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I ABSTRACT 

A theoretical study of everal computational techniqu s f r 

estimating wavenumber spectra is presented. Relationships among the 

t chniques used for computing high-resoluti.on wav,enumber spectra ar e 

investigated . Stability and resolution of their es timates are compar d. 

Methods for computing 2-dimensional maximum-entropy spe,ctra are found 

to be impr actical , and it is concluded that the maximum-likelihood technique 

provides the best e.stimate for most purposes . 
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ECTIO I 

I TRODUCTIO A D SUMMArtY 

Thi r por t di cu s th multiplicity oft chniqu vailable 

our t chniq u for omputin ! qu ncy- av numb r pow r-d n ity sp tra. 

ar inve tigat d to illu trat typi al prop rtie of th hi h-r olution p ct.ral 

m thods in omparis on with th onventional b am te r output sp ctrurn , with 

mpha i on th m themati al prop rti, of th va r iou sp ctra. When s 1 c-

tion of a mo t appropriat sp tral techniqu i di u 

on id ration and th author' a th tic pref r n 

r port. 

A. TYPES OF SPECTRA 

d, how v .r, practi al 

r int rod uc d in to th 

Four t p of frequ ncy-wavenumb r po r-d nsity p ctr 

r di u s d. 

Th fir t of th 

P = VH t V 

wh r V i th column v ctor 

- -i2nk • 

nd ~ is th crosspower p trum matrix for a • ampl of m a ur d dat , i 

th output of b m t r filt r t hich tim -ali n th arriv l of av -

front 

th 

omin from th dir tion p,:;cifi d by the wavenumber k. By varyin 

avenumb r of the probe ctor V, p ctral v lu c.in b obt in d for 

a ny t of wavenumber values . 

1- .l •cl nee .. n,icea divi•lon 



4f) _____ _ 

The cond typ of sp ctrum is 

Q = 
1 

which i called th maximum-likelihood spectrum. It is the output of an opti-

mum fi ter de sign d to pa a unit-amplitude pk:-."' - .vave signal without dis-

tortion; i. . , if A is th optimum filter set to be designed, filter A minimizes 

the m an- qua.re ·.i:·or l - vHA - A8 V + AHvvHA + AH t A, subj ct to the 

constraint HyyHA = 1. This filter (and any scalo.r multiple of it) also maxi­

m iz s the signal-to-nois ratio (AHvvHA) / (AH A). 

Th third type of spectrum is 

R = 

which is calle d the constant-norm freq uency-wavenumber power-density spec­

trum. It is th output o · an optimum-gain multichannel filter ~esigned to pass 

a unit-amplitude plan -wa ve signal under 1the constraint that the filter is of 

unit amplitude; i.e ., it maximizes the output signal-to-noise r a t io (AHvvHA ) / 

(AHtA), subject to the constraint AHA= 1. 

The fourtn type of spectrum , 

s = 1 

VHAV 

where 

ff 
VVH -dk = 

VHAV 
R 

1-2 •o•noe aervloes dlvlalon 
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~------

is called the maximum-entropy spectrum. It maximizes the integral 

fJ log P(k) dk 

R 

over the region R in wavenumber space where power is confined, subject to 

the constraint that the pow r spectrum's invers Fouri r transform 

ff P(k) VVH dk 

R 

ag r ees with the c ros spower spectrum matrix ~-

B . COMPARISON BETWEE MAXIMUM-LIKELIHOOD AND BEAMSTEER 
SPECTRA 

To asc rtain t he qualitative differences between the maximum­

likelihood spectrum and the conventional bearnsteer spectrum, three simple 

noise fields are studied: 

• Ra ndom noise only 

• Random noise plus a s ingle plane wave 

• Random noise plus two plane waves 

The principal difference between the maximum -likelihood spec­

trum and the conventional spectrum in these cases is that spectral-window 

effects di sappear in the maximum-likelihood spectrum as the random nois 

component vanishes. This feature , of course, does not apply to the conven­

tional spectrum. 

1-3 



C. MAXI MUM-£ TROPY PECTRUM 

Th nalytic olution for th maximum- ntropy p ctrum i.:l 

known only for an quaJly pa d line array. For this cas , th maximum­

ntropy sp trum i 

wh r 

S ( k ) :: 

P and r H = {1, y
2
*, Y; , ... , yi } a e soluti ons of the matrix equat ion 

~11 t l2 ~lN 

t 2 l 22 . . . tz 

~Nl N2 ••• 'tNN 

U :: l / l>,x , and 

V is the column vector 

1 

i2 k x 
e 

'i2 - 1 )kb.x 
e 

1 : l Y2 
:: 

YN 0 

c o !" re s ponding to a plane wave specified by the wa ve number k . 

1-4 eoienoe -rvtoea dtvteton 
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tudi d in an att mpt to ext nd th :.'"'aximum-entropy pectrum 

to multidimen ional arrays i s a n quilateral-triangl array with the a ssoc iated 

rosspow r s p ctrum matr ix 

0 cpl cpl 

cpl cpO cpl 

cpl cpl cpO 

A direct integ ration of th constraint equation 

ff dk = 

R 

will lead to extremely complicated xp1:essions for ct,
0 

and cf, J int rms of 

lliptic integrals of th first and third kind . Th llipti 

integral func t i ns contain xpr ssions involvin quar roots of quar roots 

of th elem n ts of th matrix A. A power serie expansion will b found for 

th ratio of the off-diag :mal e.ements to th main-diagonal elements of th 

matrix,\ in t rms of th ratio q>
1 

!cp
0

, but this expansion does not provid any 

r cog nizable cl ue re arding th natur of tlie gen ral analytic solution nf th 

multidimensiona maximum-entropy sp ctrum. Howev r, a similar t h­

nique might b used to expr ss th matrix A in terms of a matrix pow r ser ie 

involving th rosspow r spectrum matrix. 

D. COMPARISO OF TECHNIQUES 

A hi rarchy of r so lution i s det rmined for the onstant-norm 

sp ctrum (R), the maximum-likelihood sp ctrum (Q)t nd tn beamst er spec­

trum (P). From empirical r sults , th maximum- ntropy sp ctrurn (S) is 

known to have resolution comparabl to th maximum-likelihood sp ctrurn. 

1-5 aclenoe ••rv oe divlaion 



~------
An inter s ting property of the maximum-likelihood and con­

tant-norm spectra i s that th y are equal to zero whenever the unit-amplitude 

probe vector U in the formulas 

Q = 

lies outside the subspace spanned by the nonzero eigenvectors of~. The con­

v ntional beamst e r spectrum (P) is not identically zero under the same con­

ditions; s idelobe effects make it nonzero except under the much more restric­

tive condition that the probe vector U is perpendicular to every nonzero eigen­

vector of t. 

Of all four types of spectra studied in this report, only the 

maximum-entropy sp c L urn (S) is consistent with the original c ros spower 

spectrum matrix upon inverse Fourier transformation from wavenumber space. 

In lecting a computational technique from the four studied 

during this contract, several salient points must be considered: (1) the con­

v,entional bearnsteer spectrum (P) suffers from undesi able sidelobe effects 

and poor directional resolution; (2) the constant-norm spectrum (R) is the 

mosts nsitive to measurement errors and is based on a constraint which has 

no clear physical significance; (3) the maximum-likelihood spectrum (Q) ap­

pears to be a suitabl compromise which avoids the undesirable sidelobe char­

acteristics and poor resolution of the beamsteer spectrum and the extreme 

sensitivity of the constant-norm spectrum but, like the first two techniques, is 

not consistent with the original c rosspower spectrum matrix; (4) the maximum­

entropy spectrum(S) eliminates this defect while preserving all of its advantages . 

Unfortunately, the maximum-entropy algorithm is known only for an equally­

spaced line array. 

1-6 science services division 
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It appears that the best course of action is to use the maximum­

entropy spectrum in those cases where the algorithm is now known or can be 

found sometime in the future. Otherwise, the maximum-likelihood spectrum 

is the most advantageous alternative available. 

1-7 /8 science services division 
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SECTION II 

METHODS OF FREQUENCY - WAVENUMBER 
SPECTRAL COMPUTATION 

This section describes several methods of computing frequency­

wavenumber power-density spectra and explains how they originated. More spe­

cific discussions of the properties of these techniques follow in later sections. 

A. BEAMSTEER OU PUT 

The simplest form of a frequency-wavenumber power-density 

spectrum is obtained by designing sets of beamsteer filters which time-align 

the arrival of wavefronts associated with the directions or wavenumber vectors 

at which spectral values are desired. 

Consider a plane wave of wavelength A. propagating in the direc­

tion specified by th~ direction cosines (Y 
1

, ... , yn) in an n-dimensional space. 

Figure II-1 illustrates this situation in three dimensions. Let its time wa.ve-

-form at the origin be given by g(t) = cos 2 TT (f
0
t + c) and let k

0 
be the vector 

wavenumber (y 
1

, ... , yn) • °i, which ioints in the direction of propagation of 

the plane wave and has the magnitude I· 

Figure II-1. Pla e Wave Specified by Vector Wavenumber ~O = (y 1
, . .. , y n) / X. 

Il-1 science services division 
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... 

