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Gradient Methods in Mathematical Programming 

Part 2 - Memory Gradient Method* 

by 

A. MIELE2 ANDJ.W. CANTRELL'5 

Abstract. A new accelerated gradient method for finding the minimum of a function f(x) 

whose variables are unconstrained is presented. The new algorithm can be stated as 

follows: 

ic = X + f>X , f'X = - 'ig(x) + ñ f>x 

where 6x is the change in the position vector x, g(x) is the gradient of the function f(x), 

and oi and p are scalars chosen at each step so as to yield the greatest decrease in the 

function. The symbol *x denotes the change in the position vector for the iteration 

proceeding that under consideration. 

It is shown that, for a quadratic function, the present algorithm reduces to the 

Fletcher-Reeves algorithm; thus, quadratic convergence is assured. However, for a 

nonquadratic function, initial convergence of the present method is much faster than 

that of the Fletcher-Reeves method because of the extra degree of freedom available. 

For a test problem, the number of iterations was about 40-50% that of the Fletcher- 

Rceves method and the computing time about 0()-75% that of the Fletcher-Reeves method, 

using comparable search techniques. 

* This research was supported by the Office of Scientific Research, Office of Aerospace 
Research, United States Air Force, Grant No. AF-AFOSR-82N-67. 

2 Professor of Astronautics and Director of the Aero-Astronautics Group, Department of 
Mechanical and Aerospace Engineering and Materials Science. Rice University. Houston 
Texas. 

Graduate Student in Aero-Astronautics, Department of Mechanical and Aerospace 
Engineering and Materials Science. Rice University. Houston, Texas. 



1. Introduction 

In Ref. 1, we considered the problem of minimizing a scalar function f(x) of an 

n-vector x. We reviewed the ordinary gradient algorithm and the Fletcher-Reeves 

algorithm of Ref. 2. Compared with the ordinary gradient method, the Fletcher- 

Reeves algorithm has the advantage of high speed since it produces quadratic convergence. 

Compared with other conjugate gradient methods (such as the Davidon variable-metric 

algorithm), it has the advantage of simplicity of concept and small storage requirement 

while yielding comparable computing time. 

In this paper, a generalization of the Fletcher-Reeves algorithm is investigated. 

This genera ization retains the property of quadratic convergence, simplicity of 

concept, and small storage requirement, while yielding shorter computing time. 

The only added complication is the need for a two-dimensional search at each iteration 

as opposed to the one-dimensional search required by the Fletcher-Reeves algorithm. 
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2. Definitions 

The following definitions are used throughout the paper: 

(a) The symt/ol x denotes the position vector 

1 
t 

2 

x = 

n 

(1) 

, , 1 2 n whose scalar components are x ,x ,...,x . 

(b) The symbol f denotes a scalar function of the vector x, that is, 

f = f(x) (2) 

(c) The symbol g denotes the column vector 

g(x) = 

M/?dl 

^f/^x 
n 

(3) 

whose components are the first partial derivatives of f with respect to the scalar 

variables x\x2.x". This is the gradient of the function f. 
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(d) The syniix»! H denotes the square matrix 

H(x) = 

. 

^£/½2¾1 S2f/öx2^x2.ô2f/àx2^xn 

^2^¼ ^2^¾0½2.^/½11½11 

(4) 

whose components are the second partial derivatives of the function f with respect to the 

, 1 2 n 
scalar variables x ,x ,...,x . 

(e) The symbol x denotes the nominal point. The symbol x denotes the point 

following x. The symbol x denotes the point proceeding x. The symbol x denotes the 

point proceeding x (see Fig. 1). 

(f) The symbol *>(...) denotes the displacement leading from a point to the next 

point. Therefore, the following relations hold (see Fig. 1): 

x = x + *x 

x = x + 6x (5) 
., • 

A A A 

X = X + 

(g) The superscript T denotes the transpose of a matrix. 
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3. Statement of the Problem 

The purpose of this paper is to find the minimum of a function 

AAR-56 

f = f(x) (6) 

* 

whose variables are unconstrained. The basic idea is to construct corrections 6x leading 

from a nominal point x to a varied point x such that 

f(x)< f(x) (7) 

Therefore, by an iterative procedure (that is, through successive decreases in the value 

of the function), it is hoped that the minimum of f is approached to any desired degree 

of accuracy. 

