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ABSTRACT 

In a recent paper, Wempner presented a method by which the finite 
deflections of thin shells are approximated In finite elements and the nonlinear 
differential equations are replaced by nonlinear algebraic equations. This is 
accomplished by decomposing the motion of an element into a rigid-body rota¬ 
tion and a deformation. The deformation of a Hookean element is characterized 
by linear constitutive equations relating generalized forces and small relative 
displacements. Nonlinearities arise from the differences in the rigid-body 
rotations of adjacent elements. 

in the present paper, the method is applied to formulate algebraic 
equations for the finite deflections of a circular arch. The constitutive equations 
of the finite element are the exact linear equations of the Winkler-Bach theory. 

The nonlinear algebraic equations are replaced by a succession of linear 
equations, each governing the response to a small increment of load. To 
eliminate cumulative error, the numerical results are inserted in the non¬ 
linear equations and corrected by the Newton-Raphson procedure. 
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CHAPTER I 

w 
* 

INTRODUCTION 

Classically, the analysis of continuous systems begins with investiga¬ 

tions of the properties of small differential elements of the continuum under 

investigation. Relationships are established between mean values of various 

quantities associated with the infinitesimal elements, and partial differential 

equations or Integral equations governing the behavior of the entire domain 

are obtained by allowing the dimensions of the element to approach zero as the 

number of elements becomes infinitely large. 

The resulting equations are often nonlinear, even for relatively simple 

geometries, and one must resort to a numerical procedure to obtain quantitative 

solutions to the nonlinear problem. Regardless of the initial assumptions and 

the methods used to formulate a nonlinear problem in solid mechanics, if 

numerical methods are employed to evaluate the results, the continuum is 

essentially approximated by a discrete model. 

Discrete models for nonlinear analysis of flexible shells are described 

by Oden and Wempner [ 11. The methods are based upon the use of finite 

elements for approximations of the continuous body. The equations 

describing the continuum may be employed to arrive at the properties of these 

elements, but the dimensions of the elements remain finite in the analysis, 

1 



¿ 

integrations are replaced by finite summations, and the partial differential 

eolations of the continuous media are replaced by systems of algebraic or 
# 

ordinary differential equations. The continuum with infinitely many degrees 

of freedom is thus represented by a discrete model which has finite degrees 

of freedom. 

Large deflections are treated by decomposing the motion of the 

element into a rigid-body motion followed by a deformation. The decompo¬ 

sition has the effect of extending many existing formulations for linearly 

elastic elements to problems involving geometrical nonlinearities, particu ¬ 

larly -inite rotations and buckling. 

The methods are applied here to the particular problem of a circular 

arch subjected to a concentrated toad applied at the crown as depicted in 

Figures 1 and 2. 

As the toad P is Increased, the deflection 6 will follow the symmetri¬ 

cal path (0-1) as indicated in Figure 2. When the toad reaches a value 

corresponding to the branch point (1), the arch can assume u.nsymmetical 

configurations represented by curves ( 1 - 3) and ( 1 - 4) or the arch may 

follow a symmetrical path ( 1 - 5). 

In the discrete represa Ution of the arch, the path (0-1) is obtained 

by incrementing the toad and con puting the corresponding displacements. 

The branch point is signaled by the vanishing of the determinant of a coeffi¬ 

cient matrix. At the branch point, the coefficient matrix must be rearranged 

so as to permit a solution for the toad increment corresponding to a 







proscribed increment in vertical displacement. Incrementing the displace¬ 

ment will produce one of the following three re milts: 

1. If the load decreases with increase in displacement, the path 

will be the lower unstable curve ( 1 - 4). However, inasmuch 

as this point is not physically attainable by the arch unless 

restrained, the arch will snap through to point (6). 

2. If the load increases with increase in displacement and side 

sway is i lao present, the path will be ( 1 - 3). When point ( 2) 

is reached, snap through will occur to point (7). 

