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ABSTRACT

For about five years, considerable effort was devoted at this 

laboratory to the exploitation of the digital computer as a means for 
simulating Ionospheric radio propagation and aasoclated signal process­

ing. Stress was placed on simulation of oblique propagation at HF by 

the most practical means, engineering the programs to achieve economical 
operation. The computer processes consist mainly of Ionospheric struc­

tural analysis and coding, raytracing, and the subsequent use of ray 
trajectory data to simulate the operation of complete Ionospheric radio 
systems.

This report summarizes the conclusions which have been drawn from 
the work. Including much technical data, some programming details, and 

hopefully some Insight Into the optimum methods for doing this work. 

Also, there Is a considerable amount of Information Inherently contained 
in these data which bear on the understanding of the propagation simu­

lated. Many applications of raytracing are discussed, and many useful 

programming or plotting techniques are described, some for the first 

time. Finally, a number of plotted examples are given to show what can 
be achieved by these siethods and to Illustrate selected aspects of 
Ionospheric propagation.
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I. INTRODUCTION 

It is fortunate that HF radio waves propagate through the ionosphere 

in a manner which is largely in accordance with the laws of geometric op¬ 

tics. As a consequence, we can study such propagation through the use of 

"rays" which are fairly easy to calculate. Were it not for this, it 

would be necessary to calculate the progress of energy using the wave 

equations which are a great deal more difficult to use. Recently, Kelso 

[l] stated the situation as follows : "If one examines the basis of radio 

wave propagation in the ionosphere from a position of considerable gener¬ 

ality, the foundation for raytracing seems to rest upon an almost unend¬ 

ing sequence of approximations. Fortunately, however, it can be shown 

that for frequencies in the HF spectrum—these approximations are 

generally well founded." 

Since liJ63, we of the Radioscience Laboratory have been calculating 

rays by digital computer techniques and using them for a variety of re¬ 

search studies. Our emphasis has been primarily upon the applications of 

computed rays rather than upon the methods for finding the rays. There 

is one exception to this generality: We found it necessary to invent 

methods for calculating rays through the use of Snell's law because such 

methods offered attractive economies but were not being exploited else¬ 

where. For the computation of rays by other approaches, we have chosen 

to use adaptations of existing raytracing programs. 

All raytracing methods rest on the same foundation which can be 

stated mathematically in a variety of equivalent ways. For example, 

Fermat's principle alone could be used to derive all other equations 

used for raytracing. However, a variety of mathematical approaches are 

used because each has logical or computational advantages. Nevertheless, 

it must be stressed that all are based on the same, simple underlying 

principle. This underlying unity is difficult to detect in the details 

of the existing raytracing techniques because the superficial variations 

are extreme. However, every technique should lead to the same result 

regardless of the details involved in the calculation method. 

1 SEL-69-007 



To calculate rays, it is necessary to make a number of compromises 

based on the considerations of accuracy, cost, versatility, simplicity, 

acceptable physical assumptions, acceptable mathematical assumptions, 

and so forth. Since individual judgments vary in the weighting of these 

factors, there exist today many varieties of raytracing programs devel¬ 

oped by different individuals. The newcomer to raytracing often finds 

himself deluged by different programs, each accompanied by claims of 

superiority, and the result is frequently the generation of confusion 

rather than insight. It is hoped that this paper will give the reader 

some perspective into the whole field of raytracing so that he may in¬ 

telligently select the best program for his needs, or if necessary, 

create a new one to represent a new set of compromises. 

In the ideal situation, all types of programs should be available to 

each user so that each individual problem can be solved with a program 

best adapted to it. This is usually not practical because of the contin¬ 

uous change in computer hardware and software within a single organiza¬ 

tion and computer nonuniformity in different organizations. As a conse- 

quenco of these factors, it is not a straightforward matter to acquire 

someone else's program in a usable form. Usually, each person must do a 

considerable amount of modifying and testing before a new program can be 

run with confidence in a new facility. The unfortunate result of this 

is that only the largest users of raytracing can afford to keep current 

versions of the many different programs in readiness. 



II. A REVIEW OF OBLIQUE RAYTRACING* 

A . Forms of Ray tracing 

An outstanding characteristic of raytracing is the diversity of its 

forms. A ray calculation may involve the manual evaluation of a single 

equation or it may involve millions of calculations by a modern digital 

computer. The geomagnetic field may or may not be included; the iono¬ 

sphere may be described in one, two, or three dimensions; the ray may be 

calculated in two or three dimensions; the process can be carried out on 

a digital computer, an analog computer, or by graphical or analytical 

techniques. Many levels of complexity exist; the choice among them is 

determined by the state of knowledge of ionospheric structure and by the 

intended applications. 

B. Scope of the Subject Considered Here 

Because of the wide variety of material which could be included 

here, let us begin by defining (and thus limiting) the subject to be 

discussed. Ray tracing is that process which determines the path of a ray 

in a medium possessing a specified, inhomogeneous refractive index. The 

index may or may not be isotropic. Associated with the geometric optics 

concept of the "ray" are assumptions about the spatial distribution of 

the refractive index and the distribution of the families of raypaths. 

The exact method of trajectory determination is not limited in any way 

by this definition. 

Here, we will concentrate on radio rays with frequencies above the 

LUF but in the high frequency band. These frequencies lie roughly be¬ 

tween 2 and 30 MHz and thus exceed the electron gyrofrequency. Also, we 

will consider only oblique propagation; consequently, the index of re¬ 

fraction will be a fairly well behaved parameter along the paths of radio 

-* 

This chapter is a modified version of A Review of Oblique Raytracing 
and Its Application to the Calculation of Signal Strength," presented 
by the author at the 11th Symposium of the AGARD Electromagnetic Wave 
Propagation Committee, Leicester, England, Jul 1966. 



waves of interest here, contrasted to the complexity encountered in 

vertical incidence work. With these restrictions we avoid many of the 

problems which arise at vertical incidence and at frequencies very near 

or below the electron gyrofrequency. 

Figure 1 illustrates the general behavior of the refractive index 

for oblique rays in the 4 to 8 MHz range. Raypaths have been digitally 

computed and automatically plotted by using Snell's law and the common 
2 2 

no-field approximation for the refractive index p = 1 - (80.6N/f ). 

The ionospheric model was a Chapman layer with a critical frequency of 

4 MHz, a heig'.i of 300 km, and a scale height of 100 km. On each plot 

lines are drawn at the levels of various refractive indices, the point 

of interest being that p is usually much nearer 1 than 0. Note that 

we could restrict our attention to the range 0.5 < p < 1.0 and still 

be able to include most of the oblique rays from the illustrated set. 

This conclusion would not be materially altered by a change in the 

ionospheric model. Thus one can be guided by the general rule that 

p < 0.5, only if the takeoff angle exceeds 60° relative to the hori¬ 

zontal. Such rays return to earth only at frequencies near or below 

the ionospheric critical frequency. While the effect of the geomag¬ 

netic field complicates the behavior of the index, the general rule 

still holds approximately true for the real part of the index when 

operating frequencies exceed the electron gyrofrequency, and this 

usually happens above the LUF. 

C. The Raytracing Process 

A striking recent trend in scientific research has been the wide¬ 

spread use of digital computers. Progress in this application has been 

so rapid that many workers now automatically associate raytracing with 

computers, and the graphical and "slider" techniques which have been 

common in the past might someday be considered to be outside the field 

designated as "raytracing." Computers have been brought to a level of 

sophistication sufficient to permit their routine use for solution of 

long, involved problems. Such processes had previously been impracti¬ 

cable. Because of their obvious utility, computers are rapidly becoming 
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Fig. 1. RAYS AND REFRACTIVE INDEX LEVELS AT 4, 5, AND 
8 MHz.

SEL-69-007



widespread so that many scientific research personnel have access to one. 

Those who work on the machines in depth soon realize that they are little 

more than very fast bookkeeping machines; thus computers are well suited 

to the execution of repetitive processes such a raytracing. 

D. Computing Methods 

Raytracing is similar to bookkeeping in that, after a propagation 

path has been initiated at some particular angle, the computer is in¬ 

structed to accumulate in various "ledgers" the values of appropriate 

parameters as the ray progresses through the ionosphere to its destina¬ 

tion. The most commonly computed ray parameters are the ground range 

traversed, the group time delay along the raypath, the number of wave¬ 

lengths along the ray (often called the phase path), Faraday rotation, 

absorption, the geographic or geomagnetic coordinates and orientation 

of the raypath, etc. The primary difference between raytracing methods 

lies in the equations and approximations utilized at each step of deter¬ 

mining the incremental parts of a ray trajectory. In carrying out this 

determination, three methods have gained widespread acceptance in recent 

years : 

(1) Analytic Layers. The most rapid and inexpensive techniques 

make use of an ionospheric model consisting of two or three 

analytically described layers. Equations are derived which 

permit the calculation of a ray through all layers by the 

evaluation of very few expressions. In one program (known in 

the U.S. as the Kift-Fooks program after its originators at 

Slough), the ionosphere is modeled by three concentric para¬ 

bolic layers, one each for the E, F1, and F^ regions [2,3,4]. 

A ray is computed from the ground through the lower layers to 

refract off the F layer and return to earth; the entire cal- 

culation can be done by evaluating only seven expressions. 

On an IBM 7090, this method produced approximately 100 ray 

hops per second. This economy is offset by the severity of 

the approximations invc'ved. In particular, the ionospheric 

SEL-69-007 6 



model is very crude; the magnetic field is neglected; the 

computation is only two-dimensional, and even one of these 

dimensions (the horizontal) can be accounted for by use of 

some very rough approximations. Attempts to overcome these 

deficiencies have produced some promising results [5], but 

there is still room for considerable improvement. 

(2) Snell's Law. If the magnetic field can be neglected, the index 

of refraction can be treated as a scalar, and Snell's law may 

then be used in one of its trigonometric or differential forms. 

The ionosphere can be modeled by a very finely divided series 

of shells, or some other coding scheme may be arranged, so that 

a particular ray is followed through a two- or three-dimensional 

scalar field of refractive index by means of a large number of 

Snell's law solutions. There may be 200 to 1000 such calcula¬ 

tions for a single hop of a single ray; nevertheless, each one 

is so quick that on an IBM 7090 one can compute from 1 to 25 

ray hops per second. The author has been most active in this 

field because of an interest in the upper HF band where the 

exclusion of the magnetic fielu is often not a serious matter. 

However, when the complexity of the ionosphere or the complex¬ 

ity of the associated data processing becomes severe, or when 

the magnetic field is desired, the following method may be 

more appropriate . 

(3) Haselgrove Equations. When the geomagnetic field is included, 

the refractive index becomes a function of both the field di¬ 

rection and the wave direction. One must then use more subtie 

mathematical techniques, the most popular of which has been 

that developed by the Haselgroves [6,7] . They developed six 

simultaneous differential equations which may be evaluated at 

short intervals along a ray to determine the successive ray 

direction changes. A more direct and straightforward approach 

is difficult because the index of refraction depends in a known 

manner on the wave directiot but, during computation, only the 

7 SEL-69-007 
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ray direction is known. If the index of refraction could be 

computed from the known ray direction, a faster computer pro¬ 

cess might be devised. There have been promising developments 

in this direction [8] but, to the author's knowledge, no prac¬ 

tical computer processes have yet made use of such an approach. 

It is possible (and apparently practical [9]) to use other 

equations for raytracing in anisotropic media. One can begin 

with Fermat's principle or with the equation of the ikonal [l] 

or with some other approach based on the methods oi' geometric 

optics [10,11] . While some particular derivation may yield more 

insight than others, each leads to equations suitable for use 

as a basis for computation, and the results should be identical. 

The choice among them is generally dictated by practical con¬ 

siderations of numerical analysis and programming, since the 

same fundamental mathematics is used fur all. The most popular 

choice has been the method introduced by the Haselgroves. 

The Haselgrove equations, combined with the appropriate re¬ 

fractive index equations and other information, can be used to 

compute a three-dimensional raypath in a three-dimensional 

electron distribution, taking into account a fairly realistic 

magnetic field. It is still difficult to incorporate these 

procedures in a computer program which is reasonably versatile 

and yet fast enough so that the cost is not excessive. There 

have been some very promising developments in this area. To a 

rough order of magnitude, the computation of a ray hop using 

the Haselgrove technique required from 2 to 100 sec on a 7090. 

(Computation times are given because of the recognized need for 

estimates, but they should be used with caution because times 

vary greatly depending on step lengths, data extraction 

processes, etc.) 

This technique may be used without including the magnetic field, 

if the higher cost can be justified by considerations of expe¬ 

diency. (It may be cheaper to run this program than to develop 

SEL-69-007 8 
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a Snell's law program, if the work load is light.) One of the 

disadvantages of this application is the need for well-behaved 

spatial derivatives of the electron density. If abrupt gra¬ 

dient changes occur in the ionosphere, the Haselgrove equations 

can be applied but this is difficult; a Snell’s law program 

is comparatively unaffected. 

The three raytracing methods listed above are widely used but other 

techniques can be used as well. There are several methods for raytracing 

with the inclusion of a geomagnetic field; two examples are the graphical 

method oi Poeverlein [12] and the Booker quartic [13] . When the field is 

neglected, Snell's law can be applied in a variety of ways; in fact, the 

parabolic layer method of paragraph (1) above is, in a sense, a special¬ 

ized Snell's law solution. 

While the raytracing process is a mixture of mathematics and book¬ 

keeping, its applications are usually of a practical nature. Each spe¬ 

cific application determines which approach to programming should be 

taken. The author maintains in operational status several different 

programs, each of which represents an attempt to meet different needs by 

different means. When the sole information about the ionosphere must be 

taken from predictions, it is reasonable to use the Kift approach because 

its level of approximation is consistent with the use of such skimpy iono¬ 

spheric electron distribution data. Alternatively, if a series of sound¬ 

ings are available along a particular path, one might use a Haselgrove 

program at 3 MHz or a Snell's law program at 20 MHz. If one needs only 

gross propagation information (such as might be needed for computation 

of sources of ground backscatter), then the Snell's law methods can pro¬ 

vide sufficient accuracy at the least cost. 

E. Non-Digital Methods 

The current emphasis in raytracing by digital computer may be only 

a temporary situation. Special-purpose analog computers have been de¬ 

signed and built to raytrace, but their success has not been great and 

it is surmised that the approach lacks versatility. Such a machine might 

SEL-69-007 
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be very economical, however, and it may come into use in the future. 

Work has been done on general-purpose analog computers[14], but here 

again the success has not been great. The prime barrier seems to be the 

difficulty and the inherent approximations of the programming needed for 

insertion of the electron density distribution. There is also a serious 

limitation of accuracy when analog methods are used. For rays to be used 

in the calculation of signal strength, errors become magnified when dif¬ 

ferences are calculated and so, for this application, analog raytracing 

has not been successful. 

Some noncomputer methods have been used, notably the graphical con¬ 

structions and the analytic solutions for simple ionospheres such as 

parabolic layers. Because of the amount of manual labor involved, the 

graphical technique is not practical when many rays must be followed 

through much ionospheric detail. However, the method does give excel¬ 

lent insight and some useful quantitative interrelationships when it is 

applied to a nearly homogeneous region. 

The analytic techniques are most useful when the desired results, 

usually a relationship among various ray parameters, can be derived and 

evaluated without computing great numbers of rays. Also, as will be 

mentioned later, the analytic techniques can provide exact answers which 

may then be used as "primary standards" for checking the accuracy of 

computer-integrated ray calculations. Nevertheless, it does appear that 

for the present and near future, digital computers provide the best means 

for obtaining realistic raypath information. 

F. Electron Density and the Choice among Methods 

Newcomers to the subject of raytracing frequently associate it with 

an inherent ability to determine the electron density distribution at 

some real time and place. For example, a new user may say, "Please com¬ 

pute all the rays between London and New York at noon on July 16th.' If 

the raytracing specialist replies, "You must first tell me the electron 

density distribution," he is likely to be regarded as some sort of fraud 

because he cannot perform his specialty! 

SEL-69-007 10 



There is a closely related and entirely valid question which should 

be carefully considered by anyone who intends to develop a raytracing 

capability. The question might be phrased as follows: "When I finish 

developing my program, the input data concerning electron distribution 

will suffer in some degree from a lack of information. In view of the 

expected quality of the input data, how much quality should be built into 

the computing technique?" Raypath computation is a means to an end, not 

an end in itself, and so the goals should be examined to determine the 

best method for reaching them. Excessively elaborate computation schemes 

bring undue expense and may convey a false impression of accuracy if the 

starting data are of low quality. 

In examining this question, we should recognize that the problems 

to be solved fall into two classes : 

(1) Some problems concern rays in a theoretical ionosphere such as a 
Chapman layer, and it is desired to have results which are re¬ 
producible by other methods or even by other workers so that 
appropriate comparisons can be made. In these problems, the 
upper limit of a desired accuracy is set by weighing the pa¬ 
tience and resources of the operator against the likelihood 
that the data will be rendered invalid because of the presence 
of errors of some particular size. Specific results may be of 
lasting interest for this class of problems. 

(2) In other problems, one needs to know the raypaths which actu¬ 
ally existed (or will exist) in some real situation. In this 
case, one must somehow obtain an ionosphere description before 
the ray calculation can be made. For example, if predicted 
data are the only source then it would be unrealistic to use a 
three-dimensional program including the magnetic field to 
determine the ray distribution. Rather, one might use the Kift 
method or perhaps a Snell's law approach with a long integra¬ 
tion step. This situation represents perhaps the extreme case 
in which crude raytracing is justified. 

Many intermediate stages exist wherein intermediate accuracy 
levels are desirable. For example, when ionospheric sounder 
records are available for the time and place of interest, one 
might choose a Haselgrove or Snell's law program depending on 
whether the frequencies are in the lower or upper parts of the 
HF spectrum. If elaborate ionospheric sounding data are avail¬ 
able, then elaborate treatments may be justified, depending on 
the use intended for the computed data. 
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No single answer can be given to the question posed; no single ray¬ 

tracing program can meet all needs. The matching of raytracing tech¬ 

niques to specific problems is essentially one of engineering compromise. 

Options are available only to the person who has a variety of programs 

designed for different situations available from which to choose. 

G. Specific Applications of Raytracing 

Raytracing is essentially a tool which permits us to study radio 

propagation in an ionosphere of arbitrary complexity, limited only by 

the assumptions inherent in geometrical optics and the practical limita¬ 

tions associated with a particular technique. Applications usually in¬ 

volve some form of simulation and, in a sense, raytracing provides us 

with a means for carrying out controlled "laboratory" experiments. This 

is a particularly valuable asset because the real ionosphere is not under 

control, while a simulated ionosphere may be varied at will. 

Sometimes ionospheric radio measurements exist but there is no in¬ 

formation available concerning the ionospheric structure. In this case, 

a variety of hypothetical structures can be used as a basis for raytrac¬ 

ing so that (hopefully) by an iterative process, one can reproduce the 

measured data and thus explain its meanings. Often ionospheric struc 

tural information is available in some form and one wishes to know where 

the radio energy travels, how long it takes, how much Faraday rotation 

there is, etc. In this case, all the ionospheric data available is used 

to make one ionospheric model which is then run through an appropriate 

raytracing program to produce the desired information. A few examples 

will be provided to give substance to these generalizations. 

H, Determination of Individual Raypaths 

Perhaps the most frequent application of raytracing is simply the 

determination of complete families of raypaths. Many situations arise 

in which one has ionospheric information and wishes to know where all 

rays go. A convenient approach providing this information calls for the 

initiation of a large number of raypaths which leave the transmitter (or 

receiver) at equally spaced takeoff angles. The relative spacing of 
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such rays provides a measure of signal strength. The computed informa¬ 

tion about raypaths is generally presented in one of three forms, de¬ 

pending on the means of computation and the needs of the user. 

1• Numerical Descriptions of Raypaths 

If the computation is analytic, graphical, or by digital com¬ 

puter, it is possible to express the ray trajectories in a written series 

of numbers by some code. While this is often the easiest form to produce, 

it may be the least useful. Digital computers can produce pages of ray- 

path information, but it is difficult for a reader to obtain much insight 

from tables of numbers. Nevertheless, if only a few rays are involved, 

the written format may be the most convenient means for gaining an 

objective . 

2. Graphically Displayed Raypaths 

If a ray is computed in two dimensions and the user of the 

information does not have to carry out subsequent numerical computations 

with raypath results, then perhaps the most convenient format for ray- 

path display is graphical. Figures 2 and 3 show many rays computed digi¬ 

tally and drawn by an automatic plotter. This presentation method con¬ 

veys immediate insight to the reader. If the rays are computed by analog 

techniques, the plotted data are usually the easiest to produce. 

When the raypath information is to be used in some calculation 

where extreme precision is not required, then the plotted information 

may be used as part of a graphical computation scheme. Such graphical 

methods are inherently rapid, and (perhaps more important) it is less 

likely that large errors or inconsistent logic will be used in a graph¬ 

ical calculation than in the same calculation performed by manual opera¬ 

tion with numbers . 

3. Raypath Information Coded as Computer Data 

Situations often arise in which digitally computed rays are to 

be processed further by computer. In this case, the raypaths can be 

stored by some method so that they can be reinserted in the computer at 

a later time. It is the author's impression that he is the pioneer of 
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4 MHz

8 MHz

30MH1

Fig. 3. RAVPATHS IN A TWO-LAYER IONOSPHERE.

this technique, whereby ray trajectories are stored on cards (called 

"raysets") vhich are used as data for subsequent programs. The coding 
scheme, which involves one punched card per hop per ray, permits large 
families of computed rays to be used over and over as data for new and
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different computer analyses. The storage technique rapidly pays for 

itself because the computed data, easily stored and retrieved, can be 

reused as often as needed. Figure 4 illustrates the author's rayset 

coding method . 

