 1ileliheod ratio

10 - _E.‘_f (5)
—
f &)

.

L) is the coditional prebcbility density of the

iy

to a fixed threshold. lere
receivad sarles {cve - % v ave U1 fpemeneies ) ulen sizpal is
(") 16

o n 3 N 4 iy a ¥ 9
when sirral ls assumed t. he absent. Since [f{-n) = 1 (n), 2nd since X{(n) and

&

assumed to be nresent: similarls T A conditiomal yaehability density

el
i

X {m) are indeendent for r # L

g ()

oL
L2 e -
1=l f;, ‘r} (n)}

We assume now that uhether vic«rnal is precont cr not x(t) is a stationary
GAussian randor process with zerso mecn value.,  The norralized covariance matrisx

fer neise oily is
*, 8, T 5
I@(]k) = ,l /\g (n)){' (n3\l,; iy (7)

: 3 . AN ;
where e sunerseript T relivs o tronepcgliion it the smboli 7., means cnserble
15

averigw subject Lo tdie e e Ay hwpattoning U001 e e averapm unisa power

at frequency 2n/T radfocc,  Tlen

f?: |"_,‘£(111J= C”(tﬂ ery |y [2 (n) 07 (1) 0 (1) | %)

o ny

where C (n) is the nirmalisine oo # 85 fowndas Mz Tlardeg,

1§

Lssure that sicnal and nolce are inenede:’ ot that the mornallaed oosRrianes

L -
matyiy Tor signal alense s civen
\ 1 R i \
E(f.' = 3‘(‘;“ { LTt I /‘ (9}

vhoere St s &Fo avd nog sy, 8 0 REs,
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If the signal is a plane wave, the elements ys(n) of Y(n) are all delayed re-
plicas of each other; thus . 2mn 1

yi(n) = can) e? T (10)
where s(n) is the nLh Tourier coefficient of the signal wave form; the c, are
welghting factors to take into account that the signal orrength or gain at

tl
different hydrophones may be different, and 1, is the delay at the i ! hydro-

i
phone, The ci's are convenlantly defined in such a way that
GTm) s(n)) = s(n) (11)
_ 2m”i“
for all n, Hence clej—T—-
Y(n) = 8(n) . 2nnTM zdnym), (12)
l c..eJ T
l I B
and therefore
et N It
5(n)
= () (1h)

E(n) ig seen to be of rank 1, Because of the indenendence of signal and noise
ihe covariance matrix of signal enc noise together is N(n) G(n) + S(n) P(n).

Therefore w
£, x(n)] = G,y (n) exy sz{Mmgm>+amzmn”lfmﬁ (15)

and therefore the 1likelihccd ratio is

-1
WT ¢ (n,‘ ‘ Q (n) +
R 1 SN el ¥ n) [ N(n) a(n) + S(n)p(n] Y 5" (n) (16)
nel C(n) N{n)

|

Since f(n) is of rank 1 the inversion of the second term in the brackets

P

is easily acccmplished by using the follcair: identity [L;: For an arbitrary

nonsingular




matrix ﬁ and two vectors U and y

~1 T -]
A Uv A
aw )t ot o= = (17)
1oyt Aty
Using this identity
- g m) se) ¢t pin) )
| N{(n) Q(n) + S(u) kin)! o - (18)
MOl )1 e sme (N m)]
whers Gn\n) ® [T(n) Q‘l(n) [*(n) (19)

As is shown hy Edelblute et. al. | 3], Go(n) is the maximum value ef the array

gain, Using this result one {inds that the logarithm of the likelihood ratio
1s given be

Wl S(ny Er(n) g_l(n) 2(rn) th(n) E*(n)

log LR = G + 7 (20)
st Nz(n)[l + S(n)Gc(n‘)/N(nﬂ
l'-'r[‘
where C = Teg C¢+u(ﬂ) ' Gﬁ(n)
il 0

. AT ¥ e g 1 ;
Since Q (n) = Q" (n} thic quadratic form appearing in this expression can

be written in the form:

) @) pe) 97 m) XM ) - X ) o7Hn) Vi) v ) @7Hn) X (n)

#=1, ' AR
\

Ty &) 2! N @) kol Y ] ) x| B (o)
and therefore
WT
1 it 2
leg TR - © « | B " X(n? (22)
n=1
2 -1
where E n) - e S (23)

-



This implies that log LR can bLe obtained frem a circuit of tihe farm slown in

Fig. 1 where the elements of the fii 2o vtark for £ =0 are the elsmente of the
n

vector H(n).

%
_f0 |
. . i W e W el
. ) : N ‘ grato
. ' Teg LK = G

Figure 1 Likelihood Ratio Detector

Except for the scalar multiplier this result is tt.» same as that chimined by
Knapp [SJ . The difference between the result given here (which is that of
Edelblute, et, 51.) and ‘napp's stems from the fact that Knapp's filter
maximizes the output signal-to-ncise ratio defined in terms of a signal-plus-

noise covariance matrix Gy, rather than producing log LR.

III, Dstection Index

In this section it i5 assumed that the sipgnal-to-roise ratlio is small;
i.e. S(n)Go(n) << N(n) for all frequencies. In this case one can assume °

that log LR is approximately a Gaussian random variable and that the per-~

formance of the detecter i3 smecified by

g - Sl 8 (214)




where u = log LR, and whereo N(u‘) is the standard deviation of u under ihe
hypothesis that there 18 cnly noise at the input. The computation far 4 is

straight forward; for details see Appendix A, The result is

WI 5
L K(n)s5(n) 6 “(n)

O
a2 (25)
WT .
I K (njti{nj ()
, n=l

where K(n) = SN (n) c 2l e sy o () <<nm)  (26)
1+ S(n) Go(n)/N(n) N™(n)

Using the small sipgnal prreximatvion to K{n)

S S R e
WP S"(n) GZ(n) W o2 ey
s g T R N R .
d =/ '—"'"’ m—"—“\, L ‘:‘gl-‘il('-'l)g); (“)l(n)lL (2%)
=l N“(n) S e )
Note that in ecarlier reperis we i ¢
WT o
1=/t 7 er{pmQMn) " (28)
\ 2 a=1
v
This i; equivalrnt te Fa, (277 35 ¢ b 1 by ueone the identity
R T L A (29)
where U is a vecter and . ©TQuare roai.sX,  Henee
br (E(n) ﬁ—l(r“ - iVt T v (n) ) \ll(n) Q_—I(n) (30)
The Dpnckgcdy %y §F - . beo factored out; in fact, this

@z B B O G G G 29 e &



gcalar is G_{n). The remaining terms are 2180 equivalenv t3 Go(n,\ by Fas.(29)
and (19); thus «or Ijg(n) Q"l(n)J . u:(n}. Tne racter of 1/2 appearing in
Eq (28) does not appesar here because of the complex notation that is used.
Thus Eqgs. (27, and (28) are identical,

TG g -, re R & .t v, e .- "» i DT N R o 9 H + CO
Ac il e = 4N P L] ! eor 3 BETRIRN B | ((’7) Con ot conra e o A drrhay.

as follows:

R . 2 =B 3,
/% (®)an) . W ST C-r\(.{)

4 ‘-\//L e e ] £ - /g _ e f (31)
n 2 0

IV, .0 .cb of Directicnal Irnterference

Surypnse that the noise conponent of xi(b} congists of two parts, an
isotropic part and an interferernce part, It is agsumed that the interference
. . - th , \
is gencrated by R point scurces, The r~ Loint snurce is located at an
azimuth angle Gr’ and its spectral density is Ir(m); hernce the interference
th .
power from the r interference source at the frequoncy-«on is Ir(n). The
desired Loprpet 18 @ the azipoth angle f‘( = 0, and it is assumeca bthat the «aeay
is stecren in the ‘ergeh divection.  The isotropic nuise power ot the
frequency w, is No(n), The isc.vupic wiise romporent, e juterferenoe emirees,
and the target signe: ars all assuned Lo be nutnally independont Goussian pro-
cesses with zero mean, Then the total =oise power density is given by
N(n) = I.‘()(; Yo F T () (22
0 !
3

and bhe noems lizod nelae cowns oo e matrix as tre torm:

W oIny o0
. : oM 5 .
i, S R e | \l(’ (820
* 'T L . .
[ } ; "
o v ; 1




vhere

punent

ann

R

feremce point sources,

Ba. (1

rows and i

Tild s - 557
= 1
= T
In the

3

the

N

it

v '."'

0

37

-f the isntropic roise com-

! results

™

t'rm

A Hie

Bqs

. 12

i
the

{r-m cne of the inter-

)y (13), and (1k)

4
interfere nce source

fallowine veneralizavion of

toercien tond B is oa matrix of M

S Er i (35)

=
14>

}

{

(37)

n) ]

£, Ea o
e TAC G

R = | =




22N

22T

s
o

b

vhere K= < (n) = T _(n)/N _(n)
r ¥ 1 0

Also, 'n si 1!'fy the notaticn 1nt

- Lo
Grs - Grs(p . (n
Note that Grq(n) has the
call it & Y“erass o rrav

G *(n) =

! (L(\ )

S e S 'y ) \ 40

rs g
In terms of this aet . oion tne < LR S5 ar oo (V¥ pecomas
al- VT |
| | ]
o Al el LR
0 Kzﬁ ! G i Yy S |
LaHRET l
fpoip !
e A SN N o
e 2 B2 h IR
!
PR } - |
~ /KQK’!L G'l? 1t f\,-, (‘lp? ceeresaren K:’Kr\‘ lzn I

T
KHL] G

L.
) E v G

3
1R...---.......

(L2)

by an obvieusg definition of the s Coentrix G, Hete that G oAs
square, of dimensirnal®‘y o

The detection index 18 piven by Lg. sept. that for the sake of con-
gdstency we rewrite !(L; = e

fur

".(r s Ge
&l oy j‘
ro Nint =0
pa b
! ¥l
J - A Y3
V



whers

Fln) =¥ npS ol ¥V (r

- bl - 0 \]
F b I X : ; % I G
Tt . 1
=2 Aa TN , n]_L 0 .....' KH;HI Lﬂl [ 90 J '{O
)”7
In
. o e 1 /
= : N . q
ep ! ’ 3 = | ] { \h)
K.o
' [Tl
|
Thia ewation car, e wri- o ro corpact, Torm by delining a vector g such

that

S e ' -
go= v Ry ¥ Kol oenn VELD (L6)
Then, since G:F =

I8 o

7{n N ' . Tt (L7)

Li is alear Lhat LY tirmm array soin with isotrenic noi e and that

T

ation of tne interierence "o in ecilic in mees is difficult for two reasons:

a1 e crogs~itray g1 - o iratie ferms involving the inverted
> [O
-
bl riven 1t the g4 T Stown the Homatvix tT 4 ) must be 1 verted,
Thus it 18 necesiury eltlh . . oy computer or Lo make apsroximations
pereitting oo 1ytla
Th& @ sin ' I in oSt orevious anal,ses and
which eli: inates ~art of ¢ difLi el by tnwe 1 evalusting the Gi is to
assue tioin b ; ki it hydrophones due ‘o the
isotrorie noike 7P been considered before
il g 5 in any cignificant way,

i E + o1 i” 7 o resent ¢ ot she inte rreronce,  In general the evalv-

Sl o =5 &= 2=




Goo(n) = G11 n) = ... = GFQ(D) =
M ; (r) W9,

Grs(n) = L eJmn(Ti - Ti (L9
i=1

A further small sirilification resulta 0w the fact that tho arrvay is stoored

eh target; this implies wiat Ta 0w therefcore
pl

~—

M - W, 50
G r(n) =T e R
c i=1

Eq.(L7) is now eaplicitly evaluated for a number of ainple acecial cases,

V. Single Point Interference

If there is only a single int rference, the Eq.(L7) becomes

2
[ A
Fin) = G__ - 1 ol (51)
O s KLE
111
and with the simplification go(n) = I; this becomes
K1| 00112
Fn) =M - —Fer (52)
1+ KM
By En (50)
s M i ooy b
| o 1‘ = I : ej“n( k- 47 = L L cos “h(tk = Ti)
o i=1 k=l is1 k=1
M-1 M
- M+ 2 0% z_. cos 41(1i . v}() (53)
i=1 k=i+l
(1) - :

where, for simplicity T, ;

Hence the term representing Lhbc louss or Jetectability due to interference in

Eq. (47) becomes

K M E M~1 M i
T ‘1% €40 en R S (5h)
1+ K1M - 1l k=140

=3

This result ig essentiallv i tical to




rre
mEg ¢
gsoung, .l

as showr:

hlz;

-+
substituty this « g
a -
/ n= (0}
wrere . on T
sanee ouwr it
S (e nnd -
® ]
faatrs i nGELn ol
formed by ¢ nve jLkg
d =

san te ' her evaluated {~r the

Sy ocunniones,  If sush an array
. : cion perpawicular to the

(55)

oy clipenal, & 4 the velascl v of

i rom 4l ir rlerence aouvice
; voarray axis.,
i . te replaced by a single sum

5 k (gé)

Tad 1
+ 4 .
1
/s N
— P = (M - k)ees ko 1 1)
(’n k= o
(57)
i K 11 erm, o assume that
Al ~rference, and
1o n can be per-
Ly . s 1.e.
e
2

5 onkl df - {58)

~at;




.2 M . LK 14 1+n —1)] M gin2aid T
d2 = PJ —= (i - _El;n___ )‘ Kl - (M-k ) ‘ =0
NO 1+ hlh Y ul ) K=l K ‘o
2}(% HoM Cein 2n(k-i T sin 2n(kei |
4+ : L ¢ {(M-k){in-i) ¥ )
(1+ Klm) k i ‘ 2n (-1 4 2n{k+i JW T

(59)
In most oractical cases th? maximum frequancy processed s such that 2nw1o >> 1;
this is also consistent with the asswnption thal Q (n‘ = I, Then the summand of

and the same is #? of
the single summation in the second term is small and oscillatory, the Iast term

22 13
exoett, when k-j; thug the last term is apynwximately oyual to » and
3(1+K1M)
2 ) K. M KM 2 K. M 12
@ ¥ re3s (e Loa-r 2] vor—— (60)
N, 1+K1M 1+K1M 1+K1M

where O(+) is a remainder term which is of order 1/M relative to the firs:t term,
Hence if KlM >> 1,

2
da® % 1o S [ m-2/4] (é1)

NO

[a%] B ]

which indicates that the effect of the interference is equivalent to the lcss
of 2/3 of a hydronhone from the array. This is substantially in agreement with
the conclusion of Ref. I_l] where it was concluded that the 1loss under these

conditions was equivalent to one hydrophone; this was arrived at by completlely

neglecting the summationterm in Eq. (5h). Since 'bhe firure of 2/3 has been derived

only for a linear array, and since it probably depends on the array configuration,

the fijure of one hydrophone is nrobably a revvonable e.tirmate in general.

VI, Two Point Interferences

Jdith tue inblerference



F(nj =

where Re({ )
As before .-

as before,

and Re

IT alm

other and {rom

are not ci

the nuimer

increas ¢

the resu’t.

-1
- IR
11 ‘1“2’12} /K001 ] (62)
4 kg
o K2002 J

2
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(k85 MGl 2K1K2Re(601012G02)}
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inpt = Kyl Gy
(63)

g ¢ =t the interference. If,

B M
T I cos w (TFS) - T(S’)
i=1 k=1i+1 . k&
1), (2,
b k
(1 10, (2) (2)
k - TQ ) (6h)

lely separated in angle from each
Cror substantially for all k and
«fficient of K1K2 in both
with 11 while the other terms

:ients become negligible with

(65)

(65a)

L



where the second approximation involves neglect of the pscillating = -v—-
!Goll : and |G02| 2. Thus the effect of imnterferences is seen tc
undar these conditions. For small interference-co-ambienb-nnise ratic, where
KIM and K2M are very much less than unity, F(n) is reduced roughly g |
winlle for very large ilaterfernu ec.io-nrhisnt-noise ratio, 'b gl n
greater than 2. Thus for sruall interference-to-noise ratic Lie ¢ '
d decreases roughly with the first power of intecfurenne-go +u loo cabio (Hos
Eqg. i ), but the maximum effect is no greater than the lods of wwo hyb
Suppose next that the two interfevence scurcoe are sufficiently rlose to-

gether so that for ali frequencies of interest, and for all 1

ol 5t =y 50 (66)
2 S
then |G ,|" % |a°1|
12 2
6p1 A M

n

VY 4 67)
nlc;oll (67)

#*
ard RB(G01G12G02) X

0
2 | < |2
. n [ 5 o 0 oo ‘, S
K](k+K2n)l S K2(1+K1h)|0017 c”klk, -

Then F(n) 3G T -
s 1+ (K o+ K,) N

2
K, +K G
09 1+(K1+K2) M
Thus the result converges te the cise of a =i-;le plans-v in e i i

strength Kl + Kz in this cage.

