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FOREWORD 

The w o r k  r e p o r t e d  h e r e i n  was  s p o n s o r e d  by A i r  F o r c e  A v i o n i c s  
L a b o r a t o r y  (AVRO) W r i g h t - P a t t e r s o n  AFB,  Ohio, u n d e r  P r o g r a m  
E l e m e n t  62403F, P r o j e c t  4163, T a s k  06.  

The r e s u l t s  of the work  w e r e  ob ta ined  by ARO, Inc .  (a s u b s i d i a r y  
of S v e r d r u p  & P a r c e l  and A s s o c i a t e s ,  Inc.  ), c o n t r a c t  o p e r a t o r  of AEDC, 
u n d e r  C o n t r a c t  F 4 0 6 0 0 - 6 9 - C - 0 0 0 1 .  The  work  was p e r f o r m e d  f r o m  
A p r i l  1967 to May 1968 u n d e r  ARO P r o j e c t  No. SA0704, and the  m a n u -  
s c r i p t  was  s u b m i t t e d  f o r  pub l i ca t ion  on O c t o b e r  15, 1968. 

I n f o r m a t i o n  in th i s  r e p o r t  is e m b a r g o e d  u n d e r  the  D e p a r t m e n t  of 
State I n t e r n a t i o n a l  T ra f f i c  in A r m s  R e g u l a t i o n s .  This  r e p o r t  m a y  be 
r e l e a s e d  to f o r e i g n  g o v e r n m e n t s  by d e p a r t m e n t s  o r  a g e n c i e s  of the  
U .S .  G o v e r n m e n t  sub j ec t  to a p p r o v a l  of the  A i r  F o r c e  A v i o n i c s  Labo-  
r a t o r y  (AVRO), o r  h i g h e r  a u t h o r i t y  w i th in  the  D e p a r t m e n t  of the A i r  
F o r c e .  P r i v a t e  i nd iv idua l s  o r  f i r m s  r e q u i r e  a D e p a r t m e n t  of State 
expor t  l i c e n s e .  

This  t e c h n i c a l  r e p o r t  has  b e e n  r e v i e w e d  and is a p p r o v e d .  

Pau l  L. L a n d r y  
Major ,  USAF 
AF  R e p r e s e n t a t i v e ,  
D i r e c t o r a t e  of T e s t  

AEF 

Roy R. Croy,  J r .  
Colone l ,  USAF 
D i r e c t o r  of T e s t  

i i  
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ABSTRACT 

This  r e p o r t  a ids  in the  c a l c u l a t i o n  of b l a c k b o d y  r a d i a t i o n .  The  
equa t ions  of b l ackbody  r a d i a t i o n  and photon e m i s s i o n  a r e  s u m m a r i z e d  
and a c o m p u t e r  p r o g r a m  is d e s c r i b e d  that  is u se fu l  for  c a l c u l a t i o n s  
c o n c e r n i n g  b l a c k b o d i e s .  The  input to the  p r o g r a m  c o n s i s t s  of the  
uni t s  d e s i r e d ,  the t e m p e r a t u r e ,  and w a v e l e n g t h s .  The  output  i n c l u d e s  
the  p h y s i c a l  c o n s t a n t s  in the  d e s i r e d  uni t s  and the  e v a l u a t i o n  of the  
equa t ions  for  the  t e m p e r a t u r e  and w a v e l e n g t h s  s p e c i f i e d .  T h e  e q u a -  
t i ons  fo r  photon and p o w e r  e m i s s i o n  a r e  w r i t t e n  in t e r m s  of Debye  
func t ions .  T h e  c o m p u t e r  p r o g r a m  u s e s  a s u b r o u t i n e  tha t  c a l c u l a t e s  
to f ive s i g n i f i c a n t  f i g u r e s  the  Debye  func t ions  of o r d e r s  f r o m  one 
t h r o u g h  s ix .  T h e  m e t h o d  and e r r o r  a n a l y s i s  of th is  c a l c u l a t i o n  a r e  
i nc luded .  
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NOMENCLATURE 

a 
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b2 

b 3 

b4 

b5 

B2k 

C 

ci 

c2 

Dn(x) 

D~n(x) 

ebA 

ebv 

Eb 

EbA 

Ebv 

Enm 

fbl 

fb u 

Fb 

Fbx 

Fbu 

h 

k 

k 

Conversion factor (Eq. (I0)) 

Term of infinite series (Eq. (49)) 

Ratio of UMf over T a 

Ratio of VMe over T a 

Product of VMf and T a 

Product of VMe and T a 

Bernoulli numbers 

Speed of light 

F i r s t  r a d i a t i o n  cons t an t  

Second  r a d i a t i o n  cons t an t  

Debye funct ion  

Debye  funct ion  o r  i ts  c o m p l e m e n t ,  d e p e n d i n g  on 
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E m i s s i v e  power  in t e r m s  of f r e q u e n c y  

R e l a t i v e  e r r o r  

M o n o c h r o m a t i c  photon e m i t t a n c e  in t e r m s  of w a v e l e n g t h  

M o n o c h r o m a t i c  photon e m i t t a n c e  in t e r m s  of f r e q u e n c y  

To ta l  photon e m i t t a n c e  

Pho ton  e m i t t a n c e  in t e r m s  of w a v e l e n g t h  

Pho ton  e m i t t a n c e  in t e r m s  of f r e q u e n c y  

P l a n c k  cons tan t  

B o l t z m a n n  cons t an t  

S u b s c r i p t  index ing  t e r m s  in in f in i t e  s e r i e s  
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m 

n 

r 

R nm 

T 

Ta 

X 

X 

XMe 

XMf 

V 

VM e 

VMf 
a 

T 

Supe r sc r i p t  d i s t inguish ing  d i f ferent  s e r i e s  

Number  of t e r m s  of inf ini te  s e r i e s  r e t a ined  

Orde r  of Debye function 

Defined in Eq. (57) 

R e m a i n d e r  

Inf ini te  s e r i e s  

P a r t i a l  sum 

T e m p e r a t u r e  

Absolute  t e m p e r a t u r e  

Defined in Eq. (20) or  independent  v a r i a b l e  of Debye function 

Ze ta  function 

Wavelength 

Wavelength  of m a x i m u m  eb l  

Wavelength of m a x i m u m  fbk 

F requency  

F requency  of m a x i m u m  ebu 

F requency  of max imum fbu 

S te fan -Bo l t zmann  cons tant  
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SECTION I 
INTRODUCTION 

The  b lackbody  concep t  is i m p o r t a n t  in t h e o r e t i c a l  and app l i ed  
p h y s i c s  and in r a d i a t i o n  hea t  t r a n s f e r .  S o m e  of i ts  p r o p e r t i e s ,  such  as 
the  S t e f a n - B o l t z m a n n  law and Weins  d i s p l a c e m e n t  law can  be d e r i v e d  
f r o m  the  s e c o n d  law of t h e r m o d y n a m i c s .  The  s e a r c h  for  a t h e o r e t i c a l  
d e r i v a t i o n  of the  s p e c t r a l  d i s t r i b u t i o n  func t ion  of b l ackbody  r a d i a t i o n ,  
w h i c h  fi ts  e x p e r i m e n t a l  data ,  l ed  to P l a n c k ' s  Rad i a t i on  law, which  
was the  b i r t h  of quan tum m e c h a n i c s  (Ref.  1). The  c o m p l e t e  k n o w l e d g e  
of the  s p e c t r a l  d i s t r i b u t i o n  of b lackbody  r a d i a t i o n  m a k e s  it a v a l u a b l e  
s t a n d a r d  fo r  c h e c k i n g  the  p e r f o r m a n c e  of w a v e l e n g t h - d e p e n d e n t  d e v i c e s  
s u c h  as op t i ca l  f i l t e r s ,  s p e c t r o m e t e r s ,  and r a d i o m e t e r s .  Many c a l c u -  
l a t i o n s  of r a d i a t i o n  hea t  t r a n s f e r  a r e  b a s e d  on 'the a s s u m p t i o n  that  the  
s u r f a c e s  a r e  Mack  or  g ray .  

