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FOREWORD 

This volume was prepared by Shock Hydrodynamics, Inc., under subcontract to the 
Avco Corporation as part of the Radiation Damage Study (RADS) Program, Contract 
AF04(694)-990, sponsored by the Air Force Space and Missile Systems Organization. 

Hie complete RADS II Final Report consists of the following volumes: 

I. Summary 

II. Supplement to Phenomenology Survey 

III. Atmospheric Transport and Energy Deposition 

IV. Material Response Studies and XIP II 

V. Comparison of Code Predictions with Test Results 

VI. Shock Propagation in Heterogeneous Materials 

VII. Recent Advances in Reentry Vehicle Hardening Technology 

VIII. Conceptual Design of Advanced Vehicles (CCN-I results) 

IX. Simulation 

X. Material Property Determinations 

XI. Advanced Techniques for Material Characterization 

Additional volumes are now being planned. 
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ABSTRACT 

Numerical studies of shock propagation in anisotropic and in heterogeneous 
materials are reported. This work was performed by Shock Hydrodynamics Inc 
using the SHAN and SHEP computer codes. 

EDITED BY: 
EDITORIAL SERVICES SECTION 
P. S. FALCEY 
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CHAPTER I 

INTRODUCTION 

This report describes investigations conducted by Shock Hydrodynamics, Inc., in 
support of the RADS II program, under subcontract to Avco Corporation. Studies 
performed on two separate topics are covered in this report: Chapter II- 
formulation and application of a one-dimensional characteristic code (SHAN) that 
treats wave propagation in anisotropic materials; Chapter Ill-two-dimensional 

analyses of wave propagation in heterogeneous materials. 
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CHAPTER II 

SHAN FORMULATION AND RESULTS* 

2.1 OBJECTIVES OF STUDY 

The most markedly anisotropic property of many laminated ablatives is that of 
failure. For example, carbon phenolic, MX 4926^, can sustain 18,000 psi of 
tension in the plane of the weave, but only 900 psi of tension normal to that 
plane. Similarly, it can support 14,700 psi of pure shear stress in the weave 
plane, but only 2,900 psi of pure shear, which tends to cause slip between 
adjacent layers. 

In contrast to these order of magnitude variations in the failure properties, 
the constitutive relations are not extremely anisotropic, in that no element 
of the stiffness matrix is significantly different from the corresponding ele¬ 
ment of the isotropic equivalent matrix. However, in view of the sensitivity 
of the material to certain stress components, it becomes important to include 
the anisotropy to provide an accurate computation of all stress components. 

The one-dimensional characteristics code described in Section 2.2 was developed 
ty Shock Hydrodynamics, Inc., to provide a useful and inexpensive tool for 
studying the effects of anisotropy. A particular objective of the present study 
was to determine the stress fields produced by the impact of an aluminum flyer 
plate on anisotropic targets comprised of laminated quartz phenolic at various 
layup angles. 

A second objective of the study was to provide stress fields for comparison 
with experiments undertaken by Avco Corporation, in order to identify criteria 
that may lead to failure of the anisotropic composite. 

A third objective was to include a capability for simulating initial X-ray 
loadings in order to obtain stress fields that can be compared with those ob¬ 
tained from flyer plate impacts. 

These three objectives constitute essential steps in determining the response 
of ablative-bond-substrate structures to X-ray loadings for a variety of layup 
angles. The ultimate goal of the overall effort is to determine the effect of 
layup angle on failure of anisotropic composites under X-ray loading based on 
the failure criteria identified from the flyer plate expeiiments. 

2.2 DESCRIPTION OF SHAN CODE 

The one-dimensional characteristic code developed under this contract is de¬ 
scribed below.** 

* 

Written by H. A. Lang and R. L. Bjork 

The SHAN Code (Shock Hydrodynamics Anisotropic) was developed by R. L. Bjork and M. Rosenblatt of Shock 
Hydrodynamics, Inc. 
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2.2.1 Assumptions 

2.2.1.1 The Material 

Most laminates and composites consist of a fiber or woven matrix intended to 
impart additional strength in one direction (the direction corresponds to the 
warp in textiles). The direction transverse to this in the plane of the weave 
(corresponding to the woof) and the direction normal to the plane of weave con¬ 
stitute, together with the warp direction, three material axes which are also 
usually the axes of reference for determining material behavior. Designating 

these material axes as 1, 2, 3 in the sense: 

1 - parallel to weave or warp, 

2 - transverse to weave or woof, and 

3 - perpendicular to weave; defined by (1) x (2) 

generates a right-handed cartesian coordinate system, and three mutually ortho¬ 

gonal planes of elastic symmetry. 

Such materials are specified by nine stiffnesses or compliances corresponding 

to the degree of anisotropy commonly labelled as "orthotropic . 

2.2.1.2 The Coordinate System 

Only right-handed cartesian frames of reference will be used. In particular, 
Lagrangian spatial coordinates x, y, z and Eulerian variables X, Y, Z are 
introduced. The only independent variables of the one dimensional program 
are the time t and the spatial coordinate z. The x-axis must coincide with 
one of the material axes (material axis 1), but the other material axes may 
make any desired layup angle. As a matter of terminology, this is called the 

ability to rotate the material about the x-axis (material axis 1). 

2.2.1.3 The Loading 

The dependent variables may be arbitrarily set at t = 0. Thus, impact loadings 

and instantaneous X-ray energy depositions can be treated. 

2.2.2 The Constitutive Relations and the Differential Equations 

The assumptions discussed in 2.2.1.1 and 2.2.1.2 lead to the following con¬ 
stitutive relations for such an anisotropic material (Ref. 3, p. 18; Ret. 4, 

p. 160): 

-4- 
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z 

E11 E 12 E 1 3 E 14 

E 12 E 22 E23 E24 

E 1 3 E 23 E33 e 34 

0 

0 

0 

zy 

zx 

14 '24 '34 '44 0 

E55 

0 

e56 

czy 

vzx 

c xy 0 0 0 0 e56 

(2.1) 

Here, a, f , and E are the stresses, strains, and stiffnesses. 

Since the displacement (u, v, and w) are functions of z only, fz , f—, , f2x 
the only non-zero strain components. Consequently, the strain displacement 

equations are: 

€ z 

5Z 

S z 
1 

(2.2a) 

5 v _ 5Y 

fzy = òz âz 

au ax 
fzx _ S z âz 

(2.2b) 

(2.2c) 

Since the particle velocities U, V, and W in the X, Y, and Z directions, 
respectively, are the time derivatives of the Lagrangian coordinates, we have 

ilz. = s w 
â t â z 

(2.3a) 

â€zy _ _3V 

â t âz (2.3b) 

i£zx = SU 
ât âz 

(2.3c) 

Euler's equations in Lagrangian coordinates are: 
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aw 
ãt~ 

a°z 

â z 

P 
o 

a y 

aT az 

au 
O - 
o at 

l£zx 

az 

(2.4a) 

(2.4b) 

(2.4c) 

Equations (2.4) show that even though there exist, in general, six non-zero 
stress components, only three are directly involved in the wave propagation 
aspects of this problem. Equations (2.5) give the three stress components in 

terms of the three non-zero strain components: 

°z = E33 ez + E34ezy 

azy _ E34 €z + E44 €zy 

o - Ecc f, zx 

(2.5a) 

(2.5b) 

(2.5c) 

Equations (2.3), (2.4) and (2.5) represent a complete set of equations for the 

nine dependent variables, W, V, U, az, <7zy , ozx t tz , , and fz% . 

These nine equations may be reduced to six by eliminating either the three 
stresses or the three strains in the equations. For purposes of matching 
boundary conditions on free surfaces and interfaces, it is more convenient to 
work with the stresses and velocities as the dependent variables. Thus, the 
strains will be eliminated in the equations. For this purpose Equations (2.5) 
must be inverted and the strains must be expressed in terms of the stresses, 

leading to: 

(z -^33 °z ^34 ^z 

€yz -^34 az + ^44 

*zx A55 azx 

(2.6a) 

(2.6b) 

(2.6c) 
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where 

A 33 
'44 

o 

- E 

L34 
34 

o 

l44 
'33 

. A 55 
'55 

and 

o E33 E44 - ^34 

After elimination of the strains, the complete set of six equations is: 

A 33 

l34 

5t 

Òt 

+ A 
5 a 

34 
¿y . 

