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APPENDIX A 

BINARY REPRESENTATION OF DEPENDABILITY STATES 

A missile squadron is composed of N missiles from which up to M missiles are 

directed to target assignments T1, T2, ••.•.• , TM in order of descending priority of 

assignment. An assignment is said to be completed if the missile involved results in 

a detonation. There are 2M different ways that M assignments can be completed or 

not completed. These correspond to 2M dependability states. The following describes __ 

the representation of the 11.!tates by binary numbers. 

Consider two lines of numbers. On the fh.·st line are the numbers from 1 to M. On 

the second line is a number O or 1 corresponding to each number in the first line. The 

number appearing on the second line under 1 on the first line will be 1 if, aud only if, 

the missile with the assignment of highest priority results in a detonation. IJkewise, 

the second number on the second line under the 2 on the first line will be 1 if, and only 

if, the missile with the assignment of second highest priority results in a detonation. 

This process is continued until the second line is compleied. The 2M ways in which the 
M ' 

second line may appear when complete correspond to the 2 dependability states of the 

missile system. It is convenient to denote each of these states with a different number 

ranging from 1 to 2M. In the first such state, each digit of the second line is zero; 
• • 

in the second state, each digit is zer,.> except the last digit on the right, which is one; 

etc. Ar, ~ternate representation of these 2M states is to number the states from 
M 0to2 -1. 

The representation of stat.as may be accomplished by writing the second line as a 

binary number, and to consider each 0 or 1 on this line as a digit of this binary number. 

The value of a binary number is then the sum of all numbers 2P-1 such that a 1 ap­

pears as the pth digit from the right of the binary number. For example, 1 0 1001 

is binary for 21- 1 + 24- 1 + 26- 1 = 2 O + 23 + 26 = 1 + 8 _+ 32 = 41 • 
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The letter k corresponding to a dependablllty state ls 1 more than the binary number on 

the second line, as previously described, corresponding to that state. Hence, lf the 

maximum number of assignments M ls 6, and lf only the assignments of 1st, 3rd, and 

6th highest priorlty result ln detonaUons, the second line will be 1 O 1 O O 1, and the 

number k of the dependablihy atat.e will be 41 + 1 = 42. Thus, the kth dependablllty 
th state la the condition ln which, for any integer p, the target assignment of p priority is 

completed to detonation, lf, and only lf, the pth l>inary digit of k-1 is 1. Thus: 

bp (k-1) = 1-detonation 

b (k-1) = o-no detonation 
p 

where (bp) is the pth binary digit of k-1 expressed as an M digit binary number, 

so that 

k-1 = 'I: [bp (k-l)J 2M-p 
p=l 

from which the number of th~ kth dependability state is determined. 
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APPENDIXB 

METHODS '.FOR EVALUATING THE CAPABILITY PARAMETER 

The Monte Carlo Method 

The two common distributionB usually assumed for missile system acnountable 

factors are the normal and uniform distrfbuUons. In the Monte Carlo methotl. random 

numbers are generated fur a normal db:tributf.on or a uniform distribution as appropri­

ate for the accountable factors. By a suitable transformation, a random variable hav­

ing the same distribution as any accountable factor a 1 can be generated. ·Each random 

variable should be independent of all other random variables generated. 

In the evaluation of the conditional overall kill probabilities, Ckm or the expectant 

amount of kill Ck, and the subsequent calculation of a figure of merit E , a large 

number n of Monte Carlo simulations may be required. For each simulation, the 

value for each accountable factor ~ ls replaced by a random number generated in 

such a manner that the random numbers have the same probability frequency distribu­

tion as ai . Then a full calculation, u1:dng a flight trajectory program, followed by a 
calculation of computed amount of kill, and consequently the C. matrix, and the 

effectiveness figure of merit is accomplished. This constitutes one simulation. Often, 

updated simulations are performed, with only small changes in the a i , based upon 

the interpolation of results obtained in previous simulations. 

The method for computing the amount of kill for any one simulation ls as fr,Jl.owa. 

The amount of target killed in each target bit ls given by (for the nth simulation): 

~ n = / / V (X , Y) dXdY 

(X x_ )2 + (y y )2 L 2 
- ---i:, n - I , n :s R, n 

(1) 

where ( L R, n) ls the lethal radius for the n
th 

simulation, and ls given by the equation: 

( 
yield )l/3 

204 tons of TNT 
hardness of T;rget at (X , Y) 

( 
- -~-ah 

lb. /in. 
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(Xi, n'YI, n) is the impact point for the n
th 

simulation by either the trajectory 

program or an approximation thereof, and V(X, Y) is the concentration of target 

value. U a point target is involved, Eic, n is equal to the target value V,a or o 
according to whether or not 

where(~• Yv) is the target point. If the target is a bivariate normal distribution, 

the following substitutions are made: 

av 1 (X) = aV(X) 

aV l (Y) :c aV(Y) 

av l (XY) = aV(XY) 

Then the probability for any event occurring is approximately the number of simula­

tions for which it occurs divided by N, the number of simulations. This approximation 

tends to improve as N gets larger. For example, if a total kill of 90% or more was 

calculated in • 95 N of the N simulations, then, it can be estimated that the proba­

bility th~t the 90% level will be reached or exceeded is . 95. 

As another example, suppose an estimation of the expectant amount of total kill is of 

interest. U Ek represents amount of kill according to the nth of the N simula-, n 
tions, then the estimated value of kill is 

N 

E* = ..!.. L E 
k N n=l k,n 

The standard deviation of expected kill can be determined by: 

. B-2 
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• • The root mean square error in E k' i. e . , the estimated difference between E k and 
Ek , the expectant value of kill for an unlimited number of simulations, is: 

• Therefore, the deviation from the value Ek of the expectant value of kill E k , as 
calculated from the Monte Carlo simulations and which would be obtained if an 

unlimited number of simulations could be run, is proportional to 1/,/N . Hence 

accuracy improves slowly with the number of simulations. A rough approximation with 

about 10% <1 error can be expected from 100 simulations. It is important to note 

that Ck , E , and all other probabilities and expectant values, such as errors in ,m 
range and track, may be estimated by the above described methods. 

Direct Methods 

In a direct method, the sensitivity of capability parameters such as the accuracy 

error Xy in track and the error YI in range to small errors in the accountable 

factors ai can be determined. This is accomplished by per~orming many calcula­

tions (simulated flights) by means of a trajectory progt'am of 

and 

In the first such flight, all ai are held at their nominal value, i.e., a 1 "' µa , 

the mean expectant value for the given design and conditions. For each of thl m ac­

countable factors ai , more simulated flights may be calculated, with a simulation . 

performed with a i equal to its nominal value plus or minus one or more multiples of 

the standard aleviation O'ai (normally ± 1C7ai , ± 2C7ai , and ± 3C7ai ). In each 

such simulation all other accountable factors are held at their nominal values. If .dai' 

is designated as the deviation from the nominal value of the accountable factor ai , then 

B-3 



• • FUrther, if X I and Y I are the values of impact errors Xx and Y1 measured 

from the position of impact which results if all accountable factors have their nominal 

values, then 

x\ (~cr1 , ..... , ~am) 
Y\ (~al , ••••• ' ~am) 

- 'Xi /µer ' • • • • • ' µ ) 
\ i 0 m 

- y /µ, I\ a1 , .... , 

Normally these simulations would be sufficient to describe range and track errors for 

small deviations from the nominal values, Acri, except that the influence of perturb­

·1ng some accountable factors are not mutually additive. Thus, for 

x* 1 (0 , 0 , ..•. , 0) = 0 , it is not always true that: 

= x* 
I 

+ x*I 

(t1a1 , o, o, ..... , o) 

(0, Aa2 , o, ..... , o) 

If the above is not true for practical purposes, then the factors Aa1 and AQ 2 

are coupled, and a simulated flight is required to determine 

x*I = x*I (t1al' ~Q2' o, ..... , o) 

y* = y*I ( Aa1 , AQ2' o , ..... , o) I 

: 
l 

for the four cases: 

(1) Acr1 = 3qQ Aa2 = 3a 
1 cr2 

(2) Aal = Saa ' ~Q2 = -3(7 
1 Q2 

B-4 
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This should be performed for all pairs (Aai, Aaj) , except those known not to be 

coupled. 

After Xi and YI are calculated for all the variations in accountable factors indicated 

• • • • above, coefficients h. , b k , ck s , c k , dk , d k s , ek , and e k s -k , s , s , , s , s , , s , 

can be determined such that the following is true, at least for values of a for which 

a trajectory bas been computed: 

and 

x\ ~ i [bk, s (Aak)+ ck, s(Aak)2 + dk, s (~k)3]' 

k=l 

~I= ~ kk, 8 (Aak) + c\, 8 (Aak)2 
+ d\, 8 (Aak)3

] 

k=ll 

where for &IJ1 k and p 

1 if Aak :?: 0 and Aap :?: 0 

s = 2 if Aak < 0 and Aap :?: 0 

3 if Aak :?: 0 and Aap < 0 

4 if Aak < 0 and i\Otp < 0 

B-5 
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and for purposes of the first summation of Equations (2) and (3) where a does not 
P · 

apply, a = 1 or 2. 

Equations (2) and (3) may be utilized so that given the mean µ and the standard 
a 

deviation crai for each accountable factor perturbation ~al' the fohowing means and 

standard deviations can be determined 

* * 
µ (X I, k, p) µ (Y I, k, p)' 

* * * 
er (X I, k) (T (X ) t, k, p cr (Y I, k, p) 

• * • * 
where X I, k' X I, k, p' Y I, k• and Y I, k, P refer to the four expressions in square 
brackets in Equations (2) and (3). From these quantities, the mean values of impact 

errors x1 and YI and the standard deviations can be determined to be: 

X *I' = X [µ cx*I k) + X µ cx*I k p>] (4) 
k=l ' p=k+l ' ' 

where 

a-I(X)= (x 
k=l 

(
m [ 2 * m 2 * l ) 1/2 trl ( Y ) = " er (Y ) + " (Y ) ~ I, k ~ er I, k, p ; 
k=l p=k+l 

m 
X 

p=k+l 
µ ( (X•I,k,p 

a bar (-) denotes the mean value • 

. B-6 

x* ) (Y* -Y* >)) I, k, p I, k, p I, k, p 

(5) 

(6) 
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Equation (8) may be expressed as: 

m 

" = E I (XY) k=l 
C c,fX_ ) CT {Y )] k, p ,-i:, k, p I, k, p 

• where the e's are correlation coefficients (-1 ~ ck ~ + 1 ; - 1 ~ c~ ~ +1). 
. ,P 

Eaq.h c is generally near +1 or -1. If a~/a (~ak) always has the same sign 

... 

as aYt'a (~ ak)' then ck > 0. II the reverse is always true, then ck < o. 
If aXy/8 ( (~ ak) (~ap)) always has the same sign as aY/8 ( (L\ ak) (~ ap)), then 
ck, p > 0. If .the reverse is always true, then ck, P < O. 

The equations (4) through (8) give the mean and standard deviation of track ~ 

and range YI with respect to nominal impact, i.e., where all accountable factors 

* * have their nominal value and X I = Y I = O. To convert to coordinates in Xy and YI: 

* Xi = X +XI n 

* YI = y + y I n 

-* 
XI = X + X I n 

-* 
YI = y + y I n 

where (Xn' Yn) represents the nominal impact point. 

Thus, the means and standard deviations of track XI and range YI of the 

accuracy parameter can be determined from the means and standard deviations of 
the accountable factors . 
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Comblnatim of Monte Carlo and Direct Method 

Sometimes it is desirable to combine the usage of the direct method with the 

Monte Carlo (MC) method. The advantage of the direct method is that generally 

fewer calculations are needed, as compared with MC, to achieve an adequate pre­

cision and confidence in the results. However, in the direct method, the assump­

tion is made that the effects of the various accountable factors, or even of pairs of 

accountable factors, are additive, which is not always the case. 

For example, suppose that, for the kth state of dependability, the distribu­

tions of the impact of each of M
0 

missiles resulting in detonation are determined 

by the direct. method as described, and that each such distribution is thereby known 

to be of the form: 

P
1 

(X, Y) 

A 
with 11 

1 = _ __,;; __ 
2 ,ru I u I 

1 2 

exp 

. 

= 1/2 arctan [2u l(XY) /(u\(X) - ~
2
l(Y))I 

(9) 

(10) 

(11) 

(12) 

= 
u2l(X) + c,2 l(Y) + fi(u21(X) - o2l(Y)) 2 +u 2 (13) 

2 jl 2 I(XY) 

= 

. B-8 
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Then a number of MC simulations can be performed, as follows. First, two 

random, normally distributed variables, r
1 

and r 
2 

, with mean O and , n , n 

standard deviation 1 are generated for each impacting missile n, for 

n = 1, 2, •..• , M
O 

• Then the impact point (Xi, n, Y 1, n) of each (nth) impact-

ing can be calculated in terms of (ol(XY)}n, (ol(X)) n ,(0l(Y)) n, Xi, n' Y1, n' 

r 1, n' and r 2 , n as follows: 

Calculate: 

(a) 8
1 

using Equation (12) 
' n 

(b) o1 1 and o
1 2 using Equations (13) and (14) , ,n , ,n 

A A 
(c) I = r o · I = r o 1 , n 1, n I, 1 , n ' .w , n 2 , n I, 2 , n 

(d) [Xi, n] = [~I, n] [Cos el, n 
Y Y + Sin~ I,n I,n I,n 

- Sin e I , n l [ !I 
2
1] 

Cos e1, nj 

Sometimes, due to influences such as wind biases on two or more missiles, say 

1 and 2, the impact points may not be independent. For this •situation, the impact 

point for each can be considered to be the resultant sum of a vector common to 
* both 1 and 2, say (Xi, l, 2 , Y1, l, 2) plus a different independent vector, 

[~, 1, Y1, 1) * and [Xi, 2, Y1, 2 ]* , for each missile, i.e. 

~. 1 = x* 1, 1 + x\, 1, 2 ; ~. 2 = x\, 2 + x* 1, 1, 2 

y 1, 1 = Y\, 1 + y* I, 1, 2 ; y I, 2 = Y\, 2 + Y\, 1, 2 

(15) 

(16) 

Jnsuchacase, [~, 1, 2 , Y1, 1, 2) •, [Xi,l' Y1, 1)*,[~, 2 , Y1, 2)*are~enall 

calculated by the direct method and Equation (15) separately, and then added accord- • 

ing to Equation (16). After the impact position of each missile is simulated, the 

. B-9 



total amount of target destroyed, ( L Ek) , can be calculated by adding ~e value 

of all target locations destroyed, or by integrating or summing over the area 

destroyed. A target point (XT , YT) is interpreted as being destroyed if it is 

within the lethal radius of any impact point, namely if for any n = 1, 2, . . . . , N, 

L2 >. 
R, n;,, 

where LR, n is the lethal radius for the nth missile, depending on its payload and 

yiel<J, and is given by: 

LR,n ~· 
204 

( yield ) 1/3(hardness of target at (xT, YT))- 3/8 
feet tons of TN r lb/in2 

After Z simulations are accomplished, the probability can be estimated that the total 

amount of damage, LEk , will exceed a specified limit value. This proba-

1 ' ~-' bility is Z times the number ~f simulations in which L}k exceeds this limit value. 

This quantity is the element Ck of the capability matrix, and is the probability, ,m 

given the kth dependability state, that the m th level of destruction lim t will be 

exceede~:. When all the elements Ck are calculated as described, it is ,m 

possible to calculate the figure of merit E , and to test whether any system con­

straints are satisfied. 
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APPENDIX C 

RELATIONSHIP OF ALTERNATE FORMULAS 
FOR THE CONCENTRATION OF 

TARGET VALUE V(X, Y) 

The concentration of the target value at the point (X, Y) was designated in 

Section 2 as V(X, Y) with the following two alternate formulas shown: 

V(X, Y) = 

= 

where 

V!J = total value of target 

(1) 

(2) 

av1 = standard deviation of elliptical target distribution along the major axis 

av2 = standard deviation of target distribution along minor axis 

Lit = lethal radius of missile 

(Xy,1\) = a point of distance La from the impact point of the missiles 
a, a, 

0' 2 = -\ J f V(X,Y) (X - Xy)
2 

dX dY V (X) VD -a, -a, 

= variance of target value along major axis 
co CD 

2 -\ J f V (X, Y)(Y - Yy)2 dX dY aV(Y) = 
V..a. -co · -CD 

= variance of target value along minor axis 

CO CD 

aV(XY) = J. J Jv(X,Y)(X-Xy)(Y-Yv)dXdY 
D -CD -CD 

= covariance of target value 

2 2 2 
= '1 V (X) a V (Y) - O' V (XY) 

The followmg ts the relat1.onship between Equations (1) &nd (2): 

C-1 

LL • ..,.--------------------•---•--:---------------· • -~ 

I 

.. 

l 

' 

' 

I 

I 

I 

I 

1• 

: 

~ ' ~ 

I II 



! 

The transformation from the (X, Y) to the (~1• ~2; coordinate system i~ given by 

where 

x2 = x- ¾ 
Y = Y-Y 2 V 

and iJV is the angle of rotation for the transformation. The standard deviations of 

" " V 
1 

and V ~• each of which has zero mean, satisfies 

[Vl O 1 = mean 
[::11~1 ❖2] 

0 rrv 
2 

!( C0
•By mne~H~11~ Y2j [ Cos 9v -mne ]) = mean Cos9: - Sin (JV Cos9v Y2 Sin JV 

= l eo••v 
- Sin 'v 

ffin•v) m•anl[~1 I~ Y2] 
cos•v Y2 

[Cos 'v 
Sin 'v 

~•v]J 
CosBV 

[ eosev 1r [Co• ev -Sin 91 Sin Ov . ,, V(X) •v~> 1 Cos;V = 
- Sin IJ Cos Ov uV(XY) u V(Y) Sin OV 

V 

The angle 9v is to be chosen such that Equation (3) holds. For this to be true, it 

is neceeaary that uV 2 and uV 
2 

be eigenvalues of the second to the last matrix 
1 2 

C-2 
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in Equation (3). That is, the following detE1rminant should be zero if >. = rr; · 
1 

2 
rrvp{) - >. a-V(XY) 

2 
crV(XY) crV(Y) - >., 

From this determinant and the quadratic formula, 

, = } VI.XI + i .Yffi ~ Ip VI.XI - "
2 

V(Y) ( 2 
r. 2 ± l\ 2 1 (T V(XY) 

with rrv and cry being the positive square roots ()f the two solutions of >. • 
1 2 

From the relationship of Equation (3), then 
! 

2 2 2 2 
rrv (X) Sin ev Cos 8v + °v(XY) (S~ 9v - Cos 8v) - er V(Y) s1n9v Cos9v = o 

(TV(XY) Tan 2 8 V + (02 V(J{) - (T2 V(Y)) Tan ev - OV(XY) = 0 

·; an (28v) = 2vV(lCY)/(..2 V(X) - "2 V(Y)) 

Tht;, .efore, 

OV = 1/2 arctan [ 2 er V(JCY) /~ V(X) - cr
2 

V(Y) )] 
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APPENDIXD 

DffiECT CALCULATION OF THE EXPECTANT 
PROPORTION OF TARGET DAMAGE 

, 
',;• 

The following provides the method for the direct calculation of the expectant 

proportion of target damage, Pr (µ X , f.Ly , er y , R) 

where 

S' is the region of (X , Y) such that x2 + v2 :s R2 and er X • 1. 

Let 

Then 

where 

' 

ff exp r - -21 (x*2 + y*2)] dX* dY*, 
s' 

S ie the region such that 

Let 

* 2 * 2 (X + µX) + (Y cry+ f.Ly) 

*2 *2 l 
r = (X + Y )2, 

8 = -1 *; cos (X r) 
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Than 

p = 1 ~J \ -½ r 2
) r dr _de r 2,r exp 

s 

= 1 J 1
(1-exp \-½ \r<En]

2
l)de, 2,r 

boundary of S 

or 
11'/2 

p = 
r 2\f +1 ( 8 • d8 

_Tr/2 

where 

•
1 

( 8) is determined for any e, as follows: 

( r cos 8 + 1-Lx) 
2 + (r CT Y sfn e + I-Ly>2 = R

2 

To solve for r , 

r = [ - b ± J b2 
- 4 ac ] / 2a 

2 2 a = 1 + ( CT y - 1 ) sin 8 , 

b = 2 [ fl x cos e + CT y f.1-y sin e ] 
2 2 2 

c=..,_x+µy-R 

The solutions for r are d,-signated r 1 , r 2 with Ir 1 I ::s I r 2 I . There are three cases: 

(1) if there are no real solutions, then • 1 ( 8) = 0 ; 

(2) if r
1 

and r
2 

are of the same sign, then • 1 ( 8) = exp [ -½ r1
2

] 

- exp [- ½ r2 2 } ; 

(3) if r
1 

and r
2 

are of different sign, then +1 (8) = 2 - exp ( - ½ r1
2

} 

- exp ( - ½ r2 2 J. 
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APPENDIXE 

EXAMPLE OF FIGURE OF MERIT EVALUATION 

This ~xample illustrates the calculations for the expectant amount of damage 

rendered by a squadron of ten m1$siles on seven targets. The system figure of merit 

is that this expectant amount of damage shall be 85% or greater. 

Suppose there are seven targets within the region covered by a missile squadron, and 

that these targets are sufficiently removed so that there is no duplicq,tion of kill be­

tween targets. Assume that five targets are area targets, and the other 'two are point 

targets, with the five area targets all having bivariate normal distributions and dis­

persions O'V(X) and O'V(Y)" For the two point targets, O'V(X) = O'V(Y) =- O. When 

O'V(X} = O'V(Y) for an area target, it is circular, with approximately 95% of the target 

value within 2. 4477 O'V(X) of the target center (X, Y). If aV(X) and O'V(Y) are not 

equal, the target is elliptical in shape. The value of each target is designated VD • 
Each target is assigned one or more numbers to indicate the target priority, with 1 

indicating the highest priority. A maximum of 10 missiles is to be sent to the 7 targets. 

Also, assume the target parameters given in Table E-1 with O'V(XY) = O. 

Each missile has equipments si,j as indicated in Table E-2, together with the given 

probability a(S1,j) that the equipment is available (ready) at time of launch. Also, 

the equipments have failure rates "i,j during the operation phase, and are required 

to operate for 500 seconds. The following calculations do not assume that equipment 

si,j is necessarily identical with si,j+l' or that Ai,j = Ai,j+t· 

Calculation of Availability and Dependability 
. A 

The quantity DP (Si, j), the dependability of equipment si, j with no presu~sitlon of 

avaiiability is independent of p (namely, which missile is assigned to the p target) 

because flight times are equal. This quantity is given by the following formula and is 

tabulated in Table E-2. 