For a linear array of ' elements spaced d £t, apart we can sl
1
’r.()-'f

i

where “H5e¢ doelay ate‘the por.

For small fa - Hl’




r 6. -8 8 +6,
|T£1) - Ti‘ = 2] My -1 % sin' 12 2| cos ( 12 ~ )

. 6)
i IM/?_-iIE-! ‘61"02|°°5 8 (70)

& %

where ﬁm o ——-zr-is the angle holf-way between tho. two interfarences, Then,

since o ig 2nW
nmax

N .
a | Ti(1> - Timl . nlg % - o 1ses € (71)
max

and the two interferences are clnse envugh together so that Eq,(68) holds if

Wi 4 l 8 -~ 8 l cos O <«
c 1 2 m

Y

<< - (72)
M = cos C
c m

or ‘91 - 5

Ao en exanple let W = 500 cps, 4 = 2 f%, ¢ = 5000/t and Me10, then 1f [9 - J <
.Olé/cose - radisns the two interference points have the same effect as a single
one with a higher power level and therefore the maximum detectability 1oss cah be
no greater than 2/3 of a hydrophone as shown by lq.(61).

Note that for (% n "/2 the two interferences ares lecated symmetrically to the
end-fire axis of the array; therefore their effect is always that of a single
interference. This, however, is due to the symmetry of the linear array and does

not hold in other cases,

Note further that Eq.(72) is5 a rather conservative limit since reither the
effect of integration over frequency or over hydrophone spacing has been considered,
Depepnding on the exact form cf the power spectrum these integrations should re-
sult in increasing the value of -‘ﬁ -t , | by a factor of lj or 5 over that given
in Eq.(72)

If the interference-to-nnise ratio iz small enough So that (K1 + K2)M <«< 1,

then Eq,(68) ara fg.(65a ) are aperoxirately the same; thus under this condition

=1~



the effect of two interfererces on the detectability is pronorticuzl to the inter-

ference power, and independent of the sracing cf the two interferance sources
01'2 and | oozl2 by M still

implies that the interference direction i3 substantially different from the tar-

from each other. Note, however, that approximating]| G

get direction.

VII. ore than Two Interferences

Extension of the results obtained :o far to mere *nterferences is diffi-
cult and involves further approximations. Consider first the large interferenco-
to-noise ratio case, with all interferences widely separated, We agsume as
before that Qo = I and that trerefore Grr =M for r = 0,1,2,...R, It can be seen
from Eq,(6L) that the off-diagonal elements of G are of order Y., It -an be
shown in general (see Appendix B) that for the purrose of approxitate inversion
an n-dimensional matrix whose diagonal elements ae of order k relative to the
off-diaconal elements cen be approxirzted by 4 diareonal matrix if k >> n, Thus
if VN >> R the off-diagonal elements of the matrix rl + g:]can be neglected in

forming the inverse, with the result rhat

RK, Isrol2
F(r) G = L = (73)
r=1 1 + K G
rrr
R Kklc |?
=M. I ' “ro (71)
r=1 1 : Kfu
R KK S S .
! f .
=M~ L S !] = & ) v ces "‘“n(‘:EII"TlEr)) (?5)
r=1 1+KrH 1=l k=i+l : -
where 1£r) 45 the intenfic a7 RRd W Traaw ol s ‘.. rrerence source ao the i

kydroorore, Li.(73) is - i o s T e e e ngsc vees abat Tor




widely spaced poin® :interferencs sources the det ot i ity loss 1s approximately
equivalent to the loss of one hydropvhone per interrecrence source. The approxi-

mation is good only for R << M.

VIII. ~“ffect of Distributed Interference Source

A distrihuted interferenc? source can be representrd by a large number of
closely spaced point sources.  Suppose that the interiersice source has ¢ spectral
density I(n) and t'.at the interference power s mifa:r: for angles inside the
interval 81~f 6 < 9, and zero outside, Then the [nterierence can be represented

[

vy R points of spectral density T(n)/R equally spaced in the interval, where R

is a large number. Initially it will be assumed thal the interference-to-smhient
noise ratio is small. &4lthoupgh the result obtained /i this agssumption is
somewhat academic (since the interference effecl 1: small in any case) it

is possible to obtain an analytic result which is nrot i1y applicable with ¢ me
modifications to larger interierence-to-anbient-noi:: ins as well., Under this
assumpbion, the :lements of the matrix G are all wvo il, and it is approxi-

mately true trhat

I a%y (76)
Then the matrix inversion is, of course, btrivial. . ecise conditions for
£Eq.{76) to be a good approxiration may be deduced [: 171 ¢ a simple sufficient
condition is that .

sil/ CEg | Gug| =<1 e seresdR (77)

In the present discussion K - KI/H for all r - 1. , tere Kpo= I(n)/No(n) is
the total interferece-to-ambicnt-noise ratio, & ¢ vt ive upper bound on KI
such that Egs.(76) and (77) are gond aprroxiaatson rv . ined by letting
'Grsl = i for all r,s (sec ®a,{(i.?)), lence,

FoH << 1 (78)

As By R U O B S e




Eq.(76) is a good approximation, and under thess c-rditiens iq. (7 ) “eecmea

N = SO
F(n)=G__ -g g
K ~
SR (ve)
o R rel or

and by use of By, (&L, ttis bwr

a 1] ‘. )
F(n) = G -—- 1 {m+i ) cos (:{‘" P ). ()
Q0 el 5 =1 Ked bl n iy K
2K M-l b '3 ,
= G - KIH - 1 L S b3 co3 w (T.(r) - Tlir))
00 R 41=1 k=i+l r=l nos

We assume now that the azimuth angle sibtended by the interference is munll

enough so that the Ti(r) do not differ very :reatly as r poes from 1 to @, Then,

M - . r) . . q
it is possible to expand Ti ) in a Taylor seri s in r as follows:
r m
T.( ) . T.( ) v (r-m.a T (81)
i i i
R . . - , . . R (m) .
where m = — ir used as the pnint about wtich the expansion is verfommed; 17 7 is
i
2

effectively the mean delay cf the interference wavefront,
A. R is allowed *» po -0 infinity the surmation in r can be converted into

an integr:1 and evaln-ted a5 follows:

R
I cos w (T.(r)- ((r‘))
r=1 n i ¥
R e
N L ocos w | ik P f.k e ram)(a - AT ) !
n 1 °x 1 '
r=1
R .
+ [ COS w [1(“) bo{r-r J0A, - ir
0 n i "k i 1%
Rmn
sin (At = A1)
” pi t
= R = ns . - (82)



Heuce Ec.(80) becomes, after some recuction

w R
. n
K-l M sin — (81 -87 ) -
F(n) = GOo - KI[hM +2 I I & cosah('{m)-agn))] (83)
. in1  keitl © R -
' ’ 12— (A1, - 1)
. i %
L , . (m) _{m)
=1 i sin w (1% '« )
2Gl 2 L;I[J: o D= S % 105 W (&m)_qgm))‘l (8L)
00 ‘ i=1  k=i+l () (.‘;) n -
Y Tk

where, in going from Eq(83) to (BL) we have used Lhe fact that

R e ) (m)
;(Ari_ak) m{ay - 47 ) Bl (85)

As before, the iterm representing the loss of detectability is the bracketed term

sinx

term the form of the double summation is the

in Eq.(BL). Except Ffor the
same as that which would be obtained for a single interference, (Fc. 5L) with a
mean delayT(S)at the ith rkydrophone, under the condition KIh <« 1, In fact, the

argument that the surmation of oscillating terms tends to become negligible

. L £1nxX
applies here with ever gr 3’ 2r force, tecasse of the ~3;-term. One can con-
clude, therefcre that for interimrence-to-arbienc~-noise ratio small encugh to

satisfy 5q.(78), and if the anpgle subtended by the interference is relatively
amall, a distributed interference source affecits the performance in essentially

the saxe way as a single point interferonce,

In order to obtain arn ecstirate of the magnitude of azimuth angle that can be

considcered "small', consiaer 2 linear array with M hydrophones spaced d feet apart,

For such an array
3 ) . & =
1V =4 = sin O (66)
b 3 el
g ; th | :
where if ic Lhe oymatls ongle o0 Lone r 0 interference point. Assume that the
interferaics SR ANV R B b vang aq RS, and is zero outside this
- - <
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range, Ihe cennz, of the interference is at

the angle

i .
- \ 4 -
S \ > (8{ ,’
Um 7] \bl ’u2
Then, -v analogy with Bq.(81) we expind ~in 5 ahent o iy
S 6 Rl SR B Gel g M gEe @ (f8)
R ] ! Bt
A1l the otler stors lentine il {Bh) can tien be werd e Ln exact.y e

same way, with <!~ -« = . i over i reri.ced
final reswdt eome e yan into the forn

k kw A

9 = - B :7 ‘*‘ e ._r..\_. a3
F(n) Gco KI i KiJ(M—L) RGN - sin

s5inx

Execept Lor the

B ar ingepra ips aver © . The

Y
i

o @,-—e] {

sinl —lcos ¢ {—Sn)
¢ m 2

Q') —“\ ~m~~-—~'———~—'l (89)
l k“' d 3} -61 l
cos ¢ (———=)
e

'y

tern i the swimation, this 19 arain the exrression thiu  1me

would have obtained fnr 3 sincle -oint interference located at *he amyle & - It

is clear thatl the accurdcy of “his exvression

which, in turn is a faivly good apnroniration

radiuan, Thus we conclude that an interferenc

one ra.ian at'fec' the e
proviaca that Kiii << 1,
Since the effec of interflerence for KIM

result just ohtaine i is not very .rieresting

it somehow to the c¢ase 8 KM > 1, Toforior
1

depe~ds on the accuracy of Za,("8),
for ¢, - 0y less the aboul onc

)
&

. sourcr spread over no more than

rabllivy essertially like s sinple point interierence,

<< ig very small, the

2t i weoald ke desirable te exiend

tely this is quite difficult; in

fact, the only simplc resull that bao wien obtained is an extension of Eq, (68)

to more than 2 interlerence sources, I, oo

il =l

© interferences,

it 1s assumed that the it rferonce noints e close enouih topether so that

for all irequencies ol 1. ress



then |G for all r=1.....R

or

and G.. {n)~ %4 oz Eia wiE n

Then the matrix I ~ & becomes

1+ Klm v K1h2¢ v reeeneeat K1KFM l
I~G y Rk i PN RN R 22 i
, y i
vKRK.l‘ .................... 1o+ r\Rl !
|/ K [/ KM VKK Y K]
“ I+ v/ }\21‘1

This is easily inverted hy use of Eq.(17)

] G
[1+6]l 7L~
R
1M I Kr
r-1
Also the vector g defined in : ..(Lf ) becomes:
T_ Ty VNT
& “olL l\l Ly e kﬂl

Fn) =M«

Ghviowsly, if all hhe K are sgpuad £o ¥ Fa (77) hecores

‘:‘(n o F L A

(91)
(92)

(93)

(9L)

(95)

(96)

(97)

(98)



fhus the detectability loss is arain equivalent 4o *hot orf 1 single iaterference

source of strength K., as ons could have expected, It is clear from the result

i
for tle case of two noint sources that for a linear array having M equally spaced
hydrophones the naximum value of a0 for uhicn Bas, (97 1 or (98) hold is given
by Eq.(72)
IX, Compuvtational e ri

Since it has not ean wxmuihle to »brtain meaninul anolytic results for cases
in which the approximations made in the above work are not applicable, F(n) has
been evaluated on a digital computer for a pumber of different array and inter-
ference patte-r= aud for specific frequencies. The recults of some of these
computations are rresented in Figures 1 through 6, In all comnutations it is
agsuned that the array is steered on target at an angle 0 = 0 aud that an inter-

ference 2xists at some angle & The curves are then plots of F(n) as Ul is varied.

1°

Thus, if ¢. 193 near O the interference 1is near the varget in azimuth. and F(n)

1
is small. Also, the assumption that correlation of ambient roise waveforms between
differant hydrophones is tero has not been used: instead the exact form of the
go(n) matrix as given by Bryn |3|was used. 4n a re.uit F(n) # M in the absence
of interference as would be inferred from eruations such as (52), (65), {(75) or
(98). In fact, F(n) <M in all cases; howsve., *his is a coincidence; it is
posgible for F(n) > 1 as 15 shown by Srvn = Tn 511 case3 the interference-
to-ambient-noise ratio is large.

Figure 1 shows the ~t(ect of 2 sing.o point nterference with a small circular
array, It shows that if the interference directions diff=rs by more than about
40° from the tarpet direct: the affaet) o : is rggentially negligible, It

must be borrn : ETaYRE ‘ rated for & Single

frecuer.c = i rioat r frequencies, and



the integrated effec’ of all frequencies therefr s, has the effect of the loss

of one hydrophune aus is predicted ty the analysis of Section V.,

Mgures (2) and (3) are similar to Figure 1 except that the interference

Lo, 1+ o8 Tegpectivel, i tu e WOy . srts, geparated by .1 radian. Since
‘o Anterference covers a larcer |« seprenty, the effect on F(n) covers a

larger angle; however, ue thet Jor interference sourcas at anglee
for vemoved from zerc Lle lect on F is srall., A similar result i1s shcown in

Fig, (L) which shows tlie o.fect of two interferences separated by a large angle
(90”). The last two figurcs show the effect of a strong interference (KIMQOO)
distributed over a relatively large angle (170;. Again the effect at angles far
removed from the target augle is small, but, as is shown in Fig.(6), the relative
effect is quite different at {ifferent froquencies, as has already been pointed
out,,

The cemputations leading to ke results shown in Fig. 1 through 6 were
quite time conswmming, with corputing vime: o the order of several minutes on

the I 709U for the ascg wiih larjye numbers of interference points, For this

reagon no attermt a ! «m .« detection index. since this
would have reqguired summation of #in ver o large number of lrequencies, The
computer results ‘i orefl i« A VR ; vely angwer the question of how
seriocus the effect ra Aisr el huted {0 ‘nces is,  The indications are,
however, that thc B ST .4 under considerably wider con-
ditions than those asoired ' heore croduce arnsivtical approximations.  In fact,

it appears that 1lasn of f ber widzly distributed inter-

L)

ference is eauivalernt ! it i )
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L. Cenclusiarg

The major difficul*y in ttsining peneral estimatea of the effect of

directional noise »n the % ¢iib!li*ry in an »rroy rrocessor ia that the

mathematical maririitdo e bred b sEgy rsidwe ouite ecFmlex.
Results have trrrefn» ined a1y s b rLcids Humber of sunple
cases,

The general nenor of these oo s that 1l the .nisotropic-to-isotropic-

noise ratio is smasl the effict of a number of Yocul noice sources is additive;
that 1s the loss of Aetectability resulting from two noise sources of equal
strength is twiee that resulting from » single source, For large am.gotropic-
to-ambient-noise ravio trne effect depends 1 whether the directional noise
Sources are clese together or not. [»r o single point scurce it has been

shown previously and corroborated here, that the loss in detectability 1s
approximatel - equivalent to the 1958 of one hydrepnene from the arrvay, If
there are R noise sources, widely separated from each other and from the target
direction the lesa .. 2prroximately »quivaient Lo the loss of i hydrophones,

of !viraphenes,

>e

provided that & <<gf, where M is the mn
Point noise sources that are close together affect the system like a

single distributed noise source, and tr. indicatiens are that if guch an

anisotropy is spresd over a celatively sl oenple 1t3 effect is essentially

that of a single point ncise. nlCiiun.tery s bas nol been conciusively

[

demonstrated, even vy use U . P, g «r, nd iy oa rather conservative
estimate of azimuth angie that can be considered o be “small" has been

obtained,



Appeniix A Derivatien f the Detection Index

ii. ¢ .eection index 4 is given by

78N N\
Srgany ~ Wy

d = r————
, (a)
W 2
where u = T | H (n) x(n °©
n=1

anud where ﬁ(l/ = i\'(‘nm ii‘]'(:xl\ !“(n\ o K(Il)‘ 1;«{'(1"\ 21'1(“)

S(n)/N‘) (n)

with (i) - : -
1 S(n')(‘so(r‘.)/l\](n)
Mg T, N
. ; - T, #
Then <u/N = n.—}‘l Hi(n){X(n) X )y i (n)

But from Fy.(7) (_)_((n) f;‘ (n) e M{n) x_g*(n) ~ N(n) Qr(n)

, Wt L WT y
Therefore \\DN = L UM E @I Qm)H (n)= I N@n)KW)Y
n=l1 n=1
WT (
= L K@) Nm) o (n°
r.=1 :

Similavly, and using the fact that

oo BT, N T 180 5
\L(n,i X (n)/..;*N ~N(n) Q (r) + S(n) D (n)
‘ wr
: B o >
sy r.=§ Kin I-"(n) G‘i (n) + Nfn) Go(n):l
Hence ‘ Wl o
\’u\,\sﬁ\‘, = (\uvl‘; = 1 K(ns 3(n} ",o(n i
n-1

Te find n, {(n} it i+ neecessary tr ‘ind uo e given by
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Gooxg 7 1 ) x(m)l 2> "

(A=1)

(A=2)
(a -2y

(A-L)
(a5

(2-6)
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(A=7)
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(A-9)
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(A-11)
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Let w(n) = H'(n) X(n), then w(n) s a Gaussian r~andom variable sincs (n)

is. In terms of w(n)

WP WD . L
\u/,}N a v T -\/w(n) w (n) w{,.‘\ u '/"1.\\
n=1 m=]
WT i i i
= o i o ; . i'n -!,>\I .W(Y" i

n=1 ey -
+ (w(n) wt(mfy‘xgwﬂ(n) win)y,
N NS N

This expansion is permissible bec-use w(n) i3
the expansion is simply the square of the mean
and in the last term 211 terms for which n # m

rent frequencies are assumed to be independent,

WT \ 2
2 / 5 . 2\
= = & = Lo 3
o (w) \“?>N W QAL PRt
n="; -
WT .
= I Ki{n)!U(n)i{n:
"
n=1
as in Bq.(a-7).
T
b o 2
ToK(ns 3(0) 6 n)
Thus, finally n=1
q =
/ﬁ—ﬂ"__ .
\ TIN5 G
Vo=l

For small signal-to-noise rati-, sucz® that

K(n) » S(n)/ N?(n)

.
A “
m q . . 3
‘hen TS 1l
r ‘.l i
A P
W ol
IRERS

, y 3 *
Sl wwm gy Gt W Yy

(4-12)

Gaussian | L1, The first term in

\@7§ the second term vanishes | S |,
vanish because components at diffe-
Hence
WT

‘ _ 2
= IET(H)(g(n)XﬁT(nE%{H“(n)‘
Nk ‘

(A-13)
(a-11)
,)(1‘. Mgt < <]
(4-15)
=)
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ﬁgpendlx B

Approximate Inversion of a Matrix whose Diagonal Terms

are Large Relative to the Off -~ Diagonal Terms,

Let the nxn nonsingular matrix A be given by

A=0D:B (B-1)
where D is diagonal and B 13 a matrix with zero diagonal elements, It is sa3umed
that all the non-diagonal slementa of B are of about the same order of magnitude,
and that the elements of D are of about K times that magnitude, with K > > 1.

