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SUMMARY

The study is a part of an effort being directed toward solving the
problem of a composite material subjected to general oblique loading.

This analysis was conducted in order to find the internal micro-
mechanics of a fiber-reinforced composite due to transverse normal loading.
Special emphasis has been given to studying the stress distribution near
free surfaces, which led to solving a three-dimensional elasticity problem.
The numerical method of finite elements has been employed in this analysis,
On the other hand, it was necessary to study the behavior far from free
surfaces., For this purpose, a two-dimensional program was used. Findings
from these two approaches were anticipated, showing that stress conditions
become two dimensional a relatively short distance from the end of the
composite. Extensive parametric studies have been performed from the
combined outputs of these two schemes. Significant diagrams exhibiting
elastic properties of different composite materials have been obtained.

iii



FOREWORD

This final report was prepared by Whittaker Research & Development/
San Diego, under U. S, Army Contract DAAJ02-68-C-0037, (Task 1F162204A17002),
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INTRODUCTION

Only in the ideal case is the loading of a reinforced composite mate-
rial in the directions of the reinforcements. Normally, oblique loading
is encountered by the composite. To obtain the effect of oblique loading,
we must combine axial, shear, and transverse loadings. By doing so, we
can establish the stresses in the reinforcements and in the matrix as they
actually occur; we can then use these stresses for the development of a
strength theory based on such reliable data.

This report presents the case of transverse loading of a uni-
directional composite. The two different regions considered are (1) the
region close to the end of the fibers,where three-dimensional treatment
is applied, and (2) regions far from the end of the fibers, where the end
perturbations are not more effective and where a plane solution is
applied.

In both cases, the finite element method was applied successfully.
For the plane problem, we also intended to find a solution by using the
so-called point-matching or collocation method which was applied in
the solution of the longitudinal shear problem. However, the convergence
of this method was very poor for this case of transverse loading.
Appendix I gives the equations utilized, along with a description of the
form in which the point-matching method was used.

The plane problem was solved in both plane stress and plane strain
conditions by using the finite elemert method. Displacements, stresses,
and transverse moduli for different types of composites are given in
this report,
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THREE -DIMENSIONAL SOLUTION

The numerical approach used to evaluate a specified three-dimensional
boundary problem of lincar elasticity represents a first-order approxima-
tion method. This method is known as the method of finite elements. Its
concept is based on the assumption that the stress within small-volume
elements of the body is constant. This is precisely true if we consider
infinitesimal volume elements. For small-volume elements, this assumption
of constant stress proves to be a good model representation of reality.

It is convenient to consider small tetrahedrons as volume elements
because three-dimensional space can be subdivided into sets of tetra-
hedrons in a simple way. The assumption of constant stress within each
elementary tetrahedron is equivalent to the assumption of linear
displacement-vector-distibution within the elementary tetrahedron.

Compatibility and equilibrium conditions introduced at the tetra-
hedron node points lead to a system of linear algebraic equations whose
solutions represent displacements at the node points of the tetrahedrons.
From these displacements, we can determine the stresses within each
tetrahedron.

THE STIFFNESS MATRIX OF A TETRAHEDRON ELEMENT

In order to obtain the proper working equations, we have to consider
an elementary tetrahedron first and find the pertinent relations as far
as stress, nodal forces, ard nodal displacements are concerned.

Figure 1 shows a general elementary tetrahedron with the nodes N, ,

N; , Ny, and Ny . We assume that the three coordinates €j , m; , and
€i (i = 1,2,3,4) are known for each node point N; (i = 1,2,3,4) .

3I(z)

1{x) 1'(e)

Figure 1. The Elementary Tetrahedron.



Again, we can represent the displacement vector by a linear vector
function of the local coordinates € , 1, and { . The origin of the
local coordinate system coincides with node Ny . 1In this fashion, we
put the three displacement components at point P(§,m,{) , as follows:

u, = ay + ag £+ a3 N+ a, @)
uy— ag + ag E+ a; N+ ag { (2)
u, = a9 + af+ a M+ a,( (3)

The coefficients a;y...,8, are constants and subject to variance with
the geometric configuration of the tetrahedron as well as the displace-
ment configuration at the nodes. Let wuy, , uy., and uzy (1 = 1,2,3,4)
represent displacement components of the four node points. Then,we obtain
the following 12 relations from equations (1), (2), and (3):

X
ux2=a1+32§2+a3ﬂ2+a4@
U = @ +a, §5+ a3 My + a, (4
[ 3

ux‘=al+a2§4+a4'ﬂ4+a‘c‘
uyl=aa+ae§1+avT\1+aeC1
u = + aa €4 + a7 Na + ag
Ya ag 3 2 Ca
uy3=as+a5§3+:x7T]s+aeC:J

Ya

Yy T ag t o€ + a, " + a.§

Uz, T %t o8, + o, + 3,0,

Yz, T %t Aol t a,Ts + 2,0

Uge & doit 108 + a1k + a2l (%)
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In matrix form, relations (4) can be expressed as follows:

