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VOLUME III
RELATED TECHIOLOGIES

ABSTRACT:

The objective of this volume is to present a complilation of the various
Mechanical Engineering disciplines that make up the experience of the
Structural Engineer. This compendium relates these diverse areas of
technical knowledge to the general problem of dynamic integrity in the
equipment system.

For convenience, the eleven chapters of Volume III are organized into
three categories; those subjects dealing with the analytical aspect of
structural dynamics; those subjects concerned with the validation of
the equipment system and the accumulation of dynamic data; and those
subjects dealing with the execution of the equipment package.

Each chapter is a complete treatise, having its own terminology, selected
bibliography, and handbook-type information to support the technology.
Each chapter also relates to the general problem of shock and vibration,
and 1llustrates the utility of the speciality in improving structural
reliability. In all chapters, the information is presented in the
language of the Mechanical Engineer and stresses the structural design
and execution aspects of the equipment packaging problem.
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The cbhjective of this volume is to present a complilation of the various
Mechanical Engineering disciplines that make up the experience of the
Structural Engineer. This compendium relates these diverse areas of
technical knovledge to the general problem of dymamic integrity in the
equipment systea.

For convenience, the eleven chapters of Volume III are organised into
three categories; those subjects dealing with the analytiocal aspect of
structural dyvamics; those subjects concerned with the validation of
the equirment system and the accumulation of dynamic data; and those
subjects dealing with the execution of the equirment package.

Each chapter is a complete treatise, having its own terminonlogy, selected
bidbliography, and handbook-type information to support the technology.
Each chapter also relates t0 the general problem of shock and vibreation,
and 1llustrates the utility of the speciality in improving structural
reliadility. In all chapters, the information is presented in the
language of the Mschanical Engineer and stresses the structural design
and execution aspects of the equipment packaging problem.
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Chapter 1 - Basic Mechanics

{ ’ ERRATA SHEET
Page Paragraph Line Correction
1 2

1.1-2 N 6 1bf = ('s'o) lbm (ft/sec”)

1,2-2 1 2 provided by the principles...

1.3-2 3 8 moment

1,3-3 b 2 horizontal

1.3-h 2 2 valles

1.5-2 3 Top Eqn. | W/60 EIL2

1.5-2 3 last Eqn, | Add "at x = o"

1.5-11 2 Last Eqn. b
¢ ® 7T/

1.5-11 2 Add note Note also that (t ) drops out of
the approximate equation for (e).
Shear center location is thus nearly
independent of the thickness of an
open section having thin flanges.

1.5-18 Change Xi (&) to Zeta ({)
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YOUIME III - CHAPTER 1
Section 1 - Introduction

IDRALIZATIONS USED IN ENGINEERING MECHARICS

Engineering mechanice is based on the representation of the physical world by a hypo-
thetical, highly simplified model. The ~estrictions involved in the use of these sim-
plifications must be understood in order tC allcw their application without loss of

meaning.

1.1-0

Analytical mechanics like all analytical sciences is based on the representa-
tion of the physical vorld by a hypothetical, highly simplified model. The
concepts involved in these aimplifications are reviewed in order to clarify
the restrictions involved in their use.

The Continuum: In prcblems where only the average measurable reactions of
bodies are of interest the bodies may be assumed to consist of a continuous
distribution of matter, rather than an association of elementary particles.

The Rigid Body: In problems that involve the detemination of the forces
acting on a body in response to some applied force, it is often poessible to
neglect the deformation of the body under the applied load. If the deformm-
tion of a body 1s of such estent that the final orientation of the loads
appiied i3 unknown, this assvmption is invalid.

The Particle: For use in mechanics probleme, a particle is defined as a body
that has mass but not size. This assumption is valid and useful in problems
that involve the action of a body under the influence of body forces, such
as gravity.

The Point Force: Any force acting on a real body through a point of contact
will cause local deformation resulting in a finite ares of contact. In
many problems this contact area may be ignored and the force considered as
acting at a point.

Free Body Diagrams: A free body diegram is a sketch of a body or portion
of a body, wvith all interacting bodies removed and replaced with equivalent
forces. In order to construct a free body diagram, the forces equivalent
to various types Of supports must be known. The figure shown at the right
gives the force equivalents of common types of supports.
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Support Type Force ilquivilent

N W;”]”z

Roller Su::

Fy

Pir. Support

-

é

Vi °E 3 ‘.“‘—,x—
4
/

frictionless
Plane

Built in End

Frn (Normal to Surface)

FREE BODY DIAGRAMS: An eguivalent force system representirg a portion of
a complex system 1s the basis of most mechanical analysis,

1.1-1
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BASIC CONCEPTS OF ENGINEERING MECHANICS

The formulation and solution of engineering mechanics problems consists of the appli-
cation of the basic laws within a standard set of dimensions and units.,

The solution of problems in analytical mechanics depends on the logical
application of the laws of mechanice in a consistent manner. This involves
the definition and use of a standard set of dimensions and units, and under-
standing of the basic laws themselves.

Dimensions and Units: The choice of independent basic dimensions to be used
in mechanics {s somewhat arbitrary. The two most common English systems
used are Force, Length, and Time (FLT); and Mass, Length,and Time (MLT).

Of these two, the second is preferred on philosophical grounds as Mass is a
property of matter whereas Force is a defined quantity. In either case, the
three dimensions constitute the set of independent dimensions for mechanics
rroblems and all other quantities are defined in terms of them. The units
attached to the basic dimensions to be used in this handbook (MLT) are the

following:
Mass: pounds
Length: feet
Time: seconds

In the alternative (FIT') system, slugs would be used as the mass unit., This
has the advantage of eliminating the gravitational constant from the Force-
Mass relationship. In this text the pound mass (1bm) unit will be used on
the grounds that it is a more familiar unit for most engineers. With the
1bm chosen as the mass unit, the force unit {pound force, 1lbf) is defined as:

1bf = golbm (ft/sec?)

Where g, 1s the gravitational attractiocn of 1 lbm under standard conditions,
the quantity &, is then the proprotionality ccnstant relating force and mass.

€o = lbm ft/lbf sec? = 32.2

Iimensional Homogeneity: Any valid analytical formulation of a physical
lav must be independent of the system of units used. This is apparent from
the fact that a change in the system of units does not affect the phenomena
described. The consequence is that all terms in an equation must have the
same dimension when reduced to basic dimensions. This serves as a check on
the validity of any derived relationship.

The Iaws of Mechanics: Analytical mechanics is based on a relatively few
basic 1laws. These consist of Newton's three laws of motion, the law of
gravitational attraction. and the parallelograr law. A summary of these
laws is given at the rigitl. Newton's first law of motion may be interpreted
as defining the coordinate systems in which the second law is valid. These
systems, called inertial reference systems, consist of those which are fixed
or in uniform motion with respect to the fixed stars. A coordinate system
fixed to the earth's surface is not an inertial system. However, for many
engineering problems the second law may be assumed to be valid in this
coordinate system. The errors introduced are generally negligible except
when the displacements involved are large.

1l.1-¢
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1, Every body continues in a state of rest or uniform
motion in a straight line unless acted upon by external
forces,

2. The acceleration of a body 1is proportional to the
force acting on it and in the direction of the force,

3, To every action there is always opposed an equal reaction,
Law of Gravitational Attraction

Two particles are attracted toward each other along their
connecting line with a force whose magnit.de is directly

proportional to the product of their masses and inversely
proportional to the square of the distance »etween them,

Parallelogram Law

The equivalent of two forces applied at a r at is their
vector sum,

NEWTON'S LAWS: The basic laws of mechanics and dyna ‘s have been
sumarized by Newton,

M G PP IRt
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SECTION 2 - ANALYSIS TECHNIQUES

¢ Equilibrium Methods in Amlytical Mschanics
Problems

o Variational Msthods for the Solution of
Equilidbrium Probless

o Equilibrium Methods of Amalysis for Common
Engineering Structures
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gection 2 - Amalysis Techniques

BQUILIBRIUM METHODS IN ANALYTICAL MECHANICG PROBLEMS -

Application of the luws of mechanics to the determination of unknown forces acting on
8 body frequently involves the consideration of equilibrium conditions omly.

The first and second laws of motion state that for a body in equilibrium (ome
that is at rest or in uniform motion with respect to an inertial reference)
the sum of the forces acting on the body must equal zero.