3. Finally, if the arch follows a symmetric deformation, the load 

increases with displacement and the path traced will be that 



CHAPTER II 

PROBLEM FORMULATION 

The comimious arch is subdivided into small finite elements. The 

angle subtended by the element N is and the radius of the centerline is R, 

as shown in Figure 3. The thickness is h and the width b. The elements 

lying In the first quadrant are identified by a subscript (+), and the elements 

lying in the second quadrant are identified by a subscript (-). Since all ele¬ 

ments are the same1 ( Figure 4) we need only derive the kinematical, consti¬ 

tutive,. and equilibrium equations for the arbitrary element. 

The elements are assumed small enough so that relative displacements 

are ^mall within an element, and, therefore, linear (classical) methods are 

adequate for the derivation of the constitutive equations only. The normals to 

A ^ 
the elements before and after deformation are a„ and A and the rotation of 

these normals is ß ,. 
N 

‘Symmetric deformation shown, 1 aut deformation need not be symmetric 
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Figure 4. Arch Symmetry 



A. «tniMiatIcal Eoiatk j» 

The work done toy Toupin [2) has shown that the motion of a oontinuouB 

medium In 0« »l^borhoed of . particle can be dea.mpo.ed Into a rigid body 

motion followed b, a deformation or vice-veraa. « we «.urn. tlmt the finite 

element i. small em-ugh to provide a valid representation for the discrete 

system, then the motion of the small finite element can be decomposed in the 

manner of Toupln's analysla. On this basis, we examine the small relative 

displacements and relative robUions which determine the small strain, within 

the element. 

Consider the element N as shown in Figure 5 which has end points I 

and J in the undetormci state. It is then rigidly transported to P. J' and then 

given a small relative displacement to P , J* , the point 1' and I* being the 

same. Thus, the motion of the element consists of three parts: (a) a Irans- 

l&tlon, (b) a rotation, and <c) a deformation. 

The vector T determines the magnitude and direction of the chord of 

• the element N before deformation as shown in Figure 6. 

The vector p remains unchanged tn magnitude as the element is 

rigidly transported to P. J’, but due to the rigid body rotation fN the magni 

tude and direction are now determined by 

p* «= 2H sin 





Figure 6. Kinematics of the Element 



Th« motion oí the element N from I\ J» to I*, J* Involve« a relative 

rotation a «mall tangential displacement and a small radial dis¬ 

placement AV of the right end relative to the left end. These motions Aß.„ 
N N 

AUn, and AVn are assumed small to justify linear analysis. Due to these 

motions, the magnitude and direction of the element chord is 

> ol r ^ ■ P' * [adn °” («W.1 *• PN) - avn (Vi ' PN)] 

- [aun “n (Vi+ ^n) * avn 008 (Vi+Mj 

The displacemt nt of point I as it goes to f is 

A 

J 

vv+v 

(3) 

(4) 

and that of J to J* 

VNM " XN+1 1 + YN+1 3 * 
(S) 

Thus, the displacement of J* relative to P" is 

V .-V * AX f + AY Î«AV 
N+l N N N 1 N 

(6) 

or 

Let 

avn-p* -p. 

A<t> 

^ + ~~2 
N 

(7) 

(8) 

and with the aid of eq. (1), (2), and (3), eq. (7) becomes 



rVN - 1 f I *UN <10“ (Vl + M - iVN 9in (V. * V) 

("Is) [“a (Vi * M ' “’•(V.)] 

K tß*y avn (Vi * 

(^) rain (v/M"1" (Vi) 

+ 2R sin 

Í 
i 

-i 

+ 2 R sin 

By eq. ( 6) 

AX.r =» ± 
N 

+ 2R sin 

aun 008 (^1+1 + ^n) " avn Bln (^+1 + ^n) 

m (^i/1 + ) ~ 008 (Vi) 

AY “ - 
N 

+ 2R sin 

AUN 8i" (WV^N008 (Vi^n) 

m' (^,/. %) -8l" (Vt) 

13 

(9) 

(10a) 

(10b) 

B. Equilibrium Equations 

1, Equilibrium of the Element. To be consistent with the assumptions of 

linear behavior, we neglect the deformations in the derivation of the equilibri¬ 

um equations for the element. The equilibrium equations are easily derived 

as follows: 

The forces shown in Figure 7 acting on element N are <}„. and M^, 

the tensile, shear, and moment, respectively, acting at the left end of the 

element and N'„ Q' and M’ at the right end. 
W N N 



Figure 7. Equilibrium of the Element 



Since it Is convenient to formulate the problem to nondimeneional quantities 

» 
we define the following terms: 

“n* EAZ 

- rn ac '•••••'"■Aè*1* 
N REAZ 

Q 
^ N 

qN EAZ 

PN 
PN $ "EAZ J exteTm[ toads 

* ÜXz ’ externai shear forces 

where N„, Qv_, are the forces acting at the left end of the element, E is 

Young’s modulus, A is the cros8>sectional area, K is the radius of the centroid 

of the element, and Z is a property of the cross section and is defined as 

""^//ïïTT" (lî> 

where z is a radial distance from the centroid of the element. 