To first-order terms, the values of the function at the varied point and the nominal 

point are related by 

f(x) - f(x) + 6f (8) 

where the first variation 5f is given by 

*f = gT(x)fa (9) 

with 

6x = x - x (10) 



Also to first-order terms, the greatest decrease in the value of the function is achieved 

if the first variation (^) is minimized. Here, we limit our analysis to those variations 

which satisfy the constraint 

K = (fa - Bfa)^(fa - Bfa) 

where fa = x - x and where K and 6 are prescribed. Since this constraint involves not 

only the correction fa of the iteration under consideration but also the correction 6x 

of the previous iteration, the resulting algorithm is called memory gradient algorithm. 
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4. Derivation oí the Algorithm 

Standard methods oí the theory of maxima and mirima show that the fundamental 

function of this problem is the scalar function 

F = gT(x)6x + (l/2a)(6x - R6x)T(6x - 96x) (12) 

where l/2a is a constant Lagrange multiplier. The optimum system of variations must 

be such that 

G(5x) = 0 (13) 

1 2 
where G is the gradient of the function F with respect to the scalar variables 6x , 5x , 

..., £>xn. In the light of (12), the explicit form of (13) is the following: 

6x = - ag(x)+ R6x* (14) 

Upon substituting (14) into (11), we see that 

K = a2gT(x)g(x) (15) 

Therefore, a one-to-one correspondence exists between the value of the constant K and 

the value of a. This being the case, one can bypass prescribing K and reason directly 

on a, as in the considerations which follow. 

Remark 4.1. We note that, for 

0=0 (lo) 



Eq. (14) reduces to 

6x = - Tg(x.) 

w'üch is the algorithm employed in the ordinary gradient method. In this method, the 

search direction is the direction -g(x) and the stepsize a is determined so that the 

4 
function f(x) is minimized along the direction -g(x). 

We also note that, for 

c - '■'KWgW (18) 

SgT®g<x> 

Eq. (14) reduces to 

5x = -opOc) 

where 

p(x) = g(x) + p(x; (20) 
g (i)g(x) 

which is the algorithm employed in the Fletcher-Reeves method (Ref. 2). In this method, 

the search direction is the direction -p(x) and the stepsize a is determined so that the 

function f(x) is minimized along the direction -p(x). 

^ To change the stepsize a is the same as to explore the effect of different values of the 

constant K on the algorithm. 



ff 
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Remark 4.2. Generally speaking, the convergence properties of the Fletcher- 

Reeves method are better than those of the ordinary gradient method. In particular, for 

a quadratic function of n scalar variables, (19) converges in no mor'1 than n steps to the 

exact solution, while (17) does not converge in a predetermined number of steps. Since 

the algorithm (19) was derived in Refs. 2 and 3 from the consideration of quadratic 

functions, it is not immediately clear that its properties should be excellent for nonquadratic 

functions as well. For these functions, it is felt that the addition of one extra degree of 

freedom to the system of corrections fa should substantially improve convergence, at 

least in the initial stage of the descent process. Therefore, in the subsequent sectioas 

of this paper, we employ the algorithm (14) with a and 9 optimized independently. 
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5. Properties of the Algorithm 

If Eqs. (10) and (14) arc combined, the position vector at the end of any iteration 

becomes 

X = X - Tg(x) + 96x (21) 

For each point x, Eq. (21) defines a two-parameter family of points x for which the 

function f takes the form 

f(x) = f(x - ag(x) + 86x) = F(a, 8) (22) 

The greatest decrease in the function F(a, 8) occurs if the parameters aand 8 satisfy 

the following necessary conditions: 

F = 0 , F = 0 (23) 
a 8 

where the subscripts denote partial derivatives. On account of (22), the following 

relations hold: 

F =-gT(x)g(x), F =gT(x)6x (24) 
a n 

Therefore, Eqs. (23) become 

gT(x)g(x)=0, gT(x)«=0 (25) 

and show that the gradient g(x) is orthogonal to the gradient g(x) and the correction 6x. 
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T 
If Eq. (14) is premultiplied by g (x), the following result is obtained: 

gT(x)6x = -ogT(x)g(x) + BgT(x)6x (26) 

wliich, in the light of (25), implies that 

gT(x)6x = 0 (27) 

Therefore, g(x) is also orthogonal to the correction 6x. 