The inverse of A is given by

1532
) e e
J

'—1 1 - _BP.-]. ‘!'(-B_D- (B-Z)

(+ )t . _13"1[_'

1=

A—lﬂ (D + B)

" 2‘

Since the elements of D are of crder K relative to B the elements of B 2—1 are of

order 1/K relative to unity.

It can be shown [BJ that a sufficient condition for comwergence of Eq, (B-2)

is n l
L

biji<l i=1l....0n (B-3)

2.7
Nty

where bii are the elements of BD”l. Assuming all of these elements to be of about
the same order of magnitude, condition (5-3 can be expressed in the approximate
form nbo <1 (B-k)
where b0 is a representative element of BD“l. This element is of order 1/K;
therefcrs convergence requires Djv <1 (B=5)

The convergence will clearly be more rapid if this inequality is sharper; hence

one can approximately neglect the matrix B in the inversion of 4 if /K << 1,

=30
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ABSTRACT

In this report some studics have been carried out for a class of
adaptive filters consisting of tapped delay lines and adjustable galns.
The method of stochastic approximation and mean square error criter:on
are employed to adjust the gualns automacically. Tt Is shown that it is
not necegsary that the. do- ERTGT et ot e shesfn the o rrer
function 1s availablc. FHither signal ¢ nofse corvelation functions will
suffice to generate the error gradlent. Problems basic to all adaptive
processes such as the conditions for convergence, rate of convergence,
effect of misadjustment, effect of time-varylng parameters, and the re-
lationship between mean square error and the number of delay elements are

angwered with explicit expressions.
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I. INTRODUCTICN

1.1 Optimum Linear Filters
The problem of desipgning 2 device o = r3te polse or to pretict

the future behavior of an incoming signal has been considered by Worbert
Wiener1 more than twenty years ago. This kind of device has been termed

as "filter"” in general, Consider a linear filter shown in Figure 1, where
the input x(t) is a cembination of the usefuli signal s(t; and noise n(t).
hssuming that n(t) is additive to and statistieally inderendent of s(t),
we have

x(t) = 3(t) + n(t) @)

and s(t) n(t) = 0 if s(t) = 0, n(t) =0 fa%ey)

ﬁ["u}—';}——-xﬁ-.-«-—— h(t) ‘—‘ y(t)

nit} - =

Figure 1. A linear filter

The output y(t) of the filter is to approximate a desired tuncticn
d(t) which is related to the signal s(t), The performance criterion to

be minimized is the mean square error

e*(6) = (G, - y(t)]2 (1.3)

This is the classical problem of Wiener, bthe analytic solution

(for the impulse response of a vealizable [:1ter) 15 known to be the solu-

. 2
tion of the Wiener-Hopf intesral equation



S

R 4(T) = jh(t) R, (1-t) dt (1.4)
[o]
with the solution# &
xxd(w)
H = 1.
O(W) Cﬁ;;?;7 (1.5)
and the minimum mean square error
S +0
2 . N2 ) )
e j[CPd,i(uw' = HO(;)) q)x())] an
-0
Nz RN :
= d°(1) - S (t) (1.6)

In the above equations ny(T) and ¢Xy(w) are the cross correla-

tion function and spectral density functions between x{t) and y(t).

yo(t) is the cutput of the optimum filter. The results are valid for

stationary signals.
Kalman and Bucy3

linear filters for nonstationary signals.

the signal process as

have presented a new method to design optimal

They considered the model for

dx

3% = Fx + Gu (1.7)
where u(t) is white ncise, i.e.,

ATy ulr) = né(e-7) (1.8)
The observed signal is assumed as

4= He + v (1.9)

where H = (1, 0) and v is white ncise of spectral density(b s

*This type of filters mav not he phvsically realizable.

can be found in Wjencr1
-2

Further discussions
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The optimum filtering problem consists in determining

fc(t)=E[5(t,) | w(1)) (1,10)

A
where x(t), the conditional «xpectation of x(t) given the observation
2(T) in the interval (0,t), 15 Lhe ~1inirun varisnce unbia =i estimator of
(&

The optimum systes i described succintly by tic following four

equationsh:
Foms PHG™ (2 - 1)
with 'S
x(0) =0
; . : 0B (1.11)
Do , T -1
<t = FP + PP - PH ¢ 1P +[o N]
and

L) = E[E(ou‘?(o)J

For time varying systems, Kalman-Bucy filters can previde much
better performance than Wiener filters. From (1.5) and(1,11) it
is seen that the statistieal properties of both signal and roise shoulAd
be known in order to desipn cither type of Lhe two filters,

Thus, if the a pricri information is nov lnown complctely, opti-
mal performance of tre filters cannot be expected. In an attempt to re-
cover same of the missed a priori infomaiacn by wvalusvion of the actual
performance of the operating syster, the concept of adaptation has been
developed and accepted a5 one of the ;o . ble solat lons 0 many such
problems,

1.2 Adaptive oystem

s ousystem is ade .ty sl et P sy, boxo in the



feedback ircp where ivhe coservable output is compared with the desired

g, b
output so as to adiust tle syster ‘or better performance”’ ~, In other
words, an adarntive system is cue which is provided with a means of con-
tinuously wernitcring its own performance according to a given performance
index, and also a means of adjusting its own parameters by closed loop
action s0 15 Lo (ptimive 115 own operation, Relaxatio-n method and method
of steepest desce:it + ascent ) are twn of the most cemmorlr-used adap-
tive techniquea.

The r2laxaticn nethod involves making a change in the value of only
one o1 the controller parameters and then re-evaluating the performance
measure. Tf the . erformance has been impreoved, a second change un the
same dirccovicen is ..ade; otherwise, the first change 1s retracted and a
change in Lhe opnosite divection is made, This procesr is centinued until
no further Loprovemert in the performance measure can be accomplished
by adjuc ... that particular parameter; whereupon the same prccess is re-
peated for ~icn of the reraining controller parameters. After several
iterations thrcupn tre entire procedure, the controjler parameters tend
toward that set of values which yields the optimun performance measure.

Fhe methods of steepest descent (or ascent), referred as gradienv
techniques are operated in a manner similar to the relaxation 'nethod,
with the rotable excertion Lhat all parameters are adjusted simultaneously
rather than sequentially, This is done by measuring the partial deriva-
tive of the verfcrmance reasure with respect to each of the controller
parameters ard thrn adjusting all the parameters in such a vay that the

net effect is tie _arpest possible improvement in th: performance measure.



A number of techniques have been developed for determining the partial
derivatives,

The most straightforward metncd 15 to pesvarb each of the para-
meters sequentially and measure the derivatives directly. This procedure,
however, offers little advantage over the relaxation metrod, 2 second
technique is to perturb the ; rarelera simltanecusiy ir guelh o manner
that the effect of the perturvation of each parameter on the performance
measure will be distinguishat.c from the effects of the perturbaticns of
all the other parameters, wavs in which this may be done include per-
turbation by independent random noise, distinpuishing the individual ef~
fects by correlation detecbicnp; or percurbation by frequency-separvatied
sinusoide, distinguishing the cffects by narrow-band detections. Gradient
techniques can be consile:i as thie special case of the more general
method of stochastic approximation, by which cither determinivtic or
random problems can be solved with ease,

1.3 Adaptive Filiers and State of the Art
adaptive Tilters have been investigated by a number of research-

ersh, 9, 100

Their metteds differ cniefly i the ways of implementation,
but all arc designed with ti- same purpose in wind - to extremize the
performance index by gradually adjustiry the systen parameters, One of
the simplest implementations in this adrea is the use of tapped delay lines
which can be constructed easily with shitt vepisters Ln ligzital computers,
. 10 . P, . . . . o

L \ . “ (L BPaN ] ¥ Lo . (SR VRS

Jeaver™ considered tapped delay line filters, but his adaptive scheme

was rather ineffective and requirecd the ool ion of many simultaneous

equations., Narendra and the anther = naed delay Tines to identify thae

characteristics of some 'mkpewm v -plio. = 7 e syotems,  Although th




feasibility of the above-mentioned methods was indicated by computer simu-
lations, some figures of merit to judge these schemes, such as the rate of
convergence of the parameters to the optimum, remain untackled. Widrowlz’ 13
has attempted to scive these problems by defining som: adaptive constants
and misadjustment formulas, His system consists of delay lines and ad-
Justable gains, and has been acclaimed to perform nearly as the Kalman-
Bucv filter when perfect a priori information is available, Under cir-
cumsbances in which the a priori information is not perfectly known, it
is quite possible that the performance of such an aduptive fiiter could
exceed that of either a Wiener or a Kalman-Bucy filter. However, Widrow!s
system requires the availability of a desired signal to generate the real
time error function. Convergence wnroof of his LMS adaptation algorithm
(least-mean~square-error algorithm) was not given, and the development
of the rate of adaptation was not mathematically rigorcus. Moreonver,
how to make & time-varying system adaptive has not been considered,
l.L Outlines of the Report

A, Con ider a random function Q(x|c) where x = {xl, Xps eeey X }
is a vector o stationary randem process with distriosutior P x). In an
attempt to m.nimize the criterion

[(e)=E (Qxie)) (1.12)

it is natural to set the gradient of I(c) to uero,

VI =B {7, Qlxie)} 0 (1.13)

Since P(z) is generally unknown, an algorithm derivea from the method

. . . L4 . :
of stechastic approvimation to obtain E?, the optimum value of ¢, is

D-6




Ej+1 = Ej '.YJ V@ a (53193) (1.34)
Algorithm (1.1L) converges with probability one
X 3 ) .
B (gj~g )=0 1t -1 (1.15)
)@ J
as well as in mean square
# 2
lim E{“_C_j-g I } 0 (1.16)
j-ko
under th: fnllowing conditions
00 00
. 2
b, limy. =0, Z Y. o= ~<w, J >0 ’
J_,mai] 3 J—"—lb/:] 3 "’BJ .] ,D/J (1.]/)
)—-
B, inf E{(c-—c*)TV Q(x|c)t >0
) (110
£ - ” C"E*II <—1F- v > C
¢, E{V T otxie)V. alxie)l sae e v o)
¢ T e - -0 T (1.19)

" r all c and d > 0

B. For the tapped delay line filter under study, the transfer

functicen of the filter is represented by

i ~jwT
Hlw) = Z: fy @ M (1,20
k=0
and its impulse response is
i
h(t) = 3 o &) (1.21)
k=0 )

If we attempt to minimize the mean square error




(1722)
the optimum values of ¢ is obtained as
3¢ -1
S Bq qu
where (1.23)
N - d
E = E 70 quu , qu =B 70
r{Nrio '?Nr‘,/ d’f?'l
with qk(t)=x(qu)
1¢ is seen that in (1.23) the values of ;g* cannot be determincd

unless we have full knowledge about both signal and noise correlations,
Substituting . (1.23) into = (1.22) we can ob%tain the ex-

pression for the minimum mean square error as

a2 STRE R
Cnin = 4 (B) - _I-tdr’ e
- ) - kTR 1, (1.2h)
T d
= d(6) - 2. (t)
where zo(t) is the ouatput of the optimum filter.
The mean square error a% ary time for arbitrary values of
¢ is
o2 . 2 '_ T % e
)= ey, c e -8V R (e-g)) (1.25)
and the effect of non-optimum setting is beunded by
eg(t) - 32. < (N+1)2 max l c; - c§| max 'q iq. | (1.26)
min all i LA d
D-x

e
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A relationship between the minimum mean square error and the

number of delay elements 1is

The last term in the right~hand side of

of N, the number of delay elements and the correlation functions,

For

(1.27)

(1.27) is a functional

any known forms of Rn(77 ond RS(7?, a plot of eiin versus N can be con=-

structed, It is anticipated that the larger N is, the smaller e2

will be,

C. Under varicus practical situations we may not have rerfect in-

formation about both RS(T) and Rn(Tﬁ. Techniques of adaptaiion can be

min

employed to estimate the incomplete a priori information and to make the

filter adaptive to changing operating conditions,

From (1.22) the error gradient without averaging operation

is obtained as

Ve Qxie) = =2 (d(t) - 2(t) 1N (b)

so that the desired adaptive algorithm is

c. =c, + 2Y. e.n.
S YJ JHJ

The above algoritlm converges if 1.

i

2,

bounded,

Q(e) is strictly convex,

In \1.23) the desired 8ienal df%) is used to generate the

error function, This assumption is not so practical when dezling with

(1.28)

2
gg exists and is uniformly bounded, 3. s5(t) and n(t) are uniformly




detection problems. If only the noise correlation function is known, we can
change Eq, (1.28) to

= - e )
Sp1 "8yt Ay Oy - rg) -2 By s

T
where R = (RB(O), couy Ry (Tn))

On (he other hand, if only the signal correlation function is known, we have

c. .=¢. +2¥ R -2 z.Nn. 1,30 )
=3l =j b’.]-s YJ JUrJ (1030

' Ll )
where Es hs(o), cees RS (T &

L. The other problem that we have to consider is the rate of adaptation,
or the rate of convergence,., We want to estimate how fast the gains approach

their optimum values., Defining

At A -1 . .
E{{)T\] Lr(; i: .JE{): 1—3 /_\ }: (10)1)
1]
Moo= P e, U r( ) (1.32)
B I - th :
and B’j ézﬁxiji; for the p component of 1 ,
we can express the component of ! at any time during the adaptation

period as a function of the initial chofce and the optimum values of YV, i.e.,

: 1
wp = e (oo (1.33)
Using . (1.2L) we obtain the dirference between eg(t) at any time
and e2. as
min — WP o,
e eiin = ;% X (—% - %%)

J

D-10
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~e
t =Bt (1.38)
then the method of two time scales can be used to modify the algorithms

ootained previously. The mean square error is changed to

% (t) ¥ & {[d(t) > c, i(t))a}

1=0
(o X N ac. (%)
5 + e e
ATy s ) - 2 ey 1(‘))1%71(“ iR (1.39)

where Tav is the average delay time, Algorithem (1.28) is modified to the

form
i
Ej+l Ej + 2}3 Qj ej + 2X3 BT, Qj Qj é_ (1.40)
where
ac, (b)
i° TE

The minimum mean saquare error for this case is

2 2 . | T} PR T
Qflfeonnirpxwlé g%v +LBTM 5 iq §,O“M)
where ei min is the minimum mean sguare error of the time-invariant
filters,