Inasmuch a s the magnitude of the velocity of propagation V = £re-
p ... 

quency times wavelength>.. and since the p rpendicular distance to any point x 

from a plane through the origin with a normal specified by the direction 

cosines ( y

1 
... , y ) is given by the formula (y 

1
, ... , y ) • ~. the plane wave 

n ➔ n 
will arrive at the position of the point x after a time lag 

➔ 

Therefore, the equation of this plane wave at position xis given by 

To steer the array so that it enhances plane waves from a par 

ticular direction, time delays can be applied to the sensor outputs to time­

align the arrival of wavefronts associated with that direction. As just shown, 
... 

the time differenc T = t,.. - t ... between the time of arrival t,.. at x and the time 
X Q _. X _. ... 

of arrival t
0 

at the origin for a plane wave g(x, t) = cos 2 ,,. (ft + c - kO • x) 

is given by the formula 

The appropriate processing time delay to cancel the effect of this propagation 
... 

delay at the sensor location x . is 
J 

,. = 
j 

.. .. 
k0 • x. 
____ J = 

f 

... ... 
V x. 
p J .. .. 

V •V p p 

.. .. 
where V is the velocity of propagation of the plane wave g(x, T) = 
cos 2 TT (~t + c - k

0 
• ;), The application of a time delay Tj to the /h 

sensor is mathematically equivalent to the application of a convolution 

II-2 aclence ••rvlcea dlvlalon 



I 
[ 

~------

filter v. (T) = 6(T - ,- .) whos Fourier transform is 
J J 

- ,- .) e -i2 {Tdt 
J 

-i2nfT. = e J 

- ... 
'2nk

0 
. X . = e J 

·f such a steering filter is applied to each sensor of a n N-sensor .. 
array, the associated beamsteer filter set for the wavenumber k is 

the column vector 

.. .. 
i2 k,x 

e 1 .. ... 
V 

iZ k· Xz = e 

' iZ 1<, ... 
XN e 

and the power output of the filter set is given by 

P = VH t V 

where t is the crosspower spectrum matrix 

tll ~lZ ''. ~l 

•21 'zz • • • 12N 

corresponding to some data sample measured by the array. 

ecified by 

II-3 ac•ence aervlce■ dlvl~ion 
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For any desired direction specified by some wavenumber k, the 

beam steer filter output P ca.n be computed by premultiplying a.nd p ostmultiplying 

the cross power spectrum matrix t by the appropriate column vector V. Thus 

the column vector V serves the function of a probe vector which permits deter­

mination of a frequency-wavenumber power-density spectrum at any wave-
◄ 

number k by the matrix operation just described. 

The beamsteer output method of frequency-wavenumber spectral 

computation suffers from the disadvantage that the true frequency-wavenumber 

spectrum is convolved with the spectral window VHV corresponding to the array 

used. The effect is to distort the true spectrum with a smudge function in 

wavenumber space. This smudge function is the spectral window. A delta 

function spectrum in wavenumber space, for example, will appear as a wave-

* number-translated spectral window. When the log rithm of such a wavenumber 

power spectrum is plotted, a broad convex lobe occurs at the wavenumber cor­

responding to the true spectral peak and is echoed at those wavenumbers which 

correspond to sidelobes in the spectral window. Devised in an attempt to re-

, ice or eliminate this disadvantage is a multiplicity of computational techniques 

which are generally known as high-resolution frequency-wavenumber spectra; 

this designation is used to contrast them with the beamsteer technique, which 

is known as the conventional frequency-wavenumber spectrum. The remainder 

of this section discusses three such techniques. 

B. MAXIMUM-LIKELIHOOD FILTER OUTPUT 

The maximum-likelihood frequency-wavenumber power-density 

spectrum is obtained by designing sets of maximum-likelihood filters which 

minimize the mean-square-error for unit-amplitude plane-wave signals arriving 

at the directions or wavenumbers for which spectral values are desired. These 

maximum-likelihood filter sets are subject to the constraint that the unit-amp­

litude plane-wave s· gnals must have unit-amplitude output upon appli cation of 

the a c >ciated filter sets. 

* Texas Instruments Incorporated, 1966: Array Configuration Selection Report, 

Contract NONR-4045 (00) (FBM) (X), 1 Dec. 
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For a unit-amplitude signal model specified by the column 

vector 

... ... 
i2 k· xl e ... ... 
i2nk • x2 

V= 
e 

- ... 
• i2nk • XN e 

the mean-square-error for the filter set 

is equal to 

V::;: 

A' 
N 

H H H H H 
1 - V A - A V + A VV A + A ~ A 

where matrix ~ is the noise c r os spowe r spectrum matrix corresponding to 

some data sample recorded by an N-sensor array. This quantity must be 

minimized subject to the constraint that 

Therefore, the partial derivatives of the quantity 

H H HH H HH e, = 1 - V A - A V + A VV A + A ~ A + >.. (A VV A- 1) 

= ( 1 - VH A) ( 1 - A HV) + AH . A + >.. (A HVVH A - 1) 

with respect to the real part Re Ak and the imaginary part Im Ak must equal 

zero. 

II-5 science services dlvl•lon 
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Th Lagrangian multiplier X. is to be determin.ed from the con-

1traint equation Just described: 

so that 

or 

0€ 
oimAk 

H H 
Under the cons train A VV A= l, the last equation .reduces to 

II-6 science aervicea dhrlaion 
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or 

then equals 

Substitution for X. + 1 yields 

= 
VVHA 
H -1 

V ~ V 

1 
= 

It is minimized when VH A= 1 = A HV, a condition consistent with 

the constraint equation AHVVHA = 1. Therefore, the filter set which minimizes 

the mean-square-error is 

I H 12 H The mean-square-error can be written l -V A + A fA. 

The term \ 1 - VH A 1
2 

under the constraint 1 = A HVVH A= lvH A 1
2 

or \vH A I ~ l can 

be affected only by the phase of A. On the other hand, the term A H q> A is un-

f -ilf, H ilf, H . • ff d 1 1 affected by the phase of A, or e A q>Ae = A q">A; 1t 1s a ecte so e y by the 

magnitudes of the components of A and by their relative phases. The mini­

mization of the mean- square-error subject to the constraint A HVVH A= 1 is 

accomplished by setting A= e ilf, - lV / (.VH -
1
v) to minimize the term AH A and 

II- 7 acience aervices diviaion 
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. i~ I H 1
2 

. i~ - 1 
by setting e = 1 to zero the term 1 - V A Thus, any filter set A= e t V / 

(VHJ;- lV) . . . h . H b 
't' m1rurn1zes t e output noise power A A su ject to the constraint 

AHVVHA= 1. 

Under the constraint A HVVH A= 1, the output signal- to-noise ratio 

is maximized by minimizing the output noise power A HtA. However, multiplying 

A by any positive real-valued scale factor p in no way affects the output signal­

to-noise ratio 

pAHVVHA p AHVVHA 
=----

pAH Ap AH~A 

The constraint A HVVH A= 1 can therefore be removed without 

affecting the output signal-to-noise ratio, and any filter set A= p e i~ t - IV/ 

(VH t - IV) maximizes the output signal-to-nois e ratio. 

It has been shown that: 

-1 
• An8 complex-valued scalar multiple of t V / 

(V ~- lyh maximizes the output signal-to-noise 

ratio (A VVHA)/(AH t A) 

• Any unit-amplitude comr,lex-valued scalar 
multiple of t- 1v/(vHr V) minimizes the 

output noise power AHtA subject to the con­

straint AHvvHA = 1 

• The filter set A= t - 1v /(VH t- 1V) minimizes the 

mean-square-error 11 - vHA 12 + AHtA, s ubject 

to the same constraint 

II-8 •clence ••rvlces dh,l•lon 
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Under the constraint condition A 1\rvH A= l, the noise output 

power HtA of the filt r set which minimizes th mean-square-error 11 -VHA \2 + 

A Hf A, minimizes the output nois power AH A, and maximizes the output signal­

to-noise ratio (AHVVHA)/(AH ~A) , i s equal to 

1 
H -1 

V 

C. CONSTANT-NORM F1LTER OUTPUT 

The constant-norm frequency-wavenumb r power-density spec­

trum is obtained by designing sets of optimum-gain filters for unit-amplitude 

plane-wave signals at the directio1 s or wavenumb rs for which spectral values 

are desired. These filtP.r sets are then gained so that they are of unit amplitude. 

An optimum-gain filter set was previously shown to be achieved 

when the filter set 

A= 

AN 

is equal to any scalar multiple of t- 1v. 1f A is set equal to ( - lV) //vH -
2
v, 

the constraint AH A= 1 is satisfied: 

The power output for such a filter set is 

-1 
AH A = _____ V_ 

VH -2V 

Il-9 
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Thus, another method of computing frequency-wavenumber 

spectra can be implemented by varying the wavenumber probe vector V(k) 

over the set of wavenumber value for which a spectrum is desired. 

D. MAXIMUM-ENTROPY SPECTRUM 

This method of spectral estimation uses the criterion that the 

spectral estimate must be the most random or have the maximum entropy of 

any spectrum which is consistent with the measured crosspower spectrum 

matrix. 

The entropy of a frequency-wavenumber power-density spectrum 
➔ 

P(k) can be defined to be the integral of the logarithm of the spectrum over the 

region in wavenumber space in which the power is confined. Stated as a for­

mula, the entropy is 

J flog P(k) dk 

R 

where R denotes the region in wavenumber space in which the power is confined. 

For a uniformly spaced array, the power can be considered to be confined to 

the unit cell in wavenumber space which corresponds to the geometry of the 

array elements, so that R can be chosen to be the unit eel in wavenumber space. 