T 
If Eq. (14) is premultiplied by g (x), the following result is obtained: 

gT(x)ôx = -agT(x)g(x) + ßgT (x)6x (28) 

Because of (9) and (27) applied to the previous iteration, Eq. (28) becomes 

6f = -agT(x)g(x) (29) 

T 
Since g (x)g(x) >0, Eq. (29) shows that, if the optimum values of a and 8 are employed, 

the first variation is negative for a > 0. Equations (25), (27), (29) summarize the general 

properties of the algorithm. They are valid regardless of the function f(x), as long as it 

is continuous and has continuous first derivatives. 

For any iteration except the first, the complete algorithm can be summarized as 

follows: (a) for a given nominal point x, the gradient g(x) is known, and the vector 6x 

is known from the previous iteration; (b) the optimum values of the multipliers a and 8 

must be determined by solving Eqs. (23), as in Section 6; (c) the correction 6x to the 

position vector x is determined using Eq. (14); and (d) the new position vector x is 
It • 

computed through Eq. (10). 



Of course, operations (a) through (d) imply that Me is known from the previous 

iteration. Since this is not the case for the first iteration, an arbitrary assumption 

concerning fix must be made in order to start the algorithm; the simplest assumption 

is = 0, equivalent to stating that the first step is a gradient step. 

In the Fletcher-Reeves algorithm, restarting the process every nor n + 1 iterations 

has proved helpful (Ref. 2). Since the memory gradient algorithm is a modification of the 

Fletcher-Reeves algorithm, it is likely tliat restarting every n or n + 1 iterations may 

prove helpful in this algorithm as well. 
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6. Search Technique 

The next step is to solve Eqs. (23) for the optimum values of the paramters a 

and 8, that is. those values which yield the minimum of F(a, 8). Clearly, the memory 

gradient method requires a two-dimensional search, while the ordinary gradient method 

and the Fletcher-Reeves method require a one-dimensional search. While several kinds 

of two-dimensional search can be imagined, the one described here is based on 

quasilinearization with built-in safeguards to ensure that the function decreases at every 

step of the iterative search. 

Let the corrections to a and ß from arbitrary nominal values a and 8 be denoted 
oo 

by 

ôa = a-a , 68 = 8- 8 (30) 
oo 

If quasilinearization is applied to Eqs. (23), one obtains the linear algebraic equations 

F 6o + F o68 + F =0 
oo op a 

V“ + F8e66 + V° 
(31) 

where F , FQ, F , F Q, Fûoare computed at o , 8 . Next, we imbed Eqs. (31) in the 
O “ OO OB Pp 0 0 

more general equations 

F 6o + F 6ß+upF 
0008 o 

FSa{a + FB86B + UDFe 

= 0 

= 0 
(32) 
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where u denotes a scaling factor and d a direction factor such that 

O'SU'Sl, o = ± 1 (33) 

Equations (32) admit the solutions 

6a = - upflyD^ , 68 = - up(D2/D3) (34) 

where 

n = F F - F F 
U1 a 86 6 aß 

D = F F - F F 
U2 rß aa a a8 

n = F F - t 
3 aa B8 aß 

(35) 

The direction factor p is determined in such a way that the first variation 

6F = F 6a + F-68 
a ß 

(36) 

is negative. From (34) and (36), we obtain 

6F = - up(D4/D3) (37) 

where 

D = F2F - 2F F F + F2? 
U4 a ßß a ß a6 B aa 

(38) 
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Therefore, (37) is negative if the direction factor p is chosen as follows: 

p = sign (Dj/D.j) (39) 

Because of this choice, the corrections (34) to n and B become 

to = - u(Dj/D3) sign (D4/D3) , 6B = - u(D2/D3) sign (D^Jty (40) 

Note that the partial derivatives appearing in D^, D^,are computed at o^, Bo. 