Spcsi,j) = a(Si,j)Dp, _i,j = a(Si,j)exp [-Ai,jtp] 

E-1 



TABLE E-1 ASSUMED TARGET PARAMETERS 

OV(X) OV(Y) 
Structure• 

Tupt In Target Priority 
(1) (feet) (feet) VD :p (i,j): 

1 10,000 15,000 20,00G 6' 

2 10,000 20,000 85,000 2, 10 
3 18,000 18,000 43,000 4 

• 0 0 12,000 7 

a 0 0 21,000 5 
8 10,000 15,000 666,000 1,8,9 

7 6,000 8,000 58,000 3 

TABLE E-2 CALCULATED AVAILABlllTY AND DEPENDABILITY 
VALUES FOR MISSILE EQUIPMENT 

lqutpnent .\ i,j 

81,j a(Si,j) (per 106 NO.) exp [ -~i, jtp] 

81,1 • 999 •o .980 

81,2 .998 24 .988 

81,a • 997 &2 .974 

82,1 .990 32 .984 

82,2 • 998 20 .990 

81,1 • 997 48 .976 

81,2 • 990 28 .986 

81,a • 999 24 .988 

s,,1 .996 52 .974 

81,1 • 999 28 .988 

81,2 .998 40 I ,980 

s,.a .998 32 .984 

s,., • 991 20 .990 

. E-2 

Effective 
ffardnel& 
(lb./tn2) 

3.0 , 
2. 0 

3.0 

3.0 

3.0 

1.5 

2.0 

/\ 

Dp(Si, j) 

• 979 

.988 

• 971 

• 974 

.988 

• 973 

• 976 

• 987 

.970 

.985 

• 978 

.980 

. • 982 



* Then am, the availability of each of the ten missiles, and DP , the dependability 

of each of the ten missiles given it was available, is calculated based on the following 
* formulas, resulting in am • • 9960 and DP m • 9737 

r 
= 1f 

i=l 

Since the probability that exactly n of N missiles are available is given by: 

An • a::, ( 1 - am ) N - n(~) 

then, A = [ O, 0, O, O, 0, 0, O, • 0007, .0385, • 96081 

The probability D~ that missile p will be dependable if it is available is calculated 

by use of the formula 

The eighth, ninth, and tenth elements, respectively, of the vector A represent; the 

probabilities that eight, nine, or ten missiles will be available. Since these elements 

total unity, it is practically certain th.ere will be at least eight missiles available. Hence 

the elements D k of. the dependability matrix for which n < 8 , the first seven rows n, 
of the matrix, need not be determined for this example. The remaining elements of D 

(as defined in Section 2 of this report) are those for which n = 8, 9, 1 o and k = 1, 2, •.• , 2M. 
th 

Recalling from Section 2 that Dn, k represents the probability of the k . dependability 

state given that n missiles were available, the element D k is calculated according to: n, 

if D* or, 
p 

Dn,k • Jl [ 1 - n; + (2D; - 1) vk-1)] 
* is designated D because all missiles are independent of p, 

* M M-M 
D (D ) o(l-D*) o 

k = n, 

E-3 
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where M • 10, the mmber of miaslles, and M
0 

= number of missiles dependable. 

If bp(k-1) • 1 for any p > n, then Dn. k - 0. 

For thil example, the probability that the missiles are dependable during the mission, 
• ! 

D = .9737, ii usumed, regardleBB of target. As an example, the elements D k p n, 
for which n • 8, 9, 10 and k = 1016, 1017, • ..• , 1024 are displayed in Table E-3. 

Tho elements of D k are zero to fair decimal places, when n a 8, 9, and 10, n, 
except u follows: 

D8, 1021 • • 8080 

D8,k • • 0218 for k • 1017, 1013, 1005, 989, 957, 893, 765, and 509. 

n
8
,k • .0006 fork a 1009, 1001, 985, 953, 889, 761, 505, 997, 981, 949, 885, 

757, 501, 973, 941, 877,749,493, 925, 861,733,477, 

829, 701, 445, 637, 381, and 253. 

D • .7868 
9,1023 

o
9

.k • .02125 fork= 1021, 1019, 1015, 1007, 991, 959, 895, 767, and 511. 

n
9
,k • • 0006 for k • 1017, 1013, 1005, 9_89, 957, 893, 765, 509, 1011, 1003, 

987, 955, 891, 763, 507, 999, 983, 951, 887, 759, 503, 

975, 943, 879, 751, 495, 927, 863, 735, 479, 831, 703, 

447, 639, 383, and 255. 

D10,1024 • •7661 

DlO,k • .0207 fork • 1023, 1022, 1020, 1016, 1008, 992, 960, 896, 768, and 512 • 

. E-4 
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010,k = • 0006 fork c: 1021, 1019, 1015, 1007, 991, 959, 895, 767, 511, 1018, 

1014, 1006, 990, 958, 894, 766, 510, 1012, 1004, 988, 

956, 892, 764, 508, 1000, 984, 952,888,760, 504, 

976, 944, 880, 752, 496, 928, 864, 736, 48d, 832, 

704, 448, 640, 384, and 256. 

TABLE E-3 SOME ELEMENTS OF THE DEPENDABILITY MATRIX D 

~ 1016 1017 1018 1019 1020 1021 1022 1023 1024 

8 0 .0218 0 0 0 • 8080 0 0 0 

9 0 .0006 0 .02125 0 .02125 0 • 7868 0 

10 • 0207 .0000 • 0006 .0006 • 0207 .0006 .0207 .0207 .7661 

Each value represents the probability of a dependability outcome in state k if n 

missiles are available, and is the element D k of the dependability matrix. n, 

Calculation of Capability 

To determine the capability of the squadron of 10 missiles, given that the dependability 

outcome for the missiles is in state k, assume that there are frur accountable factors, 

a
1

, a2 , a3, and a4 which determine the position of bl.rat. They may be measurements of 

guidance errors, maximum thrust, average wind velocities, and peak gusts. I.Bt 

where µ
0 

is the expectant value of the accountable factor aj, and .daj is the difference 

between tL actual value and the expectant value. Assume that the accruntable factor 

aj' and hence ~aj, have flf:andard deviations O'aj of 1,2,3, and 1 units, respectively, 

for j c: 1, 2, 3, and 4 . 

. E-5 
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Allo uaume that for the following coefftclenta (as previously defined ln Appendix B) 

lt la 1t4Julated that for each a. 

bl,s • • 100 ft., bl, s -200 ft., e1, 2, s • -10 ft.• 

• • 10 ft,, b2,s • 50 ft., b
2 • 300 ft. , e1 2 s • ,s • • 

• 5 ft., b3,s • 100 ft., b3 s • 250 ft., e2, 3, 
19 

• 
. . 

• "' -15 ft. , b-', s • -l00ft., b4 • -200 ft : 83 4 8 
• ,s • • 

• and all other values of ek,p,a and ek,p,s, are o. \ 

Gl ven tbeae conditions and the Impact errors aa defined ln Appendix B, 

for all k and p; and alao 

• b • (100) 1 • 100, O'(Xl, 1) • O' 1,s al 

• b • (50) 2 • 100, O'(X1,2> • O'a 2,s 2 

• 
b3,s • (100) 3 • 300, O'(Xl,3) • oa 

3 

• O'(X ~ • I, b4,s C7a 
~ 

• (100) 1 • 100, 

• • 
O'(Y I, 1> • bl,s C7a • (200) 1 • 200, 

1 

. E-6 



c,(Y~, 2) • b;,s ~ • (300) 2 • 600, 

• b• 
O'(Y 1, 3> • 3 , 8 ' • (250) 3 • 750, 

Since 

(X• \ [e 2 ] l/2 and 
O' I, k, P' • k, p, s O'ak O'<lp ' 

O'(Y ~. k, \ = [e• 2 (/_ a ] 1/2 
P' k,p,s ak ap 

then, 

• • 
CJ(Xl,k,J -= CJ(Y l,k,J • 0, except as above 

and, 

_. _. 
XI • y I • 0 

CJl(X) • 50 /62° • 393. 7 

E-7 



~(Y) • 100 J 109 • 1044. 0 

c,J(XY) • 345000. 

The combined effect of tmpac't uit target dispersions is Xv • Yv • o for all 

targets, with the calculated combined dispersions as shown in i\bie E4. 

The quantities cYX and fly represent the dispersions in the canonical coordinate 

1ystem, the axes of which e those of the ellipse of dispersion. 'lbese are given in 

Table E-5. 

If 1,000, 000 tons of TNT (1 megaton) ls the yield for each missile warhead, then 

the lethal radius of each missile ls as indicated in Table E-5. These data are derived 

from the knowledge of yield and hardneBB for each target, as listed in Table E-1, d 

are calmlatM according to the equation: 

1 w 204 ( Yield ) 1/3 (hardness of target at fi, Y)) -3/s 
feet ton• of TNT lb/in2 

A1mme each missile ls aimed so that expectant impact ls at center of target, such 

u w maximize expectant amount of darnage. Hence X, Y, µx, and~ in the equations 

below are zero. 

µx • center of X • !Jtj _ l'ilx 

µy • center of Y • lyl 11x 

,., I N 
Oy • Oy OX 

R • radius • La I ax 

. E-8 
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TABLE E-4 CALCULATED COMBINED IMPACT .AND TARGET DJSPERSIONS 

Target 

1 

2 

3 

4 

5 

6 

7 

Target 

1 

2 

3 

4 

5 

6 

7 

10,007.7 

10,007.7 

18,004.3 

393.7 

393.7 

10,007.7 

6,012.8 

' . 15,036 

20,027 

18,030 

1,044 

1,044 
15,036 

6,090 

..,, 

345,000 

345,000 

345,000 

345,000 

345,000 

345,000 

345,000 

TABLE E-5 COMBINED IMPACT AND TARGET DISPERSIONS 
IN A CANONICAL COORDINATE SYSTEM 

~ (ft.) . ?1y (ft.) La 
lstbal Radms 

15,036 10,494 13,512 

20,027 10,008 15,730 

18,033 18,000 13,512 

1,097 204 13,512 

1,097 204 13,512 
I 

15,036 10,494 17,523 

6,099 6,003 15,730 

(ft.) 

: -

The quantities IFy and R are calculated, and Pr determined, using appropriate 

tables. Then, the value of.Vgfrom TableE~lis used to calculate the expectant amowit 

of kill, Ek' if one missile explodes on target, according to the relation ~ • Pr VD • 

The result of this calculation is given in Table E-6. 

· E-9 
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Tbe QU&l'tity Ek gives the expectant kill on each taq t if one missile detonates on 

tbe taipt. U J equally identical and directed missiles dt,tonate on the same (1~ 

target, tbe expectant kill due to these missiles is 

' ' 

For any 1, J is also the number of values of J from 1 to J (1) for which bp (i, j) • 

(k-1) • 1. He~, the expectant kill on target 2 is 58.140 if two missiles detonate 

on the target. The kill on target 6, if two or three missiles detonate on it, is 565,221 

or 626,797, respectively. The 1th term in the summation of the equation below repre­

sents the kill on the 1th 
target, where, for this example, U = 7: 

./' . . , . 

. According to this equation, the kth element of the capability matrix C can be 
· th determined as follows. The expression bp.(k-1) represents the p digit of the binary 

representation of k-1. · Then ck = 8,720 b6(k-l) + f o, 37,230, or 58,140, corres­

ponding to b2(k-1) + b10(k-1) • 0, .1, or 2 f + 10,535 b4(k-:1) + 12,000 b7 · . 

(k-1) + 21,000 b5(k-1) + I 0, 406,926, 565,221, or 626,797, corresponding to b1 • 

(k-1) + b8(k-1) + b9(k-1) = o, 1, 2, or a I + 55,970 b3(k~l). 

According to the equation 

or by compatation of the destruction for each target individually, E = 812,550. This 

means that tbe expectant amwnt of total destruction on all targets under the· given 

conditions ill the ecpivalent of abalt 812,550 structures destroyed. There are the 

ecpivalent of 905,000 structures in the comblnocl target areas. Hence the expe.ctant 

destruction is about 89. 8% of total destruction under the assumed conditions. This 

value exceeds the figure of merit requirement. 

· E-10 



In this example, the calculation of effectiveness E could be simplified by computing 

dependability and capability of each target separately and comblnlDg the re'11ts. 

TABLE E-6 EXPECTED AMOUNT OF KILL, Ek 

Target Oy R p VD _ Ek r 

1 0.6979 o. 8986 0.436 20,000 8,720 

2 0.4997 o. 7854 0.438 85,000 37,230 

3 0.9982 0.7493 0.245 43,000 10,535 

4 0.1856 12.317 1.000 12,000 12,000 

5 0.1856 12.317 1.000 21,000 21,000 

6 o. 6979 1.1654 0.611 666,000 406,926 

7 0.9843 2.5789 0.965 58,000 55,970 

. E-ufe-12 
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APPENDIX F 

AN ILLUSTRATIVE EXAMPLE OF THE GENERAL 
METHODOLOGIES FOR SYSTEM EFFECTIVENESS EVALUATION 

PURPOSE 

The purpos~ of thls example is to illustrate how the general methodologies for 

system effectivenes~ evaluation may have been applied to the Gemini Agena Target 

Vehicle (GATV) system. The eT.ample also shows some of the special problems as­

sociated with model construction, as well as their solution. 

MISSION DESCRIPTION 

The Gemini program consisted of a series of flights, each one accomplishing in­

creasingly d:iff icult tasks . Each flight in the series had a specific set of objectives. Of 

the five Gemini flights which had a rendezvous mission, Gemini XI was considered to be 

the most difficult. Gemini XI was the ninth manned mission and the fifth rendezvous 

mission of the Gemini Program. 

The GATV was the in-orbit Agena less all droppable equipment. It was the 

rendezvous and docking target for the GeJLini Spacecraft. Figure F-1 is a pictorial 

explanation of the terminology and relationship of the separate and combined Gemini 

Vehicle hardware. 

Gemini XI Mission 

The primary objective of the Gemini XI mission was: 

(1) Rendezvous and dock during the first orbit. 

F-1 
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The secondary objectives were as follows: 

(2) Conduct docking practice 

(3) Conduct extravehicular operations 

( 4) Conduct experiments 

(5) Conduct high apogee maneuvers 

(6) Conduct tethered vehicle experiments 

(7) Park Gemini Agena Target Vehicle 

The mission is outlined in Figure F-2 which shows both the planned and the actual 

mission activities . . 

Gemini Agena Target Vehicle (GATV) Mission 

The flight objectives of the Gemini XI GATV were as follows: 

a. Primary objectives: 

(1) Ascent phase 

• Boost itself, after separation from the Atlas, into a 161-nm orbit 

with an inclination angle of 28.87 deg., with one primary propulsion 

subsystem firing and with a significant velocity increment capability 

remaining after injection. 

(2) On-orbit phase 

• Maintain a stable attitude for a nominal 5-day active orbital life. 

o Provide a safe environment during the rendezvous, and participate 

in docking and undocking operations with the Gemini spacecraft • 

• Provide a safe environment in the docked configuration while 

operating the primary and secondary propulsion systems. 

• In response to commands from ground stations or Gemini spacecraft, 

change orbital elements in the undocked or docked configuration • 

. F-3 



b. Secondary Objective: 
I 

• Determine GA TV performance with the use of telemetry data. 

The example illustration herein is addressed solely t.o the GATV performance 

with respect to the set of Gemini XI mission objectives listed 11mder Mission Definition. 

The GATV performed its missions by the following S8(/1uential phases: 

• Pre-launch phase 

• Boost phase - where the Atlas booster mot.or performs 

• Orbit-injection phase - where the GATV 18 separated from the booster and 

injected int.o orbit 

• Orbit phase - one phase for each of the seven mission objectives 

SYSTEM DESCRIPTION 

The syatema or group of equipment that comprise the GATV are airframe, primary 

propulsion, secondary propulsion, electrical power, guidance and flight control, track­

ing, command, telem~try, and a target docking adapter wh~ch includes a status display 

panel. · A block diagram of the vehicle is presented in Figure F-3. Equipments or 

1ubayetem1 aaaociated only with the ascent phase are not shown. 

SPECIFICATION OF FIGURES OF MERIT 

Seven figures of merit can be defined corresponding to the extent that the GATV 

can be expected t.o achieve each of the seven mission objectives. The seven figures 

of merit are: 

E
1 

= probability of successful rendezvous and dock during the first orbit 

E2 = probability of successfully conducting docking practice 

E
3 

= probability of successfully conducting extra-vehicular operations 

E
4 

= probability of successfully conducting experiments 

E
5 

= probability of successfully conductin~ high apogee maneuvers 

Ea = probability of uccesafully conducting t.ether vehicle experiments 

E
7 

a: probability of successfully GATV parking 
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Mode I 
abort ( E. t· t ) 
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SYSTEM ST ATl: I 

Four criUcal failure conditions influencing the performance of the missions were 
' 

defined, including: 

(1) cataatrophic failure which complE1tely aborts the mission and all subsequent 

ml11lona 

(2) . Primary propulsion failure which partially affectf-missions 2, 5, and 7. 

This failure ls defined as late shut-down resulting in consumption of extra 

llel and orbit location error. 

(3) Docking mechanism failure which affects missions 1, 2, and 5 

(4) "Long burn" failure which affects missions 5, 6, and 7. This may occur 

duriDg the orbit injection phase only and result in extra consumption of fuel 

reserves due to additional correction maneuvers. 

States (2), (3), and (4) all cause partial degradation in performance. 

MODEL CONSTRUCTION 

A welptlng factor, w i' proportional to the relative importance of each mission 

wu ualgned, and the figures of merit for each mission combined into a single ef­

fectlvene•• meuure 
'i 

where ~ w = 1 
i"l i 

A convenient method for evaluating effectiveness is to compite each of the seven 

flcure• of merlt with a different set of A, D, C matrices, tfeflned differently for 

ew figure of merit. The 8yBtem will be c01l8idered available for each mission 

(tlpre of merit) if it 18 operable through the boost phase. Dependability will be 

enluated difrerently. Tbe system will be considered dependable for the l th 

mlaaiOD if it perform• dependably in the 1th mission and was dependable through­

oat the (1 - l)th miasion. The capability matrix for each figure of merit will be 
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a one column vector. By evaluating each figure of merit using a separate set of 

availability, dependability, and capability matrices, the number of states required 

to be denned was reduced. An alternate approach would have been to e~uate the 

GATV in terms of an overall mission. However, many states would be required 

to refiect every possible combination of the four failure conditions. This is to 

account properly for the varying infiuences on overall mission performance due to 

failures occurring at different limes in the mission. In any event, both methods 

will yield the same results. 

The following is the formulation of the model for each figure of merit. Repre­

sentative capability accountable factors for each figure of merit ara developed at the 

GATV system level and are related to the listed subsystem accountable factor:, which 

may be evaluated by simulation routines. 

FIGURE OF MERIT (1) 

This is the probability that the GATV can successfully rendezvous and participate in 

docking and undocking operations with the Gemini manned spacecraft under a safe 

environment. 

System States 

1. No failure 

2. Docking mechanism failure 

3. Catastrophic failure before the first mission is complete 

Availability 

Availability Vector 

A' 1 = [A1 ' A2 ' Aa} 

Availability Elements 

Ai = pr~bability of no failures in boost phase 

A2 = probability of docking meci.~uism failure during boost phase 

A3 = probability of catastrophic failure before or during boost pbalJe 

F-9 
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Probability Terms 

PD = probability of a docking mechanlam failure. P0 = 1 - P0 

p C = probability of a catastrophic failure. PC = 1 - PC 

Accountable Factors 

P
0

: Ejection of L band transponder fairings 

Pd (1) Atlas-Agena separation 
(2) Sequence timer performs within specifications 

(3) Ejection of horizon sensor fairings 

Element Evaluation 

Ai = Po· Pc 

A2 = Pc. Po 

¾=PC 

DependabUity 

-~:ulnbility Matrix 

u = 
1 

0 11 °12 °1a 

0 21 °22 °2a 

D31°a203~ . 

Dependability Elements 

O := probability the syotem will be in the jth state when it must perform 
ij 

the mission, given it was in the i th state after the boost phase. 

f-Tobability Terms 

Rn = probability of a docking mechanism failure during orbit injection phase 

or the first mission. Ro = 1 - Ro 

Rel = probability of a catastrophic failure during orbit injection phase or the 

first mission. Rel = 1 - Rel 

F-10 
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Accountable Factor• 
R0 = L band trauponder and docking 1y1tem performanoe within 1pe0Uloat1ou. 

Rel= Propulaton, pitch program, horizon 1on•or and gyro perfor~ce within 

1pecUlcaUona. 

Element Evaluation 

0 11 =Ro· Rei 
0 12 =Ro· Rei 
D13 =Rel 

Capability 

Capability Vector 

C = 1 

Capability Elements 

D
21 

•0 

D22 =Rel 

D23 = Rel 

D31 •O 

D32 ~0 

D33 al! 1 

c
11 

= probability the Agena capsule will rendezvous and dock during first 

:revolution, given no failures 

c
12 

= same probability, given a docking mecbaniam failure 

C 
13 

= same probability, given a cataatropic failure = 0 

Accountable Factors 

Contributing 
System Accountable Factors Subsystem 

(a) Control gas pressure 
?:97 pounds 

(b) Electric power z: 1800 
ampere hours 

Attitude 
Control 

Electrical 

(c) Radial distances between Guidance and 
vehicles s 50 nautical miles Control 

F-11 

F.quipment Accountable Factor• 

Pneumatic system pressure 
~97 PSIG. 
No leakage in pressure ay•tem 
or control valvea. 

Agena batterie1 = 28 volte :i:10% 
Electric Bua Voltqe • 
25 volts ='= O. 5 volta. 

Velocity meter bi8a < • 0004 feet/ 
second 
Programmer uncertainty 
< • 05 decrees 
Gyro drift rate < • 002 desree1/ 
second 



Contributinl 
S,ltem Accountable Facton Subayltem 

(d) SpeoUled orbit achieved Airframe 

Element Evaluation 

Guidance and 
Control 

Propilaion 
(Primary and 
Secondary) 

Equipment Accountable Factors 

Actuator miaallgnment 
< .15 degrees 
Actuator null uncertainty 
< • 05 degrees 
Center of gravity offset 
< • 16 degrees 
Center of thrust offset 
< • 04 degrees . 
Initial vehicle .weight nominal 
:30 pounds .. ,. 
Hydraulic actuator gain 
• 1. 0 degrees/degree 
Vehicle response to torque 
•. 02 degree~/foot pound. 

Horizon sensor{gyro gain 
•. 02 seconds-
Horizon sensor uncertainty 
< .4 degrees 
Velocity meter resolution 
~ • 20 feet/ second 

Boost velocity error~ 3 feet/ 
second 
Engine burn time = 30 seconds 
:i:O. 5 seconds 
Propellant specific impulse 
• 300 seconds 
Propellam weight now 
•60 pounds/seconds 
Impulse tailoff uncertainty 
± 400 pound seconds 

Capability element probabilities are determined by evaluating the effect of each 

failure state on the accountable factors. 

Effectivene••• FOM (1) 

E1 = A~ [o1] c1 

FIGURE OF MERIT (2) 

The second milaion figure of merit is the probability of succe88ful completion of 

the GA TV docking practice maneuvers. 
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System States 

1. No failures 

2. Docking mechanism failure only 

3. Primary propilsion system failure only 

4. Both docking mechanism and primary propilsion failures 

5. . Catastropic failure before second mi88ion is complete 

Availability 

Availability Vector 

A~ = (A1, A2, A3) 

Availability Elements 

A
1

, A2, and A3 are the same as those elements used to evaluate the first figure 

of merit. These elements correspond to system states 1, 2 and 5 above which are the 

only possible system states at the end of the boost piase. 

Dependt.bility 

Dependability Matrix 

D11 D12 D13 D14 D15 

D2 = D21 D22 D23 D24 D25 

D31 D32 L33 D34 D35 

Dependability Elements 
:· th .. . 

Dij = proba~ility the system will be in the j state when it must perfor~ mission (2), 

given it was in 1th state after mission (1), 

F-13 



~cabillty Terma 

RD • probability of docking mechanism failure during orbit injecUod pia1e or 

the flrlt mi11ion. fto a 1 - Rn. 

Rel• probability_of a catutropic failure during orbit injection piaae or the first 

m111ion. Re • 1 - Re1 • . 

RPl • probability of primary propilsion system failur~ before second miaaion ia 

complete. Rp1 = 1 - .RPl • 

Re2 == probability of cataatropic failure during second mission. Re2 = 1 - Re2• 

Accountable Factors 

RPl: Primary propulsion shutdown wit time specifications. Tolerance tighter 

than required for Rei. 

Rc2: Primary propulsion specific impulse within specifications 

Element Evaluation 

D11 • in • i ,p1 • ie1 • ie2 

Dia • Rn • i Pl • Rei • ie2 

Dis == in • RPl • Rei · ic2 
- -

D14 == Rn • Rp1 • Rel • Re2 

D15 a 1 - (Rc1 • Rc2) 
D21 = 0 

D22 == Rp1 . Rc1 . Rc2 
D23 == 0 

D24 == RP1 • Rei . ic2 

D25 == 1 -(ie1 • Rc2) 

Ds& • 1 

F-14 
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___ ,_,,_ ___________________________ ~ 

Capability 

Capability Vector 

c21 

c22 

c2 = c2a 

c24 

c2s 

Capability Elements 

c21 = probability of successful completion of docking practice maneuvers, given 

system is in 1th state when it must perform mission, where i • 1, •••• , 5 

Accountable F~tors 

Contributing 
System Accountable Factors SUbaystem 

(a) Control gas pressure Attitude Control 
~75 pounds 

(b) Electrical power Electrical 
~ 1200 ampere hours 

Effectiveness, FOM (2) 

E2 = x; [n2] c2 

FIGURE OF MERIT (3) 

Equipment Accountable Factor• 

Pneumatic syatem ~75 PSIG 
No leakage in pre•aure ayatem 
or control valves 

Agena batteriea = 28 volta =10% 
Electric bus voltage = 25 volta 
:1:. 5 volts 

The third mission figure of merit is the probability of successful completion of 

extra-vehicular activities. 

