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ABSTRACT 

Second-order, linear, recursive, fixed-weight optimal and critically 
damped filters are compared on the basis of truncation errors produced by each. 
The critically damped and optimal filters are derived along with the commonly 
used parameters which are truncation error and noise j-atio.   It is shown that 
when truncation errors are compared on the hasis of equal noise ratios for the 
two filters, the optimal filter yields a significant improvement over the 
critically damped filter. 
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I.  Criticallir Damped Second-Ordtr Filttrt 

"olse-fS t^t^e^Tji 'T^r WhlCh Wl,, COn™*e - ^ 

Fn = ?n + GK-yn) (1) 

T( 

2K 

y**yn*Ti\'K) (2) 

• —      -r —   T! 
m 1° vn + •V.J + V   — >HI      n    • n       n 2 (4) 
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It is noteworthy that Ej and bj are given in terms of the we'r ts G, H, and K, 

and M and N are both three. 

The z-transform of Equation (7) may now be taken. 

Yn(z) =Xn(z) t(G+H+K)+ (-2G - H + K)z-,+ Gz-21/[1 

+  (-3+G +H + K)z-1+ (3 - 2G-H+K)z-2+ (-l+Oz"3]  . 

0) 

2.   Optimum Second-Order Filters 

From Equation (9) the relations among the weights of a critically 
damped second-order filter, may be obtained.   For a second-order filter to be 
critically damped, the three roots of the denominator polynomial must be real 
and equal.   The three weighting coefficients (G. H, K) are functions of the 
roots (rn r2, r3) of the denominator polynomial. 

A term, ß, may be defined as follows: 

/}=-,   r= ri= r2= r3 , 

where r is the real root of the denominator polynomial.   The weights are related 
to r (and ß) by equating the coefficients of like powers of z"' in the cubic 
(z-1 - r)3, to those of the denominator polynomial.   The resulting equations are: 

G = 1. 0 - /i3 

H= 1.5(1- ß^d -ß) 

Ks 0.5(1 - ß)3 . 

It can readily be shown that ^ is a good indication of the degree of smoothing. 
No smoothing will take place if /? = 0, and heavy smoothing will take place as 
ß approaches 1.   Therefore, many /3's may be chosen between zero and one, 
and the critically damped weights solved for.   The relationship between the 
weights may be seen in upper case letters in Figure 1. 

Emphasis will now be shifted toward deriving a Kaiman steady-state 
filter from which the weights will be computed for the optimum second-order 
filter.   To begin with, certain parameters must be known in order to initiate 
the process.   One of these parameters characterizes the expected maneuver 
of the target.   It should «gain be pointed out that the filter operates on only one 
measured coordinate at a time, for example, range.   Therefore, a maneuver 
covarlance matrix, Q, such that 
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FIGURE 1. WEIGHT RELATIONSHIPS OF OPTIMUM (LOWER CASE) 
AND CRITICALLY DAMPED (UPPER CASE) FILTERS
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Q 

0 0 0 

0 0 0 

0      0      er 
M 

(10) 

may be defined. 

Element Q33 of this matrix (^M
2 ) is actually the maneuver vaTiance.   It 

represents the uncertainty in predicted acceleration caused by derivatives in 
the trajectory higher than the second, during one sample interval.   Element Q33 
may be approximated from the maximum target jerk by neglecting derivatives 
higher than the third.   If the maximum jerk of a target is 5 g per second, 
this, multiplied by T, might be taken to be the 3a maneuver and when broken down 
Into its coordinate components, one of which is tue filter input, er   2 is 
obtained. 

Also a sampled data system transition matrix for a constant acceleration 
Input must be defined.   It Is: 

rp2 
T    T 

T 

1 

(11) 

From Schwarz and Friedland [1] [Section 4.2, page 107, Equation (4.5)] *(t) 
Is defined as: 

t2 t3 

*(t) = I+ At +A2^-+ A3^-+ .  .  . 

However since 

then 

y = constant 

y=0. 

Therefore, Equation (4.3) In the reference becomes: 

y(t) - Ay(t)  , 



or 

-1
 1 

y (t) = 

y (t) 
- . 

Thus 

0 1 0 y(t) 

0 0 1 y (t) 

0 0 0 y(t) 

0 10 

0 0 1 

0    0    0 

And from Equation (4. 5). wiil, I = the identity matrix. 