Therefore. they are given by 

V ' gT(*o,g<x) ' Fp 1 eTP0)K (41) 

and 

Fan = Fae = * gT(x)H(xo)6x, FgB= 6xTH0co)6x (42) 

where x denotes the vector 
o 

x = x - a g(x) + 8 St (43) 
o o o 

If tlie matrix H(x) is not explicitly available, the second derivatives cannot be computed 

with Eqs. (42). In this case, one can use the following difference scheme: 

F*i = (l/2Cl)[gT<S3’'sV|)]g(x) 

FaB = (1/2ei)[gT(V'gT(V16î 

- (l/2c2)[gT0t4) - gT(x2)lg(x) 

FB8 = (l/2c2)(gT0i2) - gT(x4)]6î 

(44) 
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where 

WVW' *2=*o + E2S 

*3 = *o + WV* 

In practice, one may choose 

Ej ^ e/lg(x)| , g2 = e/J6x I 

(45) 

(46) 

where e is a small number. 

To perform the search, nominal values must be given to ao> 8q. Then, one sets 

u = 1, computes 6a, 68 from Eqs. (40), and a, 8 from Eqs. (30). If F(a, 8) < F(ao, Bq), 

the scaling factor a = 1 is acceptable. If F(a, 8) > F(ao> Bo), the previous value of u 

must be replaced by some smaller value in the range 0 ¿ u ^ 1 until the condition 

F(a, 8) < F(aQ, 8o) is met (this can be obtained through bisection, that is, by successively 

dividing the value of u by 2). At this point, the search step is completed. The values obtained 

for a, 8 become the nominal values a , 8 for the next search step, and the procedure is 
o o 

repeated until a desired degree of accuracy on a, 8 is obtained. In the absence of better 

information, the first step in the search procedure can be made with a0 = B0 = °* 

Remark 6.1. Whenever the independent multiplier algorithm is started or restarted, 

the assumption 6x = 0 must be made, with the implication that F^ = Fag= = 

that Eqs. (40) yield undetermined corrections and must be replaced by 

6a = -u(F/F )sign(F ) (47) 
a ota. an 

Also note that, for the starting or restarting step, the multiplier 8 remains undetermined 

and has ro effect on the algorithm, since B^x = 0. 

I 
I 
I 
I 
I 
I 

U 1 

fl 
lijl 

Ö 
0 

I 
I 

M'H IMi.. hi.iiM mu ;i'ill I:tin ill ti IIIIM»!Ï! MlilMilllllMilIKI ¡I'!'- H";" 



17 

.. 'iiiüsMH i iiwinwmi 11 tfVPvrf^WMMWi 

AAR-Sò 

7 * Relation of the Memory Gradient Method and tlie Fletcherjjlecvcs Method 

Consider a quadratic function f(x)f tiiat is, a function of the type 

T 1 T 
f(x) = a + b X + - X Cx (48) 

where a is a scalar, b is an n-vector, and C annx n symmetric matrix. For this function, 

the gradient g(x) is the linear function 

g(x) = b + Cx (49) 

and the matrix of the second derivatives is the constant matrix 

H(x) = C (50) 

At the point x, Eq. (49) becomes 

g(x) = b + Cx - b + C(x + 6x) = g(x) + C6x (51) 

with the implication that 

gT(x) = gT(x) + öxTC (52) 

Therefore, the conditions (25) optimizing a and 6 become 

gTOOg(x) + òxTCg(x) = 0 

gT(x)&x+ ÔxTC6x =0 
(53) 
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After observing tliat 

T T T 
6x = - ng (x) + fi&x (54) 

and accounting for (27), we see that Eqs. (53) reduce to 

gT(x)g(x) - ogT(x)Cg(x) + BgT(x)C6x = 0 

- ogT(x)C6x + B6xTC6x = 0 

and admit the solutions 

(55) 

a = X6£TC5x , B = \gT(x)C6x (56) 

where X is a scalar given by 

X = .jgT(xMLL 
[gT(x)Cg(x)][6xTC6x] - [gT(x)C6x]2 

(57) 

From (56), we deduce the following relation between the optimum parameters a and 8: 

= gjx£6x_ 
8 = a 

6xTC5x 
(58) 

If Eq. (51) is rewritten for the previous iteration, one obtains the relation 

g(x) = g(x) +C5x (59) 
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which, upon premultiplication by £ (x), leads to 

gT(x)iî(x) = gT(x)g(x) + gT(x)Cöx (60) 