F-15 

,• 



lyatem state• 

1. No failurea 

2. Catutrophic failure before third mi11ion can be performed. 

Availability 

Availability Vector 

A~ • [Al' A2 ] 

Availability Elements 

A1 • Pc. = 1 - Pc 
A

2 
a: Pc (probability of catastroplic failure) 

Accountable Factors 

Pc: Sequence timer function within specifications 

Depudability 

DepeDdability Matrix 

Dependability Elements 

Dij = probability the system will be in the Jth state when it must perform mission 

(3), given it was in the 1th state after mission (2). 

Probability Terms 

Rei= probability of cataatropric failure during orbit injection piase or the 

first mission. ic1 = 1 - Rc1. 

Rca a: probability of cataatroJiuo failure between first and second mission. 

ic2 = 1- Rc2 
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• 

Rea= probability of cataatroplic failure between second and third miuiona. 

Rea= 1 - Rea 

Accountable Factors 

Rea: Roll, pitch and yaw stability within spec. 

Element Evaluation 

D12= 1-D11 

D21 = 0 

D22 = 1 

Capability 

Capability Vector 

ca = [Cal] 
Ca2 

Capability E~ements 

Cai = probability of successful completion of extra-vehicular activities, 

Ca2 = 0 

Accountable Factors 

Contributing 
System Accountab ~ Factors &lbsystem 

Maintain stabilized vehicle 
attitude while docked. 

Guidance and 
Control 

F-17 

Equipment Accountable Factors 

Horizon ctenaor resolution 
s .4 degrees 
Velocity meter resolution 
s. • 2 feet/ second 
Gyro programmer uncertainty = 
• 05 degrees . 
Cyro drift rate = • 0002 degrees/ 
second 



•. 

EU ~uvene••• FOM (3) -----------
E3 • A; · [ D3] • c3 

FIGURE OF MERIT (4) 

Tile fourth mission figure of merit is the probability of succesafully conducting 

experiments. 

Sy•tem States 

1. No failures 

2. Catastropiic failure before fourth mission can be performed. 

A vallability 

Availability Vector 

A~ = (Ar A2] 

Availability Elements 

A1 = Pc 

A2 = Pc (probability of catastropiic failure) 

Accountable Factors 

Pc: Sequence timer function within specifications 

Dependability 

Dependability Matrix 

D4 • [D11 D12] 
D21 D22 

Depende.blllty Elements 
th n

1
J • probability the system will be in the J state when it must perform mis-

aion (4), given it was in the 1th state after miBSion (3). 
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Probability Terms 

Rel = probability of catastrophic failure during orbit injection ~e or the f1rlt 

mission. Rel = 1 - Rel 

Rc2 = probability of catastrophic failure between first and second missions. 

Rc2 = 1 - Rc2 

Rea= probability of catastrophic failure between second and third missions. 

Rea= 1 - Rea 

RC4 = probability of cataat:rophic failure between third and fourth missions. 

RC4 = l - RC4 

Accountable Factors 

Rc4: Roll, pitch and yaw stability within spec. for mission (4). 

Element Evaluation 

D11 = Rei • Rc2 • Bea • Rc4 

D12 = 1-D11 

D21 = 0 

D22 = 1 

Capability 

Capability Vector 

[ C41] 
c4 = c42 

Ctpability Elements 

C 
41 

= probability of su~cesaful completion of fourth mission experiments 

C42 = 0 
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Contributinl 
IJl&em Aoooum1h1,, Factor• Subayatem 

Ma1nta1D atablll•ed vehicle Guidance and 
att1tDde .tille clocked Control 

Effectivene,,a. FOM (4) 

E4 • A~. (n4] • c4 

nGURE OF MERIT (5) 

&lulpment Accountable Factors 

Horizon senaor resolution 
s .4 dep'ees 
Velocity meter resolution 
s • 2 feet/ second 
Gyro programmer uncertainty 
= 0. 5 degrees 
Gyro drift rate = • 0002 degrees/ 
second 

The fifth mission figure of merit is the probability of successful completion of the 

lulb apogee maneuvers. 

1. No failures 
2. Dookilll mechanism failure only 

3. Primary propulsion failure onty 

4. Long hum failure only 
5. Dooldllg mechanism and primary propulsion failures 

6. ~king mechanism and long burn failures 

7. Primary propulsion and long burn failures 
e. Primary propulsion, long burn and docking mechanism failures 

9. C&tutropbio failure before fifth mission can be performed. 

Availability 

AvailahWty Vector 

A~ - [ Ar Aa• A3] 

F-20 
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Availability Elemeats 

A1 = probability of no ff ilures through boost phase 

A2 = probability of docking mechanism failure during boost pbue 

A3 = probability of catastrophic failure t. efore or during boost pbue 

Probability Terms 

Po = probability of docking mechanism failure. Po = 1 - PD 

PC = probability of cata21trophic failure. Pc = 1 - PC 

Accountable Factors 

PD: Ejection of L band transponder fairings 

Pc: (1) Atlas-Agena separation 

(2) Sequence timer performs within specifications 

(3) Ejection of hol"izon sensor fairings 

Dependability 

Dependability Matr~ 

D 11 °12 D13 D14 D15 D16 D17 D18 D19 

D5 = D21 D22 D23 D24 D25 D26 D27 D28 D29 

~1~2~3~4~5~6~7~8~9 

!)ependability Eleme~ 

Dij = probabWty t1.te system wt~ be in the jth state when it muat perform mis­

sion (5), gf ven it was in i it.ate after miHion (4) • 

Dependability Terms 

RD = probability of docking mechanism failure during orbit injection pbue or 

the first mission. Ro = 1 - Ro 

F-21 
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RPl = probability of primary propulsion system failure before sec<?nd mission is 

completed. RPl = 1 - RPl 

Rel = probability of catastrophic failure during orbit injection phase or the first 

mission. Rel = 1 - Rel 

R .~
2 

= probability of catastrophic failure between first and second missions. 

Re2 = l - Re2 

Rea = probability of catastrophic failure between second and thi:rd missions . 

Re3 = l - Re3 

Re4 = probability of catastrophic failure between third and fourth missions . 

Re4 = l - Re4 

Re~ = probability of catastrophic failure between performance of fourth and fifth 

missions. Re5 = 1-Re5 

RLJ. = probability of long burn failure before mission (5). RLl = 1 - RLl 

-* - - - - * -* 
Rr., = Rel • Re2 . Re4 . Res= R5 = l - R5 

Accountable Factors 

Res: Primary propulsion ignition, specific impulse and shutdown within 

specifications. 

RLl: (1) Adequate fuel supply available 

(2) Adequate electric power available 

(3) Thrust time within specifications 

(4) Vehicle center of gravity and engine center of thrust alignment 

within specifications. 

Element Evaluation 

Dll = Ro RPl RLl 
. R* D15 = RD . 

RPl 
. 

5 

D12 = Ro RPl RLl 
. R* Dl6 = RD . RPl 

. 
5 

Dl3 = RD 
. 

RPl 
. 

RLl 
. R* D17 = Ro . RPI 

. 
5 

D14 = RD 
. 

RPl 
. 

RLl R*5 Dl8 = R . RPl 
. 

D 

F-~!2 

RLl 
. 

RLl 
. 

RLl 
. 

RLl 
. 

R* 5 

R* 5 

R* 5 

R* 
5 .. 



0 19 = 

0 21 = 

0 22 = 

0 2_3 = 

0 24 = 

I 

R*5 

0 

/ 
I 

RPl 
. 

0 

0 

RLl 
. R* 5 

0 31 = 0 32 = ' = 03 8 = 0, 039 = 1 

Capability 

Capability Vector 

Capability Elements 

0
25 

= RPl 
. 

~Ll 
. R* 

5 

0
26 

= RPl 
. 

RLl R* 5 

0
21 

= 0 

D2 8 = RPl . RLl . R* 5 

0
29 

= R* 5 

Ci = probability of successful completion of high apogee maneuvers, given the 

system is in the tth state for i = 1, ... , 9 

Accountable Factors 

ystem Accountable Factors 

(a) Increase vehicle velocity 
by 920 feet/second for 
25 seconds 

Contributing 
Subsystem 

Primary 
I'ropulsion 
System 

F-23 

Equipment Accountable Factors 

Boost velocity error ~ 3 feet/ 
second 

Engine burn time = 25 seconds 
Propellant specific impulse 
= 300 seconds 

Propellant weight flow = 60 pounds/ 
second 
Impulse tailoff uncertainty 
:400 pound seconds 



System Accountable Factors 

(b) Decrease vehicle velo·· 
city by 920 feet/second 
for 25 seconds . 

Effectiveness, FOM (5) 

E = A' · [o ]· c 5 5 5 5 

FIGURE OF MERIT (6) 

Contributing 
Subsystem 

Guidance and 
Flight 
Control 

Primary 
Propulsion 
System 
Guidance and 
Flight 
Control 

Equipment Accountable Factors 

Velocity meter resolution :s • 20 
foet/second. Horizon sensor 
r 1esoluti1Jn <. 4 degrees. 
Hori zon sensor /gyro gain 
::: . 02 se ~onds-1. 

Accountable factors same as 
in (a) above. 

The sixth mission figure of merit is the probability of successfylly conducting the 

tethered vehicle experiments. 

System States 

1. No failures 

2. Long burn failure 

3. Catastrophic failure before 6th mission can be performed 

Availability 

Availability Vector 

A' = (A1, A2] 
6 

Availability Elements 

A1 = Pc= 1 - Pc 

A
2 

= PC (probability of catast ---ophic failure) 
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Accountable Factors 

PC: Seq11ence timer function within specifications 

Dependability 

Dependability Elements 

D .. 
1) 

= probability the system will be in the Jth state when it must. perfoT.'m 

mission (6), given. it was ln the i th state after mission (5). 

P :..·obability Terms 

RCl = probability of catastrophic failure during orbit injection phase or the first 

mission. RC 1 = 1 - RC 1 

RC2 = probability of catastrophic failure between performance of the first and 

second missions. Rc2 = 1 - Rc2 

RC3 = probability of catastrophic failure between performance of the second and 

third mis sions. RC3 = 1 - RC3 

RC4 = probability of catastrophic failure between performance of the third and 

fourth missions. RC4 = 1 - RC4 

RCS = probability of catastrophic failure between performance of the fourth and 

fifth missions. Res = 1 - Res 

RCS = probability of catastrophic failure between performance of the fifth and 

sixth missions. RC7 = 1 - Rc7 

RLl = probability of long burn failure before mission five 

RL
2 

= probability of long bu.m failure d'lring performance of the fifth mission 
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I• • I · I • I · I . I · I · a• • 1 - ll* 8 Cl C2 ca C4 ca Cl . 6 8 

Acoouptabw Paotor1 

Ree : Roll, pttoh and yaw •~ty wlthlD •peclftoatlou for mt11ton (6). 

ftu : (1) Thrust ttme within •peclflcattou 

(2) Vehicle center of sravtty and eqme center of thr111t •Uprnent 

9.•ithtn 1peolflcatlom. 

(3) Prlma.ry propul• ton 1peolflo tmpul•e wlthln •peclflcatlon• 

Element Evaluation 

D11 • ~1 • iL2° ll; 
D12 • (1 - ~ 1 • ~) 18 
Dl3 • RS 
D21 • 0 

D22 • 0 

D2a • 1 

Capability 

Capa.btllty Vector 

C • 
6 

Capability Elements 

f • 

C 
61 

= probability of 111cce11fully oonducttns tethered vehicle experlmenta, pven 

1y1tem ls ln the 1th state when it mu• t perform mt11lon, where l • 1, 2, 3 
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Accountable Factor• 

Syltflm Aooowltable Factor• 

Vehicle muat 1Dduce two 
1peclfled rotatioaal rates 
to the tet.bered vehicle• 

Effectiveness, F.O:M (6) 

Ee= AG. [ »6 J . c6 

FIGURE OF MERIT (7) 

.. 
Equipment Moowdlble 

Contrlblltllll &ubayatem rut.ors 

Attitude Control Pne11m•tlc 171tem 
pre•aar• tll PIJO. 
No leaap 111 preuare 
ayatem or ooatrol 
va1Ye8. 

Eleotrlc Power Pow<ir to electrlo bu 
! 1400 ampere boar• 

'lbe seventh mission figure of merit 11 the probabllity of aucoe11fully parldnl the 

GATV. 

System States 

1. No failures 

2. Primary propulsion system failure only 

3. Loac burn failure only 

4. Both primary propul1ion and loa(. barn failure• 

5. Cata•tropblc failure before aeventh mission cu be performed. 

Availability 

AvailabWty Vect.or 

17 • [A1, A2j 

AvailabWtY Elementa 

Al• Pc• 1 - Pc 

A
2 

• PC (proba.bWty of catastrophlc failure) 
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Aooo•atfble F,actor1 

c., 9ecl,lence timer function within IJ)eCiflcatiou 

~MUty Elementa 

D1J • probability t.he 1y1tem will be in the Jth 1tate when it must perform mi1-

1ion (7), pven it ,va1 :int.he 1th state after mission (6), 

Probability Terma 

Rel-= probability of cat111trophjc failure during orbit injection piue or the fir1t 

million. ict • 1 - Rel 

Rea• probabllity of catutrophjc failure between performance of the fir1t and 

1econd m1a11ou. ic2 • 1 - Rea 
I 

•ca • probability of catutrophjc failure between performance of the second 

and third mtuiou. ic3 • 1 - Rea 

Re,• probability of cat111trophic failure between performance of the third and 

fourth mtaaiou. ic, • t - Re• 

Rel • probability of catutropuc failure between performance of the fourth and 

fifth miaaiou. llc5 • 1 - Re& 

Ree• probability of catutrophic failu1.1e between performauce of fifth and 11xth 

mtuiou. ice • 1 - Rea 

Rc
7 

• probability of catutrophic failure between performance of the sixth and 

NVenth mia1iou. iC? • 1 - RC? 

RPI• probability of primary propulsion ayatem failure before second mi11ion 

la completed, iPl • 1 - RPl 
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( , . 

RP2 • probabtlity of primary propullion 1yatem failure cluriml pedormuce oi 

the fifth mission. iP2 = 1 - RP2 

RLl • probability of long burn failure before t.be fifth miuloa. iLl • 1 - RLl 

RL2 = probability of long burn failure during performance of the fifth mlaalon. 

iL2 = 1 - RL2 

_. - - - - - - - . -• 
R7 = Rel. RC2 . Rea' RC4' Res. RC6. Rc7i R7 • l - R., 

Accountable Factors 

RC7 : (1) Primary power supply shutdown within 1pecificatiou. 

(2) Primary power supply specific impul•e within apecificat.iou. 

(3) Primary power supply ipition time wii.ihln specWcation• . 
RP2: Primary power supply shutdown within ap,jCiflcatioaa. 

Element Evaluation 

- - - -· 0 12 = (RPl + RPl • RP2). RLl. RL2 . R7 

- - - -• 
D13 = (RLl + RLl • RL2) • RPl • RP2. ~ 

0 21 • .. • • D24 = O 

D25 = 1 

Capability 

Capability Vector 

Cl 

c2 
c1 = C3 

c, 

~5 
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Capb4Ut)' Elemelb 

c.,1 • probablllW of aucce11fully parkinc the GATV, given the ayatem 11 in the 1th 

atate where i • 1, •.• , 5. 

CoatributlDg 
Syatem Accountable Factor• Subayatem 

Perform orbit correction Secondary 
Propll• ion 

&iuipment Accountable Factor• 

Boost velocity error s 3 feet/ 
aecoad 
Propellant specific impulse 
•3 '8CODda 
Pro .ellant weight flow • 60 pounds/ 
second 

Guidance and Hor.izon aenaor resolution 
Control ~ . 4 degrees 

Ccarol pa pre•• ur-e Attitude 
Control 

Electric pow,,r ~ 600 .-per, Electrical 
boun 

EffecU---•, FOM(7) 

E., - ~ • ( o., l . c., 

F-30 

Velocity meter l'e•olution 
s. 20 feet/ second 

Pneumatic system pressure 
s60 PSIG 
No lM'bge in preallll'e system or 
coltrol valve•. 
Power to electrical bus 
z: 600 ampere hc ·ll'• 



APPENDIXG 

LAGRANGE :MULTIPLIER METHOD FOR 

OPT:MIZING DEPENDABILITY OBSERVING MULTICONSTRAINT8 

INTRODUCTION 

System availability , rellabllity, and capabillty performance may be mcrealed by 

adding welgbt, vo~ume, and dollars for which oonatra.lnt• may exi•t. For enmple, 

the payload capability of the Atlas launch vehicle llmita the weipt of the Apa •ylltem. 

In thll example, optimizing the reliability parameter under oon•traint• wW be mu•-
trated. By llmJtln& the dlacu• a.ion to tbe rellabillty parameter of tbe •ylltem effectlve­

ne•a parameters, a almple demon•tratkm of the ltep• of the Lqranae multlpUer 

method for apportionment can be acoompllahed witbout the complexJty of tbe .Inter­

act.Iona of other aylltem effectlvene•• parameten. 

The method may be ea• lly adapted to .Include tbe avallabWty and tbe caplbWty 

parameter• into the lnve1tigation all demoutrat.ed by the example• 1n Appendioe1 B 

and I. 

PROCEDURE 

The prooedllre• followed ill th1• example dJffer cmly In their ad&Wkm of detail from 

thoae specified 1n Section 3, and .Include tbe followinl atep•: 

e Step one WU to define the ml• llon for which the effeativene•• of tbe remltms 
de1Jp 18 to be a111e•aed. 

• 8tep two wu to e•tabliah tbe meuure of effectlveneu (fjpre of merJt) o'i the 

re•altms •yatem de11p. Thi• meuare •• flwctJonaliJ rel•ted to the IOODallt­

able fade,~·•• with relatkmllhlpl di!itermJaed •o tbat the meaaai'e may be readdJ 
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computed for all values of these accountable factors. The FOM chosen here 

was the reliability of the system. The example was designed to be only illus­

trative of the apportionment technique, which can be applied to most missions 

where maximum reliability is the principal figure of merit. In the example, 

the reliability is a figure of merit used to evaluate the dependability param­

eter of a larger system. 

• Step three was to identify the constraints placed upon the system, in the absence 

of which effectiveness could be made arbitrarily high. The constraints chosen 

for the example were mass, volume, and cost. 

• Step four was to select an optimizatkm technique which would maximize the 

figure of merit selected. The technique used to apportion reliability among N 

different subsystems was the Lagrange multiplier technique with a priority 

list. This technique was developed to obviate the need for solution of the N + 

K simultaneous equations which arise from the classical Lagrange multiplier 

technique applied to N subsystems, with K constraints. The classical theory, 

however, yields a direct optimum apportionment whenever these equations can 

be solved without difficulty. 

• Step five was to differentiate the effectiveness and constraining functions, to 

obtain expressions for the computation of the Lagrange multipliers and priority 

list values. The computation of these values was continued until the value of 

the multiplier exceeded that of the priority number, or until one of the con­

ltraints was violated. 
I 

• Step six was to establish a decision rule to exclude those critical points which 

would result in only local optimum, ~r minimum values of the effectiveness 

measure. A direct means ;..., accomplish this is to evaluate the effectiveness 

measure at each of the resulting one or more critical points (solutions) ob­

tained, and merely select the maximum such value. A sJmple decision func­

tion, less cumbersome than the effectiveness function, was so developed in 

in this example to take advantage of the discrete nature of the main accountable 

factor. 

Regardless of which deci,;ion rule is used, however, the effectiveness function of one 

of the computed critical points will indicate the optimum system design. 
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GENERAL FORMULAS FOR THE LAGRANGE MULTIPLIER METHOD 

Assume there are N subsystems in a system, all of them subject to reliability improvement. 

The rel~bility improvement will usually be accomplished by the application of redun­

dancy. Alternatively, this improvement may be achieved by using highly reliable sub­

systems, which are normally more costly than conventional ones. 

Assume that n1 is the number of redundancies of the 1th subsystem and its relia­

bility Ri is a function of n1. If failures of the N subsystems occur independently, the 

system reliability R
8 

is: 

N 

RB (t) = l 
i=l 

(1) 

Since tis a constant value and depends only on the specific subsystem or mission 

under consideration, this variable can be deleted from Equation (1) for this general 

explanation. Taking the natural logarithm which converts the product into a sum, 

N 

lnRB = E 
i=l 

If the ith subsystem has a mass m1, a volume v1, and a cost c1, and if the total 
N 

mass E m1ni of the system is limited to a mass constraint M, the total volume 
i=l , 

N N 

(2) 

E v ini to a volume constraint V, and the total costs E cini to a cost constraint C, 

~1 ~1 

then the following constraint relations exist: 

N 

E nimi (M 
i=l 

0-3 

(3) 



I . ' 

lf ln R
8 

becomes a maximum, Rs becomes a maximum. Thus, to obtain the 

maximum of ln Rs, Equation (2) is differentiated to ~t: 

dRl(nl) 

Ri(ni) dnl 

~ In the case of a maximum of Rs, the quotient R becomes zero. Thus, 

N 

i=l 

dR
1 

(n
1
) 

---dn 
dn

1
R

1
(n

1
) I 

s 

(4) 

(5) 

(6) 

Assume that the equal signs apply for the constraint inequalities of (3), (4), and (5). 

The deviation from this assumption will be illustrated later. Since, M, V, C are 

system constants, by differentiation: 

N 

L t m. midnl = O 
i=l 
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N 

L t ·c cldni = 0 
i=l 

, 
,. 

Notice that the sums are muittplied by ~m' ~ v' ~c' the Lagrange multipliers, 

(9) 

in order to obtain more degrees of freedom 1n the mathematical operations. Adding 

Equations (7), (8), and (9), gives 

N 

I: (10) 
i=l 

and subtracting Equation (10) from Equation (6), results in 

N 

~ [ 
i=l 

Equating the terms insida the brackets gives: 

= 

or, by integrating, 

(11) 

Each combination of ~ , ( , t with the condition m V C 

will generate an optimized system rel~bility for a specific M, V, and C set of 
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constraints. ,. , ,. , ~ must be zero or larger because of the subtracil..>n of 'tm "v c 
Equation (10) from Equation (6). Since the ni values are integers, Equat on (11) 

requires modification for this example. 

The decision rule of selecting n1 for any set of tm' ~ v' (c is 

( ~ mi + ( V, + ( C, ) m V l C 1 
_R ___ 1_(n_.l ..... +_1 )_ 

) 
Ri (ni) 

(12) 

The conversion of Equation (11), developed for continuous ni, into Equation (12) when 

the ni's are integers, may be easily verified. 

The Case of One Constraint Only 

The evaluation procedure becomes significantly simple for the case of one con­

straint only, a case occurring in many of the actual situations. For space systems, 

the mass of the space vehicle 1s limited because of the limited payload capability of 

the launch vehicle. 

The relationship of Equation (12) may be expresses as 

(13) 

In the case of a mass constraint only, t and ( are zero. Dividing (13) by m., 
V C l 

(14) 
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Substituting j for n1 and qij for the left member of (14) gives 

and (15) 

for each subsystem i, 1 from 1 to N, beginning with j equal 2 and continuing with 

3, 4, etc. 

Upon computation of the qij 's, which are the priority values, the procedure for 

dete t"mining the redundancy ni of each subsystem i for optimum reliability is: 

(1) List the redundancy candidate subsystems and their corresponding mass mi 

in decreasing numerical order of their qij values. 

(2) Successively cumulate the mass mi associated with each redundancy added 

to the basic nonredundant mass of the system. Continue this process until 

the mass constraint M is reached. 

(3) Determine the largest j for each subsystem which was cumulated. This la 

the ni value of each subsystem for optimum reliability. Any excluded sub­

systems at the M cutoff point will not be redundant. 