A frequency-wavenumber spectrum, to be consistent over the 

unit cell with the measured crosspower spectrum matrix, mi.rst satisfy the 

equations 

Jf P(k) cos 2nk • (~j - ~t) dk = Re ~jt 

R 

rr .. .. .. JJ P(k) sin 2 nk • (xj - x,r) dk = Im tjt 

R 

II-10 science services division 
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corresponding to each crossp0wer spectrum value tj£ of the crosepower spectrum 

matrix. In these equations, the indices j and t correspond to the sensor pair 

.th th - ... 
consisting of the J and .t sensors. The vectors x. and xp denote the position 

th th J -+ 
of the j and t sensors, respectively. The vector k denotes any of the set of 

wavenumber vectors in the unit cell over which the integration is performed. 

For an array having N sensors, there is a total of N
2 

entries ~jf in the cross­

power spectrum matrix, so a total of 2N
2 

equations must be satisfied. These 

equations are not independent of each other, however. When j J t, 

and 

so that 

and 

and 

so that 

and 

➔ 
cos 2nk 

Re \t = 

Im ~jt = 

Re 4i tj 

- Im ~ tj 

Furthermore, when j 

➔ ➔ .. 
cos 2nk (xj-xt ) = 

.. .. .. 
sin 2nk • (xj - xt) = 0 

Re ~jj = !JP (k) dk 

R 

Im ~-. = 0 
JJ 

= t 
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These properties are consistent with the fact that the crosspower 

spectrum matrix must be Hermitian. Also implicit in this formulation is the 

equality of all autopower spectra along the main diagonal of the matrix. This 

equality is a consequence of the assumption of space-stationarity: all cross-
➔ ~ 

power spectra between sensor pairs at the same vector displacement xj - x .f., 

must be equal. When the assumption of space stationarity is not satisfied, the 

concept of a wavenumber power-density spectrum does not make sense. 

By eliminating redundant constraint conditions, the pr oblem of 

determining the maximum-entropy frequency-wavenumber power-density spec­

trum reduces to the maximization of the integral 

f / 1og P (k) dk 

R 

subject to the constraints 

ff P(;} 
.. 

dk = ~ .. 
JJ 

for all j 

R 

!J(f: .. ........ 
P(k} cos 2TTk • (xj - x.f.,} dk = Re ~jt for all j < .f., 

R 

jj(ji .. .. - ~ .. 
P(k} sin 2TTk • (xj - x .f.,} dk = Im ~j.f., for all j < t 

R 

This is an isoperimetric problem in the calculus of variations . .. 
Let CJ>(k} denote the function 
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In order that the entropy be maximized subject to the specified 

constraints, 

1 .. 
P(k) 

N-1 

+ p + L 
j = 1 

1 1 
For allj<t, let\£= - 2 (µj + i~ ) and ~j = - 2 (µj - i~ ). 

p 
Furthermore, let A.. = - N. Then, 

JJ 

and 

1 
0=--::r -

P{k) 

.. 1 
P{k) = H 

V AV 

N N 

LL 
j = 1 .t= 1 

where V is the column vector 

.. .. 
ei2TTk• x

1 .. .. 
ei2nk • x

2 

and ,\ is the Hermitian matrix 

A 11 "12 ' • ' " 1 N 

"2 1 \2. ' '>,.2N 

.. .. .. 
-i 211k, {xJ. - xt' \t e 
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and the superscript H denotes conjugate transpose. The matrix A is determined 

by the set of constraint equations 

ff 
R 

{ j = l , 2 , . . . , N; t= 1 , 2 , . . . , N} 

The analytic solution for matrix A is known only for the case of 

an equally spaced line array. For other types of arrays, iterative or approxi­

mating techniques appear necessary for specifying the matrix A . 
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SECTION Ill 

MATHEMATICAL PROPERTIES OF 
MAXIMUM - LIKELIHOOD FILTER OUTPUT 

A. DETERMINANT EXPRESSION F R FILTER OUTPUT POWER 

Any crosspower spectr um matrix can be written in the form 

~ = pl + V l V ~ + • • • + V n v: 

In s ome cases, it is easy to ass ociate the rank 1 matrices V.V~ 
J J 

with the arrival of specific plane waves; in other cases where data sensed 

by an array are not produced by a small number of plane waves, this particular 

form of the cros spower spe ctrum matrix does not have much physical signifi­

cance. In either event, this way of expressing the crosspower spectrum ma ­

trix allows the maximum-likelihood filter output power 1/ (UH f 1 
U), corre­

sponding to a unit-amplitude plane-wave signal model U, to be expressed as 

the ratio of two determinants. Appendix A shows that the filter output power 

is equal to 

P + Iv 112 H 
v1 v2 

H 
V 1 V n 

H 
p + IV 212 VHV V 2 Vl 2 n 

p 

VH VH p + Iv 1
2 

n V 1 n V 2 n 

lul2 UHV UHV 
l n 

V
8

U Iv \2 H 
p + ... V 1 V n 1 1 

p + \v 1
2 

n 
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This determinant form of the filter output power is used in this 

section to investigate the way in which the maximum- likelihood frequency - wave­

nu b r power - density spectrum portrays noi,se fields composed of a small 

number of plane waves. 

B. SPECTRUM FOR NOISE FIELD WITH RANDOM NOISE AND SINGLE 

PLANE WAVE 

When a noise field consists of spatially uncorrelated noise and 

a single plane wave, the crosspower spectrum matrix can be written as 

H 
f = pl+ VV 

where column vector V is equal to 

-- --iZ TTk • x 1 
e 

◄ ◄ 

iZTTk • X 
e Z 

◄ ◄ 

iZrrk •~ 
e 

The constant ~ is the amplitude of the plane wave, which prop-

--agates toward the direction sper:ified by the wavenumber k. The maximum-

likelihood wavenumber spectrum for this noise field is equal to 

lul2 uHv 

vHu P+lvl 2 

or 
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To illustrate the qualitative difference between the maximum­

likelihood wavenumber spectr m a nd the conventional spectrum, let the ran­

dom noise component approach zero in the limit. If U is a complex-valued 

scalar multiple of V, luHvl
2 = lu1

2 
lvl

2
, so the expression IUl

2 
(p+ lvl

2
) -

I UHV I 
2 = p I U I 2. The maximum-likelihood spectrum is then given by 

2 
lul

2 
lim 

1 
lim 

p (p+ lvl) = = 
p .... 0 UH ~-lU p ... 0 o I vl

2 
lvl

2 

In particuhr, if u = V /IV I. 

lim 
1 l vl2 = 

0 """ 0 UH t - l U 

Under the same conditions, the conventional spectrum yields the same spec­

tral value 

lim UH ~v = lim P lul
2 

+ luHvl
2 = 1v1

2 

p ... Q p ... 0 

if u = V /IV I. 

On the other hand, if U is not a scalar multiple of V, the expression 

lu1
2

(P+ lvl
2

) - luHvl
2 

approaches the finite value lu1
2 1Vl 2 

-IUHvl
2 

as P 

approaches zero. However, the expression p (p + IVl
2

) approaches zero as p 

approaches zero. Thus, the maximum-likelihood spectrum is 

if u -I: a. v, 

lim 
o ... O 

= 0 

When U is not a scalar multiple of V, the conventional spectrum consists of 

a spectral window term 
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if U /: a.v. For this particular case, the spectral window term c.isappears in 

the maximum-likelihood spectrum as the random noise component vanishes. 

C. SPECTRUM F OR NOISE FIELD WITH RANDOM NOISE AND TWO PLANE 
WAVES 

For a noise field consisting of spatially uncorrelated noise and 

two plane waves, the c!l"osspower spectrum matrix can be written as 

t = p I + VVH + wwH 

where column vectors V and W are equal to 

and 

... ... 
i2TTk • x 

W 1 
e 

... ... 
e i2TTkw • x 2 

'rhe constants a and aw represent 1the respective amplitudes of the plane waves, 
V , ... ... 

which propagate toward the directions specified by wavenumbers kV and kW 

The corresponding maximum-likelihood wavenumber spectrum ia 

P+ lv1
2 

YHW p 

WHV + W 2 

lul2 UHY UHW 

, ¾ P+ lv1
2 

vHw 

¾ WHY P + lwl
2 

= 

-
2 2 2 p P + P lvl + P lwl + 

p z z lulz UHY tulz 
lul + P + P 

vHu lvl2 ¾ 

lvl
2 

VHW] 

wHv lwl2 

lu1
2 UHV 

UHW 
+ VHU lvl

2 

lwl
2 

w¾ WHY 

UHW 

VHW 

lwl
2 
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In the event that U is not a linear combination of V and W, i.e., cannot be 

wr itten as o.y + SW (where o. and S are complex-valued scalars), eithe.r 

lul
2 UHY UHW 

Y¾ lvl
2 YHW rJ 0 lvl

2 YHW 
0 or = 

w¾ WHY lwl
2 WHY lwf 

so that 

lim 
1 

0 = 
p ... 0 UH f 1 u 

if U rJ a. Y + SW. Under the same conditions, the conventional spectrum is 

lim 
p-0 

UHtU = lim 
p -o 

The conventional spectrum contains the spectral-window terms 

juHvl
2 

and juHwj
2

. These spectral-window terms disappear in the maximum­

likelihood spectrum as the random noise component vanishes. 