51 

5 a. 

+ a44-^ 

5 W 

5 z 

5 V 

5 z 

- 0 

= 0 

5 
- P 

5 W 

° 5t 

5 a 5 V 
-„ 0 — 

5 z ° 5 t 

5 a zx 
L55 5 t 

5 U 

^ z 

0 

= 0 

5 a zx 

ÔZ 
- p 

5 U 

o 5t 
0 

(2.7a) 

(2.7b) 

(2.7c) 

(2.7d) 

(2.7e) 

(2.7f) 

It is to be noted that Eq. (2.7e) and Eq. (2.7f) form a decoupled set in the 
dependent variables U and <rzx . This arises from the fact that the x-axis was 
chosen to be a principal axis. 

2.2.3 A Solution by the Method of Characteristics 

The method of characteristics, when applied to Equations (2.7a) through (2.7d), 
determines the characteristic directions dz/dt = C, given by ±C+ where 
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,2 = A33 + a44 ± y<A33 - A44^ ^ 4A34Z ' 

2 Po ^A33 A44 - A342^ 

E33 + E44 Í/ÍE33-E44)2 +4E3417 

2 P, 

±CA h ±, /c 

(2.8) 

C1 = +C + 

c2 = -C+ 

— +C■ 

-c- 

Equation (2.8) shows that there are four characteristic directions at every 
(z, t) point. These characteristic directions are constants throughout one 
material and the characteristics are straight lines. The four charari-eristic 
directions are indicated in Figure 2-1. Along the ith characteristic the 
following equation is valid: 

Po Ci A34 W ‘ a34 a5 
+ ii^£i!wt(PoCi2[ 

Ci 
A33A44"A34 44 )o = K. 

zy 1 

(2.9) 

The are constant along any given characteristic; the subscript i labels the 
type of characteristic and the sound speed formula to be used. 

For impact problems, U - ozx = 0. However, in some problems of X-ray deposi¬ 
tion, U and ct2x are not zero and a solution to Equations (2.7e) and (2.7f) must 
be obtained. Applying the method of characteristics to these equations yields 
the following results: 

CcU 
zx 

= K 5* P0C6 U ' zx = k6 

(2.10) 
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2.2.4 Application to the SHAN Code 

The SHAN code uses six characteristics to solve for the six variables, W, , V, 
<TZy , U, and ctzx . U and ctzx are included, since for X-ray loading azx may not 

be zero. 

For convenience in writing the solution to the characteristic equations, we 
introduce the definitions indicated in Figure 2-2. These definitions lead 
to a solution of the characteristic equations in matrix notation. A matrix 
a is associated with each material. The material matrix a is related to the 
dependent variable X and the characteristic constants K by Equation (2.11): 

i ^ = ÍS (2.11) 

The matrix b is defined for each material as the inverse to a. This implies 
that the solution for the dependent variables in any material is given by 
Equation (2.12): 

X = b K (2.12) 

2.2.4.1 Special Case - Interfaces 

The X^- are considered to be continuous across an interface. Figure 2-3 shows 
the six characteristics involved in finding the dependent variables, X*, on 
an interface. The odd numbered characteristics refer to the left materials 
and the even numbered characteristics refer to the right materials. We can 
define a new matrix, a^, which enables us to solve for the dependent variables 
on an interface. The method of forming a* from a^6^1' and ar^8^t is indicated 
in Figure 2-3. 

2.2.4.2 Special Case - Free Surfaces 

The condition on a free surface is indicated in Equation (2.13): 

„ OL n 
a. V = 0 
\0L (2.13) 

In the present case, this implies: 

X2 = X4 = X6 = 0 (2.14) 

For a left free surface, the only characteristics are 2, 4 and 6. For a right 
free surface, the only characteristics are 1, 3 and 5. The matrix for a free 
surface thus degenerates to a 3 x 3 matrix formed from 3 rows and 3 columns 
of the matrix (see Figure 2-4). 
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2. 2. A. 3 Special Case - = = 0 

One special case must be considered, namely, * 0. This case leads to the 
result that the material matrix is singular so that the previous approach fails. 
However, if e34 is in fact zero, the differential equations decouple, and a 
matrix of a different form can be obtained. The material matrix and the sound 
speed formulas for this special case are given below in Equation (2.15): 

C1 = P0a33 ^ 

E33 

^•c2 = -C1 

C3 = 
' PQ ^44 Po 

E44 
, = - C- 

Cc - 
PQ A55 P 

E55 * C/ -- c. 

^oCl 

o c 7 0 2 

0 0 
(2.15) 

a = 

0 0 p C, -1 0 0 
o J 

0 0 poC4 -1 0 0 

00 00 PoC5 -1 

0 0 0 0 P C/ -1 
0 0 
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2.3 PROBLEM SPECIFICATIONS 

Laminated quartz phenolic (LQP) was selected as a representative material for 
the SHAN cases run in this study. Experimental tests in tension and torsion 
were conducted by personnel at Avco to determine the appropriate material 
properties. These properties, initially expressed in terms of engineering 
constants, were converted to the stiffness and compliance matrixes listed 

below: 

Since these matrixes are symmetric, elements below a main diagonal are omitted. 
The density of LQP is p0 = 1.71 gm/cm^. Stress fields produced in flyer plate 
impacts were initiated using an aluminum flyer plate assumed to be of type 
6061-T6 with properties derived from the Metals Handbook. The values used are: 

Pq = 2. 7gm/cm^ 

X = 0. 503 Mb Aluminum Flyer Plate 

u = 0. 259 Mb 

-11- 



The material axes of LQP are shown in Figure 2-5. 

Separate Shock Hydrodynamics programs are applied to convert material matrixes 
(Cj.) and (S..) to the spatial frame required for specific geometries. These 
programs convert results to megabar units and provide the elements for the 
matrixes (A^j) and (^ij) of the SHAN program. 

Specific geometries are simulated by introducing the layup angle, a , which 
represents rotation about the x-axis. The layup angle is defined to be positive 
for a rotation about the x-axis in the sense indicated in Figure 2-6. 

2.3.1 Geometric Considerations in Impact Loading 

The aluminum flyer plate is roughly 1/8 the thickness of the LQP plate. The 
geometric dimensions suggested by Avco and some additional inputs are sum¬ 

marized in Figure 2-7. 

The flyer plate always impacts with an initial velocity of 0.002 cm/^sec. To 
assess the influence of layup angle, values of a = 0, 20, 40, 65 and 90 degrees 

were chosen. 

2.3.2 Material Matrix for an Equivalent Isotropic Plate 

In order to assess the influence of anisotropy, it is a common practice to 
compare the results of an anisotropic problem with an isotropic problem under 
comparable boundary and initial conditions. Keeping in mind the fact that 
anisotropic and isotropic wave propagation exhibit some distinctly different 
physical features, a reasonable isotropic model for comparison can be generated 
by averaging stiffnesses or compliances. There are numerous methods of averag¬ 
ing or, equally, constraining the elements of a given anisotropic material 
matrix to obtain a simpler matrix, representing a lesser degree of anisotropy. 

To provide a basis of comparison, the isotropic model used is based upon a zero 
layup angle. The stiffness matrix (C^j) then suggests an average shear modulus 
H = 0.06 Mb and an average value of A = 0.045 Mb*. The two Lame constants are 
then used to determine the diagonal element given by A + 2¿i * 0.166 Mb. The 
resulting (equivalent) isotropic matrix for Case 6 is: 

Engineering judgment suggests that averaging elements of comparable magnitude is preferable to averaging elements 
that differ widely. To illustrate, averaging Cjj yields A + 2/i = 0.222 and, hence A = 0.102, more than twice the value 
obtained by the method used above. 
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2.3.3 Determination of Stresses in Plane of Weave 

Experimental evidence on some laminated ablatives suggest that these materials 
exhibit the lowest tensile strength and lowest pure shearing strength in the 
plane of the weave. For this reason, we monitor the plane of weave stresses 
a and r (shown in Figure 2-8) which are related to these two simple failure 
modes. It is readily seen that for sufficiently great tensile stress a, 
separation can occur between contiguous layers of the weave. Similarly, a 
large value of shear stress r suggests slippage between two or more adjacent 

bonded layers. 