"uxn 1 00 00000O0GO0O0O0 O ay
Uy, 1 £, M, €, 0 0 0 0 0 0 0 O o
Uy, 1 €, 1, ¢ 0 0 0 00 0 O O a5
Uy, 1 €, M C 00 00 0 0 00 a,
uy, 0 00 01 yvo0O0O0O0O0 O ag
uya> 0 00 0 1¢€70,¢, 0000 4 u,> .
{u)’s 0 0 0 0 1 E€EyT3G, 0 O 0 0 as
uy, 0 0 0 0 1 e M¢ O O 0 5 dg
u, 0 00 00O0O0O0OT1 000 ag
Uz, 0 00 0000 0 1 €M, (s ER
Uz, 0 0 0 0 0 0 0 0 1 g3 7, (s ap,
0 00 0 00 0 01 a
("2 L S L)

Equation (5) can be written symbolically, such as
;u% = [A] ;af (b)

where {u} are the 12 displacements at the four nodes, {a} the {12 x 1}
matriv of the configuration coefficients a vees,a , and [A) the {12 x 12}
matrix as demonstrated in equation (5).

The six strain components €, , €y , €5 , y €xz » and €., dre
obtained immediately from equations (1{ (2), and (3) as follows:

Ay
SN
€xx 14 43
fyy T n T ¥
du
_ z
Sl
aux .a_ul
Gy T I 7 et



N

aux
€z -rc-#—g = a, + ag
1 z
e = Lt = agt ay, )

We denote (e) as the {6 x 1} matrix with the elements ¢ » €y » €2 ,
€xy 1 €xz » and €yz and write equation (7) sywbolically, as follows:

43
C - n 33
€yx 01 00 00O00O0TCO0O a,
€yy 0000O0OGOT1000O0 0O ag
<ezz>= ooooooooooooﬁa.w )
Ery 00100 10000O0UO00 as
€xz 00010000OCTI1O0O0O0 ag
€ 0000O0O0OO0O100O0T10 ag
yz
. / L. - a,q
M
fa
. J

If we use the short form symbol (D] for the {6 x 12} matrix in equa-
tion (8), we can write equation (8) in the symbolic short form:

fef = [o]iaf ®

Finally, we can obtain the six stress tensor components Oy » °y » Oz »
Oxy » Oxz » Oyz from Hooke's law:
(o, ) (w26 \ o 0o o | fe)
oy A 26 0 0 0 €y
{ og $ _ X A M2 0 0 0 < ez > o
Oxy 0 0 0 G 0 0 €xy
Oxz 0 0 0 0 G 0 €xz
\%yz / | 0 O 0 0 0 G \ €yz/

PP SIALA N IMAEE: YD
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with the meanings of X\ and G ,

—_E
2(1+v) (11)

and

MV
M= T (2w (12)

where E is the modulus of elasticity and v 1is Poisson’s ratio.

The symbol [C] stands for the {6 x 6} matrix of equation (10),
which is the elasticity matrix. Equation (10) therefore is, in short
symbolic form,

fo} = [c] {el (13)
Substitution of {e}] by means of equation (9) follows:
fof = [clp] {a} (14)
From equation (6), we can express {a} in terms of
fal = [a]” dul (15)

where [A]'l represents the inverse matrix of [A] . Therefore, equation
(14) is

fol = [clo](al™ {u (16)

Lxpression (16) is the working equation for calculating the stress
tensor {0} . In order to do this, it is necessary to know all 12 dis-
placement components at thke 4 ncdes. In general, whether or not each one
of them is given input quantities depends on the kind of boundary condi-
tions present, As a matter of fact, we are in general not free to choose
a displacement component arbitrariiy when the corresponding force compo-
nent has been fixed. Castigliano's theorem expresses this proposition
clearly, stating that in any linear elastic system, the force component
acting on the system in a certain direction is equal to the first deriva-
tive of the strain energy function with respect to the dispiacement in
the same direction. If we define W as the strain energy function of
the system, we can obtain a set of equations which relates the node
force component array to the displacement components, as follows:



Ly

-1

|

W proves to be a quadratic form in {u}, and therefore it is the right-hand

side of a linear function in {u} representing the desired relationship
between forces and displacements. Next, we have to obtain the strain
energy function W ,

The strain energy of an elastic body is the volume integral over the
elastic potential, such as

1
W = 5 vj( SHCH + cyey + g€, + oxyexy + O\ z€xz + oyzeyz)dv (18)

The integrand can be written symbolically [e]T {oc}, and since ¢ and ©
are ronstant within the region of integration, we get

o oe 3 jefThot Jar o Jeft ot v as)
where
Xa=X3 Ya™Nn 2334 €2 Ta (s
vV = % Xa=X3 Ya-Y1 23-% = % 82 b G (20)
X=X Ya N1 %477 S W G

is the volume of our elementary tetrahedron. Keeping in mind that the
volume must be positive regardless of the selected sequence of the node
points, the absolute value of the triple product in equation (20) is
indicated.