We obtain from Figure Î and by the use of the nondimens fonal quantities 

of eq. ( 11) and the three equations of equilibrium: 

nN " nN 008 A<i,N " % 8in A<?>n {13a) 

qN * qN 008 A% + “n 8ln A<íVj <13b) 

mN “ mN + "îJ * 008 A<í>N> f djj 8in (13c) 



These are linear equations which relate the forces and moment on the right 

end of element N to those forces and moments on the left end of the element. 

2. Joint Equilibrium. In the derivation of the equilibrium equations, the dis¬ 

placements and rotations of the element were neglected. However, when two 

adjoining elements, N and N + 1, are brought together to form the continuous 

/s 
arch, a normal aN at the right end of element N is not colinear after deforma¬ 

tion with the normal at the left end of element N + 1 but differ by the 

amount of the relative rotation of element N. This is depicted in 

Figure 8. 

The forces at the right end of element N are and and those 

forces at the left end of element N + 1 are N^, QN+1, and By con¬ 

sidering rotation the nondimensional relations given by eq, (11), and 

from Figure 9, the following relationships »etween the forces on the right end 

of the element h and the forces on the left end of element N ->• 1 can be 

obtained: 

Vi ’ - Vi+ "Ñ ■ qÑ % 

Vl 3 - PN+1 + V nÑ % 

< 14a) 

(14b) 

(14c) 

It should be noted that the eq. < 14) are nonlinear since we have prod¬ 

ucts of forces and rotations occurring in these relations. 

If there are no external loads acting on the joint, the terms fN+1 and 

p., , become zero. 
*N+1 



Figure 8, Rotation of Normals 
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The primed quantities of eq. (14) can be eliminated by the use of eq. 

( 13) and the following equations of equilibrium ire obtained: 

Vl ' “N (°°8 Û<,N * % 8l" ^n) * qN (*,n a*N + % 008 A*n) * ‘Vl 
(IS») 

Vi ' qN (808 a*n ' %8ln a<,n) ' "n (“" a*n * % 008 a*n) * "Vl 
(15b) 

mN+l - mN - "n (‘ " 008 A'<'n) - "n 81,1 A% ' (15C) 

C. Constitutive Equations 

The constitutive equations are those which relate the relative displace¬ 

ments and rotations of an element to the forces and moments acting on(he 

element. 

The assumptions of the Winkler-Rach theory f 3) of curved beams form 

the basis of this analysis. That is, a plane cross section of the arch remains 

plane and normal to the centroidal line and the deformation of the cross section 

is negligible when computing the extensional strain. This theory gives the 

following strain energy integral: 

From Figure 10, 

N “ N!t cos a + Q' sin a 
a N N 

M = M’ - Ql, R sin a + N’ R ( 1 - cos a). 
a N N N 

is obtained. 



Figure 10. Constrained Element 



Zi 

The substitution of eq. (17) into the strain energy integral eq. (16) 

yields 

,_ÍL_ l-i &-Q» sin a+NÏ, d - co® “> 
2EA n |Z [R N N J (18) 

da. 

Expanding and integrating, 

R {J. 
Z 

M’ 2 
.Ad> 

B} \ 2 4 / 

/3Ad> ®l,a 2 \ ^ / \ 

+irHJ (-r0 ■2iln+—T^) ‘r-l1-008^) 

MIN' 

2 "TT(^n * "***»)' 2 QnNn(‘ ' 008 % 

2 
sin2 A<i>^ 

M'2 2 M' N' _ 
—Sr* A4> +-A<j> + N' 2 AA 

RÏ r n njj 

a«) 

is obtained. 