In c e r t a i n  a r e a s ,  c a l c u l a t i o n s  invo lv ing  b lackbody  r a d i a t i o n  a r e  
f r e q u e n t l y  r e q u i r e d .  T h e s e  c a l c u l a t i o n s  n e c e s s i t a t e  look ing  up o r  
r e m e m b e r i n g  the  equa t ions  and p h y s i c a l  c o n s t a n t s ,  p e r f o r m i n g  unit  
c o n v e r s i o n s ,  u s ing  t ab l e s ,  and eva lua t i ng  the  equa t i ons .  T h e r e  a r e  
s e v e r a l  use fu l  a ids  in the  c a l c u l a t i o n s ,  such  as the  photon  s l i d e  ru l e ,  
t he  r a d i a t i o n  s l i d e  ru l e ,  and t a b l e s  of Refs .  2, ,3, and 4, r e s p e c t i v e l y .  
Th i s  r e p o r t  and the  d e s c r i b e d  c o m p u t e r  p r o g r a m  shou ld  a l so  be use fu l .  
A s u m m a r y  of t he  equa t ions  of b lackbody  r a d i a t i o n  and photon  e m i s s i o n  
is  i nc luded .  The  input to the  c o m p u t e r  p r o g r a m  i n c l u d e s  the  uni t s  d e -  
s i r e d ,  the  t e m p e r a t u r e ,  ~'nd the  w a v e l e n g t h s ;  the  output c o n s i s t s  of t he  
p h y s i c a l  c o n s t a n t s  in the  d e s i r e d  uni ts  and the  eva lua t ion  of t he  equa -  
t ions  for  the  t e m p e r a t u r e  and w a v e l e n g t h s  s p e c i f i e d .  

T he  photon  and p o w e r  e m i s s i o n s  b e t w e e n  w a v e l e n g t h s  a r e  w r i t t e n  
in t e r m s  of Debye  func t ions .  The  c o m p u t e r  p r o g r a m  u s e s  a s u b r o u t i n e  
tha t  c a l c u l a t e s  to f ive s i gn i f i c an t  f i g u r e s  the  Debye func t ions  of o r d e r s  
f r o m  one t h r o u g h  s ix .  The  m e t h o d  and e r r o r  a n a l y s i s  of th i s  c a l c u l a -  
t ion  a r e  good e x a m p l e s  of n u m e r i c a l  app l i c a t i on  of in f in i t e  s e r i e s ;  th i s  
a n a l y s i s  is g iven  in Sec t i on  IV, i n d e p e n d e n t  of t he  o t h e r  m a t e r i a l .  

SECTION II 
EQUATIONS 

The  e n e r g y  e m i t t e d  by a b l ackbody  p e r  unit  t i m e  and p e r  unit  a r e a  
in a f r e q u e n c y  r a n g e  dv is  ebv  d v w h e r e  ebv is the  m o n o c h r o m a t i c  
e m i s s i v e  p o w e r  in t e r m s  of f r e q u e n c y  and is g iven  by 



A E DC-T R-68-254 

2~  h ~  
e b v =  c2 [exp (.~_~ _ ] (1) 

The  e n e r g y  e m i t t e d  p e r  unit  t i m e  and p e r  unit  a r e a  in a f r e q u e n c y  r a n g e  
f r o m  0 to v is the  e m i s s i v e  p o w e r  in t e r m s  of f r e q u e n c y  and is  

Ebv = f e b v  dv (2) 

The  to ta l  e n e r g y  e m i t t e d  p e r  unit  t i m e  and p e r  unit  a r e a  f r o m  al l  f r e -  
q u e n c i e s  is the to ta l  e m i s s i v e  p o w e r  

Eb =I0 ebvdv (3) 

The  m a x i m u m  va lue  of ebv o c c u r s  at the  f r e q u e n c y  tiMe which  is the  
n o n z e r o  roo t  of 

debv 0 
dv 

(4) 

A photon is a packe t  of e n e r g y ,  h~. Thus ,  the n u m b e r  of photons  
e m i t t e d  by a b l ackbody  p e r  unit  t i m e  and p e r  unit  a r e a  in a f r e q u e n c y  
r a n g e  dv is 

fbv dv = ebv dv 
hv (5) 

and the m o n o c h r o m a t i c  photon emit . tance  in t e r m s  of f r equency ,  

o r  

ebv 
fbv = h--~- 

2 ~  v 2 

The  n u m b e r  of photons  e m i t t e d  p e r  unit  t i m e  and p e r  unit  a r e a  in a 
f r e q u e n c y  r a n g e  f r o m  0 to v is the photon e m i t t a n c e  in t e r m s  of f r e -  
quency  and is 

Fbv = f fbv dv 

fbv, is 

(6a) 

(6b) 

(7) 

The  to ta l  n u m b e r  of photons  e m i t t e d  p e r  unit  t i m e  and p e r  unit  a r e a  
f r o m  all  f r e q u e n c i e s  is the  to ta l  photon e m i t t a n c e  and is 

Fb = S :  fbv dv (8) 
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T h e  m a x i m u m  v a l u e  of fbv o c c u r s  at the  f r e q u e n c y  VMf which  is the  
n o n z e r o  roo t  of 

dfbv = 0 
dv 

(9) 

W a v e l e n g t h  and f r e q u e n c y  a r e  r e l a t e d  by 

C: 
12 ~ m ak (1o) 

where a is a conversion factor, such as cm per ~, since sometimes 
different length units are used for c and X. The energy emitted by a 
blackbody per unit time and per unit area in a wavelength range dX is 
ebA dX, where ebX is the monochromatic emissive power in terms of 

wavelength and is given by 

or 

dv ( 1 la) ebk =-ebv dA 

ebA = 
2nhc a 

( 1 Ib) 

w h i c h  is c o m m o n l y  w r i t t e n  as  

w h e r e  

and 

ebk : c t  

ct = 2nhc' (12) 
a 4 

c2 = hc ( 1 3 )  
ak  

T h e  e n e r g y  e m i t t e d  p e r  uni t  t i m e  and p e r  uni t  a r e a  in a w a v e l e n g t h  
r a n g e  f r o m  0 to X is the  e m i s s i v e  p o w e r  in t e r m s  of w a v e l e n g t h  and is  

A 

zb>, = f eb>  dX (14) 

The  m a x i m u m  v a l u e  of ebX o c c u r s  at the  w a v e l e n g t h  XMe w h i c h  is  the  
n o n z e r o  roo t  of 

deb~ 

dk 
= o (15) 

Note  tha t  XMe is  not the  w a v e l e n g t h  c o r r e s p o n d i n g  to VMe. 

3 
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T h e  n u m b e r  of photons  e m i t t e d  p e r  unit  t i m e  and p e r  uni t  a r e a  in a 
w a v e l e n g t h  r a n g e  dk is fb)td~t, w h e r e  fb)t is  the  m o n o c h r o m a t i c  photon  
e m i t t a n c e  in t e r m s  of w a v e l e n g t h  and is 

dv 
f b A  = - f b v  d'-A" 

w h i c h  m a y  be w r i t t e n  as  

fbA = 
2n'c 

(16a) 

(16b) 

T h e  n u m b e r  of pho tons  e m i t t e d  p e r  uni t  t i m e  and p e r  unit  a r e a  in a 
w a v e l e n g t h  r a n g e  f r o m  0 to )t is  the  photon  e m i t t a n c e  in t e r m s  of w a v e -  
l e n g t h  and is 

FbA = f |bAdA ( 17) 
Jo 

T h e  m a x i m u m  va lue  of fb)t o c c u r s  at the  w a v e l e n g t h  AMf w h i c h  is the  
n o n z e r o  roo t  of 

dfbA 
= o ( 1 8 )  

dA 

Note  tha t  AMf is not the  w a v e l e n g t h  c o r r e s p o n d i n g  to UMf. 