Relation (19) is the desired function,and all that is left is the
substitution of the proper linear expressions in terms of {u} ; namely,
expressions (16) and (9) in conjunction with (15). Substitution of {a}
by (19) issues the modified equation (9).

tel = [p][a]* {u} (21)

The transposed linear matrix {e)}T follows after applying the transposi-
tion rule twice, as follows:

e s e m——

7.<‘\ .
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fefT = {[0I[A17 Jub}T - {1417 Jut}T o)
- MT([A]‘I) T [p]" (22)

With equations (22) and (16), the strain energy function W can be
written in the following quadratic form:

wo= 2T ([a17) T [01° [e) [0 (a1 fu} (23)

Equation (23) leads to the desired force displacement relationship through
the second Castigliano theorem (17). Applying the differentiation rules
yields

feb = F([a1") T (01" [c] o] (A {u}
+ 3 {ufT([a1) T [0]" [c] [] (4] (24)

Repeated application of the transposition rule and observation that

[C]'r = [C] (the elastic matrix is a symmetric one) shows that the last
right-hand term is equal to the first term. We, therefore, get the system
of linear equations

feb = v([a]?) T (017 [] (0] [A]*}u} @5)

which contains the set of working equations to obtain the unknown displace-
ments for computing the stress tensor according to equation (16). We call

) = v([a]%) T [oIF [c][0][a]" (26)

the stiffness matrix. The stiffness matrix [K] is a symmetric one since
the matrix of elastic constants ([C] 1is symmetric, as pointed out above.
The matrix [A]~ depends only on the local coordinates of the tetra-
hedron nodes. Matrix (26) therefore depends only on the local coordinates
of the tetrahedron nodes and the elastic constants of the elastic medium
within the tetrahedron,

The physical significance of each K-matrix element can be demonstrated
by considering special load conditions at the nodes of the tetrahedron.



Let us assume that we want to interpret the meaning of the ijth
element of the K-matrix on the elemeat in the ith row and jth column., If
we set, in equation (25), all displacement components but the jth one equal
to zero and the jth displacement component equal to one (single displacement
conditiong, then the 12 force components become equal to the 12 coeff. ients
in the jt column. The value of the coefficients in the itP row and i
column is therefore the ith force component which must be present to maintain
all displacement components at zero except the jth displacement component,
which must be kept at unity. In general, we must apply 12 force components
to maintain this special strain condition of the tetrahedron in correspond-
ing with the 12 coefficients in the jth column.

The jth foree in particular acts in the same direction as the jth
unity displacement. Sinc the force is doing work on the sysiem, the
orientation of force and lisplacement in the jth direction must corre-
spond. This means that ali diagonal elements of the K-matrix must be
positive,

In many cases, it is the single unity displacement condition that
helps us to visualize intuitively the physical significance of certain
matrix elements.

3 THE COMPOUND STIFFNESS MATRIX OF A LATTICE
FORMED BY A SYSTEM OF TETRAHEDRONS

Any space region can be subdivided into systems of parallelepipeds
¢ and each parallelepiped into six tetrahedrons. In this way, the space
region can be built up by a system of tetrahedrons in the same way that a
two-dimensional region can be covered by a net of triangles.

If we consider an interior tetrahedron — that is, one completely
surrounded by four other tetrahedrons and whose node points are not
boundary points of the space regions — then it can be shown that each
node point must be common with node points of 17 or 23 other tetrahedrons 4
in the neighborhood of the tetrahedron being considered. This means that 5
the forces generated at a lattice point of interior space are the sum of
all forces generated by the 18 or 24 tetrahedrons,each having one of its

& node points coinciding with the lattice point being considered.

& ' Consequently, we can now see that, in general, the force at a lattice !
point will be affected by the displacements at each node of each of the -
18 or 24 connected tetrahedrons. This is evident since all proper force {

| equations from each of the 18 or 24 contributing tetrahedrons must be

k summed together in order to get the resultant force at the lattice point.

In this &' wmer, we get, in general, a linear relationship between the

compoundc. rorce ar che lattice point and all pertinent displacement

componen..’ .-nearing in all the 18 or 24 tetrahedrons conrected at the

lattice point.

o RSN e G BNEFNE LGP LU D Mt hiuby | D AI340r O p r—



Let us suppose that che ith Jattice point is connected to p tetra-
hadron., having the numerical sequence tl(i),tz(il...,tp(i). The elements
of this sequence are functions of the lattice point, as indicated by the
argument. The force vector at the ith lattice point is represented by its
three components

p (1)
pD) @27)
p{t)

The stiffness matrix of the tetrahedron t shall be expressed by

[K(t)] (28)

and the line elements of this matrix belonging to the fqrce components
1,2,3 at the lattice point i are

[K«.(t’i)

[Ke(t’i)] (29)

[k <e> 1))