It appeared desirable to extend the usefulness of the SHAN coae by adding a 
separate subroutine which would generate values of a and r from the well-known 

equations : 

0 - t (°z + °y) + £ (°z ~ °y) cos 2a - ozy sin 2a 

T “ 8 (°z - °y) sin 2a+ ozy cos 2a 
(2.19) 

Figure 2-8 shows the stresses az, cry and in the positive sense*. 

2.3.4 X-ray Deposition 

X-ray deposition is introduced into the SHAN code by first generating the 
energy profile shown in Figure 2-9. In the absence of sufficient material 
properties for LQP plate, material properties were obtained from a type X6200 
quartz phenolic. Using representative values for the specific heat and for 
coefficients of thermal expansion, a separate computer code was used to de¬ 
termine the temperature and initial stress field corresponding to the energy 

profile of Figure 2-9. 

The stress profiles are determined by applying compressive stresses along 
the material axes to balance the thermal expansion cq AT produced by the X-ray 
depositions. The coefficients of thermal expansion used for X6200 quartz 

phenolic were: ^ 

a = 3.8 52 X 10"^ (°C) in warp direction 

a - 0.99 X 10“^ PC)"1 in plane normal to warp direction 

The temperature rise is generated by dividing the energy by the specific heat, 
C = 0.206 gram-calories per gram per °C. The profiles of energy, temperature 
and stress are based on 129 increments of distance z. Rotation from the 
material to the spatial axes then generates initial profiles for the non¬ 
vanishing stresses designated by az' , a^' y a^’ and ctx ' . However, one further 
adjustment is required because the SHAN formulation can accept only the stresses 
az and o’ initially (as noted earlier in the discussion following Equations 
2.5). While the SHAN code is designed to generate values of ctx , ay , these 
two stresses are determined only from the three non-vanishing strains tz , izy , 

The sign convention corresponds to that used on Page 3 of Reference 4. 
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fZy and are not directly involved in the wave propagation aspects of the problem. 
The values of these stresses generated by the SHAN code will not agree with the 
initial stress profiles for cr^' and ay ' generated from the energy curve. 

To adjust for this fact, the known initial differences between the thermally 
determined stresses ax' and oy' and the SHAN-computed stresses ax and ay is 
added (at each location) at subsequent times to the SHAN-computed stresses. 
The adjusted stresses may be -epresented by the equations 

°X (^»adjusted =0*(2' 11 + Dx<2> (2 20) 

°y adjusted = V2'1’ + Dy<2> 

where 

Dx(z) = üx' (z'°) ‘ üx^z' °) 
(2.21) 

Dy(z) = oy' (z, o) - 0y(zf o) 

The procedure discussed here may be summarized as follows: 

1. The only non-vanishing initial variables are az' and CTzy' 

2. The X-ray loading initialization determines Dx and Dy from Equation 
(2.21) where ax', ay' are known initially and ax and a are determined by 
the SHAN code at t = 0. 

3. The X-ray loading option then adds Dx and D to the SHAN code stresses 
CTx'z* t) and ay (z, t) to obtain the adjusted stresses of Equation (2.20). 

A. The adjusted stress ay(z, t) is required for accurately determining 
the plane of weave stresses a and r . 

5. The thermal expansion does not influence the stresses cr2x and . 
Since these stresses and the corresponding strains are not excited initially, 
they vanish at all times as a consequence of the decoupling of the equations 
of motion. 

2.4 DISCUSSION OF RESULTS 

2.4.1 Wave Speeds and Characteristics 

Seven computer runs at different layup angles were completed. A summary of the 
wave speeds and the transit times for each case is listed in Table 2-1. 

Cases 1 to 5 constitute the principal impact-flyer plate runs made at increas- 
ing layup angles. Using the material matrix for Case 2, Case 7 was run with 
the energy profile shown in Figure 2-9. Case 6 represents the "equivalent 
isotropic" run described by the isotropic material matrix exhibited in the 
previous section. 

In all cases, the aluminum flyer has the wave speeds and transit times listed 
in Table 2-1. The transit time always represents the time interval in ¿isec for 
a wave of any type to traverse the thickness of material it is traveling in. 
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For Cases 1, 5, and 6, the anisotropic material matrix contains elements such 
that = E34 = 0. This corresponds to the special case mentioned earlier, 
and implies that the equations for the axial stress and axial displacement 
(a2, W) are uncoupled from the transverse shear stress and displacement (^zy , V). 
Since o2y and V are not excited initially, they vanish for all times in these 
three cases. 

The duration of a run was 6.5 ^sec. The greater wave speed Cj is such that, 
for this time interval, there are two traverses of the target plate for layup 
angles of 0 and 20 degrees and three traverses for the higher layup angles 
through the 0.6A cm thick LQP plate. The lower wave speed, C2, corresponds 
to one reflection only at the right free edge. During the same time interval, 
the two waves in the thinner aluminum flyer plate reflect back and forth 50 
times and 25 times, respectively. The numerous reflections in the flyer plate 
initiate new characteristics at the interface with the anisotropic material 
and thus tend to smooth out sharp fronts. 

The wave speeds as functions of layup angle are shown in Figure 2-10. The 
"equivalent isotropic" speeds are shown by dashed lines. The higher wave 
speed, 0^, increases approximately 50 percent as the layup angle increases 
from 0 to 90 degrees, but the lower wave speed, C2, remains relatively constant. 

The wave speeds and transit times may be used to construct a typical charac¬ 
teristics graph as suggested by Figure 2-11. However, the identification of 
states on such a diagram is not feasible because of the multiplicity of reflec¬ 
tions in the flyer plate. 

The progress of the initial compression wave can be traced readily from the 
SHAN code print out. Table 2-II, corresponding to a 20 degree layup angle 
(Case 2), shows the time and location of the maximum axial stress . In 
addition the corresponding values of 0^ , Oy , ctz are listed. Both the reflec¬ 
tion at the right edge and the progression of the wave throughout the LQP plate, 
arriving again at the interface at about 4.45 nsec, are easily noted. 

Since a major objective is to assess failure, the discussion of stresses is 
emphasized. The SHAN code determines the velocity field as well as the stress 
field, but the former is of lesser interest than the latter. 

The displacement, U, and stress, ozx, which are not initially excited, vanish. 
Hence, those quantities and the associated uncoupled equations may be disregarded, 
as mentioned earlier. This corresponds to disregarding Equation (2.7e) and 
Equation (2.7f) and eliminates one wave speed and two characteristics. 

The general features of the stress field for all layup angles are reflected in 
the typical results exhibited in Table 2-II. The normal stresses perpendicular 
to the direction of impact velocity, ay and ax, are approximately equal to each 
other. Both stresses are roughly 1/3 the normal stress, az, and agree in sign 
with az, so that the three stresses ax, ay , az are either all tensile or all 
compressive. The shear stress, a2y , has an approximate value between 10 and 20 
percent that of az. This stress will also vanish (together with the velocity, V) 
when A34 and E34 vanish, since there is a decoupling of the four equations of 
motion. The dominant stress is az, corresponding to the direction of impact. 
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TABLE 2-11 PROGRESSION OF WAVE (CASE 2, 20° LAY UP ANGLE) 

Reflection 

Interface 
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2.A.2 The Initial Compressive Pulse 

The progression of the initial compressive pulse across the LQP target plate is 
summarized in Table 2-III. In each case, the stress oz is given for locations 
corresponding to the plate quarter thicknesses. The numbers in parenthesis 
denote the time in fisec corresponding to the arrival of the stress az. 

Comparing the flyer plate runs to the equivalent isotropic results of Case 6 
emphasizes that the process of averaging properties appears reasonable,but no 

sharp or unusual features are suggested by the transition from isotropic to 
anisotropic material (beyond the implications this change has in the number 

of speeds and characteristics). 

2.4.3 Peak Tensile Stress 

In all flyer plate cases, the compressive pulse progresses (at the higher 
wave speed, C^ of Table 2-1) to the right in the LQP plate and reflects as a 
tensile unloading wave. The tensile unloading wave progresses along the in¬ 
coming characteristic at the same speed, The existing SHAN code implies a 
welded interface across which the basic six variables are continuous. Since 
failure and spallation phenomena are related to the tensile unloading wave, 
che stresses that arise after the tensile unloading wave reaches the interface 
between the target and flyer plate are ignored. Physically, the flyer plate 
would rebound, but the existing SHAN code was not designed to take this 
phenomenon into account. The rough edit used in establishing Table 2-III also 
leads to Table 2-IV, which lists the maximum tensile stress, <xz , at the plate 

quarter thicknesses. 