1,5 nresearch Work ir Trog: =3
So far preliminary ro .. ts have been obtained for a single input
simgle output filter under very rcneral situations, Practical examples
for differeni types of s! mnal, ise and ways of paramevsr variation are
being worked out., Tn ori .-t +rifr the results, digitel ccawiter cimu-

lation will te conducted,

-1
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where Xp is the pth component of A and wg is the pth component of By
E. So far w e have assumed that the whole system is time-invariant

and the ovtput signals are stationary at least in the wide scense., How-
ever, sonn times for one reatsion or another, system parameters or signal
properties may change slowly. One instance of this sicuation is the
fluctuation of power levels. Some schemes to adjust the gains under this
case would be highly desirable, First consider the quasi-stationary
case where only slow time veriable is involved, If a time function x(t)
is delayed by an amount of T and multiplied by c such that

y(t) = ex(t-T)
or

y(++T) = cx(t)
vhich can be written as

Ly(t) = ex(t) (o850
L i3 a linear differentiation operator

i

—3

L= el - Z
i=0

1

pi and p = 'gf (1,36)

[}

[}
\

Let x(t) = o™ and y(t) = z(t,x)ekt, then z(t,\) can bs obtained

as z_(t,\) = ce™ M

if ¢ is a constant, and .
n i 4%

1 T . ((t?

Z(t,l) = - (C - Z F~T

e’ i=s1 & at

) (1.37)

if ¢ is time-varying, Thu effr-ct of time~varying parameter is observed,
During the training pe:ind the system is cperated in real (fast)
~

time t. If at the same iime sore parcmeters or . clonging sle:ly in slow
A

time t such that
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A very interesving and practical application of adaptive tilters
is the sonar detecting system consisting of many hydrophones steered or
not steered on target, The output of each hydrophone passes through an
adaptive filter, and the sum of the filter oulputs is squared and averaged
to indicate the presence or absence of a target. When the input signal
to noise ratio is small and the levels of signal and noise are the same
at all hydrophores, the whole system can be adjusted to form a likelihood
ratio detector. Some features of this detector will be studied with em-
phasis on adaptive schemes, rate of convergence and detectability for
stationary and time-varying processes, Performance analysis will be

carried out with analytic and numerical examples,

D-13




II, METHODS OF STOCHASTIC APPROXIMATION

1. Historical Developments
The methods of stochastic approximation were originally developed by

L

Robbins and Monro in 1951.1 Their purpose was to find the root of a

noisy function, The term "“stochastic" refers to the random character of
the experimental errors, while the term "approximation" refers to the con-
tinued use of past measurements to estimate the approximate position of

the goal, Kiefer and Wolfowitzls adapted the idea of stochastic approxima-
tion to the problem of finding the maximum of a unimodal function obscured

16

by noise. Blum™ used the gradient method to extend the above techniques

il greatly generalized and

to multi-dimensional case, Later on Dvorestzky

unified the whole theory and Kesten18 derived some formulas to specd up the

rate of convergence in terms of the number of changes in sign before a

certain step,

2. Basic Considerationsl9
Stochastic approximation, much like ordinary successive approximation

in the absence of experimental crror, involves two basi: considerations ~

first choosing a promising direction in which to search and selecling the

distance to travel in that direction. Picking a search direction is no

more difficult for stochastic tha n for determiristic approximationsg for

one simply behaves as if he Laizeved the experimcntal results, ignciing en-

tirely the possibility of err . This means of course that the experimenter

will rove avay from his goal w.»never he is mici=! by t-e vaccries of chance

errcr, It will e seen thai o:ch temporary sel-“zcks ‘o neci prevent

D-14
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ultimate convergence if the step sizes are chosen properly.

In both stochastic and deterministic schemes, the corrections are made
progressively small as the search proceeds so that the process will eventually
converge, To make this convergence rapid, one would like to shrink the step
size as speedily as possible, The main difference between stochastic and
deterministic procedures is in fact the Speed with which the steps can
be shortened, When noise is totally absent one can reduce the steps very
rapidly, but when there is danger of an occasional jump in the wrong di-
rection, shortening the steps too rapidly could make it impossible to
erase the long-rw: effects of a mistake. In the latter case the process

would still converge, but to the wrong value.

3. The hethodszo
ilany problems in modern cybernetical systems desigr can be reduced to
that of finding the extrema of functions of several variables

I=Qley, ¢y wnny € ) = QL)

1ZLS
(2,1)

where ¢ = ?cl, Cpy ses C 3
/

Denoting the optimal values of ¢ by E* and assuring that the ex-

tremum of interest to us is a minimum, we can obtain the sclution of

c = E* by setting the graiient o7 Q(c) equal tu z:72j5 1.6,

rvuers VQ(E)ngfig; ens Qégﬁ 3

y
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Generally a closed-form solution cannot be obtained for (2.2),30
iteration methods are required, especially the gradient method,

The gradient method relates the coordinates of a given point with the
coordinates of the preceding point and the gradient V’Q(g). The algorithm

3¢

for determining ¢ can be written in the form
Sg 7 &5 - T3 V0Ley) (2.3)

Here ZYj determine 3 the pitch of the algorithm and generally depends
on the index of the step and the function itself,
When Q(E) is not given analytically or is not differentiable, the

gradient Y?Q(g) can be approximately determined with the formula

Q+(_‘_3_) a) - Q_(Es a)
2a

where

Q,(c, a) =fQ(g tagy)y ooy Qe & oae) } (2.4)

l

and ei denotes tne base vectors

El v {l, O, sy 075-' en3 ]SOJ O’ SECKCRY 1Z° (2"5)

The corresponding algorithm is then

0Ly 3y) - Q(ep 250

S31 7 3 -b/j? %, (2.6)

;
In the alcve we assur.zd th Q(g) is a dete.-~inishic function, If

we consider a random function G(x|c), where x =§ Xys Jipy eees xn‘l is

a vector of ctiaticrary rendom . cesses with dist.ibut’: 1 P (§>9 it is
natural to atterpyw to firid the ~trema of the mat . matl.al expeowation:
D-16
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I(g) "J Qxle) p(x) dx = Eng(J_clg)g. (2.7)

X

The condition for devermining the optimal valua ¢ = g# is of the form

v 1(c) = EchQ(zlg)} = 0 (2.8)
We can aprly the algorithms (2,3) and (2.€) to (2.8) and functional

(2.7) only when the a priori distribtuticn P(x) is known and, consequently,
the mathematical expectation (2,7) can be determined beforehand. Fre-
quently, however, the probability density function p(x) is unknown.
Nonetheless, the optimal vector ¢ = g* can still be determined by
applying the gradient method usging VCQ(Z‘.'S) instead of EI(VCQ(_JSQE)Z.

This is the advantage of usirg the method of stochastic approximat ion.

With this method the algerithms for determining c¢ = _g% can be written

in the form

Sg) =85 =¥ W0l ley) (2.5)

if Q(xlc) is analytic and differentiable, and

] q,..lj._'/o_(x.c.,a.)-q (x.|e., a.) (2.10)
SR T SRR e

if VCQ<X|E) doer not exist,

Algorithm (2,9) is a multivariate form of tre licbbins-ionio procedure,
while algorithm (2,10) is a mu.ilir iriate form of o Kinfer-¥olfowitas
scheme. The analogy between deferministic and s!ochastic Alpc-ithms is
apparert, It should be erpbasized however, that . ~chi ic algorithms deal
with stationary random variables which mav ¢ ntail . ranacn noise in a4 idi-
tion to the useful signal, The ccnverpence nroperties of the above al-

gorithms will te considered i+ the nert ~ection,



L. Convergence Properties

In this section the conditions under which the above-mentioned al-
gorithms converge will be described. Since mean square error is used in
this report as the only performance criterion Q(ﬁlg) is analytic and differ-

entiable, and we therefore need to consider only algoritim (?.9).

Let g* satisfy the equation

Eivc Q(Elg)i = 0 (2.11)
IZ{QL:Q(f[E)} is a set of real measurable functions of real variables ¢
such that
}> O flox [ = E*
Eivc Q(yg} <0 for9_<§_* (2.12)
l a 0 for c = g*
where ¢ 2.9* means ci > c? for all i,

Theorem: Let Zfl,zfé, ... be a sequence of positive numbers such that

'.l. = 2.1
(A1) 1 B’J 0 (2.13a)
(42) 2. == (2.13b)
JELN
(a3) PRSRT (2.13¢)
L
(aly) b’j >0 (2.13d)
Let the following conditions be satisfied
(B) inf ES—(c & c*)T Qxje)l >0
_— b= LR (2.1k)
ef|e - ")l < e >0
D-18
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() E'.Vc Tatx e, Q(§‘3>§ s a(c"etele) (2.15)

for all ¢ in a bounded set
and d > 0
Then the sequence Ej defined by (2.9) converges with probability one to

#* 21
C L]

Proof:  Subtracting both sides of Eq. (2.9) by g* we have

E1d “ _ Elt -EYQ (2‘,16)
\

Ej+1 =g Ej
where, for simplicity, 0 = Q(x|c)
Squaring Eq. (2.16)

(_C_J+1 . E%)T (

and taking the conditionel mathematical expectacion for given Cy5 Cps eres

Ej’ we obtain

[ (2.17)
2 [T
+Ef3 E | W vio ;
From condition (¢), ° (2.17) becomes
= Hy 2 i 3 oY o 34T
b{“-c-ja - ¢’ !21: E)Z S H_C_j - c - 40/3- blg(ﬁj -c’) VQ}
(2.18)



Using condition (B), (2.18) is reduced to

2 g
{H_Jﬂ 12 ogs woms &)

RN (2.18a)

e 2 2 T
5“33.—33“ (1+‘0’jd)+ 2U§dg 9_*

9,2 T 2
Let 2, = |le; -l ZT;, (14, d) 5
= ® (2.19)
2 T 2
+ }Z 2d‘3’k ciie] 2 (1 +z{m d)
=3 m=k+1
2 o 2 ‘l
Then 2., 7( 1+ a)
5 “—3+1 ' ke 341 T i
(2.20)

+ f 2¥12{ ¢’ c* (1+b’fnd)
k= 3+ 1 mek+1

Takirng the conditional mathematical expectation for given C1s Cos oees

cj, we have

w

B {“qu ok lel:--‘-’,:} UGy @)

k=j+1

\
; {5341 IGERDE 3 f

Pl 2
P I oad R s )
k=3+1  ° mek+l

i
g
i
[,Ic P Mf caf o] T aate b
J
b
f
§

1A

k= 341

es | <2, @21 )
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A
i

Next taking the conditional mathematical expectation for given Zl’ sony

Ej on both sides of (2,21), we have

E}Z,

ShEL Jj

Zo) semy gj} <z, (2.22)
Since Ej = f(gl’EZ""’Ej)
Inequality (2.22) shows that Ej is a semimartingale, where

B2y SE2Zy8... sEZ) <= (2,23)

go that, according to the theory of semimartingales 22 the sequence El
converges with probability one, snd hence by virture of Eq. (2.19) and
(2.13c) the segquence (Ej = E*) also converges with probability one to
some random number 5, It remains to show that P Qi = 0)=1, Itis
seen that frem (2.23), (2.19) and (2.13c) the ssquence E(gj ﬁg*)

is bounded. WNow taking the mathematical expectation on both sides of the

inequality (2.18),

= £ 2 {
“{Hijﬂ =cif] } ==
2

J
{ 3T % ., T
+b'j d (& ¢+ I',(_r_:j _(_:_j))

c. - E*HZ} - 23; E {(Ej - E*)TVQ}

and adding the first j inequalities together, we have by deduction

7 , J o B
E{ng_*-l _ 9_7\ 2E EE {”Cl - c')(-l 2} “ kg@g%rrc%; P dfk 1 (EL 3’2]

.i

Z

k=1

2 E {(sj . E*)TVQ}

Since E{',gj = 3*1,2} is tounded and conditicn (2,13c) is fulfilled,

from . (2.2L) it follows that

-2



g}}E{hj-JFV%<m (2,25)

Using condition (2.73b), i.e., 2 IT; = » and noting Eq. (2.1L)
R

inf E{@~§?V%zo

e<|le-c"il<2
We deduce from (2,25) that

E i(g” = g*)TK7Q}-)O with probability one for some sequence N.

©.26)
Now taking E{ Hey - S*H2 ~ . with probability 1, and comparing
(2,26) with = (2.14) we obtain
- = 0 with probability 1 (2.27)
Therefore, algorithm (2.9) converges with probability one
3
Pl lim (c,~c )=0} =1 ¢.28
{ i, ey - ") = o] (
as well as in mean square sense, i.e,,
im E ST . 59)
felfley -7 o (2:29)

5. Geometrical Significances of the Conditions for Convergence

In the last section we menticned several restrictions imposed on the
properties of the sequence {2{1, ,..,Zfﬁ} as well as on the behavior of
the function ‘VCQ(EIE). These conditions not only guarantee the convergence

23

of the algorithms but also pcssess certain geometrical meanings 7,

ND-22
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A, Xj > 0, This is to assure that the corrections, on the average,

M

are to be made in the right directions,

e
.
o

B, Xj-w as j»=, This is to assure that _c_:_j calculaved from

o~
=

algorithm (2.9) will converge on scme specific value. Suppose we let the

wszsuyed error gradient be VPQ(_JSl_E) and the real gradient be F‘{ VCQ(E‘E )}c

Normally there is random noise in measurement

[}
1
&
)!" = 4 0
Ui Ve (xie) E{Vﬁ@t@} s
‘#t .
'.}.: J = 1, 2, veo
i Thus VCQ@lEj) # 0 even if chlks _c_:_*, Fer ¢, to converge on any value
' at all, the condition b’j—yo as j9= must te satisfied.
:‘ It is seen that the method of stochastic aprroximation is extremely
i

noise re=istant, Random independent additive noise ?j is eliminated

, and does not affect the final resuits,
‘g1, o j =0
' 2 I 2 . e
C. 2 Y5 <= or 2 ¥°20 as J=, This condition is to
3=1 J j=d J
acccunt for the accumulative effect of ?j' One application of this con-

dition has been seen in the last section. Uhen random noise ?j is

added at each iteration step, algorithm (2.5) becomes

s - = 2,30
Sy 7 85 7 U VRIS 1 ¢ (B
o
i Summing the above equation from j = J wupward gives
5 ¥y Vel - @.31)
A C —-C, = =~ . (x| ) + . e, o
2 - =J -i:JO J - -i‘-_:,]b/ﬂ §J
&
i



(2.31) expressts. “he total variation in c from the th step onward,

Since —— =
(EJ&5592=§2§w3§

Zb’ >0 assures that the total randem variation/ Z U
Jj=4d v j=d JA J

approaches zero as J becomes very large,

Zb’—}m The above conditions assure that ¢ converges

J“ ¢

on scme value Z X—*w assures that c = «_:_')‘. Since this condition
5 j=1

also implics Z ‘Q’ ~—}m, ikfi cJ approaches any value cther than _c_:_*, the
j=dJ

total correytlon effect Zb/ Vi Q(x|c) is infinite. On the other hand,

i=J
we have no fear of overshoot because each step is very small as 0/-+O

when j-»«. Conditions A-~D state that the rate with which b/j de-~
creases nust be such that, on the one hand, the variance of performance
index vanishes, and on the uther hand, the variation in )rJ over the
vaiiation period i3 iarge enough for the law of large numbers to hold,

o mf‘y‘ e i (c - c—‘k)T VCQ(Z"E) >0 for ¢ >0,
e<|le-ciy <3

This conditioci. deteridines the tehavior of the surface Ex {vc Q(g_cl_g_)}

close to the root and, censequently, the sipn of the increments of g_jn
Actually, if the ervor criterion does have a unique minimum, the above con-
dition is generally satisfied,
F-F{%Twyyvcmyy}sdgﬂf

This cvondition requires that the mathematical expectation of the quadravic

1-9__@_) for d >0,

forms

Ey {VCT Qxie) V, Q(yg)}

increase, as ¢ increases, no faster than a quadratic paraboloid.
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III, TAPPED DE! 3f LINE FILTTHS
1. Optimum Tapped Delay Line Filters
Linear filters can be continuous or discrete. The optimum linear filter

developed by Wiener has the form of Eq. (1.5)

¢ q(w)
H () =¢}.c—:cm; (3.1)
Ho(uO may be either physical reulizable or not. If it ig rhvsically
realizable, then standard techniques in nelwork thecries can be applied
to obtain Ho(m)conﬂistinﬁ of RLC elements with or without t,ransi‘omers.2h
Ancther method of synthesizing a continuous linear filter of arbi*rary trans-

ferfunction (and, hence, impulse response) is Lo represent it as an infinite

lirear combination of filters

H(w = 12:1 c, . () 2R

where the functions Fi () are irndependent and together form a vomplete
set, 'hile an infinite sum is necessary to reproduce exactly the cptimum
filter respense h(t), in practice it might rore useful to find the
best filter which can be constructed frer o finite nusber I of such
independent ccmponents,

One particular type of . (3.2) tut discrete in nature is the tapped
delay line fiiter, This filter consists of a tapped delay line, or
equivalent, ith adiustable weights at cachi tap, 1In this case

i)

Ko = Z Ck g JuTk (3.3)
k=0

and the impulse respcnse is N

hit) = §7 6 & (67 ) (3ehL)
k=0

where Tkﬂ kT, T is the delay incremernt 'miwcen delay lire taps, Gl is
¢

Py-25




the weight at the kth tap on the filter, and § 1s the Dirac delta function,

The configuration of such a filter is shown in Fig. 2. D, denotes a delay of

i
T in time. C
i qo rg
S
S8 | T T \\
signal n(t)i ‘ ) ! (f}'—“'” 5)—zitl_}

] C /’

n N
noise ! —= !DN ' y-(:),ﬂ__

Fig. 2 Tapped Delay Line Filter

The signal n, obtained at a point after the delay element D, is of course

i i
rt
ng(t) = x(1) iy (t-0)de
@
A
= ! x(1) § (t- -Ti)dr = x(t—TJ). (3.5)
0
The weighte Ci*(i = 1,2,...,N) which optimize any performance critcrion may

be found by using standard techniques such as calculus of variation or bty setting
the partial de:ivatives of the performance criterion with respect to the adjust-
able gain to zevre. Mear squared error crlitervion E{[d(t) - z(t)]z} Is uscd here
because it is simple to use as any and most configurations are not very censitive
to error :ricorionQS.