This listing, which has been generated, is called a priority list and, for this case, 

gives the redundancy to be applied as a function of system mass. By 1..1eans of the 

relationship in Equation (14) and the last qij included, the Lagrange multiplier (' m 

may be computed. Also, curves may be drawn of the Lagrange multiplier ~ as a . m 
function of the mass constraint. 

The previously described method applies ·equally to other constraints which may be 

imposed on the system, such as volume or coat constraints, by changing the m symbol 

to v or c respectivelY,·, · in the Equations (14) and (15). 
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The Multi-Constraint Case 

In the car-".e of more than one constraint, a separate priority list is generated for 

the mass constraint, for the volume constraint, and for the cost constraint. Thus, 

the following cases are considered: 

MaBB Constraint only: 

M ( ~ m ; 0 ; 0) = Mc (0 denoting no constraint) 

Volume Constraint only: 

Cost Constraint only: 

Investigate 

; 0 ; 

If in addition 

0) = M 
C 

0 

0 

0) ~ V 
C 

0) ~ cc 
.• ,f.,, 

(16) 

(17) 

(18) 

then Rs ( ( m ; ( v = 0 

given constraints. 

~ = 0) is the optimized system reliability under the 
C 

If the above inequalities cannot be met, then investigate 
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If in addition 

M( 0 t v 0) ( M
0 

C ( 0 t V 0) ~ C
0 

then Rs (0 ; t v ; 0) ls the optimized system reliability under the given conltralnt1. 

If the above inequality also cannot be met, then investigate 

C( 0 ; 0 ; f C) = C 
C 

If in addition 

M( 0 0 ; tc ) 'Mc 

V( 0 ; 0 ; t C ) (Ve 

then Rs (0 ; 0 ; t c ) ls the optimized system reliability under the given oonltralnt1. 

If the last inequalities are also not met, then the procedure la to reltrict the priority 

lists to members up to the constraints Mc, V c, and Cc, respectively. Members which 

are common in all of the three restricted priority lists are also members of the final 

solution. 

Assume that the mass, volume, and cost of the members common in all three restricted 

priority lists are 

M , V , and Cr. r r 

Then, the remaining members can be investigated by determining the conltrainta on 

these members as follows: 

Mc-1 = Mc - Mr 

vc-1 = Ve - vr 

cc-1 = cc - Cr 
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Thu•, the f lnal aolutlon proce•• la almpllflod conaklerably. The final aolution la 

then found by a 1yltematlc investiption of the following ca•ea~ 

lnveltlpte 

M(lm ;lv 0) • Mc-l 

V(tm ;tv O) ia Vc-l 
u (19) 

C(t m ;(v O) ~ Cc-l 

R1 ( l m ; ( v ; 0) 11 the optimized system reliability under the given constraints. 

U Equation (19) cannot be met, by mean• of EquatJon (12), find 

D' 

M(('m 

C(lm 

0 ; (c) = Mc-l 

o ;le)-= cc-l 

V(tm ; o ; (c) ~ Vc-l (20) 

R1 (lm ; O ; ( c ) la the optimized 11yatem reUabll~ under the given constraints. 

If Equation (20) cannot be met, find 

V(0 ; ( V ; ( C ) • V c-1 

C(0 ; ( v • 1' C 
'"» 

If 

M(O ; t v ; t C ) ~ Mc-1 (21.) 
R

8 
(0; : v; tc> la the optlmlzed system rellablllty under the conatralnta.-

Flnally, lf Equation (21) cannot be met, flnd 

M(tm ; (v ; l c> -= Mc-1 

V(l m ;lv ;t c) = 
vc-1 

C(tm ;lv ;f c>-= cc-1 

R (,. ; ,. ; ~ ) la the ayat.eni rellablllty optimized under the constraints of a "m '-v c 

0-10 



For simple syatema, the 10lutton of the multl-coutralnt problem bJ tbe de1ertbed 

method usually can be obtained without a computer prosram. 

rtELIABIIJTY OPTIMIZATION BASED ON HIGH REIJABIIJTY SUBSYSTEMS 

The procedures deacrlbed 10 far are applicable to the apportionment of tbe re­
liability parameter for an optimum effectlvene•• hued on the applicatton of rednndlacy. 

Parallel and standby red11ndlrv:lea are two forms which may be applied. For aubayatema 
of constant failure rates, with the failure rate of the 1th aubeyatem beinl A 1, tbe 

-1,t reliability R1(1) of a slngle sub•y•tem type for- the mts•lon time t 1• R1(1) = e • 

Then, for a ayatem of J parallel •ubeyatem• , 

-,\ t J 
R1(j) • 1 - (1 - e l ) 

Therefore 

-,\ t -,\ t J-1 
e l (1 -e 1 ) • 1 + -
1 -l} J-1 
1-(1-e) 

1 -- -,\ t -,\ t j-1 

~ [1•'1,1-e11 ] J.D -,\ t -I 
l 1 -(1-e ) 

For a ayltem of j atanc:IJy redundant aubsyatema, 

0-11 

(22) 

(21) 



,,_refon, 

(Alt)j-1 

(j - 1) ! 
- 1 + -.,.-----------

(Alt )2 
1 + A1 t + 

2! 

<·\ t )3 
+ 

3! 

and Z.UJon (15) becomes for standby re<mndancy, 

1 
•- ln 1 + 

+ ••.. + 

(Alt~-2 
••• + ------

(j-2)! (24) 

Tbe nlJablllty of a ayltem alao may he lncreaaed by the 11mu1taneoua addition of 

redundlw,y wl hip nlJablllty aubeyatem1. Uaually, a high rellablltty 1Ubeyltem 

will bl.Ye tbe 1a111e mus and vohame u tbe conventional mu;t, but tbe coats will he 

hjper. To optimize a ayltem by the Joint appUcatlon of Ndundent and high rellablltty 

mbllyltem• the followtna steps an required: 

• Bolte for conventional llllbayatema ualilg the procedures described so far, 

• If the total colts of the solution with conventlonal subsystem is equal to 

the coat conatnllnt, thla solution la the final one. 

• If tbe total costs of the solution with application of conventional aubsyatema 

la lower than tbs coat constraint C, and It la desirable to replace some con­

ventional aub•yatem• of tbe system by hJgb reliability 1ubayatema, the compute 

J -1) 
0 
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--------------------·-------

where: 
c 1 = coat of tbe convenUonal aub1y1.tem l 

c1 = coat of tbe blp reliability nbay• tem l 
0 

j 
O 

= number of redundant hip rellablllty •m•y•tema In 111baynem l 

(which COD•llta of Di total redundancle•) 

A 1 = failure rate of the l 1h convenUonal •T,b• y•tem 

1h Al = failure ra1e of the l blgh rellablllty 111b•yatem 
0 

• Llat the CltJ ill decr••m, order ad 1elect from thl• priority aeqaence hJp 
0 

reliability •ubayatema until the oo•t coutnlnt limit l• reacbed. Botb • ..,, 

rech1Ddlnt conventional mbey•tema and hip reUablUty mbay•tema may be ued 
ill a •ystem in an arbitrary •equence. 

If A1 < A1, tbe reliability a1 (n1 ; J,
0

) of n1 ..taDdlnt --,• tema l, of 1llllcla J
0 

0 

are high reUablUty •abay•tema, may be oompd,ed ID the cw of parallel m•nncy IP.7, 

-Ai t jo 
Rl(nl ; Jo) = 1 - (1-e o ) 

and ID tbe cue of •tandby reduDdlncy 

D -j j 

A I oA o[j I l o 
Rl(nl ; jo) • o ~ 

. DI LJ 
("i -A1 ) k=l 

0 

k 

J + k ( DI - 1 - k ) . (-1) 0 

DI - jo - 1 

k-1 
<Ai tf' -~ - A J -A t E l 1

0 e 1o 2 + 

Al 
0 

k .&=o 
.& ! 
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' ! , 

-A t k-1 (A})I, 
e i ~ LJ ,, 

.&=O 

Tbt- mathematical expressions of the form~) in the above equation are blnominal . r 
coefflcJent• defined by 

u : 
(u-r) ! r ! • 

Thi• equation may be converted into a form more convenient for numerical 

evaluatJon by using the relation: 

k-1 

I: 
J, ! t =k .& ! 

and obNrvlng that R
1
(ni j

0
) = 1 for t = O, the following expression is obtained~ 

(nci-t) 
n -j -1 

1 o 

(Ai - A )k 00 
1 L g 

k 
At t=k 

0 
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nj 
-At 1 o 

e i I: 
k=l 

I , -. 

(27) 

Since R1(n1 ; J
0

) is usually close to one Equation (27) may be more convenient to use. 

For parallel redundancy application using both conventional and high reliability subsyst.ems, 

<lij
0 

, Equation (26) becomes 

-\ t -,\1 t -,\1 t O -1) -,\ t ( -J ~ 
o o o l nl o 

+ (e -e ) p-e l i1-e ) 
-A1«, t O - ) -X (n -]1) 

1-(1-e ) o (1-e 1) l o 
(28) 

For standby redundancy Equat.lon (26) may not be advantageously almpllfted. 

Table G-1 gives the formulas for the reliability of n1 standby redundant aubaystems with 

(n1 - J
0

) conventional subsystems of failure rate A1, and j
0 

high reliability 

subsystems of failure rate A 1
0 

and tabulated R1 (n1 ; J
0

). All cases for n1 = 2, 3, and 

4 were considered. Replacing A1
0 

by A 1, and •\ by A
10 

in the corresponding expressions 

for R
1 

(n1 ; J
0

) of Table G-1 will give the rellablllty of ni standby redundant subsystems 

in the case of conventional BUbaystems only, and in the case of high reUabiltty BUb­

systems only, respectively. 

NUMERICAL EXAMPLE 

The example selected to illustrate this method of optimizing system effectiveness 

is that of a apace craft with a required mission lifetime of 6 years. It la assumed that 

the spacecraft ha.a the single mission of providing a communications link and that no 
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capabllity for on-orbit repair exists. It is also assumed that full mission value is 

accrued if the satellite operates for 5 years, its design lifetime, and tlat no partial 

value can be accrued for less than 5 years of operation. In this example, the de­

pendability and capability parameters are considered to be identical with the system 

reliability of providing a communications channel. The program phase under con­

sideration is the design phase. The basic problem is to select the optimum spacecraft 

design, in the sense of establishing a reliability apportionment which will maximize 

mission success and be within the available bidget for spacecraft weight and cost. 

The satellite subsystems which are subject to random failures that are catastrophic 

to mission performance are listed in Table G-2. For the purpose of this example, satel­

lite subsystem failures which are not catastrophic to mission accomplishment are 

considered to be 100% reliable. Also, in this example, subsystem failures which do 

not cause mission failure are: (1) failure of redundant solar cells in the solar array 

panels, (2) failure of channels in the satellite transponder, since there are redundancies 

in the channels and the presence of ground-commanded switching capability among the 

individual communications channels, 

Example of Multi-Constraint Case 

Inltially, consider the example given as a case of one constraint only. This will be 

expanded to the mulUple constraint case and the determinaUon of the optimum soluUon 

under the following different conditions of constraints: 

Case A: Weight .S.. 275 lbs 

Cost < $250,000 

Case B: Weight S.. 325 lbs 

Cost .s. $175,000 

Case C: Weight~ 295 lbs 

Cost < $155,000 

G-17 
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TABLE G-2 ACCOUNTABLE FACTORS OF SATELLITE SUBSYSTEMS 

(based on conventional reliability subsystems) 

' Failure rate Cost Weight 
Subsystem (hrs.) (Dollars) (Pounds) 

.,, 

Battery 1 X 10-6 5,600 56 

Charger & Inst. Box .3xl0-6 600 5.5 . 
Roll H/S• 5 X 10-6 8,000 4 

Mag. Coil .lxlo-6 2,500 5 

Mag. Coil Electronics .014 X 10-6 2,000 2 

Flywheel .5 X 10-6 20,000 52 

Wheel Electronics 1.2 X 10-6 5,000 4 

Pitch H/S• 5 X 10-6 8,000 ' 4 

Pitch Jet E lectrontcs 2 X 10-6 , 4,000 4 

Roll-Yaw Jet Electronics 2 X 10-& 6,000 6 

H/S* Electronics 1 X 10-6 6,000 4 

•HIS = Horizon Sensor 

. G-18 



Copbq;aipt Case A 

First consider Case A and the weight constraint only. The C\j 's, computed, by formula 

(15), are shown 1n Table G-3. These <ltj 's are then arranged ln decreulng order to 

form the priority list given in Table G-4. For the case of a weight constraint only, 

columns (9) and (10) of Table G-4 should be ignored. The cumulati~e system weight 

(Column 6) indicates that only the first 15 redundancies can be accepted. 

' For each step or priority number, the Lagrange multiplier ~ has been computed 

(Column 8) to yield the solution given ln that step. If the Lagrange mulUpller ls 

used, rather than a known weight constraint, the procedure ls to accept all redun­

dancies with C\J >~m and reject all redundancies with ';j ~ ~m • A ~ m =. 0005 cor­

responds to the solution of W s 275 lbs; therefore, all redundancies In the shaded 

porUon of Table G-3 (<;j ~~m) were rejected. 

In this l"Jttal solution, the proximity to the weight constraint must be conaldered. 

This is necessary !>9cause the principle of Lagrange multipliers lnv~lwa finding 

the optimum solution ln large steps. As such, intermediate but optimum points are 

frequently bypassed us illustrated in Figure G-1, which gives an example of Lagrange 

multiplier solutiona, other solutions aloog the optimum path, and all poaalble aolutlou. 

For the initial solution, the weight ls 265 pounds and the constraint ls 275 pounds 

which gives a 10 pound weight margin. By referring to Tables G-3 and G-4, three 

redundancies, which equals 10 pounds, can be added to absorb the weight margin. 

Now consider Case A with both 1he weight and cost constraints. As previously lndl­

c.ated, the recommended method for determining the optimum solution for multiple 

c•onstralnts ls to find the solution considering only one constraint. The weight con­

straint was considered first and the Lagra•e multiplier ~ , which corresponds to m 
that solution, was calculated. Columns (9) and (10) of T~le G-4 are constructed to 

evaluate whether the cost constraint has been violated by the weight solution obtained. 

In this case, since the cost ls considerably below $250,000, the cost constraint la 

satisfied and the weight solution obtained ls optimum (see Table G-5). 

G-19 

., 



'r to
.,

 
0 

-. 

...
. 

I.C
D)

 

~
 

_,
 

C
D

 
C

 - d a=
: ~ V, >
 

V
, 

_9
9; II!

 - &
 

. 9
96

 • 
. 9

94
 

• 9
9 ., -

• 9
90

 I 14
 

_,
 I 

I 
I 

r 
e 

lA
l i

RA
NG

E 
M

UL
" 

IP
LI

ER
 S

O
LU

TI
O

NS
 

e 
0T

t£
R

 S
O

LU
TI

O
NS

 
--

-
• 

P
O

iS
IB

L~
 A

LL
O

C
AT

IO
N

S 
--

-. 
---

• 
,,

 
,,

 
• 

• 
• 

• •
 

,,,,
 -

• 
• 

,·
 

• 
-

.. 
·-

fl
'.

 
I 

. • 
, 

• 
• 

~. 
• •

 
•• 

••
••

• 
,.,

 
.. 

• 
• 

~·· 
•• 

• 
• 

• 
• 

~
r
 

. 
.-

.-.
. 

le
 
•
•
 

.. 
• 

• 
. 

• 
1

, 
_,

 
• 

• 
.. 

~' 
• 

.. 
.. 

• 
. 

, .. 
. 

. 
• 

• 
. 

,,
· 

• 
• 

. 
. 

• 
• 

. 
• 

• 
•-

. 
. 

••
 

••
 

• 
• 

. 
.. 

.. 
, 

• 
• 

• 
•l

e 
••

 
••

• 
... 

• 
• 

• 
••

 
• 

• 
, 

••
 

• 
• 

• 
, 

• 
. 

" 
• 

, 
••

 
~
 

-· 
. . 

. 
• 

• 
,. 

, 
• 

• 
. 

• 
, ,, 
-

• 
• 

• 
• 

• 
• 

• 
• 

• 
r-

• 
• 

• 
• 

' 
• 

• 
• 

• 
• 

••
 

• 
• 

• 

0 
48

 
50

 
52

 
54

 
56

 
58

 

TO
TA

L 
CO

ST
 

F
ig

u
re

 G
-1

 
Il

lu
st

ra
U

o
n

 o
f 

O
p

ti
m

u
m

-S
ee

k
in

g
 R

o
u

ti
n

e
 

..
 

- ,..
 

-
-

,:
 

-
••

 
• 

••
 

• 
• 

• 
• 

• • 
• 

• 
• 

... 
• 

.. 
• 

• 
. ·-

••
 -··
 

.
;
 . 

• 
••

 
. :I

 
. ·-~

-. 
-~ 

:•
 

••
 

• •
• 

• 
.. ..

 . .
 

•• 
• •

 
• 

• 
• 

:·
 

• 
• 

• •
 . .

 
.-

• 
• 

• 
. .

 
. 

• 
• •

 
•
•
•
 t

 
• 

• •
• 

• 
• 

• 
• • 

• 
. 

••
 

. 
. 

...
 

.. 
. 

• 
• 

• 
... 

-..
 

. -.
 

•• 
• 

• 
•• 

• . 
• 

• 

60
 

62
 

s;
;:;

 
#

$
$

 
b 

.,.
.. 

-
ii

-
¼

 
·:

¥
-:

&
:e

g
g

:#
}y

tp
 r

 
a: 

Ji
-

~
~

-
. 

~~
-

t?
if

&
J
ff

5
-
. 

•-
¥ 

..
. 

-•
--

-S
¥

t:
a
 

.. 



C
) I t,
:)

 .... 

S
u

b
sy

st
em

 

B
at

te
ry

 

C
h

a
rg

e
r 

&
 

In
st

ru
m

e
n

t 
B

o
x

 

R
o

ll
 H

/S
 

M
ag

. 
C

oi
l 

M
a
g

. 
C

o
il

 
E

le
c
tr

o
n

ic
s 

, 
F

ly
w

h
ee

l 

W
h

ee
l 

E
le

c
tr

o
n

ic
s 

P
it

c
h

 H
/S

 

P
it

ch
 J

et
 E

le
c
t.

 

R
ol

l-
Y

aw
 J

e
t 

E
le

ct
ro

n
ic

s 

H
/S

 E
le

c
tr

o
n

ic
s 

T
A

B
L

E
 G

-3
 

P
R

IO
R

IT
Y

 L
IS

T
 B

A
SE

D
 O

N
 W

E
IG

H
T

 C
O

N
S

T
R

A
IN

T
 O

N
L

Y
 

A
i 

C
on

ve
nt

io
na

l 
R

el
ia

b
il

it
y

 
F

a
il

u
re

 R
a
te

 
(h

o
u

rs
) 

1 
X

 1
0

-6
 

.3
 X

 
1

0
-6

 

5 
X

 1
0

-6
 

.1
 X

 1
0

-6
 -6

 
• 

0
1

4
 X

 
1

0
 

• 5
 X

 
1

0
-6

 

1
.2

 X
 
1

0
-6 

5 
X

 1
0

-6
 

2 
X

 1
0

-6
 

2 
X

 
1

0
-6

 

1 
X

 1
0

-6
 

(5
-y

e
a
r 

m
is

si
o

n
 l

if
et

im
e)

 

i 
I 

m
 

• 
i 

S
u

b
sy

st
em

 
W

ei
gh

t 
D

es
ig

n
a

ti
o

n
 

(P
ou

n
d

s)
 

1 
56

 -

2 

I 
5

.5
 

3 
4 

4 
5 

5 
2 

6 
52

 

7 
4 

8 
1 

9 
4 

1
0

 
6 

11
 

4 

P
ri

o
ri

ty
 

V
al

u
e 

<lt
2 

• 0
00

76
9 

. 
0

0
2

3
4

9
 

. 0
49

51
5 

. 0
00

79
7 

<li
J 

•• 

P
ri

o
ri

ty
 

P
ri

o
ri

ty
 

V
al

u
e 

V
al

u
e 

<lt
3 

~
4

 

:~;~;:
'.

~
'.~lli

lililiil
;1;1

;1;i;:
::'.;.~

~~:~
§.:i;i

;i;/;/;
i; 

BJi
~i'i

::tli
l::1

1:;:
,Bl~

~iJl
:::i;

 
. 0

04
87

8 
. 0

00
59

9 

Illt:
;::2

22e
2ltl

![!ll
1llil

1lilt
~:'.

?:'.
~22

2ill1
lII 

llllli
l!'fl

f "J
J: :

 :11:
!!ll

l:l!
I I

 11
! !"1

111
1!!

! 
1 ti!!

!if ;.:
9=P

:8:1
~%

i!i!i!i
!i!!lli

;:~:'
.g~'

.g'.g
'.fi'.~

l~l~
lil~l~l~

lllll~
l~'.~'.;g

~~~
~'.~

'.l~lll
llllll1

 

. 0
1

2
9

1
4

 
11:

111
1:1

111
111

•11
111

 
. 0

49
51

5 
. 0

04
87

8 
.0

0
0

5
9

9
 

.0
21

09
0 

. 0
00

87
3 

:~1~
1~:~

::~~
:~t~

~II~
~~ 

. 0
14

06
3 

. 
0

0
0

5
8

2
 

iilii~
ii~~

1iii~
iii1 

. 0
10

76
7 

w~;
~~~

~1i~
iI~ii

lf '.~~
:Wi=

==~
i~: 

• 
In

 1
h

es
e 

ca
lc

u
la

ti
on

s 
it

 is
 a

ss
u

m
ed

 t
h

e 
sa

m
e 

am
ou

nt
 o

f 
ad

di
ti

on
al

 m
as

s 
is

 r
eq

u
ir

ed
 t

o
 a

d
d

 t
he

 l
a

t,
 2

n
d

, 
an

d
 

3
rd

 r
ed

u
n

d
an

ci
es

. 
••

 J
 r

e
fe

rs
 t

o
 t

h
e
 t

o
ta

l 
n

u
m

b
e
r 

o
f 

i 
su

b
sy

st
e
m

 t
y

p
e.

 
J=

2 
w

o
u

ld
 b

e 
th

e
 b

as
ic

 s
u

b
sy

st
e
m

 p
lu

s 
o

n
e 

su
b

sy
st

em
 I

n
 

st
a

n
d

b
y 

re
d

u
n

d
an

cy
; 

J=
3 

re
fe

rs
 t

o
 t

w
o

 s
u

b
sy

st
e
m

s 
in

 s
ta

n
d

b
y 

re
d

u
n

d
an

cy
; 

e
tc

. 

I I 



0 I t,
:I

 
t,

:I
 

(1
) 

P
ri

o
ri

ty
 

1 2 3 4 5 6 7 8 

T
A

B
L

E
 G

-4
 

P
R

IO
R

IT
Y

 O
F

 I
N

C
L

U
D

IN
G

 A
D

D
IT

IO
N

A
L

 R
E

D
U

N
D

A
N

C
IE

S
 B

A
S

E
D

 
O

N
 W

E
IG

R
T

 C
O

N
S

T
R

A
IN

T
 O

N
L

Y
 

(2
) 

(3
) 

(4
) 

(5
) 

(6
) 

(7
) 

(8
) 

N
u

m
b

er
 

A
d

d
it

io
n

al
 

C
u

m
u

la
ti

v
e 

S
y

st
em

 
L

a
g

ra
n

g
e
 

S
u

b
sy

st
em

 
P

ri
o

ri
ty

 
o

f 
R

e
d

m
xl

. 
W

ei
gh

t 
fo

r 
T

o
ta

l 
W

t.
 