The flyer plate cases were run with a fine edit option over regions centered 
upon the unloading characteristics, in order to locate peak tensile stresses, 

oz and a . 

The peak tensile stresses, oz and ¢, are shown as functions of position in 
Figures 2-12 and 2-13. The peak in-plane shear stress, r , is exhibited in 
Figure 2-13 only for Cases 2, 3 and 4. In Cases 1, 5 and 6, decoupling of the 
equations of motion is such that the shear stress, r, vanishes. 

Figure 2-12 shows that as the layup angle, a , increases, the peak stress, az , 
also increases. For layup angles from 0 to 40 degrees, the differences in 
peak stress, az , are small. The mean position of the equivalent isotropic 

case is evident. 

In contrast. Figure 2-13 shows that the transition from isotropy to anisotropy 
reduces the peak value of the plane of weave tensile stress a. This, there 
is in this case a small compensating effect for the weakness to a concomitant 
with the introduction of anisotropy. The stress decreases further as the lay¬ 
up angle increases, reaching its minimum value for a 90-degree layup. 

Peak values of the plane of weave shear stress, t , when this stress is appre¬ 
ciable, occur only for layup angles other than 0 and 90 degrees. Figure 2—14 
exhibits the maximum value for this stress as obtained in the neighborhood of 
the incoming characteristic associated with the tensile unloading wave. 

-18- 



T
A

B
L
E
 2

-1
11
 

M
A

X
IM

U
M
 C

O
M

P
R

E
S

S
IV

E
 S

TR
E

S
S

, 
az

 (
K

IL
O

B
A

R
S

) 

U 
• rH 

O 
u 

■*-> 

o 
(O 

DT 
^ S ni -o 

Oi nJ 
i O 

X J 

£ 
U 

m 
o 
o 

II 

N 

HJ 
en 

-H 

3 
CU 

13 
• H 
4-> 

C 
HH 

19 



T
A

B
L
E
 2

-1
V
 

M
A

X
IM

U
M
 T

E
N

S
IL

E
 S

T
R

E
S

S
, 

a
. 

(K
IL

O
B

A
R

S
) 



Comparison of peak values of a and t in Cases 2, 3 and 4 indicate that generally 
the normal stress, a , is greater than the shear stress, t . The two peak stresses 
are roughly comparable, however, in Cases 3 and 4 in the right half of the LQP 
target plate. 

In all flyer impact runs (Cases 1 to 6), there is no isolated relative maximum 
value of az or a near the right free edge of the target plate. The search, 
based on fine edits in domains of z-t space along the characteristic corres¬ 
ponding to the tensile unloading wave, leads to the conclusion that, in every 
case, the maximum value of oz and a increases steadily as the wave approaches 
the interface. Since the lack of anisotropy as exhibited by Case 6 does not 
alter this conclusion, the steady increase in peak values of az and a can 
presumably be attributed to the effect of the numerous reflections that the 
thin flyer plate generates at the interface. 

2.4.4 Results of X-ray Loading 

The procedure discussed in Section 2.3.4 was incorporated as a separate option 
in the original SHAN code. A representative run (designated as Case 7) was 
completed. The material matrix for the anisotropic target plate was identical 
to that used in Case 2 of the flyer plate runs (corresponding to a 20-degree 
layup angle). 

It is necessary to initiate the X-ray pulse at a location just inside the 
stress-free left face. The value z = 0.005 cm corresponds to this initial 
location. In the first few time steps, the pulse decays rapidly. The decay 
of the initial stress, az, in the first two time steps is shown in Figure 2-15. 

2.5 DISCUSSION OF STRESS PROFILES 

In Section 2.7 are exhibited profiles of the dominant stress, ct2, generated 
by the SHAN code for a 20-degree layup angle. Profiles of az as functions of 
both time and distance are shown for the flyer plate impact and the X-ray 
loading for the same material matrix in order to facilitate comparison of the 
wave shapes in these two cases. 

The progression of each wave can be traced readily. The two wave speeds are 
Cj = 0.286 cm/¿tsec and C2 = 0.194 cm/ftsec. The transit times to traverse one 
fourth the distance of the target plate are t^ = 0.56 and t2 = 0.83 /¿sec, 
respectively. The curves of stress oz versus time t for the flyer plate run 
(Case 2) exhibit a sharp pulse followed by an unloading wave. The width of 
this pulse on the curves is about 0.27 /tsec corresponding to the time difference 
(ti - t2). The progression of the pulse is readily traced by comparing profiles 
at successive locations corresponding to z = 0.16, 0.32 and 0.48 cm. Each 
profile exhibits the outgoing compressive pulse and the tensile pulse reflected 
from the right edge of the target plate. For example, the profile correspond¬ 
ing to z = 0.16 cm reflects a time difference of 3.25 /¿secs between these two 
pulses, which may be compared with the computed time interval 6t^ = 3.36 /¿secs. 

It should be recalled that interface reflections occur after 4.48 /¿secs, so 
events beyond this time interval do not correspond to a rebounding flyer plate. 
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An analysis, similar to that of Case 2, may be made for the X-ray loading of 
Case 7 Here the initial profile corresponds to two waves: a compressive 

pulse moving to the right from the initial location z = 0.005 cm, and a 
similar pulse moving to the left, which reflects as a tensile pulse at the 
location z = 0 cm. The latter pulse travels a distance 0.01 cm further than 
the compressive pulse in reaching a particular station. However, this dif¬ 
ference is negligible in analyzing the stress profiles, both because it is 
less than a cell width in z, and because it corresponds to a time interval of 

only about 0.035 ^secs. 

Hence the X-ray loading profiles exhibit a sharp peak extending from com¬ 
pression at the leading edge to tension at the trailing edge. The pulse 
progresses across the plate and is reversed by reflection at the right tree 
edge with a pulse width again of order 0.2A to 0.27 ^sec. The progression of 
the pulse peaks can be traced through the successive profiles corresponding to 

z = 0.16, 0.32 and 0.48 cm., as discussed above for the flyer plate case. 
However, the wave shape is more dispersed spatially, as a consequence of the 

initial loading, than in the comparable flyer plate run. 

The influence of layup angle is reflected primarily by the peak stresses 
plotted in Figures 2-12 through 2-14. For the material matrix used in this 
report, the axial stress, az , reaches an increasingly higher tensile peak as 
the layup angle increases. However, the peak tensile stress normal to the 
plane of weave decreases with increasing layup angle and reaches a minimum at 

90 degrees. Since the selection of a layup angle for a typical nose tip 
model probably depends on many design factors and fabrication considerations, 
it does not appear justifiable to recommend an optimum angle based on the 

limited runs of the current SHAN code. 

Since the peak tensile stress normal to the plane of weave is less for an 
anisotropic material than for an isotropic material, it is tentatively con- 
eluded that anisotropy tends to reduce peak stresses in layered woven composites. 
This is inferred from the comparison of stress, a, for the isotropic material 
(Case 6) with the anisotropic material (Case 1, zero layup angle) in Figure 

2-13. 

2.6 FUTURE APPLICATIONS OF THE SHAN CODE 

The preceding discussion has emphasized the stress fields generated by the 
current version of the SHAN code as applied to thin flyer plate impacts upon 
a laminated quartz phenolic target plate for five different layup angles. It 
was originally expected that X-ray energy deposition profiles generating stress 
fields of about the order of magnitude of those resulting from the assumed 
impact velocity of 0.002 cm/Msec would be available as inputs. In the absence 

of such profiles, the single X-ray loading of Case 7 constitutes a reP^s®"" 
tative sample. The linearity of the equations implies that doubling the initia 
velocity will double the stress. Consequently, differences in peak stresses 
between, for example, Cases 2 and 7 can be easily scaled. A comparison of the 
wave shapes in these two cases reveals significant differences in the waveforms. 

In order to exhibit typical outputs, plots of axial stress, az , as a function 
of time and of distance are included in Section 2.7. All representa ve 
printouts were selected from Case 2 and Case 7, corresponding to a 20-degree 
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layup angle, in order to facilitate a comparison of wave shapes for the two 
types of loading* Plots of stress against time, t, are included for loca 
tions corresponding to one-fourth the thickness of the LQP plate. Stress profiles 

throughout the plate are shown for times of 2, 4 and 6 /¿sec. 