In solving for the unknown forces acting on a body, the equilibrium equations
are applied at a point, generally the center of the coordimte system. In
order to apply the equilibrium equations at this point, the forces and
noments acting on the body must be replaced by an equivalent set of forces
and moments acting at the point. For rigid body problems an equivalent
system of forces is defined as one vhich results in the same total force

and moment vectors on the body. The foliowing rules define the development
of equivalent force systems:

1. Moment vectors are free vectors; they may be moved to any point in
space providing the magnitude and direction of the vector is not

changed.

2, Force vectors are transmissible vectors; they may be moved along
their line of action.

3. If a force vector 18 moved %0 a position pamllel to its originmal
poeition, it must be supplemented by a mament vector equal in mag-
nitude to the force-distance product.

Summarizing the equivalent force-moment system in vector notation:

- L - -
Fo= L F ; M= 2“1’(?1* 2C
1

The equilidbrium equations for a body are therefore:

- - = -
LF=0; YRXF + JC =0

In solving for unknown forces acting on a system o ntructural members the
rfirst step i8 to construct a free body diagram of the entire system. The
equilidrium equations are expanied to scalar fom and applied to the system
free body diagram. Simultaneous solution of this set of equations determines
the unknown forces if the number of unknowns is now more than the number of
unknowns. If there are more unknowns than equations, the system free body
diagram must be broken down into component free body diagrams and the equi-
1lidrium equations applied to the individual diagrams. The adjacent Figure
illustrates the development of a free body diagram for a system of linkages
and for the comporent parts. Note that in assuming a direction for the
forces at a link connection, the forces on the interacting bodies must te
assumed in opposite directions in accordance with the third law of motion.
The weight attached to the linkage in the figure is assumed to transfer its
load through the pirn at B. This pin is shown as a separate free body. An
altermative method of diagramming the same problem would be to cut the entire
system at some plane and show the free body diagram in terms of the

1,2-0
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internal forces in the links at the cutting plane. In any case, if when
a free body diagram has been constructed for each of the component parts,
there are still more unknowns than equations of equilibrium, the system
is statically indeterminate and determination of the unknown forces will
involve the consideration of deflections.

-Bx -Bx

W

EQUILIBRIUM DIAGRAMS: The decomposition of structure into free body
diagrams of component parts is a fundamental tool of force-system
analysis.
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VARIATIONAL METHODS FOR THE SOLUTION OF EQUILIBRIUM PROBLEMS

An sltermative to direct application of the equations of equilibrium to the determina-
tion of unknown forces in equilibrium systems is provided for the principles of vir-
tual vork and minimus potentisl energy.

In developing the principle of virtual work, the forces acting on a body are
considered in twvo classes, the active forces (external) (K, ) and the con-
straining forces. The constraining forces are those repreienting the inter-
action of the body with a rigid constraining surface in space. If the body
1s given a hypothetical infinitesimal displacement (6r) along the constrain-
ing surface, the vork done will be equal to the dot product of the displace-
ment and the forces acting on the bdbody:

Work = §_ [21(1 + NJ Work = Forces Acting x Displacement

From the equilibrium equations, the quantity LK, + N = 0, therefore, an
alternative statement of the equilibrium conditidn is:

Lor, (l(!_)i =0

The princirle of virtual vork muy be extended to include frictional forces
acting at tne constraining surfaces if these forces are considered as active
forces opposing the impending motion, that is, the dirextion of the fric-
tional forces is independent of the virtual displacement. Similarly, the
constraints on the systes may bde removed by considering virtual displacements
normal to the constraining surfaces {7 the surface forces are then treated
as active forces. In effect, a Zagree of freedom is being added to the sys-
tem vith the removal of the ccmstyata’.

For conservative system, that s, <~ose without frictional 2ifects and with
forces expressidle as the gradiemt of ¢ samlar function, another alternative
statement of equilibrium mmy de ‘cramiated. This is based on the fact that
for a conservative system the work ¢aome end, consequently, the change in
potential energy, in displacement slong any path is independent of the path
and a function of the end points only. If the change in potential energy of
such a system is written in terms of an expansion of the force field it can
be shown that for first order effects the potential energy variation for a
small displacement from a position of equilibrium is zero. The equilibrium
conditions for the system may comnsequently be expressed in the following form:

% = 0 Where: P = potential energy
q~l = an independent variable

In solving problems by this method, the potential energy of the system is

written in terms of a convenient set of independent variables and the deriva-
tives of the potential energy with respect to each of the variables set equal
to zero, giving a set of equations which may be soived for the unknown forces.

GEOMETRY OF
1’ ILLUSTRATIVE
PROBLEM

1.2-2
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Illustracive Problem: To determine the force in member AB.

Solution: By symmetry the cupport reactions are 1000 pounds eaci.

A free body diagram shown below holds the body in equilibrium, The desired
force is (F). The reuctions at (C) are (Ry) and (Ry). The reaction at the
roller is (R).

Now permit a virtual angular displacement of the free body about point (C).
The displacement angle (A4@) is arbitrarily small,

— ‘“':«1000 1bs
F —deeipy B
-+ Ap

The infinitely small displacement angle results in infinitely small dis-
placement distances (Af') at point (B) and ( A2") at the roller reaction.
There is a work contribution by the roller reaction (R) and the force (F)
but the contribution by the 1000 lbs weight at (B) is zero since the dis-
placement is perpendicular to the weight. Hence,

F(2'46) = R (2"46)

F --R% = lOOO-f,:

wvhich gives

For 2" = f' as given,F = 1000 lbs (compression) the compression arises
from considering moments about point (C). The force (R) exerts a CCW
moment hence the force (F) must exert a CW moment. For this the force (F)
must represent a compression in member (AB).

1.,2-3
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EQUILIBRIUM METHODE OF ANALYSIS FOR COMMON ENGINEERING STRUCTURES

Determination of the internal forces in structures is simplified by classifying the
structures sccording to function and loading, such as trusses and beams, and by using

appropriate methods of analysis for each category.

Trusses: A truse is a system of uniform members constructed to support loads.
It may have welded, pinned, or riveted joints. In analyzing trusses as rigid
bodies, it is assumed that all joints are pinned or joined with ball and
socket joints and that all loading is at the joints with the members them-
selves weightless. Trusses may be "Just rigid," that is, statically deter-
minate, or they may be over-rigid. Over-rigid trusses (i.e., those whose
rigidity is not destroyed by the removal of one or more of the members) are
statically indeterminate and deformation must be considered in their analysis,
The necessary criteria for the determination of a "Jjust rigid" truss is:

m = 3] -6 for three-dimensional trusses
m=2) -3 for two~dimensional trusses
Where:
m = the number of members
J = the number of Jjoints

The criteria specified is necessary but not suffici.nt; that is, it is pos-
sible to construct a truss which satisfies these criteria but is not rigid.
Forces in the members of a truss are determined by applying the equations
of equilibrium to a free body consisting of a portion of the truss. Gen-
erally the free bodies chosen consist either of the pins or sections through
the members.

Beams: A beam is defined as a member that is subjected to a transverse load.
Because of the transverse loading, the equivalent force system at a cut sec-
tion of the beam consists of both a force and a moment. The force 1s con-
sidered in terms of its normal or shear axial components. The sign conven-
tion for shear and bending moments is defined so that a net vertical force
upwvard on the left free body when the beam is split is positive and 30 that
a bending mament which would cause the beam to deform concave upward is posi-
tive. Sign conventions are illustrated in the adjacent figure. Shear and
bending moment diagrams are graphical plots of the shear and moment forces
along a beam. Analysis of a beam segment shows that shear and moment rela-
tions at any point are as follows:

av _
5 w
&,
Where: dx

V = Shear

M = Moment

w = Load

x = Axiasl Dimension

Shear and Moment Diagrams are illustrated in the Appendix or page 1.5-2C,
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Positive Shear

Positive Bending

J““ﬂuh_Hqﬂ________,,Hf”fﬁ.

Positive Moment

.
1 Left Side

<
Right side ?

Negative Shear

—
L___/———!

Negative Bending

Negative Moment

>
f Left Side

1

) ——

Right Side

SIGN CONVENTIONS: An understanding of the sign convention of the shear
and zoment directions ir beams 1s necessary for proper numerical

evaluation.