In the event that U = (o.Y + SW)/ ~y + Swj, 

Note also that 

lul2 UHY 
= 

YHu IYl
2 

= 

lul
2 UHY UHW 

YH:U IYl
2 YHW = 0 

w¾ WHY lwl
2 

1 UH(ClV + SW) 

la Y + wl Y
8

(cr Y+SW) 

UH:W UHY 

ja Y + s wl YHW IYl2 

III- 5 
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~ 
e (a*v8 +s*w8)w (a *v8 + s *wH)v 

= 
la v + swl 2 

VHW lvl 2 

= I s 1
2 

lwl2 
W

8
V 

lav + swl 2 
v8 w lvl2 

I s 1
2 

lvl2 VHW 
= 

la·v + S wl 2 
w8 v lwl 2 

Similarly, 

lul
2 

u
8
w _ e:f lvl2 v8 w 

w¾ twl - I civ + aw/2 w8 v lwl2 

If V is not a scalar multiple of W, 

In pa1rticular, if u = v I lvl, 

1 2 
lim = !vi 
p_,O 

u8 f 1 
U 

and, if u = w I lwl. 

lim 
1 

= lwl2 

UHt-l U p-0 

Under the same conditions, the conventional spectrum gives 

lim u8
t u = lim Plul 2 + lu8 vl 2 + lu8 wl 2 

= luHvl 2 + lu8 wl 2 

p- o p-o 
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If u = v I lvl, 

If U = W/IWI, 

lim UH t U = IVI 
2 + 

p-0 

lim UHtU = 
p - 0 

Note that the maximum-likelihood wavenumber spectrum giv "' "' 

spectral values which correctly reflect the magnitude of V and W when the 

unit-amplitude probe vector U points toward either vector. This property is 

contrasted with the fact that the conventional spectrum is affected by spec­

tral-window terms in th< same situation. 

In the event that U is a linear combination of V and W and that 

W is a scalar multiple of V, the determinant 

vanishes and 

l 
lim ---- = lim 
p ... 0 UH t 1u P ... 0 

if lul= l. This particular case is of no additional interest since, if W = 'y V 
H 2 H 

WW = !YI VV and the crosspower spectrum matrix could have been written 

t = pl + ( l + I 1
2 

) V VH 

Essentially the same case is cover - din subsection B. 
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D. DISCUSSION 

The results of this section are summarized in Table 111-1. Of 

the cases studied, the last is the most interesting. As the proportion of ran­

dom noise decreases, peaks of magnitude lv12 
and lwl2 , respectively, appear 

in the high-resolution spectrum at U = V / lvl and U = WI lwl. At all other 

points U, which are not a linear combination of V and W, the spectrum goes to 

zero. 

No spectral-window effects are present as the random noise 

vanishes in the limit, and the spectral values correctly reflect the magni­

tudes of the plane waves V and W. 

The terms ju8 vl 2 
and lu8 wj2 

in the conventional spectrum are 

spectral-window effects. 
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:r: 
> ~> 

w+ 
CJ) H < a. 
U II 

,e, 

:r: 
~ 
~ 

~ + 
H:t: 

w> 
CJ) > 
< + 
UH 

a. 

II 
,e, 

Table 111 - 1 

SUMMARY OF PROPERTY STUDIES 

Maximum-Likelihood Spectrum 

o = p/ \ul z 

lim Q = 0 
p-- 0 

0 = _;.....:.P l.,__P +~l-.:.vl ....... 
2 I_ 

lul 2 uHv 

vHu p+ lvl2 

lim Q = !vi 2 
if U = V / lvl 

p .... 0 

lim Q = 0 if U -/: a. V 
p ... O 

p H 
Q = W V pt 

lul 2 UHV 

~¾ p + jvl2 VHW 

wH p + lwl 2 

lim Q = lvl 2 
if u = v I lvl 

p .... O 

limo = lwl 2 
if u = w I lwl 

p-- 0 

1i m Q = 0 if U -/: a. V + SW 
p-- 0 

Conventional Spectrum 

lim P = 0 
p .... 0 

lim P = lvl 2 
if U = VI lvl 

p .... 0 

lim P = jUHVl
2 

if U ~ a. V 
p ... 0 

lim P = lvl 2 + lvHwl 2 I lvl 2 
if u = v / lvl 

p-O 

lim P = lwl 2 + lwHvl2 / lw12 
if u = w I lwl 

p ... O 

lim P = luHvl2 + luHwl2 
if u ~ a. v + sw 

p ... 0 
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SECTION IV 

MAXIMUM-ENTROPY SPECTRUM 

A. MAXIMUM-ENTROPY SPECTRUM FOR EQUALLY SPACED LINE ARRAY 

In the event that data from an equally spaced line array are used 

to form a crosspower spectrum matrix, a method for computing the maximum­

entropy frequency-wavenumber spectrum is known; it was developed by John 

Burg of Texas Instruments. 

In Section II, the maximum-entropy spectrum is shown to be of 

the form 

1 

where ,\ is a Hermitian matrix and Vis the column vector 

...... 
i2T'!k , x l 

e 
...... 

i2nk • x
2 

e 

i2nk • ; 
N 

e 

If the first sensor of an equally spaced line array is chosen as 

the origin of the s ensor-location coordinate system and the positive x-axis 

runs from the first sensor to the Nth sensor, the coordinates of the sensors 

are O, 6x , 2 6x, ... , (N - l) t>,x , Thus, the column vector V can be written as 

1 

z 

N- 1 
z 
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where 

z = e 

and 

i21'rk/U 

u = 1 
t:.x 

Since the matrix A is Hermitian, the denominator VH;\ V of the maximum ­

entropy spectrum can be written as 

* -(N-1) * -(N-2) * -1 
SN _ l z + eN _ 2 z + • • • + 81 z + Bo + 81 z 

N-2 N-1 
+ ••• + SN - 2 z + SN - 1 z 

and the term s
0 

is real. The equation VHAV = 0 has 2(N - 1) roots which may 
' -1 

be complex-valued. Note that if z is a root, (z ,;c ) is also a root; if 

then 

N - 1 
+ 9N - l z = 0 

* l -(N-2) ,:, ( l )-(N-1) 

+ • • • + SN - 2 ( z * ) + SN - 1 z * = 0 

IV-2 science ••rvlcea division 

• 

.. 



I 
I 

[ 

' 4 

~------
Thus, the number of roots for which I z l > 1 is equal to the number of roots 

for which jz \< 1. If no roots lie on the unit circle, there are N- 1 roots out­

side the unit circle and N - 1 roots inside the unit circle; then, the denomina­

tor yH \ V of the maximum-entropy spectrum can be written as 

u 
p [ 

-1 -2 -(N-1)1[ to, * 2 "" N-1] 
l + Yz z + Y3 z + •• • + YN z J l + y2 z + Y3 z + •• • + YN z 

All of the root s within the unit circle have been incorporated in the factor at 

the left, and the constant Pis a real number (as is U); thus, the maximum­

entropy spectrum is equal to 

where r is the column vector 

1 

To determine the components v2 , y
3

, ... , YN ,of the column 

vector r, one must satisfy the constraint matrix equation 
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Multiplication of both sides on the right by the column vector r gives 

or 

p 
iZn 

p -u 

u 
VVHf / 2 

v rr8 v u - -2 

dz = r 

dk = t r 

iZnz 
u 

where the contour integration is performed over the unit circle. Looking at 

this vector equation component-by-component, one obtains 

p j-2 
z -i2n 

dz = ( r) . 
J 

Since the factor vHr contains all of the roots within the unit circle, the other 

factor rJiv is neve r equal to zero within the unit circle. For all j from 2 to N, 

the power of z is non-negative and the integrand contains no poles within the 

unit circle; therefore, (tr) . = 0 for all j from 2 to N but , for j = 1, there is 
J 

a simple pole at z = 0 for which the residue is 

so that 

lim 
z -,O 

by Cauchy's residue theorem . Thus , the maximum-entropy spectrum for an 

equally spaced line array is 

S(k) = ~ 
p 
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where P and y

2
, y

3
, ... , yN are solutions of the matrix equation 

Ill t . . . 
t lN I p 

2 

t 21 f 22 • t2N Yz l 0 

= . 

t Nl ~N2. ~NN YN 0 

B. ATTEMPTS TO EXTEND MAXIMUM-ENTROPY SPECTRUM TO MULTI­

DIMENSIONAL ARRAYS 

In an attempt to extend the maximum-entropy spectrum to 

multidimensional arrays, it was decided to study one of the simplest possible 

situations involving an array and its associated c ros spowe r spectrum matrix. 

Figure IV-I shows the array geometry . 

..__ SENSOR 3 

SENSOR 1 
l /K 

y j 
• 
I 1 /K 

X 

SENSOR 2 

\ 
1 /K 

X 

Figure IV-1. Array Geometry for Maximum Entropy Test Case 

For suitable choices of 1 /K and I /K , this array geometry 
X y 

corresponds to an equilateral triangle with sensors at each of its vertices. 