A,  Froquency eomain optimization using calculus of varilations.,

We are intercsted in e2termining  H(s) mninimizing

& = E KAL) = z0e) 2] = 4°() & 22(c) - 2R (o) (3.6)

dz

Fach term of (3.6) can be related to H7.s) by means of frequency integral.

N-26
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Since the filter output 1s
N
z(t) = I, C.n (€ (3.7)

LY

and its spectral density function is

N N N N
¢z(m) " QEO kEO ¢zlzK(w) = REW k£Q Hl(w) Hk*(m) ¢x(m)
'.I
= ¢ (w) }; I; c ¢ e"jw(ﬁ‘k)T (3.8)
¥
i 77 gm0 k=0 ¢ K
§

the second term in (3.6) zz(t), ie given by

=~ fy N N v
270 il ~Ju(2-I0T
z(¢t) P l_m ¢Z(w)dw z b Lle e l_w ¢x(m) e dw
i £=0 k=0
v (3.9)
‘ The third term is .
{
P{ A
’.f l {
Rdz(r) = E  d(t) z2(t) o - J_“ :dz(w)dw

) : |

= - J D g L (3.10)
” k=0 ‘ - "
= and finally 4y
l B = { i (w)d. (3.11)
} 20 :
? Combining (3.9), (3.10) and (3.11), we obtain
)

¥ N
b R o1 L (e T
Fmerltd = ofy \Jo &t L . e !
N L[ AT 1 (
a -2 ¢ C[=— ¢ (m)ej(‘J dw] + 4 (wydw (3.12)
o k' Zm d TR




The frequency integrals are simply correlation functions; that is,

1 j wi(f~k )T
—2,—_\§ Cf)x(w) er(Q ) duws= Rx ({T-kT) {(3.13)
-l
1 JuwlT w
and é-/;‘-J (‘Pd(w) e d Rdx(QT) (3.1k4)
-0

Now let ck=c;+ sék, k=0,1, ..., N
where cg is the optimum and 61{ is an arbitrary constant. For clc:

optimum, F(e) must now have a minimum at &= 0, Or

N N
%% = Z Z Rx(_Q-k>(cgk(c£ + ¢ é) + (SQ (ck+'é6k}
e=0 k=0 %=0

N
-2 Ry (jZT),Sg

Q=
NO N

nzf[z S By k) = Ry gQI‘))gg=o

Q =0 k=0

for any and all CS/Q Therefore

N
f_ cgﬂx k) = Ry @r)  for £=0,1, ..., No (3.15)
k=0

In matrix form

o = ® D7 R (3.16)

where
I (8..2.)

s H

P48 SR




TR
Sl

s
030 2

e
e e

Coyre

=8

S necien
Aul i

P 3
ST

f,

=

Py

and

R, = E [C’Iﬂjl

3 4 J 5 (3.18)
’(v
B. Direct Differentiation N
Since e(t) = d(t) - § 2y L(t) = a(t) - 7 Toe
. )
i=0

e2(t)=d2(t)~2d7T £ -'c,-Tq ch

Taking the mathematical expectation, we have

s = @@) - 2d 1 Te sl '37 c (3.19)
rl
aco
Let VR =
2
acN
Since Vc ¢ T R c_:'l= R c  + R“T c
[ |
. s o
together with R, = B?
The gradient of e2 is
Ve = -2 an +2 gWT c (3.20)

> -
2 — c
For e  to be minimum, we set Vc e =0,
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Then c* = (R ') "R same as obtained above,

C. Derivation from Wdiener Filter,

L

Another derivation of g“ - be obtained directly fram the Wiener

filter. From (1.5), the optimum linear filter for additive roise is

(w;
Hy () ?}?di(mj

X

Setting ¢ =
T
~Jwo
N o [e_jwt
_ J o a=Jukt le
Ho(m) = Z Ck d -Le_j(.mt

k=0
~jor Y
€ _jut

(- 8%

p e th R
SO /ST N G N
e

W : ate
Multiplying Loth sides of (3.22) by [¢ Otj 5 (e‘JO.,,\ J )

and integrating frem -~ to +=, we obtain

@w

T

(2 [ §er (=T 0] (9 -2 | fuu ("o

-0

Comparing (3,23) with 3.15), we

2, Minimum llean Square wsrror and -=ffect

A, [Expressions of mean square error,

The minimum mean square error of the

D-30

@0

-

see that they are identical,

ef Hon-optimum Settings.

tapped delay line filter is

(3021)

¢t in Eq. (3.3) and combining with Eq. (3.2) give

(3.22)

(3.23)

e

= YT
e Sr



53

T
v, ety

TP
(s e

@

» "
A5

e
e

Bl BN =5 = &=

o
oy

Vi P

v

obtained by substituting the expression of the optimum filter into

Using o
3 _‘[p]n ST A
=5 ) =
P
we have - =
e;in - P(4) -2 7 Teh v M 87 g
V2 T Tl
=d°(¢)-2dy R d )
R e B
T -1 T -1
+dn R fl R d
TH 44
o dF i = ndr'r R?T e gd7
or =d'(t,)_ Bd7T '9_%.
or a d° t)-7" (t)

where zo(t) is the output of the optimum filter,

In terms of eriin’ ea(t) can be expressed as follows:
T

From ez(t) = dz(‘u) = 2d,rz"[‘ e ¥ & E? e

e

(3.16)

(3.2ha)

(3.2Lb)

(3.2hc)

(315"

Using Eq. (3.16) and (3.2Lb), the mean square error is then expressed as

ez(t)=gg&t) - 2d /iT Ok E‘T _Rq c

= e:lin + d q ¢ ¢ - 2a q Toe v et R7 c

2 \T § A T
=e . * C i ¢ =2¢ Tdg o v c R

min = Y] '] |
= e:’. A S (e - e’ )

o E 2 : ] ; e

IBERE




B. Effect on Minimum Mean Square Error due to Non-optimum Settings.

From (3.25) the difference in mean square error due to non-optimum

values of (c) is

A B = 6o () L
min

RN
Let ¢. = c. +§> .
i i i

T

then
Ty
%gi6jqiﬂj

AF =

a
P N4 1O

(N+1 )2 max
all i

IA

' max
i,3

> (e _cv‘(T) Bq(C—C}*)

1413 |

(3.26)

(3.27)

Thus, the error due to non-optimum settings is bounded if the deviations

of the weights and the input correlation functions are bounded,

i iiters max|p.y;.| = =Nl +
that for delay line filter rraxmiqj l Rx(o) Is(o) } Rn(°)°

13

C. Relationship br'ween the minimum mean square error and the number

of time delay elements used in the filter,

From (3.2ha) it iz seen that

- o i K
2 ) o m gL

min --dr( q de]

Taking the case d(t) = s(t) and noting that

d(v) Ti(“ = s(t) x’(t-Ti)

= 5(t)( s(t—’l‘i) + n(t—i‘i))
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Frg WA ¢
S ¥ gnid

Rx(°)°""'Rx(Tn) B(0)

, . R.(T,) R (o) R(T _¥[R(T,)
e;in= Rs(o)—LRs(o)RS(Tl)-RS(Tn);( 17 % el sl
R (T )eerees R (0) ||R,(T.)

we have

where Rx(Ti) = ES(Ti) + Rh(Ti) (3.2L4d)

The last term in the right hand side of (3.2L4d) is a functional of N,
the number of delay line elements, and the correlation functions. For
any given forms or values of Rx(Ti) & plot of ;z;; versus N can be
constructed, It is anticipated that the larger N dig the smaller e;in
will be,

3. Adaptive Tapped Delay Line Filters

The above discur .. s presented a means of determining the optimum
values of the gains » sided that the statistical properties of botn the
desired signal and the ncise 2ve known, Unfortunately, in practice, iv
is not always possible to know &ll this information very accurately,

If only the filter input and output are available and nothing else, no
systematic procedu-cs c.n be found to adjust the gains.  tHouever, if we
know scmething ahoult the system, then we can develcp scme algorithms to
make the filter optimum. It will be showm that if a desired signal is
available, or correlation functions of the desired signal, or (not and)
correlation runcticns of the noise can be estimated within accaptable
accuracy, the methods of stochas!lc approximation can be emplored to make
the filter adaptive to chonging operating conditions. 7These changes may
be due to variation in the input signal or the internal structure of the

filter. Adaptation is acrcoriished by obs:vvation of the -eaction of the




filter to an external signal o to an internal variation with subsequent
goal-directed variation of the filter parameters so as to minimize some
quality criterion,

The quality criterion may b. represented in the form of the mathematical
expectation of scme strictly convex (not necessarily quadratic) function
of the deviation of the output variation from the desired function.

For simnlicity we shall use the mean squared criterion, Thus,
i (o) E{Qm(t) E z(t»f with Qo) = ¢ (3.28)
For the tapped delay line filter shoun schematically in Fig. 2, we know,
x(t) =s(t) + n(t) (1.1)

It is assumed here that these functions are stationary random processes.
The desired function is 1 e function obtained by applying an arbitrary
operation on s(t). This operator may be a differential operator, in-
tegral opcrator, predictor, etc. It can even be a unity operator such
that d(t) = s{t), ‘e shall first of all consider the case where d(t)
is available, Those cases for which sipgnal or noise correlation functions

are known will be treated in a later section- They will turn out to be

¢light modification of the first case. Nonstationary or time varying systems

will be coneidered subsequently.

For the first case
I(c) = E {Q(d(t) - 2(t)) E (3.29)
N N

since 2(t) = 9 ckrfk(t) =2 e, x(t=kT)
k=0 k=0



=

we have N
I@)°E{QMW)—Z- %7k®»§
k=0
& (3.30)
5] N
. =J ¢ @) - T o ()] Fle) o
' & k=0

Since P(x) is generally unknown, algorithm (2.9) will be used. For

Qle) = ez(t), we see that

V,Qxle) = 2V e

But N

Ve =V, @) = 2 o n, (b))

k=0

N -1 (t)
= 2(d(6) - ) %qk“”
ae2 k=0 e -,Tn (t)

therefore

and the desired algorithm is

S 2 5 B s e
[e¥] o ¥l
Qlo
o

Sy T 85t 25’3 e r%j (3.1)

with censtant ¥ 3
This is precisely the LIS algarithmﬂused by Widrow™ " derived from in-

oy
T |

tuitive reasoning rather than frcm rigorous mathematical proofs.

e

It would be desirable an'i ir-zructive to give some physical inter-

pretations of the conditicns ler which algorithm (3.31) converges,

3N & Em =
o
|
s




Algorithm (2.9)

C41 = &4 -Kjvc Qlxy)e5) (2e9.)

converges if the following conditions are satisfied:

(a) lim ¥, =0, 2 ¥y== Zb’?“ (2.13)
j=1

Jerw 1
- 34T ] .

(b) e B i (c-c ) T, xte)) =0 o)
e<lc-c||5 >0 .
in the neighborhood of E*, £ >0

S {VcT W) ¥, QQS‘E)E sa(ee" + oo, (2.15)

7/

The choice of 2{5 which satisfies (a) is rather a% our own disposal.,
For example, ?fs = 3%5 with a, b >0 will definitely fulfill the re-
quirement of (a). The i1emaining conditions depend on the surface of the
error gradient, wnick in turn depends on the choice of error criterion and
the physical system under consideration,

Condition (b) is satisfied as long as the function 7(e) is stricily

L

convc£. GSince Qe) has a minimum at ¢ = ¢, it is eviden® that

13
€K, 0 for ¢, > o,
oc, 1 i
i
3
= (G for ¢, = c.
i i
\
“0 fer o, - o) (3.32°
i i

i=0,1, 2, vco. N
#y o0 .
Consequently (c, =c;) == >0foralli

i i’ 3Je.
i
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and

inf E{(c - )Y Qi 0
< e {(s Y, (Jjg)l .

e >0

Condition (c) is satisfied if
(a) a°) exists and is uniformly bounded.,
dec

(b) s(t) and n(t) are uniformly bounded.

. . #*
Using a Taylor expansion about ¢ = ¢ , we have

i a_ci”al‘:‘j (3.33)

for arbitrary j, with j =0, 1, 2, ..., N,

For the tapped delay line filter with mean square error criterien

N
Qle) = Q (a(t) - c.y.(t) {.3h)
Therefore, Z 171 }
i=0
dufe) . N '
ac:.L de (- Vi(t))
(8.35)
3°q(e) g
2 23 p (). (L)
30,00, | 32 7{1 73
By definition
= w(t- = e, 't_"' .
Y!i(t) w(6=T,) = (b7, ) v b=l (3.36)
»ZQ
It is evident thut 8cjac is tounded if ccnditions (a) and (b)

are satistind,
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Theref
efore, N

V. Qxle, = ky 2 (ci—c%i‘) (Bs21)
i=0

where k., = k

sup | 270 (c)
1 all i

ac.oc., |
1]

Taking the inner product and mathematical cxpectation on each side of (3.37)

gives E{VCT Qixlze) vc Q(.)flg)i

d N 5
2 3,2 2 2 3
=iy Z (ci-ci) <k E (ci *ey )
i=0 i=0 32,38)
- d(E*TE* N ETE)

In practice conditions (a) and (b) ar. easily satisfied. Thus the
methods of stochastic appreximation can be employed in a variety of

adaptive processcua

aE B =

I
et



1V. Adaptive Schemes and Rate of Convergence

1

1. Adaptive Schemes

A. An algorithm has been presented to adjust the cains in the tapped delay

line filter. I the desired signal is avajlable to generate the error gradient,

the adaptive scheme is given by

k'j+l :-(':j+ ZKj ej Qj (4.1)
ith = d ) QN_
wit e(t) = (t‘—kd;’.b ckr(k(t) (4.2)

The scheme is shown below

)

2t) - e4) (N
"Q,?,r— 6 > aC.

dlt)

The complete adaptive system is shown in Fig, 3
o)

(Eal
[ﬂ%dhx

|___{ a i) 3 e

EJM[ f
B LY
j‘ Dt

3t) S@®XL)

n(t)

.

(N \
U

Catts)

Fig. . Adaptive vorom with 4(t ) available

Do




B. When d(t) is not available but the statistical properties of the noise

are knownt;pﬁlgorithm is modified as follows.

Using s{t )= x(t)- n(t) in the expression of error criterion we

have

2
I(g) =E§Q(e)z =E§(s(t)- z(t)) !

)

%6
e
s

=E{(x(t)—n(t)-z(t)] 2?5

2 2
=B {(x(1) - 2(1) § . E{n(t>§
—ZE{n(t)(x(t)—z(t))} (4.3)
Since

x{(t) =s(t)+ n(t)

z(t)

i
Q
~
—3
7—‘
—
I
B
g
9]
g
=
-
]
—3
~

Eq. (4.3 ) becomes

1 )=E{(x(t)—z(t))2§ + E%nz(t)g

2 N
_2E§n(t)}+ZB{n(t)k};ockn(t—Tk)}
2 2
=E{[x(t)—z(t)j E-E{n(t)?
N )
+2E;k§:,:0 ckn(zt)n(t-Tk)} . g
= E{(x(t)-z(t)J E “Ry (o) +2 kz;OCkRn(Tk) Jegse)

where Rn (Tk ) is the noise correlation function.
and e jual to s(t)
In comparing the algorithm used for the case when d(t ) is available,/if

sft ) is replaced by x(t ), we would adjust the gains ¢ to minimize the

D-10
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250,

first term on the right hand side of (L.L), i.e., to solve the equation
( 5

grad E; tx(t) - z(t)" =0

-

EiF

Now consider the rest of the right-hand side of (L.L). The second term
is incependent of C, and the entries Rn(Tk) appe:ring in the third term

are known, We wish to minimize (bc sum of the threc terms, i,e,, find the

: solution o™ N

kN grad E: (x(t) ~2(t)" " «+ grad 2 £ CR (T, ) =0

IFes . o) ~ knk

il ~ 2 k=0

m At this point we shall use a modified algorithm whose convergence properties
it

A2 and proofs are found at Appendix A. It is shown that if we let Q = Ql + Q2,
a the algorithm .