Therefore, on account of (25-1), one concludes that 

gT(x)C5x = gT(x)g(x) (61) 

Next, if Eq. (59) is premultiplied by 6x , one obtains 

6x^g(x) = 6x g(x) + 6x^C Ex (62) 

On account of Eq. (27), Eq. (62) reduces to 

E>x^C6x = - 6x^g(x) (63) 

Owing to the fact that 

Ex = -og(x) + BEx (64) 

and that 

fJT . T,Ä * aT 
6x =-ag(J9 + B6x (65) 

Eq. (63) becomes 

.„T * a T 
ox C6x = ag (x)g(x) * 3ExT g(x) (66) 

We note that, because of (27), 

6xTg(x) = 0 (67) 
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and, tiicTclorc, 

6xTC5x=^T(x)g(x) (68) 

From (58), (61), (68), we conclude that 

q = 2£!.(*)i&) 
ägT(^g(x) 

(69) 

which is identical with (18). Thus, for a quadratic function, the me mor)- gradient algorithm 

yields values of a and 3 identical with those of the Fletcher-Reeves algorithm. 
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8. Numerical Example 

In order to compare the present method with the Fletcher-Reeves method and the 

ordinary gradient method, a numerical example was carried out. The function to be 

minimized is the following (Ref. 4): 

f(x) = 100(z - y2)2 + (1 - y)2 + 90(w - u2)2 + (1 - u)2 

+ 10.1 [(z - 1)2+ (w - I)2] + 19.8(z - 1 )(w - 1) (70) 

I 

and exhibits a relative minimum as well as an absolute minimum at the point 

17 * 1 , Z * l , U=l, W = 1 

% 

where f = 0. This function is a particular case of (6), if one 

• \ 

X = 

u 

w 

(71) 

(72) 

The nominal point chosen for starting the descent process is the point 

I 
T I 
I 
I 
I 

y = - 3 , z = - 1 , u = - 3 , w = -l 

where f = 19,192. The following convergence criterion was adopted for stopping the 

descent process: 

(73) 

f(x) « 10 
■13 

(74) 
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-7 
and is approximately equivalent to an accuracy of 10 in each of the coordinates involved. 

Concerning a particular iteration, thj search for the optimum values of the multipliers 

a and 8 was terminated when the changes of a and ß predicted through Eqs. (40) satisfied 

the inequalities 

Isa/c^lsio"6 , |60/SoU 10"6 (75) 

The first derivatives of the function F with respect to the multipliers a and 8 were 

computed analytically through Eqs. (41). The second derivatives were computed 

numerically through Eqs. (44). 

Computations were performed in double precision arithmetic using the Rice 

University Burroughs B-5500 computer. The memory gradient method, the Fletcher-Reeves 

method, and the ordinary gradient method were investigated. For the first two methods, 

three variations were considered: (a) no restart, (b) restart every n iterations, and 

(c) restart every n + 1 iterations, were n = 4. If AN denotes the number of iterations 

perfonaed before restarting, case (a) is characterized by AN = », case (b) by AN = 4, 

and case (c) by AN = 5. The dependence of the function f on N (the number of iterations) 

and t (the computing time)5 is shown in Figs. 2-7. Also, the number of iterations 

-13 
necessary to satisfy the inequality f £ 10 and the associated computing time are 

shown in Tables 1 and 2. 

5 The computing time t is defined as the actual time employed doing numerical calculations 
in binary form; therefore, t does not include the binary-to-decimal conversion time and 

the printout time. 
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-13 
Table 1. Number of iterations to f(x) < 1Ó 

i>
 

z
 h 8 AN = 4 AN = 5 

Memory gradient 
method N = 34 N = 17 N = 15 ; 

» 

Fletcher- Reeves 
method N = 39 N =29 

Table 2. Computing time to i(x) s 10 
-13 

AN = 00 AN =4 AN = 5 

Memory gradient 
method t = 17.8 sec t = 9.2 sec t = 8.8 sec 

Fletcher-Reeves 
method t = 14.8 sec t = 11.9 sec 

It should be noted that the ordinary gradient method did not converge to the degree 

-13 
of accuracy f s 10 even after 100 iterations. On the other hand, the memory gradient 

method converged in every case, while the Fletcher-Reeves method converged only for 

AN = 4 and AN = 5. For those cases where the methods converged, it was found that (a) 

the number of iterations of the memory gradient method is 40-50% of that of the 

Fletcher-Reeves method and (b) the computing time of the memory gradient method is 

60-75% of that of the Fletcher-Reeves method. Clearly, the present algorithm requires 

more computing time per iteration, owing to the fact that a two-dimensional search 
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ratiicr than a one-dimensional search, is necessary. Despite this, the overall computing 

time is less than in the Fletcher-Reeves method owing to the considerable decrease in 

the number of iterations. 