The associated crosspowe r spectrum matrix was chosen to be the real sym­

metric matrix 

q,o q, l ¢1 

¢1 q,o ¢1 

c/) 1 c/) 1 cpo 
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Regardless of the way in which the sensors are numbered, this 

°:atrix remains unchanged. Each autopower spectru has the value q,
0

, and 

,each crosspower spectrum has the real value q,
1

. The maximum-entropy 

spectrum has the form 

s(k , k) = -
1
-x y K K 

X y 

where 

( 
k 1' ) 

-i2TT ~ 
k 

+ :y) -i2TT - 2_ + _:t,_ X 

K K K 
X 

u = e X y + e 
y 

(
k k ) 

i2TT (:: -i2TT Kx + -t ' 
+ e X y + e 

+ 

-i2TT(::x) 

+ 
i2TT c::) 

e 

4nk 
X 

= 2 cos --­K 
X 

e 

+ 4 cos 
2nk 

X 

K 
X 

+ :r) 
y 

2TTk 
cos __ ._y 

!K 
y 

1. Solution Attempt by Direct Integration in Constraint Equations 

The following two equations must be satisfied to determine the 

values \ 0 and Al: 

K K 
1 fxf y 1 

"'o = dk dk 
K K >-o + "1 u y X 

X y 0 0 

!K K cos 4n(::) 

"'1 
1 Jxfy dk dk = K K AO+ "1 u y X 

X y 0 0 
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That is, the inverse transform of the spectrum from wavenumber to vector 

displaceme!.t between sensors must agree with the measured crosspower 

spectrum values at the corresponding vector displacements. Let 

dky 

0 

where a. = t..
0 

+ 2 Al cos (4 k /K ) and S = 4 Al cos (4TTk /K ). Note that a,> 0 
X X X X 

and \a.\>l e \; otherwise, the spectrum would not be positive. Let 

i2TTk /K 
z = e 

y y 

Then, dky = (Ky/i2TTzJ dz and 

K 
I = _L f 
0 i2TT 

\z 1 = 1 

K 
f dz 

= .J.. 
in 2 

I z I = i 
8 z + 2~ + 8 

K 

f dz 
= .J.. 

in e (z·z1) (z·z2) 

I z I = i 

where 

-a.+/a.2-82 
zl = 

8 

and J 2 2 

z2 = 
- a. - .a, - § 

8 
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!Inasmuch as a.> 0 and la.\> \e\, then \z

2
\> l; furthe\t"more, z 1 z 2 =land, 

therefore, jz1 \< l. Thus, only one pole is inside the unit circle - a simple 

pole at z
1

. The residue at z 1 is 

s o that 

Therefore, 

K 
l X 

cf, =-p 0 K 
X 

-K 
K 

2 

= 

dk 
X 

K 

l 

J2 2 z a. -e 

J(o:+ e> (a.- s> 

Let 0 = 2 k /K. Then, k = K 0/2n, dk = (Kx/2 n)d0, a'nd 
K X X X X 

/2 
d0 

/ 0)2 16 2 2 0 y'() .. 0 + 2Al cos 2 - }..l cos 

2 
/2 

d0 f - - A Ao - 2 A 1 + 4 A 1 cos 
2 

0) 
2 

-
iT 2 ,2 

0 16Al cos 0 

inasmuch as cos 20 
2 

Similarly, = 2 cos 0 - l. 
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2 
~1 = -

Under the transformation =( /2 ) - 0, 

and 

2/ ~l - -

Now, 

2 = o.. -2). ) 
0 1 

2 
=(\ -2>.) 0 1 

/2 
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Thus, 

/2 

2 d 

0 

and 

n/2 

(2sin
2

w- l)dw) 

0 

If >..
1 

< 0, the tl·ansformation sin2 a.= (l - b2) sin2 w/(1 - b
2 

sin
2 

) reduces these 

integrals to standard elliptic integrals provided that 

2 
a = 

a nd 
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Under this transformation, the following identities are valid: 

s in 

l - a. 

1 - b 

. 2 
s in 

2 
cos 

cos 

2 2 

= (l-b2)(1- sin2 a.) 

1 - b 
2 

+ b 
2 

s in 
2 

a. 

= ~ sin a. cos a. 
l 2 . 2 

1 - b + b sin a. 

2 2 2 . 2 
sin 

1 - b - (a - b ) sin a. 
ll): 

2 2 2 
l - b + b sin a 

2 2 1 - b 
2 

s in :: 
2 2 . 2 

1 - b + b sin a. 

2 

dw = ) do. 
sin 

2 2 2 2 2 
= ( 1 - b + b sin a. ) ( l - b ) da. 

✓ 2 2 2 
2 

1 - b ( 1 - b + b s in2 a.) 

= 
(1 -b) ~ da 

2 2 2 
1 - b + b sin a. 
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Thus, 

n/2 

= 

0 
( 

2 b2 . 2 \ 
1 - b + sin o.; 

n/2 

0 

0-bl M dg. 
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where f is the elliptic integral of the first kind. Similarly, 

= .l.. f n/2 

b2 
0 

n/2 

2 - b
2 

=f 
n/2 

0 

( 
2 . 2 l 2) 

b sin w - z b dw 

d = 
b2 

J(1 - a 
2 

sin 
2 

)(1 - b 
2 

sin 
2 

0 

2 --
) 2 

b 

0 

where n is the elliptic integral of the third kind. 

IV- 1 3 

/2 

do. 

~ + 

2 . 2 \ 

('. 
2 2) b sin a/ a - b 2 

1 - b
2 1 - 2 sin o 

1 - b 
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Isolating AO and Al, in terms of functions of q,

0 
and q,

1 
appears 

to be a very difficult task. This particular attempt to solve the simple test 

case leads to a pair of constraint equations which are apparently too compli­

cated to be solved by anaJytic means. It is interesting to speculat, to where 

the general case leads. 

2. Solution Attempt by Series Expansion of Constraint Equations 

The constraint equations can also be written as 

... 
dk 

... ... ... 

ff 
i2TTk • (x . -xJ 

q, 
1 

= ~ e J ,, dk 

).0 + >-1 u 
R 

{j ;. t) 

where U is the unit cell's area and R denotes its region. The expression 

1 l 1 

can be written 
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s o that 

and 

......... 
i2nk (x. - x ) 

e J t dk 

If the array sensors are 

located at the vertices of an equilateral 

triangle, the term u is the wavenumber 

Fourier transform of a set of Dirac delta 

functions located as shown in Figure IV-2. 

Figure IV-2. Inverse Fourier 
Transform of u 

The values 1 beside each point in Figure IV-2 indicate that 

each delta function is weighted by 1 before Fourier transformation. 

Figure IV-3. 

2 
Multiplication of u by itself yields u . Its inverse Fourier 

1 2 

Inverse Fourier 
Transform of u2 

transform must therefore be the con-

volution of the inverse Fourier trans­

form of u with itself. The inverse 

Fourier transform of } is shown in 
2 

FigureIV-3. Thus , u =6+2u+ 

higher-order terms. 
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Continuing th process, one obtains 

3 
12 + 15 u + higher-order terms u = 

u4 = 90 + 60 u + higher-order terms 

us = 360 + 340 u + higher-order terms 

u6 = 2040 + 1660 u + higher-order terms 

To evaluate AO q,0 and AO q, 1, one can use the identity 

jo if n .;. n or m .;. m' 

= ~U if n = n' and m = m' 

, , . ... ... 
where n, m, n, and m _ are integers and y 

1 
and y 

2 
are the basic vector dis -

placements between the array sensors.* In particular, 

* 

ff 
... 

1 dk = u 
R 

... ...... 

[Jue 

i2nk • (xj - x.t) 

-
ff e 

i2TTk • 
..... 

(xj - X .f,) 

R 

ff u dk = 0 

R 

-dk 

... 
dk = 

= 0 

u 

Texas Instruments Incorporated, 1961 : Seismometer Array and Data Pro-
cessing System, p. 92-94. 
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The higher-order terms always involve values of norm which 

are not equal to -1, 0, or l, so their integral over the unit cell is also equal 

to 0. Thus, 

and 

2 
Ao q,0 = 1 + 6p 

3 4 5 6 
12p + 90p - 360p + 2040p 

2 3 4 5 6 
AO q,

1 
= - p + 2p - 15p + 60p - 340p + 1660p •.. , 

where 

Note that 

3 4 5 
12p + 90p - 360p + ... 

2 3 4 5 
- 6p + 12p - 90 p + 360 - ... 

= 1 

a nd 

q, A q, 2 3 4 5 
1 o 1 -e o -2e + 1se - 6oe + 34oe 166oe + ••• ) 

'Po= Ao'Po = (1+6!-125+90!-36ot+ ... ) 

2 3 4 5 2 3 4 5 = -p( l-2p + 15p -60p+340p -1660p) ( l-6p +12p -126p +216p- ••• ) 

2 3 4 5 = - p (l-2p+9p -36p +l00p -1372 + ... ) 

_ "'1 2 3 4 5 6 T = p ·- 2p + 9p - 36p + l00p - 13 72 + ... 
0 
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The series for p = 0 .. 
1 

/ >..
0

) is in a form in which p can be found in terms of 

(-(/)
1 

/(/)
0

) by inverting the power series for p . * The result is 
J 

After the ratio >..
1

/>..
0 

is found, the relation )..
0

q,
0 

+ )..
1 

q,
1 

= 1 

can be used to determine the values of )..O and )..
1

. There is a singular point 

at q,
1 

!q,
0 

= - ! ; therefore, the radius of convergence can be no larger than ! . 
1 

When q,
1

/q,
0 

ranges from - 2 to + 1, the crosspower spectrum matrix is posi-

tive-definite. h the range of q,
1

/q,
0 

from+! to 1, this series, therefore, 

cannot provide values of )..O and )..l without resorting to analytic continuation. 

In view of the large ratio between the fifth and sixth coefficients of the series, 

it seems prudent to confine the use of this series to cases in which l<t, 1 I<< <f,
0

. 

These investigations were directed toward the analytic solution 

oi the maximum-entropy spectrum for multidimensional arrays. Although 

this power series solution for )..O and ).. l is valid for a small range of q,
1 

!q,
0 

in the specific test case stud ' ed, it does not seem to provide any cl te about 

the nature of the general analytic solution. Considerable expertise in the 

theory of elliptic functions and elliptic integrals would seem to be a pre­

requisit for further work on this problem. 