Ciuy = &y - yj(vCQl + 9.49,) (L.5)

2y

A

also converges in the same sense and under the same physical conditions as

e

algorithm (2,9) for t': tapped delay line filters.

In (L4.3) we can set

]

O = [%(t) ~a(s)]©
&
i Gy = a°(6) - 2n(t) [x(b) - 2(t)]
But N
G, = -R(0)+ 25 R (T )
EE 2 n k=0 k n'k
and T
0. = = B (C) R (1 \
g 0y = 2R = 2[ K (0) R (T) ... R (NT)] (L.6)

Thus, algorithm (L.1) is modified to

I e T
i C..=0C. - v, (7. x(t)~azat + 2R
2 =T I O ( (t) 5]
= (¢ + 2y, n.ix -2.)-2y.R L7
| =5 LR R A s (b.7)
The adaptive scher:. i3 shewm belew 2nl the whele system is drawn in Fig, L.
:;.A‘ 71
4 f
i w(t) - = =
s wn ! SR
%, ! .
L
A}

o O =

-

o

~—

Y

—_—

=}

=



s¢) ?X(ﬂ

net)

Fig. 4, Adaptive system with known noise statistics

C., Now we shall consider the case when the statistical properties of the
signal are known.
Since

2

E g‘(s(t)—z(t)) ?)

E gsz(t)g—Z E ?gs(t) z(t)z +E§zz(t)f

I(c)

1
+
N
~
ct
~—
~
=
.
e
S

2
g (%) ~25/(t ) =0t (L.1ne

=D
n

D-42
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Following the same pro.sdure as before, vse have in this case an algorith
C. =cCc, + 2 R. - 2 z
G417+ 2P -2 1y 7 (
the scheme for Eq. (4.11 ) is then
2¢¢ - g
X —r >O > AC.
[4
ner BT
while the whole system is shown in Fig. 5,
1.
C'i(h‘(—- a(y
— [ b—
t) et z8) i
7]
1
|
h(t) .
-1y / K (Tu)
——A Dy e
(ﬂ_-g'!;‘l AT _:"O P
| ‘:I.
Fig, 5. Acdaptive system with known signal statistics.
In the above schemes no distinction between continuous and discreta
processes has been made because their connection is obvious., Inti ¢
. 1
discrete case we can set ij = J— while its continuous counterpart is
1 n
X(t ) = ¢ . Theorems concerning the cheice of ¥ (t ) already exist”

and are not discussed hore,
e &

m

45100

6




2., Rate of convergence
Having found an algorithm which converges, we shall investigate how ‘ast
it converges . In other words, we would like to know the mean square error at
each stage during the adaptation period,
From (4.1)
S AR TR

and using the expression

N

e, =d -z =d - cl
R 1;=:01r(3

i

=d - c
R
we get the corresponding matrix form
T
el SLECEN B2 c +2%y d ,
L + - \ 3 -
| #il j j jj 3 ;] _[J
T _ .
= (= 2T Yy o o+ 2 G (4.12)
v T3 Ha ™ = v, s

taking the mathematical expectation of Eg. (4.12 ) and diagonizing the

matrix E{\r]j r( ?% such that
J

=

g0y e o

o O
where P is an orthon.rmal matrix, and /\ = A . 18 the eigenvalue
- o - Xk
matrix, we obtain
¢ = (1-2Y R, ) c +2 d
=g byn S A 1l
-1 —_— [
= (1-2 P =) c + 2 d {4.13)
Y, B A E)e vy

AV <GS 5G5S
In the abov¢ we assumed that ¢ is statistically independent of }}? 3

Althouch ¢ can not affect 71 in any manner, the increment of ¢ at each

D=1




stage is, however, related to n by (L.1). Since the increment is generally
very small and the total effect involves adlitirn of & large nmber o0 smull
increments, we can assumezii = gg; in a manner similar to that used in the

analysis of phase-locked loops®

Let us define

i=l

=PG g A (4.1L)

then (L4.13) becomes

W = (1 - 2y, W, +2 0 (L.15
e ( YJ A) L Y5 dn { )
Since dn' = R g* as seen from (3 L6), we have
- % = ¥
- = - [ 1 - l"w[)\
V_"j+1 W= (1 ZYj h) (_V\{j W) (La16)

Now consider any particular conyonent w of U and for clarity no

subscript or supuscript indica:ing the compenent is used. Then

W, . W = (1 -2y

441 SICIR (117)

J

Using Eq.iU.17, recursively giv.s

&3 & 3 N L
A= (. =W) o (1 =-2y,3)+ W (4,18)
J L k=1 J
* . L . . : % e
Viterbi, 4.J., Principles of Coner-nu Ccrrmunication, ntraw Hill Fock Co.

New Yerio, 16056,

1)-4.




T

We shall now find w e

h|
From (4.1) and taking the product of c¢ and ET, we obtain
T T T
c c = c, + 2 e, n c, + 2y, e
Sy41 S = (Gt Dy ey ngd (g + 2y ey ny)
T T T 2 2 T |
= e + 2v, e c + + 4 e
& & Yyey (g gt by gy ) by (4.19)
Since ,,:
T T B
e, (c +
1€ 0 % 0y g0 A
T T T 5
= (d, - n, ¢,) (c +
17 &) gty o)
T T
= d + d
=1 O 3=
- Cy § T n, n T - n, n i Cc C &
=4 a3 e e i
Note é§T+§§T=2{ﬁ§T}S I
where s denotes the symmetrical part of a matrix. For example, if .
41 %12
4= a., a
| 21 22 |
then » a
il ol |
o 2 (ayy +agp) 2 (5, + “zl)g
= 7 1 1 \ I
\ 7 (ayp +agp) G (agy +asy
i\
we have l
T T
+ n.c,)
ey (g 1 5 &
) s NS l
= 2('}( c*cT) -2 {R ¢ cT'S
o | 3
/ T s
= . * - ) (&.20) '
2\ R (et - gy g j




Taking mathematical expectation on both side of (4.19 and using (4.20) yield

c c T . c, C L + 4y %R (c* ~¢c,) ¢ T|°
—J+1 =i+l =3 - I G =3° =

2 2 T
by ooy (.20

For large j , the following approximation can be made

o 2 A TR 2 f (4.22)
1Y Dj min ﬂj Dj ® min =

(422) can be viewed as a Taylor series expansion around the optimum point

and with higher order terms neglected for large j .

Therefore, (4.21) becomes
e g

- T . { _ T ,
S S T &G G iy R - ey

.23
+ qu e in Bﬂ (4.23)

Using the transformation ¢ = g-l 4 as defined in (4.14), we can change (4.23)

to the form

Mg Mgy = B+ anp \\2'1: v et e wu P\j p
A 2 ptppt
And—__“ o o o
e R R FC R N
+ "sz egl_n " ' (4.24)

In the above D denotes 'heo liagonal elements of a matrix. These elements have




the desired

w2
j+1

form

3

\

wz + AYJ N (wx - wj) Q

3

- 2
= (1 - b4y, 6\ + by X wrw, + b4y "X e
( v, ) L Yy 3 Yy ki
From (4.16) we have
= 0 O = =T
W W = 1 -4 AW, W *
i Y g ( Yj_)[_j_j] +4ngv_qj
= SIS =t o BT
Let 9, = (W, -~ W.,) (W, - ¥ = (W - W
et Oy = Wy = H) Wy - HYT = WHD, -
Substrating the diagonal terms of (4.24) from those of (4.26), we obtain
D S
D _ 2 2
L TRRE R RS PN R Y9N e
o D ) _2
Since QJ has the elements wj - w, , we sce that for any particular
component of Q? 5
2 2 a7
= = = (1 - 4
wj+l wj+1 BJ+1_(1 onX) Oj + ij A e b
Iterating backward,
3
fprn T 0l o )
AL T S T R R L
But 6 = 0 because Wi =Wy,
1
== 1
2 e 2 :
: = 4} ¢ I v m (1 - 4v )
j+l min k=1 k Jektl L
or
P e - ]
R R PR M v (1 - 4y,
’ k=1 g=k+1
D-18
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which can be expressed as

En
A emin

2

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)
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e
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=
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Several sr.cial cases will be considered.

1
(1) Setting vy

A

35 2G+D%

Th:s is & legitimate cxpression as

"3

required condicions for convergence.

Note )

]
1 k
T(1l- =)= 7 =
kel k+1 k=1 k+1
(4.18) gives us
w = ——l——'(w - wE) + wk
LR TS |

Note also that [see Eq.(B.8) of Appendix B},

] J

n (1 - AYOA) = L
L=k+1 ) L=k+1
I

b Y T a - AYEA) =
k=1 L=k+1

13 1
LA k=1 (j+1)

thus (4,30) gives us

As derivad in (3.25), the mean squared error at any time is given by

1 -

2

3
L
k=1

1

432

2+1

)y =

(4.31)

defired by (4.31) satisfies all the

1

t)?
(j+1)2

(k+1)

602 (k+1y

e
(3+1) ¢

e§ = eiin + (gj - Q*)T R, (qj - ¢*)
= eiin ¥ (gj 5 9*)T E—l Ap (qj
= eiin ¥ (Qj - 0T 4 (93 - W)

(j+1)2

(4.32)

(4.33)

(4.34)

(4.135)

(4.36)

(4.37)

The expected differenc. between the mean squared error at each stage during

the adaptation period and the minimum mean squared error 1is then
D--19



(% 2 ) ) T .. 3
E = E ! - W h = {
SRR B gy SR w*)j
(N 2
= E! L A, (w wx ) 1
Li=0 1 Wi41,1 1
N et
I oA, {w - wk
I R 1
Fut . O
O L O D KA T TS I St
J+1 341 T V34 j+l J+1
Using (4.33) and (4.36), we have
o ~% -
2 .
(w1+1 -w%)“ = “min 9 + 1 (wl - w*)2
: A 2
G+1)° G+D?
(4.38) becomes
T . N
il g4 k=0 " (j+1) ¢ k=0
i -’)
e T O S et B, (8]
(3+1) (4D
The last step is obtained from
N
2
) X, w, = wT Howo= LT @
k=0 i 1 - - - -n =
Thu, for largze J ,
F § ()2 = sz \? = iN—-*-l_)__M
BRI EN min T J+1

\
~

w*2

- a¥)

(4.40) 1s the desired expression for the rate of convergence.

the mean squared vrror decreases approximately as the first powcr of time.

1
] £y 3 . = i — L
(2) Sectring \j )

D-50
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(4.39)

(4.40)

(4.41)
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(4.42)
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The choice of defined by (4.31) requires some a priori knowledge about

"
the signal and noise properties. Otherwise, if the correlation matrix Bn is
not known, the eigenvalues ), cannot be determined. The arbitrary choice of

by definad by (4,42 will be studied.

J
Jp 1
From (4.18) with Ty T TGy ve have
J A
= - wk , - X ]
Y3+1 (wy = w) k:i (1 1 ) +w (4.43)
But
RS SN (o 2 =
=l i+1 (3+1) 17 {2-))
k=1
1
= — for j>>1 and J >> A (4.44)%
r(2-x) (j+1)
Thus i (wl - )
w = —_—_— 4 yk (4.45)
J+1 [(2-2) (4+1)
Note also that
] i 23
A +1) :
I T R (4.46)
L=kl f=kt1 (3+1)
Therefore,
J 2 , I ! (1) 2
b3 Vi n (1 - 4Y£A) = I 7 R
k=1 g=k+1 k=l  4(k+1) (4+1)
J i
- __—l——ZT— 5 (k+l)2A 2
4(3+1) 7 k=1

Using the formula (No. 29.9, Tables of Integrals by Dwignt)

" p_n n 1 Sl 2yP"3
- e _ B - y = [
= L T Tz TP Tol ek oD temi
u=1
* Derivation appears in Appendix B.
D-51



we cax let k+l=n, p=2A -2, n= 3+l , and obtain

j - J+1 j+1
oD 2 Tp wPe ;o wP o
k=1 u=2 u=1
27-1 2)-3
= -1 4+ ‘(1%2‘7— o A T L gy e 4
- 2 12 (4.48)
(4.47) then becomes
i 3 2A-1 2r=2
f 2
L Yk i (l—/,'YQX) = ._._1_23\_ ["l + (j;izz " (J+;) + ____]
k=1 p=k+1 4(§+1)
1 -1 1 ]
= = [ = = + == 1 for large 3§ . (4.49)
C e T @D g
Substituting (4.49) 1into (4.20) and combining with (4.43) yield
’ * “21 1 1 ( Sl wn)’ )
(w S L SR s : - e J (4.50)
+ , - 2 . A 5
j+l 22 i+l (j+l)2) FZ(Z—A ) mia
and
L T 2 ) - 2
E ? e = L X (w. - wk
j+1 win } DR, R /
2 2
) ] -
g N .__lf_._Lm__irL._- \k [ (wlvk “*k) S 2 i (4.51)
. 9 9 B [V . .
=0 (FD =207 ()20 ré(2-20,) A

(3) Yj = y = constant

Fhe expressions for vy, defined by (4.31) and (4.42) satisfy the conditions

fer .anvergence as stated in (2.13). In thesce cases the Tj and thus the gain

fncrement 4c, become smaller and smaller as time
J

tion period. It is anticipated that the rate of convergence will be {ncrceased if

a small constant valuc is sct fur + . As shown by Comer™™ , the algorithm

with constant s has comparatively little nolsc resistance,

pruscnce of measuring error with variance o , convergence In the usual sense

proceeds during the adapta-

Furthermore, in the

e




Sy e
2 A2

S

-
2t

2o

PR

[ - AR EEED [ =] p s ] = SoER SERg [L5Tw] &

does not occur, but

8 . )
lm E { ¢, - cx 120 < F (1 » =)

j+w

and

Now we shall study the ratc of convergence when vy Is a constant.

From Eq.(4.18; we see that with = y = const ,

i

]
wj+1 = (w] ~w*) 1 (1 - 2yA) 4 w*

k=1

= (1 - 2yn)3 () = wk) + wr
Since
% R .
a+ay+ o + ..+ ay" 1, ald-y)
L=y

We can obtiin

j = - -
) (1 - AY\) k Z%T [(1 g AYX) (J l)—l]

k=1
Thus
;o 1, il
% Ykz bt V- b))y = &y~ (1 - 47X)j Sl
k=1 Q.=k+l k:l
B _n
= T - dya)d £ - a0
k=1
2 1 =i
= ==L, - 4
Y T (1 -~ 4yV)” 7]
and (4.30) becomes
- 2 2 -1
- T 1-(1-4yA)
(W:Hl wj+l) ey vy [1-( YA ]

(4.53)

(4.54)




The mean squared error is then

2 7 2 : j-1
F - =
h 3 eJ+l €min { “min Y kiO Ak [1-(1-4v2) ]
. 2 24
+ kio "k (wl,k - w*k) (1 - kak) (4.55)

It 18 seen from (4.35) that {f the error 19 to decrease at all, one basic require-

ment should be met, 1.c.,

0 <1 =~ 4yx <1 with v >0 (4.56)
which implies
0 <y < . (4.57)
4x
max
Amax 1s the largest clgenvalue of the correlation matrix Bn . Thus

y = constant cannot be set at will {f st {lity of the adaptive loop is to be
maintained.
T-e rate of coavergenze has buen obtained so fur only for the algorithm

with the avallability of a desircd signal to generate the rcal time error

function o(t) . New we shall compare the algerithm
5% = ¢, + 2 B
ST 5T MY
= ¢, + 2y, s, n, -2y, z (4.58)
S L
whera Sj replaces dj for the desired signal with the other (wo
Ej+l =_gj + ZYj 55 -~ 2yj zJ 0, (4.59)
c,..=¢c, + 2 n, (x, = 2.} - 2¢ 1 (4.60)
=11 = = vyony gty ‘) o

when sigual or noise corrclation functions are uscad.
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Taking mathematical expectaticn on both sides of (4.58) gives

- c, + 2y, 8, n, -2y, z,

33— I 14
But
(s(t) + n(t) \Ix
o= E {s() ls(eT +n(e-m) |
| s(t-NT) + n(c-NT);\
N </
f,RS(O) ‘}
n' R (T)
s ! é Rs
y |
\RS(NT) J
and
’I‘ _ —
e S

we *thus have

= (1-2 c, + X
(I-2y, R ) ¢ ZYj by

4+ 157

Taking the average on beth sides of (4.5Y) gives

C. 4 2y. R -2y, 7. n
ST Yy 2 T Yy Py Oy

which is identical to (4.64) by virtue of (4.62).