The  e m i s s i v e  p o w e r  and photon  e m i t t a n c e  can  be w r i t t e n  in t e r m s  
of Debye  func t ions  (Ref .  5). A t a b l e  of Debye  func t ions  is  g iven  in 
Ref.  5, and a m e t h o d  to c a l c u l a t e  t h e m  is g iven  in S e c t i o n  IV of t h i s  
r e p o r t .  The  nth o r d e r  Debye  func t ion  is de f i ned  as 

~ x t n 

Dn(x) = exp(t) - 1 dt (19) 

m a k i n g  the  s u b s t i t u t i o n  

h i /  
x = akT-- (20) 

C o m b i n a t i o n  of Eqs .  (1), (2), and (19) r e s u l t s  in 

2~k 4 
Ebv = Ta' D,(x) (21) 

c2h $ 

T h e  s u b s t i t u t i o n  into  Eq.  (7) r e s u l t s  in 

• 2 ~ k  ~ 
F b v  = c2h~ Ta ~ D2(x) (22) 
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T h e  v a l u e  of  t h e  D e b y e  f u n c t i o n s  at  i n f i n i t y  (Re f .  "4) i s  

Dr,(==) = n! ~(n + I) (23) 

w h e r e  t h e  z e t a  f u n c t i o n  is  d e f i n e d  as  

~.) = ~- 
k=l 

(24) 

U s i n g  t h i s  n o t a t i o n ,  and  E q s .  (3) and (21) ,  o n e  o b t a i n s  

12rrk 4 
Eb = ~(4) T." 

C 2 h 3 
( 2 5 a )  

w h i c h  is  c o m m o n l y  w r i t t e n  as  

Eb = a T J  (25b)  

T h e  v a l u e  of  ~(4) i s  (Ref. 5) 

t h u s ,  a i s  

~'(4) = 9--6- = 1.08232 3'2337 Ii138 19152 

2 ~ k  4 
0 ---- 

15c"h" 

( 2 6 )  

(27) 

F r o m  E q s .  (8) and  (22) o n e  o b t a i n s  

4rrk s 
Fb = 

c 2 h 3 
~(3) Ta' (28) 

w h i c h  c a n  be  w r i t t e n  a s  

Fh = rTa' 
w h e r e  

4~k s 
, .  = ~ ~(3) 

(29) 

(30) 

T h e r e  is  no e x a c t  e x p r e s s i o n  f o r  ~(3) as  t h e r e  w a s  f o r  ~(4); h o w e v e r ,  
i t s  v a l u e  is  (Re f .  5) 

~'(3) = 1.20205 69031 59594 28540 ( 3 1 )  

The substitution of Eq. (20) into Eq. (14) results in 

EbA = Eb - Ebv 

and similarly 

FbA = Fb - Fbv 

( 3 2 )  

( 3 3 )  
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P e r f o r m i n g  the  d i f f e r e n t i a t i o n  of Eqs .  (4), (9), (15), and (18), the  
r e s u l t  in e a c h  c a s e  is of the  f o r m  

x = n ( 1 - e  - z )  ( 3 4 )  

The  n o n z e r o  roo t s ,  Xn, 
of n f r o m  2 t h rough  10. 

of Eq.  (34) a r e  g iven  in Tab le  I for  the  v a l u e s  
Thus  is ob ta ined  

='Me = bs Ta ( 3 5 )  

w h e r e  

VMf = b= T a ( 3 6 )  

AMe Ta = b, ( 3 7 )  

~'Mr T a  = b4 ( 3 8 )  

k X 3 
b,  = ~ ( 3 9 )  

h 

b, = ~ x---L ( 4 0 )  
h 

b, = h___~_c (41) 
B]rX$ 

hc  
b, = (42) 

akx 4 

The equa t ions  of th is  s e c t i o n  s u m m a r i z e  the  e x p r e s s i o n  for  the  
quan t i t i e s  of b lackbody  r a d i a t i o n  and photon e m i s s i o n  which  a r e  m o s t  
f r e q u e n t l y  to be ca l cu l a t ed .  The  next  s e c t i o n  d e s c r i b e s  a c o m p u t e r  
p r o g r a m  tha t  r e l i e v e s  the  c a l c u l a t o r  of the  l a b o r  of f inding p h y s i c a l  
c o n s t a n t s  and c o n v e r s i o n  f a c t o r s ,  p e r f o r m i n g  unit  c o n v e r s i o n s ,  u s ing  
t a b l e s ,  and eva lua t ing  the  equat ior is .  

T A B L E  I 

ROOTS OF  x = n ( !  - • -x )  

n X n 

2 
3 
4 
5 
6 
7 
8 
9 

10 

1.59362 42601 
2 .82143 93721 
3 .92069 03949 
4 .96511 42317 
5 .98490  12264 
6 .99357  56867 
7 .99730  90676 
8 .99888 80761 
9 .99954  57944 
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SECTION III 
COMPUTER PROGRAM 

The c o m p u t e r  p r o g r a m  was w r i t t e n  in IBM S y s t e m / 3 6 0  FORTRAN IV 
l anguage .  I ts  c a l c u l a t i o n s  can  be d iv ided  into t h r e e  g roups :  

1. Unit c o n v e r s i o n s  and c a l c u l a t i o n  of the  p h y s i c a l  c o n s t a n t s .  

2. Ca l cu l a t i on  of quan t i t i e s  d e p e n d e n t  on t e m p e r a t u r e ,  but not 
wave l eng th .  

3. Ca l cu l a t i on  of w a v e l e n g t h - d e p e n d e n t  quan t i t i e s .  

The  flow c h a r t  of the  p r o g r a m  is g iven  in Fig .  1, and a d e s c r i p t i o n  of 
the  log ic  is g iven  be low fo l lowed  by an exp l ana t i on  of the  input  and output.  

., I "° ~ R e a d  IW, IL, IS, IT, ! 

IE, L, N, T, QO, DQ 

G 

Fig. I Flow Chart of the Computer Program 
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"Z'° 2@ 
U n i t  C o n v e r s l o n s  a n d  C a l c u l a t i o n  o f  P h y s l c a l  C o n s t a n t s  

P e r f o r m  U n i t  C o n v e r s i o n s  o n  
a ,  c ,  h ,  a n d  k a n d  S e t  T r e  f 

o s 12  ~ k 4 ~ ( 4 ) / ( c  2 h 3 )  

= 4 ~ k 3 ~ ( 3 ) / ( c  2 h 3 )  

b 2 - k x 2 / h  

b 3 - k x 3 / h  

b 4 = h c / ( a  k x 4 )  

b 5 = h c / ( a  k x 5)  

c I = 2 ,~ h c 2 / a  4 

c 2 = h c / ( a  k )  

I 
P r i n t  a ,  c ,  h ,  k ,  ~ ,  ~ ,  b 2 ,  b 3 ,  

b 4 , b 5 ,  c I , c 2 

F i g .  1 C o n t i n u e d  
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o @ 

C a l c u l a t i o n  o f  T e m p e r a t u r e - D e p e n d e n t  Q u a n t i t i e s  

T a ffi T + T r e  f 

E b ffi a T4 a 

F b - T T 3 a 

VMe - b 3 T a 

VMf = b 2 T a 

~Me = b s / T a  

~Mf " b 4 / T a  

I 
P r l n t  T, Ta ,  E b '  F b '  VMe' VMf' hMe'  hMf 

Fig. 1 Continued 

9 



AEDC-TR-68-254 

I 
QN = c h / (150 a k T a) I 
QM = c h/(O.O01 a k Ta) I 

1 3 

2 

I N - 0.001 k Ta/h 
QM - 150 k Ta/h 

I 
! , + o  I 

I 

I '=  I + 1  ] 
Q = qo + {z - z) • DQ 

I 
I QN - 0.0011 

QM - 150 

I 

[ Q - O . M ~  

I 
v 

~ Q -  O.N J 

-F 

0 

P r i n t  X, v, x, ebv , fbv '  ebb' 

fb~ '  F'bv' Fbv' Eb;~' Fb~ 

G 
Fig. ! Continued 

10 
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v = c / ( a  ~) 

x m h v / ( k  T a )  

1<,,;,3 
2 

v - Q  

x = h v / ( k  T a )  

- c / ( a  v )  

I 

x - q  

v - k T a x / h  

= c / ( a  v)  

I 

C a l c u l a t e  W a v e l e n g t h - D e p e n d e n t  Q u a n t i t i e ~  

ebv  = 2 ~ h v 3 / [ c 2 ( e x p  x - I ) ]  

f b v  " 2 ~ v 2 / [ c 2 ( e x p  x - I ) ]  

eh  ~ _- 9. ",r h c 2 / [ a  4 ~ 5 ( e x p  x - 1 ) ]  

fb)~ = 9...r c / [ a  3 ;~4(exp  x - 1 ) ]  