* James Pierpont, 1914: Functions of a Complex Variable, p 259-262. 
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SECTION V 

DIFFERENCES BETWEEN FREQUENCY-WAVENUMBER 
SPECTRAL TECHNIQUES 

A. RELATIVE RESOLUTION 

Every Hermitian form VH~V can be reduced by a unitary trans­

formation of variables 

V =T X 

to the canonical form 

N 

~ 
* N 2 

>-.. x.x. = ~ >...Jx.l 
111 £..,, 11 

i = l i = l 

>:< 
where >-. 1

, >-.2 , ... , >..N are the eigenvalues of the matrix ~- The scalar quan-

tities x. are the components of V along the eigenvectors of the matrix 4' . 
1 

In the new coordinate system , the axes of which correspond to 

the eigenvectors of t , the matrix t can be written as 

0 ... 0 
• 

. 
O· • • • • • 0 

. . 
·o 
· >.. 

N 

Its inverse in the new coordinate system is 

,, . . ,, 

O· • • • 0 

.. 
. 

0·•··•:o !°/>.. 

F. R. Gantrnacher, The Theory of M trices, v. I, p . 33 7. 
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If U is a unit v ctor, it can be written as 

where vectors E 1, E 2, ... , EN are the normalized eigenvectors of t and 

where l xl 12 + I x2 12 + •.• + I xN 12 = 1. 

The beamsteer spectrum is 

P = UH U 

The maximum-likelihood spectrum is 

1 
= 

The constant-norm spectrum is 

R 
UHt -lU 

= 
UH -2U 

2 2 
I 12 lx1 I lx2I 

+ - + ··· + 
X. l Az ~ = 2 2 12 lx 1 \ \x2\ \x 

+ - + ... + 
2 x.2 x.2 
1 2 
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vector, then 

If th unit-ampHtud probe vector U lies al,,:mg the /h eigen­

\ x . \ 2 = land Ix 12 =0forji t. Then, 
J t 

p = >... 
J 

Q = >.. . 
J 

R = >.. . 
J 

Each of these three sp ct ral techniques is equal t o the ei.genvalu . when the 
J 

probe vector U Ii.es along the /h eigenvector. Thus, these three sp c t ra have 

identical valu s for probe vectors lying along th eig nvectors of t. 

To determine the relative r solution of the hree spectral tech­

niqu s , one examines the ratios P /Q and QI R: 

2 2 2 
4 "" (\ . + A. ) Ix . \ 

IX. I + L.J LJ l J l 
l . . A. A. 

l < J l J 

= L \xi\ 4 + EL 2 1 xi l 2 Ix -1
2 

+ EL 
. . . J . . 
l l<J l<J 

( 
2 2) 2 2 A. - 2 A. A. + A. Ix.\ x . I 

l l J J_ l J 
A.>... 

l J 

2 2 
\x . \ \x . I 

= 1 + ~~ 
i < j 

I>... - >-. .)
2 

X l J 
. >.. . 
l J 

l J 

2 2 
\x . 1 x . I :i!: 1 

l J 
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since the matrix if, is positive-definite (the values A.. , A.. a r e a lw a y s non-
1 J 

negative ). Similarly , ~ I 

Q 1 I: \xii~ ; ( \x{) - = A. L 
I 

R 2 . 
·· Ix. I 1 1 • A. . 
~ --1,_ 

l l 

i \ 

2 Ix. I 

~ :~ 
1 

= 

2 )

2 

~ \x~: 

2 \x. I 

E 1 

't-...2 i l 
= 2 2 

El: \x. I \x .\ I 

! l J 
'. 

't-.. . A. 
i j 1 J \ 

2 •I 

E 
\x. I 

j II l 

A.2 i 
1 = 

~ \xt)(~ 2 2 Ix. \2 \x, \ 2 , 

\xj \
2
) + ~~ \x. \ \x. I -EE ' ' 1 J 1 J -

't-... A. 'A,2 \ J 1 J i 
.. 

l J J 1 . I 
\'\ 
\ 

"' 

J 

i I 
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= 
2 

\x . I 
"-1 
4,.J 2 

1 A. 
1 

2 Ix. I 
:E-\-
i A.. 

-l:E 
i j 

1 

(

°A .
2 

- 11.. 11. . ) J 1 J 
2 2 · 

11.. A. 
1 J 

2 Ix. I I: 12 
i A. 

l 

2 2 Ix, I \x . I 
1 J 

=-----------:~------------I \2 
(A.

2 
- 2 11.. A. + 11..

2
) 

i 
I:~ -E}: 1 ~ ~ J 

11.. i < j 11.. "-. 
1 1 J 

2 2 Ix. I Ix , I 
l J 

2 

E 
\x. I 

l 

,,_ _2 i 
l 

~ 1 = 
2 

~ \ - "-j)2 I: 
\x. I 

·LL 2 2 l 

Ix.\ \x.\ 
"-·2 

2 2 
i i < j A. "-· 

1 J 
l l J 

Since P /Q :a 1 and Q /R ;;;: 1, P :? Q ~ R; yet, along the principal axes of the 

matrix i;, , P = Q = R. When any unit-amplitude probe vector has non.zero com­

ponents along principal axes which have unequal corresponding eigenvalues, 

these formulas for P/R and Q/R show that P>Q >R. The corresponding spectra 

therefore, will look s omething like Figure V-1. The peaks of the constant­

norm spectrum (R:- will be sharper than those of the maximum-likelihood 

spectrum (Q), and the peaks of the maximurn-likelihood spectrum will be 

s harper than those of the beamsteer spectrum (P). Thus, a hierarchy of reso­

lution can be construe ted: 

( 1) Constant-norm spectrum (R) 
(2) Maximum-like lihood spectrum (Q) 

(3) Beamsteer spectrum (P) 
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POWER 

eigenvector eigenvector 

Figure V-1. Relative Resolution of Spectra 

These results are valid for spectra in the full N-dimensional 

space of all possible unit-amplitude probe vectors. 

u = 

1 
u = 7ff" 

...... 
i2nk • xN 

e 

... which corresponds to wavenumber vectors k is a subset of the full space, the 

eigenvectors of the crosspower spectrum matrix may possibly lfe outside the 
... subset of probe vectors corresponding to wavenumber vectors k. In this event, 

the results are not strictly applicable unless the normalized eigenvector cor­

re$ponding to the maximum eigenvalue is of the form just described; e.g. , 

~ = p It VVH, and V reflects a plane wave. 
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From empirical results, one observes th.at the re la tive reso­

luticm betwe e n the s pe,c tra P, ,Q, a nd R e xhibits ,a strong t!!·I'ldency to follow the 

r e suits oJ thi s s ubs ection 

B . BEHAVIOR FOR S[ NC TJ LA.a, CROSSPOW.ER SPECTRUM MATRICES 

If the c rosspowe r spectrum matrix f is singular, some of i.ts 

eigenvalue s are zero, Without loss of generality, the M eigenvalues which 

are zero can be chosen to be the M eigenvalues with the highest s ubsc ripts 

so that 

~ _ M + I = 0 , ~ _ M + 2. = 0, ••• , and ~ = 0 . 

Then, 

P = lim UH ( ~ t p I) U 
p .... o 

The beamsteer spectrum will be zero ,only ii tne unlit-amplitude 

prohe vector Uhas zero components corresponding to the nonzer,o eigenvectors 

of ~. This m ,eans that P = 0 011ly when U is perpendicular to the subspace 

spanned by the nonzero eigenvectors of ~. 

V-7 ,science ser¥ices di~lslon 

II Ill I I II II II 1111111 I I Ill llil 



~-------

Q = Hm 
p ... o 

= lim 
p-0 

= lim 
p ... o 

U'.nde r the same circumstances, 

1 

\,c.N -M + 112 t lxw - M + 212 t ••• + lxN.r2 
p 

1 

'If any component of U ,corresponding to the zero eigen·vectoris 

of~ is nonzero, then Q = 0, Thus, Q = 0 when U lies outside the s11bspace 

spanned by the nonzero eigenvectors of ~-

R = lim 
p ... o 

= lim 
p ... o 

Again under the s.ame ,circumstanc,es, 

2 2 2 
\xN-M + 1 I + lxN-M + 2\ +. • • + lxNl 

p 
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H any of the com pone tilts xN' ,- M + 1, xN' _ M + 2, ,. •• , ~N' is non­

zero, R is .zero. Like the maximum-likeUh0od spectrum, the constant-norm 

spectrum .!R is z,e ro whene 1ve r the unit-arnplitlilde probe vecto,r U lies outside 

the subspace spanned by the nonzero eigenvectors of ~-

These results illustrate the effect of sidelobes in the case of a 

singular crosspower spectrum matrix .. They are restatements and amplifi­

cations of the re !sults in Se1ction Ill for the maxi.mum-likelihood spectrum. 

The fact that the beamsteer s pe ctrum is not identicaH,y zero when the probe 

vector U lies outside the subspace spanned by the nonzero eigenvectors of ip 

is due to sidelobe effects "vhich are traced in detail for the simple cases dis­

cussed in Section III. Side lobe effects appear to be completely mis sing from 

the two high-resolution spectra Q and R wh e n the probe vecto.r U lies outside 

the same subspace. 