£441

Taking tr~ average on both sides of (4.50) gives

Sy41 7 &y * 20y N0y -z - Iy Ry

But

. . \;\
o { Fs(t) + n(t) i L
n, x, - R_=E, :
'y *y n ) s(t-T) + n(t-T) ! \ [s(r) + n(t)]
| s (e D+ n(eNT)
U o
R (o) + R (o) : iRn(o) \: iRs(o)
| o e R L
- t i o i i
R WD) + R (NT) | IR (NT) | (R, Om)

- R

|

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

n

(4.60)



(4.65) can then be reduced to (4.64).

However, (4.64) is just (4.13) if d(t) ic replaced by s(t). We therefere

can conclud: that for filtering prcblem where

d(t) = s(t) , the expected values

for the gains at any stage are given by thc¢ same formula, i.e.,

;5+1 = (wl - wk) kzl (1 - QYJA) +

(4.67;

which is valid for the transfoimed gain components.

Let us now consider the variation of Cj ch for the other two cases.
Taking the product of each side with 1ts transpose in (4.59) gives
T T T T
c c ¢, [ + 2 c, R - 2 2, ¢, n
SRS T S 15 5 15
. T z T 2 - T
+ 2y, R ¢ + 4 R R =~ 4 z, [R.] In
iy By &5 iy By Ry Y, j[sJ ]j
T 2 T 2 2 T
-2y, z, n, c, =4 z, n, R~ +4 z,"n, n
18545 Ty A Mg L
= ¢, c, +2y, (R ¢ e + ¢, R )
=3 ] j s =j —s
T T
-2y, z, (c, 7, + )
TSl SR
2 2 T
- bvyT 2y R A g R )
2 T 2 2 1
+ 4y R R + 4y," 2 n, N
T4 s Ss g Ryl iy
T T.s T T.s
= c, +4y, R ¢, )" - 4y, (n, n, ¢, c,
i B e Nl
T S 2 2 T
- 8 R i n + 4 R R + 7 My 0
oBag ) R R Ty Ly
When average is taken on bota sides, we have
- ey == 45
T { T . T !
Sy Sppy T Gy 5y B AT LR Cy Rogy gy
SR TR 2 T 2 2 T
-8y R c, R + 4 L R L+ z n (4.68)
o Bgy B ok K IR
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Similarly, if we take the product of each sides with its transpose in (4.58) ,

we have
S N R RN Y
T T
ryzy ley 0y * oy ey)
8 2 T T
- 8y,” 8, 2

+ 4y 2 z g r. n

1YYy o2

We shall sce that (4.68) and the average of (4.69) arc equivalent by virtue of

the following tcrms.

T = T T I
(1 gysyny *osiney ¥ oo R o4 Ry g
\ el e
(2E 2 NN S R ) zy syngny + oz, oen
Py %y 0y 0y
N S
(3) RS ], = Sj_._j bjij
-
TSy

The last c¢xpressions .o approximately correct if the number of taps 1s large.

T

Thus C!+l cj+1

either derived from (4.58) or derived from (4.59) are equival-
ent. Similar steps can be applied to (4.60). 1In conclusion we con state that

the rates of cenvargence are the same regardless of the choice of algorithms.




V. Adaptive Tapped Delay Line Filters with
Time-varying Parameters

The adaptive schemes using the methods of stochastic approximations have
been studieu for tapped delay line filters. An implicit assumption made so far
is that the system und~r study is time-invariant and all the signals and noise
are generated frcm stationary sources, Although ergedicity of the process has
not been required, wist .-sense stationarity is implied.If the system itself or the
input signals ar> nonsinticnary or time-varying, the adjustments made for mini-
1mizing certain ervor criteria may not produce the desired effects, 3uppuse that
the rate of varamecier variation is faster than that of convergence, we can never
expect to have the algovithm: converge at any time. However, if the rate of
parameter variation is slow, we can estimate its effects in @ qualitative fashion,

let us say that C}) (t) is aslowly va. * g .ime function if the relative change in

its value in any interval of lcngth At " is small; here w is the min.-

[}

o]
mum freq.~ucy o the naturo! nscillation of the system, If the transient behavior

is aperio.ic for ary iniiial copedditions, the function <P (t) is sard to be slowly
varying when Its chanog~ is <.nnll in comparison with the relative change of the
cutput, The teris "slowly varying™ used throughout this report is defined in the
above senso, Tho stoistical proporties of the delay line filter wiil be studied,
For staticnary aac nor. ationary input sigrals the results scom trivic! as a delay
element do, 3 no’ <han.v anv ztatistical properties at all, but for (.o time-varying
case the r:-thod Jovelored oives us some Insights akout the system.
1. Stativtical propertios of delay line filter527

The statistical properties studied here refer only to the auvto correlation

functions and variance of the output as a measure of thie accuracy of the system.

D-5¢4

n




Some other properties like output distributions, probability density functions,

etc, are not considered,

A, Stationary case,

Let us first of all consider a single delay element, The input and

output are related by

S

| e ¢ |
xﬁzl Delay T Of )f(t)>
I

and the transfer function is given by

H(j )= YU®) o o g7l (5.1)
X (§w)

If x{(t) is a stationary random function with its covariance function

function given by
-] (5.2)

The above expression corresponds to a Markov process and its spectral

density function is

n —O‘IT, - juwT
¢x"“’ )= Dy Doe dt
. [0 e R - -1 T)
DY;J i f SRIE
C ‘e ‘N /
24D, . (5.3)

2 2
L4+

The output spectral density function is accordingly
2
2Dy ;2. 24C Dy y5,4)

2
CACREE NI [H(sw)] S et T



B.

The output varlance is tl e

y) 00
D = 1 Pyl d. = 2dce” d®
v, OV T
Ao -9
=D}( O(C : . AR —l——=CZDx (5.5)
PN 2

as we expected,
A tapped delay line filter consiste of several delay elements , gain constants,

and a summer so that the transfer function of the filter is

N )
< - L T
H(jw)= 3 ¢ ¢ (5.6)
i=10
Direct combination of {5.,6), (5.5), and (5,4 ) yields the output
spectrum
N C(T-T)
CP ("‘))z 8] el (SN v]" ok (5.7)
y k=g Tk
and the output variance o (- touricr transform of (5.7)
_ . i —u 2T - kT ‘
D, = D, e o R (55 )
Nonstationary cese
Suppose that the mput 16 noun-stationary time function with the

correlation function
- ol Jt-t)
e 1

R (t, t' )= (1) 5 () (5.9)
The random function x oy ! jressed by
x(t)= T ()« (5.10)

funccion wirh correlation function

™

where xl(t) is a statinnry 1inuon, tim

giver by (5.2)

<

R (T )= | (5.11)

NEE
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e
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Dy
FEAwior

i

==

—
a— T

ez
Aty

and spectral density function given by (5.3)
_ 2 ok 5.11
Cbxl( w ) —&—2—.{:——“—2— ( . )

Assuiming that the standard deviation O‘X( t) of x(t) can be approximated

closely enough by the exponential function

T lt) = g, et (5.12)
Nccording to 27 , a function x(t ) can be put into an integral expansion
of the type
N ..
x(t)= m (t)+ 3 v lw)x (1, w ) du (5.13)
r=1 -p0

where mx( t ) is the mean value of x(t),

vr(‘” ) are uncorrelated white noise

and
xr( t,» ) are coordinate functions defined by

xr(t,w)=zsc pl St (5.14)

r=1, 2, ---, N, Cr}(( w ) are coefficients,
While the output can ailso be represented by an integral canonical expansion

like "x(t ) with the coordinate functions
s + .
Y(t,0)= 3 Colu)Hiu, +ig)e Xkt
r k=1 '~ E

({51.:15%)

r=1, 2, -~~-, N
The general formulae for the convariance function and dispersion of the
ouiput have also been provided by (p. 289, Ref, 27]

q;\

, N D [ *
R (t,t' )= S ;_J G(v) > C _C e

A4, +/ﬁ2t+ o (t=t7 )

* dw
« Hg +i¥)H ( + jwe
3 %P (5.16 )



N s
- 1 . Myt
Dy(t)= X o rgr(w)‘z Co 1D (Y, t1w ) e -
r=1 k=1
-0
( 5.9 )
where G ( w) are white noise intensities ,
In our present case N=1 , and the coordinate function is
(U + ju.‘)t
x(t, w)= o e (5,18 )
o]
and the filter transfer function is modified as
N
-1 (A +
HMU+jo)= ciej“ Sl (5.19)
i=0
Therefore, using (5.16 Yand (5.17 }, we have the output correlation
function
N 2.2 (t+t") (@ § . (t-t’
Ry(t’ 'Y= S OLG-O_EJ_G j ej“’ [ ) "
i=0 JE e d 2 + w?;
2 alt+t’) Xft-t/ ) N 2
=T e e D] (5.20 )
o) -
i=0
and the variance
N t Y C 2
D (t) o o ! l d =
i i=0 7\ / o{2+ _2
N
=L DRt IR G (5.21)
=@
9
where Dx(t )=J (t)s= O'Oz qut , the variance of x(t ),
C. Time-varying case,
It is a very important case I+ n 2 lnear system 15 not stationary throughout
its total operating time but its ! -hax 15 cine to it for a comparatively short
period, I. such a system receiv 1 put which {s near to an exponential function,

then the output is also near!

an exponerntial function at the end of transient behavior

o
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The technique used here is confined to the situations where only slow time varia-
tion is involved,

Consider a single delay element

r---- -0~ 7
' |
Y= —ipe gy T —+I——» ARY
Lo -
Since y(t) = Cx(t-T)
therefore, Y(jw )= CX(j. ) e o

et T vy )= e xliu)

Cr in time domain

et PT y(t) = cx(t) (5.22)
where
pT

e is an operator represented by
(s 8] j j

e —f'[- A with = 4 (5.23)
i=0 J | dt- dt
A

: pT
t a first alance e appears to be a strang2-looking operator,

1

Actually e vit) =

18

T! djy(t) is just the Taylor series expan-

= _
0 5! aid

\

[
1t

sionof y(t + T) around T =0 ., The role of /p plaved here is clear.

At At
et #(t) = ¢ with A= ¢ + j@/ and y(t) = z(t,x e ,

then Lq. (5.22 ) becomes

a T ] d J At
..50 W (Z(t:/\)e“)=ce
j = ‘

dtj
or
T t . t
Z(t,/\) (e )EA-}-CA%MIZ(‘{I)\)_—ACQ/\
or AT At o) _
2(ta) @ tetta et 5 1l 3 ) - ed
j::]. j' -j !
T& (5.24)




V/e shall develor a procedure to approximate z{t, A ). In the first
approximation, we neglect the derivative of the slowly varying function

z{t, N\ ) and obtain

AT
Zl(t,/\)e =&
thus,
-AT
zy(t,A) =ce
t A(t-T)
and v {t) =z (,A)e) =ce (5.25)

3s we expected since y(t) = cx(t-T).
In the second approximation, the first desrivative of the slowly varying

function z(t, A ) ic taken to be equal to the derivative of zl( t,A\ ) from

the first approxima’ . on

. t, A .
Star el = R W (5.26)
3t = ot a AT
where ¢ de(t)
dt
We then get th w.ing equation for the second approximation
Z (1
R e e el LA
) Ot
or AT 5 = T
zf)<t1/\ )( = T c e )\
1 L =AT
zz(t,)\)* _—_T‘T(C—jce ) (5.27)

; n i .
- i - ’I‘ 1
z (tx )= — (e ¥ d c(t)
& 1= 1 il 1
0 de
depending unon i .or o to which rthe time derivatives of c(t)

o ist. .
1 e

won



For the actual delay line filter, the output is represented by

S = B

N n , i
1 1 - o c
(t)= fc— A (5.28)
Y XT go i AT Z S —'—j_{'_
e } e i=1 dt
3
of
the variance of y{t ) is given respectively by
& _ O(Dx(t) o0 )Z(t,,li+3u1)‘ ,
D(t) = —— —_—— d (5.29 )
Y I L e+ 2

i

for the nonstationary input signal used for part B .

~ AT
If c is time-invariant, then z(t,\ ) =ce E (5.29 ) will

be reduced to (5.21 ) as it should be, The above formulations are only
applicable to asymprotically stable systems, and instants which are suffi-
ciontly remote from .he initial time t ,

2. Adaptive schemes for delay line filteis with slowly time-varying parameters,
Vihiert the system or input _haracteristics vary slowly with time, it is found

Y

convenient to think in term« two time scales by using a "fast" time variable ¢

A
and a "slow" time variable t ., The ratio of the two scales .s 3 smail number

so that -
t

{5.801)

A
=14
~

The "fast'" time variable t refers to the time variable in which the adaptive

g

N .
rystem operates while the "slow" time variable t relers tc the time varianle in

e
£y

which some perameters in the systemr vary. One example of the latter case the

e
g2

fluctuation of signal or noise power levels, The levels change but very slowly
50 that nearly all the technicues developed for time-invariant cases caa be

applied if additional mocifications are made to accouni for tne effect of slow

variation. For the adaptive delay line filters under studyv, ir we know the forms

of the signal or noise correlation functions (even they are changing very slowly ),

B2
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the schemes described previously can readily be used, However, if we do not
know exactly how the correlation functions change ( but we know the cause of
variation, for example, sinusoidal or expcnential amg'itude modulation, frequency
modulation, etc, ) then we can assume that the weight parameters are functions
of slow time variables and leave the unknown fluctuations untouched. In what
:ollows the method of two time variables?‘s is described and then applied tb
the tapped delay line filters with slowly time-varying parameters.
A, Two time variable method
Consider a linear system whose input x(t ) and output e(t ) are
relate 1 by the differential equation
Le (Y,%)= Mx (t,%) (5.31)
In the above equation L and M are linear differential operators and can be
written in the form

(5.32)
M=, t,p) = 3 blc, DD (5.33)

where the symbol /P denotes the total derivative with respect to time and

is defined by

4 = 4= 9 L | & 7 5.34 )
P dt a,\{, +'BaT 7;,'*'8? ( )

Noting that the adaptive parameter is a slowly varying functlon of the

slow time variable,

Vel
c=c(t ) (5.35)
Ve can now expand the operations L and M in Taylor series akout B=o
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y ;
LY, 7 N,

3

i

_ o 2L 2 ~ 2
=L(c,t .$) + ( oL =
j P a_%=0 Bﬁ)+ 2570 '=o(ﬁﬁ)+ )
p (5.36)
M(c,t,'b)= L(c,?,fpntﬁ;b\)
=M(c,t,p) (p + - QM Bl 5187 )
B/p 0 73 ZB»PL _“51’

Since L terminates = the power n and M terminates at the power m ,

(5,36 Yand (5.37 } can be rewritten as

n Aj

j=0
oL i
M o= Y Mi((g?)) (5.39)
i=0
where
1 J .
Lj = i B—H = }- ——(2—_ Lj 1= _}r BJLO (5.40)
O ig=0 - B J! h
L “F 23
1 i !
M= — O M = 1 D = M
= _é__i_i - Mo T o aNjo (5.41)
17 =0 B% QP
The solution can be expanded in the form
2 By LU
e(t,t)= 3 B €y (5.42)
=0
AN
Substituting the expression of & {t ,t ) into (5.31 ) and equating
the terms with same power ol {3 , we have
> Litpep) X e,= 5 Lo M(gy) I e
1= 0 B ZoF T Ry il NN RPN
5.43)
D-6%
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thus, for § =0,

Ip e, = Mg X (5.44)
J=1 A & !
— . [
LO ey ——Ll «}19 e, + M1 /P X (5.,45)
- - 1\71 - I
Consequently, e = e__ x (5.46)
o) Lo
1 ( N M A
e = - L ( (o] % _ ) Y
1 ) - M X (5.47 )
! Lo ? Le 1P
eq is just the sclution for time-invariant case while e with 1 2 1 I
are add:tlonal terms as a result of slow time variation, I
A A
The differentiation with respect to t impiiad by »P can be carried out
explicitly. I
M oM M 4
Pl x)=__1___(- e + 9% ac(u]x
L ) 1 ~
© o *J c=const dc K E
M L
- 8 ( 25 @ 5 D ¢
. : + x i
Ly ot 2c 2%
c-: const
M —
+ —0 Ox (5.48 )
D%t
If the variaticn in ¢ is slnwly enc:gh such that __’_a__/’\ ) ~ 0 i
L K
then the solution has the ‘orm
AN
~s
e(t,t):eo+@e1 (5.49)
where e1 is obtained by combining (5.47 Yand (5.48)

1 (L X MO A
e, Tee— ( RO S X]
I e 1P Lo lf’

1 A N
- _ro_le/Peo S 1\/1119)()

N A /]
_ ety L e, Ddell) T (B 50

XK L dc D14 L. 2c¢

(0]
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From Eq. (5.49 ), the meian square of e is approximately

2 2 T
e = e + 2 e e + - - -
o) Lﬁ o 1

B. Applications on adaptive filters
Iet us now turn our attention to the tapped delay line filtar,

been shown previously, the filter output is

™=

z(t) = cix(t—Ti)

1=0

Using Eq, (5.22 ), we can express Eq. (552 }as
. juT ol juT
-{wT, N .
Z( w)—go c, X (w)e "M =X(\w)go c, e i

or in time domain

1 z(t) = x(t)
~-PbT
Sce Y
Comparing with (5.31), we see that
L = S L
5 cie'bTi
i=0

M = 1 , unity operator

the operator L is

(5.51)

As has

(5.52)

(5.52)

(5,54)

1
L = E_L_ - O 1
12 ’Qﬁ ( N -pr>
2 Se '
i=0
-1 N
VEST T 1,2 (Z('Ti)cie‘?Tij (5.55)
\": c,e P 1 i=0
=0




(51,513 )

and N ] :
7 > Tic e P
1 i=0 7 T
L - N = av
> c¢ye ’P B
i=0
Tav defined by (5.56 ) can be though: as the average delry time

of the filter,

Following { 5.49 ) the filter output is
2(t) Z 2(T) + B 2 (1)
with
~ N aL z !/:'/
zl(t,/t\)=-z Dci(t) ( /ép ) E ndsl!
i=0 21t L e €
N A N
c( ) S
= - 2 9% s T [ c x(t—T.)J
i=0 @t > aci igo !
N N~ 1
] - D glt) T
=- T, 2 =L Txu-n) =1, iac 6
i=0 t
where A
x(t) ({3 ;Co(t)
R { ) l 0] _B"I
1T(t) = X{t-T ,
i and 8 = b" = ! -
N ocn(t)
x(t-TN) SN 57 _

(5.58)

If the desired signal d(t ) is not slowly time-varying, the error function

is then
e(t) = d(t) - z(t)
dit) (t) 6 Y,
= = - z M E
= eO +@e1
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The mean square error is approsimately

-

ez(t):"_’,e +2(§ eoe1 . (5.60)

(o]

N 2
ez(t)=ES(d(t)- 2 i(t)).}
( e b .