I . Computation of Transit Time for Analysis or Instruction 

During ray trajectory calculation, particularly when it is carried 

out in a digital computer, it is easy to simultaneously compute transit 

time along the raypath. For radio waves in the ionosphere, two differ¬ 

ent transit times can be defined through the use of phase velocity and 

group velocity. They are called the "phase delay" and the "group delay"; 

often these are multiplied by the speed of light (299.7925 km/msec) to 

obtain the "phase path" and the "group path." 

Like the trajectory information described above, the time delay data 

can be presented in written, computer coded, or graphical format. The 

first two types are easily visualized, but the merits of the graphical 

presentation of time delay are not widely appreciated. Four examples of 

this work are shown to demonstrate their utility. Figures 5 and 6 show 

raypath families, similar to those in Figs. 1 through 3, in which addi¬ 

tional lines approximately orthogonal to the raypaths are added. In two 

cases, these lines represent surfaces of constant phase delay. Such sur¬ 

faces are separated from one another by equal numbers of wavelengths, and 

they are useful primarily in the calculation of doppler shift. For ex¬ 

ample, if a satellite passes overhead, transmitting some frequency, the 

signal will be received by a ground station with a doppler shift. The 

doppler can be readily predicted if this technique is used; rays starting 

at the receiver are computed to find the surfaces of constant phase delay 

in the vicinity of the satellite. Then, every time the satellite passes 

through a surface, the phase path to the satellite decreases by the num¬ 

ber of wavelengths which separate adjacent surfaces. By this technique, 

the doppler shift can be computed without making any severe assumptions 

about the nature of the satellite trajectory or the ionospheric structure; 

the computation technique is probably more accurate than the ionospheric 

structural information usually available. 
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FIRST RAYSET 

HD Frtq. B«l ß Tg| T^, R, H, 1,-0 

SECOND RAYSET~ 

II D Frtq. B-2 ß ^ Tg2 T^ R2 Hf I2-o 

UtH] 

Fig. 4. THE RAYSET CODE, STORING RAYS FOR LATER DIGITAL 
COMPUTATION . 

The other two ray plots in Figs. 5 and 6 show group fronts, which 

are lines of constant group delay. These are not necessarily orthogonal 

to the raypaths and, in fact, some are almost parallel to raypaths for 

short distances. The group fronts represent the successive locations of 

a short pulse of radio energy, or it might be said that they represent 

the transit time for information. 
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Because group velocity is defined by consideration of the sum of two 

continuous waves of almost identical frequency, the delay lines must be 

interpreted with some caution. When a short pulse is actually transmit¬ 

ted, it contains frequencies which differ appreciably from the carrier 

and, because of ionospheric dispersion, the pulse duration increases as 

it travels through the ionosphere. This dispersion is not shown by a 

single delay plot. 

If a relatively long pulse of perhaps 200 ^isec is transmitted and if 

the separation between adjacent group delay lines is also 200 ^sec, then 

it would be leasonable to consider that the pulse at some later moment 

would be confined entirely between two adjacent lines on the plot. In 

this manner, one can visualize the travel of a pulse through the iono¬ 

sphere . 

Examine a matched pair of phase and group delay plots. Notice that 

near the origin the energy initially expands in circular (spherical) 

fronts. As the radio wave enters the ionosphere, however, the phase sur¬ 

faces advance because of the increasing phase velocity. This advance is 

actually the cause of refraction, and such a plot provides insight into 

the reason for the action of the ionosphere on radio waves. Conversely, 

group fronts become retarded as the energy enters the ionosphere. The 

comparison between the two plots provides a concrete appreciation for the 

difference between group and phase time delays. 

j . Faraday Rotation Calculation 

Because of the different wavelengths and characteristic polariza¬ 

tions of the ordinary and extraordinary components, a linearly polarized 

radio wave entering the ionsophere is usually subject to a polarization 

change known as Faraday rotation. Figure 7 illustrates an example of 

this action. This rotation can be simulated by raytracing techniques, 

at least when digital computers are used. Essentially, there are two 

methods for proceeding. In the more rigorous but much more expensive 

method, both ordinary and extraordinary rays are computed to join the 

same two points on the earth's surface. During this computation, the 
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Fig. 7. ILLUSTRATION OF A POSSIBLE EXAMPLE OF FARADAY 

ROTATION OF THE PLANE OF POLARIZATION. 

total numbor of wavelengths is accumulated for both modes. The difference 

between the two totals is Just twice the number of Faraday rotations . 

This method is difficult because of the number of rays which must be com¬ 

puted to find the matched pairs which reach the same point. Accuracy 

requirements are stringent because the desired result is the difference 

between two large but nearly equal numbers. Thus, small percentage errors 

in the large numbers (the phase delays) produce large percentage errors in 

the small resulting difference. In addition, computations including the 

magnetic field cost roughly 10 to 100 times more than computations without 

it. 

Fortunately, the amount of rotation can be roughly evaluated in many 

circumstances through the use of a Snell 's law approach with a quasi-lon¬ 

gitudinal expression for Faraday rotation. This approximation is commonly 

used in the study of the rotation of polarized VHF waves from passing sat¬ 

ellites [15] . The main limitation of the technique for HF lies in the 

inherent assumption that the 0 and X rays stay close to one another. Com¬ 

puter results are accurate within about 5 percent if the ray takeoff angle 

is 30° or less. If the ionospheric model contains sporadic E (E ), then 
s 

the raypaths lie close to one another even when the takeoff angle becomes 
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steep; thus the approximation is useful up to about 60° in this case. 

Nevertheless, this more economical method must be used with caution and 

preferably with occasional spot checks by the first method. 

Some results, computed by the second method, are shown in Figs. 8 

and 9. The ionospheric models are shown in Fig. 10. Both models have 

an E layer and, in each, rays have been computed for three cases (geo- 
s 

magnetic latitude = 30°N, azimuth = 030°) : 

(1) Some rays pass through the E as if it weren't there; these 
refract through the "normal" Ionosphere. The Faraday rotation 

Fig. 8. FARADAY ROTATION AT NIGHT; E , 
0 s 

E, and F LAYERS. 



mum mmwmmmtmnwmm 

Fig. 9. FARADAY ROTATION IN THE DAYTIME; E , E, AND F LAYERS. 

of these paths is plotted as a function of the range of the 
rays and drawn as a solid line for each radio frequency. When 
these lines become vertical, they are usually invalid because 
the unchanging range means that the skip distance has been 
reached. There, the difference between the trajectories of 
the 0 and X rays is so great that the first computational 
method must be used. The invalid portions of the curves are 
shown as a series of open circles. 

(2) Other rays enter the E layer and refract by the Snell's law 
mechanism so that they return to earth. In this case, there 
is some Faraday rotation d.ring the refraction inside the 
layer. These results are shown as dashed lines on the plots. 

(3) A third type of raypath reflects off the bottom of the E layer 
because of the rapid change in the refractive index. It is 
assumed in this case that the index changes appreciably in a 
few wav€*lengths so that the geometric optics approximation 
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Fig. 10. IONOSPHERIC MODELS USED FOR COMPUTING FARADAY ROTATION. 

breaks down. The wave solution would show an impedance mis¬ 
match with consequent reflection. This is simulated in the 
ray model by postulating a mirror at the base of the E„ layer, 
and the results are shown by dotted lines on the plots. 

It is interesting to note that by this technique raytracing 
can be used even in the presence of refractive index struc¬ 
tures which violate the assumptions inherent in ray theory. 
Such techniques can be used only if the full wave solution is 
known in advance and can be programmed into the computer. Of 
course, in the case of this Es application, the preprogram¬ 
med solution is almost trivial. The same approach could be 
used, nevertheless, in more complicated situations (such as in 
the study of reflections from field-aligned structures) which 
violate the ray assumption. 
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K . The Synthesis of Oblique lonograms 

Oblique lonograms are records of sweep-frequency ionospheric sound¬ 

ers with transmitters separated from receivers by hundreds or thousands 

of kilometers. These lonograms cannot be inverted to give ionospheric 

structure without making rather severe assumptions concerning the nature 

of the ionosphere. However, lonograms can be calculated from a known 

ionsopheric structure in a straightforward manner through the use of 

raytracing. In essence, one calculates all the propagation modes which 

connect a hypothetical transmitter to a remote receiver and then plots 

the computed group delay vs frequency. 

Because of the procedure used in most raytracing programs, it is 

usually not possible to specify the ground range at which one desires to 

land a ray. Rather, one must specify the orientation of the raypath as 

it leaves the transmitter and then calculate to see where the ray goes. 

After doing this a large number of times, it is possible (through inter¬ 

polation techniques) tc make a fairly good guess at the necessary start¬ 

ing ray orientation which will place the end of the ray at the desired 

spot . 

The author's experience in attempting to implement this process has 

led to the conclusion that it is more practical tc compute a complete 

family of rays at equally spaced takeoff angles. Then one can use in¬ 

terpolation techniques to find the final answer, rather than using the 

interpolation to find the starting orientation for calculation of a new 

ray . This method has worked well for ionogram synthesis and should work 

well for other applications which involve only raypaths which join two 

fixed positions on the earth's surface. T.ie entire process of ionogram 

synthesis can be carried out in the computer, and synthetic lonograms can 

be drawn by a plotting machine controlled by computer. Two results are 

shown in the lower left of Fi.çs. 11 and 12. Approximately 135 lonograms 

have been computed [16] . 

The author chose the Snell'? law raytracing approach because the 

ordinary and extraordinary traces on an oblique ionogram are so similar 

to each other in structure. Computations without the geomagnetic field 

produce a single-component ionogram which exhibits the same structural 
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characteristics as the 0 or X component on a real ionogram. This approach 

leads to high speed and economy, but it does not reproduce the small-scale 

differences between the 0 and X components which may be of interest in 

some applications . 

In the author's program, signal strength has not been calculated, but 

this could be included by straightforward methods if desirable. The small 

numbers written along the synthetic ionogram traces are raypath takeoff 

angles measured relative to horizontal at the transmitter end of the path. 

One advantage of the synthetic process over the real counterpart is that 

the absolute magnitude of the group delay is revealed. 

The major advantage of digital raytracing over other techniques for 

ionogram synthesis lies in the study of ionospheres containing lateral 

electron density gradients or localized irregularities. Analytical and 

graphical methods have inherent limitations in this application, but for 

digital raytracing the inclusion of such tilts and irregularities involves 

only the addition of more "bookkeeping." 

L. Signal Strength of Sweep-Frequency Ground Backscatter 

Figure 13 shows sweep-frequency backscatter records acquired by a 

specially calibrated pulse oblique backscatter sounder located at Stan¬ 

ford University [17,18] . These records contain much structural informa¬ 

tion which has been difficult to understand. Because of the variety of 

the backscatter structures encountered on these records, it is the au¬ 

thor's belief that they must contain much useful information about the 

ionosphere, if only we knew how to understand the data. 

1. Backscatter Analysis 

Consider the backscatter propagation phenomenon. Initially, 

after a pulse is transmitted, it spreads in a hemispherical shape 

(Figs. 5 and 6). Eventually, as the energy travels up into the iono¬ 

sphere, the hemispheric structure distorts and folds upon itself until 

the energy distribution in space and time is complex. When the energy 

reaches the earth at the end of the hop, it is scattered by a large num¬ 

ber of ground reflectors. Each echoing surface initiates another spread¬ 

ing pulse of radio energy which again distorts as it travels back toward 
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the sounder receiver, where it will eventually be detected as one com¬ 

ponent of the ground backscatter. 

The simulation of this process is a complex application of 

raytracing to signal strength computation. The derivation is given in 

Ref. 17 following a line of reasoning which is illustrated in Figs. 14 

through 18. Figure 14 shows the rays and symbols for the energy transit 

from the sounder transmitter to the scatterers on the ground. The energy 

is assumed to remain between raypaths 1^ and to strike the ground in 

area whose dimensions are readily calculated. Figure 15 shows the 

scattered rays returning to the sounder receiver. Since the simulation 

must make use of only precomputed rays which start from the sounder, it 

follows that raysets are not available for paths 1 or 2 which do not 

Fig. 14. METHOD FOR CALCULATING TRANSMITTED SIGNAL STRENGTH. 

The signal strength calculation involves three dimensions : 

range, time, and power. These are used as the axes of a three-dimen¬ 

sional study, illustrated first by Fig. 16, which shows the hypothetical 

space-time distribution of energy after one-hop propagation through a 

single-layer ionosphere. Notice that on these graphs, volume corresponds 

to energy per meter, the meter being measured in azimuth. 
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Raypath Ir 

Raypath 2r 

Pig. 15. METHOD FOR CALCULATING RETURNING BACKSCATTERED 
SIGNAL STRENGTH. 

Fig. 16. THE DISTRIBUTION OF ENERGY IN SPACE AND TIME AFTER 
ONE HOP. 



The returning energy is traced in Fig. 17 iu a similar manner. 

The space-time distribution is similar but reversed because we consider 

only that energy which scatters back toward the radar. Finally, in 

Lower>ray tnergy retransmitted 
by one scottertr 

Fig. 17. THE DISTRIBUTION IN SPACE AND TIME OF THE ENERGY FROM 
A SINGLE SCATTERER. 

Fig. 18 we see the contribution to the backscatter from a terrain strip 

of finite depth. All the dimensions of this figure can be evaluated in 

the computer, and so the terrain-strip concept of Fig. 18 is used as the 

integration step of a computer simulation process. 

Initially, signal transmission time is computed to be very 

short. After the above integration process is completed, a numerical 

equivalent of the convolution process is used to account for the actual 

transmitted pulse duration and shape. 

2 . Backscatter Synthesis 

The simulation process is difficult only because it involves a 

large amount of bookkeeping. Each mechanism which plays a part is fairly 



! 
» 

i 
: 

Fig. 18. THE TIME DISTRIBUTION OF ENERGY RECEIVED FROM ONE 
RANGE INCREMENT VIA SELECTED MODES. 

well understood, with a possible exception of the actual scattering at 

the ground. The detailed spreading and folding of the o: iginally hemi¬ 

spheric pulse can be calculated by raytracing. Absorption, ground re¬ 

flection, ground scatter, antenna gain patterns, and the other factors 

which influence backscatter energy density can be accounted for in a 

straightforward manner, although the end result seems complicated because 

of the large number of interacting mechanisms. Finally, a computer can 

be instructed to find a family of fixed-frequency raypaths and the re¬ 

ceived backscatter for a given pulse shape, duration, time of day, etc. 

This can be done at many frequencies and thus a complete sweep-frequency 

backscatter record can be made synthetically by simulation of the natural 

process . 

This backscatter amplitude calculation, like the raytracing 

itself, is a mixture of bookkeeping and evaluation of appropriate equa¬ 

tions, and thus it is inherently well suited to a computer. When an 

integration of perhaps 6000 components is used to make a fixed-frequency 
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amplitude calculation, the process takes about 30 to 60 sec on an IBM 

7090. An example of the resulting synthetic record is shown on Fig. 19. 

When calculations are carried out at different frequencies, a sweep fre¬ 

quency record can be generated as illustrated on Fig. 20. This shows a 

small three-dimensional model of the process; in practice, a special two- 

dimensional plot is used to represent this data display [19] . 

3 . A Useful Approximation 

If one is interested primarily in the gross shape of sweep- 

frequency backscatter, a much simpler technique can be used. Figure 21 

shows an experimental record and a matching synthetic record. To make 

this synthetic record, the ionospheric structure shown as an inset in 

the synthetic record was used. Notice that electron density vs height 

curve is given at a number of different horizontal ranges measured from 

the transmitter. The difference between these curves shows the horizon¬ 

tal density gradients. After the rays were computed at several frequen¬ 

cies, a plot was made showing group delay vs frequency for every computed 

ray. At each resulting coordinate, a small horizontal dash was drawn. 

The density of raypaths on the ground is roughly analogous to the density 

of the energy on the ground, provided the rays are transmitted at equal 

increments of takeoff angle. It follows that the density of horizontal 

dashes on the frequency vs time graph is roughly a measure of the energy 

density of the backscatter. 

The similarity between the experimental and synthetic backscat¬ 

ter records is readily apparent. This record was most striking because 

of the amount of structure present. For many ionospheric situations, the 

backscatter structure is much more simple than illustrated here; some¬ 

times the structure appears hopelessly complex. 

M. Simulation of Hypothetical Radio Systems 

Because raytracing is essentially a simulation process, it can con¬ 

veniently be used as a method for predicting the performance of hypothet¬ 

ical radio systems . It is usually cheaper to set up a computer simulation 

than it is to build a proposed system. The simulation also has an ad¬ 

vantage in that the parameters of the hypothetical system can be easily 
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(a) Computer plot

Upper-roy 
Flore-

Frequency, MHz

(b) Experimental record . 0855, 22 October 1964

Fig. 21. A SIMPLE METHOD FOK SIMULATING SWEEP-FKEQUENCY BACKSCATTER 
STRUCTURE.
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varied to find its optimum design. This application of raytracing has 

not been widely exploited, primarily because the simulation processes 

have only recently been developed and they have not yet earned the wide¬ 

spread confidence of the leaders in radio system design. Nevertheless, 

system design is probably one of the major future applications of ray- 

tracing. An illustrative example is given below. 

During the simulation of an oblique ionosonde, it was noticed that 

the takeoff angle is a function of frequency which behaves in much the 

same manner as does the group delay. Since an ionogram is merely a dis¬ 

play of delay vs frequency, it seemed reasonable to consider what could 

be learned about the ionosphere if one measured, instead, the takeoff 

angle vs frequency. To evaluate this proposal, a hypothetical sounding 

system called a "betasondeM was visualized (takeoff angle is called ß) 

and the records which it might acquire were synthesized. Figures 11 and 

12 show corresponding sets of real ionograms, synthetic ionograms, and 

synthetic "betagrams." Through the use of the rayset data, it was easy 

to make a synthetic betagram for each existing ionogram. Comparison of 

135 pairs of such records showed many advantages and disadvantages of 

vertical angle sounding. For example, the technique might measure the 

direction of an ionospheric tilt, while the ionosonde is inherently in¬ 

sensitive to tilt direction because of reciprocity considerations which 

are unavoidable in measurement of time delay. The use of this simulation 

technique provided much information needed to evaluate the proposed sound 

ing system. 

N. One-Way Signal Strength Calculations 

The most complex signal strength calculation yet encountered by the 

author was the ground backscatter routine previously described. In that 

case, the energy density was calculated outward to all locations on the 

ground and then backward from all locations on the ground to the radar. 

Often, however, one wishes to know the one-way signal strength along the 

ground from a single fixed transmitter in order to evaluate the effec¬ 

tiveness of the transmitter. Such calculations are easy to perform once 

raytracing of the path is completed, because all the necessary parameters 

are readily available. 
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For oblique propagation, the index of refraction stays roughly be¬ 

tween 0.8 and 1.0 so that the deviative absorption is usually small, 

compared to the non-deviative absorption which takes place in the D re¬ 

gion. If extremely accurate results are not required, one can compute a 

raypath and subsequently calculate the absorption by examining the ori¬ 

entation and location of the raypath when it encountered the D region. 

If better results are desired and if the collision profile is known, it 

is possible to compute absorption during the raytracing process, accumu¬ 

lating during each step the successive values in another "bookkeeping 

ledger." The choice between these two methods of computing absorption 

is again dictated by the quality of the data and the needs of the user. 

Note, however, that an improper collision profile can invalidate the 

more complex method [20], so it is not necessarily the "best way" to 

compute absorption. 

Other signal strength factors are also readily available from the 

raypath computation. For example, the focusing due to the ionosphere 

is directly indicated by the spacing between adjacent raypaths. This 

"flux line" approximation breaks down at a caustic, and while the exact 

nature of the energy density variation in this situation is mathemati¬ 

cally interesting, practical applications of raypath signal strength 

calculations are seldom hindered by this breakdown of geometric optics. 

Also the ray approximation breaks down at the skip distance. The 

flux-tube concept leads to an infinite energy density at that point. 

Again, the problem is mathematically interesting and it has been solved 

by a full wave solution for a few special ionospheric structures [21,22]. 

The amount of energy involved in this (unreal) focusing is large if the 

electron density distribution is extremely smooth, as it usually is in 

the mathematical models such as Chapman and parabolic layers. 

It is the author's impression that the importance of this problem 

has been overemphasized because of the use of unrealistically smooth 

ionospheric models. When electron distributions are measured by rocket 

probe, it is seen that the density is not nearly as smooth a function as 

are the mathematical models. Thus, in the real world, extremely high 

signals do not often arise because of skip distance focusing. In 
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pr*> cical simulation by means of raytracing, the skip focusing can be 

handled by simple procedures which distribute the focused energy over a 

few kilometers (or if time is involved, over a few microseconds). 

Within the framework described above, raypath calculation results 

can be used to calculate energy density manually, if only a few numbers 

are desired. When large amounts of data are to be processed, the rays 

stored for subsequent computer use in raysets can be used in a similar 

manner for signal strength calculations in the digital computer. The 

only essential difference between the manual and computer approach is 

the fast bookkeeping of the computer. For backscatter amplitude, the 

computer is needed to make the process practical because of the length 

of the calculation. 

0. Measures of Raytracing Accuracy 

One of the difficult questions which arises in raytracing is the 

determination and measurement of errors in the simulation system. The 

primary difficulty in this regard is the lack of knowledge of correct 

answers. The lack of a standard against which to compare makes it dif¬ 

ficult to evaluate the performance of a particular raytracing technique. 

To the author's knowledge there are only two methods for checking 

accuracy . 

1. Checks on Self-Consistency 

Several things can be done to avoid major errors without having 

any other data to use as a check. The computing technique can be used 

to calculate a multitude of closely spaced raypaths in a very smoothly 

structured ionosphere; the resulting ray ranges should behave in a smooth 

manner. When this type of test is run with a computing technique which 

involves many integration steps, it is usually found that the range de¬ 

pends to some extent on the exact number of steps in any particular ray. 