The compound force at the ith qattice point is therefore

. t' » .
Pl(l) ; [Kl( 5 (1), 1)]
i N ti(i), 1 3
ML 2 [Ka( 34 1)) {u(tj)} (30)
p{t) i1 1<s(t_-'|(1), 1)]
wh { (t‘)} . ; .
ere u ] is the column nodal displacement vector corresponding to
the t, tetrahedron.

j

The "total matrix that is obtained ih this fashion for all N iattice
points is denoted by ({K*¥] , which is

P [Kl(tj(i)’i)]
) = Y| [0 9] (s1)

j=1 [Ka(tj(i),i)]

10



It 18 obvious that th~ configuration of tetrahedrons connected to a
lattice point i will be different when {1 1is a boundary point itself,

L (1)

The column vectcy { j } will contain lesser elements than the corres-

ponding matrix for interior lattice points.

We have distinguished between the force components belonging to a
lattice point i and in a certain direction (1, 2, or 3). This scheme has
the advantage of allowing us to know with which element we are dealing. 1In
order to use one index number to identify a force (or displacement) component
but still contain the informati-n of the lattice number { and the type of
direction (J =1, 2, 3), we introduce the index number scheme:

n = 3 -1)+j

(i=1,2...N; j=1,2,3) . In this way, the indices of components form
a sequence of natural numbers, and each number still contains the informa-
tion of being an x, y, or z component as well as the lattice index
nmber i . This information can be extracted easily, since

j = mod(n,3) + 1

where mod(n,3) is the remainder of division, n divided by 3, and

.
|

[%] + 1 if mod(n,3) # 0

ot (32)

[%] if mod(n,3) = 0

[ R
)

n . ) . . n
where [3] means the largest integer contained in the quotient 3 -

With matrix (31), the system of force components acting upon the
given configuration of lattice points can be expressed symbolically by

ERRSIT )

Since we use indexing of forces and displacements, the system of equations
(33) can be written in analytical form, such as

M
P* = K*. u¥ 34
' =1 E eR

11
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where { = 1,2,3...M . We assume now that there is M , the total number
ot force components, as well as displacement components. The matrix [K*]
will be one of M x M .

Because of applied forces and displacements introduced to the system,
there are some force components known and the remaining force components
unknowi.. The same is true for the displacement components in a complemen-
tary sense. If there are M; unknown force components, then there are
M - M known force components and there will be M - M  unknown displace-
ment components while there are M known displucements., Let us arcange
the equations (34) such that the first M equations express the equilib-
rium of the unknown forces and the rest express the equilibrium of the
known forces. In the same fashion, we arrange the terms in each equation
such that the first M terms contiin known displacements and the
remaining terms contdin the unknown Jdisplacements. Furthermore, we
distinguish by superindexing the known and unknown displacements and
forces with (k) and (u) . Then we get the following two systems of
equations:

My M
(v _ 2 : . (k) Z L% (u)
Pi = K*ij uj + . l'\ij uj (35)
j=1 j=M +1
where i = 1,2...4 , and
(k) 2 (k) . (u)
* K * u
P, = K,. u, K. . 36
i ; ij uJ + j§+1 i uj ( )

where i= M + 1, M + 2,,.. .M,

The last equation is & system of linear equations for the M - M
unknown displacements u§") , where 1= M +1 , M+ 2,. .M,

With the solution of equation (36), the unknown forces can be computed
from equation (35). Equation (36) is a nonhomogeneous linear system of
(M - M) equations:

M %
Z (uv) (k) 2: * (k)
Kt] uju " Pi - L Kij “j (37)
=M+ =1

where i=M + 1, M +2,..M.



In order to apply numerical methods to solve this system of equations,
it is necessary to re-index the unknowns by consecutive natural numbers.
This can be easily done by generating a number sequence (MSK matrix) that
contains the indices of the unknown displacements in a consecutive order,
The arguments of this sequence are now consecutive, natural numbers which
are the working indices for solving equations (37). By means of the MSK
matrix, it is now possible to identify each solution element with the
original index. The mair purpose of this scheme is to provide the capa-
bility to extract the information of location (lattice point index) and
direction (x, y, or z) of the displacement from the equation working index.

This capability is required in many instances; e.g., to satisfy the polar
symmetry conditions and to select the proper sequence of the 12 displacement
elements for each tetrahedron in order to compute the stresses. Stress
within a tetrahedron is computed according to equation (16). The stress
distribution for the three-dimensionsl region of elastic medium is then
obtained by applying certain boundary conditions.

In the following, the boundary problem will be specified and the
scheme of the numerical approach described.