.2<5
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SECTION 3 - EVALUATION OF STRESS EFFECTS

The Effect of Material Behavior on Design of
Structures

Shear and Bending Stresses in Beaas
The Shear Center Concept in Beam loading
Torsiomal Stresses

Geaometric Considerations in Determination
of Stress levels

The Deflection of Structural Members Due to
Load



THE EFFECT OF MATERIAL BEHAVIOR ON DESIGN OF STRUCTURES

The behavior of structural members under load is a function of the properties of the
and constitute the limi criteria,

1.3-0

The determination of unknown forces in structures discussed in the previous

The resultant force at the plane determined by equilibrium conditions is
egqual to the integral of the stress over the plane area:

F-j’“
A

In order to have a uniform distribution of stress at a free body cutting
plane, the resultant force vector must act through the centroid of the
cutting plane area.

The elastic strain in a material under load is defined as the deformation*
per unit length resulting from stress.

The relation between stress and strain is independent of the size or length
of the »=%ierial involved, Plots of stress versus strain for many struc-
tural materials show a linear relationship for the initial portion of the
stress-strain diagram, Th's is known as Hooke's Lav, The proportionality
constant relating stress and strain over the linear portion of the curve
is called the Elastic Modulus or Young's Modulus of the material, Ductile
materials such as mild steel will show a definite change in the slope of
the stress-strain curve at the point where the linear Hooke's Law ceases
to apply. (Typical stress-strain curves are shown in the Appendix, page 1.5-k.
This point is defined as the Yield Point of the material, In very ductile
materials, the curve of stress versus strain may have a flat spot at this
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point with an increase in strain occuring at the ccnstant stress level,
For brittle materials vithout a well defined limit of stress-strain pro-
portionality the Yield Point or Elastic Limit of the raterials is defined
in terms of a percentage of permanent deformation, Until the Elastic
Limit is reached, the material will return to its original dimensions
when the load on it i3 removed, This property is called Elasticity. The
Yield Point represents the Elastic Limit of the material and increases in
stress above the Yield Point stress will result in permanent deformation,
Most structural materials show the same stress-strain relationship for
compression loading as for tension. Some exceptions are cast iron and
cast magnesium, both which are weaker in tension than in compression,

When a member is stressed in a specific direction by the application of a
force, it undergoes a strain propcrtional to the stress in the direction
of the loading, as discussed, In addition, the material undergoes an
expansion or contraction in the direction normal to the load direction,
This deformation or strain may be considered as an attempt by the material
to maintain constant volume, The axial and normal strains are related in
the elastic range of the material by a proportionality constant known as
Poisson's Ratio:

lateral strain

1
Poisson's Ratio ( # ) axial strain

vhere the strains are the result of a uni-axial stress only, Poisson's
Ratio for most steels is about 0,3, The lateral strain due to the Poisson
Effect does not involve additional stresses in the material unless the
transverse deformation is prevented by some restraint,

Consideration of shear stress on a two-dimensional element shows that the
shear stresses existing on the elements surfaces must be equal and directed
toward opposite corners to satisfy equilibrium conditions. The element
will undergo an angular deformation through an angle (¥ ) as a result of
the stresses imposed, The angle of deformation is related to the applied
shear stress by a constant of proportionality, called the Modulus of
Rigidity (G) or shear modulus of elasticity.

T= GY”
Where:
T = Shear Stress (psi)
G = Modulus of Rigidity (psi)
Y = Deformation Angle (radians)

It can be shown that the modulus of Elasticity (E), the modulus of
Rigidity (G), and Poisson's Ratio are related as follows:

E

G = 2(1 +y5

1.3-1
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Section 3 - Evaluation of Stress Effects

SHEAR AND BENDING STRESSES IN BEAMS

Shear and bending stresses in beams are basic to the understanding of the mechanisms
of flexure and torsion.

1.3-2

Shear and bending stresses in beams involve geometric properties other than
area at the section and are consequently less intuitive. The determination
of these stresses is, therefore, considered in more detail before methods of
combining stresses are discussed,

Bending Stresses in Beams: The analysis of deflections of beams in puire
beﬁim is based on the assumption that plane sections taken normal through
the bean remain plane after bending and that Hooke's law applies. The normal
stresses in the beam due to bending, consequently, vary linearly as the dis-
tance from the neutral axis of the section. Application of the equatioms of
equilibrium to a symmetrical beam section with external moment loading in

a plane parallel to either principal axis is given by the following

relation betwveen applied mement and beam stress,

o= My/l
Where:
M = externally applied moment
y = distance from intermal axis
I = moment of inertia of section.

The same equilibrium conditions show that the netural axis of the beam
passes through the centroid of the cutting plane area. The peak stress in
the beam due to bending will, therefore, occur at the maximum distance from
the centroid, This derivation is based on the assumption of a homogenous
beam material. Beams of more than one material may be treated in the same
manner by first reducing the problem to an equivalent single material beam.
This is done by changing the dimensions perpendicular to the axis of
symmetry by the ratio of the elastic moduli of the materials,

Shearing Stresses in Beams: In the consideration of beams in the section
on statics it was sta that dM/dx = V. Therefore, at an interval of
beam where there is no shear loading there is no change in the beniing
moment. The axial force in a beam iue to the bending moments is, from the

equation given above;
&F MW or F = W dA
: g ‘/A‘ I

differentiating with respect to x:

dF dM
T - /&%“ - Vf"f“

This quantity is defined as the Shear Flow (q):

e & _ Vo - B
LU rER AL
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where Q) is the value of the integral ﬁ dA for the partial ares between the
axial cutting plane and the outer fibers of the beam, The resultant shear
stress for a thin member with thickness (t) at the cutting plane is given by:

1dF L
T=¢a&x " Tt

The maxioum value of the shear stress will occur at the ncutral axis of the
beam, For a beam Of rectangula- section the maximum value of the shear
stress will occur at the neutral axis of the beam. The expression for
shear flov is of interest in the determination of required fastener strength
in composite beams. An illustration is given in the figure below. ™

Rivets
/
Paraa]). Area . A , Centroid of Partial Area
P Cutting Plane
rd ..."7 _/r' ' _/
— e e
T ——— Neutral Axis
1
It |
N\ \
q = %y A (l_b) q = shear force per unit length
P \an,

CROSS SHEAR: The horizontal shear stress in the attachment of a com-
posite beam is a function of the vertical shear and the section properties
of the beam parts.

#A gample problem furthrer illustrating the calculation of rivet stresses
in composite beams due to horixontal shear is given in the Appendix on
Page 1.5-8,

1,3-3
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Section 3 - Bvalunilion of Stress Effects

THE SHEAR CENTER CONCEPT IN BEAM LOADING

Applied loads on a beam must act through the shear center of the beam in order to
avoid tvisting manents about the beam axis.

Application of the shear flow equation to the symmetrical I bear shows that
the shearing stress in the flanges vaires linearly from zero at the outer edge
to a center-line value. The zero value at the outer fiber is required from
the boundary condition for a free surface. Similarly, the value of the shear
stress in the top surface must be zero. If an element in the lower surface
of the upper flange is considered in terms of the same boundary conditions,

a contradition is apparent. The shear stress in the lower surface of the
flange must equal zero from the free boundary condition, however, the shear
strees in the wedb of the beam at this level is not zero. A discontinuity in
shear stress will, therefore, exist at the point where the lower surface of
flange intersects the web. This is in vioclation of the requirement that shear
stresses on oppoeite sides of a cutting plane be equal and opposite. Resolu-
tion of this contradition involves mathematical methods beyond the scope of
an introductory treatment of the subject. The formulas derived in this chap-
ter are of sufficient accuracy for most design purposes, however, the shear
stresses in the flange of a beam will generally be small and the stresses

in the web are given by the derived formula with reasonable accuracy. The
existence and direction of the shear stress in cutting planes wvhich are not
parallel to an axis of symetry of a beam are of concern in the determina-
tion of loading points for beams which are ncnsymmetrical in the loading
plane. Inconsistency in the determination of stresses in these cases may be
avoided by restricting the analysis to beams of thin section and consider-
ing properties at the sec:ion centerline only. The accompanying figure
illustrates the shear stresses in a U-gshaped beam. The elements shown at the
top and bottom corners indicate the shear stress directions. The shear in
the upper flange is directed to the left of the picture and that in the lower
flange to the right. As a result, there is a mament at the section due to the
shear forces which will tend to twist the beam about its axis. This moment
may be avoided by positioning the applied loads so that an equal and opposite
manent 1s developed. The point through which the external force must act

in order to cancel this moment is called the eghear center of the section.