By the use of Castigliano's theorem of deflections and a corollary on 

rotations, we obtain the displacements and rotation components at the pc Jit of 

application of the forces N’N and Q'N and the moment respectively. In 

general, a generalized displacement qi caused by a generalized external load 

F. is given by 

-£l_ 
aF 

i 

Applying this relation to eq. ( 19), w© obtain 

.*   —— 



4VS%-ea 

M 

Z ( 
^ N 1 

1 —- 2 ain 4<dn + ~ »in 2 A<i>N ) 

+ ““ (a«On - sin (1 - 008 ¿4>n - "7 si«2 ^N) 

5* + + NJ^ A(i»N (20) 

Uslnf the nondimensJonal relaticns of eq. ( 11), we obtain the non- 

dimensional equation 

AU 
Au , ® 

N 
N RA<J>n N 

z + 1 / 3 
A*n ( 2 % 

2 sin »I sm 2 A0 .) 

+ ml 
N z+ik: (^n -sin a*n) 

N 

' .]- 

q: N 
A0 

N 
1 - c»s A<p 

N 

sin2 A0 (21) 

It is desired to have the constitutive equations in terms of the forces 

and moment at the left end of the element. Therefore, by the use of eq. ( 13), 

we arrive at the constitutive equation for the nondimensional relative dis¬ 

placement of the element in te.ms of the forces and moments at the left end of 

the element 

3 
Au s n 

N N 
Z + ! - --r— sin A<J> 

N 
11 1 ■77- - — sin A0 - 77- cos A4» 

A<i>N 2 A0n 

n'T 008 

-] (22) 

m 
N 

Z + 
iî; -8in 



Avn and relative rotation of the element 

AV 
Av^. a 

N 

N M 

ãK \ 
—*^* sin A$n - 1 + cob A^n I 

(23) 

mN ( 1 - cos A^) + qN 7 (A4>n cob A0n - sin A<#> 

AfN = 

*N 

"n (1 * Z " Ãí^ ,to A*n) + “n '» * Z» 

+ Ã^ (1-“»%) 

(24) 

These constitutive equations can be written in a more compact form 

as follows: 

% “ “N nN + bN mN * °N "N 

% = dN V eN mN + *N "N 

% 

«N V hN "V‘n V 

(25) 

where 

aN “ Z + 1 * 2Ã^T 8in A<t>n + ~2 cos A(t>u 
N 

N 
(26) 



víí;(‘-“,a*n) 

fN ■ if«" ■ A*N “* ^n) 

*N-bN (28) 

It the angle subtended by each of the elements is equal, then the 

coefficients of eq. (26) are the same for each of the links. 

D. Boundary Conditions 

Additional conditions are needed to achieve continuity at the apex and 

fulfillment of end conditions. 

From Figure II, we can write the continuity conditions at the apex. 

Signifying quantities to the right by a subscript +1 and to the left by a sub¬ 

script -1, we obtain 



These can be written in the nondlmensiotml form by eq. (11) 

"Vi - m-i 

Kis 
(27) 

q+1 + q^ » p cos (ßi + p) 

n+1 - n^ » - p sin + p) 

where p is the angle of incidence of the applied load P. 

If the end« of the arch are restrained from a vertical and/or horizontal 

movement, then lhe relative displacement of these ends is zero, i.e., 

(28) 

At the ends of the arch, we consider two possibilities as to their 

fixity. 

1. Pinned Ends. The condition for a pinned end requires the moment at that 

point M to vanish. 

m 
M 

(29) 

2. Fixed Ends. The condition for a fixed or built-in edge is that a tangent to 

the deflected middle surface coincide with the initial position of the middle 

line of the arch. This can be accomplished by setting the rotation ^ at point 

M equal to zero. 



Figure U. Equilibrium at Apex 



CHAPTER UI 

SOLUTIONS TO THE NONLINEAR EQUATIONS 
BY THE METHOD OF INCREMENTAL I-OADING 

A. Concept 

The equations developed in CUapter U are applicable to the arch for 

arbitrarily large deflections. A solution of these nonlinear equations becomes 

a formidable task unless some appropriate procedure is used. 