If not corrected, such a calculation produces range vs takeoff plots 

which appear to be scalloped. Careful analysis of the cause of the in¬ 

dividual scallops usually shows how to avoid this form of error. 
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Another self-consistency check is measurement of the symmetry of 

a ray when there is no magnetic field and no horizontal gradient of elec¬ 

tron density. Under such circumstances, the ray apogee should occur at 

exactly half of the total raypath range and also the ray should land at 

exactly the same angle at which it left the ground. Failure to pass this 

type of test can usually be traced to some unsymmetrical condition in the 

individual integrations. When no magnetic field is present, ionospheric 

propagation (and its simulation) are governed by the principles of reci¬ 

procity and, as a consequence, the computational technique should produce 

the same answer even if the direction of the computation is switched from 

one end of the raypath to the other. The requirement for invariance under 

direction-switching applies to each of the integration steps also, and in 

some situations the symmetry is not easily achieved. 

Other self-consistency tests are possible in addition to the two 

described above. For example, the length of the integration steps can 

be changed but the answer should not change. As integration steps are 

shortened, most computational methods achieve greater precision until the 

step gets so short that round-off error accumulates to equal or exceed 

the inherent systematic error of the technique. 

2. Checks Against Error-Free Analytic Calculations 

For some special ionospheric models consisting of a single layer, 

raypath parameters can be expressed analytically without any approxima¬ 

tions [23,24] . The answers can be as accurate as one desires and are 

limited only by the number of significant figures available during eval¬ 

uation of the expressions. When this technique is used, it is not un¬ 

reasonable to expect answers which are correct to as much as 10 signi¬ 

ficant figures . Since typical raytracing techniques give answers that 

are correct to only 4 or 6 significant figures, it might be considered 

that these test ionospheres provide a "primary standard" for accuracy 

checking . 

However, the exact analytic ray equation which are available suffer 

from two disadvantages. First, the raytracing technique under test must 
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be able to accept that particular ionospheric structure for which the 

analytic answers have been computed. This is sometimes impossible. 

Second, this method of testing provides no means for evaluating the 

ability of a raytracing technique to handle localized irregularities, 

geomagnetic effects, or absorption effects. 
I b 
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III. MAJOR PROGRAM TYPES IN USE 

The author has striven to develop a variety of programs and to make 

each one available to other qualified organizations upon request. In 

order to keep track of program developments, we have adopted a system of 

identification similar to that used in the military services. Programs 

are divided into major families and the families are given "Mark" num¬ 

bers. Within each family, new versions are assigned modification num¬ 

bers or, more simply, "Mod" numbers. Thus each program is identified 

by a "Mark-Mod" number; for exanple "3, 19" means Mark 3, Mod 19. The 

major categories of programs are as follows. 

Mark 1 programs are versatile and utilize Snell's law to calculate 

detailed ray trajectories as a sequence of short arcs. The 

ionospheres can be tilted, but this program makes an approxima¬ 

tion which limits its usefulness to those ionospheres contain¬ 

ing gentle tilts. (This limitation will be explained in more 

detail later.) 

Mark 2 programs utilize analytic equations for ray trajectories in 

parabolic layers under the assumption that the entire iono¬ 

sphere consists of no more than three concentric parabolic lay¬ 

ers. This is an adaptation of the original program of Kift and 

Fooks [3] which has been further developed in this country [4] . 

Mark 3 programs are simplified for extremely fast operating using 

Snell's law in ionospheres which contain no tilts. This par¬ 

ticular approach has been developed to an unusually high degree 

of efficiency, and it will be described in full detail in this 

report. 

4 programs again use Snell's law, but they correctly account 

for the tilts in the gradient of the electron density in the 

ionosphere. This leads to considerable complication making 

the programs much more detailed than the similar Mark 1 pro¬ 

grams. At the time of this writing, the computer programs 

existed but had not been fully debugged. 
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Mark 5 programs are designed to be used in conjunction with Mark 1. 

These programs use the output of Mark 1 programs as input, per¬ 

mitting a ray to be calculated in successive segments on suc¬ 

cessive computer runs . Thus a ray can be calculated through an 

ionosphere which has a more complex structure than can be con¬ 

veniently described at one time to the computer. Other advan¬ 

tages exist when this form of operation is used. 

Mark 6 programs compute sound rays in the atmosphere. One version 

includes the effect of winds aloft. By slight modification, 

these programs can be used to compute sound waves under the 

sea, including the effect of ocean currents. At the time of 

this writing, we do not have a working version of Mark 6 be¬ 

cause our computer has been changed and we have not yet had the 

need to modify this program to make it work on the new facility. 

Mark 7 (and all the rest of our programs) includes the magnetic field 

through the use of the Haselgrove equations. This particular 

program is a modified version of the one recently written by 

R. M. Jones (25]. As given to us, the program was extremely 

complicated and difficult to run because of the large amount of 

data iueded in the set-up. Much of the complexity was elimi¬ 

nated in Mark 7 by restricting the ionosphere so that it could 

not have tilts. Like Mark 6, this program has not been modi¬ 

fied for our new facility. 

Mark 8 also includes the magnetic field and is a modified version of 

the program originally written by J. W. Finney of ESSA. We have 

changed it so that the input and output are similar to that of 

Mark 1 programs but otherwise it is much like the original. 

Electron density variation is only two-dimensional, but the 

rays leave the great circle plane because of the magnetic field 

action . 

A. The Fastest Technique, Mark 2 

When the only available information, concerning the nature of the 

electron density distribution, must be taken from the ionospheric 



predictions, then some comparatively crude raypath assumptions can be 

Justified because of the lack of detailed ionospheric information. In 

Mark 2, it is assumed that the ionosphere consists of a number of con¬ 

centric parabolic layers, one above the other. In this model, it is 

possible to use analytic formulas for the path length of the ray which 

have been derived by Appleton and Beynon [26]. These formulas can be 

applied to the successive layers in turn, and thus a ray can be calcu¬ 

lated from the ground up through the ionosphere and back again in only a 

few steps. As a consequence, these programs are extremely fast. 

This technique was developed in several stages: First, it was dis¬ 

cussed by Kift [2] and was subsequently implemented in a computer program 

by Fooks [3] . Later, the program was developed in the United States, at 

this laboratory, by Westover and Roben [4]. Finally, Westover modified 

it into the present Mark 2 program. 

Because of the detailed description given to this technique by 

Westover and Roben [4], we will not repeat it here. A good deal of the 

programming is actually concerned with the generation of the ionospheric 

model from the data given by the ESSA predictions, used in conjunction 

with various empirical approximations which give the absorption, the máx¬ 

imum electron density in the E and Fx layers, and the heights of the var¬ 

ious layers. The semi-thicknesses of the parabolic layers are also fixed 

in accordance with empirical formulas. The entire procedure is a sequence 

of approximations, but nevertheless, there have been many useful applica¬ 

tions of this program. Often, thousands of rays are needed and one cannot 

justify the expense of a very realistic simulation technique. 

We have recently de-emphasized this program because a new approach 

taken by Neilson [27] appears to be better. For example in the Kift- 

Fooks calculation, a ray taking off at some angle, relative to the ground, 

will strike the ground after the hop with exactly the same angle, regard¬ 

less of the ionospheric tilt. (It may miss the ground but, if it does 

strike it, the angle will be the same.) This approximation is unrealis¬ 

tic and is avoidable. Neilson's program accounts for the fact that a ray 

may gradually become shallower or steeper as it progresses from hop to 

hop over a long distance. We have not yet had an occasion to make «ny 
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quantitative test of Neilson's technique, compared to our current Mark 2 

program, but the reader should be aware of these two similar approaches 

to the same problem. 

B. Programs Utilizing Snell's Law, Mark 1, 3, 4, 5, and 6 

In the ionosphere, the index of refraction depends upon both the 

direction of the magnetic field and the direction of the wave normal. 

Thus, the index cannot be described by a vector field, so tensor calcu¬ 

lus is often used. In fact, it was through the use of tensor calculus 

that Haselgrove first derived his set of equations which are now so use¬ 

ful [6] . 

If the geomagnetic field can be ignored, the situation is greatly 

simplified because the index of refraction becomes a scalar. It can then 

be completely described by a scalar field, that is, a spatial distribu¬ 

tion of a quantity which has a real value somewhere between 0 and 1 and 

which depends only on the position in space. There is no dependence upon 

the direction of anything. The simplification allows the use of Snell's 

law for the calculation of ray trajectories and is the fundamental reason 

why neglect of the magnetic field is worthwhile. Thus, a great increase 

in the computation speed and a consequent decrease in the cost are 

realized . 

In the Mark 6 programs which compute sound rays, a similar simplifi¬ 

cation occurs when we neglect the wind. This is usually reasonable, al¬ 

though one version worked quite well when the vertical and horizontal 

components of wind (but not the rotational component) were included. 

These developments will be described later when Snell's law itself is 

discussed . 
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IV. ENCODING THE IONOSPHERE 

The inventive process of writing a "raytracing program" actually 

consists of two discrete parts. The first part involves the encoding 

of the ionospheric model into functions and/or a table of numbers and 

the invention of a computer process for evaluating the functions and 

decoding the table of numbers to recover a close match to the origi¬ 

nal ionosphere. The second part is the raytracing itself, which must 

necessarily occur only in the decoded ionosphere. 

It has been the author's observation that, in raytracing litera¬ 

ture, the ionosphere coding aspect of raytracing has been unrealis¬ 

tically de-emphasized, possibly because writers do not consider it 

important. Nevertheless, the coding requires considerable effort and 

it is not always straightforward; there are good and bad methods in 

use. Unfortunately, the programmer usually does not have any basis 

for developing insight into these matters until he has obtained a 

working program and has tried to use it; only then does he find that 

his coding scheme is inadequate for the type of problems actually 

encountered. 

In this chapter, various methods of ionospheric structure coding 

are described in an attempt to shed light on the strengths and weak¬ 

nesses of each method. It is hoped that this will help others to 

intelligently choose among the existing methods or to invent new ones 

that are even better adapted to special needs. 

All raytracing programs described here make use of a common 

basis for the description of the variation of electron density (or, 

in the case of waves, the description of the variation of sound vel¬ 

ocity). As a mathematical matrix in which the coded data can be ref¬ 

erenced, a system of concentric spherical shells is set up surround¬ 

ing the earth. The fact that these shells are concentric with the 

earth sometimes leads to the mistaken impression that the ionosphere 

is not tilted. 
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Occasionally, the ionospheric structural information, available from 

outside sources, consists of a series of heights that are associated with 

a series of electron density (or plasma frequency) values. For example, 

one might be given data telling the height vs distance of the line along 

which the electron density is 105/cc. When this data is given, it is 

tempting to program the computer so that the electron aensity is speci¬ 

fied by a height vs range of the fixed density. This method offers a 

slight advantage in the calculation of the angle of the density gradient 

which is simply perpendicular to the isodensity line. However, there is 

a serious disadvantage to this method of programming because it is awk¬ 

ward to insert a new isodensity line beginning at some range other than 

zero. It is also difficult to stop an existing isodensity line at a 

range short of the maximum. In the ionospheric models which are inter¬ 

esting, there is frequently a closed isodensity line which exists only 

within a small region. While it is not impossible, it is nevertheless 

very difficult to program such an electron density model through the use 

of descriptions of the height-range locus of an isodensity line. Because 

of this difficulty, we have chosen to avoid the programming technique. 

All of the programs at this laboratory, whether invented here or in¬ 

vented elsewhere and modified here, are designed to use electron descrip¬ 

tions given at a series of fixed heights. In describing these coding 

methods, there is a possibility of semantic confusion between "range" 

measured along the ground and "range" measured as a straight line between 

some observer and a distant observed point. In the following discussions, 

the word "range" and its symbol, R, are meant to signify the great circle 

distance measured along the surface of the earth from some origin (which 

will be understood) to some point on the surface of the earth, located 

directly beneath the point being described. This difficulty could prob¬ 

ably be avoided if we had a convenient word for the geocentric angle sub¬ 

tended by the origin and the described point. Here, this geocentric 

angle will be called 6. The following discussions will use range R in 

this special sense, so that R = 6370 9 always, where 6370 is the stan¬ 

dard earth radius in kilometers (28]. 



A. The NR2 Code 

This code is designed for use when the available ionospheric infor¬ 

mation consists of two or three vertical ionograms taken from different 

sounders located along the path of interest. In this circumstance, we 

know the location of the simulated HF transmitter or receiver that will 

be the site from which rays are to be computed. We also know the verti¬ 

cal profile of electron density vs height above the two or three sounder 

locations which hopefully lie along the great circle in which propagation 

is to be studied. It may be that one of the sounders is behind the HF 

station and the others are ahead of it, or all sounders may be ahead of 

the HF station. First, we select a series of heights at which we wish 

to describe the electron density above each of the sounders. Next, we 

find the appropriate lists of electron densities obtained from the re¬ 

duced ionograms at the selected heights. 

One must then select a method for calculating the electron density 

at some specified height between the sounder profiles. There is no in¬ 

formation available to tell the right answer. If there are only two 

soundings available, then the author usually chooses linear interpolation 

in electron density vs range at each altitude. If there are three sound- 
2 

ings available, then we sometimes choose to use the NR procedure which 

fits a second-order curve of electron density vs range to the three data 
2 

points at each discrete altitude. Mathematically, the NR procedure is 

as follows : 

At each height, N = No|l + k^R-R^ k2(R-Ro>2J 

Here, N^, , and k^ may be different at each height. They are selected 

so that N^ is the electron density at the selected height above the first 

sounder on the path (the one behind the HF facility, if this is the case) . 

At the first sounder, R = R^. Similarly, k^ and k2 are computed by 

matrix inversion so that the expression for N has its correct value when 

the range R is that of each of the other two sounders. Beyond the last 

sounder (let us say at range R ), the electron density remains unchanged 
it 

as a function of distance, having a value 



The advantage of this second-order coding method is that the elec¬ 

tron density is a smooth function of distance within the span of the 

sounders. Such smoothness is more likely to be representative of the 

physical situation, and so in a sense, we make the best use of the mea- 

p^r data by adopting this code. However, the method contains a trap for 

the unwary and must be used with some caution for the reason outlined in 

Fig. 22. If there are two close sounders and one more distant, then it 
2 

is possible that the electron density coded in the NR method will have 

a very unlikely value after decoding. This is because we force smooth¬ 

ness to second order using only three points, and the fitted curve can 

make an excursion far from the average value of the input data in the 

region between the distant sounder and its neighbor. Such a form of er¬ 

ror can also arise with uniformly spaced sounders but it is less likely. 

To avoid such a circumstance, one should always plot the three input N 

vs h profiles above the sounders and examine them to see that the inter¬ 

mediate points will be logical. If there is any question, we compute and 

plot N vs H from the formula at a number of intenrediate ranges to look 
« 

for unintended effects. Thus it is seen that the NR* method should be 

used only by someone familiar with ionospheric structure. 

B. Linear Interpolation 

This coding method is probably the most foolproof, but it introduces 

unrealistic discontinuity in the density vs range function. The N vs h 

listing is obtained for a number of different sounders or from the pre¬ 

dictions. The number of N-h profiles is limited only by the patience of 

the user and the memory size of the computer. There is no curve-fitting; 

so there is no limit on the number of profiles. Between each profile at 

each height, the electron density is assumed to vary linearly with respect 

to range. It is difficult to imagine a simpler coding scheme and thus the 

method is well suited for situations where the raytracing personnel are 

comparatively inexperienced , (At the cost of a slight additional loss of 
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Fig. 22. ELECTRON DENSITY VS RANGE WITH THE NR CODE, 
(a) Electron density vs range at one height when 

sounders are at near-equal spacings and (b) an il¬ 

lustration of the difficulty that could arise if the 

NEZ code is used when two of three sounders are close 

<«1 

realism, one might Interpol» ce in refractive index vs range. This might 

be more economical in some applications.) 

In order to make the computer programming reasonably tractable, we 

impose a requirement that each N vs h profile must contain one point for 

each chosen height, so that all N-listings are of equal length. The 
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specific method found to be useful for computing oblique HF rays is the 

following: Beginning at a 60 km altitude in the daytime or an 80 km 

altitude at night, we make one N point for each 1 km of height up to 300 

or 350 km, the upper bound depending on the data. Then all the points 

are placed on one punched card per height. As it turns out, it is rea¬ 

sonable to put ten N points and one h value on each card; this permits 

ten soundings to be programmed into a single deck of about 300 cards. Of 

course, it is a rare path for which ten soundings are available, but when 

the ionosphere is taken from ESSA predictions one may easily choose ten 

spots along the path at which vertical profiles are to be coded. 

G. The "Shape" Code 

Frequently one wishes to compute rays through an ionosphere in which 

there is a localized irregularity of some particular shape. For example, 

this author has worked with traveling gravity waves in an otherwise un¬ 

disturbed ionosphere and also with local models of chemical releases. 

For the programming of such anomalies, hereafter called "shapes," we have 
o 

found it adequate to use the following minor variation of the NR method : 

The locations of the beginning and end of the second-order expression are 

made to be functions of height. Thus where we once had three constants 

characterizing each chosen height, we now have five constants. Since the 

height is also coded on the punched cards, each card, now must contain six 

numbers. Mathematically, the system is as follows: 

At height m, the values of N , k ,, k R , and R „ are 
mo ml m2 mo m2 

uniquely assigned, independent of the corresponding values at any 

other height. 

For R < R , N = N 
mo mo 

For R < R < R 0 , 
mo m2 

N = N : 
m mol 

1 + k 1 (R-R ) + k (R- 
ml mo m2 

•R )2] 
mo J 
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For R > R N is constant, having the value 

N 
m2 

N 
mo [ 

It can be seen that the process outlined above establishes the outer 

boundary of the shape, matching the boundary description with the descrip¬ 

tion of the ambient ionosphere. After boundary matching, there still re¬ 

mains one degree of freedom at each height, since we have specified only 

the electron density at the endpoints of each parabolic arc but we have 

not yet chosen the central value of the arc. (This corresponds to the 
2 

central sounder of three in the NR code described previously.) To fin¬ 

ish the process, we usually choose the electron density vs height along 

the centerline, half way between RQ and setting it to equal some 

constant value, or to some percentage of the ambient, or according to 

some analytic formula which fits the specific application. 

To illustrate the application of the shape code, a small Plexiglas 

model was assembled. It was a three-dimensional device showing electron 

concentration vs altitude vs range. An overall view of the assembled 

model is given in Fig. 23. This model represents a circular disturbance 

(in altitude vs range) within which the electron concentration decreases 

to about 10 percent of its ambient value at the center. The model could 

be partially disassembled in a method analogous to the separation of a 

deck of computer input cards which represent the ionosphere. This anal¬ 

ogy is appropriate because each input card represents electron concentra¬ 

tion vs range at one single altitude; thus, the information on a single 

card is equivalent to that contained in a single model sheet which lies 

at a fixed altitude. On the model, there are eleven sheets, one for each 

10 km from 150 to 250 km. These features of the model are most easily 

seen in its partially assembled state as shown on Fig. 24. Part (a) of 

the figure shows the parabolic electron density vs range at two different 

heights. (There is a third parabolic arc on the Plexiglas sheet which 

lies vertically over a range of 50 km; this was needed for mechanical 

stability and does not play any part in the analogy under discussion.) 

Figure 24 shows five stages of assembly, wherein the only change between 

the pictures is the addition of more levels to the model. 
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Fig. 23. MODEL ILLUSTRATING THE "SHAPE CODE" FOR CODING 
LOCALIZED IONOSPHERIC DISTURBANCES.

Figure 23 then shows the assembled model with an extra flat sheet 
laid on top to emphasize the circular outline of the whole structure. In 

the digital computer code, we would have a parabola every 1 km instead of 

every 10 km as illustrated in the model, but it was not practical to con­

struct this entirely. However, one can see that, if we did indeed have a 

Plexiglas parabola for each kilometer of height, the circular outline 
would be obvious without the necessity for emphasis provided by the top 

plate in Fig. 23.



i

(b) levels 180, 190, 200, 210, 
and 220;

(c) levels 170, 180, 190, 200, 
210, 220, and 230;

(d) all the parabolic levels;

(e) all levels below 150 and 
above 250 have constant 
electron density and the 
models are rectangular 
sheets such as the two 
illustrated.

Fig. 24. STAGES IN THE ASSEMBLY OF THE MODEL.
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Each Plexiglas sheet then contains a parabola, and each such parabola 

is described in the computer program by four constants: , k^, R^, and 
R . A fifth constant on each card gives the height and a sixth gives the £ 
ambient electron density. This is not illustrated on the model which sim¬ 

ply shows the particle concentration as a percentage of ambient. This 

model may be considered as describing a function of altitude and range 

which is used to multiply an otherwise nontilted ionospheric model. 

D. RTW Code 

When it is desired to compute rays around the world (RTW), the pro¬ 

cess is simplified if the electron density model is periodic in a distance 

equal to the circumference of the earth, roughly 40,000 km. This can be 
2 

accomplished by an easy modification of the NR code wherein the second- 

order function is replaced by something involving sinusoids of a 40,000 km 

period. For example, one might choose to use: 

N = N ll + k cos 
ol 1 

where k is chosen to set the 40,000 km period and m is chosen to 

shape the function in some desired way. Then Nq and k^ would be 

chosen so that N (1 + k )m is the proper daytime N vs h profile and 

N (1 - k )m is the nighttime profile. Other similar modifications can 
o 1 

be readily composed. The changing of the computer program to accommo¬ 

date this variation is little more than the changing of one card, the one 
2 

originally containing the function N = N (1 + k R + k R ). It is not 
O X. £â 

even necessary to change the data format on the ionosphere coded deck of 

cards since the numbers are of a similar nature. 

E. Additive Models 

All of the preceding codes share the trait of their electron density 

being found by multiplying functions. It is also practical to add func¬ 

tions with very little change in programming methods. Recently, Neilson 

[27] found it necessary to use addition, to permit the application of a 

special analytic approach to the ray calculation. Nevertheless, to this 
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author's knowledge, most applications of raytracing in tilted ionospheres 

have made use of multiplicative processes, probably because of consider¬ 

ations related to the physical processes that cause the tilts. For ex¬ 

ample, the passage of an atmospheric gravity wave influences the electron 

density by some percentage, not by some fixed number of electrons. 