The initial version of the SHAN code is a relatively inexpensive exploratory 
tool; many more geometries and initial velocities can be introduced, not only 
for LQP plate, but for other laminates and composites found in nose tip con¬ 
struction. Indeed, a useful parametric study can be conceived based on chang¬ 
ing the elements of the material matrix of the anisotropic material in order to 
minimize a stress or to satisfy some other selected design criterion. 

The most markedly anisotropic property of many laminated ablatives is that of 
failure. For example, carbon phenolic (MX4926) can sustain 18,000 psi of 
tension in the plane of the weave, but only 900 psi of tension normal to that 
plane. Similarly it can support 14,700 psi of pure shear stress in the weave 
plane, but only 2,900 psi of pure shear which tends to cause slip between ad¬ 

jacent layers. 

In contrast to these order of magnitude variations in the failure properties, 
the constitutive relations are not extremely anisotropic, in that no element 
of the stiffness matrix is significantly different from the corresponding 

element of the isotropic equivalent matrix. 

The utility of the SHAN code has been extended to include the option of de¬ 
termining maximum stresses associated with the plane of weave. Further runs 
using this option should be made and assessed relative to the two modes of 
failure described. This assessment requires a close correlation with the ex¬ 

perimental effort being conducted by Avco^2). 

In summary, it appears desirable to extend the SHAN code in one or more of the 
directions suggested while retaining its one—dimensional character. It would 
also be desirable to more fully explore the effect of changes in the material 
matrix and in geometries. Additional X-ray loadings and problems possessing 
initial conditions which excite all six stresses should be examined more fully. 
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2.7 APPENDIX TO CHAPTER II 

The following describes the various SHAN printouts included in this section: 

1. Stress <r2 versus time t for 20-degree layup angle (Flyer plate impact - 

4 locations) - Figures 2-16 through 2-19. 

2. Stress oz versus time t for 20-degree layup angle (X-ray loading - 3 loca¬ 

tions) - Figures 2-20 through 2-22. 

3. Stress az versus location z in LQP plate for 20-degree layup angle 
(flyer plate impact - time, t = 2, 4, 6 /¿secs) - Figures 2-23 through 2-25. 

4. Stress az versus location z in LQP plate for 20-degree layup angle 
(X-ray loading - time, t = 2, 4, 6 fx secs) - Figures 2-26 through 2-28. 

NOTE: 

Difficulties in edit procedures are reflected in the numbering of the profiles 

in the Appendix. Case 3 above is Case 2 of text. 
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Figure 2.1 CHARACTERISTIC DIRECTIONS 
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CHAPTER III. SHOCK PROPAGATION THROUGH HETEROGENEOUS STRUCTURES* 

3.1 OBJECTIVE OF STUDY 

The wave shape and amplitude of a shock which propagates through an ablative 
structure determines the extent of spallation and/or destructive interactions 
with interfaces. The objective of this task was to examine the effect of rela¬ 
tively gross heterogeneities in an ablative material upon the shock front and the 
pulse shape. These studies were conducted by performing a number of two-dimensional 
SHEP code solutions of wave propagation through targets containing arrays of cy¬ 
lindrical or spherical inclusions. One-dimensional SHEP code solutions of wave 
propagation through homogeneous targets were performed to provide a basis for 
comparing the shock attenuation and broadening occurring with and without the 
presence of inclusions. 

3.2 COMPUTATIONAL METHOD 

The numerical solutions were obtained with the SHEP code, a two-dimensional La- 
grangian program employing a hydrodynamic-elastic-plastic behavioral model (Refer¬ 
ence 5). Either cartesian or cylindrical coordinate systems were used, as dic¬ 
tated by the problem. The loading for each case was a specified step-function of 
pressure applied uniformly along the target face; both square-wave and constant 
loadings were considered. For the cases having homogeneous targets, the one¬ 
dimensional version of the SHEP code was employed. 

3.3 PROBLEM SPECIFICATIONS 

The cases selected for study comprised two basic types of target configurations: 
two inclusion materials plus void spaces, and finite and constant in time pres¬ 
sure loadings. 

The following target configurations were considered: 

a. Matrix of cylindrical inclusions. This geometry is shown in Figure 3-la. 
If the upper and lower horizontal boundaries are treated as planes of symmetry, 
this configuration represents a regular array of parallel, cylindrical inclu¬ 
sions. Assuming that the target will be strain free in the z direction (normal 
to the cross section shown), the problem can be treated with the two-dimensional 
code, using plane x-y coordinates. 

b. Stacked Spherical Inclusions. This geometry is shown in Figure 3-lb. The 
lower boundary is an axis of symmetry and the upper boundary is a fixed cylin¬ 
drical shell. The problem is treated in the cylindrical coordinates option of 
the code. This configuration represents a two-dimensional approximation of an 
array of spherical inclusions. 

c. Homogeneous Target. These one-dimensional targets are single material 
slabs of the same thickness as tne corresponding 2-D targets, and are used 
for the comparative solutions. 

Written by M. H. Wagner 

-53- 



A total of nine cases were considered,-as listed in Table 3-1. In this table, 
the pulse length of the external pressure loading is given as c tj/dia, where 
cQ is the normal sound speed in the epoxy, td is the duration o? application, 
and dia is the inclusion diameter. The behavior of just the shock front was 
investigated in the Group 1 problems. For these solutions, the applied pressure 
was constant in time. A target with spherical tungsten inclusions was selected. 
Targets with cylindrical inclusions were studied in the Group 2 problems. Two 
inclusion materials, tungsten and quartz, and two pulse lengths for the pressure 
function were consiaered. The Group 3 problems dealt with square wave loadings 
of targets having spherical inclusions. The inclusion materials were tungsten 
and void spaces. Epoxy was used as the filler material for all of the cases. 

The following listed material properties were used in the calculations. The 
noted references were used in compiling these data. 

Fpoxy (Reference 6) 

Normal Density: 1.19 gm/cm'* 

Yield Strength: 0.005 Mb 

Shear Modulus: 0.03 Mb 

Equation of State: 

P = (Au + Bj2 + Cu3) (1 - — ) + Gpe 
? 
4* 

A = 0.078 C = 0.1441 

B = 0.1647 G = 0.79 

These properties were used for epoxy in the Group 2 and Group 3 problems. For 
Case IB, a normal density of 1.22 gm/cm3 and the following equation of state 
constants were specified for the epoxy (Reference 6): 

A = 0.11 C = 1.0 

B = -0.20 G - 0.79 

This equation of state has the property that the shock velocity along the Hugo- 
niot decreases with increasing pressure, in the low pressure regime; this char¬ 
acteristic prevents the build up of a sharp shock front. The first listed equa¬ 
tion of state was used therefore for subsequent solutions. 

Epoxy (Modified) 

Normal Density: 2.402 
Yield Strength: 0.0009 Mb 
Shear Modulus: 0.03 Mb 
Equation of State: 

P = (Au + Bu2 + Cu3) (1 Gpe 
2 
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A total of nine cases were considered,^s listed in Table 3-1. In this table, 
tue pulse length of the external pressure loading is given as c t^/dia, where 
c0 is the normal sound speed in the epoxy, td is the duration o? application, 
and dia is the inclusion diameter. The behavior of just the shock front was 
investigated in the Group 1 problems. For these solutions, the applied pressure 
was constant in time. A target with spherical tungsten inclusions was selected. 
Targets with cylindrical inclusions were studied in the Group 2 problems. Two 
inclusion materials, tungsten and quartz, and two pulse lengths for the pressure 
function were considered. The Group 3 problems dealt with square wave loadings 
of targets having spherical inclusions. The inclusion materials were tungsten 
and void spaces. Epoxy was used as the filler material for all of the cases. 

The following listed material properties were used in the calculations. The 
noted references were used in compiling these data. 