The procedure presented here consists of linearising only in terms of 

small changes of each variable. The approach is to allow the variables, 

tensions, shears, and rotations, to take on small changes corresponding to a 

small increase in load. For conciseness, let the nonlinear governing equa¬ 

tions be represented by 

F (V P) = », 

where xi are the interelement tension forces, shear forces, and rotations due 

to the appUed load P. By giving the variables (x^ p) a small increment 

(öXj, ôp'J , the increment in F corresponding to the increments ôxl and öP 

is 

AF « ~ dx. + ÔP + .,., 
0xi i 8P 

where the derivatives are evaluated in the reference state. 

27 



II the syetem is in equilibrium, any increment of the variables must 

siso satisfy equilibrium. Consequently 

EF 
AF =» 0 ■ 6x + ÕP, 

8xi i 0P * 

or in matrix form 

8F 
ax. 

flx. * I • ^11^11 ÖP 
ap (31) 

The variables ôx. can be computed lor any prescribed nonzero incre¬ 

ment 6P since the coefficient matrix 
dF 

8x 
i 

is a linear combination of the 

variables x^ and P, where P is the sum of the preceding increments of ÔP's 

and Xj is the sum of the preceding dx.'s corresponding to the increments of fiP. 

The values x. corresponding to P computed by eq. (31) do not satisfy 

the nonlinear equations F P j * 0; i.e., F * 0, because only the 

first order terms were considered in the expansion of AF. A better approxi¬ 

mation of the solution to the nonlinear equations is obtained if we examine 

further the Taytor series expansion of F P) . 

F(vp)-?(v5)^*; 

The derivatives and F | x., p j 

P. By setting the load Increment <5P' equal to zero, the values <5x! needed to 

+|f äp. = °. 
are evaluated for the existing conditions x, and 

satisfy the condition 

F(v p)+^4*i 
can be determined. 
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Therefore, 

jJF 
dx 

or in matrix form 

9F 

dX, 
Ôx! ï(v p) 

By summing these increments ôx’ and ÔP' * 0 with the previous solu¬ 

tions X. and P we obtain a better solution to the equations 

F (V P) - 0. 

The corrected solution is thus given by 

xi “ + 0Xi 

(33) 

(34) 

and 

p^.p.^ôP, (35) 

Thus, by eq. (31) we obtain an approximate solution for a prescribed 

load increment and by eq. (32) we obtain the corrected increments for a 

better solution to the nonlinear equations. 

When the structure reaches the branch point, the determinant 
5F 
dx 

1 

of the coefficients jôXj J vanishes. At this branca point, the important ques¬ 

tion of stability must be answered. This question can be answered by re¬ 

arranging the equations so that an incremental vertical displacement can be 

prescribed and observing the path that the arch follows as described in 

Chapter I. 



a. Derivation of Linear Equations 

introducing the following nondimensional quantities as before, 

AV 
N 

AU 

Avvt* . 
N RA<!> 

Auv, » 
N 

N 
N RAO 

N (36) 

AX 
Ax 

N 
AY 

¿y, 
N 

N ~ RAíí>n v N RAdN 

fjid neglecting the small terms of eq. ( 10) we obtain the incremental kinemati- 

cal relations 

Aó. 
dxN * * ’Nl/2 + 

jI-sin (-^) sln^. 

c 

+ ôuN oos t 4)- avN * <) 

^ sin (-^) cos ^V! *4.) «/N 

* % Sin[ Vl * ''K) + 0VN C0S (Vl * ' n) 

These are the incremental kinematical relationships for each of the 

elements in the arch. 

The equilibrium eq. (15) become 

ôn . . - A ônM + C 
N+l N N N S"N + ("Ñ Si" A*N + qÑ 

cos Aô„. I à / A/.. 

- ôf, 
( 3Ha) 

N+l 

äc,N.l - An 4c|N • CN SnN * (4 3ln ' "Ñ COe ^n) 6 ( 

* - Ôp 
N+l 

ämN»l - '“N • 8,,N (^1 ' C°9 AÖn) " 8<IN Si" A<)N = “• 

(38b) 

(38c) 



where 

■ cos - Aßx. sin 
N N N N 

C., » sin &<p.. + Aß., cos A$., 
N N N N 

% " fN*l ‘ an 

a(ifN)*aVi-S' 

and the asterisked values are the sum of the previous increments. 