C. CONSISTEN'CY WITH CROSSPOWER SPECTRUM MATRIX 

The conventional spectrum P = VH ip Vis the Fourier trans­

form of a sum of weighted Dirac delta functions located at the vector dis­

placements betw1een the sensors of an array . The weighting at the vector - -displacement v bietween two serasors is n~•t(y) ., where n- is the number of 
y - y 

times that vector displacement occurs and ip (y) is the crosspower spectrum 

between any two sensors at that displacement. Thus, the inverse Fourier 

transform of the conventional spectrum is equal to the same sum of weighted 

Dirac delta functions. 

If the power in wavenumber space wer,e ccmfined to a unit cell 

and the spectrum were set equa l to VH t Y inside the unit cell but zero out s ide the 

- H . -unit cell, the spectrum wo\Jlld be equal to W(k) V ip V, where W(k) = 1 inside 

the unit cell and W(k) = 0 outside the unit cell. The convolution theorem makes 

the inverse transform of the altered spectrum equal to the convolution 0£ the 

inverse transform of W(k~ and the same s ,um of weighted Dirac de[ta functions. 
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The t ,ran,sform of W(k~ is a spatial sampl1ing operator w'hich, upon convolution, 
makes the inverse transform of the dter,ed power spect,rum at any vector dis-

• -placement y between two senso.r ,s equal to n• t(y). For an equally spaced line y 
array, for example, th,e spatial sampling operato.r is f ' 

11!~ 

sin n(}x) 
iT (f;) 

where 6x is the distance tetween array e,lements. The spatial sampling 
operator fills in the pG>ints between the array vector displacements by means 
of a well-known interpolation technique; yet, the resulting inverse Fourier -transform is proportional to n- ~ (y) at the array vector displacements for H y 
either V ~ V or the altered spectrum. Thus, the conventional spectrum 
contains a tapering effoct specified by n ... and is not consistent with the cross­y 
power ,spectrum matr-ix. 

The ,maximum-entropy spectrum is c0nsistent with the cross­
p<:>wer spectru1m mat1rix because it satisfies constraint equations which force 
consistency. 

The nnaximum-likeH.hood fa·,equency-1wavenumber spectrum is 
not consistent because it i. s of the same form as 1the maximum-entropy spec­
trum but has a coefficient matrix 'A= t-l not equal to the maximum-entropy 
matrix. For example, in the case of an eqUa.lly-spaced line array, let 

: H 
J (0) : XN + l 0 
.------L---•--

, and oN + 1 = 
I • 
I o 
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Then , 

I 

H 
XN+l 

-----,-------
' 

1 
H -1 

- XN+l gi N 

--------- --------------r-- -------~--------------

H -1 
4i (O) - XN+ 1 ~N XN+ 1 

H -1 
qi (O)-xN+ 1 ~N xN+ 1 1 

I 

1 
I 

-1 
'P X 

l'N Ntl 

-- -·----- ---------- -J- ----- ----- ---- ------------ --- -- ------ ---- -- --- -----------
-1 

XN + 1 - ~N JN XN + 1 

H -1 
~(O )- xN + 1 ~N xN+ l 

l 
I 
I 

1 

H -1 
- XN + 1 XN + 1 ii N 

H 
0

N+ 1 
= - - - - - - ·1 •• - - - - - .-

0 N + l : 1N L : 
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Tne matrix equation to be solved in the maximum-entropy spectrum is 

I 
---- - -♦---- ,-- ,-

for which the S()1ution is 

Now, 

0 

I 

: H 
: 

0
1'N+ ll 

I 
I 

-------r-------
: -1 

0 N+ l : ~N 
I 

1 

= _,_ _____ , ___ _ 

V-12 

0 
;: 

0 

H -1 
1 ' - xN+ 1 ~w 

11 
I 
I 

= ---------y------------------

1 

= 

,. 
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Since 

1 
= 

-1 
ipN + 1 

Thus, the maximum-ent119p¥ spectrum S is not equal to t he maximum-likeli­

hood spectrum 

Q = l 

Th e c onstant-norm spectrum 

is not cons is tent with th e measuned c ros spowe1r spectnum matrix ip = pl+ WWH 

in the limiting cas e p - 0, for 

IHm R ' ·~ 0 if V = a W 

P -0 ( = 0 i f V is not a sca lar multiple of W 

I'' 
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In the extreme case, an infinitesimal needle of finite height exists at the wave ­

number c or responding to the plane wave W. The inverse Fourier transform 

therefore yields the value O a t eve ry vector displacement between sensors . 

It is possible, however, that the complex cohe r ence values ~.
0
/~ • • obtained 

JAi JJ 
by inverse transformation are consistent with those of the original crosspower 

spectrum matrix. In this case, the reconstructed matrix might be consistent 

except for a scale factor uniform with respect to each element of the cross­

power spectrum matrix t. 

D. DISCUSSION 

A primary goal of th,is report is to choose a frequency-wave­

number spectral computational technique which best fits the needs of the 

nuclear explosion detection ,e,,nd location problems. With this in mind, a dis­

cussion of the merits of the techniques will be given here. 

The beamsteer spectrum P = VH ~ V has several disadvantages. 

First, its resolution is the worst for all techniques studied. Second, its 

sidelobe effects litter wavenumber space with spurious power created by 

smearing of the true spectrum. Third, it is not consistent with the original 
' 
crosspower spectrum matrix. It does have the advantage, however, of being 

relatively insensitive to errors in the sensor locations and in the crosspower 

spectral estimates. 

The maximum-likelihood spectrum Q = (vH~-l vrl has better 

resolution and sidelobe characteristics than the beamsteer spectrum. How­

ever, it too is not consistent with the original .crosspower spectrum matrix. 

Its stability with respect to measurement, errors is worse than that of the 

beamsteer spectrum, but spectra computed by this technique from real data 

seldom show serious degradation because of its increased sensitivity to errors. 

The idea behind it is sensibly motivated - to design an optimum multichannel 

filter which pass e s undistorted a unit-amplitude plane wave coming .'rom the 

directions for which spectral values are desired. 
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The constant-norm spectrum 

R = 
VH4i-1V) 

VH gi -2 V) 

has even better resolution than the maximum-likelihood spectrum and pre­
:5erves the desirable sidelobe characteristics of that technique. It also is 
not consistent with the original c ros spower spectrum matrix. The chief dis -
advantage, and perhaps fatal disadvantage, is its extreme sensitivity to 

measurement errors. When real data is used, spectral peaks in this tech­
nique often are noticeably removed from the location of power sources whose 
position is accurately known. Moreover, the constraint that this technique 
satisfies does not seem to have any clear physical significance. 

Of the three techniques just discussed, the maximum-likelihood 
spectrum appears to be a suitable compromise which avoids the poor resolu­
tion and sidelobe characteristics of the beams teer spectrum and the extreme 
sensitivity to measurement errors of the constant-norm spectrum. Like 
these two techniques, however, it is not consistent with the original cross­

power spectrum matrix. 

The maximum-entropy spectrum remediP s this defect and pre­
serves all of the favorable characteristics of the maximum-likelihood spec­
trum. The trouble is that the method of c amputation is known only for an 
equally-spaced line array. 

It appears that the best course 0f ;tCti ::m is to use the maximum­
entropy spectrum in those cases where the algorithm is now known or can be 
found sometime in the future. When the algorithm is not known, it appears 
that the maximum-likelihood spectrum is the most advantageous alternative 

available. 
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APPENDIX A 

PROOF OF A DETERMINANT EXPRESSION FOR THE 
MAXIMUM-LIKELIHOOD FILTER OUTPUT CORRESPONDING 

TO A RECURSIVELY FORMED CROSSPOWER SPECTRUM MATRIX 
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APPENDIX A 

PROOF OF A DETERMINANT EXPRESSION FOR THE 
MAXIMUM-LIKELIHOOD FILTER OUTPUT CORRESPONDING 

TO A RECURSIVELY FORMED CROSSPOWER SPECTRUM MATRIX 

1. Lemma : 

voo VQ 1 VQ2 
.. , 
, Ol VQn vol 

" vll vl2 V 11 "1 n vll voo vOl VQ ':: VQn 10 . . 

v20 v21 v22 v21 v2n v21 vlO vll vl2 vln 
n - 1 

vlO vll vl2 vll vln vll = vll v20 v21 v22 v2n 

V 
nn 

Proof ·. 