Epoxy (Reference 6) 

Normal Density: 1.19 gm/cm 

Yield Strength: 0.005 Mb 

Shear Modulus: 0.03 Mb 

Equation of State: 

P = (An + BU2 + Cu3) (1 ) + Gp e 
2 

A = 0.078 C = 0.1441 

B = 0.1647 G = 0.79 

These properties were used for epoxy in the Group 2 and Group 3 problems. For 
Case IB, a normal density of 1.22 gm/cm3 and the following equation of state 
constants were specified for the epoxy (Reference 6): 

A = 0.11 C = 1.0 

B = -0.20 G = 0.79 

This equation of state has the property that the shock velocity along the Hugo- 
niot decreases with increasing pressure, in the low pressure regime; this char¬ 
acteristic prevents the build up of a sharp shock front. The first listed equa¬ 
tion of state was used therefore for subsequent solutions. 

Epoxy (Modified) 

Normal Density: 2.402 
Yield Strength: 0.0009 Mb 
Shear Modulus: 0.03 Mb 
Equation of State: 

P = (Ap + Bu2 Ca3) (1 Gpe 
2 
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A 

B 

0.306 

0.0585 

C 

G 

1.128 

0.84 

These properties were used in Case 1C, and represents composite properties for 
a homogeneous mixture of the epoxy filler material and the tungsten inclusions 
in Case IB, which had a volume fraction of 6.54 percent for the inclusions. 
Hugoniot points for the composite were established by weighting the Hugoniot 

pressures at given compression ratios according to the relation. 

H _ 0H 
PC “ 

y - pE-° (ph . p»> 
W E 

^W° - PE° 
where the subscripts C, E, and W refer to the composite, epoxy, and tungsten. 

This formula is equivalent to 

H H 
= < Pw + (1 - 0PE 

yhgje ( is the volume fraction of the tungsten. 

Tungsten 

Normal Density: 

Yield Strength: 

Shear Modulus: 

(Reference 7) 

19.3 gm/cm^ 

0.007 Mb 

1.57 Mb , 

Equation of State: 

.2/3 
*1 V exp (- B7f1/3) - k2 774 /3 

? r 3 k¿ 1/3 ,. 
+ 4b { e + e + - ( - 

3 ki , 

P B 
Lexp (- - exp (-B)j } 

1/2 

B “ 6.08 

a = 0.64935 

b = -2.7 

kL = 994.6 

k2 = 2.276 

e - 6.04 X 10 
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Quartz; (Reference 8) 

Normal Density: 2.204 gm/cm^ 

Yield Strength: 0.0525 Mb 

Shear Modulus: 0.153 Mb 

Equation of State: 

P 
, 1 

- A(- - 1) 

r) 

A = 0.4 

An elastic equation of state for quartz was sufficient, due to the low stress 
levels experienced in these problems. 

In the above listed equations of state, the symbols are defined as: 

P = pressure (Mb) 

è = specific internal energy (1012) ergs/gm) 

p = density (gm/cm ) 

PC) = normal density (gm/cm ) 

V = P/P0 

p =7/-1 

3.4 SUMMARY OF RESULTS 

The amounts of attenuation and broadening of the pulse shapes occurring after 
transit of the stress pulses through the various targets are listed in Table 3-II. 
Comparisons of the peak stress and pulse width with their initial values and with 
the results of 1-D runs (no inclusions) are tabulated. The latter comparisons 
are more significant, since they isolate the effects due solely to the presence 
of the inclusions. The values for the 2-D runs were taken along the upper target 
boundary (corresponding to the planes of symmetry midway between the inclusion 
rows, for the cylindrical inclusion cases). axo was 5 kb for all the cases. 
•\i = cntci» where c0 is the normal sound speed in the epoxy and td is the dura¬ 
tion of the pressure loading. 

The Case 1 results refer to the broadening of the plastic shock front only, as 
there was no elastic precursor in the 1-D case, due to the modified equation of 
state used. 

The Case 2 problems show that, as expected, the higher impedance tungsten inclu¬ 
sions produce greater pulse attenuation and broadening than do the quartz 
inclusions. 
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Hie Case 3 problems compare the effect of spherical inclusions with a large and 
a small (zero) impedance, relative to that of the epoxy. In Case 3B, it should 
be noted that there is a subsequent long-pulse length wave having stress com¬ 
parable to that in the leading pulse. 

3.5 NUMERICAL SOLUTIONS 

To illustrate the results of the numerical solutions, several types of SC 4020 
edits were obtained at selected times during the course of the solutions: 

a. Lagrangian computing mesh. 

b. Principal stress field. 

c. Particle velocity field. 

d. Stress ( ) versus x for given y positions. 

e. Particle velocity (x) versus x for given y positions. 

For the stress field plots, the principal components of the stress tensor for 
each cell are shown, using the conventions described below. The two principal 
directions in the. x-y plane are identified, being always orthogonal to each 
other. In each principal direction, the magnitude of the corresponding princi¬ 
pal stress is plotted. As a sign convention, compressive components are plotted 
with positive x-components and tensile components are plotted with negative x- 
components. If one principal direction has no x-component (is parallel with the 
y-axis), compressive stress is plotted downward. The third principal direction 
is always in the z-direction (or azimuthal (ó) for cylindrical coordinates); 
the magnitude of that principal stress is plotted along the line bisecting the 
principal directions in the x-y plane. The same sign convention is used for it, 
a positive x-component or straight down denoting compressive stress. If the 
two principal components in the x-y plane are equal, there are no preferred 
principal directions in the x-y plane; in this case the principal directions 
are arbitrarily selected as the x and y directions. The length of the vectors 
are scaled to the unit length indicated at the top of the plot (in Mb) equal to 
1 cm on the scale shown, i.e., vector magnitude (Mb) = [vector length plotted 
(in cm, using the scale shown)! x [unit length (Mb/cm)] . 

The edits of the velocity vector field plot the direction and magnitude of the 
velocity of each lattice point in the computing grid. The vector lengths are 
scaled to the unit length indicated on the plot (in cm/¿¿sec) equal to 1 cm on 

the scale shown. 

In the plots of ax versus x the usual convention that negative values of stress 

are compressive is adopted. 

3.5.1 Solution of Case IB 

The Lagrangian computing mesh employed for this case is shown in Figure 3-2. 
The inclusions were tungsten spheres, with a ratio of center-to-center spacing 
to inclusion diameter of 2. A single row of 4 inclusions was considered. The 
inclusion diameter was arbitrarily set at 0.004 cm. The epoxy filler material 
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occupies the remainder of the computing region, which is a Q.008 cm radius cy¬ 
linder. The periphery of the cylinder was fixed, except for the ends, which 
were free surfaces. A uniform pressure loading of 5 kilobars was applied to the 
left end of the cylinder, starting at time zero. The pressure was constant in 
time so that the behavior of just the shock front could be studied. 

The principal stress and particle, velocity fields occurring at times of 0.0010, 
0.0093, 0.0160, 0.0262, 0.0364, 0.0533, 0.0584, 0.0686, and 0.0733 ^sec are 
shown in Figure 3-3 through 3-16. 

At t = 0.001 ¿¿sec (Figure 3-3,), the shock front has advanced a short distance 
into the epoxy and the behavior is seen, as expected, to be purely one-dimensional. 

The succeeding figures show the effect of the inclusions on the velocity field. 

The further advance (in the x-direction) of the wave in the vicinity of the inclu¬ 
sions is due to the relatively higher wave speeds in the tungsten. Note also 
how the flow in the epoxy is diverted around the periphery of the relatively 
stiff spherical inclusions. The reflected shock off the inclusion is also seen 
to decelerate the material between the left boundary and the inclusion, leading 
to a bulged surface whose apex is on the axis of symmetry, in line with the in¬ 
clusions. At late times, the flow is nearly stable in time behind the front. 
The velocity of the flow increases with radius and the radial components of 
velocity have been nearly damped out. 

At time sequence of profiles of the stress ( ox ) versus x for several radial 
positions is shown in Figure 3-17. The development of an elastic precursor in 
the epoxy is clearly seen in these graphs. An edit of ax for * for all the 
radial mesh positions at t = 0.0733 nsec is shown in Figure 3-18. The shock 
front at radii comparable with or less than the radius of the inclusions is 
persistently different than the others, and would not be expected to conform 
to the shape of the outer radius profiles upon traversal of the shock through 

an additional depth of the target. 

A time sequence of plots of the particle velocity (x) versus x at five different 
radial positions is shown in Figure 3-19. Note the reduced forward velocity 
along constant radius lines passing through the inclusions. This deceleration 
is caused by the shocks reflected from the higher impedance inclusions. 