Ebv --- 2 ,~" k 4 T4a D 3 ( x ) / ( c  2 h 3 )  

Fbv = 2 ~ k 3 T3 a D2 ( x ) / ( c 2  h3)  

Eb~ ~ Sb - Xb~ 

Fbv = F b - Fbv 

@ 
Fig. 1 Concluded 

11 
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One good f e a t u r e  of the  p r o g r a m  is the  s i m p l i c i t y  of i ts  l og ic .  I n -  
put is v ia  one READ s t a t e m e n t :  

READ IW, IL ,  IS, IT,  IE,  

A c c o r d i n g  to the  f o r m a t :  

616, I6, 3 E 1 2 . 0  

The  input  v a r i a b l e s  a r e :  

L, N, T, QO, DQ 

IW I n d i c a t o r  of the  l eng th  unit  of X 

IL  I n d i c a t o r  of the  l eng th  unit  of c 

IS I n d i c a t o r  of the t i m e  unit  

IT  I n d i c a t o r  of the  t e m p e r a t u r e  uni t  

IE I n d i c a t o r  of the  e n e r g y  unit  

L I n d i c a t o r  of w h e t h e r  A, u, o r  x is the  i n d e p e n d e n t  
v a r i a b l e  

N 

T 

QO 

DQ 

Number of values of the independent variable for which 
the wavelength dependent quantities are to be calculated 

Temperature 

Starting value of the independent variable 

Increment of the independent variable 

The  p r o g r a m  r e a d s  a c a r d  and p e r f o r m s  the  i n d i c a t e d  c o m p u t a t i o n s  ex-  
p l a i n e d  below.  Tha t  is one  c o m p l e t e  c y c l e  of the  p r o g r a m .  The  p r o g r a m  
then  b r a n c h e s  to the  s t a r t  and beg ins  a n o t h e r  c y c l e  by r e a d i n g  a n o t h e r  
c a r d .  E x e c u t i o n  is t e r m i n a t e d  when  the end of the  da t a  is r e a c h e d .  

The first calculations are the unit conversions and the calculation 
of the physical constants. The basic physical constants are a, c, h, k, 
and Tref. All the other constants, a, T, b2, b3, b4, b 5, c 1, and c2, 
are expressed in terms of the basic constants. The program contains 
the values of the basic constants in the International System of Units (SI) 
(Ref. 6) and the values of various conversion factors (Table II). Unit 
conversions indicated by the first five input variables are performed on 
the four basic constants, then the other constants are calculated by their 
defining equations. The valid values for the first five input variables 
and the units which the values indicate are given in Table II. This table 
should be referred to when preparing input data for the program. If IW 
is. left blank on an input card, then this first group of calculations is 
omitted. The values of the physical constants used in the previous cycle 
are retained for the second and third group of calculations. 

12 
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TABLE II 
VALUES OF BASIC PHYSICAL CONSTANTS AND CONVERSION FACTORS 

Values  of Bas i c  P h y s i c a l  C o n s t a n t s  
in SI Units (Ref. 5) 

a : 1 m / m  

c : 2. 997925 x 108 m / s  

h = 6. 6256 x 10 "34 Js 

k = 1. 38054 x 10 -23 J/°K 

Length  Units (Ref. 5) 

IW and I L  Uni ts  Ind ica ted  C o n v e r s i o n  F a c t o r  

P 

c m  

m 

in. 

ft 

1 x 10 .6 m / #  

0 .01 m l c m  

1 mira  

0.0254 m / i n .  

0. 3048 m l f t  

T i m e  Umts  (Ref.  5) 

IT  i Units  Ind ica ted  C o n v e r s i o n  F a c t o r  

1 s 1 s / s  

2 rain 60 s / r a i n  

3 h r  3600 s / h r  

T e m p e r a t u r e  Units (Ref. 5) 

Units Ind ica ted  C o n v e r s i o n  F a c t o r  IT  

1 

2 

3 

.4 

IE  

1 

2 

3 

4 

5 

°K 

o R 

°C 

°F  

I ° K / = K ,  T r e  f = 0 

O. 5555556=K/*R, T r e  f = O 

1 °K/°C,  T r e  f = 273.15 

0. 5555556 °K/=F,  T r e  f ffi 459.67 

E n e r g y  Units  (Ref.  5) 

Uni ts  Ind ica ted  C o n v e r s i o n  F a c t o r  

e r g  

J 

ca t  (mean)  

f t - lb  

Btu {mean)  

I x 10 .7 J / e r g  

1 J/J 
4. 19002 J /ca1  

1. 35582 J / f t - l b  

1055.87 J / B t u  

Note: s = seconds 
J = j ou l es  

13 
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The  quan t i t i e s  Ta, Eb,  Fb, UMe, VMf, l M e ,  and AMf depend  on the  
t e m p e r a t u r e ,  but not upon the  w a v e l e n g t h .  T h e s e  a r e  the  quan t i t i e s  
c a l c u l a t e d  by the  s e c o n d  g roup  of c a l c u l a t i o n s .  If T is l e s s  than  o r  equal  
to a b s o l u t e  ze ro ,  then  the  s e c o n d  g roup  of c a l c u l a t i o n s  is o m i t t e d .  The  
va lue s  of the  t e m p e r a t u r e - d e p e n d e n t  quan t i t i e s  u sed  in the  p r e v i o u s  
cyc l e  a r e  r e t a i n e d  for  u se  in the  t h i r d  g roup  of c a l c u l a t i o n s .  

T h e  w a v e l e n g t h - d e p e n d e n t  p a r a m e t e r s  a r e  ~,  v, x, ebv, fbv,  ebA, 

fbA, E b v ,  Fbu, EbA, and FbA. T h e s e  a r e  the q u a n t i t i e s  c a l c u l a t e d  by 
the  t h i r d  g roup  of c a l c u l a t i o n s .  The  v a r i a b l e s  A, v, and x a r e  i n t e r -  
d e p e n d e n t  and any one can  be c h o s e n  as the  i n d e p e n d e n t  v a r i a b l e .  Th i s  
c h o i c e  is i n d i c a t e d  by L, with va lue s  of 1, 2, and 3 i n d i c a t i n g  ~, v, 
and x, r e s p e c t i v e l y .  The  use  of x as the i n d e p e n d e n t  v a r i a b l e  has  the  
advan t age  that  the  p r i n c i p a l  pa r t  of the  s p e c t r u m  is in the  r a n g e  
0 .1  < x < I0, w h e r e a s  the  c o r r e s p o n d i n g  r a n g e  for  A and v d e p e n d s  on 
the  t e m p e r a t u r e .  The  w a v e l e n g t h - d e p e n d e n t  v a r i a b l e s  a r e  c a l c u l a t e d  
fo r  N v a l u e s  of the  i n d e p e n d e n t  v a r i a b l e ,  s t a r t i n g  wi th  QO and i n c r e -  
m e n t i n g  by DQ e a c h  t i m e .  The  va lue  of Q is  l i m i t e d  to v a l u e s  c o r r e -  
spond ing  to x g r e a t e r  than 0. 001 and l e s s  than  150. If  Q is  ou t s i de  th i s  
r ange ,  it i s  s e t  equal  to the  n e a r e s t  l i m i t i n g  va lue .  If N is lef t  b lank  on 
an input  ca rd ,  t hen  the  t h i r d  g roup  of c a l c u l a t i o n s  is o m i t t e d .  

F i g u r e  2 i l l u s t r a t e s  an input  f o r m  d e s i g n e d  for  th is  p r o g r a m  and 
da ta  for  a s a m p l e  run.  The  c o r r e s p o n d i n g  output  is shown  in F ig .  3. 
The  FORTRAN l i s t i n g  of the  c o m p u t e r  p r o g r a m  is g iven  in Append ix  I. 
A l i s t  of FORTRAN v a r i a b l e s  is g iven  in Tab le  I l l .  

I I I 
C o l , , . .  I 3 , .  5 6 . 9 1 0  11 19. 13_24, 5_36 

I 
I n p u t  

b l e  
IW I L  IS  I T  I E  L N T QO 

¢ 

1 1 5 3 4 5 - 5 0 0 .  

2 1 4 2 2 3 

3 3 3 1 1 2 

4 2 2 1 3 1 -500. 