R
el

ia
b

. 
M

u
lt

ip
li

er
 

A
dd

ed
 

V
al

ue
 

S
u

b
sy

st
em

s 
~

s
t
e
m

 
M

 (
Ib

a)
 

(%
) 

i 
~

.j
 

D
i 

8)
 

N
 

a.
 

r_
m

 
m

i 
~
 

n
im

i 
1

=
1

 

r
a
-
c
 S

y
at

em
 O

n
ly

 -
N

o 
R

ed
,i

n
d

•-
,c

le
a 

1
4

6
.5

 
45

. 
-

R
o

ll
 H

o
ri

zo
n

 S
en

-
q 3

, 2=
.0

49
51

5 
D

 
=2

 
4 

1
5

0
.5

 
5

4
.8

 
.0

3
 

ao
r,

 l
a
t 

S
ta

n
d

b
y

 
3 

P
it

c
h

 H
o

ri
zo

n
 

q 81
2=

.0
4

95
15

 
D

 
=2

 
4 

1
5

4
.5

 
6

6
.8

 
.0

3
 

S
en

so
r,

 
8 

. 
la

t 
S

ta
n

d
b

y
 

P
it

ch
 J

e
t 

~
.2

=
.0

2
1

0
9

0
 

~
=

2
 

4 
1

5
8

.5
 

7
3

.7
 

• O
lf>

 
E

le
ct

ro
n

ic
s,

 
1

st
 S

b
n

d
b

y
 

R
ol

l-
Y

aw
 J

et
 

q 10
, 2=

.0
14

06
3 

D
l0

-2
 

6 
1

6
4

.5
 

7
9

.1
 

.0
1

3
 

E
le

ct
ro

n
ic

s,
 

la
t 

St
an

db
y 

W
he

el
 E

le
c-

47
. 2

=·
 0

12
91

4 
D

 =
2

 
4 

1
6

8
.5

 
8

3
.3

 
·.0

1
1

 
tr

o
n

ic
s,

 
7 

1
st

 S
ta

nd
by

 

H
o

ri
zo

n
 S

en
so

r 
q 

=
.0

10
76

7 
n1

1=
2 

4 
1

7
2

.5
 

8
7

.0
 

.0
0

5
 

E
le

ct
ro

n
ic

s,
 

1
1

,2
 

1
st

 S
ta

nd
by

 

R
o

ll
 H

o
ri

zo
n

 
q3

,3
=

.0
04

87
8 

~
=

3
 

4 
1

7
6

.5
 

8
8

.7
 

.0
0

3
 

S
en

so
r,

 
2n

d
 S

ta
n

d
b

y 

P
it

ch
 H

o
ri

zo
n

 
q 8

, 3=
.0

04
87

8 
n 

=3
 

4 
18

0.
 5

 
9

0
.4

 
.0

0
3

 
S

en
so

r 
8 

2n
d 

S
ta

n
d

b
y

 

(9
) 

(1
0)

 
U

n
it

 
C

u
m

u
la

tl
v

e 
C

o
at

 
T

o
ta

l 
C

o
at

 
($

10
00

) 
C

 
($

10
00

) 
C

i 
N

 
~
 

Di
0

1 
1

=
1

 6
7

.7
 

8 
6

7
.7

 

8 
83

. 7
 

4 
8

7
.7

 

6 
9

3
.7

 

5 
9

8
.7

 

6 
1

0
4

. 7
 

8 
1

1
2

.7
 

8 
1

2
0

.7
 



C
 I It-

:>
 

c.
, 

(1
) 

P
ri

o
ri

ty
 

9 10
 

11
 

12
 

13
 

14
 

15
 

16
 

17
 

T
A

B
L

E
 G

-4
 

P
R

IO
R

IT
Y

 O
F

 I
N

C
L

U
D

IN
G

 A
D

D
IT

IO
N

A
L

 R
E

D
U

N
D

A
N

C
IE

S
 B

A
S

E
D

 
O

N
 W

E
IG

H
T

 C
O

N
S

T
R

A
IN

T
 O

N
L

Y
 (

C
on

ti
nu

ed
) 

(2
) 

(3
) 

(4
) 

(5
) 

(6
) 

(7
) 

(8
) 

N
u

m
b

er
 

A
d

d
it

io
n

al
 

C
u

m
u

la
ti

v
e 

S
y

st
em

 
L

ag
ra

ng
e 

S
u

b
sy

st
em

 
P

ri
o

ri
ty

 
o

f 
R

ed
un

d.
 

W
ei

g
h

t 
fo

r 
T

o
ta

l 
W

t.
 

R
el

ia
b

. 
M

u
lt

ip
li

er
 

A
dd

ed
 

V
al

u
e 

S
u

b
sy

st
em

s 
S

u
b

sy
st

em
 

M
 (

lb
s)

 
(%

) 
i 

<l
t.J

 
D

i 
1 

(l
bs

) 
N

 
R

 
~ 

-
m

i 
.:I

: 
n

im
i 

s 
m

 
1

=
1

 

C
h

a
rg

e
r.

 
'½

.2
=

.0
0

2
3

4
9

 
~

=
2

 
5

.5
 

18
6 

9
1

.6
 

.0
0

0
9

 
1

st
 S

ta
n

d
b

y
 

P
it

ch
 J

e
t 

<
ls

.3
=

.0
00

87
4 

D
g=

3 
4 

19
0 

9
2

.0
 

.0
0

0
8

 
E

le
c
tr

o
n

ic
s.

 
2n

d
 S

ta
n

d
b

y 

M
ag

. 
C

o
il

. 
4

4
,2

=
.0

0
0

7
9

7
 

n 
=2

 
5 

19
5 

9
2

.3
 

.0
0

0
7

7
 

1
st

 S
ta

n
d

b
y

 
4 

B
a

tt
er

y
. 

q
1

• 2=
. 0

00
76

9 
n 

=2
 

56
 

2
5

1
.0

 
9

6
.4

 
.0

0
0

6
 

la
t 

S
ta

n
d

b
y

 
1 

R
o

ll
 H

o
ri

zo
n

 
'¼

.4
=

.0
0

0
5

9
9

 
n 

=
4

 
4 

25
5 

9
6

.6
 

• 0
00

59
 

S
en

so
r.

 
3 

3
rd

 S
ta

n
d

b
y

 

P
it

ch
 H

o
ri

zo
n

 
q

8
• 4=

.0
00

59
9 

n 
=

4 
4 

25
9 

9
6

.8
 

.0
0

0
5

9
 

S
e
n

so
r,

 
8 

3
rd

 S
ta

n
d

b
y
 

R
o

ll
-Y

aw
 J

e
t 

41
0 

• 3 =
. 0

00
58

2 
n1

0=
3 

6 
2

6
5

.0
 

9
7

.2
 

.O
O

C5
 

E
le

ct
ro

n
ic

, 
2n

d 
S

ta
n

d
b

y
 

IN
IT

IA
L

 S
O

L
U

T
IO

N
 T

O
 C

A
S

E
 A

 

F
ly

w
h

e
e
l.

 
~

.2
=

.0
0

0
4

1
8

 
n 

=2
 

52
 

3
1

7
.0

 
9

7
.9

 
.0

0
0

4
 

1
st

 S
ta

n
d

b
y

 
6 

W
he

el
 E

le
c-

47
, 3=

.o
o

o
a2

s 
n.

r=
3 

4 
3

2
1

.5
 

.0
0

0
3

1
 

tr
on

io
a.

 
2n

d 
S

ta
n

d
b

y
 

(9
) 

(1
0)

 
U

n
it

 
C

u
m

u
la

ti
v

e 
C

o
st

 
T

o
ta

l 
C

o
st

 
($

10
00

) 
C

 (
$1

00
0)

 
C

i 
N

 
.:I

: 
n

ic
l 

l=
l 

6 
12

1.
 3

 

4 
1

2
5

.3
 

2
.5

 
12

7.
 8

 

5
.6

 
1

3
3

.4
 

8 
1

4
1

.4
 

8 
1

4
9

.4
 

6 
1

5
5

.4
 

20
 

1
7

5
.4

 

5 
1

8
0

.4
 



0 ' N .. 

(1
) 

~ 

P
ri

o
ri

ty
 

' 

1
8

 

1
9

 

T
A

B
L

E
 G

-&
 

P
B

IO
B

IT
Y

 O
F

 I
N

C
L

U
D

IN
G

 A
D

D
IT

E
N

A
L

 R
E

D
U

N
D

A
N

C
I.

E
S

 B
A

S
E

D
 

O
N

 W
E

IQ
II

T
 C

O
N

S
T

R
A

IN
T

 O
N

L
Y

 (
C

on
t1

D
M

C
I)

 
-

<•
) 

(S
) 

(6
) 

f7
) 

(8
) 

(2
) 

(3
) 

N
um

be
r 

M
d

W
o

m
l 

C1
1m

11
l•

ttw
a 

8
y

D
m

 
L

a
g

ra
n

p
 

S
u

b
ay

ll
te

m
 

Pr
lo

rtw
 

o
f 

.B
ec

hm
d.

 
W

e
lp

tf
o

r 
T

e
a
l 

W
t.

 
B

el
la

b.
 

M
u

lt
ip

li
e

r 
A

d
d

ed
 

' 
V

al
u

e 
-

-
_ 

ll
te

m
a

 
.....

.. II
 (

Ib
a)

 
ti

) 
# 

.
.
 

1 
(l

b
e

) 
N

 
l 

~
 

. 
. 

41
,J

. 
D

i 
m

i 
I:

 n
lm

l 
R

 
~ 

-
.. 

. ·~
 

i•
l 

• 
m

 

M
as

. 
C

o
ll

 
C

ls
,2

•.
00

02
'1

7 
11

s-2
 

2 
32

3.
5 

.0
00

23
 

B
J.

eo
 ••

 
-

la
t 

A
ta

n
d

h
y 

B
o

ri
zc

m
S

en
-

q 11
, 3-.

0
0

0
2

2
e 

D
ll

•3
 

' 
• 

3
2

7
.5

 
ao

r 
E

le
ot

ro
ni

ca
, 

2
D

d
S

t-
D

d
b

y 
•,

 
,_.,

_ 
-

J 

..
 

(9
) 

(1
0

) 
U

n
it

 
C

um
al

•t
tn

 
C

o
a

t 
T

ae
al

 C
o

a
t 

($
1C

O
O

) 
C

 (
$

1
0

0
0

) 
N

 
cl

 
I:

 •
1

°1
 

i•
l 

2 
18

2 •
•.

 

6 
1

8
8

.4
 



Q
 

I N
 

O
I 

/ 

' S
u

b
sy

st
e
m

 

1 2 3 4 
-

5 6 7 8 9 

1
0

 
-

1
1

 

T
o1

al
 

T
A

B
L

E
 G

-5
 

SO
L

U
T

IO
N

 T
O

 C
O

N
ST

R
A

IN
T

 C
A

SE
 A

 

N
um

be
r 

o
f 

S
el

ec
ti

on
 o

f 
S

ta
nd

by
s 

in
 

A
dd

iU
on

al
 S

ta
nd

by
s 

In
1

ti
al

 S
o

lu
ti

o
n

 
to

 A
b

so
rb

 M
ar

gi
n

 

1 1 3 1 0 
. '·

 
la

t 
st

an
db

y,
 2

 l
b

e
 

0 1 
2n

d 
st

an
d

b
y,

 4
 l

b
e 

~
 3 

.. __
 2

 

2 1 
2n

d 
st

an
db

y,
 4

 l
b

e 

W
 

• 
26

5 
lb

l 
W

 
=

 
1

0
 I

ba
 

• 

C
o

n
a

t:
ra

ln
ta

 

W
 
<

 
2'

75
 l

b
e 

C
 

S
:-

$
2

5
0

,0
0

0
 

- I 

F
tu

l 
S

ol
ut

io
n 

n
l 

2 2 4 2 2 1 3 4 3 3 3 

c 
-

,1
se

,1
~

 
W

 •
 

2'
15

 l
b

l 
-. 



9NSrtJpt Cw B 

Kat, OOMlder CUe B with the CClllltralatl of wetcht 325 pound• and coat $175, 000. 

,W:blfore, oaly tbe m•• oautnlnt la bdtlally couldered and tm calculated. In 

Tibia 0-4, lm • .0OOU and tbe flret 18 redunduole1 may be added. However, 

tbe total coat of $182,400 •h°'"1 ln column (10) violates the cost constraint. 

fllerefore, tbe COit oonatrablt mut be naluatad to determine t
0

• · To obtain the 

C\j bued Gil ooet OClllltderattou only, tbe factor ~ 11 replaced by ,f In the C\j 
equtlGD for mu only to give:· 1 

1 R1U> 
«Iii • a;· 1n 1\6-i) 

Table 0-1 llhow1 tbe calcala111cl CltJ baaed on coat conatdenttona. Aa before, C\j '• 
are ordlnd to abtaba tba priority Batt111 pten In Table 0-7. Referrlng to Table 0-7, 

le, • • OOOII correipOllda to tbe aohlttan of a coat.$ $175, 000. Tbe total 1yatem 

wetpt • pftll bl oobmm (10) la 311. 5 pouada, wbioh aatt1fle1 the constraint of 

wetpt ~125 pannda. 

ne bdtlal •Gia._ baa a ooet of $174,800 which leave• a coat margin of $200. 

Bowe,er, DO aabayatema can be added for that price and, therefore, tbe lnlUal 

IUlalkiu of tbe tint 15 reil•manole• u lhown on Table G-7 11 the tlnal aoluUon. 

re•tr;nt cu, c 

CUe C with tbe co•tralnta of welpt s 295 pounda, and of cost S $155, 000, II DOW 

evm1ned. In Table G-4, ~ • • 0005 and aatt1tle1 tbe weight, s. 295 pounds, but the m 
$115,400 coat Ylolate• tbe ooet conatralnt of $155, 000. In Table G-7, ~ = • 0006 . . 0 

~-• ooetS $115, 000, but tbe welpt • 297. & pounda violates tbe weight conai.-ralnt 

icl 115 pound• • 
. ,~ f 

I .-

':111e prc,oemre bl tJda cue la to accept tbe memben common to each solution. The 

:Jpelllben Id common are tllea examined to determine the aubaet wbich ytelda tbe 

Mpeet relllbtllty Md, at tbe 11111e time, aatlaftea both coutrllnta. Column (3) d 

0-28 
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Table G-8 pw1 tbe member• In cammm, wblch can be accepted u part of the final 

•olut:ton. Tbe mu•, Mr' and coat. Cr' for tbe commcm member• are: 

'111a1: 

$132,800 

Mc - Mr • 29& - 14&. & • 49. & po11nd1 = weight margin 

Cc - C ·r = $1156,000 - $132,800 = $22,200 = coat margin 

Tbe next •tap 11 to detarmlm wblch combination of tbe member• not In ccmmon 

(Column 4) will pn tbe malmum R1 and uUafy both weight and co•t cOD8tralnta. 

By lnapect:lon ·of tbe dollar and welpt combination of uncommon members In 

Co1111111l &, the flywheel can be ellminated from COllllderaUon •tnce lta w~lght la 

>41. & pound•• TIil• leaw1 only the followlng four members to .examlnt: 

A: aa&rpr - lit 1tandby 

B: Roll B/8 - 3rd •tandby 

C: Pitch B/8 - 3rd 1tlmdby 

D: Roll-Yaw Jet Electronlc1 - 2nd staml>y 

Ap1D, by lnlpect:lon of column(&), any combination of 1hree of the above four mem­

ber• hu a welpt of 49.1 pound• ad coat of $22,200. Next, eumlne tbe R
1 

for the 

4-member camblnatlODI which are: Ra(ABC)' R1 (ABD)' Rs(BCD), and Rs(CDA)" 
Thi malmam namerlcal ftlue of In R1 la obtained (which gives max. Ra) and la: 

Rl(ABD) = R1(CDA) = • 9965 

8lDoe tben are two optimum comblnat:lma, and tbe welpt and coat of both are identical, 

(ABD) ta ablt:rarlly •lected u tbe optimum. The total welpt of tbl1 system la 281. o 
paan (tld• i.an1 a marpn of 34 paanda) ad the total coat la $147, 400 (leaving a mar­

pn of $'1800). 

G-30 
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With margins of 34 pounds and $8500, addtUonal redundancies may be selected from 

tbe followq list: 

C w ~ Standby 

Cbarpr $ 600 5.5 • 000001 2nd 

Mag. Coll 2500 5 • 000004 2nd 

Mag. Coll 
Electronics 2000 2 • 000275 lat 

Wheel Elect. 5000 4 • 000280 2nd 

PU.ch Jet 
Electronics 4000 4 • 000025 3rd 

Roll-Yaw Jet 
Electronics 8000 8 • 000016 3rd 

H/S Elect. 6000 4 .000151 2nd 

Tbe 'ltJ 'a baaed on coat (Table G-8) indicate that the following may be added: 

Mag. Coll Electronics - lat standby 

Wheel Electranlca 2nd standby 

Charger 2nd standby 

Tbla glwa tbe aoluUon presented ln Column (8) of Table G-8 of a total weight of 

272. 5 pounds and a total coat of exactly $155,000 for the Case C constraints of 

wetght~295 pounds and coat S $155,000. 

Determination of Constraints and/or La«!:anp Multipliers 

Tbla example cmcentrated on flndlng the optimum selection using Lagrqe multi­

pliers, or tbe conatralnta (llmita) on ayatem parameters. In most practical prob­

lems, tbe weight conatralnt la known, but tbe coat conastralnt ta usually not known. 

Tbe 'marpul utility" of tncreutns rellablllty by applying dollars !f , can be 

derived from renewal theory coulderaUona. That la, tt can be determined at what 

0-32 
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AR 
point, or value of A1$ , it is no longer profitable to increase reliability but, instead, 

should rely on a complete replacement. 

Example of Using Both ConvenUonal and High Reliability &lbsystems 

In constraint Case A a weight constraint of 275 pounds and a cost constraint of 

$250, 000 were assumed. From the results as presented on Table G,;.8, the aoluUon, 

considering convenUonal subsystems only, ls to add the first 15 s~y redundan­

cies. 'Ibis gives a satellite with 128. 5 pounds of redundancies at an incremental coat 

of only $89, 000. Since $250, 000 bas been allocated for the satellite co• t, and the 

cost for convenUonal subystems as given ln Table G-4 ls $158,700, the cost surplus 

of $93,300 can be used to replace convenUonal with high reliability sub1ystems. A 

rapid calculation indicates that lt would cost $224,400 to replace all unit• with high 

reliability units. Thus, 1he selec1ion criterion may be used to determine which unlta, 

when replaced with high rellabW ty units, will give the maximum gain for the allotted 

money. 

'!be failure rates and costs of the high rellablllty sub1y1tems are pre•ented in 

Table G-9. The computaUonal procedure for determining wblch high reliabfilty •ub­

systems to include ls described in detail below. 

CalculaUrc the <liJ Priority Values 

The <liJ or "priority value" may be computed 1n accordance with the formulu given 

below. The results &re presented ln Table G-10. 

CalculaUons for Subsystems with n1 = 1 

First, for those subsystems with °t = 1 (subsystem No. 8 shown in Table G-10), the 

<\J ls computed for replacing the basic convenUonal subsystems with a high rellablllty 

subsystems. ~j ls calculated by means of EquaUon (25), wblch in 1hla cue, beccxne1: 

1 Rl(l, lo) 
<;j = Aco ln R1t1, OJ 

G-33 
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wbere 

R1(1, lJ: denote• 1 u~t only, and tb11 unit 11 a blgb rellablllty 'Unit. 

=- e-A1 t 
0 

o : denote• hlp rellablllty 

J\(1, OJ denotle1 1 unit only, and tb1111 a convenUonal unit 

In tblll CAN 

J\(l,lJ 
ln ti<i,6J 

•e 

8ubayatem Wlll --i = I 

-A1 t 

Nat, ccmpate the '\J for replacing tbe bulc unit, then the standby unit for those 

cue• where Di = I (1Ubay1tem1 2, 4, and 6 of Table 0-10). For replacing the 

baato alt: 

G-38 
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where 

R1(2, lJ la the ftrst formula given on Table G-1 

R1(2, OJ la camputed by ushw ,\1 = A1 in the first formula pven 
0 . 

on Table G-1. It should be noted that formula (23) should 

not be used since, in moat cases, this formula cannot be 
computed with sufficient accuracy. 

For replacing the fir.st (and only) stanc:l>y unit: 

where 

1 
'ltJ = .iC 

0 

R1(2, 2J ls also computed by using the first formula on Table 0-1 with 

,\1 = "10 

Subsystems with n1 = 3 

The ~ -
1 

for subsystems with 2 standby units (subsystems 7, 9, 10, and 1.1 of Table 0-10) 

are computed as follows: 

ReplaciJW the basic unit: 

l R1(3, lJ 
'ltJ = .iC

0 
ln R

1
(3, OJ 

Replacing the first atandby: 

l R1(3, 2J 

C\J = 4C
0 

In R
1
(3, lJ 
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I 

Replactnc the HCOnd •tandby: 

1 In Rl(3,3J 
CltJ = 4.\C,., R1 (3, 2 J 

Tbe C\J for aubay•tem• f3 and f8 (of Table G-10) are computed by ~eans of similar 

formulu. 

Ptnal •oluUon to Con•traint Cue A 

U1t111 tbe C\J '• from Table G-10, 1he prlorl,ty lilt la constructed as shown in Table G-11. 

Tbe flr•t ten aubeyeteme on tbie list can be replaced with a high reliability unit; replac­

inl tbe 11th llllbeyetem wmld exceed the coats lbnl talion. However, by excluding the 

11th 1Ub1yatem, tbe two adc:IUanal member• Hated at the bottom of Table G-11 could be 

added 1D ab11orb the coat "margin". 

Table G-12 pre1entl 1he final •oluUon for conatralnt Cue A. From the mathemaUcal 

equaUou pvm, It make• no dUference which of the units. la labeled as high reliability. 

Fo eum.ple, with lllbeyetem f5 (Mq. Coll Electronic•) the mathemaUcal computa-

1lm ~ the 1yatem rellabUity would be 1he aame whether the high reliability subsystem 

wu appl1ed to the buic unit or to the • tandby unit. However, from a pracUcal stand­

point, the lllp reliability nbeyatem• are li1118d first since a. failure could 

(a) indlloe 1econdary failure• 

(b) be ce..,,.ed Improperly, or the awl t.chlng mechanism may not operate 

properly. 

r 
I 
' 
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APPENDIXH 

APPORTIONMENT OF SYSTEM EFFECTIVENESS DEFINED AS A 
CONTINUOUS FUNCTION OF MISSION TIME 

1. O INTRODUCTION 

Thia example further demonstrates the logic of the Lagrange multiplier and 

priority lilt apportionment methods with a more intensive effectlvene11 analy•t• of 

the same comJD11Dicattou aatelllte de&erlbed in Appendix G. All the effectlvene•• 
parameters of availability, dependability, and capability are coutdered in thla ex­

ample. Initially, the sy•tem la tr•ted with a constraint on one of the ayltem con­

straint parameters, that of weight. The example ta then expanded to tnclude al•c, the 

constraint of coat, with the effectlvenea• m•aure expanded to that of a coat utility or 

coat effectlvene11 measure. 

In thla aample, the ay•tem la deacribed briefly. Tb~ there ta dllcu•ton of the 

ayatem figure of merit performance pc.rametera, with the accountable factor• whtch 

influence the figure of merit; and the ay•tem effecttveneaa model ta developed. The 

Lagrange Multiplier technique 11 then illustrated, with the derived priority lilt for 

determination of the •telltte deatp yielding the optimum effectlvene11. There 

follows a numerical exerclae addrea•ed to the weight conatratnt •ttuatlon only, and 

then to an optimization procedure in which coat la alao conaidered. 

The example •elected la that of a communication• satellite without on~rbtt repair 

capability. The objective of the atellite ayltem ta to obtain the molt cbumel-tlme 

poaatble for the given weight conatratnt arillng from the booster which bad been 

aelected. In a later part of thla example, the colt revenue analy•ta obta1nable for 

channel-time la deacrtbed. To maximize channel-time per satellite, coulderaUon 

mult be given to the number of channel• to include in the deatp, and the lifetime • 

H-1 



apected to be achieved with each atellite. To maximize this lifetime, the length of 

time tbat each •telllte operates must be coutdered, as well as the probability that 

each •telllte auc"eelfully achieve• orbit. 

The aatelltte separates from the booster while atlll in the transfer orbit. It must 

rely on on-board equipments for atabillzatlon while coasting to apogee and to provide 

the thrut for fmal orbit ctrcularfzation and error adjust. 'lbe satellite relies on a 

h:,drulne atatkm-keeptng aubayatem. When this aubayatem ta out of fuel or depleted, 

the aatellite rapidly drlftl and becomes useless for communications. 