One cannot say in advance whether additive coding will be better or 

worse than coding that uses multiplication. Fortunately, the switch from 

one to the other is an easy programming task, so it is not necessary to 

commit oneself permanently to one of these two options. 

F. Combinations of the Codes 

The method of code interpretation inside the computer is such that 

it would be practical to use combinations of the methods * outlined above, 

although the author has not yet found it necessary to do so. For example, 

suppose one had ionospheric information which permitted deduction of the 

widespread, long-enduring tilts in the ionosphere. This "ambient iono¬ 

sphere" could be encoded by the linear interpolation logic. If one wished 

to simulate the passage of a gravity wave through this tilted ionosphere, 

then the shape code could be used to describe the localized disturbance 

as a percentage change from the tilted ambient. The simultaneous appli¬ 

cation of two multipliers (according to the logical controls of each) is 

a straightforward application of a digital computer. This combination 

has not been implemented primarily because of the lack of ionospheric 

information, not because of difficulty in the processing. 

G. The Source of the Common Number, 80.6 

In converting from electron density to refractive index, one uses 
2 2 

the common relation n = 80.6 N/f , where n is refractive index, N 

is electron density, f is radio frequency, and MKS units are used. On 

occasion, the author has seen documents in which others have used 80.5 

instead of 80.6. The parameter results from an evaluation of the expres- 
2 2 

sion e /4n e^m whose derivation can be found in most texts on iono¬ 

spheric radio propagation. The value of is known, but the values 

of e and m are uncertain. The author examined various physical tables 



which purported to hr modern and found, for Doth e and m, four 

different values roughly centered about e = 1 .602 ;« 10 19 and 
•31 

m = 9.108 X 10 . The four listed values of each parameter can be used 

to derive 16 parameter values. This calculation is carried out in Table 1 , 

and it can indeed be seen that 80.6 is considerably better than 80.5. 

Table 1 

EVALUATION OF THE CONSTANT e?’/4n2 ^m * 80.6 

r~- 

e = 
m = 

9.10917 9.10891 9.10746 9.10696 

1.601889 

1.601839 

1.602073 

1.602117 

80.59 

80.59 

80.61 

80.61 

80.59 

80.59 

80.61 

80.62 

80.61 

80.60 

80.62 

80.63 

80.61 

80.61 

80.63 

80.63 

Note added In proof: The April 28, 1969 issue a magazine called 

"Scientific Research" lists new values of e and m attributed to Parker, 

Taylor and Langenberg with the disclaimer that they are "subject to change 

until formal publication". The new values are e = 1.6021917 x 10-19 and 
-31 1 2 

m = 9.109558 X 10 . Using = 8.854 x 10 farads/meter, the con¬ 

stant becomes 80.62. 
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V. THE USE OF SNELL'S LAW TO COMPUTE RAYS 

When we use the term ,:Sneil's law," many people interpret this to 

mean only the well-known formula, p sin Cp = p ' sin cp'. While it is true 

that this is one form of Snell's law, we shall see that there are several 

other useful forms which bear little superficial resemblance to this; nev 

ertheless, they are fundamentally the same. It might, therefore, be 

worthwhile defining "Snell's law" as it will be used in this report. 

The index of refraction is a measure of wavelength at a point. 

Changes in wave direction are brought about by spatial variations in wave- 

length, just as changes in the direction of a line of marching soldiers 

are caused by varying the step length along the line of men. The analogy 

is most apparent if we choose to examine the cause of refraction by using 

Huygens' wavelet construction to find the successive locations of a wave- 

front at successive instants. 

Oi course, there is a difficulty in this analogy because individual 

soldiers in the marching line may not walk in the direction perpendicular 

to the formation. In wave propagation, an analogous difficulty arises 

when the refractive index is anisotropic; in this case, the energy of the 

wave may not propagate in the direction perpendicular to the wavefront. 

In raytracing, we wish to track the progress of energy. For our 

purposes here, a ray is considered to be the locus of a tagged bundle of 

energy. (Much has been written about the validity of this concept, but 

it will be accepted here without further comment.) If there is a magne¬ 

tic field, then the index of refraction is not isotropic and the ray and 

the wave normal are usually not aligned. Furthermore, the refractive in¬ 

dex depends on the direction of the wave normal. If we trace a ray from 

one point to the next, then at the second point we know only the ray di¬ 

rection. In order to compute the wave normal direction, we have to com¬ 

pute the index of refraction but, in order to compute the index of re¬ 

fraction, we have to know the wave normal’. Seemingly, this is an impasse. 

In fact, this difficulty is the specific reason why it has not been found 

practical to use the simple forms of Snell's law for raytracing in an 

ionosphere including the magnetic field. (Other methods do work, for 
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example, the set of linear simultaneous differential equations derived 

by Haselgrove can be used to find raypaths in anisotropic media.) 

Avoiding the difficulties outlined above, we will use the term 

"Snell's law" in this report to signify the governing law for ray refrac¬ 

tion in an isotropic medium where the wave normal and the ray are collin- 

ear. For ionospheric radio propagation, the consequence of this defini¬ 

tion is that we must neglect the magnetic field. It will be shown that 

this neglect is reasonable for frequencies above about 6 MHz and that 

the degree of error introduced by the approximation decreases with in¬ 

creasing radio frequency. Thus, for the remainder of this chapter, it 

will be considered that the refractive index varies with position in 

space but not with the direction of anything; it is a scalar field. 

A. Forms of Snell's Law 

Let us examine the various ways in which Snell's law can be stated 

mathematically. To begin, we will derive the most familiar form. 

1 . The Trigonometric Form 

It is the author's impression that this form of Snell's law is 

widely recognized because it is introduced in the education process at 

such an early point that the teachers must assume the students are igno¬ 

rant of the principles of calculus. In a way, this is a pity for it will 

be seen that the other forms have utility and can be used to gain insight 

not easily gleaned from this trigonometric equation. 

Figure 25 shows the conventional drawing, with a wavefront on 

one side of an interface and a later wavefront in the same wave train on 

the other side of the interface. The refractive index is assumed to be 

constant on each side of the interface with a sudden change in value at 

the interface. 

In order to keep this derivation general so that it may also 

be applied to sound waves, we will use phase velocity instead of refrac¬ 

tive index, recognizing that for radio waves the phase velocity v equals 

the speed of light c divided by the refractive index 4. For conve¬ 

nience of notation, it is assumed that unit time is required for the wave 

SEL-69-007 60 

- • a 



Fig. 25. GEOMETRY UNDERLYING THE SINUSOIDAL FORM OF 
SNELL'S LAW. 

to travel between the two positions shown in Fig. 25 so that time does 

not appear in the equations. This also simplifies the later derivations. 

The gradient of the propagation velocity, Vv, is necessarily 

perpendicular to the interface. It is conventional to define the inci¬ 

dence angle of the ray, cp^, as the angle from the gradient to the ray. 

Similarly, the transmission angle is defined as cp , shown on the fig- 

ure. It can be seen that the distance along the interface may be ex¬ 

pressed in two ways : 

v^/sin 

For radio rays, phase velocity 

c c 
^ sin cpi 42 sin cp2 

These are the familiar forms of 

cpi = v2/sin ^ 

c 
V = —. Making this substitution, 

or |ii sin cpi = n2 sin cp2 

Snell's law. 
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In the derivation above, the sinusoidal form was calculated 

across a single discrete boundary between two homogeneous media, as 

sketched in Fig. 26a. However, the equation applies equally well to any 

continuous medium in which the gradient of phase velocity has a constant 

direction. As illustrated by Fig. 26b, this medium can be treated as a 

succession of discrete boundaries between an infinite number of layers 

having homogeneous media but infinitesimal thickness. At the first bound¬ 

ary encounter, v.,/sin T = v /sin c; . At the second boundary encounter, 

v /sin V = v /sin ; but this, in turn, must also equal v^/sin ;j • 

This step can be executed any number of times and the equality will still 

hold. The concept illustrated in Fig. 26b is very important because it 

means that v/sin is conserved (i.e., its value never changes) along a 

ray which traverses any medium in which the gradient of phase velocity 

has a constant direction. Mathematically, this occurs in Cartesian co¬ 

ordinates when the phase velocity (or the electron density or the re¬ 

fractive index) is a function of only one dimension. This is often as¬ 

sumed to be the case in analysis. 

b. A repeated application a. A single application 
of Snell's law 

Fig. 26. REPEATED APPLICATION OF SNELL'S LAW SHOWING THE 

INVARIANT PARAMETER. 

2. Bouger's Rule 

When a ray traverses a medium in which the refractive index has 

circular or spherical symmetry, then a special form of Snell's law can 
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be derived that is closely related to the conunon form given above. Fig¬ 

ure 27 shows the geometry of a ray which passes through the top and bot¬ 

tom surfaces of a homogenous slab circularly disposed about the center of 

the curvature shown. Because the slab is homogeneous, the ray is straight 

while it is within the slab. The refractive index jumps to a new value 

on either side of the slab so that the previously derived form of Snell's 

law can be applied at points b and c. The two points and the center 

of curvature define a triangle in which the law of sines requires 

Kb p 
c 

Furthermore, at point c the trig¬ 

onometric form of Snell's law re¬ 

quires that : 

sin cp = sin ß — 
c c 4b 

where u, and u are the refrac- 
^b c 

tive indices at points b and c, 

respectively. Equating the right 

sides of these two equations and 

rearranging, 

Vb Sin ßb = ^cPc Sin ßc 

which is Bouger's rule. 

Fig. 27. THE GEOMETRY USED TO 

Notice the similarity of DERIVE BOUGER'S RULE. 

this equation to the common form. 

It can be seen that the ray could be followed through an infinite number 

of successive points like b and c and the product ¡j p sin ß would be 

conserved, just as the product p sin cp was conserved in the Cartesian 

case. This is a more useful way to think of Bouger's rule. The conser¬ 

vation of the product provides a convenient basis for raytracing in a 

nontilted, spherical ionosphere. The rule can be applied to the ray as 
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it leaves the earth at a known takeoff angle where the product equals 

simply the sine of the takeoff angle multiplied by the radius of the 

earth. The author chooses to call this product "Bouger's constant," al¬ 

though the reader should be advised that this is not common practice. 

Bouger's rule serves as the basis for very fast Mark 3 raytracing pro 

gram which will be described later in this chapter. 

The author is not aware of the original reference for Bouger's 

rule. Dr. John Kelso of ITT-EPL has suggested that it may be derived 

from the work of the French scientist Bouguer. If this is so, then the 

name is misspelled throughout this report. 

3 . Snell's Law in a Tilted Ionosphere 

It has recently come to this author's attention that Bouger’s 

rule can be extended to an ionosphere which is not spherically symmetric. 

In 1963, the Russian, Ya. L. Al'pert, wrote a paper which has been trans¬ 

lated into English [29]. He derived an equation which is, in the nota¬ 

tion of this report, 

pp sin ß Bouger's Constant I 
P 

'6370 
Ò6 

dS 

where S is the path length. We are currently investigating the impli¬ 

cations of this equation to see if it can be used as a basis for effi¬ 

cient raytracing in a tilted ionosphere. At first glance, it looks 

quite promising. 

4 . A Useful Differential Form 

Let us assume that the refractive index varies only in two 

dimensions so that a beam of rays in the plane of variation will never 

leave the plane. This differential form can be readily derived without 

the two-dimensional approximation (see, for example [l]). The two-dimen- 

sioial case will be used here, however, because it appears to the author 

that this form provides the clearest insight. 

Figure 28 shows a beam of rays traversing the medium with a 

wavefront drawn at two successive locations considered to be separated 

by infinitesimal times and distances. In the region containing the two 
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wavefronts, it can be assumed (because of the infinitesimal qualifica¬ 

tion) that the beam forms a circular arc about some center of a curva¬ 

ture as shown. Let the phase velocity at the inner edge of the beam be 

V. Then, if we move toward the infinitesimal distance dp, the phase 

velocity must be v + dv. From the geometry shown, the following equa¬ 

tions can be derived: 

Fig. 28. DEVELOPMENT OF THE DIFFERENTIAL FORM OF SNELL'S LAW. 

The last three equations derived are Snell's law. There is a 

symmetry of form in the first two equations which is lacking in the third 

equation that has the refractive index as a parameter. Because of the 

symmetry, these equations are easily memorized but, more important, use¬ 

ful insights can be readily gained from the relations. For example, the 

radius of curvature is inversely proportional to the phase velocity and 

to the component of the gradient of phase velocity which is normal to the 

ray. Thus, the ray will curve sharply when either the phase velocity or 
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the gradient component perpendicular to the ray becomes large. Further¬ 

more, it can be seen that the component of the refractive index gradient 

along the ray has no effect on it. These insights would be difficult to 

glean from the sinusoidal form of Snell's law although, as will be shown, 

the two forms are equivalent. 

Using the relation ò(l/p)/òp = -(l/p )òp/òp, the differential 

form can be written with symmetry, in terms of the refractive index, al¬ 

though a minus sign is introduced. This has been done to point out the 

similarity between the following three equivalent statements of the dif¬ 

ferential form of Snell's law. 

Phase 
Velocity 

Wavelength 
Refractive 

Index 

dv V 
dp p 

_ 

òp 

5 . Equivalence of the Trigonometric and Differential Forms 

The trigonometric and differential forms of Snell's law are so 

different in appearance that it seems worthwhile to provide a demonstra¬ 

tion of their equivalence. To see how this can be done, we note that the 

trigonometric form is usually applied across a discrete boundary (having 

no thickness) between two homogeneous media. The differential form ap¬ 

plies whether or not the medium is homogeneous, although the rays bend 

only when the refractive index varies. This suggests that we approximate 

the discrete boundary between homogeneous media by a smooth transition re¬ 

gion to which we can apply the differential form. From such an applica¬ 

tion, it should be possible to derive the trigonometric form; this is the 

line of attack followed below. 

To readily apply the differential form, it will be assumed that 

the transition region is constructed as sketched in Fig. 29. The phase 

velocity, V, changes from its initial value to its final value 

as a function of distance across the transition in such a manner that the 

radius of ray curvature, p, remains constant. Within the region of vari¬ 

ation, the direction of Vv is everywhere perpendicular to the interface. 
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Fig. 29. RAY TRAJECTORY USED TO TEST THE EQUIVALENCE OF TWO 
FORMS OF SNELL'S LAW. 

Since p is constant, the differential formula requires that v/Còv/òp)* 

p = constant. From the vector triangles, òv/òp = òp = Vv sin cp and 

This is an integral equation for which the solution may be obtained from 

the sinusoidal form, i.e., v^/sin ^ = v/sin cp. Solving for v and 

substituting in the integral equation, 
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V = V JÜJL = V + r’’ /v -ÎÜLiL\ 2£ 
1 sin ^ 1 ^ \ 1 sin cpi / si 

cos cp 
in cp 

dcp 

V /-Cp v 

= V1 + COS (sin cp - sin 

Q.E.D. 

Thus, application of the differential form of Snell’s law leads 

to a homogeneous linear integral equation of the second kind whose solu¬ 

tion is provided by the sinusoidal form. Under the restrictions of con¬ 

tinuity of classical physics, such integral equations can have only one 

solution [30]; thus, the equivalence of the two forms is established. 

For some equations of this type, it is possible to work directly from the 

equation to deduce the solution. However, when we suspect that we know 

the solution, we may try it out, working backwards, so to speak, to áee 

if our function is truely a solution of the integral equation. This may 

seem intuitively unsatisfying, rather like cheating; nevertheless, it is 

entirely valid and by far the most efficient way for solving such 

problems . 

6. A Refraction Law for Sound in a Windy Atmosphere (Mark 6 
Raytracing) 

The following is a derivation of a refraction law for the prop¬ 

agation of sound in an atmosphere undergoing translation and rotation, 

that is, with wind. This has been checked by the author’s colleagues and 

has been used as a basis for raytracing, but we have never seen it de¬ 

rived anywhere else in this or in an equivalent form. If any reader can 

offer an independent derivation or comment to support or challenge the 

accuracy of this derivation, it would be appreciated. 

The sound velocity, v, is a scalar field as before. The wind 

velocity has a translational component, v, and it has a rotational 

component, lj . This calculation is in only two dimensions, so the rela¬ 

tions between the sound and the wind are defined according to the sketch 
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of Fig. 30. Here, y is the component of the wind velocity parallel 

to the gradient of the sound velocity. For the calculation of refrac¬ 

tion due to sound velocity changes, we will use the trigonometric form 

of Snell's law with an interface be¬ 

tween two homogeneous media. Thus, x 

is the component of the wind veloc¬ 

ity which is parallel to the inter¬ 

face and which, in turn, is neces¬ 

sarily perpendicular to the gradient 

of the sound velocity. It will be 

assumed that v » |v|, so that òv/ò(time) may be neglected. To elim¬ 

inate time altogether, we will again use the convention that the delay 

during the wavefront transit from its first to its second position is 

unit time, considered to be infinitesimally short. 

Figure 31 shows two positions of the wavefront at successive 

instants with refraction computed due to the effect of both wind and 

Fig. 30. VECTOR DEFINITIONS, 

Fig. 31. GEOMETRY USED TO DERIVE SNELL'S LAW IN A WINDY 
ATMOSPHERE (COMPARE WITH FIG. 25). 
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sound. The angular wind velocity is not included because, in the com¬ 

puter implementation, we rotate the ray by an angle U)t after every 

calculation of Snell's law, where t is the transit time of the ray 

from the previously calculated position. Thus, w does not enter into 

the refraction relation derived from Fig. 31. 

Within this figure are the results of a number of simple appli¬ 

cations of trigonometry. These serve to provide two different sets of 

three components for the total distance along the interface, and the sets 

are necessarily equal. Thus, 

^ esc CP1 + yx ctn + xx = v2 esc cp2 + y2 ctn cp2 + 

V1 + yi COS ^1 
sin cp 

+ 

V + y„ cos CD 
2 2 2 

sin cp 
+ X, 

This reduces to Snell's law, if Vl = v2 = 0. The equation is easily 

programmed on a digital computer; an example of the output of such a 

calculation is given on Fig. 32. 

It is recognized that the wind velocity cannot jump instanta¬ 

neously from one value to a new value at the interface; this is done only 

to quantize the description of the variation of the wind velocity. The 

introduction of the third dimension of wind velocity or the second or 

third dimension of sound velocity would complicate this derivation to the 

point where a vector treatment would probably be needed. In fact, it 

should be noted that all the Snell's law derivations given here are sim¬ 

plified to one or two dimensions but that three-dimensional vector for¬ 

mulas corresponding to each form can be derived. For example, the dif¬ 

ferential form of Snell's law becomes 

P 
Vp T 

ds 
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Fig. 32. ILLUSTRATION OF RAYS CALCULATED IN A WINDY ATMOSPHERE 
SHOWING THE LATERAL ASYMMETRY CAUSED BY THE WIND. 

where T is a unit vector tangent to the ra> and s is the arc length 

of the ray. In this report, the author has chosen to avoid such forms 

because many readers will be out of practice in the manipulation of 

vectors while still able to digest the differential form. The vector 

form given above is no more than a mathematical way of saying that the 

ray curves within the plane containing the gradient, and while in it 

this ray obeys the differential form given earlier. 
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B. Application oi Bouger's ttule in Mark 3 Raytracing 

Tho invariance of the Bouper constant along a ray permits very fast 

cnl'iilat ion; in this section, the best such method we have thus far de¬ 

vised is presented. The system of calculations described here serves as 

the basis lor oui’ Mark 3 ray tracing programs. To begin, we will describe 

a program and present it in Fortran statements; this program has been 

purposely rewritten so that if can easily be comprehended by a person un¬ 

familiar with Fortruu. To simplify this explanation still further, the 

particular program to tie derived does not contain any provision for run¬ 

ning more than one frequency or more1 than one ionosphere on any given 

pass through the computer. Such extraneous provisions are easily devised 

but their inclusion in this explanation does not contribute to the dis¬ 

cussion of raytracing. 

The ionospheric model input to the program is a tabular listing of 

pairs of values of electron density and height. Since the ionosphere 

cannot be tilted under Bouger's rule, there is no need for any other pa¬ 

rame ter in the listing. Once the frequency is specified, it is possible 

lo calculate the refractive index at each height. Then, for a ray that 

departs from the earth with a selected angle ^ , the Bouger constant 
o 

is r cos « , 
e o 

where r is the earth's radius. One can immediately 

calculate ttie orientation angle, p, of the ray at every listed height, 

h, since ,.h cos also equals the Bouger constant. The raytracing 

problem is thus considerably reduced. We know the ray's starting loca¬ 

tion ami angle, and we also know the ray angle at the selected heights. 

The only problem remaining is the locations of the path which best fits 

these data. While tills may seem to be a trivial problem, it has never¬ 

theless taken a considerable effort to try many methods in a search for 

the best one given here. One might do a crude Job in the fitting by 

simply using straight lines between the listed points, but to a 'ihieve ac¬ 

curacy there must be a very large number of listed points; consequently, 

the process becomes slow and expensive. The quality of a raytracing 

program is measured in terms of accuracy per unit cost, since cost is 

usually the controlling factor which limits our capability. An economical 

calculation method permits the use of raytracing in applications 
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where more expensive methods could not be used because the priority of 

the application might not warrant the higher expense. To be specific, 

one might wish to compute a large family of rays through ionospheric 

models from a set of reduced ionograms. To achieve useful accuracy, a 

straight-line fitting calculation might cost about $50 per ionogram, 

whereas the method to be described here would cost about $5. (Assuming 

1,000 rays per ionogram.) If there are many ionograms, this cost dif¬ 

ference would be significant. 