5 1 9. 1 1 2 20. 

6 77. 

7 300.  
t 

8 3 1 1 6000. O. 

9 3 8 20. 

37 - 48 

1o 

9.0. 

Fig. 2 Input Data for Sample Run 
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TABLE III 
FORTRAN VARIABLES 

FORTRAN Variable  Algebraic  Var iaole  

A 

B2 

B3 

B4 

B5 

C 

CR 

CI 

C2 

EB 

EBL 

EBN 

EL 

EN 

FB 

FBL 

FBN 

FL 

FN 

H 

HR 

K 

K~H 

KR 

LAM 

LME 

LMF 

NME 

NMF 

NU 

PI 

SIG 

T 

TA 

TAU 

X 

X2 

X3 

X4 

X5 

ZETA3 

ZETA4 

a 

b2 
b3 
b4 

b5 
e 

e in m / s  

Cl 
c2 
Eb 
Eb~ 
Ebv 
eb~ 
e b v  

Fb 

Fb~ 

Fbv 

fbA 
fb 
h 
h in ffs 

k 

k /h  

k in J"/*K 
X 

aMe 

)-Mf 

VMe 

VMf 
v 

O" 

T 

Ta  

T 

X 

x2 

x3 

x4 

x5 
~(3) 
E(4) 

16 
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SECTION IV 
DEBYE FUNCTION CALCULATION 

The  Debye func t ion  can  be c a l c u l a t e d  by t r u n c a t e d  in f in i te  s e r i e s .  
T h e o r e m s  of in f in i te  s e r i e s  w e r e  used  to p e r f o r m  an e r r o r  a n a l y s i s  on 
th i s  ca l cu l a t i on .  Of s p e c i a l  s i g n i f i c a n c e ,  a c r i t e r i o n  was ob ta ined  for  
the  e r r o r  tha t  was i n d e p e n d e n t  of the o r d e r  of the funct ion .  Th i s  
c r i t e r i o n  was u s e d  to deduce  cond i t ions  for  the  c a l c u l a t i o n  of the  Debye 
func t ion  to f ive s i g n i f i c a n t  f i g u r e s .  

4.1 DEFINITIONS AND NOTATION 

Adding  s u p e r s c r i p t s ,  1 and 2,. to d i s t i n g u i s h ,  r e s p e c t i v e l y ,  the  
Debye  func t ion  and i ts  c o m p l e m e n t ,  the  Debye  func t ion  is  

D~(x) = f t. dt (43) 
e t -- ] 

0 

and i ts  c o m p l e m e n t  is 

D~(x) = f et-t'1 dt (44) 

The  s u m  of the  Debye  funct ion  and i ts  c o m p l e m e n t  is  
I 

D~(x) + D~(x) = F  t....~_~ at = .! ~(n + I) 
e t -  1 

0 

(45) 

w h e r e  the  ze ta  funct ion  is de f ined  by Eq.  (24). 

An in f in i t e  s e r i e s  e x p a n s i o n  for  the  Debye  func t ion  is 

x + B2 x 2k ] 
2 ( .  + 1) ( 2 k  ~ n ) ( 2 k ) !  

k--1 
(46) 

for  I x l _ ~ 2 ~  and f o r n _ >  1. 

An in f in i t e  s e r i e s  e x p a n s i o n  for  the  c o m p l e m e n t  of the Debye  func-  
t ion  is 

k=~ j=0 (- -- j)r kJ*~ (47) 

for  x > 0  and for  n >  1. 

17 
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The B2k of Eq. (46) are Bernoulli numbers and are discussed in 
Ref. 5. Of basic importance to this analysis is the inequality 

2(2k)! 2(2k)! [ Ii 2k] (48) 
(2= )2~ -  < ( - l ) k - I  B2k < ~ 1 -  2 - 

The Debye function can be calculated by using a partial sum of one or 
the other of the two series, depending on the value of x. The remaining 
function can be calculated from Eq. (45). 

In the fo l lowing  a n a l y s i s ,  the  t h e o r e m s  u s e d  a r e  p r o v e d  and d i s -  
c u s s e d  in Ref.  7. T h e  n o t a t i o n  u s e d  for  in f in i t e  s e r i e s  wi l l  be 

= ank (49) 
k=l 

where the n subscript denotes the n-dependence, the k subscript denotes 
the term and the ~ superscript will be used to distinguish different 
series. The ruth partial sum will be denoted by 

t £ t 
Snm = anlr (50)  

k=l 

and the remainder after m terms as 

RJnm -- Sn ~ -- SnLm (51)  

4.2 FIRST SERIES 

4.2.1 Ratio Test 

Define 

a~k = B2k x 2k 
(2k + n) (2k)! (52) 

and for purposes of comparison define 

a~xk = 2x2k 

(21r)2k (2k + n) (1 - 2 t -  2k) 

P e r f o r m i n g  the  r a t i o  t e s t  on Sn 3 one ob ta ins  

= r 
a.,k L2k + n +~..J 2 " - I - - 2 ~ . . J  

a n d  

k-b~ 3 
k an ,k 

(53) 

(54) 

(55) 
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Thus, Sn 3 converges for  I x I < 27r. But by Eq. (48) 

lath < a'-k (56) 

and thus ,  by the  c o m p a r i s o n  t e s t ,  Sn 1 c o n v e r g e s  a b s o l u t e l y  for  I x I < 27r. 
T h i s  r e s u l t  can  be u s e d  for  ob ta in ing  a va lue  for  an u p p e r  l i m i t  for  

[ Rlnml. Def in ing  

' = (57) 

t he  uppe r  l i m i t  ob ta ined  f r o m  the  r a t io  t e s t  is 

2rm+ 1 
R~m < (2m+ n+ 2) (I- 2 -I- 2m)(l_ r) 

However, a better upper limit can be obtained from the aRernating 
series test. 

( 5 8 )  

4.2.2 Alternating Series Test 

It is  no ted  f r o m  Eq.  (48) that  Sn 1 is an a l t e r n a t i n g  s e r i e s .  The  d i f -  

f e r e n c e  b e t w e e n  the  abso lu t e  va lues  of s e q u e n t i a l  t e r m s  is 

[S2kl x2k lB2k+2l x2~+2 
l"'-kl - la~.k+l I = i2k+n)(2k)! (2k+n+~)(2k+2)! (59) 

R e p l a c i n g  the  f i r s t  t e r m  by a s m a l l e r  va lue  and the  s e c o n d  t e r m  by a 
l a r g e r  va lue  ob t a ined  f r o m  Eq.  (48) r e s u l t s  in 

la~kl- la~,kd~l I > 2rk 2rk+l I 1 1 
2 k +  n ( 2 k +  n +  2) ( l -  2 - - 1 - 2 k ) l  ( 6 0 )  

which  b e c o m e s ,  a f t e r  f a c t o r i z a t i o n  of the  r i gh t  s ide ,  

2 k + n +  2 2 2 k + L  -- L 2 k + n . J  (61) 

Not ing  that  

and that  

2 k +  n 

2 k + n + 2  
< 1 

2.2k + 1 8 
< - -  

2 2 k + 1  -- 1 --  7 

fo r  a l l  k, the  d i f f e r e n c e  of Eq.  (61) wi l l  be p o s i t i v e  if 

7 
r < - -  

8 

o r  c e r t a i n l y  if 
I,~t < s 
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Thus ,  f r o m  the a l t e r n a t i n g  s e r i e s  t e s t ,  an  uppe r  bound for  I Rnlml for  
t h i s  r a n g e  of x is  

IB2m+2 : x2~+2 
i tml < 

(2m + n + 2) [2m + 2)]  (62) 

4.2.3 Upper Bound for the Absolute Value of the Relative Error 

The abso lu t e  va lue  of the  r e l a t i v e  e r r o r  r e s u l t i n g  f r o m  us ing  a 
p a r t i a l  sum i n s t e a d  of the  s e r i e s  in Eq.  (46) is  

[E]xml = x, a~= 
D~ (x) (63) 