2. 0 PERFORMANCE PARA?J~ETERS 

ID thta example, the performance parameters which influence the amount of 

channel-time obtatnable with each atellite are: 

(1) /J. the probability of ncceslfully attatnlng orbit and complettng satellite 

Mt-up eveata. Thia ta the availability parameter and ta a function of technical 

performance cbaractertatlca of the ayatem as described in paragraph 4. 3. 

(2) T. the pJ•nned expendable depletion time which ts determined by the amount 

of hydrulne propellant loaded. 

(3) B.J.t), the atelltte'a dependability parameter expressed as the reliability 

parameter ct.pending ,m the Included standby redundancies which increase 

the •telltte'• apected lifetime. Thia reliability ta exclusive of the equip­

ment for the, operation of the cluumela, the communications s~yatem. 
' 

(4) •• the number of cluumela. Thia ta the capability parameter. 

The mtaalon time T ta equivalent to the planned expendable depletion time. If 

T ta divided Into ~T intervala, tha K different time intervals may be defined for 

the tnnamtaaton of lnformatkm by a number of operating channels, with 

K = _i 
~T 
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The channels used may differ for each time lntenal. Thus, there may be defined 

an average channel capability for the .dT intervals, the sum of which ii a measure of 

overall effectiveness. 'lbe summation ta transformed to an integral a• .iT • 0. 

The system figure of merit will be the expected channel-time or expected number 

of channels usable over the length of time each channel was available. The major 

effectiveneaa performance parameters of availability, dependability, -and capability 

are Included in the system effectiveness model. 

3 .O SYSTEM EFFECTIVENESS MODEL 

The effectiveness measure is: 

T 

E = /J f i r M(t) Rg(t) dt 

0 r=o 

(1) 

where: 

~ = probability of auccessful orbit achievement 

Rs(t) = the probability that the atelllte, exclusive of the 

communications subsystem, operated reliably at 

any time t 

M(t) = the probability that exactly r out of s channels 

will be operating at time t 

T = expendable depletion time 

l r M(t) = expected number of channels operating at any time t , 

r=io and ts the CIJ)&bility parameter. 
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3 .1 Number of Channels in Communications SUbsystem 

Flpre R-1 lhowa the communlcatlona subsystem and the simplifying assumptions 

UHd In oonatractlng the mathematical model. Further, it is assumed that the s in­

dependent channel, each exhibit the same failure rate >..c , and each weigh 20 pounds. 

AlllO, any failure of the power ayatem ta incl~ as a cats.atrophic failure of the main 

bua. 

Dliie to the simplicity of each· channel, the design does not include any redundancy 

In the componenta comprising the channels. If any component in a channel fails, the 

mtlre channel la lost atnce it lacks reatoration capability. 

At time t, each channel has the same probability of being operative, and thus, the 

dlatrlbutton of the number of operating channels M(t) may be considered to be binomial, 

with 

M(t) = P r(r, a, p) 

= the probability that exactly r out of s channels ts 

operating at any time t. The parameter p ts the 

probability of survival of, each channel with p = e -A.ct 

and Ac = the channel failure rate. 

Thua, the effecttvenelB becomes 

R• 

~ . 
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and. atnce 

_\ t = se l\c 

E may then be expressed as: 

T 

E = /J• f .-Act Rs(t) dt 

0 

(2) 

'11le atelllte, excluaive of the communications subsystem, consists of N sub­

system• .In aerlea. The failure of any one of the N subsystems will result ln failure 

of the entire system. The _reliability of the satellite, R8(t), ts the product of the 

reltabUIUu of tbe N subsystems, where tbe itb subsystem may have llt redundancies: 

Since only standby redundancies are considered with 100 percent reliable switching 

assumed, 

and thUI 

(3) 



3. 2 Derivation of Effectiveness Measure 

For the kth tlme interval of dt duration, there may be defined a (dE>t, the 

channel time avaUable during the kth time Interval, with k taking on values from 1 

to k and, as previously defined, with K = T/dT . Thus, (dE)k may be expressed as: 

Since only successful orbit attainment ii of interest In this example, the 1th · 

element, A
1

, of the availability vector may be defined as 

A = Ill for 1 = 1 
1 O fort -11 

The elements DiJ of the dependability matrix which are a function of the reliability 

of the satellite's subayatems exclusive of the communications subsystem, may be defined 

as 

D = IR8 (JdT) for i = j 

ij O for 1 ,' j 

The elemmta of the capability matrix, which are a f\Dlctlon of the number of . 

operating channels during the kth time Interval may be defined as 

CJk = 

dT 2 rM(kdT) for j = k . 

r=o 

for j ,' k 
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Thu, 

8 

(dE)k = /J Rs (kdT) .1T L r M k.1T) 

r=o 

and Uthe (jE>t are equally weighted, 

E C ~ (4Elic 
k-1 

= T~T /J [i rM(kdT)] Rs (kdT) dT 

IP=l r-o 

If .1T • dt• 0 and kdT • t, then 

4.0 RELATIONSIDP OF SYSTEM PARAMETERS TO WElGHT CONSTRAINT W 

4.1 '11le Relation dT/.1W 

(4) 

Tbe hydrazine aubaystem must include a fixed amount of propellant for ascent 

orbit adjuat and Initial precision placement. 30 pounds additional ta required for each 

year of on-i>rblt operation; e.g., If the planned operational apan la 5 years, 150 pounds 

of hydrulne 11 required for the on~rblt pbaae. The rate of expendable depletion for 

tbe anUctpatecl operational apu can vary•• much aa ¼10 percent, depending on the 

1•acm and tbe y•r. However, for tlle purpoaea of this example, aaaumtng a linear 

time factor (I.•. , 1 y•r /30 pounda) 11 aufflclently accurate. 

H-8 



4. 2 The Relation '11/JJW 

Each channel In the Initial deaign wetpa 20 pounda, lncludtng welpt for power 

equipment. The failure rate of ea.ch channel, >-c , ls 1. 76xto-2 per year. Welpt 

Increases to lmi,rove Ac are not practical. 

4.3 The Relation 11/J/iJW 

The ascent phase consists of ·the booster phase into the transfer orbit, allroud 

jettison, and apacecraft 11eparatlon. It also Includes the remalnlng portion of the 

ascent phase carried out by the spacecraft ltaeU, consisting of coasting to the 8'lected 

apogee, thrusttng at apogee to tranlfer tntt> a near-circular equatorial orbit, drifting 

on~rbtt to attain the desired satellite mu.on (Earth lon~tude position), and final orbit 

trim to attain as close to a 24-hour 01bit as poaalble over th~ desired Earth longitude. 

The major alternatives under ccnstderatton for ,.coompllahtng the spacecraft coast 

phase up to apogee thrust, which could be 1everal days mirattou, are: (1) spin ltabl­

llzaUon and (2) active stabilization. Tbe ·spin atabillzatton method during coast re­

quire• 10 pound• of •telllte weight and gives a /Js = • 95 . Active atablllzatt.on re-
quires 60 pomida of weight and give• a /Js = • 99 . · 

The availability parameter /J la the ·probability of success for all ucent event•, 
with 

fJ = (.9&) (.99) (.99) </Js> 

and 

• 16 • prob. of 1ucceas of boost to transfer orbit 

• 99 • prob. of success of lhroud Jettison 

• 99 • prob. of success of spacecraft aeparatton 

/Js • prob. of success of 1pacecraft coast phase up to apogee thrust. 
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, In turn, ta a function of the avatlabillty, dependability, and capability of the 

booater ayltem, tosether with the capability and dependability parameters of the 

IUblyltem1 required to accomplllh the nece1ary •et-up event• of atablllzatlon, 

deployment of 10lar anay1, etc. 

Tbe aftllabiltty of the booater ayatem 11 a parameter of relatively minor conse­

qumce, 1lnce the milaicm is not dependent upon precise launch time .. The booster 

must, however, be capable of Injecting the 11 . .ellite into the desired o~bit, which in­

ftlve1 itl capability for a parttcuhr payload ~nd orbit, together with its dependability 

In performing properly during lhe ascent phase. 

Succe11 of all aacent eventB may involve, for example, the following technical 

characterlltlc1: 

• Countdown BUCcesa. 

• Jpltton of all motors within the preacribed time. 

• Preacrtbed level of thrust in the prescribed time. 

• Releue of veblcl19 from pad within the time tolerance after thrust build-up. 

• Dependability of rate gyro• and circuitry to control motor gimbals, thrust 

levela, and PAtpne shut-oown time within apecified thruat-ttme envelope. 

• Saparatton ot· flrlt i ·tage within specified time from boost burnout. 

• Ipttion of vernier orientation rocket• to achieve desired alignment prior to 

aec,ond atage ipltlon. 

• Jpttlon of aecond atage at correct time as calculated from thrust-time 

envelope and repeat of laat three characteristics for second and third stages. 

• Jettlaonlng aatelllte lhroud upon receipt of a signal when satellite injected 

into deaired orbf.t. 

• Actuation of b:~rizon senaors upon ahroud jettlaon and detect horizon and/or 

atar within prescribed time, and to specified tolerance. 

• Correct firing of vernier allpment rockets baaed upon output from horizon 

1mmr1/ Ital' tracker. 
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• Actuation of motor• to deploy 10lar array1 (if not automatically deployed upon 

shroud ejection) . 

• Operation of relay a to connect batterte1 with 10lar arrays. 

• Operatiol'l of ltabilizatlon •~ayatem when batteries are connected. 

• Activation of transmit and receive antennas. 

Each ol these performance charactertatlc1 la a function of accountable factor• at 

the design level. The functional relatlonlhlpa to thl1 level, and to the boo•ter-aatelllte 

ayatem level, are exproaalble by transfer functions, which may be evaluated by direct 

or Monte Carlo simulation methods. 

For the alternatives for accompllahlng the apacecraft phase of a•cent, two dlacrete 

design choices are: 

(1) aptn atabllizatlon with /J = .8846 and welpt of 10 pounds, or 

(2) active stabilization with /J = .9218 and a weight of 50 pound•, 

and with d/J/dW = .0373/-60 poundl for an ilCtlve atabW.atlon dealp ver1111 the aptn 

stabilization de•lp. 

The aubsy•tema aboard the satellite have been divided tnto the followtna cateaorlea 

for thla analysis: 

(a) SUbayatema which, for moat prat!t!cal purpo1ea, can be con• ldered to have no 

failure• ( e . g. , structures and 110lar array panels with Inherent redundancies) • 

The conalderatlon of a failure rate gr•ter than zero for these •ubayatema 

would, tn moat ca1ea, complicate the model and would not lDcr••e lt• utility 

a1 a decision tool. Thu•, th.aae 1ub•y•tem1 have been assumed to be 100 per­

cent reliable. 

(b) 8ub•y•tem1 which exhibit failur• oatutropbic to the ml•• ton_. am•y•tema in 

thl• category are ll•ted tn Table R-l and are iDcluded tn the redundancy model 

to be dl•cu11ed. 
B-11 



r 

::a
 

I ... N
 

; 

T
A

B
L

E
 B

-1
 

S
A

T
E

L
L

IT
E

 S
U

B
S

Y
S

T
E

II
B

 ,:
xe

••
 U

N
G

 C
A

T
A

S
T

R
O

P
H

IC
 R

A
N

D
O

ii
 F

A
IL

U
B

E
8 

·r
 

-
-

S
ab

ly
ll

te
m

 
W

m
gl

lt
 (

Ib
a
.)

 
F

a
il

u
re

 R
a

te
 (

p
e
r 
y
r.

) 
C

 

B
at

te
ry

 
M

 
.9

 X
 1

0
-1

 
. 

C
h

a
rg

e
r 

6 
J
u

t.
 B

o
x

 
&

.&
 

.2
8

 X
 1

0
-1

 
. 

B
o

ll
 H

o
ri

z
o

n
 S

e
u

o
r 

• 
4

.5
 X

 1
0

-2 

-P
it

ch
 H

o
ri

zo
n

 S
e
u

o
r 

• 
4

.6
 X

 1
0

-2 

M
ag

. 
C

o
ll

 
5 

.0
9

 X
 
1

0
-2 

M
ag

. 
C

o
ll

 E
le

c
t.

 
2 

.0
1

2
 X

 
1

0
-2 

F
ly

w
he

el
 

5
2

 
.4

4'
 X

 1
0

-2 

W
he

el
 E

le
ct

ro
n

ic
s 

• 
1

.0
 X

 
1

0
-2 

P
it

ch
 J

e
t 

E
le

c
t.

 
• 

1
.7

5
 X

 
1

0
 -2

 

R
ol

l-
Y

aw
 J

e
t 

E
le

ct
. 

8 
1

. 7
5 

X
 1

0 
-2

 

H
o

ri
zo

n
 S

en
so

r 
E

le
ct

ro
n

ic
s 

4 
.9

 X
 1

0
 -2

 



5 .o APPUCATION OF THE LAGRANGE IIULTIPLIER METHOD 

with 

and 

For the Wuatration, effectivene11 can be considered to improve by adding: 

• welght to incr•ae the Initial number of channel•, ( i~) 
• weight to increaae the a•cent availability, (;:) 

• weight to lncreaae the planned depletion time, (ii) · 
• weight to lfflprow rellablllty by redundancy application, (~.:) 

As p.:e1vioualy shown 1n Equation (2), the system effectivene11 mea111re la: 

T 

E = /J1 f 
0 

The achievable effectiveness of the ay•tem la subject to the constraint relation: 

N 
w ~ c1 e + f(c2 , /J) + c3 T + L n1 W 1 

1•1 

H-13 

(5) 



.... 
c
1 

• 20 lbl. per c..._1 

{

10 lbl. for •phi atlbllluUon ucent deatp 
f(c2, /J) • 

&O ll>1. for actlw ltabtllzatlon uoent deatp 

= 10 + l ~-- s~5>401. 0.,'731 

03 == 30 lbl. /year 

Wl = weight of the 1th ld>ayat.em 

w = ay1tem weight 

T = upendable depleUm Ume 

· In order to find the value of the variables s, f (c2 , /J >, T, and n1 which will 

m•xtmtse E, the system effectlvenesa, the total differential of Equation (2) ls 

tak• and equated to zero, with the following expreaalon obtained: 

'1E = ~ E + J E + {Jae -Ac T Rs (T) '1T 

N 
'1•1 I e-Act 

R8 (t) 8Rl (nl • t) 
• JJa I dt = 0 R1 (n1, t) 8n1 

1=1 0 

where 

8R
1
(n., t) ' (A t) Dt -l - 1 -A1 t ____ 1 ___ ___ 
&i = e <11t -1) t 

(6) 

Next. the total differential of Equation (5) is computed and the result multiplied by the 

taaranle multlpller to obtain another degree of freedom. Aasurntng W is a constant 

and replaotq the Inequality with an equal alp, the following ta obtained: 

N 

o 111 '1W = (o1 '11 + ~c2 ~ + ~c3 liT + t L w1~ Di 
i=l 

H-14 

(7) 



Subtractinl Equation (7) from Equatlall (8) ad nottnc till• dlffenmce mut be equal 

to zel"O, which meau that the coefficient of~ "term" mut therefore be equal to 
zero, the followbtc Ht of equatton111 obtained 

(8) 

The coefficient of each term la then aolved for ~ to yield the followbtc Nt of 

equatlou: 

T 

= l.. f .-Act Rs(t) dt 
cl 

0 

T 

t - E - I / e -Act Rs(t) dt 
- c2/l - c; 

0 

/Jae-Ac T Ra(T) 
t = 

C3 

for i • 1, •• , •• , N 

H-1& 

(9) 



• 

Tile 10lu&loa la the value of f (c2 , /J) , •, T, and ni which will aimultaneoualy 

.Udy 111• Nt of eqaatkm1 (9). To make the problem computationally tractable, 

•ome •••amptlou w01 be required to provide a fil'lt approximation to the numerical 

fthae of th•• eqaatlou. 
I 

I 

In moat dullUona, 'the functions R8(t) and R
1 
(n1, t) in the integrals of 

~tlon (9) may be approximated aa follows: 

wbere A8 la the 1um of the failure rates of all aubayatema with no standby redundanct4:91 . 

Such nonndancllnt ll!blyatema will uaually contribute atgntficantly to the \Dlrellabtltty of 

the ayltem ad may be determined dter an iteration baa been made at some value of T. 

On the otller hand, nblyatema with standby redundancies will not contribute stgnlftcantly 

1D the unreUablllty of the ay1tem. Their failure rates wtll be aalUDled to be zero and 

are not Included tn the failure rate sum As. It should be noted that As cannot be 

computed until the redundancies have be• determined for the value of T being 

computed. 

the flrat a equatton1 for the set of equattona of (9) become: 

T 
( = !. / 8 -At dt 

cl 
0 

(10) 

•x!;[1-e->.T] 
H-16 



T 
~ = .!.. f e - At cit 

c2 
0 

= a . [ 1 - e -AT] Xc 2 

/J ->.T se 
~ = 

C3 

and the last equation of (9) becomes: 

0 T Dt-1 

. .... 

,. = ~ I e-<~ + >.1)t (Alt) " w
1 

-(..:.n
1
-_-1,-1- dt for 1=1, ••• , N 

0 

Letting z = (>. + >.1) t and using the relation: 

then: 

H-17 

(11) 

(12) 



Further, utna the relation 

n -1 

8 (A + '>.i)T • ~ 
j=O 

t may now be expreaaed as: 

F1nally, 1bt1 expre11ion may be written in the 1ollowtng form which la computa­

Uonally tractable alnce the higher order terms can be dropped: 

2 
[(A+ At>Tl ) 

+ (nl +l)(nl +2) + .: • "} (13) 

t 

( 
Uatng equations (10) and (12), I 

\i 
(14) 

an~ uatng equattona (12) and (13): 

(15) 

H-18 



Furthermore, with theH a1aumptlou, the effecttvene11 . ~•ure of F.quation (I) 

reduce• to: 

/J• -AT 
E=T(l-e ) 

or (16) 

' [ .Al. (AT)2 ~ (AT)3 l 
E = /Js T 1 - 2 + 6 24 + .•. 

Equation (16) °"resaes the effectivene1s E as the expected number of channel­

years obtainable from each satellite (average number of operating cihannels times the 

average number of years) . 

5 .1 Computational Algorithm 

As prevlou1ly indicated, the two discrete design alternatives for f(c
2

, /l) are 

Spin atablllzatton with /J = . 88"5 for 10 pounds 

Active atabillzatton with /J = . 9218 for 50 polDlds 

Tbe choice between theae two dealp alt.ernatlve• will be tbe one which mulmize1 

the eftectivene11 u 49:xpre1aed by EquaU~n (18). Therefore, tbe moat efficient alprltbm 

i1 to dete~ne which /J will optlm~ze etfecUvene11 and., ualng thl1 method~ ucent 

1tablllzaUon, to tl)en det.ermlne tbe welpt allocaUon to tbe nmalnlnl •yet.em account­

able facton. 

The total wP-ight budget ia 610 pounds which can be allotted to: (1) redundancies, 

(2) ascent stabillzati , (3) on-orbit hydrazine ga1, and (4) cha1.Ulel1. Thia mean• that 

for the case of a apin-at.lbillzed vehicle, there will be 600 Yemainlng pounds to allocate 

to Rs , T, or a. For the case of active stabilization, 560 pounds remain . 

H-19 
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I .I DetermlnaUon of Aacent Stabilization Dealgn 

The aelectton of tbe aacent de1tgn can be made by examining tha aet of equaUona 

la (I) wblcb deftne• tbe optimized de1tp. The fl rat two equations of (9) may be 

Interpreted a• follow•: 

Thu• , 

( < -,~ l = 1, 2 
- c2 Pt 

E ~ E 
~ cl• optimum 

Dealpate the two value• of fJ1 a• /J1 = . 8845 and fJ2 = . 9218. · A gain of 

/J/J • o. 03'13 la achieved wltb the addition of 40 pounds of weight, tbat la: 

;,. 

40 lb 
c2 = 0.0373 

H-20 
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' aabaUtutlnl the value• of /Ji 111d ~ IDto tbe apreuiGD for •optllllDI yield• 
value• of 47.4 ud 49.4, re•pecUvely. Tld1 Indicate, that tbe 10 lb ... ltlbtlt•a­

Uon •yltem will opttmt1e the e!fecttveneu tf tbe 111mber of nh•nnel• a.a11dl ,, , 

111d for tbe heavier •yat.ern, when tlMt mrnbe• ---• ,s. Bowwer, 30 la die mm­
murn nuniber of clwmel1 (at 20 lb per Qb•mel) which can be •pectfied becw of 

tbe wel&ht CODltralllt ot 800 lb. Therefore lt can be concluded that, of tbe two de­

lip cbotce•, tbe 10 lb •tlbW&atlon •yatem, reQllrlDI fewer channel1, will proride 

the greater etrecUveiataa. 

5. 3 Determtnett,m of Opthnt1ed Dellp 

Slnoe ap1n Dhili&atloll la the opttnaarn cbolce for the uceDt mode, there re­

rnatne a weipt of 600 lb to aUocete to 8s, T, ud a , tbe value, of wblch naalt 

be datenntnect to almulteD8CJUly 1atllfy f'CJJ•Uona (l') and (11) 111d meet tbe welpt 

coutrum. '1111a la acoomplllbed IJJ lteratlnl Oil T with e«paUoDI (l') 111d (11) 

until tbe wetpt coDlltralm la met. 

Step 1 T = 5 years 

stap2 T = 10 year• 

Step 3 T = 7 yeara 

step4 T = 8 year,, 

step 5 T = 9 yeara 

e-:u 



The omputations for each st p in iterating to the optim um are discussed in more 

det-i il below. 

step 1 

First, determine by using inequality of (15) , which redundancies to add. That is , 

start with .\ = .\ and compute th r edundancies to add at T = 5 years. Then, update 
C 

.\ = .\S + .\c (where .\ = th sum of th fa ilure rates of only those subsystems which 

do not h:~.ve redundancies added in the first try). See if any more redundancies can be 

accepted. In this example, for all values of T that were us d, no updating of the 

t'edundancy list was necessary. 

Recalling from (15) that 

e- .\iT.\_ni-l T ni { (.\ + .\.)T 
..l. ~ 1 1 + 1 + 
c

3 
w. (n . ! ) (n. +1) 

1 1 1 
(n. + l) (n. +2) 

1 1 

+ . . ·l 
and letting the right side of this inequality 

computational ease ; 

= ~ , then using logarithms for 
' ni 

-3.4 < ln (q. ) 
- . 1 , ni 

Next, construct a priority list based on ln (qi n· ) and accept all redundancies 
' • 1 

which satisfy the above inequality. Table H-2 gives the calculated values of ln (qi, ni). 

In Table H-3, the redundancies are listed in the priority of adding them to the system. 

The above inequality indicates the acceptance of only th/3 first six redundancies, for a 

total weight allotment of 26 pounds to redllndancies. 

The pri.ority list of Table H-3 is extended beyond the first six redundancies, in order 

to compare the results with those obtained in Appendix G. This comparison is made to 

establish the equivalence of the two methods for adding redundancies :ind, also, to de­

termine the suitability of using (15) with A = ,\c to derive a priority list . As can be 

H-22 
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s en by com paring the priority list in Tabl H-3 with that of Appendix G, the 

approximation of >.. = Ac for this illu tration is valid. The two priority lists are 

id ntical for the first 9 redundancies, with a difference in order for only one sub-

y stem from the 9th to the 12th redundanci s. Ther after, the order ing is fairly 

ditf r nt , although the members included on both lists are identical up to 

19 redundancies. 

Next , Equation (14) is solved for ·nte.i!,er s to obtain the value of T closest to 

5 y ars. 

wh r e: 

c
3 

= 30 pounds/year 

c
1 

= 20 pounds/ channel 

which yields: 

s = 8 channels , which require 160 pounds . 

T = 4 . 9 years, which require 147 pounds of hydrazine. 

To verify progr ess towards the optimum, the effectiveness given by Equation (16) 

i:.s calculated n€xt, 

E = f3 T [1 - AT + ( A T)2 - (AT) 3 + l s 2 6 24 . .. • 
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where 

fj = . 8845 

s = 8 

T = 4.9 

,\ = .\c + >.s = . 0345 

which yields 

E = 34 channel -years 

The result indicates the weight allocation , s 333 pounds at T = 4. 9 years. Since 

there is a total weight budget of 600 pow1de , this solution is not the final one. 