For the beam shown in the figure, the shear center will be located on the
horizontal axis of symmetry a distance (e) from the back surface of the

beam. The distance (e) may be determined by equating the mament due to the
shear stress in the flanges to that developed by the externally applied
force. The average shear stress in the flanges will be equal to one-half

the value at the flange-web intersection. The moment due (o the flange shear
stress will be:

M

L = (%') bth (internal moment on beam section)

The moment due to the externally applied force (P) will be:
M, = s (external moment on beam section)
Where P must equal the vertical shear force at the section.

P =V

1.3-4
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Applying M. = Me with P=V

. . Toth _ bV _ bw vm‘n/z) benle
S 2 2 T 2 t S

When any externally applied transverse force acts through the shear center,
the member does not twist, The shear center is also commonly called the
"Center of Twist".

An {llustrative example dealing with the concept of shear center is given
in the Appendix on page 1.5-1..

/ Shear Force F

Shear Stress
Kx Directions
I._-_._"J- -"---'_""--_.____ I

\ﬂi‘ —
A

|
\ \\

Net moment

along centroié
of section due
to shear stresg
// distribution.

b
Shear Stress
Axis / >
)r/ F(h-v)
! e

Externally
Applied Force (P) |

P(e)

SHEAR CENTER: The equilibrium point of the moments due to the lateral
shearing forces in a beam locates the beam shear center.

1,3-5
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Section 3 - Evaluation of Stress Effects

TORB1 (AL STRESSES

Shearing stress due to torsional loading may be evaluated by a general equation for
circular and non-circular cross-sections.

1.3-6

The determination of the shear stress in a member due to torque loading about
the long axis of the member is based on the us¢ of the equations of equili-
brium to find the torque vhich must exist at a section in order to balance
the extermal loading. The distribution of stresses at the section must de
such that the integral of the shear stress over the area of the section
equals the externmal torque. For the circular or tubular sections most
generally used for torque loaded members, the intermal stresses are assumed
to vary linearly vith distance from the neutral axis, and deformation is
assumed to consist of rotation only. The use of these assumptions leads to
the following relationship:

Y
T= 3

Where:

shear stress

torque loading

radius from neutral axis

po.ar moment of inertia for the section

wo Y
nn un

The peak stress will, therefore, occur at the outer surface of the material,
at the maximum distance from the neutral axis, For noncircular sections
these assumptions are invalid. More involved methods of amalysis may be used
to show that in the case of noncircular sections the maximum stress occurs
at the points on the outer boundary which are nearest to the certroid of the
section. It may also be demonstrated that for a section consisting of a
singly connected area of given cross section the torsional rigidity increases
with decreases in the polar moment of the section. For a given amount of
mterial a circular shaft will, therefore, have the largest torsional rigidity.
Noncircular sections which are thin-walled and open, that is, where the walls
af the member do not form a closed curve, may be treated by approximate
methods which result in the following expression:

3
¢y 4y

T=%&ET

Where:

external torque

torsional modulus of the material

angular displacement over length L

section dimensions as illustrated in the adjacent figure,

R8O
wonowo

c &
This expression is of the same form as the corresponding equation for a

circular shaft., The similarity i1s enhanced by defining an equivalent
polar moment of inertia for the section as:

1 3
Je = 32‘:‘1
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The resulting expression for the maximum shear stress in a particular
rectangle is given by:

Te
S. = 3:

Application of the comditions of equilibrium to an element in a plane
parallel to the axis of a member in torsion shows that the shear stress
in an axial direction is equal in magnitude to the tangential stress,
In the application of non-isotropic materials, such as cast iron, the
lowest value of the shear stress shouid be used as the design criterion.

Common applications of open section used in “orsion include channels and

I beams, Several typical sections are analyzed in Appendix, page 1,5-12.

A TYPICAL THIN
WALLED OPEN
:'5 SECTION
. IS

TORSIONAL STRESS: Shear stress may be calculated in non-circular
members by use of an equivalent polar moment of inertia concept. The
above figure illustrates the approximate solution for a thin-walleqd,
open section.

1.3-7
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Section 3 - Evaluation of Stress Effects

GEOMETRIC CONSIDERATIONS IN DETERMINATION OF STRESS LEVELS

The shear and normal strecses at a point in & structural member will depend on the

orientation of the stressed element conlidered: and on the local geometry of the member.

Determination of the actual maximum values of the shear and normal stresses
at & point in a member involves consideration both of the effect of combined
stresses and of the stress concentrations caused by abrupt changes in cross
section.

Combined Stresses: The total stress at a point in a ttructural member may
be calculated by determining the stresses induced by each type of loading
and combining the results in appiopriate form. Normal stresses due to

axial loading are determined directly by the average force per unit area at
the cutting plane. Beam bending and shear stresses and stresses due to
torsional loading have been discussed in the preceding paragraphs. These
various types of stresses may be simultaneocusly present at a section of a
loaded member. Combination of similar types of stresses at a section is
based on the principle of superposition wvhich states that the stresses may be
added vectorially. The underlying assumption is that the stresses are
linearly related to the forces causing them so that the stress addition is
equivalent to force addition. This in turn implies that the total stress is
vithin the elastic limit of the material., Within these restrictions, normal
stresses may be added to normal stresses and shear stresses to shear stresses,
vhatever the source. The transformation equations for combining shear and
normal stresses in & plane are developed by considering an infinitestimal
element in equilidrium under the action of shear and normal stresses. The
element remains in equilibrium when esliced at an arbitrary angle (0). The
stresses on the new surface (0p) and (Ty) may then be written in terms of the
known stresses on the other two faces from equilibrius conditions. The
resulting values of equivalent shear and normal stresses at an angle (#)
from the x and y axis are given by:

Ox +0y Ox - Oy
Oy = > + > [cos 2 6] + Tein 26

Ox .0
Ty = -"_ZL [sin 26) + Tcos 20

The maximxr values of shear and normal stresses may be found by differ-
entiating the above expressions with respect to (#) and equating to zero,

giving:
o = 1/2(0x+0y) + [i (ax-a)]z +’2
Omax,min - 2 y

commonly referred to as the pi'ncipal stresses, where

r,= O
6
with tan 20 = TT— ’
7z (dx -ay)

where @ corresponds to omnx,min

1.3-8
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and
/ o, -0
r = % = ) + 72
max,min 2
at @ where
(0, - @)
tan 20 - -+ X1
¢ T
and with
0. - gé_:_gi
0 2
where @ corresponds to Tﬁax,min
f (0,) and (0&) are the principal stresses then
E 9 -9
max,min = 2

since T = O on planes which are associated with principal normal stresses.

It is noted that the tangents of the angles corresponding to maximum and
minimum normal stresses (principal stresses) and maximum and minimum
(tangential stresses) are the negative reciprocals of each other. Since
these are double angle functions the angle between the principal stresses
and the maximum and minimum tangential stresses must be 45°,

Once the principal stresses and assoclated elemental volume are determined
from Mohr's circule, the construction below may be made: the correct
directions for maximum tangential stress and the associated normal stresses
on these faces are readily determined. Note is taken of the fact that
Tmax points to the shear diagonal and that this shear diagonal always
coincides with the algebraically greater principal stress. Also, the
magnitude and sign of the normal stresses 1s given by the distance from

the coordinate origin to the circle center.