The proof is by induction. For n = 1, 

= 

That is to say, the determinant of the matrix whose one element is 

is equal to the determinant of the matrix 
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'I 11 111 

To complete the proof, it i s nt::cessary to show t he truth of the lemma for 

n + l under the assumption th.at th.e lemma is true for n. This is accomplished 

by expanding the dete r minant on the left associated with the statement of the 

lemma for n + 1: 

1
~00 
VI O 

VOii 
vii I V02 

VIZ 
VO ii 
vii l

vO,n ♦ I 

vl.ntl 
VOi I 
vi I 

lv20 

v,o 
v2•1 
VII I 

vzz 

v,z 
VZI I 
vii 1

:2,n+ I 

l,n+ I 

vz1 I 
" ll 

l
"n ♦ 1,0 

"10 

".n+ I, II 
vii I 

vnt I, Z 

viz 

vn + I, 11 • , • • 

vii l :n ♦ l,n ♦ I 
l.n+ 1 

vn+ I, II 
vii 

vzz v21 VZ3 • • • • vZ ,n ♦ l vzo VZI VZ) • ••• vz , n+ I 

•1.'voo v,011 

•12 "11 "u • • ' • vl,n -+ l 
• ~oz ",011 

VIO Vil vi) ' • ' ' vl,n ♦ l 

vu "31 "33 • · • · •1,n+l •10 vll v33 ' • • • v), n+ I VIO "11 12 vii 

k♦ l,0 •• + 1,2 vn + 1, ,l "n+ 1, 3 • • • • vn ♦ 1,n+ J vn+ 1, 1 vn+ l,l • vn+l,n+I 

•zo VZI Yzz "u • • •• Yz,n+ l vzo YZl vzz • ' • • vZn 

I
YO) VOii 

•10 vi I " 12 ••• ' • • ' vl,nt I 
. .. . t( - 1)" lvO,n+ l vOII 

"10 Vil VIZ 0 
• • • Vin 

+ n • l 
"ll vii •10 "11 vlZ v,. • • • • v),n+ I 

•o.nt 1 vii 
vlO v)l v)Z • ' • , vln vii 

vn+ 1, 0 •n ~ I, 1 "n ♦ 1,Z "n+ 1,4 · ' • • vn+ l,n ♦ !l vn ♦ J,O vn+ 1, 1 "n+l,Z "n+ l,n 

vii VIZ vi) ' ' ' ' :vl,n+ 1 YIO •11 YI) • • • • vl,n ♦ I 

, ~00 VOii 
•21 •22 VZl • • • • vz,r, + 1 

+ 1"02 "011 
"20 •21 ~23 ' ' ' ' '2,n ♦ I . •31 v3Z vll ~ ' • ' 11(3 , n + l vlO v) I vll • • • • v),n+ I 10 vi I "12 vii 

:vn+ I, I "n+ l,Z vn ♦ 1,3 • • • • "n+ l,n+ I "n+ 1,0 vn+ 1, I v ..... • ' • • "n+ l,n ◄• I 

YIO vii "12 v .. • • ' vl,n + I vlO vii VIZ • • ' • v In 

I

VOJ VOii 
•zo VZI vz2 Vz, ' •• ' "z,n ♦ I 

lvO,n. ♦ I VOii 
vzo "ll •iz • v2n . 

•10 v31 VJZ •34 •• • • vl,I\ ♦ I + . . ,+(•II" ♦ I n - I 
YIJ Vil vi, ntl "11 v30 VJI v, z v,. Vil 

V 
n+ 1,0 vn+ I, I V 

n + 1. Z 
V 
n ♦ 1,4 • • • • V n ♦ 1,n+ I vn+ 1.0 V 

n+ I , I V 
n + 1, l V 

n t l, n 

A-2 aolenoe aervlcea dlvlalon 

11 111 tltlfjltl I l t llljl l'I I' II 1 11 111 •1111 1 1/ I I IJ II tl ~ I \I 11111 II 1111 

,I 11 

' I 

I I Ii 

• 

I 
. I 

] 

,11 

ij 

.. 

" 



I 
I 

~------

fo the fir£t step of this expansion, the determinant of th.e (n+ 1) x (n+ 1) matrix 

consisting of 2 x 2 determinants was expanded in terms of the minors associated 

with the top row, and the a ssumption that the lemma is true for n was used to 

evaluate the determinant of each minor. In the second step, use was made of 

the fact that interchanging adjacent rows or columns of a determinant ca1uses 

a change of sign in the re s ulting determinant,. At this point, it is conven ient 

to introduc e some notation. Let I Vj \ denote t . e determinant of the m inor ob­

tained by deleting the oth r ow and /h column of t he matrix 

V 
00 V 01 VQ2 . vO,n+ 1 

vlO vll vl2 . V 
1, n + 1 

v20 v21 v22 V 
2, n + 1 

V 
n + 1, 0 

V 
n + 1, 1 

V 
n + 1, 2 

V 
n+ l,n+ 1 

In additi .. m, let \ Vjt I denote the determinant of the minor obtained by deleting 
the 0th and 1st rows and /h and .e,th columns of the same matrix. When the 

(n + 1) x (n+ 1) determinants obtained in the second stage are expanded in terms 

of the minors associated with the top row of each determinant, the expression 

obtained in the second stage becomes 
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+ l- VOi v 10 h1 IV 011 - Viz '\Vozl + v 13 \Vo3I - v 14 IV04I +• •• +(-Un vi ,nt I IVo. nt ,I] ii 
-vol "'12[v10 lV02 1\-v11 IY12l+v13 \v,23l- v14 IV24I+ ••• +(-l)nvl,n.tl IV2,nt1

1I]!~ 1 

+ VO I V 13 ["IO IV O 3 I - VII. IV u 'I + VI z \V z3 I -V 14 IV 34\ + • • • + ( - I) n VI • n + I I V 3 . n+ 1 I]; : 
I"'~ 

- v 01 v 14 [v 10 IV 04
1

1 - v 11 '\V 1,41 + v 12 IV 241 - v 13 
1IY 341 + • • • + (-Hn v 1, n + l 

11V 4, n t 11\] L 
1 

n JI n-1 t • • • f (- l') vl . cl. ' \v + •11 vl l , n. ir ,lL • n, n · 

Within ,e,ach bracketed ,expression, ,all term:s e"cept those multiplieC: by v 
11 

cancel another term within. the full expression cont,ained in braces. Thus, 

the full determinant e.xpansion becomes 

[ 
[' 

I I 

l I 
i l 
L 

j
' ] 

j 
. I 

i 
' 
J: 

1: 1 
j'." 

+ J- v O 1 [v 1 O I ~O 11 - v LZ IV 121 + v 13 IV 13 I - v 14 'l V 14 I + • • • + ( - 1) n + 
1 

v l, :n + 1 \V l, n + 1 t] I v 7 1 q 
, l 
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The bracketed expres s ion is equtal to \Vii.\ ., so that the result is 

voo VO! V02 • V 0, n + [ 
n vlO vll vl2 = vll 

'V • l,n+l 

v20 v21 v22 • v2,n+ 1 

V V Y 
n+ 1,0 n+ 1, l n+ 1,2 

This determinant 1exp.res s ion is the desired !l.",esult for n + 1, so 1that 1th.e l,emma. 

is proved for all positive integers n. 

2. Th.eore!tr': 

Let a set of m a trices { f, w
2

, ... , t n} satis£y tb.e following re­

cursive relationship: 

H 
P = P 

1 +YV 
n n- n n 

/ 
H where V is a column vector and V is its conj111gate transpose .. Then, n A 

A-5 

I-[ - 1 
T qiO V 

I n 

H ,-1 
... • V 4

0 
V 

n I n 

1 + VH -l V 
n O n 
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Pr1oof: 

The proof is on ~e again bf i,mductiom,. 

The ~rurerse matrix fo,r 4>
1 

is given by the formulci 

H 
= to++- YI V l • 

This 1eq_ua1tion. may be verified by mllltiplying 1the formula for ~~l by ~O + V 
1 

V~. 

Premultiplyir11g this equation by TH and postmultiplying this equation by U, one 

oh ta.ins 

= 

This is the statement of the th?orem for n = 1. 

Note that th.e matrix 1obtai1ned by del,eting the rO•'·" contaimi1ng the 

:r 1ow v1ector TH and the cohimn co:ntaini.~g th,e column :veic:tor U is th,e single-
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This is the mat r ix whmse determinant appears in the denominator of the 

form ula for TH~ - l U. .By a dding ,1 to the element TH~~ 1 lt!J ,, the numerator 

is therefore inc .reased by 1 + vf t~ 1 
V 

1
, so that 

H -1 
1 + T qi l U = 

l l +VH~-lV I 
l O 1 I 

Now it is necessary to p,rove that t he t r uth of the the orem fo r 

n implies tha t the theorem i s true fo r n + 1. 

H H 
Let~n+ l = 4> 11 + V2 V2 + .,. + Vn + l Vn+ 1• Unde r the a ssumpt ion 

that the rU1e orem is 'true for n, 

1T H ,p- l U T H 't - l V ·~ -1 
1 1 2 T 41 1 Vn + 1 

VH ,- 1 U l +VH t -lV H - l 
,2 1 ,2 l 2 . . . ~ 2 t l V n + 1 

y1i -1 H - 1 H -1 
TH ~- fl U n+ltl U V n + 1 il> l V 2 Vn + l ~l Vn +l 

= 
n + 11 iit.l - l H -1 ff - 1 

l+iV2 JI V2 V2 ~I V3 V2 ~1 Vn+ l 

VH 1i - l V H -1 VH ;, • l V l+ V3 ~l V3 . . . 3 1 2 J 1 n + l 

,. 

yr.I - 1 
n+l ~l V2 v8 -1 

n+ l t l V3 . . 1 + VH ~-l V 
n+l 1 n+l 
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Th • • h f' 1 • f TE 1- - ll U a e trans1t1on to t . e ma e:xip.lfess1on or . "'n + 
1 

'Was ma e 

by invoking the lemma proved in subsection l. The final expression is the 

.:me for TH ~:~ 
1 

U which would have been obtained by invoking the theorem 

for n+ 1. Thus• tihe theorem 1is true :for all p0sitive inte1ge1rs n. 

3. Corollary: 

If ~ 
n 

2 H 
{vn p+ I Vil I v1 v2 e I I I 

H 2 ~v v2 v1 p + IV2 \ I I • I 

2 n p 

1 
;1v VHV . . . p + IV 12 n 1 n 2 n = 

0 H ~-1 t!J 11w-12 UHV U!fl V 
n 1 n 

IH 
p t IVl 12 1vn v

1 
U . . . . 
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