3.5.2 Solution of Case 1C 

To help assess the amount of broadening of a shock front passing through a 
heterogeneous structure, it is useful to obtain a solution of the response of 
a homogeneous medium to the same loading. This was done for Case IB, using the 
composite equation of state described previously for the homogeneous material. 

For a constant loading, as in this case, the wave characteristics are soon 
established, and remain stable in time thereafter, consisting merely of a shock 
front passing through the material, with a region of constant state behind the 
front. Representative stress and velocity profiles are shown in Figure 3-20. 
The broadening of the shock front is due solely to the artificial viscosity 

used in the machine solution. 
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The tvo-dlmens^nal solution (Case IB), In this case, showed that there was no 
ifonn stress profile established across the material (rad-fUr'i • v. 

broadenin8 of the front in the epoxy at Lr^ rSii^an'be c^a ¿d^th^ie 6 
homogeneous case. Since there was no elastic precursor in the l^D ^ Î . 

the m°dl^ed ecluatlon of state, comparisons were made of the broadening*ofUiust 

CasePlRS C WaVe’ The shock- front was spread over approximately 0.0024 cm in 
Case IB, compared with 0.0012 cm in the case with no inclusions. 

3*5.3 Solution of Case 2A 

This problem considered the propagation of a shock wave due to a square-wave 
external pressure loading through a target containing a regular array of cvlin- 
rical inclusions. The inclusions were tungsten, imbedded in an epoxy target 

The Lagrangian computing grid used for this solution is shown in Figure 3-21 

horizonta! boundaries are treated as planes of symmetry, so tha^ the solú- 

hleo7d cccKr“ we!irrre oc,rin£initeiy - 
diameter 7 17¾ í!U.aSÍhe 2 7ectIon- «tic of inclusion spacing to 
diameter was 1.75. The inclusion diameter was arbitrarily set at 0 04 cm A 

fo r5r«cre l0adil18 °f 5 kb UaS face of th¡ structure 
for 0.153 ,,sec, corresponding to a pulse length in the epoxy of 1.2 times the 

in theT" dl“neter and t0 approximately twice the transit time of a sound wave 
the tungsten across the diameter of an inclusion. 

The principal stress and particle velocity fields occurrino -îm «-hm ^ 

times of 0.0103, 0.0728, 0.1405, 0. 1744, 0.2422, 0.4122 0 5459 Ld 0^3436 ^ 

shown in Figures 3-22 through 3-31. Figures 3-22 ihrou^h 3-24 kow 7 wave"" 

P„e^afa lûn rasa^ing from the Pressure loading on the left face. At t = 0 1744 

"(at t - 0U?53 ’i the “«faaffan “ave set up upon release of the pressu“; 
(at t - 0.153 ¢/ sec) is seen moving into the structure. This wave overtakes 
and attenuates the shock front at subsequent times. The configuration of the 
Lagrangian mesh at the end of the solution is shown in Figure 3-32. Plots of 
the stress ( ax ) along the symmetry planes and midway between them for the sime 

stress^rofiles of ^ ^ ^ trav-s^r rows of inclusions! thT 
stress profiles of the waves are not yet uniform in the lateral (y) direction 

are 1-34 °f ^ tUngSten incl^ions. This may be seen in Sg- 
^7343 "sec StreSS along each row cells (.x versus x) at t = 

The peak compressive stress (- *x) in the wave at t = 0.7343 .sec along the mid- 

p ane between the inclusion rows (upper boundary of computing region) was 1 24 kb 

tiJ l0adÍn8 Pressure* The Pulse length was 0.20 !m o!% 15 ’ 
times the pulse length of the pressure loading. 

3*5.4 Solution of Case 2B 

The specifications of this case were identical to those of Case 2A, except that 

giving thercbvater7 ”a? qUa,rtZ‘ The Same erässu« loading function was used, 
w * ^ by* a pulse length equivalent to twice the transit time of a sound 
wa\e in the quartz across the diameter of an inclusion. 

The Lagrangian computing mesh appears the same as in Case 2A (Figure 3-21) The 
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/i sec are presented in Figures 3—35 to 3—46. The first three figures show the 
loading of the material and the advance of the wave during the period of pres¬ 
sure application. The subsequent figures show the effect of the pressure re¬ 
lease, producing a rarefaction wave which eventually overtakes and attenuates 
the shock front. At late times the lateral (y direction) velocity components 
have been nearly damped out, due to the wave reverberations across the material 
between the symmetry planes. There was relatively small material distortion in 
this case compared with Case 2A, due to the smaller difference in shock impedance 

of the filler and inclusion materials. 

Profiles of the stress (ctx ) versus x along the symmetry planes and midway be¬ 
tween them are shown in Figure 3-47. Note that the profiles tend to become more 
uniform as time progresses, even for the profile passing through the inclusions. 
Stress profiles along each computing row at t = 0.6522, fxsec are shown in Fig¬ 
ure 3-48. Particle velocity profiles (x versus x) at several times are shown in 
Figure 3-49. These plots confirm the tendency toward the laterally uniform dis¬ 
tribution indicated in the stress plots. 

The peak compressive stress (- ax ) in the wave at t = 0.6522 ^sec along the mid¬ 
plane between the inclusions was 2.04 kb, or 41 percent of the loading pressure. 
The pulse length was 0.16 cm, or 3.32 times the pulse length of the pressure 
loading. The reduced pulse attenuation and broadening in this case compared 
with Case 2A can be attributed to the closer impedance match between the epoxy 

and quartz as opposed to epoxy and tungsten. 

3.5.5 Solution of Case 2C 

This problem consisted of a 1-D solution o the response of a homogeneous epoxy 
target to the pressure loading used in Cases 2A and 2B. All specifications of 
the problem were as in these cases, except that there were no inclusions im¬ 

bedded in the epoxy. 

The results of the solution are shown in Figures 3-50 and 3-51, which plot the 
stress and particle velocity profiles occurring at times of 0.1451, 0.1906, 

0.5089 and 0.8045 psec. 

The last value of the peak compressive stress (- a%) was 3.43 kb, or 69 percent 
of the loading pressure. The pulse length had broadened to 0.099 cm, or 2.05 
times the pulse length of the pressure loading. Comparisons of Cases 2A and 2B 
with this case are tabulated in Table 3-II. These comparisons indicate the large 
degree of shock dispersion which takes place during wave propagation through even 

a relatively few number of inclusions. 

3.5.6 Solution of Case 2D 

The specifications of this problem were the same as for Case 2B, except that the 
duration of the pressure application was 0.0382 /xsec, corresponding to a pulse 
length in the epoxy of 0.3 times the inclusion diameter and to one-half the 
transit time of a sound wave in the quartz across the diameter of an inclusion. 

The material response up to a time of 0.0382 psec is the same as in Case 2B. 
For subsequent times, at t = 0.0423, 0.0762, 0.1101, 0.1609, 0.2286, 0.3642, 
0.4997, and 0.6352 /¿sec, the principal stress and particle velocity fields in 
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the target appear as shown in Figures 3-52 through 3-62. Associated stress pro¬ 

files (px versus x ) along the symmetry planes and midway between them are shown 
in Figure 3.63. Stress profiles along each row of cells for the last time 
0.6352 ¿¿sec) are shown in Figure 3-64. Particle velocity profiles (x versus x) 
are shown in Figure 3-65. 

The peak compressive stress (- ) in the wave at t = 0.6352 ^ sec along the mid¬ 
plane between the inclusion rows was 0.74 kb, or 15 percent of the loading pres¬ 
sure. The pulse length was broadened to 0.063 cm or 5.24 times the pulse length 
of the pressure loading, at this time. The results of Cases 2B and 2D indicate 
the amount of increased dispersion to be expected as the ratio of initial pulse 
width to inclusion size decreases. 

3.5.7 Solution of Case 3A 

The Lagrangian computing mesh employed for this case is shown in Figure 3-66. 
Hie inclusions were tungsten spheres, with a ratio of center-to-center spacing 
to inclusion diameter of 1.5. A single row of 6 inclusions was considered. The 
inclusion diameter was arbitrarily set at 1 cm. The inclusions were imbedded in 
a 1.5 cm radius epoxy cylinder. The periphery of the cylinder was fixed, except 
for the ends, which were free surfaces. A uniform pressure loading of 5 kb was 
applied to the left face of the structure for 3.857 /¿sec, corresponding to a 
pulse length in the epoxy of 1.2 times the inclusion diameter, and to twice the 
transit time of a sound wave in the tungsten across the diameter of an inclusion. 