0. (principal stress)

g, (principal stress 1
'(// i 0 +0 g+
\\‘I.AI‘|E!!,.h o 2 X ay

1.3-9
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Section 3 - Evaluation of Stress Effects

GEOMETRIC CONSIDERATIONS IN DETERMINATION OF STRESS LEVELS (Continued)

1.3-10

The equations for shear and normal stresses at an arbitrary angle (9)
represent the parametric equations for a circle, If the equations are
squared, added, and simplified, the result is:

(a-gx_;—‘-’l)a R 1'02 - (OL;_UX)Z +Te

This equation represents a circle of radius

2

(01;0) P

with center at

o +¢0
x=LE_Z
y = 0

The determination of stresses at an angle (@) is simplified by plotting
this equation. The plot, generally referred to as Mohr's Circle, is
developed below. The sign convention in the use of Mohr's Circle is
established as follows. Figure (a) shows the normal and shear stresses
on a typical elemental volume to be investigated, The stresses in the
directions shown are all regarded as positive. In addition, the normal
stresses shown represent tensile stresses. Figure (b) represents Mohr's
Circle corresponding to the elemental volume. It has a radius and
position calculated from the equations above. For the axes shown, stresses
to the right or upward are positive, Stresses to the left or downward are
negative, Note that since this particular circle lies to the right of the
origin that all normal stresses must be tensile. This agrees with the
elemental volume for vhich the circle was drawn., Had compressive stresses
been associated wvith the elemental volume then by convention the circle
would appear to the left of the origin,

Points (A) and (B) on the circle correspond to faces (A) and (B) on the
elemental volume., At these points stresses are shown all positive, Had
the shear stresses or the elemental volume been opposite in direction to
those shown then faces (A) and (B) on tae volume would be represented by
points A' and B' on the circle,

The right hand face is usually taken as the reference face although this
18 not essential, It merely helps in being consistent. From point (A) on
the circle construct lines to (02) and (0;) as shown in Figure (e). The
nev orientation of the elemental volume is as shown in Figure (d). The
principal stresses (02) and (0)) are associated with the faces (A) and (B)
as shown. (0)) is perpendicular to the line (X&7) and (02) is perpendicu-
lar to line (AGG). Note that with respect to the origin of the coordinate
system (0;) is positive and (02) is negative. On the basis of the con-
vention established in Figure (a) these are introduced accordingly in

Figure (4d).
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Note must be taken of the fac: that in the figures as drawn below, the
stress or. face (A) is larger than that on (B). This of course is not
always the case, The construction is however always drawn from point (A)
on the circle whether it i{s largest or smallest, positive or negative,

An example in the Appendix on page 1,5-1l4 shows a rore general case for
clarity,

.T A L"x

Figure (a)

- -
C‘T A'L.dx | _'A

#%—— Right hand face

Figure (c¢)
a
> ;
\ /ﬂl i‘,/
P
o | Figure (e)
0,0,
AN Figure (d) u_

61 \

s~

Stress Concentration: The shear and normal stresses defined by the
average force per unit area at a section are approximately correct for
uniform material sections remote from the point of force application.
Determination of the actual stress distribution within a geometrically
complex member by analytical methods is extremely difficult. The generally
accepted alternative is to use the average value of the stress and correct
with a stress concentration factor (K) which has been experimentally deter-
mined. In cases that involve static loading of ductile materials, local
yielding will tend to egualize stresses and reduced stress concentration
factors may be used. The stress concentration effect in a dynamic situa-
tion, however, is more pronounced and mcre complex. A detailed treatise
on this dynamic stress amplification problem is presented in Volume III,
Chapter 7, "Stress Concentration."

1,3-11
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Section 3 - Evaluation of Stress Effects

THE DEFLECTION OF STRUCTURAL MEMBERS DUE TO LOAD

The deflection of a structural member is a function of the type of loading and may be

calculated from the known loading conditions.

1.3-12

Determination of the compression or extension of a member under the effect of
an axially applied load follows directly from the stress-strain relationship.
Deflection due to other types of loading is discussed in the following para-

graphs.

Deflection of Beams: When a beam deflects laterally under load the fibers on
one side of the beam will be compressed and those on the opposite side
stretched. Between these two extremes, there will be a plane of no deforma-
tion in length. The stress relations developed in previous paragreaphs indi-
cated that the neutral axis of a beam section was the point of zero stress

in bending; consequently, it will be the undefo:med axis or elastic curve of
the beam. The strain of any other fiber will be proportional to the local
stress: € = 0/E. The strain of a fiber located a distance (y) from the neu-
tral axis of the beam may also be written as: € = y/p based on the fact

that the increase in length over a section of beam which bends through an
angle d# will be (yd#) and the length on the neutral axis will be given by

( pAa#) vhere p is the radius of curvature of the beam. Equating those ex-
pressions for the strain gives: ¢ = Ey/ P, the stress at a distance (y)

from the neutral axis due to bending. From the flexure formula previously
derived, this stress is equal to My/I, where M is the moment causing the beam
deflection. The relation between moment and curvature is, therefore, given
by, l/h= M/EI. From analytic geometry the radius of curvature may be written
in terms of the local derivatives of the elastic curve as:

) A%y ax

i [1(%)]2

wvhich for small values of dy/dx may be approximated by

(%)
[ZM}

A
3

=}
]

Substituting for moment in terms of curvature gives:

But it has been shown that dM/dx = V and dV/dx = W, so the differential
equations relating deflection, slope, moment, shear and loading on the
elastic curve may be summarized:

y = derl'lection
% = @ = slope of elastic curve

N
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dy M
L)

xS EI

ey v

de EI
4

d W

o "I

Where in general (EI) may be a tunction of (x).

Boundary conditions for the equations will be dependent on the type of
support. For roller or pin supports the deflection will be zero. For a

fixed support both deflection and rotation (slope) at the support will be O.

In complicatcd problems the beam may have to be considered by sections.
An additional bourdary condition between sections is then provided by the
requirement of continuity of the elastic curve.

Y = Yy
ay _ dy
x1 dx11

Shown in the Appendix on page 1.5-6 are deflections for common beam loading

conditions, If a given problem is statically determinate the support

reactions may be determined from a free body diagram of the beam and elastic
curve equation solved separately. If the problem involves a statically inde-

terminate system the deflection equations must be written in general form
and solved simultaneously with the equations of static equilibrium.

If a beam is loaded in more than one plane the deflections in a particular
plane may be determined in terms of the loads in that plane and the re-
sults superimposed for the total deflection, This is vossible, of course,
only within the elastic limit of the material,

Deformation of Circular Members in Torsional Loading: From the definition
of the Moduius of Rigidity (G) the angular deformation of a torque loaded
element is given by Y = t/G, Consequently the angle of twist of a
torque loaded member over a length AB will be:

¥4
* » J'R,“m

or for a shaft with uniform loading and constant geometric properties:

TL
$= =%
For open, thin wall non-circular sections the same expression may be used
with the equivalent polar moment of inertia,

1.3-13
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of load carrying structures the requirements for a member may be deter-
gth criteria, by the allowasble deflections, or by conditions of

, design criteria based upon limiting strength, the maximum com-
, either or shear, is determined as a function of the
of member selected for the limiting values of allowable stresses.
for ion the limit’ng condition is the displacement of
structure from its unloaded condition, where the displacement is propor-
siress but the stresses involved are within the elastic limit of
wial and due to over-stressing is not a concern. The third
design criteria is the stability of the structure. This may be

\§ special of designing for limited deflection; however,
11t flections past some point are not proportional
in and may increase catastrophically under comstant
well below the yield point of the materiasls. This
type of failure is referred to as an elastic failure, resulting from an
elastic ins.ibility of the structural geometry.

Examples of designs which are generally limited by elastic failure con-
siderations are thin shells loaded externally, such as submirine hulls, and
compression members having large mtios of length to cross section, commonly
referred to as columns. As externally loaded shells are not usually found
in electronic equipment this discussion of elastic failures will be limited
to columns. When a column (with a marginal "slenderness ratio") is loaded
compressively with increasing loads, slight increases in compression may

f"“‘
E E,zi
i

:
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i
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common type of structural failure under static loading,
due to the desizn of members for strength criteria without stability con-

The critical force for a column may be determined from the equations of the
elastic curve by considering a column deformed so that the axially applied
: distance (y) from the neutral axis of the
colusn at some point. The moment in the column at that point will then be
proportional to (y) and the elastic curve may be written in differential

2

|
;
|

The general solution to this equation is of the form y = A sin kx + B cos kx
where A and B are boundary condition constants. Application of the boundary
conditions for a pin ended beam gives: y = O = A sin kl, where the solution
given by A = O corresponds to the case where no buckling exists. For any
other solution kL. = nw, Taking n= 1 as the minimm values gives:

. .- —2-——'2 EI
cr L
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Similar analysis for other end conditions gives the following formulas:

One end fixed, one free:

5 _fpgr

One end fixed, one pinned:

"
Pcr _ 2,057 EI
L
Both ends fixed:
p hnz EI
cr Lz

Where (c) 1s a coefficient which depends on the column end conditions.
Alternately, an effective length may be defined as:

in terms of the above equation, The critical load formula is then:

Values of the end coefficient and the reciprocal of its square root are
summarized in the Appendix on page 1.5-5.