From the constitutive relations, eq. (25), we obtain, 

auN ’ aN ’“N + bN amN * CN % 

ôv 3 d ôn + e <5m + f ôq 
N N N N N N mN 

(39a) 

(39b) 

(39c) 

<39d) 

(a'>) 
...*. -a 

4*n SN 6nN + hN SmN * *N % • 

( 40a) 

(40b) 

(40c) 

From the boundary conditions, eq. (27), the incremental relation¬ 

ships at the apex are 

6m , 3 ôm , 
+1 -1 

a''*r-a'.i 

(41a) 

(41b) 

<5q+1 + i5q j + p* sin + p j <5/n = d p cos + (41c) 

ôn j j f 1>,1‘ cos ^/-i' + 0/, =* Õ p sin + p^ , (41d) 

and from eq. (28) 



Ml 

The incremental equations for the boundaries at point M are 

i. stmsjms. 
ômM » 0.0 = — j^ô /At N - gN ÔnN - iN ôqN j (43) 

2. Fined Emis 

flû »0.0 
M 

(44) 

The problem is more conveniently solved if the governing equations 

are formulated In terms of the tension force i^, the shear force qN and the 

rotations ß as previously noted. Thus, the kinematical relations of eq. (37) 

become 

6x„ » * 
N 

- 2 sin 
(A<t> \ b 

-f) (Vi*'-Í) 

®N 
+ -r** sin (V. * 

Of. 
N 

At 
N 

b 

IT 008 (Vi+ 
N 

(0N+1+ ) 

' 8ln (^+1 + AN ) 

RN bN 
aN ¡T 008 

N 

id..-sin 

6an+i/a<í>n 

(Vi f an) 
(45a) 

N h 
N 

(*Wi m n) 
ôn 

N 

JN bN 
I c.. - I cos 

N h 
N 

(Vi * ^i) 

(fN ' “^f") S‘n (Vl * % 

4 



33 

«yN ■ - {[2 sta (“T1) (^t/i+ “ti) ' ,ta (Vi * ^ ) 

-ij“9 (Vi*'“n)] + [lf8l” (Vi^S) 

*\ ^ (*NH* ^)] ^H*1^**1 

(45b) 

*1 + I â"N 

* [('N'^f)8'" (Vl‘^) 
^'n--^) 008 (Vi + /n)] %j • 

Similarly, the equilibrium etj. (HH) are 
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Equations (46) aotitaln seven unknowns per link. Thus» 3 equations per 

link - 6 remaining equations needed tor a solution. These eight equations are 

the boundary nq. (41) and (42) and a set of end conditions (43) or (44) 

depending upon the type of fixity at the ends. These are the governing equa¬ 

tions for the incremental deformation of the arch. They are linear in the 

unknowns õn^, óq^ and 0/3^. Notice that the increment in load <ôP) only 

appears in eq. (41). These linear equations are easily solved on a large 

digital computer and, with the correction procedure noted herein, the variables 

are corrected so as to satisfy the nonlinear equations. 

C. Computation 

The computational procedure for the solution of an arch with concen¬ 

trated vertical central load is as follows ; 

1) The incremental vertical load (ôP) is set to a small value. 

2) All terms with an asterisk are set equal to zero. 

3) The system of equations is solved to determine the initial 

incremental values (ôx.'s). 

4) The incremental values of step 3) are added to the previous 

asterisked values. 

5) The value of the determinant and the vertical displacement 

under the load is retained. 

6) The load increment is set equal to zero. 



7) The asterisked quantities q^, are required to 

satisfy the nonlinear equations. The corrective increments are com¬ 

puted according to eq. (32). 

8) These values / ôx' ^ are added to the asterisked values. 

9) A new load increment is added. 

10) Steps 3) through 9) are repeated until the determinant vanishes 

or until the increment in vertical displacement exceeds by 10 percent the total 

vertical displacement. 

11) Tne equations are rearranged so that an itcrement of vertical 

displacement is now specified 

12) The equations are solved and the resulting increments 

are added to the asterisked values. 

13) Successive increments in vertical displacement can be used to 

carry the structure to its deformed post buckled state. 