The principal stress and particle velocity fields occurring in the structure at 
times of 1.165, 4.967, 6.131, 7.295, 12.42, 17.07, and 26.39 sec are shown in 
Figures 3-67 through 3-76. Note how passage of the wave through the material 
sets up a relatively long-lasting ringing of the spherical inclusions. Profiles 
of the stress (ox versus x) along the axis of symmetry, the sides of the cylinder, 
and the midplane are shown in Figure 3-77. Stress profiles along each computing 
row for the final time are plotted in Figure 3-78. This graph shows that a uni¬ 
form wave in the radial direction has not been established after transit of the 
wave past six inclusions. This may also be seen in Figure 3-76, which indicates 
that there are still significant radial components of particle velocity present 
in the wave system. 

The peak compressive stress (- ax) in the wave at t = 26.39 ^ sec along the cylin¬ 
der periphery was 2.38 kb, or 48 percent of the loading pressure. The pulse 
length at this time was 4.0 cm, or 3.29 times the pulse length of the pressure 
loading. 

3.5.8 Solution of Case 3B 

The specifications of this problem were identical to Case 3A, except that the 
tungsten inclusions were replaced by spherical void spaces. The Lagrangian com¬ 
puting grid employed is shown in Figure 3-79. 

The principal stress and particle velocity fields occurring in the structure at 
times of 2.173, 5.558, 6.886, 8.241, 10.27, 17.03, 23.65, and 27.12 ^ sec are 

shown in Figures 3-80 through 3-90. Note that in this case, there are reflected 
rarefaction waves off the "inclusions," instead of reflected shocks, as in the 
other cases. The 5 kb loading was of sufficient intensity to cause a collapse 
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of the first void space. This action caused considerable distortion of the La- 
grangian net, and certain cells around the periphery of the first void space had 
to be removed in order to continue the solution. Note also how the left end of 
the cylinder is depressed, as opposed to being bulged out in the case of high 

impedance inclusions. 

Stress profiles (ox versus x) along the axis of symmetry, the cylinder periphery, 
and the midplane between them are shown in Figure 3-91. The profiles along the 
axis of symmetry (y = 0) may be identified as the non-continuous curves, due to 
their passing through void material. Stress profiles along each computing row at 

t = 27.12 nsec are shown in Figure 3-92. 

The peak compressive stress (- ax) in the leading wave at t = 27.12 ^sec along the 
cylinder periphery was 0.77 kb, or 15 percent of the loading pressure. The pulse 
length of the leading wave at this time was 2.3 cm, or 1.89 times the pulse length 
of the pressure loading. However, as may be seen in Figures 3-91 and 3-92, there 
is a subsequent long-pulselength wave having stress comparable to that in the 

leading pulse. 

3.5.9 Solution of Case 3C 

This problem consisted of a 1-D solution of the response of a homogeneous epoxy 

target to the pressure loading used in Cases 3A and 3B. 

The results of the solution are shown in Figures 3-93 and 3-94, which plot the 
stress and particle velocity profiles occurring at times of 3.822, 5.556, 15.965, 
and 28.628 nsec. The last value of the peak compressive stress (- ax) was 2.80 kb 
or 56 percent of the loading pressure. The pulse length had broadened to 3.3 cm, 
or 2.72 times the pulse length of the pressure loading, at this time. Comparisons 
of Cases 3A and 3B with this case are tabulated in Table 3-II. For the combina¬ 
tions of pulse width and inclusion spacing and diameter of the Group 3 problems, 
it is seen that the tungsten spheres effect relatively little pulse dispersion, 

whereas the void spheres are very effective. 

3.6 CONCLUDING REMARKS 

These solutions demonstrate the type of quantitative analysis that can be obtained 
of wave propagation through heterogeneous structures. If it were desired to deter 
mine the dependence of pulse dispersion on parameters such as inclusion material 
properties, pulse width/inclusion diameter ratios, inclusion spacing/diameter 
ratios, a parametric series of solutions similar to those performed in this pro¬ 
gram would be recommended. Studies involving other loadings, such as X—ray 

deposition, would also be of interest. 
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FIGURE 3-17. ox vs X AT SEVERAL RADIAL POSITIONS, 

CASE 1 B. 
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FIGURE 3-17 (cont’d) ox vs x AT SEVERAL RADIAL 

POSITIONS, CASE 1 B. 
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FIGURE 3-66. LAGRANGIAN MESH, CASE 3 A. 
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FIGURE 3-67. PRINCIPAL STRESS AND PARTICLE VELOCITY FIELDS, 
CASE 3A, t = 1.165^ sec. 

-138- 



RUH Hû. Z060-31-» SHOCR 

l.S 

1.0 

0.» 

(_) 

SH'XR HÏCR'XYNRMICS, INC . SHEf- CXE 
•■ROhäuUOH thru HETEROGENEOUS HECIA, CASE JA UNIT LENGTH : G ,G5 N : 3« 

t/tJ 

X CM 

ÄJÜ'.v.fxo.o Õ o oe O O O O O O« O õ <) O O OO o o o ö O oto O O O O OOO O O <J<J<J1<J<J <j <J <J <J<J<J o <, 
p-»-» . • . . , 

O *J O o V V O 

0 o o o 
o o 0 o 

O O c o 

^ O «t> O ^ 

1.00 t.oo 3.00 

T = 

<j <j o ♦ w O 

- O 
. O 

o 

4.00 

2.6384 USEC 

i... w- ,,cr .. . . SHXR HYCkXYNAMICS.INL. SHEr CXE 
«UN No. 2 jGG - 31 - S SHXA fRjr A GA T1 'ON Thru hETERjGENEXS NECIA, CASE 3A UNIT LENGTH - T/- »/( 

1.1 

1.0 

0.S 

(-) 

V 

X CM T = 

•J o V ♦ V O 0 
0 
- 0 

• 4» V o O o V o *> o V o 

4.00 

2.6384 USEC 

FIGURE 3-68. PRINCIPAL STRESS AND PARTICLE VELOCITY FIELDS, 
CASE 3A, t = 2.638/i sec. 
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FIGURE 3-70. PRINCIPAL STRESS AND PARTICLE VELOCITY FIELDS, 
CASE 3A, t = 6.131 »¿sec. 
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FIGURE 3-73. PRINCIPAL STRESS FIELD, CASE 3A, t = 17.07M sec. 
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FIGURE 3-76. PARTICLE VELOCITY FIELD, CASE 3A, t = 26.39^ sec 
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FIGURE 3-77. 0x vs X AT THREE RADIAL POSITIONS, 

CASE 3A. 
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FIGURE 3-77 (cont'd). ox vs x AT THREE RADIAL POSITIONS, 

CASE 3A. 
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FIGURE 3-78. cx vs x AT ALL RADIAL MESH POSITIONS, CASE 3 A. 
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FIGURE 3-80. PRINCIPAL STRESS AND PARTICLE VELOCITY FIELDS, 
CASE 3B, t = 2.173^1 sec. 

152 



ij/o«/§r 
uü-jê ooúé ^ • *OÜÜ-Ji f OC •. ?f A GA T 1 ON 

> ^ X ». H T * H Ow Y Kâ H 1 C & , I *tC . 

nC TC* 'CrE NC T'Ji *«e;ià, CAiC 5¿ 
c :.t c 
j*I T , c Nt Th 

X CM T = 5.5576 USEC 

s h X A h Y c * >; . Há* I C i , J NC . ShC f c X E lu/ü 
%JN HO. 2 .i JJ - 5 I - Y S H OC * ►*^fáiATi:.N Th*u hE TE* r>GENE NECIA, CáiC j* | T CnGTm .. . i 4 .. * - 4^ 'JÜù 1 

x CM T = 5.5576 USEC 

FIGURE 3-81. PRINCIPAL STRESS AND PARTICLE VELOCITY FIELDS, 
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FIGURE 3-82. PRINCIPAL STRESS AND PARTICLE VELOCITY FIELDS, 
CASE 3 B., t = 6.886ft sec. 
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FIGURE 3-84. PRINCIPAL STRESS AND PARTICLE VELOCITY FIELDS, 
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