On the other side of the coin, it should be noted that the cruder 

methods will suffice for applications where only a few rays are needed. 

!f only a total of (say) 100 rays is needed, then the relative cost per 

ray is negligible since the crude techniques can yield accurate answers 

if they are used with a sufficiently small step size. It follows that 

the writing of a raytracing program is easy, but the writing of a good 

one is considerably more difficult; yet it serves primarily to decrease 

costs. (Those who specialize in this work will recognize that I have 

oversimplified here, for to be sure, some techniques can never achieve 

the accuracy attainable by others, no matter what the step size. Never¬ 

theless, I would like to emphasize that the better programs are superior 

primarily in terms of quality vs cost of operation, and that, if only a 

few rays are needed, a crude approach will suffice. Such comparisons 

cannot be applied to programs which incorporate different underlying 

assumptions; for example, a program that does not include the magnetic 

field cannot be compared easily to one that does.) 

The basis of the Mark 3 programs is the fitting of second-order 

curves between the listed heights, having the appropriate slopes at each 

end of each parabolic arc. This process is very rapid by virtue of a 

convenient property of a parabola which is sketched on Fig. 33. Stated 

in words, the slope of any chord of the parabola is exactly the average 

of the slopes of the parabola itself at the endpoints of the chord. In 

the ray calculation, the "slope of the parabola" will be the ray slope 

obtained from known values of 3, and the slope of the chord will be 

¿Ji/at. Since oh is the difference between two listed heights, it 

follows that the increment of range or can be calculated very quickly. 
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Fig. 33. THE CONVENIENT PROPERTY OF PARABOLAS. 

1 . The Parabola Slope Theorem 

The convenient property mentioned above is not restricted to 

parabolas in Cartesian coordinates, and in fact, it will be applied to 

rays in circular coordinates. In this report, the mathematical relation 

will be called the "parabola theorem." Since parabolas have been ana¬ 

lyzed for centuries, it is unlikely that this is a new discovery, but 

the author has not seen the property described elsewhere, so a proof of 

it will be given here, applicable to both Cartesian and circular coordi¬ 

nates. Readers who are not interested can skip directly to the next 

section, since this proof does not aid in raytracing if one is willing 

to unquestioningly accept the equation in Fig. 33. 
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A non-matheniatical statement of the parabola theorem may clarify 

its significance. Consider a Cartesian coordinate system in which there 

is a parabola with a vertical axis. First, we select two points along the 

parabola and measure the slopes of the parabolic curve at the two points. 

Then, we calculate the average of these two slopes, that is, one-half of 

their sum. Next, we draw a straight line from one point to the other and 

measure its slope. The parabola theorem states that the slope of this new 

line will exactly equal the average of the slopes of the parabola at the 

two selected endpoints. 

The parabola theorem can be carried over into circular coordi¬ 

nates, provided that the concept of "slope" at a point is translated into 

a derivative and that the slope of the line is translated to be the dif¬ 

ference of the coordinates of the line endpoints; this will be seen in 

the math that follows. 

Why is the parabola theorem important? The answer is quite 

simple. During raytracing, we know the slope of the ray at two selected 

heights, because we know the refractive index at those heights, and the 

slope can be calculated directly from Bouger's rule. Thus, we know the 

height difference of the points and the sis »e at the points, so it is an 

ultimately simple calculation to find the range difference of the points 

by means of the parabola theorem. In effect, we fit a second-order curve 

through the known heights, at the known angles, and that's about as good 

a job as can be done, since we inherently know nothing of the variation 

of the refractive index between the two points. (Of course, when we com¬ 

pute rays in an analytic ionospheric model such as a Chapman layer or a 

parabolic layer, then we do know the refractive index between the points. 

These analytic models provide us with an excellent method for testing 

the accuracy of the second-order fit, inherent in the application of the 

parabola theorem.) 

The proof of the parabola theorem makes use of the symbols shown 

in Fig . 33. Let 

^ * h2 ~ hl = the height of P°int 2 “ the height of point 1 

75 SEL-69-007 



un wn wm wn wn'mnwn ^ ^ ■.?i viHfl PV! «I i w^ 

K 

I 

Similarly, let 

Ar = r - r 
2 1 

Define 

fi = I (fil + fi2) 

where li = dh/dr 

Theorem, 

Ah = ß Àr 

Proof of Theorem, 

Let 

h = ar + br + c; dh = 2ardr + bdr; ß = 2ar + b; b = ß 

2 . 2 
h = ar + (ß - 2ar)r + c = -ar + ßr + c 

At point 1, c = h + ar" - fi, r . Since b = fi, - 2ar = ß 
lili 112 

it follows that 

a = 
fi2 " 

2<r2 ' 

At point 2, 

h2 = ’"I * V2 + hl * "I - V: = “(v^) 2r2 
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fi2 “ fil ri “ r2 Al + r9> 
h„-h, = Ah = -r- • -- + *,r„ - = 2 U h„r_ - r. 
2 1 r2 - 12 11 2 A 2 / 22 11 

^ = fiiri(2 • ') + Vzt’ï + 0 + V2(è) * Vil’l) 

^ = l(li2r2 ' fiiri + fiir2 ■ Vl1 ' + MVl» 

*2 + fil 
Ah = --- (r2 - r^) = tiAr 

Q.E.D. 

This is entirely algebraic, so it also applies in circular 

coordinates, if we simply substitute 6 for r in the above. However, 

then the fitted curves are not parabolas, but the fitted sections are 

usually so short that the difference is immaterial. The difference be¬ 

tween these second-order curves in Cartesian and circular coordinates is 

illustrated in Fig. 34. 

As was mentioned previously, during the application of this 

theorem one knows the slopes h and ñ and the two heights, h and 
12 1 

h2. Similarly, one knows the starting range, from which this cal¬ 

culation is the next extension. If we were working in Cartesian coor¬ 

dinates, we could derive the useful formula quite directly from the last 

line of the above proof as follows: 

Ar = 
2Ah 

hl + h2 

so 
r2 = + h 

2Ah 

1 + *2 

Since the author chooses to measure ß, the ray vertical angle 

relative to the horizontal, it follows that one obtains the needed slopes 

through the use of the relation li = tan ß at points 1 and 2. The re¬ 

quired vertical angle may be computed directly from the input table to 

the raytracing program which describes the ionosphere. This provides an 
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ordered set of matched pairs of values of height and refractive index. 

Given the takeoff angle of the ray at the surface and the refractive 

index at the surface, one immediately applies the Cartesian form of 

Snell's law which states that ^ cos ß (or ^ sin cp) is preserved 

everywhere along any individual ray. This provides the vertical angle 

at every point in the input table and one could immediately calculate 

li at each of the listed heights. Such a procedure could be used as the 

basis for a very fast raytracing program in Cartesian coordinates. We 

have never pursued this investigation further, since it is more realis¬ 

tic and only slightly more difficult to work in circular (spherical) 

coordinates, following the reasoning which follows. 

a. Parabolas in Cartesian coordinates. Notice that the curves 
resemble rays in a non-tilted ionosphere, that is, they bend 
only gradually at first, then sharply at the top (at apogee) 
and then again more gradually as they descend. 

Fig. 34. COMPARISON OF PARABOLAS IN CARTESIAN AND CIRCULAR COORDINATES. 
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b. Second-order curves in circular coordinates 

e. Shape of parabolas (from part b) used over the earth 
as compared to part (a) curves 

Fig. 34. CONTINUED 



As is implied in Fig. 34b, we assume circular coordinates 

(p,0) in which there exists a parabola described by the equation p = 
2 

a0 + b0 + c. Now the algebra used to prove the parabola theorem is not 

restricted to the Cartesian coordinates, and this simple change of sym¬ 

bolism from the (h,r) to the (p,0) system carries directly through 

the proof. It therefore follows that 

ÙÔ where now p = dp/d@ 

A slight difficulty appears at this stage because it is not as 

easy to obtain li. The reader will recall that we obtained these deriv¬ 

atives from the known angle of the ray which in turn was obtained from 

Snell's law. In circular coordinates, however, 

tan ß _ËÊ_ 
pd0 P/p 

Therefore, 

ÙB 
_2A£_ 
Pl tan ß1 + p2 tan ß2 

This equation is directly useful because p is the radius of the earth 

plus the height above the surface of any point. The refractive index is 

known at each listed height and from Bouger's rule, ß can be calculated 

at each height. 0 is the geocentric angle measured from the starting 

point of the ray, and its increment ¿£) (which will later be called "A") 

can be calculated directly from the above equation. It is then a simple 

matter to find all the other needed parameters associated with the ray. 

It is perhaps worth emphasizing that very little complexity is 

added when going from Cartesian to circular coordinates, ¿ii and ¿\p 

are the same thing, since p = h + the earth's radius. Table 2 cmmar- 

izes the two major differences between raytracing in Cartesian and cir¬ 

cular coordinates. 
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Table 2 

COMPARISON OF MAJOR FORMULAS IN CARTESIAN AND CIRCULAR COORDINATES 

Formula in Cartesian in Circular 

Snell's law 4 cos ß is conserved cos ß is conserved 
(Bouger's rule) 

Parabola Theorem 2Ah ID - 2Ah 
tan ß^ + tan ß2 Px tan ßx + p2 tan ß2 

2. Derivation of the Fortran Program 

Fortran statements are so logical that little explanation of 

them is needed, but we do need to formulate a table relating the usual 

symbols to their Fortran counterparts which can be only in capital 

English letters. Table 3 gives these counterparts and can be used to 

relate the figures to the Fortran listings. We have used mnemonics 

wherever possible. 

The program consists of logical parts. One part reads in the 

ionosphere and calculates the refractive index. Another starts the ray 

at the earth and gets it up to the base of the ionosphere. Another part 

operates once for each height increment of each ray inside the ionosphere, 

fitting the parabolic arc. (Because the last part mentioned operates so 

often, it is called the "main loop"; most of the ray calculation costs are 

incurred in this operation. Consequently, our main cost reduction stra¬ 

tegy is aimed at speeding the main loop execution.) Still another part of 

the program calculates the leg of the ray which contains its apogee, that 

is, the top leg where the ray turns over for its return to the earth. If 

rays do not reflect, another part of the program processes the rays which 

reach the maximum height of the ionosphere. (It is said that these rays 

"penetrate" since they usually escape into outer space.) 

Figure 35 shows the logic used to get the ray up to the base of 

the ionosphere. We would not want to fit a parabola section from the 
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m 

R 

BC 

BDEL 

BDELR 

BETA 

BETADG 

BMAX 

DSOVRC 

EN 

FREQKC 

GPTIM 

H 

HLDOT 

HRDOT 

HT 

Table 3 

DICTIONARY OF FORTRAN TERMS FOR RAYTRACE 112E 

geocentric angle sub¬ 
tended by one ray seg¬ 
ment 

the Bouger constant, 
r)j cos ¡3 

Aß, increment (in de¬ 
grees) 

the increment ( in ra¬ 
dians) 

variable ß (in radians) 

variable ß (in degrees) 

maximum ß (in degrees) 

AS/c, free-space delay 
along a single ray seg¬ 
ment 

electron density, per 
cm3 

frequency, f, in kc 
(kHz) 

I LAST 

M, N 

set to 1 on the last 
H-N card 

used to indicate type 
of ray 

HITIM 

PI2 

RANGE 

phase time delay 

n/2 

distance along the 
earth's surface 

RE radius of earth (6370 
km) 

RECC 

RECF 

RHRN 

reciprocal of speed of 
light 

.2 
80.6/f 

reciprocal of (height) 
(RN) 

RN 

RNAVG 

group time delay 

height in km, either 
above earth or above 
earth center 

dh/dr on the left side 

dh/dr on the right 
side 

apogee height above 
the earth 

RNSQRD 

RTWLV 

SINPHI 

THEIID 

refractive index 

refractive index aver¬ 
age 

refractive index 
squared 

reciprocal of 12 

sin (cp) 

the IID, ionosphere 
identification 

THETA geocentric angle sub¬ 
tended 

ground to the first listed height because we know the ray is straight in 

this region. To avoid this, we fit a straight line from the ground to 

height h^ I in Fortran, H(l)], located beneath the first listed height 

by a distance equal to the thickness of the first shell. The first For¬ 

tran statement finds the value of the Bouger rule constant "BC" to be 

associated with this particular ray. 
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8C ■ RE*C0S(PETM 
SINPHI*RC/HR 
THET A« PI2-PET A-4RS [N ( S INPHI I 
HRD0T« SOP T(I.O-SINPHI*SINf-HI l/SINPHI 
GPTIM»(hR*$IN(THETA l/COS( (JETAI i*recc 
PHTtM»G0TIM 
K»1 

Earth 
Center 

Fig. 35. STRAIGHT PORTION OF A RAY UNDER THE IONOSPHERE. 
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Notice that BETA is the angle of the ray measured relative to 

horizontal while PHI is the ray angle measured relative to the vertical. 

In the Fortrax statements on Fig. 35, the logic is derived from the ap¬ 

plication of the law of sines to the triangle. The quantity HRDOT means 

the derivative of height, with respect to range (dh/r or ñ ), in lo- 
r 

cal cartesian coordinates. Here, the r subscript refers to the "right" 

side of the triangle. This derivative will be ctn (9) and is computed 

directly from SINPHI by a process which is fast and accurate. The pa¬ 

rameter K is the index with which we will keep track of the layer 

identity as this ray proceeds upward through the shells. 

Note that the first card in the electron density deck will have 

some height H(2) - RE, that is, the height of the first ionospheric 

layer above the surface of the earth. At the surface of the earth, the 

electron density is zero, so no card is needed in the electron density 

deck to describe this level. 

a . The Main Loop 

Figure 36 shows that part of the program most often used. 

For a typical ray, this sequence of statements will be operated 100 to 

300 times while most other sequences are only run once. Consequently, a 

number of devices are incorporated to speed the operation of this "main 

loop . " 

The first Fortran statement giving SINPHI is the applica¬ 

tion of Bouger's rule. noc¿ that RHRN is the the reciprocal of the 

height and the refractive index. This quantity is precalculated before 

rays are begun, since it is common practice to run 50 or 100 rays through 

a single ionosphere at each frequency and since it would be wasteful to 

repeatedly calculate this quantity. One could carry this practice fur¬ 

ther, if the objective is to calculate a very large number of rays in 

the same medium at the same frequency. For example, one could precompute 

and store 2.0 H(K +1)- H(K), used in the fifth statement, and could 

store the squared difference and the product of H(K + 1) and H(K) for 

use in the seventh statement. These features are not good in all circum¬ 

stances, however. They would be bad if only a few rays were needed in 

each medium or if computer storage were a limiting factor. 



(right) 

í\ 

L> 

The “Main Loop“ 

/ 

Earth 
Surface 

2 square roots 
3 divisions 

14 multiplications 
11 adds or subtracts 

I exit 
no trigonometric 

functions 

45 M.-HR 
HR * H(K*1) 
SINPHP»BC*KHRN(K*l) 
tF (SINPMP.GT.1.0) GO TO 150 
HLOCT * HROÜT 
HROO T= SORTI l. 0- SI MP HP*SI NPH P ) / SI NPHP 
A«2.0*(HR-HL1/(Hl*HLOOT♦HR*HRDOTI 
Tut T A * THE TA*A 
OSOVRC*I< ECO*SOP T ( I HR-HL I **2*HP*HL*A*A*( 1. 0-P TML V* A*AI I 
GBTTM«r,PTTM*nSnVRC/RNAVG<KI 
PHTIM » OHTT »HOSOVRC*PNAVr.< K) 
K«K*l 
GO TO 145 

Fig. 36. GEOMETRY OF THE MAIN LOOP. 

The second statement is the only way that we can exit the 

main loop. The SINPHI is greater than one because the ray should reflect 

from the level H(K + 1). Normally, we would require that there be a 

second possibility for exiting, when the ray reaches the maximum listed 
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height in the ionospheric model. However, the program execution is faster 

if we do not have two separate tests in the main loop; to avoid this, an 

artificial layer is placed above the highest listed height with a low jj 

that forces a ray apogee. Then, after leaving the main loop, we can de¬ 

tect that this false event has happened and can treat the ray properly. 

The next three statements probably require no explanation. 

The statement defining the value of A constitutes the fitting of the 

parabolic segment. The simplicity of this statement is the key to the 

success of the method. 

THETA is the accumulated range of the ray measured as an 

angle subtended at the earth's center. The mnemonic DSOVRC means Z£/c; 

similarly, RECC means 1/c. Following this, most of the statement for 

the calculation of DSOVRC can be seen as a calculation of the length of 

¿^3 through the use of the law of cosines. However, it is typical for 

AS to be about 3 km while HL and HR are roughly 7000 km; hence, the law 

of cosines cannot be used because the round-off error is extreme. There¬ 

fore, the series equivalent of the cosine in the law of cosines must be 
2 

inserted to cancel out factors which are approximately equal to 7000 . 

When this is done, we find that it is only necessary to carry terms up 

4 
through A . The statement shown was derived in this manner. Note that 

RTWLV is the reciprocal of 12. 

The approximation of the law of cosines is derived as 

(A3)^ = h^ + h^ - 2h h cos A 
K L K L 

Now, A is very small and A3 « h or h . Let h = h + b, thus 
K L K Xj 

o is defined as the height increment. Then 

(¿ÍS) 
2 

2h? + 2bh + b2 - 2(h2 + bhT)[l -(1- cos A)] 
L L L L 

These cancel 



Expanding, we obtain 

A2 A4 A6 
(1 - cos A) = - -- + -- etc 

Thus 

(¿S)2 = b2 + 2h„h 
RhL \ 2 ! " 4 ! + 6 ! 

Now, we have successfully eliminated the very large numbers causing the 

round-off error. The question now is: How far must we calculate the 

series to obtain accuracy without wasted effort? The answer, of course, 

depends on the standard of "accuracy." Let us choose as an example the 

accuracy of an IBM 7090 single précision number having 27 binary bits, 

equivalent to decimal 134, 217, 727. Then, we test to see how large A 

can be, if we use only two terms in the series. This means that we re¬ 

quire 

If we are dealing with an earth-based coordinate system, this is equiva¬ 

lent to a ground range of 258 km. We never expect to operate the main 

loop of an ionospheric raytracing program with a single increment that 

long; thus we can safely use only two terms in the series, and 

With a few extra steps, one can readily see the source of the main loop 

calculation of DSOVRC. 
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For those readers who contemplate the use of this routine 

in circumstances where 2 terms are either excessive or insufficient, the 

following summary is offered. 

Table 4 

EFFECT OF APPROXIMATION LEVELS IN THE LAW OF COSINES FOR 27 BIT ACCURACY 

Number of Terms 1 2 3 4 

Maximum A (radians) 

Maximum Earth Range (km) 

0.000299 

1.9 

0.04047 

258 
(chosen) 

0.21 

1465 

0.584 

3720 

b . Time Delay in the Main Loop 

The incremental group time delay for the ray segment in 

this shell is found by using the length of the chord, Z^S. Since this 

chord is actually shorter than the length of the curve, one would think 

that we would always have group and phase delays that are shorter than 

they should be. However, when this program is tested against the exact 

available answers, it is found that we have never detected a systematic 

trend for delays being shorter than they should be. Therefore, we have 

not found it necessary to correct for the additional length of the curved 

parabolic arc over that of the straight chord. In part, the problem is 

that the author has not found a simple (and therefore inexpensive) method 

of correction. If any interested reader can derive a chord length approx¬ 

imation of 1 or at most 2 simple terms, the author would be grateful to 

hear it. 

Using the straight line approximation, it follows that the 

increment of group time is £ß/cn but now the value of (i must somehow 

be averaged between its value at level H(K) and H(K + 1), We have 

tried using simple averages, the reciprocal of the average of the recip¬ 

rocals, the square root of the products, and the root mean square value. 

The difference between the answers derived was very small and no method 

seemed better than others. Apparently, the kind of average to be used 



depends on the nature of the variation of p between the two listed 

levels. Lacking any information, it seems logical to use the simplest 

kind of average which is one-half of the sum. This average has been pre¬ 

computed and is called RNAVG, a mnemonic for refractive index average. 

main loop. 

After incrementing K we return to the beginning of the 

Attention is directed to Fig. 37. Upon encountering 

statement 150, we find that the SINPHI exceeded unity so there should 

have been reflection at HR. First, we test to see whether the ray is 

really having an apogee or if we have simply reached the maximum listed 

height. If the latter is the case, we will find that HR equals or ex¬ 

ceeds an artificial height H(I + 1) in which case we go elsewhere. 

Assuming that this is not the case, it is necessary to find the height 

at which the apogee occurs. 

To find apogee height, we notice that in Bouger's rule 

the sine of the angle is unity so the product of the refractive index 

times the height should be equal to Bouger's constant. Furthermore, be¬ 

cause of the ground rule that we work only from a listing of electron 

density vs height, we inherently know nothing about the functional vari¬ 

ation of the product ph w_th respect to height, although it might be 

possible to assume some form of smoothness over a distance of several 

listed heights. We do not do this, having found that we can achieve 

satisfactory accuracy by using a straight interpolation which is inher¬ 

ently fas>. This interpolation is accomplished by the fourth statement 

listed on Fig. 37, and it is explained by the lower part of the figure. 

Here, as well as in many other places, it is possible to 

see where a more complicated mathematical approach might lead to better 

accuracy within an existing shell. However, more complicated mathemat¬ 

ics lead to greater expense, unless we are willing to use fewer shells. 