In applying the formulas listed to a non-symmetrical member, the minimum
value of the moment of inertia is to be used. In applications where the
end conditions for the column d0 not correspond cweitly to any of the
given conditions, pin-ended conditions are frequently assumed. A note-
worthy feature of the critical force fommulas is the fact that the only
material property to appear is the modulus of elasticity. The critical
force formulas may be converted to critical stress form by substituting
I = Ar2, where A is the cross sectional area of the column and r is the
minimum radius of gyration. For the pin ended case this results in:

P 2
cr

o - 3| EatE
er © A % To/r)e
The quantity (L/r) is defined as the slenderness ratio of the column., The

Appendix, page 1.5-4 gives plots of Ocr as a function of slenderness ratio
of some tyoi~=l engineering materials.

1.4-1
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Section U - Design Considerations

LATERAL BUCKLING OF BEAMB -

Beams may exhidbit elastic failure in a plane other than the principal loading plane {if
the difference in moment of inertia between the two planes is large, or if the beam is

unusually long and slender,

loh-z

lateral moment of inercia may exhibit elastic failure under load. The

Iateral Buckling of Beams: Beams which have a large ratio of vertical to

failure consists of buckling in the lateral plane due to loads in the ver-

tical plane. If campressive loads are present, as in beam columns, the prob- !
lem is intensified. For the case of loading in the vertical plane only,

the following expression for the critical buckling stress has been derived:

KI n C
S = — (1)
¥ 5 2(1  mL (’“’)

Where:
Sop = critical buckling stress, psl
E = modulus of elasticity, psi
L = length of span, laterally unsupported, in.
d = depth of beam, in.

Iy = moment of ipertia about neutral axis for bending in plane
of web, in.

= mament of inertia about neutral u.. “*=q {n the
lateral direction, in.

K = torsional constant, 1n.h
1 = Poisson's ratio.

If Iy is much larger than Iy, as in many standard I beams, the formula mey
be nduccd to: 6 E

18,83 x 10 1 All
S = 2 (2)
or id F3 gteel

bt

In which (b) is the total width of the compression flange, (t) its thickness,
and (FS) is the desired factor of safety.

In the opposite case, where Iy is much larger than Iy, the formula .educes
to:

w22 x1d® (3)

o/

The theory of elastic failure criteria beam-columns is considered beyord
the scope of this discussion. The reader is referred to the bibliography
for more information on the subject, However, a summary of parameters for
some common beam-column situations is given in the Appendix, page 1.5- .,
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CRITICAL STRESS FOR LATERAL BUCKLING OF BEAMS
(Equations 2 and 3)

\ Yield Strees Yield Stress
T \ /) e
\ A A
(Sep) | (s,.) N\, 7
B e Bquation & L8 N Equation
# // 3
Id L
(%) — (%)

LIMITING VALUES of Id/bt AND 1./:-y AT REFERENCE POINT A. (8)

Sy I3 L
(ks1) bt Ratio ’x‘; Ratio
33 5T1 116
L5 418 100
50 3T 95
55 342 90
BEAM BUCKLING: Iateral buckling in beams due to a torsional instability

is a frequent and unexpected failure mode.
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Section 4 - Design Considerations

THE RESPONSE OF SINGLE-DEGREE-OF -FREEDOM, UNDAMPED, SYSTEMS

Prediction of the response of a structure to dynamic force inputs may be estirated
on _the basis of relatively simple analysis.

This review of dynamic systems is limited to thnse topics which it is felt
will be of concern to the designer of electronic equipment. The cases con-
sidered consist of the application of Newton's laws of motion to systems
involving the response of mass particles to applied forces. Newton's second
lav may be written as:

[#

d x
Famaemn -
dt

Successive integrations give the expressions for velocity and displacement:

gl:\/l:(r/-t'Ftdt + C
m il
t

dt
L)
F (t)
L R

vhere force is assumed to be a function of time only.

The response of a mass particle in the case where the force is proportional

to displacement from some equilibrium position (F = -kx) is of basic interest

in the design of any dynamically loaded structure as an approximation to the
deflection of a campact mass under the influence of same disturbing force.
In this case, the second law of motion may be written as:

2
ix .5 .0
dt
The general solution to this equation is given by:

k . ’k
X = ClcoaJ;t + S, sin = t

8~

where:

C; and C, are constants of integration

With initial conditions taken as x = xpand V = Vg, the values of the con-
stants will be:

‘IO
C, = Xx and &, ©
1 o] Z ik
m

or for a system initially at rest:

l’k
= -1
X = x,cos Y-

1.b-k
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These equations describe what is called simple harmonic m « The particle
oscillates through an amplitude of xp at a frequency of vo‘k/m, defined as the
natural frequency of the system. In the case where the same system is
excited by a continuously varying external force rather than being dis-
placed and released, the equation of motion will be:

2
mL}- = -kx + F_ sin wt
at

where the external force is assumed to \«ry sinusoidally. The displacement
solution in this case is given by:

Fo/m
x=C a‘n‘rk-t*fc coadktw‘ sinwt
177 V¥m 2 m LN
m

Variation of the ratio of driving frequency to the natural frequency of
the system changes the amplitude of the systexm response, as shown in the
figure below. A plot of the variation of the cocfficient of the last
term in the above expression with the frequency ratio at the point where
the driving frequency equals the natural frequency of the system shows
that the amplitude of the displacement goes to infinity. This condition
is known as resonance.

With Damping

Resonant
Frequency
Ratio

e

VISCOUS DAMPING: The time rate of decay of a vibrating system ic a
measure of the degree of damping present in the system,

llh-s
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Section 4 - Design Considerations

THE RESPONSE OF SINGLE -DBEGREE -OF -FREEDOM SYSTEMS WITH VISCOUS DAMPING

The inclusion of a damping term in the equations of motion provides more realistic
modeling of an actual system; the frictionless model was discussed in the previous

topic.

A more realistic representation of a physical system is provided by the
inclusion of damping force in the system equations, The most generally
assumed type of damping is viscous damping, This represents the case
vhere a force proportional to the mass velocity resists the system dis-
placement (f = -c dx/dt), The equation for system motion will be:

2 F
d x + £ ax + k X = 9 sinwt
dta m A4t m m

The displacement solution consists of a transient complementary solution
vhich approaches zero as time increases and a particular solution consisting
of harmonic motion at the driving frequency with amplitude less than the
case vhere no damping is present, The system amplitude will remain finite
vhen W= wn. The steady state displacement is given by:

F

-?0 (M2 - («Jn)2 sinwt li‘od.ic/m2
X = + cosWt
p ( 2 )2 + fwe 4 (w2 Ze + [we <

W -w, m -4 ™

The complementary solution is the system response for the case where no
driving iorce is present, The displacement expression

IR RN G

x, = e C1 e + 02 e
A plot of this tion as a function of time (see figure) shows that for
values of C< , the motion will consigt of exponentially decreasing
amplitude vithout oscillation, .For C>2 the system will oscillate
with exponentially decreasing amplitude at a frequency less than the free
undamped natural frequency. The value of C = 2&5 18 referred to as the
critical damping constant.

The analysis of systems consisting of more than a single degree of free-
dom is conducted in a similar fashion but will involve the simultaneous
solution of as many equations as the number of degree of freedom,

Several examples on damping in simple systems are given in the Appendix
starting on page 1.5-16.

1-2"6
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leplace
pent

DAMPED VIBRATING SYSTEM

nder Dmmped
Critically Damped

VISCOUS DAMPING:

measure of the degree of damping present in the system.

The time rate of decay of a vitrating system is a

1 lu-T
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GENERAL METHOD OF SOLUTION FOR EQUILIBRIUM PROBLEMS

[} Iist known data and results to be determined.

° Construct a free body diagram of the members on vhich the unknown
forces to be determined are acting, replacing interacting members
vith equivalent force systems.

) Determine the number of independent equilidrium equations availadble
for the system, compare with the number of unkaowns on the free body
diegram,

) If there are as many independent equations available as the number
of unknowns, solve the equations for the unknowns.

° If there are more unknowns than equations for the free body diegram,
subdivide the free body diagram and repeat the procedure.

[ ) If free body diagrams have been constructed for each body in the
problem and there are still more unknowns than equations, the
problem is statically indeterminate and deflections must be con-
sidered in the solution.