DESCRIPTION OF THE NUMERICAL SCHEME

Definition .of the Boundary Problem

The main objective of this study is to investigate the effect of free
surfaces on the stress distribution within a fiber matrix composite under
loads transverse to the fiber,

Figure 2 shows this con-
figuration schematically. The
stress distribution problem here
is three dimensional. From this
figure, we can observe some
symmetry conditions if we assume
that the fibers form a periodic
network of hexagonals with one
fiber axis intersecting at each
apex and centroid of the hexa-
gonals (hexagonal A,B,C,D,E,F is
one of them),

Around each fiber cross
section, there is a hexagonal
such that another network of
hexagonals is formed. This
hexagonal is called the basic
fiber-resin element of the
system. In Figure 2, the
hexagonal A',B',C',D',E' F' Figure 2, Basic Fiber-Resin
is such an element. Element,

13
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Figure 3 depicts the top view of the intersection of the fiber-resin
element.

We consider now an external force acting in a plane normal to line
B',E' but at a distance which is a high multiple of distance B',E' away
from M . We call this the transverse load upon one system. Because of
symmetry of load and configuration conditions, the displacements at points
within the fiber axial-parallel planes going through lines M, , M; and
P, , P, are constant and in the direction of the external force. They
are oriented opposite each other but are of equal magnitude. All points
of the plane normal to line M,P, and containing point P, must have
displacements along the plane they generate. The same displacement con-
ditions exist for points in the plane paraliel to the one described above
but containing point M . Both planes are planes of symmetry for the
displacement contribution. In this way, there is a periodic repetition of
the displacement pattern which exists within the prism above the rectangular
cell M,N,M ,P; in the direction of the four planes of symmetry which are
the side planes of the prism. Therefore, we can study this transverse load
problem by the following boundary conditions, which are based on the new
coordinate convention for the basic prism shown in Figure 4.

OZ(X,y,o) «- 0 (38)
cxz(x,y,o) = 0 (39)
cyz(x,y.o) = 0 (40)
ux(tc,y,z) = K 1)
uy(x,i—;',z) = 0 (62)

aux

E_ (XIY}L) = 0 (43)

du

'3'3 (x,y,l) — 0 (44)
Uz(st)L) —~ 0 (45)

The last three equations indicate that the condition of plane strain
will be approached with increasing distance from the free surface z = 0,
The distance { can be chosen freely such that it will be more than four
times the dimension of the diagonal of the base triangle. This assumption
has been based mainly on St, Venant's principle. Our numerical results
verify the correct selection of ¢ in this respect.

14
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Figure 3. Hexagonal Array of the Fibers,
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Figure 4. Prismatic Representative Element.
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Within the region, two types of elastic materials are considered,.
The cylindrical bodies have the modulus of elasticity Eg¢ and Poisson's
ratio vf . Outside of the cylindrical domains, the associated elastic
constants are E_ and vy .

With these premises, it is now possible to compute the stresses by
applying the method of finite elements. In order to do this, it is first
necessary to subdivide the iterior of the above-specified three-dimensional
region into a system of elementary tetrahedrons.

The System of Elementary Tetrahedrons

In Figure 4, we refer to the free-boundary plane =z = 0 as "ground

floor." Furthermore, we define eight equidistant planes parallel to the
ground floor, and we call the nth plane the "nth floor." The top plane,
z= { , is referred to as the ''tenth floor." These 10 planes subdivide

the parallelepiped into nine 1iyers, each having the height d, = 4/9 .

Next, we have to subdivide each layer into prisms with triangular
bases, since each prism can be again subdivided into three tetrahedrons.
The simplest way to do this is to subdivide each layer in the same way,
which means that we erect a set of prisms on the ground floor, each prism
having the height 4 . Each layer will thus have the same layout of tri-
angular bases as the one on the ground floor. Figure 5 shows the way the
ground floor has been subdivided into 96 triangle bases (8 rows with 12
triangles in each row). Each triangle represents a prism with the height
of the layer thickness d, . The top triangle of the prism is a replica
of the base triangle and by itself is the base triangle for the next prism
above the second layer. In this fashion, all prisms in each layer above a
base triangle are identical geometrically. The base triangles are numbered
on the ground floor in a consecutive manner. Because of central symmetry
properties, only 55 triangles need to be considered. With the same scheme,
the lattice points at the ground floor are numbered consecutively in each
row and column. Because of central symmetry properties, the last point
on the ground floor is the crigin, which is lattice point number 32.
Continuation of the numbering starts with the lattice point above number 1
in the same manner as in the ground plane below. 1In this way, we can
calculate the corresponding lattice point number J 1in the pth floor above
the Ith lattice point by

J = I+ 32(p - 1) (46)

As pointed out earlier, the indices scheme of the force and dis-
placement components can be linked with the indexing scheme of the
lattice points. Consequently, the qth component (q = 1 is x-component,
q= 2 is y-component, and q = 3 is z-component) of the vector quantity
has considered the following index Q :

Q = 30 -1D+9 or Q= 314 32p-1)-1]+q (47)

16



i ﬁl.i.ll*iﬂi! W — T >

‘s¥sA1wuy [edjiswny ayj uy pesg | aquny 10014 3O
B91y TPUOTIIIG-8801) 2ATIRIUIEI1day OdIseg ® JO sjuIWITF 3371ULg