Therefore, the advantage that can be achieved by a more refined approach 

(such as curve fitting, in this case) should be weighed against the need 

to use thicker shells, to achieve the same level of economy. An improve¬ 

ment is worthwhile only if it gives more accuracy per dollar. 
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ISO IF (HP.GF.MT)) GU TO L6S 
HR* FL♦(HR-HL(*(HC-^NiK)*HL)/(PNiK»!)*hR-PN(K)*HLI 
A=2. 0*(HR-HL)/(Hl*H R OUT ) 
RANGE* 2. 0*R E* ( THETA*A ( 
DSOVRC*RECC*SORT ( (HR-HL I **2«-HP *HL *A*A*( I.O-R TWL V*A*A) ) 
R NA V*R N ( K ) ♦ 0. 7S * ( f\ N ( K* l ) - RN ( K ) ) * ( (HR-HL)/ ( H( K + l )-HL H 
G'>TIM=2.0*( GPTIMí-nSOVRC/RNAV) 
PHTIM = 2.0*( PUT IM + DSCVRC*RNAVI 
HT=HR-Pfc 
WRITE! T, 155 1 THE I II), FkEUK C, N , BE TA DG ,B E TAOG ,GPT I M, PH TI M, R ANGE, HT, M 

ll 5 FORHAT (¿'X, A 3 , F 7. O , 12 ,F10.4,F9.¿ ,2F11.7,F11.4,F12. 5, !2 ) 
OFT A=BETA*Rf)FLR 
BET A0G = BETADG + BOEL 
IF(BETADG.LE.BHAX) GO TC 140 
RETURN 

165 PS 1 = 90.0-57.2‘)577G5*PHIPR 
HT*HL-PE 
PANGE=PE*THETA 
WRITE(7,155) THF¡ID,FREQ<C, N,BETA OG,P SI,GFTIM,P HT IM,R ANGE,H T,M 
RE TURN 

Original HR 

Naw HR 

R-(nam« navar wo« changad to N. ) 
n lm 

Height 

Mr(HR) 

Product of ix and Height 

(b) 

Fig. 37. THE APOGEE (a) GEOMETRY AND (b) INTERPOLATION, 
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The present approach is also reliable. Curve fitting is 

less reliable since uneducated program users might insert an electron 

density profile incompatible with the curve fitting idea. In summary, 

the simple straight interpolation, while crude, permits the use of thin¬ 

ner layers and it is more foolproof. 

In the apogee interpolation, the factor 0.75 requires some 

explanation. At first, this was set at 0.5 but then the group delay was 
5 

too short and the phase delay was too long by about 1 part in 10 . Anal¬ 

ysis of the error indicated that we were wrong in using 0.5 because it 

neglects ray curvature in the apogee shell. As is shown in Fig. 38, this 

curvature can be logically accounted for by using 0.75 instead. The re¬ 

sulting computed answers are then considerably improved. 

The fifth Fortran statement fits the parabolic arc. No¬ 

tice that only one slope is included, because the slope at apogee is 

zero. The calculation of range is straightforward, and the calculation 

DSOVRC is identical to that in the main loop. 

We are not able to use RNAVG from the precomputed array 

because it is the average value of p at HL and at the origlnal HR. 

What we need is the average value at HL and at the new HR which may be 

quite different. The calculation of RNAVG is design.-d to find this new 

average and, again, linear interpolation is used, as illustrated in 

Fig. 37(b) . 

The group time and the phase time are calculated and they, 

like the range, are doubled. (We stop calculating at ray apogee and 

double all answers, thus taking advantage of the symmetry of the ray.) 

The WRITE statement, which includes format statement 155, 

is the standard rayset, and in this case, it includes some information 

that is not necessary for a non-tilted ionosphere. However, only one 

rayset format is used for both tilted and non-tilted ionospheres because 

it is easier to insert redundant information than it is to have two kinds 

of raysets . 

Following the format statement, we increment the takeoff 

angle, check to see if more rays are desired, and then either start a new 

ray or stop the computation. 
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Apogat 

Note that most of the ray is in the top half. 

Below, we approximate the ray as a circular arc in cartesian shells. 

ray midpoint 

Y 
8 J 
2X 

} 1 - cos J ~ 1 - ( 

1 - cos Y 1 - ^1 - J-) = 2- 

Thus the ray midpoint is 3/4 of the distance from 

hk to hr and an improved p, (= RNAV) is 

„1 . 3 _ , 3 . h, - h„ 
H - 7 UK + T pr = pk + 7 (it. 

k+I 
) 

k+l 

KNAV=KN(KMC.73*<kN(K+l)-KMK))*<(HK-HL)/(H(KM)-HL)) 

Fig. 38. DERIVATION OF THE APOGEE INTERPOLATION FACTOR. 

The entire program is given on Fig. 39. In the data 

statement, we read the constant values to be used. Next, we read the 

ionosphere identification, the takeoff angle controls, and the radio 

frequency. Angles are changed to radians and RECF is calculated, since 

it will be used from here on in the calculation of the refractive index, 

Then the electron density profile is read and the last card, having a 
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C RAYTRACE P85 
C 

DIMENSION H(1000),EN(1000),RN(1000),RNAVG(1000),RHRNUOOO) 
DATA PI 2 , RECC ,H(1),RE, RTWLV ,RN(1),M,N 
1/1.57079633,0.0033356405,2*6370.,0.085333333, 1.0 ,0,1/ 

100 1-2 
READ(5,125)THEI ID,BETADG,BMAX,BDEL,FREQKC 

125 FORMAT(A3,4F10.4) 
BETA-0.0174532925*6ETADG 
BDELR-0.0174532925*BDEL 
RECF-80.6/(FREQKC*FREQKC) 

105 READ(5,110) H( I ),EN(I ), I LAST 
110 FORMAT (F8.2,E12.4, 59X, ID 

H(I )-H(I )+RE 
RNSQRD-1.0-EN( I)*RECF 
IF (RNSQRD.LE.0.0) GO TO 135 
RN(I)»SQRT(RNSQRD) 
RHRN(1)-1.0/(H(l)*RN(1)) 
RNAVG(1-1)-0.5*(RN(I)+RN(1-1)) 
IF ( I LAST.GE.1) GO TO 115 
l-l+l 
GO TO 105 

135 H(I)-H(I-1)+(H(I)-H(I-1))*(1.0/RECF-EN(I-1))/(EN(I)-EN(1-1)) 
RN( I )-1.OE-20 
RHRN(I)-1.0E+20 

115 H(l+1)-H(l)*1.0 
RHRN(1+1)-1.0E+20 
H(1)-2.0*H(2)-H(3) 

140 HR-2.0*H(2)-H(3) 
BC ■ RE*COS(BETA) 
SINPHI-BC/HR 
THETA-PI2-BETA-ARSIN(SINPHI) 
HRDOT-SQRT(1.0-SI NPH I«SINPHI)/SINPHI 
GPTIM-(HR*SIN(THETA)/COS(BETA))*RECC 
PHTIM-GPTIM 
K-l 

145 HL-HR 
HR - H(K+l) 
SINPHP-BC*RHRN(K*1) 
IF (SINPHP.GT.1.0) GO TO 150 
PH IPR-ARSIN(S INPHP) 
HLDOl - HRDOT 
HRDOT-SQRT(l.0-SINPHP*SINPHP)/SINPHP 
A-2.0*(HR-HL)/(HL*HLDOT+HR*HRDOT) 
THETA-THETA+A 
DSOVRC»RECC*SORT ((HR-HL)**2+HR*HL*A*A*(1.0-RTWLV*A*A)) 
GPTIM-GPTIM+DSOVRC/RNAVG(K) 
PHTIM - PHTIH+DSOVRC*RNAVG(K) 
K-K+l 
GO TO 145 

150 IF (HR.GE.H(D) GO TO 165 
HR-HL+(HR-HL)*(BC-RN(K)*HL)/(RN(K+1)*HR-RN(K)*HL) 
A-2.0*(HR-HL)/(HL*HRDOT) 
RANGE-2.0*RE*(THETA+A) 
DSOVRC-RECC*SQRT((HR-HL)**2+HR*HL*A*A*(1.0-RTWLV*A*A)) 
RNAV-RN(K)+0.75*(RN(K+1)-RN(K))*((HR-HL)/(H(K+1)-HD) 
GPTIM-2.0*(GPTIM+DSOVRC/RNAV) 
PHTIM»2.0*(PHTIM+DSOVRC*RNAV) 
HT-HR-RE 
WRITE(7,155) THEIID,FREQKC,N,BETADG,BETADG,GPTIM,PHTIM,RANGE,HT,M 

155 FORMAT(2X,A3,F7.0,I2,F10.4,F9.4,2F11.7,F11.4,F12.5, 12) 
BETA-BETA+BDELR 
BETADG-BETADG+BDEL 
I F(BETADG.LE.BMAX) GO TO 140 
RETURN 

165 PSI-90.0-57.2957795*PHIPR 
HT-HL-RE 
RANGE-RE*THETA 
WRITE(7,155) THEIID,FREQKC,N,BETADG,PS I ,GPTIM,PHTIM,RANGE, HT, N 
RETURN 
END 

Fig. 39. SIMPLIFIED MARK 3 RAYTRACING PROGRAM. 
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number 1 in the last column, signifies that the listing is finished; 

this is called ILAST. Since heights in the deck are measured above the 

surface of the earth, we must add the radius of the earth to each. Then 

we calculate the square of the refractive index and check to see that it 

is positive. After finding the index, we precompute the inverse of the 

product of the index with the height and also the average of two adjacent 

indexes, as was mentioned in the discussion on ray calculation methods. 

Statement 135 is encountered, if the radio frequency is 

less than the critical frequency of the ionosphere. At some level, the 

refractive index will have a negative square, and by interpolation, we 

find the height at which the refractive index passed through zero. At 
-20 

this height, the refractive index is set equal to 10 which is 

essentially zero. 

Statement 115 places an artificial layer above the top 

listed layer and sets the refractive index equal to about zero. This 

forces the artificial apogee which removes us from the main loop, but 

rays which are thus removed will also flunk the test of statement 150. 

These rays are then processed under statement 165 where we make a rayset 

for a penetrating ray and then stop computing. Statement 115 also makes 

an artificial layer above the processed layer by statement 135; although 

this layer is useless in such a circumstance, it does serve as a test 

object in statement 150. 

By the time the operation of the program reaches state¬ 

ment 140, the refractive index and its various derivatives have been 

formed in the appropriate arrays; thus, the ray calculation proceeds 

according to the descriptions accompanying Figs. 35, 36, and 37. Calcu¬ 

lation proceeds until either the maximum takeoff angle is reached or some 

ray reaches the maximum listed height. 

In the programs actually used, there are a number of op¬ 

tions not included here. For example, more than one frequency can be 

run in the same ionosphere or more than one ionosphere; if desired, pen¬ 

etrating ray families can be obtained; the rays can be plotted or list¬ 

ings can be made to provide details along the rays; tickmarks can be 

placed at equal increments of group or phase time delay; or, the Faraday 
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rotation along the ray can be computed by using a dipole field approxi¬ 

mation and the QL formula for rotation rate. 

c . Operational Practice 

The program input is a tabular listing of pairs of values 

of electron density and height. The "main loop" of the program operates 

once for each height increment for each ray. Thus, the calculation is 

cheaper, if the height increments are large, but it is more accurate, if 

the height increments are small. Generally, we have found that answers 

are good to five or six significant figures if height increments of 1 km 

are used, but the best combination of cost and accuracy is achieved by 

tailoring the height increment so that it is small in regions where the 

electron density and its gradient are large. In regions where the den¬ 

sity or the gradient is small, the increment can be made large without 

much loss of accuracy. In essence, it is desirable to make frequent 

calculations when the ray is bending sharply. 

At one time it was the author's impression that the best 

combination of economy and accuracy could be achieved by solving Snell's 

law at successive increments of slant range, or of group delay, or through 

the use of some scheme which avoided making a large number of calculations 

in regions where ray bending was very slight. However, after several 

years of trial and error it has been my impression that the method used 

here is more practical. In the same ionosphere, one might want to use 

different height increments for rays which take off at steep angles 

rather than for rays which take off at shallow angles. However, it seems 

that the logic required to optimize increment selection requires so much 

programming and computation time that it is not worthwhile for the simple 

no-field, no-tilt case. Calculation in the main loop of this program is 

so fast that the expense of running it is less than or comparable with 

the expense needed to intelligently avoid it. One of the best features of 

this simple approach is that there are very few logic traps which can lead 

to difficulty. Therefore, it is unusually easy for someone unacquainted 

with raytracing to learn and to operate this program. 

In other words, one of the advantages of the approach given 

here is that it is easy to teach to other people and that it is so simple 

that it seldom fails to produce a result of useful accuracy at a reason¬ 

able cost. 
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C. Mark 1 Raytracing, an Approximate Method for Use in Gentle Tilts 

It is conventional to speak of the ionosphere as being "tilted," 

but consideration in greater depth often leads to the view that an iono¬ 

sphere "contains horizontal gradients of electron concentration." The 

reason for this difference of viewpoint is probably attributable to the 

way in which most people learn ionospheric structure. In introductory 

texts, the ionosphere is usually treated as a parabolic or Chapman layer, 

If one introduces a horizontal gradient and then examines the lines of 

constant electron density on the underside of the layer, one finds that 

they are all tilted downward slightly in the direction of the gradient. 

The easiest way to explain the effect of such a gradient is by simply 

tilting the entire Chapman or parabolic layer. The resulting explana¬ 

tion is roughly correct and, while it is indeed very useful for intro¬ 

ductory purposes, it is somewhat misleading because it conveys the idea 

that the real ionosphere is structured that way. 

In fact, the tilt angle of the electron density contours are a 

function of height over any single point on the earth's surface. The 

isodensity contours will be vertical in those regions where the layer 

maxima or minima occur. Suppose, for example, that there is an E layer 

with a valley above it and, still higher, an F layer. Then at the nose 

of the E layer and at the nose of the F layer and at the bottom of the 

valley, the contours of constant electron density will be vertical if 

there is only a small horizontal gradient. This occurs because the ver¬ 

tical gradient goes to zero, so the horizontal gradient assumes complete 

control. 

The considerations outlined above may seem to be of trivial impor¬ 

tance, but they do underlie several different approximate methods for 

computing rays in "tilted" ionospheres. For example, some people do in¬ 

deed compute rays in a non-tilted ionosphere and interpret their results 

in terms of an earth's surface which is off-center, thus effectively 

tilting the ionosphere. Another very simple method which has been used 

is the computation of rays in a tilted, flat slab ionosphere. 

An alternative method has been to compute rays in an ionosphere 

which is a parabolic layer in which the maximum density changes 



horizontally while all other parameters remain fixed. This ionosphere 

has a constant percentage change in electron concentration per unit 

horizontal distance; in such a model, the tilt is a very strong function 

of height. This approach is more in keeping with the idea of gradient 

rather than tilt. 

The purpose of using these approximations is to achieve lower cost; 

for indeed, this is the only advantage. Now that digital computers are 

reasonably reliable, we can compute with excellent rigor the path of a 

ray in an arbitrarily structured ionosphere, but the cost of doing so is 

prohibitive for many purposes. When thousands of rays are needed but 

great accuracy is not needed, then some form of approximation is appro¬ 

priate to bring the cost in line with the value of the results. 

The Mark 1 raytracing routine is an attempt to provide an approxi¬ 

mation level which is adequate for computing rays in an ionosphere de¬ 

rived from predictions or from some combination of predictions and ver¬ 

tical incidence soundings. These sources of ionosphere data are subject 

to considerable error and it would usually be inappropriate to use an 

exact, expensive method. On the other hand, we do, in this circumstance, 

have quantitative measures of ionospheric thickness, critical frequency, 

and horizontal gradient from the predictions. From vertical soundings, 

we may obtain a fairly good profile of concentration vs height. Most of 

this information would be lost if we simply used a parabolic layer with 

a tilt or a gradient. To meet this need, we want to find a technique 

which uses all the structural information available and yet is nearly as 

fast as Mark 3. 

When horizontal gradients exist, one can no longer use Bouger's 

rule. However, note that Mark 3 raytracing could be done by solving 

Snell's law in the form n sin cp = n sin CD at each height along the 
1 X Z A 

path of each ray. This would be inefficient but would produce exactly 

the same result. The equivalence can be seen from the derivation of 

Bouger's rule given earlier, where the rule was derived from Snell's law 

in precisely this same manner. 

First, we consider modifying Mark 3 raytracing by eliminating 

Bouger's rule and using the Snell's law form as described. Then, as 
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input data we use the refractive index which varies as a function of 

height; this can easily be made to be a function of distance. With this 

easy step, it is therefore possible to take into account the changing 

value of the refractive index at each new point along the ray. However, 

to do the ray calculation exactly, we also need to take into account the 

change in the gradient of the refractive index for the gradient estab¬ 

lishes the coordinate system in which the angles are measured before ap¬ 

plying the relation n sin 'j = n sin cp . 
1 A 4M Ä 

A casual inspection of the problem has led most of us to expect 

that its solution will be simple. However, we have tried several dif¬ 

ferent lines of attack on this problem without the success of writing a 

program with fool-proof logic. The problems become severe because of 

the behavior of the gradient direction, mentioned in the preceding sec¬ 

tion. As one goes through the maximum density of the E layer with a 

raypath, for example the gradient will change from upward to sideways 

to downward in the space of a very few kilometers, and very thorny logic 

problems arise when one tries to derive a rigorous raytracing program 

from the sinusoidal form of Snell's law. Results of our best effort to 

date will be given in the description of Mark 4 raytracing. It is the 

author's conclusion that some other method would work better than the 

sinusoidal Snell's law; this too will be discussed. 

In Mark 1, we avoid many logic problems by assuming that the gradi¬ 

ent remains vertical throughout the raypath. This works well as long as 

the application of this program is restricted to ionospheres in which 

the horizontal gradient is small relative to the maximum vertical gradi¬ 

ents encountered along the raypath. The reason for this is that the 

gradient direction varies rapidly in regions where the vertical gradient 

becomes very small, but in exactly the same regions, the ray does not 

bend very much. This can be seen from the differential form of Snell’s 

law; this form may be written in two ways, i.e., 
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Throughout most of the ionosphere traversed by an oblique radio ray 

the refractive index varies between 1 and 0.7 or 0.8 Thus, the first 

term (l/|a) does not change very much along the path of the ray. The 

amount of curvature is therefore primarily dependent on the magnitude of 

the second term, the vector component of the gradient which happens to 

be perpendicular to the raypath. At the peaks of the layers, the gradi¬ 

ent direction may be quite non-vertical but its size is small; therefore 

the curvature of the ray is small, with the result that we can neglect 

the direction of gradient without incurring a major error. 

Note that as a consequence of this approximation, we cannot compute 

rays with Mark 1 in any medium where there is a strong horizontal gradi¬ 

ent. The program would be useless, for example, in the calculation of a 

raypath within a chemical release that has a strong effect on the iono- 

sperhic electron density. 

A built-in logic trap must be avoided in the application of this 

raytracing method. It occurs as follows: Suppose we choose to apply 

H sin cp = p sin cp at a succession of points along the ray, measur- 

ing cp relative to local vertical as we go. This is indeed a simple 

calculation to program on a digital computer. However, we must choose 

two spots at which we will measure the two refractive indexes, and 

pi . As it turns out, the most apparent choice does not work well, but 
2 

the less obvious choice does lead to a good computer program. The lat¬ 

ter choice is also seen to be justified on physical grounds . These two 

choices are illustrated on Fig. 40. 

Fig 40. RAY SEGMENTS SHOWN BEFORE THE FITTING OF PARABOLIC ARCS. 
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This figure shows the ray as a sequence of short straight segments 

but, in fact, the straight lines are used only for the purpose of deter¬ 

mining the angles ; . A parabolic arc will be fitted, in place of each 

segment, and will cause the total range to increase slightly in the 

illustrated example. A more precise illustration showing the geometry 

both before and after arc-fitting would introduce a complexity that 

could mask the simple point to be made here. 

Consider the solution of Snell's law at point c in the middle of 

Fig. 40. Angles ;1 and are shown, and the selection of their def¬ 

initions is quite straightforward. It also seems clear that should 

be measured at print c because the parabolic ray segment will be fitted 

to have angle which is intimately related to the local refractive 

index at point c . 

However, it is not clear whether we should measure at point a 

or point b. If one chooses point a, the logic trap occurs; if one 

chooses point b, the program works well. The difference between p^, as 

measured at points a and b, is attributable only to the horizontal grad¬ 

ient, since both these points are on concentric shell 65 and are obtained 

by evaluating p (Ü) at the two values of 0 defined by points a and 

b. The dependence of p on 0 actually determines the horizontal 
O D 

gradient in this model ionosphere. 

The choice of point a would seem logical if we follow the reasoning 

that it represents the refractive index in the homogeneously tilted slab 

from which the ray segment comes . This same refractive index was p^ 

in the previous application of Snell's law at point a. If we properly 

account for the tilt of the gradient at point c, then we can properly 

use point a as the site for the calculation of p^. However, if we 

simply make the approximation that the gradient is vertical and continue 

to use point a, we will encounter the difficulty illustrated in Fig. 41. 

Figure 41a shows a particular ionospheric model by using contours of 

constant electron density. Notice that the gradient of electron density 

is perpendicular to these contours. At a height of about 120 km, the 

maximum density of the E region occurs, i.e., the maximum value of elec¬ 

tron density vs height over a fixed point on the earth. At this height, 
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a weak horizontal gradient can be seen in the contours as an increase in 

electron density to the right. 

Figure 41b shows a partially calculated ray traveling up through 

the gently tilted lower levels and arriving at 120 km where it travels 

nearly level. For comparison, points 1 and 2 in this figure might be 

considered to correspond to points a and c in Fig. 40. The fact that 

the ray is so nearly level me^ns that the height difference between 

points 1 and 2 is very slight while the range difference is very large. 

Thus the change in electron density from point 1 to point 2 will be 

primarily due to the horizontal gradient. However, at point 2 Snell's 

law is solved with the angles measured relative to local vertical, and 

4 is seen to be greater than p . Thus the ray has an apogee, that 
tL J- 

is, it reflects downward at point 2. (Whenever a ray is nearly horizon¬ 

tal, it is not necessary to have much of a difference between p2 and 

to cause a reflection. The interested reader can see the reason for 

this by evaluating the expression p sin Cp = p for the case where 
X X ¿ 

cp^ is nearly 90°.) 