Table H-4 summarizes this weight allocation as well as those in Steps 3, 4, and 5 to 

follow. 

step 2 

Next, set T = 10 years and solving for Equation (14), 

s = 18 channels, which require 360 pounds. 

T = 10 years, which require 300 pounds. 

These two allocations give a total weight of 660 pounds, which exceeds the weight 

constraint. 

Next, set T = 7 years. Then, 

s = 12 channels, requiring 240 pounds. 

T = 7 years, requiring 210 pounds. 
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which yields a total weight of 484 poonds and an effectiveness of 73 channel-years. 

Step 4 

1Next, set T - 8 years. Then, 

s = 14 channels , requiring 280 poonds. 

T = 8 years, requiring 240 pounds. 

which gives a total weight of 554 poonds and 97 channel-years. 
' 

step 5 

To converge to the optimum, let T = 9 years, which requires 270 poomis. The 

solution, using Equation (14), gives s = 15 which requires 300 pounds. The weight 

allocation to redundancies is again 34 poundli. This gives a total weight of 604 pounds, 

so T is adjusted to 8. 9 which decreases the weight allocation for hydrazine to 

266 pounds. 

The optimized effectiveness solution for a weight cOIUl~aint of 610 pounds, in­

cluding weight for the ascent stabilization mode, is 97 channel-years. 

5.4 Syatem Effectiveness Related to Weight Constraint 

Furthermore, the optimum design for any weight constraint can be determined 

aa shown in Figure H-2. This figure also depicts the weight versus T for each of 

the aolutions as given in Table H-4. Figure H-3 depicts effectiveness for each of 

these solutions. For any weight constraint, the design which maximizes system 

effectiveness is shown in Figure H-4. 

Table H-5 supplements Table H-4 by presenting the values of the effectiveness 

parameters for the optimum solution. 
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TABLE H-6 VALUES OF PERFORMANCE PARAMETERS 
FOR OPTIMUM EFFECTIVENESS 

.Availability, /3 : 

Dependability (Reliability} at end of Depletion 
Time, T: 

Capability (Initial Number of Channels), a: 

Plannw.l Expendable Depletioil Time, T: 

88.45% 

82.4% 

15 Channels 

8. 9 Years 

( . . 

Optimum Effectlveneaa: 116 Channel-Years 
~-------------------------__;-___ __, 

6. Ci EFFECTIVENESS, INCLUDING CCl!IT/UTILITY 

In the ba.aic llluatratton, uoh ('1E>ic wu weighted equally for each of the K time 

intervals. ait, a diacmntlng factor hued on money intereat rates muat be included 

in order to de~ne the futul"e worth, or value, of the dollar reveme obtainable 

from each channel over its operational Ume 1pan. Thia is to covei: the intereat rate, 

or coat of the money, which would have been earning otberwiae had it not been in­

vested in th~ aateWte for the pirpoae of obtai!'ing reveme for ta•~ !n applying oom­

munioationa during 1ome future Ume. Therefore, in tbia 1ecUon, a weighted ie~feo­

Uveneca measure is intrpduc,,cd. Thia is recognition of the fact that any money 

inveated nrJW for dollar returns in the distant future, t, muat be devalued or 

weighted depending on bow far into the future, t, the rebJ.rn on the inveatment 

is expected. 

This devaluation factor may be designated as W(t) and described in terms of 

the interest rate percent p: 

1 

W(t) = 
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Thus, the alternate effectiveness measure of Equation (4) may be expreBBed as 

U = W(t)E 

(18) 

where dU designates the value in terms of dollars returned (utility) of an increment of 

channel-years. corresponding to a time increment dt. 

Substituting from Equations (2) and (17) above . Equation (18) then becomes 

Designating 

t 

U = '38 / 
0 

-~ct ,nA. i }t 
e Rs;' ,1 + 100 dt. 

q = ln ( 1 + 1 ~o } 

T 

U = '38 / 
0 

-P-c + q)t 
e Rg(t)dt. 

H-32 
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T 

U = f3sf e 

0 

- o.. + q) t 
C 

R8 (t) dt 

aod subtracting from this equation the initial total cost C, where C is expressed 

as, 

with 

co = 

Y1 = 

N 

C = Co +yls+ Y2f1+y3T +2_ yini 
i=l 

initial investment costs (booster + satellite) 

cost of each channel 

Y2 = ratio of cost to availability of ascent alternative 

y3 = cost of hydrazine 

yi = cost of each redundant subsystem 

The change of the terms 
N 

- (Y1• + Y2 '3 + ·y3 T + 2 yini) 
i=l 

H-33 
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for varirua designs of the satellite will be •111!111 compared to the total utility U. 

Thus, these terms may be assumed to be a constant for the optimization oI U. 

And, since aubtracting the remaining constant C
O 

does not change the optimization 

proceH, U becomes an optimum when U 
O 

is optimized, where : 

-( A + q) t 
C 

R8 (t) dt (21) 

Thus, the optimization process applied in the first part of this illustration represents 

the case of q = o, i.e. , where the interest rate is o. The optimization of the 

utility is mathematically equivalent to an increase of the failure rate in Equation (2) 

from Ao to ( Ac + q). To maximize utility, a simple change to Equations (H), 

(15), and (16) is made to give: 

a = __ ca____ [ e ( A+ q) T -1] 
c

1 
(A+ q) 

T (A+ q +A1 ) 
--,("""n

1
-+~lr-) - + 

(A+q +A1)2T2 

(n
1 

+ 1) (n1 + 2) 
+ ••• ] 

U = a,T (1- (>.+q)T +(1',+q) 2T2 + (-l)n(>.1~nTn ] 
o f.l 2 B ••• (n+ ! 

H-34 
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The last column of Table H-4 presented the optimized satellite design assuming 

p=O, or 0% interest rate. The effects of interest rates of 6%, 12%, and 18% will 

now be investigated. By Equation (20), q may be determined for the three interest 

rates: 

p: 6% 12% 18% 

q: 0.0558 0.1134 0.1655 

Using the computed q-values and Equations (22), (23), and (24), the optimization 

problem for p = 6%, 12%, and 18% may be solved in a manner similar to that for 

the case p == 0. The computation results are tabulated in Table H-6. Comparing 

the weights allocated to redundancy for the four investigated interest rates, equal 

redundanr,_y allocations of a total weight of 34 pounds is appropriate for interest 

rates from 0% to 12%. In the case of an interest rate of 18%, the redundancy alloca­

tion diminishes to a total weight of 26 pounda. 

Figure H-5 presents the number of channels and the lifetime decay (due to 

depletion) of the considered system as a function of the interest rate: 

H-35 



T
A

B
L

E
 H

-6
 

O
P

!'
IM

U
M

 S
A

T
E

L
L

IT
E

 D
E

S
IG

N
 W

IT
H

 W
E

IG
H

T
 C

O
N

S
T

R
A

IN
T

 O
F

 
6

1
0

 P
O

U
N

D
S

 F
O

R
 V

A
R

IO
U

S
 I

N
T

E
R

E
S

T
 R

A
T

E
S

 

In
te

re
st

 R
at

e 

6%
 

12
%

 
18

%
 

• 
N

w
n

b
er

 o
f 

C
b

an
n

el
a 

1
7

 
1

8
 

1
9

 

• 
P

la
n

n
ed

 D
ep

le
ti

o
n

 T
im

e
 (

y
e
a
rs

) 
7.

 5
3 

6
.8

7
 

6
.4

7 

• 
W

ei
g

h
t 

o
f 

S
p

in
 S

ta
b

il
iz

ed
 A

sc
en

t 
1

0
 

1
0

 
1

0 

• 
W

ei
g

h
t 

o
f 

C
h

an
n

el
s 

3
4

0
 

3
6

0
 

3
8

0
 

• 
W

ei
g

h
t 

o
f 

R
ed

u
n

d
an

ci
es

 
3

4
 

3
4

 
26

 

R
o

ll
 H

/S
 -

1 
S

ta
n

d
b

y
 

--
-

--
-

4 
=

 
I c.
, 

-
2 

S
ta

n
d

b
y

s 
8 

8 
~
 

P
it

c
h

 H
/S

 -
1 
S

~
y

 
---

--
-

4 

-
2 

S
ta

n
d

b
y

s 
8 

8 

P
it

c
h

 J
e
t 

E
le

c
tr

o
n

ic
s 

4 
4 

4 

R
o

ll
-Y

aw
 J

e
t 

E
le

c
tr

o
n

ic
s 

6 
6 

6 

W
h

ee
l 

E
le

c
tr

o
n

ic
s 

4 
4 

4 

H
/S

 E
le

c
tr

o
n

ic
s 

4 
4 

4 

,., _
_ _

 



=
 

I w
 ~
 

I w
 

O
D

 

-V, °' ~ 2:
: 

z 2 ~
 

~
 1

0 
0 0 .- L

I.
I 

::
:,

 
0 ~
 

..
.J

 
..

.J
 ~ V, ~
 w
 s 

~
 - ...J ~ L

I.
I 

..
.J

 

c5 "' 

0 

; 25
 I 

~
 

20
 

L
I.

I 
z z ~
 

(.
.)

 

..
.J

 
<

 .-
15

 
z ~
 

V
, 

C
¥ 
~
 

4
~

 

• 

~
 

10
 

::
:,

 
z °' f2 ~
 

<
 ~
 

5 0 

NU
M

BE
R 

OF
 C

HA
NN

EL
S 

. 
- -

- ~ 
SA

TE
LL

IT
E 

LI
FE

TI
M

E 

" 
-

_>
-.. 

-

5 
10

 
15

 
IN

TE
RE

ST
 R

AT
E 

-
PE

RC
EN

T 

F
ig

u
re

 H
-5

 
N

u
m

b
e

r 
o

f 
C

h
an

n
el

s 
an

d
 S

at
el

li
te

 L
if

e
ti

m
e

 a
s 

a 
F

u
n

ct
io

n
 o

f 
In

te
re

s
t 

R
at

e 

•• 

~ ~
 

-

20
 





APPENDIX I 
AN ILLUSTRATIVE EXAMPLE OF THE EFFECTIVENESS 

OPI'IMIZATION OF A SPACECRAFT LAUNCH VEHICLE SYSTEM 

INTRODUCTION 

This example is intended to illustrate and demonstrate apportionment techniques 

by means Qf a spacecraft launch vehicle system with objectives closely related to mis­

sions of Agena type systems. 

THE MISSION 

The launch vehicle system is to achieve an orbit of a spacecraft (payload) at a 

specified launch window with a specified accuracy. Phase I of the design stu4y is con­

cerned with conceptual design without detailed definition and selection of subsystems. 

The problem is to apportion the accountable factors in such a manner that the effec­

tiveness of the system is optimized. 

It is assumed that functional relationships exist among the accountable factors 

obtained by experience with design, teat, and operation of former launch vehicle sys­

tems. These functions represent the average values gained by this past experience. 

Thus, there exist best estimates for the performance of the conceptual design. Spe­

cific functional relationships were assumed, the constraints of which were computed 

by the least squares method. 

A launch window is assumed of a short known period of time during which the 

launch bas to occur. A non-occurrence of the launch during the launch window is iden­

tical with the effectiveness zero. Th111, the availability is a basic factor of the effec­

tiveness model. 

Two main parameters contribute to the dependability of the launch vehicle system. 

These are the system reitability and the probability of successful stabilization of the 

syatem. 
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Tbe main oapabWty parameter of imocuracy ia couidered to be the deviation of 

the altitude at orbit ejection from the •pacified value. Other parameters, auch aa 

1eodetic latitude, lcmcttude, and azimuth are coaaidered of aecond order influence and 

may ba ignored. Tbe velocity inaccuracy 1a ccmaidered to be a part of the altitude in­

accuracy; th111, the velocity~cuncy is covered by mtmg the altitude inaccuraoy. 

Only ill the cue of alUtude iDaccuracy of zero 1a the achievement of the orbit con­

•idered to be 100 percent. otherwiae, the probai>illty of achievflmeut of the orbit is 

a function of the alUtude inaccuracy Ah, decra1aing with increaaing AJi. The weight of 

the apacecraft illjected into orbit 1a uaumed to be compoaed of a required minimum 

weight, plua an addiUonal weight which may be uaed for experiments and gathering of 

other information during the apace mi•aion. 

There 1a a useful maximum weipt for exper'.JDeata and information pther!r.g 

applicatiom up to which the capability of the apacecraft ~ uaumed to increue. When 

tlUI nwx1mwn weipt 1a reached, no further pill ill effecttveneea may be attained. 

Thu, tbe capability of the launch vehicle camtata of two maLill parameters: (1) the 

accuracy 1D achieving an orbit of apecified alUtude and (2) tbe wetpt of tbe apace­

craft which may be pit into orbit at the specified alt1tucie. 

APPORTIONMENT PROCEDURE 

Tbe I.asranle multiplier with priority l18t met.hod will not be uaed 1D tbia example 

for apportiOIIIDent of effectiveneaa. The procedure will be to uae the claaaical method 

of detenn1u1• a.treme values of functiona. The uae of tbia simple method 1a poaaible 

becauae of tbe conaideration of the avera,e mmber of red11ndant aparea, thua roducing 

the complexity of the problem. Another reuon 1a that the conatra.1nt• are given by 

equality relatiom rather .inequalities. 
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• 

ACCOUNTn. ">LE FACTORS 

( , 
-.J, 

The accountable factors infiuencing the performance parameters of the launch 

vehicle system under investigation are: 

Availability 

• The failure rates during the dormant state of the spa.cec~ launch vehicle 

system. 

• The mean times to restore the variOUB subsystems of the system. 

• The failure rates during the launch countdown state of the system. 

• The amount of weight for redundancy applicatiODS. 

• Guidance complexity and accuracy influence•• 

Dependability 

• The amount of weight for rech1odancy and non-redundancy applicationa. 

• The guidance complexity. 

Capability 

• The weight for experiment equipment in the apaoecraft placed into orbit at a 

specified altitude. 

• The precision <rG of the guidance subayatem which is the atandard deviation 

of the altitude orror distribution of the injected spacecraft orbit. 

PERFORMANCE PARAMETERS 

The performance parameter, influeDDiDg the effectiveneae of the laUDDh vehicle 

•yatem jlre: 

• The probabWty that the vehicle ill available during a launch window of a 

known, abort period of time. 

• The probability that the laUDDh vebicle •yatem ii dependable duriDg flight, 

iDDlud1111 atabillzation. 
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• Tile probllbllity of achlffllll a •,-,lfied orbit 1"3Curacy with a •pec,Wed 

paylaad. 

The key •y•tem performuoe parameter• , and their accountable factors usually 

oGllliat af ~ wcwnwtable faotora at the •ubeyatem deaign level fm which average 

ftlw may be deftaSd. 

BYBTEM EFFECTIVENE88 MODEL 

The WBEIAC effectiveuu model may be applied for compatatiOD of the effective­

-• af the iDnaUp.ted ayatem. 'Ibua, 

E = ADC 

However, a• will be •hown, the aimpllcity of repreaam:atiOD of t.he availability A, 

al the c:lepanlb1lity D, ud of the capability C ud their relatioa•htp to the effective­

-• E of the •y•tem (aae figure of merit) maJr• it expedient not to uae the A, D, C 

ymtor-matrtx a~h in the preaeat enmp1~. 

The apaae launoh vehicle ta uaumed to coaaiat of aome aubayatema with no 

r•••noy applicaUan, and of other aubeyateme with •edundlncy application to its 

aqulpmtmt. Tlwa ava1lability may be increued by additian of weight. Furthermore, 

It la uaumad that the guidlnc~ package baa a characteriatic dift\,rent from the c tier 

•ubeyatema in that tta accurauy may be 1Dcr•aed in exchange for reliability and 

mal•tmh1Uty. The follawtng may be diatiDguiahed: 

• Wetpt Wn for lubey•tema where the availability value Ao cannot be improved 

by welpt addiUGDI. 

• Weipt Wa for 1ubeyatema where aftllabWty may be tncreued by inc"'e&aing 

their wetpt (Wlually by mMM of rednndlncy). Thia weight ta compoaed of 

a wetpt Ws, the mtntmum wipt for tbe buic aubllyatema required, and of 

the ftl'iable wetpt Wv, the patmtt• I weight addltian. Thu•, 

WR • WB + Wv 
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In conceptual design of the system, an average wei&;.-bt AWR may be defined for 

each of Na 111bay1tems with redundancy applioabtltty a.xi an average mmber NR of 

redundant 1ubay1tems for each of the Na aublyltem typea . The m•mber ~ 1s not 
' necessarily an integer. Therefore, 

and 

or 

(1) 

The values NR and AWa are constants for the syltem type under inveatipttOD, 

and Na ts a variable with a 1pec1f1c value in the oaae of optimum effectivt.meea. 

DefiDJng an average dormant and cwntdown failure rate ~ D for each of the Na 

1ubay1tema, and an average mean time to reetore of x~ for a malfunctiOD which 

occurs in the dormant and the countdown atate, m avaiW>Wty, Aa, of the pr•ently 

considered system may be expreeaed u: 

By substituting 

Aa reduces to: 

where ra and AWr are ayatem cbaracterlatica. Furthe-rmore, tt ia nec•aary to 

diatinguiah the availability Ao of the gwdlnce aubeyatam, which may be deetpoo 
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with any preciaion value era without a1gn1ficant cbqe of its weight. The meaning of 

crQ 1a di1Cuaaed later. If it la aaaumed that the more accurate the guidance f&ekage 

la, the more difficult la its maintenance, then availability Ao of the guidamm package 

may be expressed by 

where 11Q and a are known characteristics of the guidance a11bsystein. The availa­

bility A of the system may then be expressed as the product of A0 , AR, and Ao, 
I 

namely 

-WR/~WR 
A = A0 (1 + rR) exp (-<ao/cro)a] (2) 

Dependability 

The dependability of the system is assumed to consist of one value only, the 

1yltem reliability which la composed of factors ~uivalent to those described for the 

availability parameter. The reliability of the subsystems with no redundancy appli­

cation and thua of fixed weight Wn ia designated by Ro· The reliability of subsystems 

wb1ch can be improved by incr•aing their weight may be approximately expressed by 

- [ (1 + NR)] 
Ra = exp -Ni\ Q8 (3) 

where Qs is the system failure cbaracte~ic ~ ~R~ Na .are.as previously defined 

for FApation (1). Thia functional relationahi~y be derived by considering that for 

a abort-time operating system such as the one for the present e,mmple, redundancy 

1a appraxlmately of parallel type, with the Na aubsyatema each having an average of 

Na redumlanctea. Aaaumtng u average probability of failure, QS, for each subsys­

tem, then 
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or , in a logarithmic form, 

Using the approximation 

( 
(1 1- NR)) (1 + NR) 

ln 1 - qg = -Qg 

and su~stituting in F.quation (4), F.quation (3) is obtained. 

Using Equation (1), 

(4) 

Finally, the reliability of the guidance subsystem Ro, which is a function of the 

guidance precision a-0 , can be assumed to have the following functional relationship: 

where co, 'V are known characteristics of the guidance package. 

The dependability D, being identical with the reliability uf the system in this 

example, is the product of R0 , RR, and Ro: 

[ 

WR/ (NR ~WR)] 
D = R

0 
exp -NR Qg • 

exp [-<co/C7o) 'V] 

C~.pability 

(5) 

As previously indicated, the capability of the spacecraft launch vehicle system 
I 

will be a function of two main parameters: accuracy of achieving the orbit and the 

weight of the spacecraft injected into orbit. 
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Accuracy of achieving ,.n orbit la a direct function of the extent to which the 

1pecWed apocee altitude, perigee altitude, and iDclination angle parameters are met. 

Tbe1e parameter• are directly related to the major and minor axes, eccentricity, 

inertial ucent node, period, and velocity at injection into orbit. 

For simplicity, it ii assumed that the accuracy of achieving an orbit is related to 

one accountable factor only, the precision <TG, which may be interpreted as the stand­

ard deviation of the altitude error distribution of the orbit for the inj~ted spacecraft. 

Thus, <TG baa a length dimension. Aa•uming S\ normal distribution of the altitude 

error (Ah), the following familiar density function may be defined: 

exp [- ~)2] 
. 2<T G 

(6) 

There will be a relationship between the probability P
O 

of achieving the capability 

objective and the altitude error (Ah) of the orbit. Aaaume that this relationship may 

be expreaaed by the function 

where c A ii a ayatem constant ud PO possessing the necessary characteristics 

that 

P
O 

= 1 for 6h = o 

P0 = O for 6h - a, 

1-8 
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By means of Equations (6) and (7), the probability Pc that an orbit is achieved 

with sufficient accuracy to attain the objectives of the injected spacecraft may then 

be expressed by: 

(8) 

Now consider the relationship to capability of the weight Ws of the spacecraft 

injected into orbit. This weight may be viewed as being the sum of a fixed weight 

Wsc and a variable weight w80 utilized in the spacecraft for experiments and col­

lection of other types of information. Assume that Wsu is limited to a value w8L': 

beyond which no utilization of additional weight for experiments and/or collection of 

information is possible. Then, reasonably, the capability C may be defined by the 

~,quation: 

C = 

if (Ws - Wsc) > WsL 

where ~ is a spacecraft characteristic. 
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U•inl EquaUon (8), 

C = 

1 

_r-F;;V 
y1 + '/,\-;;/ 

l ' 

1be last equation system may also be formulated u 

with 

The Effectivene11 &Ju&Uon System 

if (ws -Wsc) > WSL 

(9) 

(10) 

F.quationa (2), (5), (9), and the relationahip (10) form the effect1,,ene11 relation­

ship to be applied when optimizing the effectivene11 of the hypothetically considered 

launch vehicle 1y1tem. 1bi1 effectivene•1 measure 11 expre1aed a1 the probability 
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of injecting a 1pacecraft into orbit at a 1pec1fied launch window within a 1pectfied 

accuracy, and ia defined as E, where 

E = ADC 

[ 1 + 2 (::) 
2
]-

112 
(ws ~:Lsc) 

exp l-[(::f + (:: r + NR4s (11) 

with Wg ~ Wsc + WsL from Equation (10). 

\' 

Additionally, to accommodate the welght restriction of the selected propulsion 

launch vehicle system, a ~er restriction applies for E, namely:· 

(12) 

WSC' ~WR' er, 13, y, and q8 are constant characteristics and a-0 , WR, 

and W SL are variables which are to be apportioned by optimizing the measure of 

effectivene11 E under the inequalities of Equations (10) and (12). To summarize 

the significance of these parameters, 
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We1Jht1: 

wn 

WR 

dW8 .. 

wsc 

Weight of 1ubeyatem1 of launch vehicle system with no 

redundancy appllcabllity 

Weight of subsystem11 of launch vehicle system with redundancy 

applicability . 

Average weight of one subsystem of launch vehicle 1ystem with 

redundancy applicability. 

Weight of the subsystems of the spacecraft to be launched by the 

launch vehicle system without equipmentu for experiments and 

collectJon of other types of lnformatJon (cons · de red to be a fixed 

value). 

Total weight of the spacecraft. 

Maximum weight of launch vehicle 1ystem, including propellant 

plua apacecraft weight, which may be ejected into the intended 

orbit. 

w8L Maximum weight of equipment for experiment• and collectk>n of 

other types of information which may be utlllzed in the mi11Jon 

of the ejected spacecraft. 

Length paramete ra: 

Mea1ure of precision of the guidance aubeyltem expre11ed by the 

standard deviation of the mi&1-dlstance of altitude of the orbit. 

, ·~tor• infiuenclng standard deviation of ml81-dlstance are: 

• Gyro drift resulU.ng in incorrect filgbt path angle output to 

computer 

• Gyro drift resulting in incorrect accelerometer mea•urement of 

thru•t time hl•tory 

• Incorrect •tart time, burn duration, or •hut-down time of one 

or more engine• due to malfunction 1n electrical control 1yltem, 

turbopump a&1embly, pa generator aa•embly, •tart tank and 

valve aa1emblle1, main oxydizer valve, fuel control valve. 
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• Incorrect thrust level due to malfunction or defect in helium 

sphere, helium control valve, fuel valve, oxydizer valve, main 

propellant tanks, oxydizer tanks, propellant isolation valves, 

turbopump assembly, gas generator, or thrust chamber 

• Failure in electrical power supply resulting in inoperative sequence 

timer, electrically controlled valves, gyro motors, computet, 

etc. 