*¢ 2an8yy

17

5 =3
-

T




We call the prism above the base triangle between two ccnsecutive
floors the elementary prism, Since a triangular prism can be subdivided
into three tecrahedrons in several ways, we must establish some basic
rules. Three tetrahedrons in any triangular prism are generated through
intersecting the prism by two planes. These two planes are generated by
the three lines of diagonals in each of the three rectangles forming the
mantle of the prism. See Figure 6. Furthermore, it is necessary that
one diagonal line intersect the other two diagonals. 1In this way, all
three diagonals form a linked train of lines (train of diagonals)
with disconnected, or open, ends. The first basic rule we apply in order
to generate the tetrahedrons is the following: The diagonals of coincid-
ing rectangles belonging to adjacent prisms coincide.

al
51‘
vl
B' '
B
q',.'
YI
B\ I 11
I
¥ B
y I1
Y

Figure 6. Tetrahedron Forming a
Triangular Prism.
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At this point, we distinguish each point of the triangle base as to
the topological property of the train of diagonals with respect to the
relative position to the triangle base proper. A lattice point of a base
triangle at which two diagonal lines intersect each other is said to he
of a topological q-property. When two diagonal lines intersect at the
lattice point, then the lattice point considered has a topological
B-property. Finally, there is a lattice point topological v-property
when one diagonal goes through the lattice point under consideration
and the other diagonal goes through the lattice point above or below
the one under consideration.

The first conclusion from this is that a base triangle must contain
poiats of all three topological properties, The second conclusion that
follows from this topological consideration is that all apexes of base
triangles having one common lattice point are of the same topological

type.

According to the last theorem, it is therefore appropriate to thiak
in terms of topological properties of lattice points only. If we know
the topological property of each lattice point in a base triangle, we
know the lattice points of the four apexes for each of the three tetra-
hedrons above the base triangle. With reference to Figure 6, we can
state the following:

Tetrahedron I. The three base apexes are the three lattice
points of the base itself. The fourth apex is the pg-point
in the next floor (B8' in Figure 6),

Tetrahedron I1. The three base apexes are the q-point at
the base, the B-point above the base (8' in Figure 6), and
the y-point above the base (y' in Figure 6). The fourth
apex is the y-point in the base triangle,

Tetrahedron I1II. The three base apexes are the three lattice
points of the triangle above the base. The fourth apex is
the y-point in the base triangle.

The last three properties contain the algorithm to generate the four
lattice numbers corresponding to the four apexes of each tetrahedron. It
is therefore necessary to know the topological properties of each lattice
noint. In the numerical program, the coordinates of each ground floor
lattice point are stored as input quantities., With the information of the
lattice point numbers of the tetrahedron apexes, the associated point
coordinates can be selected and the stiffness matrix [K] of the tetra-
hedron can be computed according to equation (26). The sequence of four
lattice point indices corresponding to the four apexes is computed and
stored for each tetrahedron. 1In the numerical program, it is called the
IV matrix. This matrix is later needed to help identify the line and
column of the [K] matrix with respect to the displacement and force
indices (with the help of equation 47). After identification, a look-up
routine of the index number in the MSK matrix allows generation of the

19
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matrix [KY ] appearing at the left- and right-hand sides of equation (37).
This look-up routine is a screening process that is also used to accumulate
the proper terms of the force components.

The objective of this study was to autogenerate the IV matrix. This
was accomplished in two steps. The first was to generate ‘the three lattice
points for each base triangle (the nonordered sequence is the IM(J,1)
matrix in the program, with J = 1,2,3); the second was to obtain, from the
nonordered sequence, the @-B-y ordered sequence of lattice numbers (the
IM(J,2) matrix in the program, with J = 1,2,3). The algorithm for both
steps follows from some simple topological considerations.

The configuration of triangles in Figure 5 allows us to derive the

sequence of node point indices as a function of triangle index. Let
I < 48 be the triangle index. Then we have node 1, the lattice index,

IM(1,1) = 1+ [%] + [-I-—I%;E—)] (48)

with 1o(12) equalling zero if mod(1,12) = 1 , or one if mod(1,12) = 0 ,

IM(2,1)

IM(1,1) + (% 1 - (-1)[”2') + 7 %9)

IM(3,1) IM(1,1) + 7 (50)

The ratios in brackets indicate that the largest integer contained in the
quotient is taken.

For all triangles with numbers greater than 48, a mirror-image con-
figuration exists, and the lattice indices are computed according to the

following:
IM(1,1) = 1+ [-;—]+ [1—1%2—12—)] (51)
with Io(12) equalling zero if mod(1,12) = 1 , or one if mod(I,12) = O ,
IM(2,1) = IM(1,1) + 7 (52)
IM(3,1) = IM(1,1) + (% 1 - (-1)[1/2]) %7 (53)

So far, we have obtained the nonordered sequence of lattice point
indices for each triangle. Before we continue to obtain the set of @-B-y
ordered lattice point indices, it is appropriate to incorporate the central

20



symmetry condition existing with the problem. This symmetry affects all
displacements at lattice points with indices larger than 32,

Because of central symmetry of the displacement distribution, we have

ux(-x,-y,z) - -ux(x,y,z) (54)
uy(-x,-y,z) = -uy(x,y,z) (55)
uz(-x,-y,z) = +uz(x,y,z) (56)

This means that all displacement components at lattice points with the
indices beyond 32 remain dependent upon the independent displacement com-
ponents already introduced at the first 32 lattice points.