Any e x p r e s s i o n  ob ta ined  f r o m  Eq. (63) by r e p l a c i n g  the n u m e r a t o r  by 
s o m e t h i n g  g r e a t e r  and the  d e n o m i n a t o r  by s o m e t h i n g  s m a l l e r  wi l l  be 
an uppe r  bound for  the a bso lu t e  va lue  of the  r e l a t i v e  e r r o r .  One obvious  

r e p l a c e m e n t  is to r e p l a c e  I 
i 1 I R n m l  by i ts  uppe r  bound. A n o t h e r  r e p l a c e -  

m e n t  would be to r e p l a c e  IB2m+21 by i t s  uppe r  bound ob ta ined  f r o m  

Eq. (48). T h e s e  r e p l a c e m e n t s  r e s u l t  in 

2rm + l xn 
~2m + u + 2) (I -- 2"-I--2m) (64)  

Since  Sn 1 is  c o n v e r g e n t  fo r  I x I < 2~, it  can  be g rouped  in any m a n n e r .  
Thus ,  g roup ing  S 1 as 

S~ = (a~1 + a~2 ) + (a~3 + an4) + .... (65) 

and noting that the first term of each group is positive and the second 
term is negative, from Eq. (61) it is deduced that each group is posi- 
tive for x < 5. Thus, Sn I is positive and one obtains 

D~(x) > x,[l x _] 
2(n + I) (66) 

Using Eqs. (64) and (65) to replace the numerator and denominator, 
respectively, of Eq. (63) one obtains 

But 

E I < 2 2m+2 rm+l 
nm 

(2m+n+2) [ In 2(nx ] = (2m+n+2) ( 2 - - n x + 2 ) +  ] ) 2n(n + | ) 
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and  

and  

SO 

2 . - n x + 2  = 2 - x +  2__ > 2 - x  
D n 

2 r e + n + 2  >1 
n + l  

22m+3 rm+l 
Ig'mnl < 22m+1--1 2--x ( 6 8 )  

T h i s  u p p e r  l i m i t  a p p r o a c h e s  z e r o  as  m a p p r o a c h e s  i n f i n i t y  and  is  e a s i l y  
c a l c u l a t e d .  N o t e  t h a t  it i s  a l s o  i n d e p e n d e n t  of  n and  t h u s  h o l d s  f o r  a l l  
o r d e r s .  

4.3 SECOND SERIES 

4.3.1 Integral Test 

T h e  t e r m s  of  the  s e c o n d  s e r i e s  a r e  

aa ~ n I xn--Je - k=  

n k  ---- j = O  (n- j )  I k j 'l ' l  (69) 

I t  i s  s h o w n  t h a t  an2k s a t i s f i e s  a l l  of  t he  c o n d i t i o n s  fo r  t he  i n t e g r a l  t e s t .  

T h u s  an u p p e r  l i m i t  f o r  I Rn2m ] c a n  be  o b t a i n e d  as  

IA~m I < ~ x"-J e - ' t  t ~i-x dt (70) 
j=o (n~) ' ' NI 

I n t e g r a t i n g  s u c c e s s i v e l y  by p a r t s ,  one  o b t a i n s  f o r  j > 0 

-I- (--l)J (--x)Jj! (-])J f e--Xtt dt 
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o r  a f t e r  s i m p l i f i c a t i o n  

i j e - ' t  t ' ' j+t dt = X (_] ) , - - I  (j--i) t (mx) i - I  (--x) j 
i : ]  J" mJ e--rex ÷ j ~ . V  

Ill 

E(mx) (71 )  

w h e r e  E(mx)  is the  e x p o n e n t i a l  i n t e g r a l  d i s c u s s e d  in Ref .  5. S u b s t i -  
t u t ing  Eq.  (71) into Eq.  (70) r e s u l t s  in 

R 2 <~" ~ _ ] ) i - 1  n ! ( j - i )  ! xn (mx)  , - - j - I  e-m 
.m j:l. i=t (n.-j) !j ! 

I1 

+ ~=l ( - l )J  n! ..! xn E(mx) + - -  X n E(mx) ( 7 2 )  
j ! (n - j )  ! n [ 

Note  tha t  the  l a s t  t e r m  can  be i n c l u d e d  in the  l a s t  s u m m a t i o n  by l e t t i n g  
the  r a n g e  of the  index  j s t a r t  at z e r o .  Mak ing  th i s  c h a n g e  one f inds 

( - l ) J  n'. xnE(mx ) = xnE(mx ) (_ i )  j 
j=O j r ( n -  j)I j'=O 

T h e  r e s u l t i n g  s u m m a t i o n  is z e r o  as can  be found in Ref.  5. T h u s ,  the  
r i g h t - h a n d  s ide  of Eq.  (72) r e d u c e s  to the  doub le  s u m m a t i o n .  Th i s  c a n  
be s i m p l i f i e d  to 

IB~m] < ~ ~.  ( - 1 ) J - i  ( ~ ) ( i  1)! x " - i  - e - r e x  (73) 
i = l  j = i  rai 

It c a n  be p r o v e d  that  the  double  s u m m a t i o n  of Eq.  (73) is j u s t  a r e -  
a r r a n g e m e n t  of the t e r m s  of the  double  s u m m a t i o n  of Eq.  (72). S i m p l i -  
fy ing f u r t h e r  

.+,,.i<°-+* + ~-,~*~-,,, ."-' 1: C;) "= 1 • mi ( -1 ) '  (74) 
I j = |  

But,  f r o m  Ref.  5 

(;)= C:-: ~)+ C;'> o < + < o 
SO 

n n--1 n--1  

z ~-,,~ (:)= v ~_,,+ (,-,')+ v. ~_,,+ (,.:,) 
" : i  j - i  ' = i  3 J j : i  

+ ( - I ) "  

z (+~ - = ( _ l ) j +  l + (-1)  j j + (-1)" 
j=i-1 j = t 

_])j- l- I  "I- (-1) ]-, + (1)t fn-1 '~ + ( _ 1 ) . - I  - + (-1)" 
i =  I - k t - I /  
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It is r e a d i l y  shown that  the  s u m m a t i o n  is z e r o  and that  the  l a s t  two t e r m s  
c a n c e l  l e av ing  only 

(-1)J = (-1)i - (75) 
J=l 

Subs t i tu t ing  E.q. (75) into Eq.  (74) one obta ins  

o r  f ina l ly  

[R~m [ < e -rex ~ ( i -  I), C : : )  xn- 
i =  1 rnt 

n - l  

IRtml < (n - 1 ) ! e  "rex ~ xi 
i = O  i [  m n -  i (76) 

4.3.2 Upper Bound to the Absolute Value of the Relative Error 

The  abso lu t e  va lue  of the  r e l a t i v e  e r r o r  c a u s e d  by us ing  a p a r t i a l  
s u m  i n s t e a d  of a s e r i e s  in Eq.  (47) is 

II IR.ml 
I E~,m]- (77) 

D~ (x) 

Any e x p r e s s i o n  ob ta ined  f r o m  Eq.  (77) by, r e p l a c i n g  the  n u m e r a t o r  by 
s o m e t h i n g  g r e a t e r  and the  d e n o m i n a t o r  by s o m e t h i n g  s m a l l e r  wil l  be an 
u p p e r  bound for  the  abso lu t e  va lue  of the r e l a t i v e  e r r o r .  The  obvious  
r e p l a c e m e n t  for  the  n u m e r a t o r  is the  uppe r  bound jus t  ob ta ined  for  

Rnm . Th i s  bound wi l l  be f u r t h e r  i n c r e a s e d  in va lue  by r e p l a c i n g  

each  t e r m  in the  s u m m a t i o n  of Eq.  (76) by a g r e a t e r  va lue ,  s p e c i f i c a l l y  

n•l xi JRtml < (. - i ) I  e -®* 7 (78)  
i=O 

Since  al l  of the  t e r m s  of the  double  s u m m a t i o n  of Eq.  (47) a r e  pos i t i ve ,  

then  D2(x) is g r e a t e r  than  the  f i r s t  n t e r m s .  Thus a f t e r  r e i n d e x i n g  it 

is found that  

thus, obviously 

. - I n !  
Dr(x) > ~ 7 e-'xJ 

j o 

n - 1  xj 

D~ (x) > (n - 1) ! e -x E j'-'!" ( 7 9) 
j 0 
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Using  Eqs .  (78) and (79) to r e p l a c e  the  n u m e r a t o r  and d e n o m i n a t o r ,  
r e s p e c t i v e l y ,  of Eq.  (77), one ob ta ins  

IEL ,I < e - ¢ ' ' -  ( 8 0 )  

Thi s  u p p e r  l i m i t  is e a s i l y  c a l c u l a t e d  and a p p r o a c h e s  z e r o  as m a p p r o a c h e s  
in f in i ty .  Aga in  the  bound is i n d e p e n d e n t  of n and thus  ho lds  for  al l  o r d e r s .  