*(T) 

1 0 0 0 1 

0 1 0 + 0 0 

0 0 1 0 0 

T + 

Therefore 

2 

1 0 0 0 T 0 " 0 0 
rr2 

1 T 
0 1 0 + 0 0 T + 0 0 0 = 0 1 
0 0 1 0 0 0 0 0 0 0 0 

*(T) = 

Now. two other matrices are defined which will be used later; 

W. 

W = 

'i 

W2 

W3 

2 
T 

(12) 

Is the second order filter "weighting" matrix; 

H = (1    0    0J 

is termed the observation matrix and relates the state vector (Yl to the 

iXTT* VeCK0r ^J • The nUmber 0f roW8 ln the observailon matrix 
indicates the number of ways one intends to measure independently a state 
variable such as position.   A non-zero element indicates what variable or 

(13) 



variables are being measured.   The number of columns corresponds to the 
number of rows in the state vector.   Therefore, it can be seen that since the 
only input is position [XJ, being measured in only one way, the observation 
matrix is defined as in Equation (13). 

There are two other matrices which must be defined.   These are the 
smoothed error covariance matrix and the predicted error covariance matrix. 

P(m-l) = 

lJn 

21 

'31 

^13 

where PJJ is the predicted position covariance, or 

?,!= El (y - Ey) (y - Ey)] = E| (y - Ey)2]   , 

^here E denotes the expected value.   Therefore, each of the elements of 
P,    ,, Is defined (but not calculated) as follows: 

(Dfl) 

P]2= E[(y-Ey)(y- Ey)] 

Pc= E|(y- Ey)(y- Ey)) 

P23=E[(y- Ey)(y- Ey)] 

P22 = E| (y - Ey) (y - Ej^) 1 = E[ (^ - E^)2] 

P33=E|(y-Ey)^-Ey)| = E|^-Ey)2]   . 

The same Is true for P excepting the fact that (*) is replaced by (-).   Note 

at this point that the matrices P and P are symmetrical about the main diagonal. 
This will be a major simplifying factor brought out later. 

Now the Kaiman sequence and the general Kaiman equations for a 
second-order filter may be introduced.   Once again the symbol (") means 
predicted and V-) means smoothed quantities.   The general equation for deter- 
mining weights is 

W(n+1) 
A T r   ^ T 
P(IH-I) H    [H P(nflt-H   + *]" (14) 

All matrices except the measurement variance have been defined: 



-M (15) 

where aR Is the standard deviation of the radar errors.   Thus R, In this case, 

is a 1 x i matrix. 

The other two equations needed to update the covariances and calculate 
the weights are: 

Pfwl) = (I - WHJ P(IH-I) a6) 

P(rH-l) = * P(n) *T+ Q . <17) 

Equations (16) and (17) will be combined to form the error covarlance matrix 
for the predicted state: 

P(m-l) = * |i- WH] P(n) *T + Q . (18) 

The above equation may be written In expanded matrix form and the matrix 
algebra carried out, since all the matrices have been defined: 

P(n+1) 

T2 
1 0 0 w, 

0 1 T 0 1 0 - w2 UOOJ 

0 0 1 00 1 w. 
J L 

^„(n) P12(n) PB(n) 

Pj,(n) P22(n) P23(n) 
p3i(n) Ps2(n) ^(n) 

■ i-             -< 

1   0 0 000 

T   1 0 + 000 
T2 
JT1 .ooy 

(19) 

At *hls Point " becomes advantageous to get explicit expressions for the 
weights.    From Equation  (14): 

W(m-I); 

P„(IH-1) P|,(n*l) P0(nfl) 

PndH-l)  ß„(lH-l)  ßa(Ofl) 

Pj,(m-1) P,2(IH-1) PM(m-l) 

fl 0 0) 

P|,(IM-1) Pudwl) ß8(n+l) 

Pj^m-l) PjjdRl) P„(nH) 

Pji(m-l) I>M(n+l) P„(m.l) 

-I 

+ IR1 

Therefore, 



W(lH-l) = 

It Is now apparent that: 

WjdH-i) 

W2(n+1) 

VVj(m-l) 

Pndn-D/fPudH-l) + R] 

Pß(iH-l)/fPu(m-l) + R1 

P0(rH-l)/(PM(m-l) + R] 

(20) 

W^n+l) = Pu{n+lj/[Pn(M-i) + R] 

Wjjfm-l) = P12(iH-l)/(Pn(rH-l) + RJ 

W3(IH-1) = P13(m.i)/[p11(IH.1)+ R]     . 