Because of equations (54) through (56), the axial-symmetric triangle
configuration has been chosen in Figure 5 and the last considered lattice
point 32 terminates at the origin. The force equilibrium equations of all
components at the first 32 lattice polnts (and of the corresponding points
in the floors above) therefore represent one complete set of independent
equations of the problem when relations (54) through (56) are taken into
account. In order to include all [K] matrix elements of triangles

. associated with all symmetrically independent (96 per floor) force com-
ponents, the [K] matrices up to triangle 55 must be computed. Displacement'

components for all lattice points above 32 are dependent according to relations

(54) through (56). Therefore, it is not necessary to introduce more dis-
placement indices or lattice point indices, but rather to use the certral
symmetry prope:ty in assigning the lattice index numbers for points beyond
32. 1If, in equations (48) through (53), IM is larger than 32, it will
be replaced by 64 - IM, and a weight number 1IKO = +1 will be attached
to this point. 1In this way, the displacement indices of the symmetric
points are made equal, but the weight number assigned to each lattice
allows us to distinguish between independent and symmetrically dependent
indices (and therefore displacements). For lattice points with index

4 numbers smaller than 32 (belonging to independent displacements), the IKO

value 1is zero.

i

In this way, a sequence of numbers to each base triangle, which is
called the IKO matrix, is generated along with the IM matrices. The
purpose of the IKO matrix is twofold:

1. To generate the coordinates for lattice points beyond index 32
" (only coordinates of lattice points 1 through 32 are given).

2, To multiply the K matrix elements with +1 or -1 Lefore collecting
by the summation process to generate [K*¥] . All elements
agsociated with displacement components at lattice points
smaller than 32 are multiplied by +1.
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[K]matrix elements associated with displacements in the z-direction,
for lattice points beyond 32, are also nultiplied by +1 before collecting.
However, the [K]lmatrix elements associated with displacements in the x- and
y-directions at lattice points beyond 32 are to be multiplied by (-1)
before additive storing in the matrix ([K*] . This scheme follows from
relations (54) through (56).

For iustance, in triangle 44 there is
IM(3,1) = 64 - 34 = 30
with IKO(3,1) = 1 ; in triangle 50 there is
M(3,1) = 30

with IKO(3,1) = 0 .

With the IM(J,1) matrix and the IKO(J,1) matrix generated, where
J=1,2,3 , the lattice points for a specified triangle are known. Since
the index numbei of the lattice point in the IM matrix does not reveal
whether it is an independent or axial-symmetric dependent point, the IKO
matrix carries this information for this purpose.

From the IM(J,l) matrix, we get the @a-B-Y ordered matrix by using
the topological pattern existing for the lattice points in each row. The
first row points alternate betwesen y-q points, the second row points
between B-y points, and the third row points between a-P points; the
fourth row shows the same cycling as the first row, and the fifth shows the
same cycling as the second row. We assign to each point with the lattice

number I a number (D(I) , such that

cxes

if I is a
+1 topological

o-point

(C)¢9)

[}

if I is a
-1 topological

B-point

oOw

if I is a
0 topological
y-point

Corresponding to the y-a alternation of the first seven lattice
points, the associated () values form a sequence 0,+1,0,+1,0,+#1,0 . The
next seven form a sequence -1,0,-1,0,-1,0,-1 , and the seven lattice
points in the third rcw form a sequence +1,-1,+1,-1,+1,-1,+1 .
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The following 21 numbers are periodic to the first 21. This sequence
of 21 numbers is identical with the elements of the sequence { @ (I) },
where I = 1,2,.,21 , with

1
oOm - %{l’“—%l- [2cos T+ 20) - 2cos T (34 2k)]

- (-1)k [1 - 2 cos % (-1 + Zk)] } (57)

with k = [I-Ie(7)/7] and with I,(7) equalling one if mod(I,7) = O
or equalling zero if mod(I,7) # 0 . Formula (57) serves as a guide in
making a decision about the topological property of the lattice point

having the index I . Figure 7 is a flow diagram of a version following
the logical content of formula (57) that was used in this investigation.