4.4 RANGES OF CALCULATION 

T h e  u p p e r  bound for  the  a b s o l u t e  v a l u e  of the  r e l a t i v e  e r r o r  is  r e -  
l a t e d  to the  n u m b e r  of s i g n i f i c a n t  f i g u r e s  by a t h e o r e m  p r o v e d  in Ref .  8: 

If the  a b s o l u t e  va lue  of the r e l a t i v e  e r r o r  of any n u m b e r  is l e s s  t han  

5 x 10 - ( s + l )  t hen  the  n u m b e r  is c e r t a i n l y  c o r r e c t  to s s i g n i f i c a n t  f i g u r e s .  

Us ing  th i s  r e l a t i o n  the  a c c u r a c y  of e a c h  a p p r o x i m a t i o n  was  p lo t t ed  
and is shown in F ig .  4. Given  a v a l u e  of x and the  n u m b e r  of s i g n i f i c a n t  
f i g u r e s  d e s i r e d ,  f r o m  Fig .  4 one can  find w h i c h  a p p r o x i m a t i o n  and what  
o r d e r  is r e q u i r e d .  Thus  one can  c o n s t r u c t  a t ab l e  d iv id ing  the  c a l c u l a -  
t ion  into r a n g e s  of x and the  b e s t  a p p r o x i m a t i o n  to u se .  T a b l e  IV, for  
e x a m p l e ,  g ives  s u c h  a d i v i s i o n  for  f ive s i g n i f i c a n t  f i g u r e s .  

It is shown tha t  the  a p p r o x i m a t i o n  for  e a c h  r a n g e  fa l l s  be low the  
l i ne  s = 5 in F ig .  4. S ince  the  s m a l l - x  a p p r o x i m a t i o n  of o r d e r  5 and 
the  l a r g e - x  a p p r o x i m a t i o n  of o r d e r  8 i n t e r s e c t  be low th i s  l ine ,  one 
n e v e r  n e e d s  to go h i g h e r  than  t h e s e  o r d e r s  to ob ta in  f ive s i g n i f i c a n t  
f i g u r e s .  Ranges  13 and 14 w e r e  d e t e r m i n e d  by the  l i m i t a t i o n  of the  IBM 
S y s t e m / 3 6 0  c o m p u t e r  tha t  the  o r d e r  of the  e x p o n e n t i a l  func t ion  be l e s s  
than  174. 

A s u b r o u t i n e  was  w r i t t e n  to c a l c u l a t e  the  Debye  func t ion  to f ive s i g -  
n i f i can t  f i g u r e s  u s ing  the r a n g e s  of T a b l e  IV. T h e  s u b r o u t i n e  is c a l l e d  
by the  s t a t e m e n t :  

C A L L  D E B Y E  (N, X, F, G) 

T h e  a r g u m e n t s  N and X input  n and x, r e s p e c t i v e l y ,  w h e r e  the  o r d e r  of 
the  Debye  func t ion  m u s t  be in the  r a n g e  0 < n < 6. The  Debye  func t ion  
and i ts  c o m p l e m e n t  a r e  r e t u r n e d  by the  a r g u m e n t s  F and G, r e s p e c -  
t i ve ly .  The  l i s t i n g  of th i s  s u b r o u t i n e  is g iven  in Append ix  If.  
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TABLE IV 
RANGES OF CALCULATION 

Range  No. R a n g e  

1 

2 

3 

4 

5 

6 

7 

8 

9 

I0 

I i  

12 

13 

14 

0 _< x _< 0 .007  

0 .007  < x  < 0 .22  

0 .22  < x  < 0 .68  

0 . 6 8 < x <  1 .12 

1 . 1 2 < x <  1 .52  

1 . 5 2 < x <  1 .80  

1 .80  < x  < 2 .03  

2 .03  < x  < 2 .44  

2 .44  < x  < 3 .05  

3 .05  < x < 4 . 0 7  

4 . 0 7 < x < 6 . 1 0  

6. 10 < x  < 12.21 

12.21 < x  < 87 

87 < x < 174 

I 

1 

1 

1 

1 

1 

1 

2 

2 

2 

2 

2 

2 

2 

2 

m 

0 

1 

2 

3 

4 

5 

8 

7 

6 

5 

4 

3 

2 

1 
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APPENDIX I 

FORTRAN LISTING OF MAIN PROGRAM 
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8 KvLANmNUtNMEII~MF ILPE tLHFmKOH 

" -o~(~2 " - - ~  
0 0 0 3  HRXTEICe 10003  
0()06"- . . . . . . . . . . .  " - - I "R ¢: AD I 5 ;1-0-0 L-,-EI~D=-9 C01-! Wt'][L ; "~ ~-1T;-I-E'-~-t L e-~iq;T m GOt DQ 

G UNIT  CONVERSIONS ANO CALCULATION OF P H Y S I C A L  CONSTANTS 
- b O O 5  . . . . .  i F (  IH - .LE .O  )GO TO 61 .................................... 

O00b A = O I S T I I H I I O | S T |  | L )  
(3-oo .jr . . . .  C,:; C~"~'i~1 "t4"~( "| S )-/-I~I- ~T t - i ] . ~  
0 0 0 8  H=HRI  IERGY I I E )  '~T IME|  ZS } ) 
0 0 0 9  . . . . . . . . .  k~'KR ~TE-M'P-i'fT I / E R G  ¥ ( I E | 
OOLO TREF=TURE( I T I  
o o k i . . . . .  ~o-~:- x / ~  . . . . . . . . . . . . . . . . . . . .  
O012 TA U=- • o ~P 1 ~' ( KOHIC ) #~ Z¢KOH 

" ~ 6"1-.~ . . . . . . . .  S I G= 3 • * Z ET'k'~ ~k"-,~Ti"~j . . . . . . . .  
0 0 1 4  TAU=ZETA3eTAU 

........................................ 

0 0 1 5  B2=KQH~X2 
C016 83=KOH,('X 3 

- boi 7 ............. iA~ C7 l~,-*-k-O-F:~'x% ) ............. 

0 0 1 8  B S : C / ( A ~ K O k t X S )  

0 0 2 0  G2=C/ (A '~KOH)  
0 0 2 1  . . . . . . . . . . . . . . .  I -F | ] 'P ; , [ :Q .  I I G O  TO 21 
0 0 2 2  ! P :  ! 

- - 0 0 2 3  . . . . . . .  MR-IT'E-I6;'J.()'0"5 )" . . . . . . . . . . . . . .  
0 0 2 ~  21 WRITE(b~  I O 0 2 ) U N I T ( I W ~  1 ) mUNIT |  I L~  l im  U N I T ( I S m 2 )  ~UN iT (  I T t 3 l  m 

" [ ' - - - - - - U N I T (  [ E t C )  ~A eCm H~ K~TREF 
0 0 2 5  ~ R I T E  Ibm 1 0 0 3 1 S I G ~ T A U , B 2 t B 3 ~  84mBSeCl  ~C2 

. . . . . . . . . . .  C CALCUI~ATI'ON-OF--T'EJ4P-E-I~AI=I]RE -O'~P~NDENI" "Q'-U~T]'-T-I-~"~- 
0 0 2 6  41  TCK=T+TREF 
0 0 2 7  [ F ( T C K . L E . O . I G 0  TO 61 
0 0 2 8  TA :TCK 

" -  O 0 2 9  E B= S I G~C~ X ~ , - T A ~ ' ~ - - ~ A " "  
O030 F 8 : T  AU~, T A~,T A ~,T A 

. . . . . . . . . . . . . . . . . . . . . .  