Figure 41c chows what happens immediately after the reflection at 

point 2. Now the ray goes downward and Snell's law can be solved for 

the case of a ray coming downward upon the horizontal interface between 

media having refractive indexes p and p . Again the horizontal grad- 

lent causes p to be appreciably greater than p ; this causes the ray 

to reflect upward by exactly the same mechanism that forced it to reflect 

downward at point 2. 

Finally, Fig. 41d shows what happens after the perigee. The ray is 

sent upward again but the electron density is still increasing, hence an¬ 

other apogee occurs. These apogees and perigees will continue in a mean¬ 

ingless sequence. In fact, one can see from physical reasoning that the 

correct ray must simply bend upward or downward in a smooth trajectory 

when it encounters the E layer in the situation illustrated in Fig. 41b. 

The choice of refractive index p^^ at point b will avoid these dif¬ 

ficulties, since only the vertical gradient influences the difference be¬ 

tween p and p . This may seem unsatisfactory because it implies that 
X ¿t 

the ray goes from one point to the next in a medium which is assumed to 
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a. Representation of the ionosphere 

Fait* Apog** occurs at point 2 b*caut* 

N|> N, This it caut*d by tht 

honiantal graditnt of N. 

b. First false apogee 

Fig. 41. ILLUSTRATION OF THE LOGIC TRAP WHICH 

MUST BE AVOIDED IN MARK 1 RAYTRACING. 
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Foist Poflooo occurs ot point 3 bscouso 
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c. First false perigee 

Fig . 41 . CONTINUED 
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be homogeneous (because we do not solve any refraction equations during 

the transit) while, at the same time, the refractive index is allowed to 

change from its value at the first point to the next. This causes an 

error that, in a sense, partially cancels the error incurred in the neg¬ 

lect of the gradient. This is perhaps the key to the utility of Mark 1 

raytracing and deserves a little further discussion here. 

1. The Two Compensating Approximations in Mark 1 Raytracing 

In reviewing the preceding paragraphs, the reader will find 

that Mark 1 raytracing follows a very simple calculation procedure through 

the use of two different approximations. This section will show that 

these two approximations cause errors of the opposite sign thus tending 

to cancel one another. This is very important because it explains why 

we are able to achieve reasonably accurate results at low cost. System 

tests, where end results calculated by this method ha’e been compared 

against other raytracing results, appear to show the adequacy of Mark 1 

for computing rays in the kind of tilts encountered ir. the natural iono¬ 

sphere outside the auroral zone. One such test result is illustrated in 

Fig. 42 where two rays have been calculated in an ionosphere having a 

deep valley between the E and F layers. This situation was chosen be¬ 

cause the ray becomes trapped in the valley due to the action of the 

horizontal gradients thus making this ray trajectory a particularly sen¬ 

sitive indicator of the accuracy of the tilted-ionosphere raytracing 

method . 

As can be seen in Fig. 42, the ray takes off at a shallow angle 

(7.9°) and is initially almost turned back by the E layer. However, it 

barely makes it through the E layer on the first encounter only to be 

refracted downward by the F layer at a range of approximately 1000 km. 

Thereafter, the ray is refracted back and forth between the two layers. 

The fact that the rays are trapped is caused by the horizontal gradient. 

Furthermore, the distance between successive apogees is seen to decrease 

with increasing range; this is another effect of the horizontal gradient, 

comparison of the two rays will show them to be nearly identical. Yet 

the cost ratio between the two methods is roughly 100 :1, if one counts 

only that part of the computer program which actually calculates the 
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rays. (That part of the program which plots the rays will cost the same 

in each case . ) 

To explain clearly how the two approximations compensate for 

one another, it is first necessary to introduce some more explicit 

definitions : 

The angle of a ray measured relative to local vertical will be 
symbolized ç, while the angle of the same ray measured rela¬ 
tive to the gradient direction will be symbolized \Ji. 

The angle between fhe gradient and the local vertical will be 
called 1 and, in keeping with the preceding discussion, T 
will be considered small. 

We will follow a ray from point a to point c, as was done in 
Fig. 40; the intermediate point b is defined at the same range 
as point c and at the same height as point a . 

It is prooably worthwhile to point out that, ii the gradient 
of electron density (N) is in one direction, the gradient of 
refractive index (p) is collinear but in the opposite direc¬ 
tion. Thus, if Nb > Na, then pb < pa, etc. To visualize 
the action of the ray, one thinks of it as trying to avoid 
regions of high electron density, that is, trying to avoid 
regions of low refractive index. 

The ray discussions here will revolve around the drawings of 

Fig. 43 where three of the various conditions that can occur are shown. 

There are eight different cases : the ray can be going upward or down¬ 

ward, the vertical component of the gradient can be upward or downward, 

and the horizontal component of the gradient can be to the right or to 

the left. In this discussion, the "gradient direction" will refer to 

the electron density. 

2. The Opposite Algebraic Signs of the Two Errors 

Table 5 lists the eight possible cases which can occur. The 

surprising thing is that the compensation of the two approximations oc¬ 

curs, provided that an odd number of plus signs (+) appears in any ver¬ 

tical column on this table. This always occurs, thus showing that the 

two errors are always of opposite sign. In order to explain the deriva¬ 

tion of this table, the first case will be considered in sufficient 

detail to guide the reader through the logic of the other cases. 
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(c) (d) 

Fig. 43. GEOMETRY OF RAYS IN MARK 1 ALTERNATIVES. (a) Correct 
relations, Case 1, (b) Mark 1 approximations, Case 1, (c) 
Case 2, and (d) Case 5. 

The two approximations can be defined in reference to parts 

(a) and (b) of Fig. 43. Part (a) shows the correct relation in which 

the direction of the gradient is accounted for, and the left-hand ray 

segment is considered to remain in a homogeneously tilted slab in which 

the refractive index is p . The ray is considered to enter another 

tilted homogeneous slab above point c in which the refractive index is 

Pc. Therefore, Snell's law is correctly applied through the equation 

p sin \l/ = u sin t . 
a T1 'c 2 

First Approximation. If we simply neglect the gradient direction, that 

is, assume that c = 0, then we use the relation p sin = 
a 1 

p sin cp , where the angles are defined in Fig. 43b. In some 
c ¿i 
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Table 5 

TABULATION TO ILLUSTRATE COMPENSATION IN MARK 1 RAYTRACING* 

Case Number 1 2 3 4 5 6 7 8 

Gradient 

of N 

Vertical up up down down up up down down 

Horizontal right left right left right left right left 

Ray Slope + + + + - - - - 

Sign of T + - - + + - - + 

Sign of p - p 
a c 

+ + - - - - + + 

Sign of p - p 
b a 

- + - + - + - + 

Number of +’s 3 3 1 3 1 1 1 3 

* 
C ..ipensation occurs if the number of +'s is odd—always true. 

circumstances, this approximation will cause cp to be too large 
2 

and, in other circumstances, it will cause the angle to be too small. 

Second Approximation. Next, we assume that at point c the refractive 

index underneath can be measured at point b. This ignores the 

change in refractive index from point a to point b. We use the 

equation p sin cp = p sin cp' . In some circumstances, this will 
u X C 

cause cp' to be too large, and in others it will cause cp' to be 
2 2 

too small. 

The remainder of this section is devoted to showing that the 

sign of the error caused by the second approximation is always opposite 

to the sign of the error caused by the first. The reader who does not 

care to see this proven can skip the remainder of this section without 

loss of continuity. 

Since we are interested only in the sign of the error, let us 

make the approximation that sin cp = cp and sin y = . Then, we obtain 
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the following approximate forms of the Snell's law relations before, 

during, and after the application of the two approximations. 

Sinusoidal form Approximate form 

u sin il/ 
a 1 sin Ÿ2 ^a 4c 

After the first approximation 

u sin cp 
a 1 

(ic sin cp2 
"a ^1 

After the second approximation 

pb sin cpx pc sin cp¿ 
^1 ^c ^ 

Since we are interested in the effect of the calculation at 

point c, let us assume that the ray leaves point a at the same orienta¬ 

tion in all the circumstances considered here. Then, cp^ = ^ + t, 

exactly. The first approximation causes an error, defined by the 

equation cp = \|r + T + e . The error introduced by the second approxj- 
2 2 1 

mation will be the difference, eo = 90 “ 9,, • Algebraic manipulation, 
¿ ¿i 

using these relations and the approximate forms of Snell's law, shows 

that 

*1 = T<% - “c’l- it) 
Thus, the sign of £ is the sign of the product of the first 

two factors, since the third factor is always positive. If e is posi¬ 

tive, then cp is forced to be too large by the first approximation. 

In the illustration of case 1, T is positive and p - pt is also 
& c 

positive, so cp is indeed too large because the tilted gradient is 
4b 

neglected . 

Further, manipulation shows that the second approximation 

causes an error, 

- rn1 — £ = Cp' 
2 ^2 ' ‘V ¡T a 
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In this equation, is positive in all eight cases and similarly the 

last factor is always positive. Therefore, the sign of e is the same 
2 

as the sign of . In case 1 which is being discussed, this is 

negative. Therefore, e is negative and € is positive, and we see 
Cá X 

that they tend to cancel. 

The extension of this reasoning to the second, third, and 

fourth cases is quite straightforward. The reader who is interested in 

examining the last four cases, wherein the ray is on its downward leg, 

may find that the derivation is easier if the sign convention on T is 

reversed so that T is defined positive counterclockwise whenever the 

ray comes downward. This has the virtue that it preserves all the alge¬ 

braic equations. If this logic is used, then the sign of the ray slope 

may be ignored, and one can simply look at the last three signs in Ta¬ 

ble 5 to see that compensation does occur, provided that an even number 

of them are positive. This viewpoint is a convenience but is not nec¬ 

essary. To help in visualizing the other cases, Fig. 43 shows the 

geometry in cases 2 and 5. 

3. The Relative Sizes of the Two Errors 

We have seen that the neglect of the gradient direction causes 

error and that the moving of the measurement site of p^ from point 

a to point b causes error e . It has been shown that € cancels e 
Ci X et 

in the sense that they have opposite algebraic signs, but this feature 

would be inconsequential, if the magnitudes of the two errors were so 

different as to make one of them insignificant. Therefore, we will con¬ 

sider briefly the relative magnitude of the two errors, again using- 

first-order approximations. 

Figure 44 shows the geometrical and vector relations which will 

permit us to evaluate the relative sizes of the errors. Recall from the 

first section that, for oblique rays, the refractive index is very nearly 

at unity everywhere along the path. Since our interest is centered on 

oblique rays where the refractive index is usually above 0.7, we will, as 

a first step, neglect the refractive indices in the denominators of the 

error size expressions. These reduce to the simple form of 
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(0) 

Fig. 44. GEOMETRY USED TO CALCULATE THE RELATIVE MAGNITUDES 
OF THE TWO ERRORS, (a) Spatial sketch and (b) vector 

sketch. 

ei * T(^a " ^c) and e2 ~ " ^a) 

If we can find an approximate value for the relative size ^2’ then 

we can evaluate the effectiveness of the error cancellation. When the 

absolute magnitude is 1, the cancellation is perfect. 

Ill SEL-69-007 

s s -• , 
,*> /» ■ * _ •• „ * « * ' > j, > ’ ^ _ » „ • • L * , 

/ ? - v- v:*.- ’ V ' V 



Working in radians and ignoring algebraic signs, the approxi¬ 

mate magnitudes given below can be derived by inspection oí Fig. 44. 

ÒN/òd _ áq/ád 
T ~ dN/òh dq/Sh 

cp2 - ¢1 *. £d/£h 

q - q = (q - q. ) + (q. - q ) * q. - q^ = C£ih)(dq/òh) 
a c a b be e c 

q. - q = (¿¡dXòq/òd) 
b a 

With these values inserted in the expression for Sj/^' almost every¬ 

thing cancels out leaving the relation 

£ /£ « 

From this relation it can be seen that the ratio is very nearly unity, 

if the ray is traveling at a near 45° orientation, for then Ah = Ad and 

the errors are of equal magnitude in opposite signs. When the ray is 

traveling more nearly vertically, then Ai becomes smaller and the effect 

of £ is greater than that of £ . In other words, when the ray is 
1 2 

traveling in a direction steeper than 45°, the error caused by neglect¬ 

ing the gradient direction is larger than the compensating error which 

arises from making measurements at point b instead of point a. 

When the ray is traveling more nearly horieontally, the above 

approximation would appear to indicate that Ad gets very large and 

therefore € predominates. However, in the derivation we neglected a 
2 

term in the expression for q ” q . To be more proper, we should use 
Cl c 

q - q, = (Ad)(òq/òd) + (Ah)(òq/òh) 

In this case, the cancellations are not so complete and the expression 

for the ratio is 
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The extra term shows that indeed there is some added compensation at the 

lower ray elevation angles. Perhaps it is most important to notice that, 

when the ray is traveling nearly level, the horizontal gradient has al¬ 

most no effect on it. Earlier in this section, it was pointed out that 

the curvature of a ray is primarily influenced by the component of the 

gradient which is perpendicular to the ray. When the ray is exactly 

horizontal, there is no component of the horizontal gradient that is 

perpendicular to the ray. When the ray is nearly horizontal, the hori¬ 

zontal gradient has some effect, but the component perpendicular to the 

ray is very small, so the effect is small. These considerations appear 

to indicate that the compensation of the two errors breaks down most 

badly in the region where it is least needed, that is, where the ray is 

nearly horizontal so that Ah/£d is very small. 

D. Mark 5 Raytracing, a Long-Range Extension of Mark 1 

For reasons that are primarily concerned with practical problems 

arising from the use of present day digital computers, we have at times 

found it convenient to compute long-range rays by a multiple-stage pro¬ 

cess. If a ray extends more than 5000 or 10,000 km, then there must be 

a great deal of ionospheric structural information placed in the computer 

at one time. Furthermore, as is usually the case, one does not wish to 

have a plot of the rays for the entire distance, only for a small se¬ 

lected range interval near the end of the path. If the calculation is 

done in several stages, then one is free to plot or not to plot the rays 

in each stage. Furthermore, the ionospheric coding problem is much eas¬ 

ier because it is necessary only to code one stage at a time. For ex¬ 

ample, one might compute the rays in 5000 km increments, doing the first 

5000 km one day, the next 5000 km the next day, and so forth. 

There is another great advantage to this technique. Often, one 

wishes to calculate rays along a path and later recalculate the rays along 

the same path, changing only the ionospheric structure at the end of the 

path. It would then be wasteful to recalculate the rays along the first 



portion of the path where the ionosphere did not change. When the rays 

are calculated in multiple stages, this waste is easily avoided. The 

rays are calculated over the first part of the path, and their endpoints 

are stored. Then the stored information can be used to start up the same 

rays in the second-stage calculation, using different terminal ionospheres 

on different occasions. 

It turns out that we have already invented the program necessary to 

calculate the first stage. The Mark 1 raytracing program will carry the 

rays as far as we like and, at the termination distance, Mark 1 programs 

will make raysets telling the height, orientation, time delay, hop number, 

and frequency of each ray. This is all that we need to know, if we wish 

to continue calculating the family of rays. Therefore, we have modified 

the Mark 1 raytracing program so that it reads raysets as input data while 

it makes rayset output data. This is called Mark 5; it is a minor modi¬ 

fication as far as the computer program is concerned but, to the user of 

the program, it is a major change. Therefore, we have given it a differ¬ 

ent Mark number since the Mark number primarily serves to guide the user. 

For a time, this laboratory was actively studying round-the-world 

(RTW) HF signals; this study provided a good opportunity for profitable 

application of the Mark 5 technique. We chose to compute rays to about 

500 km on each day of operation. On each day, the data were inspected. 

If this examination of the results indicated that our ionospheric model 

was inappropriate, we could go back and change only a portion and then 

recalculate the rays from the place where we first encountered the 

ionosphere. In this way, the expense was greatly reduced. Also, it was 

not necessary to plot the rays for the entire 40,000 km path, since we 

were interested primarily in the ray distribution as the rays came back 

to the transmitter at the end of their journey. Thus, the cost of ray 

plotting was reduced. 

B. Mark 4 Raytracing, Using Snell's Law in Steeply Tilted Ionospheres 

At the time of writing, this program has been written, but we have 

not completed the inevitable process of finding and removing all the 

logic faults. Therefore, the following description will be made quite 



concise in order to keep the text as brief as possible. The operational 

equations which will be given are thought to be correct. At least, we 

have executed the program with enough success to uncover typographical 

and logical errors which existed in the original written version. 

The technique is much like Mark 3 raytracing in the sense that we 

first solve for a raypath using a straightline extension from a more 

recently calculated position and orientation of the ray. The gradient 

direction is calculated and then the sinusoidal form of Snell's law is 

applied with reference to the local gradient. Finally, a second-order 

curve is fitted, that is, the parabola theorem is used here too. Now, 

however, the parabola theorem is applied with respect to a circular co¬ 

ordinate system whose center coincides with the local center of curvature 

of the refractive index distribution. It is this last step which leads 

to most of the existing complication. Nevertheless, it will be seen that 

the main loop appears to be reasonably short. Thus, it is expected that 

this program will be relatively inexpensive, if we can make it foolproof. 

Before proceeding with this explanation, it is perhaps worth re¬ 

stating that a very promising alternate approach is available. The in¬ 

terested reader should refer back to Section V.A.3 entitled "Snell's Law 

in a Tilted Ionosphere," to find a description of the other method. To 

the author's knowledge, the alternate method has never been used outside 

Russia. Therefore, we have no basis for Judging the relative merits of 

that approach and the one described hereafter, but the author is of the 

opinion that the Russian technique shows great promise. This is only an 

opinion, however, and could only be tested by comparing results calcu¬ 

lated on the same computer by that method and by the Mark 4 method which 

follows. It may turn out that some other method (e.g., the Hazelgrove 

equations) is inherently superior. In short, the best method has not 

yet been established; it may be the Mark 4, but then again it may not 

be . 
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Fig. 45. GEOMETRY OF A RAY SEGMENT IN THE MAIN LOOP. 
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up 

Fig. 46. ENLARGED VIEW OF A PORTION OF THE PRECEDING FIGURE. 

1 . The Main Loop 

The main loop of Mark 4 is given by the following sequence of 

logic statements which relate the parameters defined on Figs. 45 and 46. 

The equations and logic statements are numbered for 'eady reference in 

the text which follows 

Main Loop Begins Here at Point a .4 ^ 
We know H.S.ß./.N.^.b.T.T, and 6 

a a a a a g cp 

H = Jh2 + 
c V a 

S - 2H S cos ß 
c 'v a a 

(4.2) 

a = sin sin ßj (4.3) 
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n (4 .4) V = n - a - ß 

Read N and 7 at H 
c c c 

Check |7a - 7ci < 51 

2 —pi 
If N > f /80.6, set (i = 10 

c c 

and skip the next step. Find new 

values for H , cp, ct. and S: 
c 

H = H + (H - H ) 
c a c a 

(f2/80.6 - N )/(N - N ) 
a c a 

a = n - cp - ß 

s H 
sin a 

a sin cp 

4 c 

80.6 N 
c 

Ò 
c 

= 9 - 7c 

U) = JT - 5 - & - 7 
c a 

sin Ò 
c 

sin u> 

(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.9) 

(4.10) 

(4.11) 

(4.12) 

(4.13) 

(4.14) 

(4.15) 
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sin (ß + 7 ) 
p = S a 

c sin to (4.16) 

'0 
t>' 
1 

y = 2 w(Pa + Pc) 

z = p - p 
c a 

(4.17) 

(4.18) 

p = ctn 0' 
a a (4.19) 

p sin Ô = u sin 0' (Snell's law) 
a c c c 

p = ctn 6' 
c c 

2z 

1 - sin &' 

sin 5' 

P P» + a c 

(4.20) 

(4.21) 

(4.22) 

2(pc‘pa) 0) = y tü/y = -:-r 
p P pp+pp 

(Parabola Theorem) (4.23) 
a a c c 

/ 2 2 
S = /p +p “2pp cos p Vac a c p “p RSN/(pc"pa)2+pcpaU)p(1"U)p/12) (4<24) 

q = 2p sin 
P c 

(U) - CO \ 

"V) 
(4.25) 

i|/ = -(tt-co + co - 27 ) 
2 p c 

(4.26) 

H Jh2 + 
D V C 

q - 2H q cos \(r 
P c p 

(4.27) 
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(4 .28) 

ß = n - ö' - 7 -UJ +U)+a -a 
p c c p p 

Read next N and y at (a . H ) 
a a P P 

(4.29) 

(4.30) 

(4.31) 

H = 1/2 (|i + previous 
â 

use (S , li) to find 
P 

T 
g 

and T 
CP 

b' 
a 

H 
a 

7 
a 

H and ß = B 
P P 

Begin Main Loop Again 

(4.32) 

(4.33) 

(4.34) 

(4.35) 

(4 .36) 

Statement (4.1) establishes the starting point for entering the 

main loop of this calculation. (To understand what is meant by "main 

loop," refer to the description of Mark 3 raytracing.) It is assumed 

that the position and orientation of the ray are known at point a on 

Fig. 45, since that is the point at which the solution is previously 

calculated . 

Statement (4.2) is an application of the law of cosines to the 

oblique triangle having sides H , H , and S. 
a c 

Statement (4.3) is an application of the law of sines. 

Statement (4.4) follows from the fact that the sum of the in¬ 

terior angles of a triangle is it radians. 
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Statement (4.5) in the computer program entails deciphering 

the coded ionospheric model to determine the electron density and the 

angle of the gradient of electron density at point c. 

Statement (4.6) is an arbitrary test which checks to see that 

the gradient direction does not change very much in a single computed 

step. If the data did not pass this checkpoint, then we would have to 

go back to the beginning of the main loop and try again with a shorter 

step, that is, with a smaller value of S. 