’

Given
Lattice Point I

1, = mod(1,21) if mod(1,21) # 0

I, = 21 if mod(1,21) = 0

IE(7) = 0 if mod(IM,7) # 0 /
IE(7) = 1 {f mod(Iy,7) = O
. [ Le1g(7)
B 7
ID = mod(IM,Z)
[H - mod(IB,J) -1
I = -1 /l I = 41
H T H
IH = 0
1% 0 I, F O 11, =0 11, # 0 I,=0 1, ¥ 0
1 is 1 is 1 is 1 1is 1 is 1 1s
a-point y=point B-point y=point B-point a-point

Figure 7. Computer Flow Diagram to Determine Topological
Property of Lattice Point.
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Going with each lattice point index through this routine, we generate

the @-B-y ordered vector {IM(J,D] , where J = 1,2,3 | with the meaning
IM(1,2) = 1index of q-point of a
IM(2,2) = index of B-point , EZ:ZICUIar (58)
IM(3,2) = 1index of y-point S triangle

With the {IM} matrix, the four lattice point indices of the apexes for
all three tetrahedrons above the base triangle follow immediately from the
above definition of generating the apexes of the tetrahedrons,

First tetrahedron above the Jth triangle:

IV(J,1,1) IM(1,2)

V({J,2,1) IM(2,2)
IV(J,3,1) = 1IM(3,2)

IV(@J,4,1) = 1IM(2,2) + 32 (59)

Second triangle above the Jth triangle:

V(J,1,2) = IM(1,2)

IV(J,2,2) = IM(2,2) + 32

IV(3,3,2) = IM(3,2) + 32

(J,4,2) = 1IM(3,2) (60)

Third tetrahedron above the Jth triangle:

IV(J,1,3) = 1IM(1,2) + 32
IV(J,2,3) = 1IM(2,2) + 32

IV(J,3,3) = 1IM(3,2) + 32

IV(J,4,3) = 1IM(1,2) (61)
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With the IV matrix, the set of four apex indices is bnown; therefore,
the coordinates of the aperes can be obtained and the elements of the [K]
matrix by means of equation (30) can now be computed. The IV matrix must
be saved, since it is used to identify row and column of the [K] matrix
as well as to generate the desired elements of the [K] matcix.

In the next section, a description is given of how the desired
elements of the matrix [K*] are generated from the matrices [K] .

Generation of the Matrices Required To Solve for
the Unknown Displacements

The main objective was to find the coefficient matrices of equacign
(37) and to find solutions for the unkown displacement components u(u ,
where j=M +1 , M +2, ..M. J

1 1

Earlier in this report, a detailed description was given of the gener-
ation of the elements of the matrix [Ki] . Equation (31) reveals the
algorithm for obtaining the coefficients of [K*] , and equation (37)
indicates which of the coefficients are actually used. These two prop-
ositions are observed in generating the matrix elements of equation (37).

The actual procedure calls for re-indexing of the unknown displace-
ments in a consecutive, natural number sequence, since the indexing derived
from the lattice point indices (see equation 47) represents a nonsequen-
tially ordered subset of natural numbers. Re-indexing is conveniently
done by means of the sequence containing the indices of unknown displace-
ment components (or known force components) as elements. This sequence is
called the MSK matrix and has been generated simply by picking up only
displacement indices which are unknown in accordance with boundary condi-
tions (38) through (45). The first three numbers in the first column at
each lattice point are the indices of the x,y,z displacements at that lattice
point. Behind each index is the argument number of its appearance in the
MSK matrix.

From the three-dimensional lattice configuration, wherein Figure 5
is the ground-floor portion, we can see that the first 80 equilibrium
equations contain terms involving the first 160 unknowns only. This is
because: the force components of the first floor are influenced by dis-
placement coefficients of the first and second floors only. The first
80 lines of the matrix [K* thus have nonzero elements in the first
160 columns only; all further columns contain zero elements.

The 80 equilibrium equations of all known force components at the
vecond floor (equations 81 through 160) are in general connected to un-
known displacements in the first, second, and third floors. This means
that the [K*] matrix clements for lines 81 through 160 contain, in general,
nonzero elements in the first 240 columns.
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The equilibrium equations of the third-floor force components are of
the same nature as the corresponding equations of the second floor. The
only difference is that all the unknown displacement coefficient indices
increase by 80. This means that the submatrix contained in lines 81
through 160 is repeated in lines 161 through 240, but that all columns are
shifted to the right by 80 columns, The same considerations apply for all
floors following. Matrix [K*] therefore contains three diagonal non-
zero submatrices which are the same in the entire matrix, except for the
first and last diagonal matrices. Figure 8 depicts the [K*] matrix.

Because the [K*] matrix is symmetric, only three different types
of 80 x 80 submatrices are involved in defining [K*] . These are
the submatrices [A],[B],[C] . This means that it is sufficient to gen-
erate the [K*] elements for the first 160 lines only. In other words,
only the proper elements of the [K] marrices of the set of tetrahedrons
between the first and third floors need to be taken into account in order to
generate [A],(B],(C]

The scheme applied to generate the matrix elements of the 80 x 80
matrix _[AS22] = E[A],[B]] and the 80 x 160 matrix [KS22] = [[B],
[C],[B]] is basically a screening routine appli<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>