• Malfunction 1n horizon sensor resulting in inoperation of sensor 

or angular error in flight path angle 

• Leak causing pressure loss in hydraulic system controlling pitch 

and yaw actuators resulting in incorrect thrust vector angle. 

Guida.Jlce characteristic relating the precision of the guidance to its 

maintainability. The measure aG is a function of the standard de­

viation of the output parameters of the guidance subsystem, with a 

small standard· deviation for these outputs being associated with a 

highly complex, sophisticated design. Correspondingly, this will 

result in higher dormant and checkout failure rates, longer r~stor­

at.ion time, and longer checkout time, all of which will influence the 

system availability • . 

A characteristic of the spacecraft and miss.ion relating misa-distance 

of the orbit altitude of the spacecraft to the probability that the space­

craft will successfully accomplish its objective. Examples of a de­

crease in capability due to an altitude error are: 

• A satellite which fails to achieve a stationary orbit, and thus will 

have a closed-curve ground trade, the cause of which is attribu­

table to a lack of orbit adjustment capability. The consequence 

of this may be an antenna mis-alignment with the ground stations 

which will result is a reduction in received power. 

• A satellite which baa a ~emier stabilization subsystem. The 

amount of fuel uaed for altitude adjul!ltment purposes will affect 

the usable fuel avallable for its mission requirements. 

• A satellite which 11 to rendezvous and where an altitude error will 

reduce its capability to accomplish this mission. 
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The meuure CA 18 obtained by determJnms the factor,, and their 

effecta on capability a1 a function of altitutde error. A cune can 

then be plotted of capability venue altitude error. The curve i• 
then q,proximated by the function P

O
, the probability of achJevq 

the miuion objective, a• defined in thi• Appendix. From thia 

equation, c A can be obtained. 

Guidance cbaracte ristic relating the precision of the pidance to its 

re1Jabil1ty. A highly reUable and preciae guidance BUbayatem im­

plJes that the pidance output parameters will be within narrow 

tolerances, with small atandard deviations for tbeae output dis­

tributions. Correspondingly, the aystem mi11-d18tanoe will be 

small and will re1ult in a •mall altitude error standard devJation. 

The follo• ng step• may be used to determine c0 : 

• Out-of-tolerance conditions of the pddance output• affectmg 

mi11-distanoe are iaolated, and their effect• determined. 

• The frequency distribution of tbeae out-of-tolerance condttJon•, 
topther with their effect•, 18 uled to determine the diltribution 

of mlaa-dlatance, which in turn, define• c,0 • 

• The pldance 1ubay Item reliability then can be plotted a• a 
function of c,0 , from which c0 and 1can be obtained u1mg the 

guldtnce reUability el£1)Ar11Jon, a
0 

in tbil Appendix. 

Dlmm•Jonle•~ parameters: 

Of 1he follmrw parameten, a, /J, and '1 are •haplng cOD• tant•• Their values 

are obtalned from emplrlcal or theoretical data relaUng 1he applicable accountable 

facton de•c:rlbed. 

a 

1 

Ellponent in the function relatlnl the precilton of the ~oe to 

it• maimainabtltty. 

Exponent in the function relatlnl the precilton of the pidanoe to 

it• reliability. 
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Proba.billtie1: 

Exponent in the effectivene•• function relating the weipt in tbe 

spacecraft, available for equipment for experimentl and collection 

of other type of information, to the capability me&IU1'8 of the 

launch vehicle system. 

The (Jlotient of the reciprocal of tbe averap mean Ume to 

restoration of a failed subey•tem occurring before launch of the 

system, to the average failure rate in the dormant and checkout 

state for each of the subsystems with redundancy~ the launch vehicle 

system. 

• Number of subsystems of the launch vehicle system with ?Jedundancy -applicability, with the average being NR 

Average probability of failure of each subsystem of the lamich 

vehicle system with redundancy appllcabWty. 

Availability of the BUbayltema of the launch vehicle ayatem wtthout 

redundancy applicability. 

Reliability of the subsyltems of the launch vehJcle ayatem wfthout 

redunda.ncy applicability. 

OPTIMIZATION OF THE EFFECTIVENESS 

Equation (11) may be composed as the product ot three terms: 

with Ee the conatant term of the effect1vene11, and 

E = AR 
C o o 

E( Cl~ ill the term of the effectivene• s equation whJch depends on the value of the 

preci• ion parameter of the pldance, ti G' and 1• expre11ed by 

E<•o> C [ 1+2 (:~2] + espl-[f.!f +(~~ I 
1-16 
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lfW Jl ; W ~ la tbe term of tbe tdfectiwme11 wbtah dependa on both tbe ftluea of the 

WBJlbt WB of lldlay•JNI of the launch fthJcle aylltem db -JWh1ndaooy appliaablUty 

al. tlla •tallt W8 of tbe apaoecraft, with 

WJl WR f Aw N w -w 
• (l+r ) Rap -N a_ ;/Nill ( 8 BC 

R R, WSL . 

aab,leat to tba nondtttonB of E..-itona (10) and (12) of 

--~Wac+ WBL 

WB + WI ~WL - Wn 

(16) 

...... (11) ...... that b JMJdmJIJD af I( O o> and E(W ll ; W s) may ~ aepar­

.... dlta • mmad .ID order to Clfttml• the tdfeatnw•1 E. 

I:(• 0) i8 nat brm1TeCl In any lJm!t condition; thu• tbe clu1lcal method af deterrntotng 

b mntmam of a fuaotkm may be applied. Dllfenmttattng E( ti 0 ) wUh re•pect to 

• G and --- to sero lff8I 

(dl:(t1o>) - 0 

d•o ti • • G 00 

..... •oo ... ..,,,,., •o• or 

~· 
-<:!,f •~r --:•1-(•-:u:-)-1 
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The Maxhnum of E (WR ; W 8) . 

To comput,e the maximum of E(WR ; W8), the conatra1Dta stated by tbe Jnequalltiee of 

EquattoDl(l0) and (12) muat ba considered • .By means of the technical 11tuatton, the 

equal sign applJes in Equation (12) in the cue that E(W R ; w 8 ) , Eqaatton (16) ls a 

maximum. The maximum of E (WR · w8 ) under the constraints ts _determJned by 

two steps: 

In Step 1, the conatratnt of Equation (10) ts irrelevant. The natural lopritbm of 

Equation (16) ta taken to give: 

DtfferentJattng this upreBBton and Equation (12) wWl respect to WR and w8 re•ulta Jn: 

dE(WR ; WB) 

E(WR' Ws) dWR 

and 

WR 
ln(l+rR) NR~WR l!Uls 

= --,A,....W_l_t + ~3 AWR 
1 dWS 

- ./J W - W dW, 
8 BC R 

dWS 
1 + = 0 (for the equallty case) 

dWR 

In th cue of Emax(WR ; w8 ) , dE(WR w8 )/dWR ts zero. Thus, 

ln(lrt-r a> + Cle 

WROl 
N8 AWR ~WR 

( 1ncis> + - w - w 
801 BC 

= 0 

I-17 
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(19) 

with 01 denotlne optimum for step 1 

lquatlou (18) and (19) determine the ~lues ~f WROl and w801 , since all other values 

1D the• equatJona are known. If the inequality of Equation (10) ls to~ satisfied, a 

determination baa to be made of WRO and w80• In the case of w80 ) (WSL + w8c> 

a1 determJned by the procedure In Step 1, then: 

wso2 

If (20) 

WSOl 

W 802 to be determined as in the nut Btep. 

ID Step 2, lnveatlpte 

(21) 

The optimum values for WR and w8 as determined by u11Dg Equations (18), (13), 

ud (20) will provide tbe aolutlon for the optimum of E( WR ; W 8 ) • Thia optimum 

E( ~. Ws ). which may be de1Jpated by E()pt ( WR. Ws>· is: 

If (22) 
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where w801 , WROl ls computed by Equation• (18) and (19). If the la•t relationship 

of Equation (22) 1a not satisfied, then 

WR02 WR02 

EOpt (WR;WS) = (l+rR) 
jWR 

exp -NRCls 
NRjWR 

and 

WSOl > WSL + wsc 

where WR02 1a given by Equation (21) 

T~us, the optimum effectiveness of the presently inveatlpted system bu h..'8n 

determined by finding apecUic values of the three parameters c,0 , WR' w8• 

NUMERICAL EXAMPLE 

(23) 

The example selected bas the parameter• llsted in Table 1-1. The definitions 

of the ~r.lou• parameters are those prevtou• described. 
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TABLE 1-1 NUMERICAL EXAMPLE VAWES 

-
Dimensionless 

Welaht1 LelU[ths Probabilities Parameters 

De1tpation Value Designation Value Designation Value Designation Value 
(lb) (miles' 

WL 16000 aG 0.100 <lg 0.02f ·N 
R 

8 

w 13900 CA 4 A 0.99 a 2 
D 0 

.:1WR 62.5 CG 0.020 R 0.98 fJ 1/3 
0 

wsc 500 - - - - ,, 1 
.,' 

WSL 1000 - - - - rR 0:0015 

As discussed, a solution is required for the maximum value of the two effectiveness 

functiona E(Oo) and E(WR; ~s> given in equations (15) and (16). Substituting the 

value, of Table 1-1, 

1 
exp {- [(

0i! t (°:; ~ } E(C1o) = 

✓ 
1r- (24) 

1+2(} r 
- WR 

[- 40 w:1500] 
W -500 41700 s ·e exp 1000 .if ws ~ 1500 

(25) 

.,if ws > 1500 
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i ' ..... 

'!be overall effectiveneaa of the system, Equations (13) and (14) la: 

E = O. 970 • E(O'o) • E(WR; W,j 

'!be optimum of a0 , 'bola determined by means of Equation(17) . · Substituting the 

known values, 

2~) + /O.J119) -
\ 

000 

Figure 1-1 graphically determines 0
00 

aa being equal to . 725 miles. 

Substituting into Equation (24), E(Ooo) = . 9a3 

The function of E(o0 ) la graphically repreaented in Figure 1-2. The aenaitivtty 

of E(00 ) in the viciDity of 000 la low in tbat tbe decrease of E(C7o) la comparatively 

amall when 000 is Increased or decreased. 

WRO la computed by means of EquatiOD (18) and (19). fmbetitutmg tbe values 

from Table 1-1: 

3. 69 + ! 62. 5 = 0 
0.0015 - w /500 3 

40 ROI w801-500 

WROl + WS>l • 2100 

Figure 1-3 grapbtcaUy determines W RO 1 and W 801 to give 

WROl • 682 lb. 

w801 • 1418 lb. 
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Because tbe Inequality of Equation (22) la -Uafled, namely 

WSOl < WSC + WSL 

(1418 < 1000 + 500) 

w
001

" and w
901 

are t.he final r..Jliea. 

Since ! 
WRO = 682 lb 

w
90 

= 1418 lb 

by means of Equation (25) 

' -

Finally, a grapucal detenntnatlon of Wao• w80, and E(WBO; We,} 11 lhown tn 
Figure 1-4 wtth both •cale1: WR and W8• 

Optlmized Effectiveneu 

By mean• of ~lon(13), the '>IJ';1mUJD effecttvene11 may be oomputed to be: 

EOpt. = EC E("oo> E(WBO ; Wao> 

• (0. 97) (0. 923) (0. 907) 

= o. 812 

'lbe availabWty AOpt at the optimum value of the effeotivene11 may be computed 

by means of Equation (2). The, reault 11 

AOpt. = 0. 985 

'lbe dependability DOpt at the opttmum value of the effectivene11 may be obafned 

uatng Equation (5). Tbe rellllt 11 

DOpt. • O. 896 
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The capability COpt at t.be apttmam va1ae of lie dectl,w11 may be o-Dput.ed by 

means of EquatiQll (9). The N-1t 11 

cOpt. = o. 938 

Thus, EOpt. 11 apbl O. 812 with 

= -0.812 

Furthermore, the averap number of redann,nt amqeten,1, iR for each m the 8 aab­

ayatem - type with •pplloeMUty of red!•nncy la: 

NB = 
WIQ 

NR Wa 

= mu. 
8(82. 5) U. 

= ~~. 32 

Thu, 32 peroeat of ,tile 8 ~,-. .. ll•ft t'IIII remffl\•nay or appr-11Jn111ely three 

aabeyatema baft ane recm.ial:acy am ad fl.ft l!lllhayltmn• bave no r••·-iAlncle•• 
Tlma, NB• 3. 

FiDa1ly, Table 1-2 llllllllDU'bel tbe ftlle• of tbe aooc,intah]e faaton aptimiziDI 
the effecttftDBI• mea•ure for tbe a&aoecnft Jannoh w,b1cle •y•tem, ud t:be able• d 

the np;tmtad performance pammeter1 • 
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UIIU: 1-1 VAUJJ:I OF THE DY ACCOmtTABJ..E FACTOBS AND PEllFORIIANCE 
PAllA.IIETDS OPTDIIZDJG IYITEltl EFFECTIVENEIII 

PIF8 JtH 

~•1etm1 
Pu• .. ,. 

1'mlatlClll of Pllramlll•r 

llellllll'e of preclaima of. ...,..,,,. 
Weipt of aubayatimaa w 

Hf1111¥hncy applied 

TGtal weiptofapaoe-
craft 

Taea11111111ber of redma-.. ...,.._. 
Aft1laldlt1r 

Depe!hbDitJ 

ea-..aur • 
.. iiWriofEflectlft--

1-• 

Oil Valae Dimension 

era 0.725 miles 

WR 882 lb. 

WS I 1418 lb. 

NR 3 

AOpt 0.965 

DOpt 0.896 

COpt 0.988 

EOpt 0.8],2 



APM:JIDIXJ 

TREOllY ARD GDIEBAL DESCRJPrlJIT OF A COlllPOTD PBOOBAII IOll 
EFl'ECTIVD11:88 APPORTENIIDVI' ARD TBAD'.t!0FF ANALYIIB 

DlTRODUCTIOM 

Tht8 A)Jp8DCl1Jc oontatu a pneral procedure bued an the Lagranp multtpller with 

• priority liat method for the elfecUveneae appotttonment of a eystem which I• norman, 

weight- or volume-can• trained. Typical eynema inol ~ ,m aircraft with a mub,~um 

takeoff welpt and a t pacecraft which cu be pl1ced ID a ~cul•r orbit with a known 

mmruum wetpt. Purtber, such eyatem• carry a payload; consume 9Kp8lld•b1es In 

• 

operatlng ad truaportlng tbe ~load; 111d cantaln equipment which is necea• uy to 

trauport, operate, or monitor the payload ad to perform houeekeeptng lmctiou. 

Pulure afllauelreeplng functions caa-• tbe eyatem to fall. Increasing tbe rellabWty 

of the bouNlreepmc lmction on be anoompll..,_ aa1y by decreasing payload weipt. 

Alllo detailed ta the ,_...1 1beory far tbe a)lplJl'tlomnent and evaluation <4 ~ de­

pemJ•bUty p•rameter of reUabJUV far •aoh oompla •y81Bma w\'11ch are charaaterlNd 

by •1lmdby red1mi'lnt operattnc ecpdpnmt ud pdba. '!be tbeoey is primarily related to 

the dpel•ipoNIDt of ,.....i relablfflar ......,... whtah are aaflable l:or reduatton to a com­

pa.- Jll'OFll1ll• Follawtnc Ilda 18 a desm1pUon of a HeraUve OCJ111Pi11l' Jll'OFll1ll to ac­

oompliah lie dNtred appurU..,,.,mtof lae reliability ando1her •yatam efbottvmeu )lllft1be1ara. 

PBOCEDUD 1'0R 0PTIIIIZING THE EFFECTIVl:B88OJ!'TRE CONSD>ERED SYBTEJI TYPE 

The followtng ill the prooedure far tM aptlmtmg rl eysteme ablg the t..p,ange mial­

tlpller wtth prtartty llart metbod where the effeotiv8De88 II the average number of 8J11114'1-,.. 

men1a which ca be pll'formed per mdt ooet, ad tB hipt.a•emed by: 

(1) 

•s ta proportkma1 'to .,.Mm relllblltw,ad .._.. WC ta the mntmam wetpt of 

the •paoeoratt ayat.em, oonatr•med by the ,~.leotld laaDch vehtcle •yatem, and w8 ta 

\1he weipt of 'the eqatpmmt far hom,d:Nphrc 'flmotiau. Thua, (WC - W8 ) 18 tbe wetpt 

available far oonduotlnc aape1·1mm1a. Tc 18 tbe working time avadlable when no ma1n­

tm1110tt IIOUClll8 are required ad T8 ta the time required for matntemmo• clm1na the 

mia•ton. 

:A. apare, for the impo•e of tnm-eums 1lae aynem. rellabtltty far boUI....,_ tanc­

tlalla, reqalre• a llloremmlt ofwetpt, ;IW8 , a tnoremmt of malDMDenoe time, ATR, 

ud a mm'8IDlld of ooat, AC • 



Eqaatlon (1) ma, be written 

~ ·AQ_ )] 
C . 41ts 

with 

EquaUon (2) and tbe weight constraint WC for the weight of the total spacecraft 

aageat application of a priority list with 

4E - , T- ~ 

where t la a Lqrange multiplier for the present problem with one coutraint. 

Tbe compataUon atepafcropttmizaUon by means of a priority list are: 

(1) 

tbua, WExp = w C; TExp = Tc ; C = clnitial 

Rs = Rs - no redundancy 

(2) Compute t for each component for which spares may be applied. 

(3) Select tbe apare for which t becomes a maximum. 

(4) Compute W Exp , T Exp , C , Rs for iniUal system ·plus first spare. 

(2) 

(3) 

(4) 

(5) 

(5) Compute t for each component with spare possibility with W bl) , T Exp , 

C , Rs u obtained in step (4), and ~ spare with largest Lagrange 
... -..... 

. multiplier to' the·ayatem . . 
(8) Recompute, W Exp , T Exp , C , and Ra for the new system. 

('I) Cantinue the proce••. 
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\ In this proce11, t , being initially poelUve, becomes smaller from step to step 

(addition of spare with largest t ) . The optimized system is found by finally adding 

the spare having the smallest positive t . When t becomes negative, the efficiency 

of E declines according to EquaUo'l (2) • 

ARs 
In the computer program, whenever AE and. W > O, the relation of inequality 

Exp 

WExp 
Rs s; 

+ WExp I:£ 

C ARS 

obtained from Equation (3) is solved, having initially esti-

mated W Exp, T Exp , C , Rs for the .opUmized system. If assumed values and 

computed values for W Exp , T Exp , C , Rs agree with each other, the solution is 

found. In another case, the compitation must be repeated until sufficient agreement 

is obtained. 

COMPUTER PROGRAM DESCRIPTION 

The System Effectiveness Tra·Lleoff Analysis (SETA) Program is written in 

Fortran IV for use on the Univac 1108 Compiter and generates a plot tape for the 

SC 4020 Plotter. 

• Calculates and writes subsystem reliability, cost, weight, and maintenance 

time with given redundancy 

• Calculates and writes subsystem mulUthread optimal redundancy, calculates 

and writes multithread reliability with given redundancy, or calculates and 

writes a combination of thes-3 two 

• Selects the multithread path and path element which will result in the maxi­

mum reliability gain with minimum penalty 

• Calculate• the factor~ N ! 
• Averap.a path failure rates and adjusts element failure rates for paths with 

equal or near-ectual failure rates 

(6) 

• ldenUfle• paths with equal failure rates and identifies lowest and highest powers 

o~ the Laplace terms 

J-3 ' 



• Mllltiplie1 the coefficients of the equal-failure-rate paths and adds the powers 

of the Laplace ,terms 

• calculate• the, failure density function of each path in coefficients and powe!s 

of Laplace terms (SOL VE) 

• Seta up tbe multinomial ln SOL VE (RESULT) 

• Solve• the multinomial ln RESULT 

• Calculate• the factorial N! ln double precision 

• Multiplies term-by-term over all patha to obtain terms of the multithread 

ay•tem 

• Separates the Laplace terms 

• lntell'ates the tarma of the multithread system to obtain the reliability contribu­

tion of the term 

• Seta up ID SCM 4020 plot tape to plot reliability block diagrams of the systems 

requiring th1a subroutine (PLOT) 

• Generate• characters and circles. for use by PLOT 
i 

•rbe uer CID select one, or any combination, of the following options: 

(a) Calculation of the initial (single-thresd) and final reliability, weight, cost, 

and expected maintenance time of a subsystem wi~ specified standby, active, 

phantom, or binomial redundancies 

(b) Calculation of the lnitial (single-thread) and optimal (redundant elements 

u •iped by the computer according to the system effectiveness equation) 

rellability, weight, coat, and expected maintenance time of a subsystem 

with type of redundanr.y (standby, active, phantom, or binomial) specified 

for each element 

(c) Calculation of the lnitial and optimal (redundant elements assigned by the 

computer according to the system effectiveneas equation) or final (specified 

redundln~ elements) reliability, wetaht, coat, and expected maintenance 

time of a multithread subsystem (m s 5 threadl maximum) with elements 

1D •tandby redundancy (r threada can be optimized with specified redundancy 

1D the rem• tntng m - r threadl), with printed failure rates adjusted for 

duty cycle 

(d) System totala for n s 10 subay•tem•; a aubaystem CID be divided into sub­

ay1tem1 to ue option• (a), (b), and (c) 

(e) An npttmtzed or t1nal •ubayatem block diagram for specified lllbayatems 
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APPENDIX K 

ACCOUNTABLE FACTORS FOR THRUST, SPECIF1C IMJ 

Thrust coefficient (Cr> 

C = f specific heat ratio (k) 
F chamber pressure to nozzle exit pressure ratio (Pi) 

ambient pressure (p ) -
n~zzle area ratio (E)o P2 

Nozzle throat area (At) 

At = f I chamber pressure (pc) 
nozzle expansion ratio ( E) 
hot gas weight flow (w) 

Chamber p1·essure (p ) 

pc = f characteristic exhaust velocity ( c*) 
hot gas weight flow (w) 
throat area (At) 

acceleration of gravity (g) 
desired burning rate ( r) 

<cL Characteristic exhaust velocity 

c* = f 

I 
chamber pressure (Pc ) 

throat area (At) 

Exposed burning surface (Ab) 

Ab = f specific heat ratio (k) 
nozzle throat area (At 

chamber pressure (p 
C 

) 

) 

propellant density (Pv 

propellant burning rate 
gas properties (R, M) 

Propellant linear burning rate ( r) 

r = f chamber pressure (p ) 

(r) 

I initial grain tempera& 
pl'opellant formulatio 

re 
n 

grain geometry 

Propellant density (Pi,) 
n 
try 

Pb = f I propellant formulatio 
grain size and geome 
inhibitor type and geo metry 

' 

Effective propellant weight (w) ------------

w = f I hot gas weight Dow rate (w) 
burning time (t) 
residual propellant 
thrust buildup inefficiencies 

--

----------

Thrust 

Thrust coefl 

Nozzle throa 

Chamber pr 

Specifi, 

Thrust (F) 
-- Hot gas wei1 

w = Ai, r 

Total~ 

Average effl 

Effective bw 

\ = Ft 

or 

Specific Im --
Effective 

\ = •I• 



APPENDIX K 

l'OR8 FOR THRUST, SPECIF1C IMPULSE, AND T<YrAL IMPU~E 

(~) 
Thrust (F) 

Thrust coefficient (CF) = _L 
pcAt 

Nozzle throat area (At) =_r_ -
pcCF 

Chamber pressure (p ) -= c .. 
' C At' 

Specific Impulse (1
8

) Overall Rocket Performance -
Thrust (F) - Thrust (F) --- Hot gas weight now (w) F ~ CFAt Pc I 

I 

w = ~ r Pb ' - Specific Impulse (1
8

) -
F 

Total Impalae (\) I = .. 8 

Avenge effective tbran (F) 
- Total Impulse (Ii) - t 

\ . 1t=J Fdt Etrectlve barning Ume (t) 
0 

\ = F t 
or 

. 
- Specific Jmpalae <\.) 
-

Efteetlte prope1laat welpt M 

't = ••• 

' 
I 
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