(21) 

(22) 

(23) 

These three equations may be used quite extensively in simplifying the equations 
which result from expanding Equation (19).   It may now be shown from 
Equation (19) that: 

Pll(»l) = W^ + 2W2 RT + W3 RT2 - Pß(n) W2 T2 - W2Pfl(n)T3 

1 0 + P22(n) T2
+ P23(n)T3 -- P0(n) W3T* + j ?„(„) T4        (24) 

3 A Pl2(m-1) = W2R + WjRT - P12(n) W2T + P22(n) T + ^ P23(n)T2 

3 A 1 ü 
f P12 (n) WT2 - ^ PB (n) W3T3 + | P33 (n) T3 

PB(nfl) = W3R - S12(n) W,T+ P23(„)T + | ^(n)!2 -| ß^n) W3T2 

P22(rH-l) = - Pfi(n) W2+ P2!,(n) + 2 P2,(n) T - 2 P12(n) W3T 

- PB(n) WjT2* P33T2 

PJS (n+1) = - PB („) W3 + P33 (n) + (T   2 

M 

P23(IM-1) = - P12(n) W3 + Pa(n) - pa(n) W3T+ p33(n)T  . 

(25) 

(26) 

(27) 

(28) 

(29) 

In the steady state the covariance and weights approach constants.   Since this 
is true. 



PyCH-l^P   (n)  . 

idzz: tnediX8may *dropped-The resuiting e<iuation8 «x «" ^™ 
3.  Relationship Between Optimum and Critically Damped Filter 

P's which cannnt h^ rt»on IU J .   f gms ,w«' W2' and W3) by eliminating the 

p-swhsc nn E^d
t;

cr:;üth
b

er^.8and8ub8titutinKf'rth08e 
T (-2T) and Equation (Te   by T B^red ^ ^d thqUatl0:«(25, ^ mlnU8 ^ -^. FromEjtioU91):^2Ta

(
n

T;;2r^^^^^^^ 

2TW2=W1(w1+W2T + W,|!) (30) 

e^:1^ EqUati0n8 ^^ ^ ^^ ln a 8lmilar -»»-• one may deduce the 

W2
2=2W1W3. (3l) 

Now Equation (28) easily reduces to: 

1-W, -    R      ' (32) 

oSln8sS-^e•i.(32, are the ba8ic weight ^«-^ - «* 

descrlbe^l'H^8600^;0^6' Kalman "^ t0 ^ related to the Previously 
coTol vectr) te alman ^^^ ^ PredICtIon e^«™ ^ no 

[Y(w-ia = f*J   |Y(n)] 

or 
lY(n)] = [Y(n)]+[W]ffX(n)]-[HJ[9(n)j} 

y(n+l) =y(n) +y(n)T+y(n) — 

y(in-l) =y(n) +y(n)T 

y(rH-l) = y(n) 



y(n) =y(n) + W1[x(n) -y(n) J 

y(n) =y(n) + W2[ x(n) - y(n)] 

y(n) =y(n) +W3[x(n) -y^n)]    . 

Thus It becomes apparent that the following relationships hold true for optimum 
steady-state second order, and critically damped second-order filters: 

Wi=g (33) 

W2T = h ,34) 

T2 
w3 —=k . (35) 

Weights (optimum) h and k are shown as functions of g in lower case 
letters in Figure 1.   Shown in Figure 2 is a curve relating the optimum weight 

a   2 

g to the parameter T4 ^-y.   Thus, the weights for the optimum filter are fixed 
R 

if T, a   , and (T_ are known. M R 

In summary, there is actually no difference in the critically damped and 
the optimum filters except in the calculation of the weights. 

4.  Variance Reduction Ratio 

Attention is now turned to the criteria to be used in comparing the two 
second-order filters.   It can be shown that there exists a variance reduction 
ratio, Ö2, which, for predicted position, is a function only of the weights of the 
second-order filter.   This function is defined as follows: 

62 ^ _1L_ gk(2g+h-4) + h fg (2ß+h) + 2hl 
cy"        [-g(h + k) + 2k)  (2g+h-4) 

where a-2 and aj are the variances of the output and the input respectively. 

The actual step-by-step derivation of this term is beyond the scope of this 
paper, however, the procedure1 will be pointed out.   Using Equations (1) through 
(6), one may solve for every element of the covariance matrix with the weights 

'C. F. Asquith, unpublished notes. 