* 1,5-1
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KLASTIC CHARACTERISTICS OF SOME COMMON BEAM CONFIGURATIONS

1-5’2

y = - Splf (213-31%x¢x°)
Yy
. x - Pl
Ymax o= *7m
T—1
3
PL
Yrax = - ¥ErOLx=0
y = - 21:"5 (xh-hL3x+3Lh)
x wl.3
6= *7;x
N
wL
Ymax = ~ BEE VX0
- y o - =y (Ssrieeird)
1\, (total) 60EIL
x 2
‘m..: 6 = ¢+ WL
rL_ L °e
"
Ymax o
wX 3 2 3
v 1b/in. Yy = - g (L -2lx7ex7)
X
_ -HL3
o = IE
L Ymax
L/2 N
Y z - gﬁwllu' at x = L/2
max

L 4
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]
'
~~
(%]
|
n
[}
&
>
)M
e

at x = /N3

9N 3E1

2
- g% (3L-ka) at x = a

- mp" (3%-4a%) at x = L/2

- 55 (1-0)

Where y

f(x) is the equation of elastic curve
(upward deflection positive)

Slope at end

Maximum deflection

105'3
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MATERIAL CHARACTERISTICS

30, 000
20, 000

10, 000

1

c

Modulus of Elasticity (B)

Ultimate Tensile
Strength

Duct!le Material

Ultimate Tensile
Strength

— Brittle Material

Yield Point

Slope (E)
Strain -—-ﬁ

THE CIASSIC STRESS-STRAIN CURVE FOR A DUCTILE AND BRITTIE
MATERIAL.

Leng Column Range ——-—ﬂ

Mild Steel
Long Column Range —

Prop. limit of
178-T Alloy

Long Column N
Range

Critical Stress S0 100 150 200 250
o, - P/A (psi)

Slenderness Ratio (L/:)=——>

VARIATION OF THE CRITICAL COLUMN STRESS WITH THE SLENDERNESS
RATIO FOR THREE DIFFERENT MATERIALS.
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COLUMN END FIXITY COEFFICIENTS FOR VARIOUS E.{L CONDITIONS

End Pixity
Column Shape and End Conditione Coefficient
___
L c
! Uniform column, axially
& loaded, pinned ends. U't_' 1
*p
\hi}p C = k
-ty Uniform column, axially
L loaded, fixed ends. l = o5
~oeeeek N
te
13 Uniform column, axially c = 2,05
! loaded, one end fixed, 1
one end pinned, N 0.70
P
lp Uniform column, axially ¢ = 0.25
! loaded, one end fixed, 1
one erd free, N2 e
ts
3 Uniform column, distri- ¢ = 0.79%
p L vuted axial load, one 1
end fixed, one end free, i 1,12
\
te
: Uniform column, distri- ¢ = 1.87
b —£ buted axial load, pinned 1
r —4 ends. x- 0.732
P
e aray 2 Uniform column, distri- c = 7.5
» ’
» L buted axial load, flixed 1
("F*W‘\ ernds. UE- = 0.365
Unif lumn, distri S e
niform column, stri- (approx)
i—:‘- buted axial load, one end L
fixed, one end pinned, .
s P W 0.530
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SUMMARY OF BFAM COLUMNS

Loading Moment Moment Deflection
Over Support At Center At Center
W 1b/in,
= !
p_A N M_wL2 AL 5 WL
c*F " -
L le— L —of My = O
W
MA =0 WL 3
: ) ferim 4= rEE !
L/ZL = 0
L " B
N M, =0 spep?
) * Mo = PIw 8+ TgE
P P My = O
2
M Mp,  [Mac MB Mt Mg (M, + Mp)L
P P q Mo = T Az =g
m 2 cos8 ==
My = Mp 2
\ Wlb/in. ‘ MA = MB
: M - "LZ " _ 1 Wth
P F A c™ A= | O
2 Ty
pa—
W My = Mp M - w2 o
) <*P c 8 ® 19281
L/2
[ ‘J = we—Ly"
L/2 W - My
A .M _
Moo= t% A= 0
™ M F M a"
= ud
L e
b ¢ My = Mp I - Y A L Pszh.
£ c™ T =8 I
P» P| . %Pfﬁ"
Deflection at A
W @ P
AM - w3
i"'s - WLy a= 3t

1.5-6
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BEAM COLUMN COERFFICIKNTS

For o, 3, /, Y, use coefficient for L/zj instead of L/},
For ¥V, T, use coefficient for 2L/J instead of L/,
10 J = Epl
o = 6(L/) cosec L/3 -11)
2
= (L/3)
B = 3(1 - L/3 cot L/3)
o (L/3)°
Coefficlent
For
Compression & = 3(tan L/ZJ ;L/ZJ.L
Memuer | (L/z3)
po= £ 1 -1
- (L/ZJ)Z cos L/c)
Y =
5 -
—
£ o
n
&
Y
g
p
l | l I
0 1,0 2,0 3,0
e —— — L/J {Compression) ﬁ

1.5-7
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‘"HE CALCULATION OF HORIZONTAL SHEAR GTRESS IN BEAMS

1-5’8

Compute the rivet spacing tor the simply supported composite beam shown
below if the allowable shear force on the rivets is 4,500 pounds, (A _
structural steel rivet has an allowable shear stress of 15,000 1b/in,)
Consider two loadirg cases, Case I, a concentrated load of 100,000 1b
applied at center of span., Case II, A uniformly distributed total load
of 100,000 pounds between supports. Span between supports is 12 feet,

Neglect the welght of the beam,
S— 6'1
oy & 1

[ o _:4:“ 5. 9n rby'-1':if'

¥
0.62" 0.65" (mean) a °
| | o6 h

# U "
L— 12" 7/8" rivets _’*! 5.62 k- 15" -5

| Channel

Solution, Case I:

375 in.“, a - 13.2 1n.2 - from handbook data

n

Ix (channel)

I (cover plate) = 12 x 3 x 7,75 - 360 in."
I, (total section) = 2 (375 + 360) = 1470 1n.b

The shear diagram for concentrated load is shown below, Note that the
vertical shear equals 50,000 pounds magnitude throughout the entire span
except at the transition point where it crosses through zero,

V=50,0C0 1b

1
I
|

-+
|
| V= 50,000 1b
[}

The shear flow is given by
v
a = T
Ix

pounds per inch span, where the quantity (y A_) represents the centroid
of the area above the plane of interest for horizontal shear. In this
case the range of interest 1s the boundary between the cover plate and
the channel flanges since the shear force on the rivets is desired. The
section along the beam does not vary and since the vertical shear (V) is
also constant the shear flow is constant, This implies a fixed rivet
spacing throughout the entire length of span.
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The rivet spring at any point along the bearm {5 given by allowable shear
force/shear flow which equals 4500/q for this beam system,

Using
vV = 50,000 lbt
I. = 1470 1n.l‘
X
b o - 3
yAp 7.7 x (6 x 1/2) = 23,25 in,

ylelds g = 790 1b/in. which results in a rivet spacing of 4500/50,000 x
©3,25/1470 = 5,7 {n. (maximum). Twenty-eight rivets spaced at 5,25 in,
intervals 1s a satisfactory arrangement,

Solution, Case II:

The method of solution here is basically the same as that for the previous
case but the distributed load introduces a varying shear flow which
results in a varying rivet spacing,

The shear diagram for the distributed load is shown belnw. Note that the
~rtical shear varies along the beam length.

Linear Variation of
Vertical Shear

-

v = 50,000 1t

V = £0,000 1t

The shear flow is given by

Vy A
£ P
T

X

but now (V) is a variable and hence the shear flow is variable,

Starting from some arbitrary station along the bear span at which a rivet
is placed, the spacing to the next rivet must be such that

n+l
/ g af = 4500 1b
n

Taking the center of the span as station (0) the first rivet is placed
at station 1, the second at station 2, etec., until the entire span is
nearly covered, The last rivet must not be placed closer to the end of
the beam than 2-1/2 times rivet diameter from rivet center. This is to
prevent tearing or crushing of the channel or plate in the margin.