The results of this computational procedure are presented in 

Chapter IV. 



CHAPTER IV 

CONCLUSIONS 

The equations that have been developed were programmed on the IBM 

7094 computer. Three arches subjected to a concentrated vertical force p were 

studied: First, a semi-circular arch with pinned ends is studied from the un¬ 

loaded position to a point where significant side sway developed (Figure 12). 

This work is compared with that done by Langhaar, Boresi and Carver (41. 

Secondly a shallow arch with fixed ends (Figure 13), is studied from the unloaded 

position to a point past snap through. This work is compared with that dene by 

Schreyer and Masur (5). Finally, an arch which has the height to radius ratioof 

one-half (HR » 0.5) was studied and compared with the work of Huddleston [6]. 

The results of the semi-circular arch analysis are presented in Figure 

13. The bifurcation point was found to be 

P «6.17EAZ. 
cr 

The work done by Langhaar, et al., yields the critical load of 

P » 6.54 EAZ. 
cr 

This is a decrease of b. 7 percent in the critical load. This decrease can be 

attributed to the consideration of the extension of the centroidal axis and the 

pre-buckled deformations. 
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Figure 13. Shallow Arch with Fixed Ends 



The experimental resulta performed by Unghnnr, et al.. »ho* thw 

the arch develop» »Ide »way at a load of approximately 3.70 pound». However, 

the results of the finite element analysla shows no side sway until the 

bifurcation point 1» reached at approximately 3.98 pound». It 1» likely “»t 

the side sway developed prematurely in the experlme* because of n non¬ 

symmetry in the arch or load. It has been found from the computer program 

that a small deviation from vertical application of the load causes the arch to 

sway before the critical load is reached. This i» shown in Figure 14 an the 

dotted line for a load 0.001 degrees from vertical. 

The corrected theoretical buckling loads given by Langhaar, et al., 

agree with th. se computed by the finite element method and incremental 

loading; however, mass was not considered in this analysis. 

The shallow arch that was investigated corresponds with an example 

presented by Schreyer, et al. This example is identified by a geometric 

parameter \ equal to 25, where 

X 2H 

h 1 

H is the rise of the orch and h Is the thichness. For a 30 degree arch con¬ 

sidered in .his work, Schreyer and Masur give snap ihrough at a toad of 

P = (57.+) EAZ. 

The finite element analysis gives this value as 

P=* 57.1 EAZ. 

The analysis predicted no bifurcation point between the unloaded and 

the snap through point ( Figure 151. This corresponds with the results of 
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Schreyer and Masur; however, the latter predict a bifurcation point later in the 

load-displacement curve. The finite element analysis was not carried far 

enough to determine this point or if it existed. 

The intermediate steep arch where H/R c 0.5, a critical load 

p = 12.74 was computed. For an "incompressible" arch, Huddleston (6| 
cr 

obtained P = 12.9, as closely as we can read his curve. Our computation 
cr 

shows, too, that the critical state is . ..stable, i.e., snap-through ensues. 

The results presented here indicate that the methods described provide 

a useful tool for predicting the response of ar :hes, including the influence of 

eccentricities. 

There appear to be no difficulties in extending the procedures to arches 

of other shapes and nonuniform cross sections. Slight variations of curvature 

can be treated by the Winkler-Bach theory. Rapidly varying properties can be 

handled by other approximations for the individual elements. Imperfections can 

be included by modifications of the equations governing individual elements. 

The technique of incremental loading is also a natural way to treat 

inelastic elements and so to predict progressive yielding and collapse of arches 

and shells. Equations (25) must be replaced by linear equations governing 

plast c and elastic increments and augmented by yield criteria. 
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In a recent paper, Wempner presented a method by which the finite deflections of thin 
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rotations of adjacent elements. 
In the present paper, the method is applied to formulate algebraic equations for the 

finite deflections of a circular arch. The constitutive equations of the finite element are the 
exact linear equations of the Winkler-Baeh theory. 

The nonlinear algebraic equations are replaced by a succession of linear equations, 
each governing the response to a small increment of load. To eliminate cumulative error, the 
numerical results are inserted in the nonlinear equations and corrected by the Newton-Raphson 

procedure. ( 
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