T

N ! 0
+2i8E{ (d—%‘ociyij(t),i('f [{(t) é Ij

= E{[d(t . iqi
+2@Tav £ {(d(t)-z 71(” t)] , (5.61)

WMz

Taking the partial derivative of e?‘ with r-spect to ¢, , we have

1

N

ISR RIS
-2 ig Ea {)’(i(t) _rrT(t) _é_, }

V]

NI

s
[o)

Q

Thus the gradient of ez is

E {Vc cm_c_)}=-z E{_rl(t‘) (d(t); _yi(t)‘:T c }
-2 FgTav B _Y((t). _r((t) ZS
q(t) (ate)- _vf(t) c )

-2 6'[‘3” ';'[(t) I"(;(t) L..é (5.62)

or

Ve @l e
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Using the adaptive scheme

€41 =E, -z’jvc Qx| c)

we obtain a new schewe for the time-varying case

SyerT SRS N TRY

T

‘jj‘j 5
) E,+2X1_V_Jej+2?fjﬁTaV_)T_12Té Lo-63)

+ szjﬁléw

| —=3

Mgorithm (5.63 ) can readily be implemented by

s e(t)
+.

. + 2y
o @ > O racy

|
-+ Bkl &5
PLLE G0

Thus the increment for the time-varying parameter 4 is obtained.
Similar schenv.: can be ovbia.aned throush proner trar . formations, Egs.
(4.42 yand (4.44 ), fu the cases where oniy the signal or the ncise corre-

iation functions ace assumed to be known. 7The results are

. T
S TG 2T B T Ny 9

-2 + 2 ( - ) (5.64)
SR PRI TR

] ]

when Rn( T ) is known, and

= =~Ej+25.J@Ta"Y(1nJl<_S

-2?{1 )jjzj+ ZX{

when RS(*(jis known, D-7:

R (5.65)
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3. Effects of slow time variation on minimum mean square error,

If we set V e =0 , we see from Eq. {(5.61 ) that

2 yI q _C_* = 2 l] d + 2 ﬁ Tav':'( )T T 5

* —ee

Bﬂ & = d r! + 16 Tav Br! é
< -1 T
or ¢ s 5,‘ d 1 * B Tay 5 (5.66)
Substituting the expression of g* for ¢ intc (.61 ) and
using (3.24 b ), we get the minimum mean square error
2 - 42 . T _*
€ min T d d 7 £
i T

+2(3TavE§§_ /EEICRR C*z

— — ___1 -
Y 2 T T

® min d dr( ‘3" g 7 (STavd rl') §

2 2 7 T
<
€0 min + @Tav| S d rI 2 @ Tav _5_ Br} é_ '
- (5.67)

2 2 4 -1
waery e = d - .Y N d n {g the minimum

0 min ‘ - +
mean square error of the tinic-1nvariant tilter as derived in (3.24a).

The expressions 0l for other vases { known R, (T) ] or

min

Rs( ']' ) ) as well as the erfect of sicv time variation on Lhe rate of conver-

gence can be obtained | trafph . “ashlon f-n



Appendix A

Proof of the modified algcrithm

It was mentioned in chapter IV that algorithm (4.7) and (4.11) were derived

from the fcrmula

(9Q; + Q,) (a.1)

ST 5T

rather than from

=c. = vy (90 + WQy) (A.2)

Li+1
where Q1 + Q2 = ¢ 1s a function of error, and the average of it is the perform-
ance criterion to he minimized.

Comparing (A.1) and (A.2) with the regular gradient method with constant y
Cy41 T & ¥ (O +7Q,) (4.3)

we see that in (A.2) ro average is taken while in (A.l) partial average is taken.

The error § caused by measurement

vQ = VQ + &
is eliminated by the properly chosen sequence {yj} . Intuitively speaking, the
same {Yj} which eliminates the error caused by (;al + 665) ninus (VQ1 + VQQ)
can definiteiy eliminate that causad by (561 + 562) minus (VQ1 + 552). This
stems from the fact that the measuring noise in the second case is smalle:s on
the average than in the first case. Although intuition dces not generally warrant
mathematical correctness, we can state with mathcmatical rigour that either signal
or noise statistical properties will suffice to generate the error gradiert used

in the adaptive schemes. The physical conditions under which these algorithms

converge remailp unchanged. Two lemmas and one theorem will be proved in sequence.

Wetein 3,
e
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Lemma 1,

For the tapped delay

line filters comnsidrrud in Chapter &, It

(1) Q= Q] +Q,
2
(b) Q(e) = e
(c) 7Q2 is independent © o,
then at the neighborhood of c¢*  which nini~frzes T = <), the following

statement is true:

5 T - =
inf £ (- eh (g 7Q) | - 0
e < || ¢ - c*l L (A.4)
S €
e >0
Proof: If Q = Ql + Q2 has a mintaum at c = c¢c* , then
B s 0 for o, e
aci
- 3 B ]
0 for EEN (A.5)
P
< 0 for ¢y ¢y
thus
., +Q,)
- o~k AT el - Al AL 6
(&= &%) 5o >0 for all L (A.6)
and
. v >
inf 1 15 (e =R (Vo QZ)S’ 0
g < c -ctl| <= % A7)
= 5
e >0
Since VQ2 is indenendent of ¢, we have
B I G 40
L ;\ (E c* (Ql + .(,2).,‘
T A b
= E) (¢ - c¥) :*ng +E (o - o™ T,
g N
7 i :
= E{ (c - c*) e, + Q) (A.8)
Therefore, by virtue of (A.7)
inf . A N .
L=t - ¢ (o + N0
£ < || ¢ =cx|]| < 2 B fe gt ORG = S ds (A.9)
e >0

/
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Lemna 2

If Q=0 +4Q, , Qe) = 02 , VQ, 1is independent of ¢, and

(@) o
& Ql exists and 1s uniformly bounded

392

) g(t) and n(t) are uniformly bounded,

then for the tapped delay line fil-er

E g (v, + 93" (vq, *+ v'éz)} < d(c*Tex + cTo)

d >0
Proof:

Using a Taylor expansion about ¢ = c¢* , we have

dQl an N 3 Q1
de, e, ML PR v
3 b 1=0 e
S = E* E = _C;*
for arbitrary 3 , and 3 =0, 1, 2, -——, N .
since e(t) = s(t) - z{t)
N
= s(t)-Z c,n, (t)
1=0 i1
we see that
R i
Bci Jde ¢y de ”1
and
2 2
a7Q; (e) 3°Q,
= n, (t) n, ()
Bciacj ae2 i j
BZQ]
= aez [S(t — Ti) + n(t - Ti j
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Y1 (st - 1) + n{t - T,)]

(A.10)

(A.11)

(A.12)

(A.13)

(A 14)




Thus

2
9 Ql

Bciac is bounded 1f (a) and (b) are st d

b

Therefore, from (A.11)

N
v Q < vV Q + k, L (c, -~ c,*
g il c 1 == 1 120 i ) (A.15)
2
[ | e
where k, = k sup T A.16
1 all i scjacy |

As Q2 contains ¢ only in the first order and VCQ2 ts {ndependeat of ¢,

we can write

VCQZ = VCQ2 l . (N.17)
=c
and
L = N
SR g L ok Tl meg® Iy
=g Gp =HE oL
Note
: ‘ = ) / : N
E® vQ + VvQ, ' = E)9Q + .0,
( i on < L ! C 0 e o= ek
T le + sz ? =0 (A.19)
L .o lo o= ok
Taking mathematical expectation on hoth sides of (A.1/) sivus
( o N
El vQ, +9Q, { < k I (c, - c,*, (A.20)
L 1 2_) 1 1=0 1 1
Lemma 2 is obtaincd by taking the inner product ot (4.20)
e !
El (70, + vQ,) (vq, + Q) !
2 N N
< kl L z (Li - (i*) iy =
i=0 j:o <
= d(e*T ek + el o) (A.21)




Theorem
Let Yy s Yo © 7" be a sequence of positive numbers such that
(AL) lin y, =0
g
(A2) I Y, = ®
j=0
B oy ke
=1

Let the following conditions be satisfied

. kS
inf E 1(c - c*)" (Vv Q + VQZ) >0
(B) 1 e \
e < le-exl] <= g
. ,e >0
{ ST —
(C) E 4 (VCQ1 + VQZ) (VQl + VQZ)

L

cd (@ ot O,

3
!
\

d >0, for all ¢ 1in a bounded set.

Then the algorithm
Syq1 T &y T Yy Q) VGQy)

which minimizes the performance criterion

\

! 3 \
I(c) = E ,\Q(e)j = E ‘\ Ql(e) + Qz(e)

converges with probability and to c* .

Proof:

Substratiug both sides of (A.26) by c¢* , we have

£j+l - Sf = Ej - E* - Yj (le + VQZ)
taking the inner product on both sides of (A.23)
G R
T T =
- ok - c*) - - ¢k 90. + V
(gj c*) (gj c*) ZYj(CJ c*) (Ql QZ)

2 O iyt
+ Yj (le + sz) ('Ql + sz)
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(a.

(A.
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24)

25)

26)

27)

28)

29)
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e
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and taking the conditional mathematical expectation for given )

Ej , we obtain
b

E:‘,H . » C 9_'",33
1 il 2 j

2
ey41 ~ ¥l

ey - c*[1? - 2y, E KK(gj - e (v, + '\7'62)\)

-

4 B o T -
byt B 40T (9g +7Q,)
From condition (c¢), (A.30) becomes

5

12
L HE"_‘]+1 - E*ll Sy 77 Ej&
2
- = 51 (o ey 70
< ey -erll = 2vy Bheey - e0” (rg + voz)})
T

+ yjz d(c*T c* + cj Cj)

Using condition (B), (A.31) is reduced to

|
2 ey, - ol e =5

< llsj -ex[] @+ Zyjz d) + 2Yj2 d ¢ e

Using condition (B), we can reduce (A.313} to

g 2 I )
E El‘£ﬂ+l - Eﬁll ’ & "'"’En3
< |le, - c*||2 (1+ 2y,2 d) + 2y 2 d cT &%
=~ 3 e
Let -
2 2
z, = ||c, - et | T (1 +y, 4
Z — - A k
y 1 kg
- g T ” 2
+ I 2d Y & c* (1 -+ Yo d)
k=1 m=k+1
Then ®
2 o2
—Zj+l = |I£j+l - _C_:.*” k=j+l (1 + Yk d)
+ I 2 [ Ykz E? cx o (1+ sz d)
k={+1 mek+1
D~

(S

=2

(A.30)

(A.31)

(A.31a)

(A.32)

(A.33)

(A.34)




Taking the conditional mathematical expectation for given L9y S T Ly

we have
g 2 ” 2
E| Z le,,—~ ¢! =& ? [le.,, = c*||° |ey,=- ¢ ) T (1L+ vy, = d)
<3411 00 .
{ j+1'71 n i { j+l ) k=il k
Qo ’) 0 .
45 24 Ykh ¢t e (1+ vy 2 d)
k=i+1 n=k+l B
3 ||c - c*ild(l +dy 2) + ¢y 2 d cT c*l m (1 + v 2 d)
- h| i ] < k=j+1 k
+ I Zdyk2 CT ct 7 (1 + vy 2 d)
k=j+1 m=k+] "
= Z
_j
or ( ! 2
{ - < "
Er §j+1 Cyrmmaey = 35 (A.35)
Next taking the conditional mathematical expectation for given El’ ===1, Ejon
betn sides of (4.35) we have
%4 !
; I . o x
1:} 2y 1 P (4.36)
Inequality (A.36) shows that Zj is a scndmartingale, wherve
E E_H-l < E E_] S 2 < » (A37)

. , e
so that, accorcing to the theory of semuinartingales®

with probability one, and hcnce by virtue of

(Ej - ¢*) also converges with probabili:ry onv ‘o some random number £ .

remains to show that P(i = 0) = 1.

the szequence Zl converges
79,337 and (4.23c¢) the sequence

/

It

It is seen that from (A.37), (A.33) and (A.23¢: tn. sequence E(cj - ¢c*) is

bounded. Now taking the mathematical expectation an both side c¢f the inequality

(A.32),
I4

\ 2N ¢
B ey - edl” ys Ezllc.~s"|l



and adding the first 3 i1inequalities together, we have by deduction

kel

3 & s g

Ell IEj+1 = _c_*||25 <E z [Jeg - c*||2..@_ + I [E*T c* Ykz +d ykz E(%T eb]
N vo Bl ~cemTug (A.38)
et BT

Since E i :Cj - c*l[zg 13 bounded ana condltion (A.23c) 1is fulfilled, from

Eq. (A.38) 1t follows that

Y, E‘ o= k)T vq} <= (A.39)
k=1 :
Using condition (A.23b), i.e., I Yj s @
i=1

and noting (A.24)

50

{
E Ug -0l vol)

e < lle- el <2
We deduce from (A.39) that

Eg (gN - Ef)T VQK + 0 with probability one Lor some scquenze N (A.40-
L

Y
c* 'y + 5 with probatility 1, aud comparing (A.40) with
o/

Now taking E 1‘|1Ej - c*

(A.24), we obtain

£ =C with probability 1 (A.41)
Therefore, algorithm (A.26) convergis w.:ti probebility one
Pf lim (c, - c*) =0 =1 (A.42)
GET

as well as in mean square sense, i.c.,

i E@!gj -l 2] - (.43
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Some properties of Gamma functioas

Since T(a+ n) = (a+n -
= (a+n-
= (a+n -~

We have
n
mn (. +k=-1) = ala
k=1
F'(a + n)

T(a )

Thus Eq. (4.29) bLecomes

1) I'(e + n -1)

Appendix B

1) e« +n=-2)T(ac +n - 2)

1) (o +n = 2) === al'(a)

+ 1) === (a 4+ n -1)

T(4+2 -\

P R L
™ - =)= 1 (j+1 -
e L ]
(411

Eq.(B.2) can be approximated by using the formula®

1 1
I D
571 - o
2488320 x
i

1

: X x ¥ ¢ (2n)2

From Eq. (B.3) we can write for

[}

(3 +2 - a)

Ui (j+2-a)j+ e (i+2-0)"% (2m)

GGHL)! T(2 -2)

o (34270) () I¥2ma-

* Whittaker and Waston, Modern Analysis, p. 253
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1 1 139
Sy e 2 3
288x 51840x
1
x5 ) }
for x >>
JIEDLR
Z (2n)2
3 1
2

(B.1)

(B.2)

(B.4)




3 1
G+ = T(4#2) = e D) (543t 2 (o2 (B.5)
Since
J+ 2~ = j+2 1f J >> a
we obtain from (B.4) and (B.5)
F(j+2-0) _  I(j+2-0) -a
(G+1) ! r(§+2) (3+2-a)
z——l—a—- if 3> 1 and § »>>a (B.6)
(3+1)
Therefore, combi-ing (B.2) and (B.6) gives
K|
- (1_:% s "_‘1“'_”7 (8.7)
k=1 J [(2-1) (341°
and furthermore,
m A o .
T (1 - ) = - B.¢
FE j+1 (n+l)“
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