Remark 8.1. In order to compute the second derivatives through Eqs. (44), a 

specification of the value of e is necessary. If e is too large, the second derivatives 

are not accurate because the first derivatives do not behave linearly. If e is too small, 

s 

the second derivatives are not accurate because the differences in the first derivatives 

cannot be computed with sufficient precision. Therefore, e must be in a proper range. 

-13 
For the test problem under consideration, convergence to f £ K) using the memory 

-20 -2 
gradient algorithm was achieved for e in the range 10 £ e £ 10 . In this range, the 

number of iterations n and the computing time t for convergence were found to be insensitive 

-8 
to changes in e. At any rate, the numerical data presented here refer to e = 10 . 

Remark 8.2. The computations presented here were done in double precision 

arithmetic. Experiments were made by using various combinations of single precision 

and double precision. In one of the experiments, the position vector x and the gradient 

g(x) were calculated in double precision while everything else (in particular, the optimum 

values of a and 0) were calculated in single precision. With this mixed approach, the 

independent multiplier method converged in the same number of iterations as with the 

double precision approach; however, the computing time decreased. With the same mixed 

approach, the Fletcher-Reeves method converged in a greater number of iterations an! 

greater computing time than with the double precision approach. It appears that the 

independent multiplier algorithm has greater flexibility than the Fletcher-Reeves algorith, 

since it is less .sensitive to round-off errors. 
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^* Discussion and Conclusions 

In this paper, a new accelerated gradient method for finding the minimum of a 

function f(x) is presented, f being a scalar and xan n-vector. The new algorithm, called 

the memory gradient method, can be stated as follows: 

x=x + &x, 6x = - ag(x) + 86x (76) 

i - 

where a and 8 are scalars, chosen at each step so as to yield the greatest decreafib in the 

function f. The above algorithm is a generalization of the Fleteher-Reeves algorithm 

and its principal objective is to reduce the computing time required for convergence. 

The following comments are pertinent: 

(a) With the memory gradient algorithm, both a and 8 are optimized. With the 

Fleteher-Reeves algorithm, only a is optimized since the ratio ß/a is kept at a 

preselected value determined from quadratic considerations. 

(b) Because of (a), the memory gradient algorithm requires a two-dimensional search, 

while the Fleteher-Reeves algorithm requires a one-dimensional search. The two- 

dimensional search can be performed by using quasilinearization with built-in safeguards 

to insure the stability of the descent process. 

(c) For a quadratic function, the memory gradient algorithm yields values of a 

and 8 identical with those of the Fleteher-Reeves algorithm. Therefore, in this case, 

the number of iterations required for convergence is identical for the two methods. 

However, owing to the two-dimensional search, the computing time for the memory 

gradient method is larger than that for the Fleteher-Reeves method. 
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(d) For a nonquadratic function, the memory gradient algorithm exhibits faster 

initial convergence than the Fletcher-Reeves algorithm. This is due to the extra degree 

of freedom available. 

(e) The memory gradient algorithm has definite advantages with respect to the 

Fletcher-Reeves algorithm in compensating for round-off errors. Again, this is due 

to tiie extra degree of freedom available. 

(f) A test case was considered, that of a quartic involving four variables. The initial 

coordinates were such that f = 19,192. After the first iteration, both methods reduced the 

function to f = 134.4. After four iterations, the memory gradient method reduced the 

function to f = 0.0045 while the Fletcher-Reeves method reduced the function to f = 31.5. 

(g) For the above test case, both algorithms were cortinued until convergence was 

achieved (f <10 ). The number of iterations with the memory gradient method was 

about 40-50% that of the Fletcher-Reeves method; the computing time with the memory 

gradient method was about 60-75% that of the Fletcher-Reeves method. 
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