10 





constant by calculating E[ (y - Ey)2], E( (y - Ey) (y - Ey) ], etc.   Then the' 
Indexes may be dropped, making the steady-state assumption.   Next, P,,,, P0( 

Pjj. P23, and PJJ must all be eliminated, leaving an equation for P^/R which is 
a»2 

actually ^ for predicted position only.    (The same procedure may be followed 
x 

if the variance reduction ratio Is desired for either velocity or acceleration.) 

Therefore, by simply knowing the .weights, one may calculate the noise 
ratio of the two filters.   The noise ratio, Ö2, for the two filters may then be 
equalized and the alters may be compared on other grounds. 

5. Truncation Error 

The criterion that has been ohoser .or comparison of the two filters is 
an error which arises from the inputting to the two filters, of a curve of one 
degree higher than the order of the filter.   In the case of the second-order 
Alter, this would be an input comprised of a change In acceleration (x) or 
"jerk. "  When this is Input into a second-order filter, the steady-state error 
which arises is termed truncation error. 

Assuming a trajectory with constant jerk  (J0), the acceleration, 
velocity, and position can be calculated as functions of time.   The acceleration 
equals the total time times the jerk or: 

Acceleration = nT J0 . (36) 

Integrating this expression, the velocity and position are obtained: 

nT2 

Velocity = — Jo (37) 

nT3 

Position = —J0 . (38) 

The noise-free measured values at times n, n-1, and n-2 are denoted as: 

V   6   J» (39) 

(n-1)3 T8 _ 
Xn-1-        6 J» (40) 

x (n-2)3 T3 _ 
n-2 6 Jo " (41) 

12 



Now the equation for linear feedback flltera, In this caae, Equation (7), Is 
recalled: 

y(n+l)= (g+h + k) x  + (-2g-h+k) x 
n n-1 

-  (S-ag-h+^y^j- (-l+g)yn_2 (7) 

The errors then. In the predicted, are defined for the present point and the 
past three as: 

r(i>)-l)=y(IHl)- (StlilÜiü (42) 

e(n) =y(n) - 

6 

n3 T3 J,, 
(43) 

e (n-1) = y (n-1) - (l"1)g'I"Jft (44) 

e(n-2)=y(n-2)-i2^liliiiL   . (45, 

Solving Equations (42) through (45) for the respective y's and substltutlnit them 
In Equation (7), one obtains: 

e(iH-l)+ (lwi)3T3-^= (g+h-(-k)(nT)3^-+ (-2g - h + k) (n-1)3 T5^- 

+ g(n-2)3T3^- (-3 + g+h+k)(e(n) + n3T3^)- (3-2g-h + k) 

^(n-1) + (n-1)3 TJ^-J - (-1+ g)  Ln^) + (n-2)3 T3^]    . 

2ke(iH-l) = 'r3-^(-(rH-l)3+ (g+h+k)n5+ (-2g - h + k) (n-1)3 

Simplifying, the previous equation becomes: 

6 

+ g(n-2)3- (-3 + g+h+k) n3- (3 - 2g - h + k) (n-1)3 - (-1 + g) (n-2)3] 

13 



Therefore: 

2k e(iH-l) = T3^|-(tw-l)3+3n3-3(n-l)3+ (n-2)3] 6 

Finally the equation reduces to 

Thus: 

2k€(m-l) -T3^f6] --T3Jn    . 

f(n+1>=^Tiri 

In summary, the truncation error Is a function of ^ .   Therefore, in order to 

minimize truncation error, k must be maximized. 

Now the filter weights must be chosen so that the noise ratios of the two 
filters correspond.   Then the truncation errors of the two filters can be com- 
pared to determine which, the critically damped or the optimum, has less 
truncation error from the constant jerk input (Figure 3). 

6.   Conclusions 

It is readily apparent that the optimum filter offers a far better 
minimization of truncation error than the critically damped filter.   In fact, 
choosing a certain noise reduction ratio one may determine from Figure 3 that 
there is approximately a 40-percent decrease In truncation error. 

It must be noted that the truncation error due to those inputs of two or 
more degrees higher than that of the second-order filter have been neglected. 
These derivatives generally are of little significance, however, in the calcula- 
tion of total truncation error because these inputs would be very »small and of 
short duration. 

Therefore, in closing. If the problem is to minimize truncation error, 
there is a marked advantage in using the optimum, second-order filter over the 
critically damped second-order filter.   Applicable data and discussion have been 
given in previous works [2-4J, 

14 
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