0031 NME=B3~T4 
. o_.o_~._z . . . . . . . . . . . .  ~ . F = _ ~ ? : T ~ .  . . . . . . . . .  

0 0 3 3  L M E : B S / T A  
0 0 3 ~  L H F : B 4 / T A  
O~J~5 . . . . . . . . . . . .  i P-( lIT:'. E~" .'2") C- d - T 0  -~"2 - -  
0 0 3 6  . . . . . .  ....._ . I..P_:..2 . . . . . .  __._:~_.._..:......._ _ . . . . .  
0 0 3 7  N R I T E ( 6 ~ , 1 0 0 6  I 
0 0 3 8  42 ~/RITE|bylOO3)T~TAmEB~FBthME~NNF~LMEmLHF 

- "(~ -C-A[C ULAT [(')N"OF"-HA'V EI~EI~GI"H'-DE PE'NDENT QU'A-'NTTI']-E~--- 
0 0 3 9  61 I F ( N . L E . O ) G O  IO 1 

• 0"0~0 . . . . . . . . . . . . . . . .  GQ" 1~ 0"( '~2; 73 ; ~6"T; L . . . . . . . . . .  
0 0 4 1  T2 Q N : C / ( l S O . ~ ' A ~ ' K G H S T A )  
0 0 6 2  . . . . . . . . . .  ~N=C l ' f  ;0-0-1 ,t,'Ail, K end, X A )- . . . . .  
0 0 4 3  GO TO 75 
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0 0 ~  
0045 

" "0046 
C0~7 
C048 
0049 
O050 
0051 
do~2 
0053  
C C ~  
0055  
0056  
0057  
0058  
C059 
0060 
0061 
0062  
00bJ  
O06~ 
00~5 
0006 
0067  
0068  
0909  
0070  
0071 
0C72 
0013  
0074 
0015 
0 0 1 6  
0077 
C018 
OC@9 
OO80 
OOdl 
0382  
CCd3 
0 0 ~  
C3d5 
OOd6 
C9~7 
C 0 ~  

3039 

OO~O 

03';! 

APPENDIX I (Concluded) 

73 QN=°00L~KOP*TA 
QM= |50 .~KOb*TA  
GO TC 75 

7~ ~N=.O01 
~M=150 .  

75 CONTINUE 
DO 66 I = I , N  
Q = U O + [ I - I I ~ C Q  
I F I Q o L T . ~ N | G = G N  
I F [ ~ . G T . Q M I ~ = ~ P  
GO T O ( 6 2 , 6 ~ e ~ 4 1 , L  

62 LAM=G 
N U = C / | A ~ L A M I  
X= ,4U / (KOH=TA|  

GO TG 65 
63 NU=0 

X=NU/(KOH~TA)  
L A N = C / ( A e N U |  
Gd TO 65 

6~ X=~ 
Nu=KOH~TA~X 
L A ~ = C / I A * ~ L I  

65 F N = 2 . ~ P I ~ i k U I C I ~ 2 / ( E X P | X I - t . )  
EN=H~NU=FN 
EL=NU~EN/LA~ 
FL=NU~F%/LAM 
CALL CFBYE |3~X ,EBkeEEL)  
E d N = E B = E B N / I 6 . ~ Z E I A 6 )  
E B L = E S * E B L I ( 6 . ~ Z E T A 4 )  
CALL C E B Y E ( 2 ~ X ~ F B ~ F B L )  
F B N = F B ~ F B N / ( 2 . e Z E T A S |  
F B L = F B ~ F S L / ( 2 . t Z E T A 3 |  
I F I I P , E Q o 3 | G O  TO 66 
IP=3  
N R I T E ( ~ I O C T |  

66 NR[TE[6,100~)LA~,hU,X~ENtFN~ELeFLeEBN,FBN~EBLtFBL 
GO TU 1 

900 wRITE(6,10C4] 
STOP 

1030 F G R ~ A T ( ~ | A ~ C O C 5 2  D .C .  TUOD BLACKfODY EMESS[ON~I 
IOOL F [ ] R M A T ( 6 1 1 t [ 6 v 3 E 1 2 . 3 )  - 
[CO2 FO~HAT(I~O3XA4,4(SXA4]~6XLPSE12°~I 
1003 F O ~ H A T ( L P I [ ; 1 2 o 4 I  " " 
1004 F O K ~ T ( ~ T F E  E k } ~ I I H L !  
1005 Fd~HAI(LH04X2HI~ICX2HILIOX2HISIOX2HIT10X2HIE|iXlHAL-I~TR~I'T~'H'rJ~- 

1 LHKgX4HrREF/~X5HSIGYA~X]HTAUgXZHB210X2H83|0X2HB61OX2HB5 
2 |OXZPC[ IOX2~C2J . . . . . . . . . . . . .  

1006 FJI(MAT(IHOSXIHT10X2HTA[CX2HEB10X2HFBIOX3HNNEgX3HNMFgX3HLMEgX3HLNF 
I I |  . . . . . . . . . .  

1~07 F0~UATlIHO2X6HLA~EOABXZHNUIIXlHXIOX2HENI0X2HFNIC~2HELIOXZHFL|OX 
1 3HF~NqX3HF~N~3HE~LgX3F IF~L I )  - - 

END 
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APPENDIX II 
FORTRAN LISTING OF SUBROUTINE DEBYE 

FORTRAk IV G LEVEL 1* MOO 2 

0001 
0302 

OEBYE "DATE = '68~-13 

C AEAO00~8 DEBYE FUNCTION O.C.  TODD 1 - 1 8 - 6 8  STBOC2-YO0 
SUBROUTINE CEBYEiNeXeFwG| 
REAL B2(5)l.166666T~-.O3333333~.C23809§2t-.O3333333~.OT575158/~ 

I ZETAIIbIlI.b64936,1.202057,I.C82323,L.O36928~1.017343et.OO83&9/~ 
2 FAC¢IOIII.,2.,6.,Z4.tlZC.,1ZO.tSO40.,40320.,362E~C.~-362~8-O-O';7~ 
3 A ( 5 ) 1 . 0 0 7 , . 2 2 , . 6 8 ~ 1 . 1 2 ~ 1 . 5 2 / ,  
4 B(8)1174.~E7.,12.21,6.1,~.C7,3.C5,2.~,2.C3/ . . . . . . . . .  

O00J I F ( X . G T . I . B | G O  TO 20 
C F CALCULATED 

0006 M=O 
CCC5 DO 1 1 J = I , 5  
0006 i F I X . L E . A I J I ) G E  T~ 12 
0007 11MmM+1 
0008 12 XS=X*X 
0009 S U M = I . / N - . 5 * X / ( N ÷ I )  
0310 [F (M.EQ.OIGC TO 14 
COLL POW=L. "" 
0012 K2=O 
0013 DO 13 K=IoM 
0016 K2=K2÷2 
0015 POM=POH*XS 
0016 13 SUM=SUM+B2iKI*POwI(IKZ÷NI*FACiKZI) 
0017 - -  [ 6 - F = s U M * X * * N  . . . . . . . . . . . . . . . . . . . . . . .  
0018 G = F A C ( N I * Z E T A I ( N ) - F  
0019 RETURN 

C G CALCULATED 
0020" "20  M=O . . . . . . . . .  
0021 DO 21 J = 1 , 8  

L q 1 3 2 1 1 q  

~2~ ............... ~¢ix-~ E ~I'3 n~'~d--~ 
O02J - . .  21 ~=M÷I  

. . . . . . . . . . . . . . . . . . . . .  

0024 22 | F I M . G T . O I G O  TC 23 
0025 G=O. 
oo2~ " G o  T d 5 6  . . . . .  

0027 23 SUM=O. 
G028 . . . . . . . . . . . . . . . . .  P b ~  . . . . . . . . .  
0029 DO 25 K = I I M  
0030 POk=POW~X 
0031 S M = I . I K ~ | N + I )  

................................... 

0032 PN=SM 
00J3 DO 24 J = l t N  , 

-063% . . . . . . . . . . . . . . . . . . .  P k ~ P ~ X * K  . . . . . . . . . . . . .  
OOJ§ 26 SM=SM+PWIFACIJ) 
0036 25 SUM=SUM~S~*EXPi-PCN) 
0037 G=FAC(N)#SUM 

-0"038 . . . . . . . .  2b- F=FAC(N) *Z  E T A 1 |N ' ) ;G -- 
0039 RETURN 
. . . . . . . . . . . . . . . . . . .  00~0 END . . . . . . . . . . . .  
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