105'9
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THE CALCULATION OF HORIZONTAL SHEAR STRESS IN BEAMS (Continued)

1 -5'10

If the first attempt results in a last rivet much further avay than
2-1/2 diameter, then the spacing must be decreased to allov an extra
rivet, Minimum total rivets in a half span equal

/m
q af YA
° P

L/2
5,000 m/ val
X 9

vhere from ‘he shear diagram V = ﬂ)ﬁ@[_ This gives total rivcts = 6.32

vhich is Just half of the minimum rivets per half span of Case I. This
latter value vas 72 /5.7 = 12,64, Six rivets is the nearest integral and
this vill be the basis for a trial calculation,

The general form for spacing is given by performing

n+l

qal U500, ib (n 1s the rivet "station"

from mid-span)
n

This results in:

n+l

1 l - 819 tn.2
n

A tabulation of (f) starting with n=0 at mid-span results in the following
spacing. Distances (f) are measured in inches from mid-span.

28,6, 40.5, 49.7, 57.3, 64,1, 70.1

Theoretically the beam section past 70,1 in. no longer acts as an integral
composite beam but as the sum of the channele plus plates since there 1is
no rivet past 70.1 ir. to take up horizontal shear between plate and
channels acting as an integral section,

7 e
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)\ THE CALCULATION OF THE SHEAR CENTER FOR A CHANNEL

Illustrative Problem: Find the approximate location of the shear center
for the channel shown below:

s

Solution: The previously derived result for the distance (e) to the shear
center was

. . bt
Where I represents the section inertia about the axis x-x. Frequently,
the flange thickness is small with respect to the distance (h) and an

approximate form may be used for (I). This form neglects the contribu-
tion of the flanges about their own axes.

Thus,

2 ) (h €
I & Lo+ (A )Fl!mse‘5 = 13t ot 5)

substitution into the formula for (e) results ia

b
¢ s T.h

u’%

which results in e = 1.87" Note that for (b) very large (e) approaches
(b/2) and for (h) very large {e) approaches (0).

Nome”
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THE CALCULATION OF TORSIONAL STRESS IN NON-CIRCULAR SECTIONS

1,5-12

Illustrative Problem: Calculate the maximum shnaring stress for each of
the ?oﬁovfn‘ sections using an approximate method. The twisting moment
is 12,@ 1n.'1b'c

— 'T":,:)h-ﬂ:‘* C

5
6 §

1 ]
s, A~c ¢
|| — L
T L ] e I [

Solution: For sections of this type where thickness is small compared
to lengths an approximate maximum shearing stress will be given by

p— o© ——->

S, * e
®  gXbh

3
vhere h' is the greatest thickness of a member in the section,

For the channel

3 3
%21:!13 = %- Bx(é) +2 xsg x(%) = 0,206 in,
For the angle -
199 . L6 53+z;2 5\ 0.764
2o - 3]6x(5) r%x(5) [+ 0 e

For the I Beam

[ 3 3
%Ebn"’ § 2x3 x(%) + 4 x(,‘:i) - o.811 in."

Solving for the mxiu;m shear stress gives

12,000 x §
S8 (Channel) = —OT = 21,800 psi

()
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12,000 xg-

8' (Angle) s Tm—— = 9,820 psi
12,000 x ¢

SB (I Beam) = —OTEIT__ = 11,100 psi

Note that each section has almost the same area (about 6 in.z).

Problem: Compare the maximum shearing stress of a circular section whose
area equals 6 in.2 with the stress of the sections in the previous problem,

Solution:

where C is the radius of the cylinder and J is it's polar moment of inertia

C = g = 1,38 inches

J = %n# = %xnx%—: $1n.u
Therefore:

Ss s 12,0001; 1.38 xm - 2,890 psi

The above is a demonstration of the practicality of using condensed
s~:tions where torsion is concerned.

1.5-13
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AN APPLICATION USING MOHR'S CIRCLE 0

1.5-1b

Illustrative Problem: Oiven the state of stress shown in Figure (a),
transform it into the principal stresses, and into the principal shearing
stresses and the associated normal stresses., Shov the results for both
cases on properly oriented elements.

\ Figure (c)

.
-4 ksi

/ \#-i-ﬁhli

T s

2:6‘ | "\v.,t""*l]“i

Figure (d)

18°26"

(-2, -b) N Figure (b) Toax = 5 k8!

Solution: The co-ordinate axes are set up in Figure (b). The center C

of the circle is at 1/2(-2,000 + 4,000) = +1,000 ksi on the O-axis.

From the right-hand face of the element, the required values for plotting the

the point A on the circle are ")

o, * 2,000 psi

T = -4,000 psi

Thus the dis: .ces CD and DA are 3,000 psi and 4,000 psi, respectively,
and the radius of the circle is equal to

A = (!DZ*DA2 = 5,00C psi

Hence from the diagram, Tmax = 5,000 psi, and the associated normal stress
is represented by the distance OC, i.e., 0' = 1,000 psi. The principal
stresses are given by the intercepts E and B; they are respectively
+6,000 psi and -4,000 psi.

The angle

-1 AD -1 4,000 oxh
DEA = tan st'= tan m: 26°34

"
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An element with its sides parallel to the lines AB and AE is shown in
Figure (c). Since the faces of this element intersect at right angles,
several other angles (not shown) may be used to specify its orientation.
The principal stress given by the E intercept acts normal to the line EA,
The principal stress given by the B intercept acts normal to the line BA,

An element oriented with its planes parallel to the muximum shearing
stresses is shown in Figure (d). The maximum shearing stresses act toward
the positive shear diagonal, which coincides with the direction of the
algebraically larger principal stress, The associated normal stresses are
also shown on the diagram. All of these are the same, : nd all of them are
tensile in character,

1,5-15
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THE CALCLUTATION OF THE RESPONSE OF DAMPED SYSTEMS

Illustrative Problem: The system shown below is initially at rest at

t= 0. At t = O a velocity cf 4 in./sec is given to the mass. Find the
subsequent diusplacement and velocity of the mass, The damping coefficient
is 0.85 lb-sec/in, The spring constant is 25 lb/in. and the weight is

Lo 1vb.

L L L L L L LS

LT

w

Solution: The differential eguation of motion for this system is

&
X dx
? + CR + Z2kx = O

LIk

The solution of which is

e-cwnt (A cos Wt + Bsin w_ t)

e d d
= D e'cwnt sin (wdt +@)
Where
w, - va (Natural Frequency)
c
t - T (Damping Factor)
wy - U o w (System Frequency)
D - Va°+ 3
-1 A
¢ = tan E
introducing the given quantities and solving yields,
w o= 2 rad/sec
{ = 0.181
w, - 21.6 rad/sec
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Substituting these values into the displacement equation gives

-3,98
X e 3.9%¢ (A cos C1.6t + B sin 21.6t)

differentiating results in

%% = v = -3.98 o B (A cos 21,6t + B sin 21.6t)

-3.98t

+ 21,6 e (-A sin 21.6t + B cos 21.6t)

Substitution of the initial conditions yields the values for (A) and (B)

At
t = 0
x = 0
then
A = 0
At
t = 0
dx
—— . =] )-0
Tt v
then
B = & 0.13%
= e T
Finally
x = 0,188 e-s'98t sin 21.6t
-?1-;‘- v o= e 98Y (4 cos 21.6t -0.737 sin 21.6t)
or 3
T L (21.6t ~ 9.5°)

Displacement and velocity may subsequently be calculated for any particular
time (t) by evaluating the above equations for x and v.

1.5-17
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THE CALCULATION OF THE RESPONSE OF DAMPED SYSTEMS (Continued)

Illustrative Problem: For the above problem calculate the transient and
steady state response if an excitation force F = 10 sin 15t is applied
to the mass, The {nitial conditions for the previous problem again

apply.

Solution: The transient response is the complimentary solution of the
differential equation of motion already solved in the previous example.
It is,

-3.98t
e (

x = D sin 21.6t + @)

where

®

B

Initial values will be introduced later to solve (A) and (B).

The steady state response is the particular golution of the differential
equation of motion, which from the theory of differential equations takes
the form

X, = (A sinwt + B coswt)

Taking the first and second order derivatives of this eguation, and sub-
stituting into the original differential equation of motion yields

X

[oF
5)

= F(t) = 10 sinwt, ylelds,

LNk
7

+
Q

Q-IQ

X
+
o~
]

t

atter algebraic manipulation

R F (k-mw®)
- 2
2
(k-mf) + (cw)
B - -cm
(k-mF) + (cw)c
Substitution zives,
F0 2
X = = [(k-mw) sinWt - cwcoswt
(k-mwz) + (cu)e
letting
_l C‘d 2 E( “)/‘dl])
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