When rays travel nearly vertical in a nontilted ionosphere, it 

may be that a single step is long enough to drive the ray up past the 

critical region into an area where the energy cannot propagate at the 

radio frequency in question. In some highly tilted ionospheres which 

this program may encounter, it may be that a ray will be driven into 

such a region even though the ray is oblique. In any case, the data wil) 

not pass the test given in step (4.7) for ther the electron density will 
2 

exceed the critical value, f /80.6. In this circumstance, steps (4.8), 

(4.9), (4.10), and (4.11) incorporate an interpolation procedure designed 

to deal with the problem. We have not yet executed this subroutine and 

so cannot attest to its adequacy in handling the situation. 

Statement (4.12) actually follows directly after statement 

(4.5), provided that the data passed the two tests. In the great major¬ 

ity of calculations, this will occur so, in estimating the speed of this 

main loop, one should not consider the delay in executing the interven¬ 

ing statements. 

Most of the remaining instructions will be clear to the reader 

who is willing to follow them carefully, using Figs. 45 and 46 as a guide. 

They are largely derived from the application of the law of sines and the 

law of cosines to various oblique triangles which can be found on the 

figures . 

A number of these statements are almost directly the same as 

similar statements in Mark 3 raytracing. For example, statement (4.21) 

is a direct equivalent and statement (4.24) is the more accurate reduc¬ 

tion of the law of cosines, discussed at some length in the section on 

121 SEL-69-007 

g -.- «/> V • v.v'v.v. 



«DlwfBRfP K v« mvvwmw-nr'mnnn'wvwu 

m: 

Mark 3 raytracing. Statement (4.23) is the application of the parabola 

theorem exactly as it was used in Mark 3 raytracing. 

The main loop is essentially finished with statement (4.29); 

the remaining statements set up the parameters for a re-entry of the 

main loop to calculate the next ray segment. It is necessary to calcu¬ 

late all the quantities listed in step (4.1) before the main loop can be 

re-entered. A few essential but obvious steps have been left out of this 

description. For example, the generation of group and phase time delays 

is straightforward, once we have calculated and the needed refrac¬ 

tive index average. 

vTh« critical angle 

V 'V'a 

Center of curvature 
eelected at intereection 
of two VN linee through 

endpolnte of S 

Earth center 

Fig. 47. 
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LOCATING A PARABOLIC ARC TO THE REFLECTION POINT. 
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two 7N linos through point 

y and tho first (a) sids of S 

Fig. 48. PARABOLIC ARC AS THE RAY CURVES AWAY FROM ITS 

REFLECTION POINT. 

2. The Reflection Routine 

In the main loop, it is necessary to check at each step to see 

that sin b’ < 1, otherwise is undefined because the ray reflects 
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at (H , a> . Suppose ) 
c Id c 

found the following parameters 

sin ö (= sin A') >1. We would have 
c c 

already in the main loop : 

H , a, cp, 7 , 
C C V bc’ ^ pb’ Pc’ y’ z’ 

(plus S, H , ß, 7b, Nb, nb,5¿) 

We must find a parabolic segment over the top 

and generate a sequence of steps which result 

in new values for these parameters, before we 

can re-enter the main loop. The following 

steps will accomplish this (refer to Figs. 47 
and 48) . 

W = 

jt/2 - b' 
_b 

jt/2 - 5' 
P 

W2(p 
Pb) 

(jJ 
4(P„ 

Pb(p7 

' Pb) 

+ pb) 

+ p p, Cü 
7 b 7 

(l - J/12) 

7 
+ M- b 

AT 
e 

&i AT 
CP 

where 

P = 

+ P 
__z 
2 
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Read 7 at (H , a ) 
7 7 7 

ß7 = * - «7 - ßb - 277 

H,. = /H2 + S2 - 2H S cos 6,. 
b \/ 7 7 7 7 t 

ae = sin sin = A0 

ß = n + ae - a7 - ß - 277 

Read N. , 7. at (K, , a ) 
b b be 

Test < f /80.6, find 
b b 

4 ' 2 ‘“b+ ^ 

S |iS 
AT = -Z & AT = —2: 

g 13c cp c 

Re-enter Main Loop 
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A Simple Proof of the Parabola Theorem. After this report was 

printed, Mi. Taylor Washburn examined a copy and pointed out the fol¬ 

lowing to the author: 

2 
A parabola may be described without loss of generality by h = ar . 

Then, hirj) = 2ar1 and ^(rg) = 2ar, 

Mr, + r2>. 

The chord slope is 
Ah 
Ar 

and their average is 

+ r2). 

This shows that the chord slope equals the average of the two parabola 

slopes measured at the chord endpoints. On pages 7b-77 this is shown 

tor the same parabola translated in the coordinate system, represented 

2 
bv the formula h = ar + br + c, but obviously this property of parab- 

ulas is invariant under coordinate translation so that the more simple 

proof given above is superior. (It is Included here, out of place in 

the report because this page was originally blank and we did not want 

to reprint the existing pages.) 
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VI. PLOTS OF RAYS CALCULATED BY VARIOUS PROGRAMS 

In the author's previous report on raytracing [31J , the most widely 

appreciated features were the plots of the rays. Thus, it seems appro¬ 

priate to include here a number of other examples of plotted rays. These 

will be used to illustrate various technical points associated with ray 

propagation and its simulation through raytracing. 

A. Hand Plots Compared to Machine Plots 

To emphasize the full value of machine plotters, Fig. 49 shows a 

comparison between our best hand-drawn example and a good machine-drawn 

ray plot. Figure 49a was drawn in 1961 shortly after the author devised 

his first program. As "input data" the draftsman was given a tabular 

list of successive locations of each ray. This took a long time to draw, 

because it is inherently difficult to draft lines of uniform weight and 

spacing. If the author's memory is correct, this drawing took two man- 

days and involved much rework to remove nonuniform features. Only two 

such drawings were attempted before we became convinced that manual plots 

were impractical. 

At Stanford, plotting is done with Calcomp equipment an i with an ink 

pen. Ballpoint pens are more reliable but the plots are markedly infe¬ 

rior. Two different plotters provide different levels of fine-scale de¬ 

tail. Our best quality is obtained when the fine-detail machine draws a 

large plot, but this is also the most expensive mode of operation so it 

is seldom used. Figure 49b shows one such plot which was made for a 

special purpose that justified the plot cost of approximately $20. It 

should be noted that even this cost is far less than the drafting cost 

of part (a). (For the convenience of those who have access to the au¬ 

thor's previous reports [16,32] Fig. 49b is computed in IID 245 at 24 MHz 

with A ß = 0 .5 ° . ) 

B. High Frequency Rays Computed with the Magnetic Field 

It is easily possible to change the color of plotted rays by simply 

instructing the plotter operator to change pens to the appropriate color 
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at the appropriate time. We have taken advantage of this facility by 

incorporating a convention whereby all ordinary rays are drawn red, all 

extraordinary rays are drawn green, and all rays computed without the 

field are drawn in black. This is convenient and we recommend it to 

others who do this work. However, it has a disadvantage in a publica¬ 

tion because it is very expensive to photograph and reproduce a color 

picture using the techniques available in the technical reporting facil¬ 

ities. It is necessary to give the original three-color plots to drafts¬ 

men who trace each color into a separate black drawing. These tracings 

are then used in a photographic process to produce the color figures 

shown here. In most applications, these plots would probably be rendered 

in black for publication, but here it is intended to convey the utility 

of the 3-color method which is inexpensive in its original form. 

1 . The Azimuth-Dependence of the Geomagnetic Effect 

In mid-1965, using the Mark 8 program, we investigated the na¬ 

ture of the ray-splitting effect of the magnetic field. The main con¬ 

sequence of this study has been a realization that the splitting can 

usually be neglected or else it can be accounted for by means of approx¬ 

imations. Now, four years later, the cost of including the magnetic 

field is reduced and so it may be practical to include the field in many 

calculations where it was previously unwarranted. 

Figure 50 shows a globe on which four paths are indicated. In 

order to check the magnetic azimuth dependence of the splitting, we com¬ 

puted rays at 4 MHz along each of these paths. The result is shown of 

Fig. 51, where it is seen that north-south rays are split about twice as 

much as are the east-west rays. The rays on a 45° azimuth exhibit an 

intermediate effect, as one might expect. 

2. The Frequency-Dependence of the Effect 

Since the azimuth study contained no surprises, the frequency 

dependence tests were conducted at a single azimuth. We chose the 

Seattle-Laredo path at about a 45° azimuth, the same as was used to gen¬ 

erate the fourth plot on Fig. 51. On this azimuth, rays were calculated 
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at three or four takeoff angles per frequency from 1 MHz up to the maxi¬ 

mum possible sky wave frequency, which was 30 MHz in this model iono¬ 

sphere (IID 165). The resulting rays are shown in Fig. 52, but in the 

interest of economy the long-range rays above 18 MHz are not included. 

It is perhaps most interesting to notice that the separation 

of the rays at their termination, measured in meters normal to the rays, 

does not have much frequency dependence above 4 MHz. As the frequency 

increases, the rays diverge less rapidly but they also travel farther, 

so there is some compensation. There is an effect, of course, but it is 

less than the author expected to find. It should be added that these 

answers, computed with the Mark 8 program, are not as accurate as could 

now be obtained, using the new ESSA program [25,33]. 

3 • The Cost of Such Calculations 

It is difficult to provide good cost data because so much de¬ 

pends on the chosen mode of operation. In the example of Fig. 53, the 

step length was 1 km but it could have been set to 10 km and the costs 

h®ve been much less. Unfortunately, there is no way of knowing in 

advance just how long to set the step, and so one must rely on experi¬ 

ence with each particular program. The accuracy deteriorates with in¬ 

creasing step length, and so one is forced to decide just how much ac¬ 

curacy should be purchased. 

As is shown in Fig. 53, the cost per ray was $10. The newer 

ESSA program is said to be superior and less expensive. Also, it should 

be pointed out that $18 of the cost of Fig. 53 was incurred compiling 

the program, a step which is only needed when modifications have been 

made. The rays actually cost only $4 each and, if a plot had not been 

made, the cost would have been nearer $2 each. For comparison, it should 

be pointed out that similar rays computed by Mark 1 cost about 10^ and 

those computed by Mark 3 cost about 0.3^. All of these comparisons re¬ 

flect the author's judgment, because it is difficult to isolate a repeat- 

able measure of cost. 
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C. A Focusing Phenomenon Discovered by Means of Computed Rays 

Sometimes ray patterns reveal patterns of propagation which exist 

in the real world but which are not apparent in real data. An excellent 

example of this application of rays is provided by the discovery that the 

ionospheric structure between layers causes a focusing which is analo¬ 

gous to skip focusing caused by the layers themselves [34] . The author 

first noticed this effect in synthetic oblique ionograms and then in real 

ionograms. The effect was then traced back to computed rays, such as 

those illustrated on Fig. 54. In part (a) of the figure, rays are shown 

in a two-layer ionosphere (IID 213); these are skip-focused at 1660 km by 

the E layer and at 1540 km by the F layer. When electrons were added be¬ 

tween layers (IID 215), the rays changed to reveal the pattern shown in 

Fig. 54. RAYS WITH AND WITHOUT 
DISTRIBUTION BETWEEN LAYERS, 
and (b) rays with interlayer 

FOCUSING CAUSED BY THE ELECTRON 
(a) Rays without the focusing 
focusing. 
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part (b). Here, a heavy focusing of rays at 2250 km is shown. This is 

caused by the interlayer electrons. The effect and these same rays were 

discussed at length in the reference cited. After finding the effect in 

rays, it was further tracked into sweep-frequency backscatter where the 

phenomenon was found to explain a feature of the data which had prev¬ 

iously been a puzzle. 

The frequency dependence of this focusing may be clearly seen in 

Fig. 3 (of this report) which showed rays calculated throughout the HF 

band in ionosphere IID 215. At the lower frequencies, the rays are con¬ 

strained below the E layer. As the frequency increases, some of the 

higher-angle rays spray upward toward the F layer, but they are confined 

within a channel along the sides of which the energy is concentrated. 

The lower side of this channel strikes the ground and is called skip- 

distance focusing. The upper side constitutes the interlayer focusing. 

As the frequency continues still higher, the effect disappears because 

all rays penetrate through the interlayer electrons and are controlled 

primarily by the F layer alone. 

This frequency dependence of interlayer focusing can be shown in a 

more compact but less intuitively obvious manner by means of a reflec- 

trix family. This display was used in the reference cited because of 

its brevity, and the rays were not included because it is difficult to 

present ray details on the small pages typical of journals. This illus¬ 

trates one of the disadvantages of ray plots drawn to scale; that is, 

they are very long but not very high. Some authors choose to distort 

the rays in order to produce a plot of more practical shape, but this 

always distorts the angular relationships and thus destroys some of the 

value of the plots. 

D. Variations in the Plot Coordinates 

A raytracing program which can follow rays in the circularly dis¬ 

posed ionosphere can be easily modified to follow rays in other media of 

similar character. Often, all that is needed is a different plot format. 

Figure 55 illustrates one such modification wherein the rays are emanat¬ 

ing from a point which appears to be 50,000 km from the earth's center. 
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Fig. 55. SLIGHT MODIFICATION OF THE RAY PLOTTING COORDINATES, 

In fact, the objective of this display is to aid in the study of phenom¬ 

ena which may be much smaller or much larger than 50,000 km. The "earth" 

could represent a star, for example, and this plot might show the track 

of radio waves in its corona. Alternatively, the plot center might rep¬ 

resent a small idealized "blob" in the ionosphere of only a few meters 

dimension. 

For some types of rays, it is desirable to have the source at an 

infinite distance, that is, to have the rays enter parallel. This mod¬ 

ification can be programmed in a straightforward manner and the results 

appear like the example shown in Fig. 56. The change from conventional 

programs to this format is time-consuming but not difficult. In the 

changeover, it is desirable to redefine rayset parameters to fit this 

new viewpoint, but this is easily done. 

One very useful program modification is the incorporation of the 

ability to originate rays above the earth's surface. Figure 57 shows 

examples of this, one with and one without time delay ticks at 0.5 msec 
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Fig. 56. FURTHER MODIFICATION WITH RAYS ENTERING PARALLEL. 

intervals of group delay. The story behind these plots illustrates an 

important point : We provided a raytracing program to a scientist on the 

east coast. A few weeks later, we received a call saying that the plot¬ 

ted rays were uselessly erratic. On our request, the entire input- 

output set was sent to us and we found that the ionsopheric model being 

used consisted of a Chapman layer with electron densities evaluated to 

only four significant digits. To an engineer, trained to approximate, 
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this seems reasonable. However, the amount of error introduced by round¬ 

off at this level caused the ray families to appear ragged and also made 

it virtually impossible to calculate power density through the use of ray 

spacings. The moral is: use all the significant digits you have when 

you set up input data for a computer. Unlike the situation in manual pro¬ 

cessing, it is almost free to have more digits in a computer process and 

it avoids the introduction of errors which must later be tracked down. 

The rays in parts (a) and (b) of Fig. 57 terminate in midair because 

the computer was instructed to stop at the first perigee. It has been 

found worthwhile to count perigees and also to separately count ground 

encounters. The program user can exercise separate control over the 

maximum desired number of perigees and ground encounters. 

For comparison, Fig. 57c shows the same calculation with one excep¬ 

tion, the transmitter is on the ground. Here is clearly shown the time 

history of the signal distribution in space as the energy starts upward, 

only to turn around and return to earth as a simple straight front. 

E. Rays of Unique Appearance 

Often there exists a propagation mode in which the calculated energy 

density is so low that for all practical purposes, the mode does not ex¬ 

ist. However, in digital ray calculation, signal strength is analogous 

to the probability of finding rays. In other words, if a mode is weak, 

you probably won't find a ray in that mode, but you might! This some¬ 

times produces a few surprises. Figure 58a shows an example: a ray that 

travels alone for 5900 km in one hop. This mode is very weak; a change 

in takeoff angle of 1/100 degree will decrease the range of the ray so 

that it appears to be part of the E layer family which lands at 1800 km 

or part of the F layer family that lands at 3300 km. (This was calcu¬ 

lated at 5.8° in IID 245 at 23 MHz.) 

On Fig. 7 of Ref. 31, a trapped mode was shown between the E and F 

layers. The 2 MHz rays are recalculated in Fig. 58b, and the trapped 

6 MHz rays are given in Fig. 58c. These modes should actually exist and, 

in fact, they should contain reasonable radio energy density. On these 

calculations, notice how the Mark 1 programs properly indicate the 
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shortening length of the oscillations. These rays were launched from 

the nightside of the earth, crossing the teminator as they entered the 

ionosphere. The E layer thus increases in density with increasing dis¬ 

tance. These rays are able to penetrate the E layer going up, but there¬ 

after they cannot penetrate again, and they become trapped. Subsequently, 

the valley between layers fills with electrons until the 2 MHz rays can 

no longer propagate; thus, they end with a near-vertical oscillation, 

caused by convergence of the isodensity lines. (This is much like the 

turning back of trapped electrons in the magnetosphere caused by the 

convergence of geomagnetic field lines as the charged particles approach 

the earth.) 

F. Phase and Group Fronts without the Rays 

When the ionospheric model is realistically complicated and the 

fronts are calculated, it is often difficult or impossible to discern 

the front locations by inspecting the final plot. At first, the author 

attempted to overcome this problem by making separate calculations of 

subsets of each ray family. To illustrate this process, Fig. 59 shows 

the rays used to produce the two-layer phase fronts of Fig. 6 which were 

computed in IID 166. Figure 59a shows an entire ray family consisting 

of all rays from 0 to 50° in 2° increments. It would be very difficult 

to draw the fronts without further clues. To extract these clues, the 

three other plots in Fig. 59 were generated. Part (b) shows rays from 

0 to 8° in 0.4° increments; part (c) shows the next higher rays from 8 

to 10° in 0.1° increments; finally, part (d) skips the obvious parts and 

shows just the Pederson rays from 44 to 46° in 0.1° increments. With 

these aids, it is clear where the fronts lie. 

The preceding plot technique works well but it is laborious. A 

better way is illustrated in Fig. 60. The computer is instructed to re¬ 

member the location of each tick. Then after the ray drawing is complete, 

the computer draws only the ticks. The removal of the rays leads to such 

clarification that it is usually easy to follow the fronts on the tick- 

only drawing. With this guide, one can draw the fronts on the ray plot, 

parts (a) and (c) of the figure. Figure 60 was computed from IID 215, a 
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Fig. 60. FINDING THE FRONTS BY PLOTTING THE TICKS SEPARATELY, 
USING IID 215. (a) Phase fronts hand-drawn amid rays, (b) 
computer-drawn phase fronts used to produce part (a), (c) 
hand-drawn group fronts amid rays, and (d) group fronts. 

two-layer ionosphere. Figure 61 has been made with a three-layer iono¬ 

sphere, IID 217. (Both are calculated at 12 MHz.) With three layers, 

the fronts are considerably more complex and the need for the tick-only 

plot is more readily apparent. It should be noticed that one also de¬ 

rives valuable clues from the fact that each tick is perpendicular to 

the ray with which it is associated. The author did not fully appreci¬ 

ate the degree of this advantage until he happened to see some plots 

made with a small "x" at each location, rather than a perpendicular tick 

The latter were far more useful when the pattern was not obvious. 

The detailed structure of some fronts is of surprising complexity. 

Figure 62 shows an enlarged view of the signal distribution of Fig. 61c, 
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Fig. 61. ANOTHER EXAMPLE OF FRONT TRACING IN A 3-LAYER IONOSPHERE, 
IID 217. (a) Phase fronts hand-drawn amid rays, (b) computer- 

drawn phase fronts used to produce part (a), (c) hand-drawn 

group fronts amid rays, and (d) group fronts. 

about 3 msec out from the orig.n. The most complete but complicated 

front is the 2.3 msec line, labeled at three points on the figure. It 

would be difficult to follow this tick pattern if it were mixed in with 

the rays. It would probably be impractical to calculate such a complex 

pattern without the aid of a computer. Yet, by using these new methods, 

such calculations can be carried out readily and reliably. 

G. Phase and Group Fronts below the Critical Frequency 

The fronts shown on Figs. 5 and 6 were calculated in HD's 165 and 

166 at 12 MHz. In each model, the F layer critical frequency was 9 MHz. 

It is of interest to see the qualitative difference in the front 
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distributions when the rays are all confined below the F layer because 

of operation below the critical frequency. To illustrate this, Figs. 63 

and 64 show 8 MHz counterparts of Figs. 5 and 6. 

H. Ionospheric Models Used to Produce Plots 

The plots presented have been computed almost exclusively with a 

set of twelve ionospheric models called the "nova Ionospheres" by the 

author. For the sake of completeness, six of those used are given in 

the form of electron density-height plots on Fig. 65. In each case, the 
g 

maximum electron density is 10 /cc which corresponds to a critical fre¬ 

quency of about 9 MHz. HD's 166, 213, 215, and 217 have E layers with 

f = 3 MHz, but IID 245 has a dense E layer with f = 5 MHz. IID 217 
c c 

has an intermediate F, layer with f = 6 MHz. The detailed structure 
1 c 

of these was described in great detail in Ref. 16. Additionally, some 

plots have been computed from IID Oil which was a single Chapman layer 

much like IID 165. The tilted terminator ionosphere which produced E-F 

trapping was IID 006, described in detail in Ref. 31. 

One unexpected development at this laboratory has been the continu¬ 

ing utility of the twelve nova ionospheres for computing additional rays 

in new applications. Also, the existing raysets have been kept for many 

years and they continue to serve diverse and unanticipated needs. The 

ready availability of files of existing calculated data has served many 

times as an acceptable substitute for ray-related data which would other¬ 

wise have to be calculated anew. 
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Fig. 65. IONOSPHERIC MODELS USED TO PRODUCE MANY 

OF THE PRECEDING RAY PLOTS. (a) IID 165, (b) 

IID 166, (c) IID 213, (d) IID 215, (e) IID 

217, and (f) IID 245. 
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