
UNCLASSIFIED 
 

AD NUMBER: 

LIMITATION CHANGES 

TO: 

FROM: 
 

AUTHORITY 

 

 
THIS PAGE IS UNCLASSIFIED 

AD0865308

Approved for public release; distribution is unlimited.

This document is subject to special export controls; 01 Oct 1969, and each 
transmittal to foreign governments or foreign nationals may be made only 
with prior approval or U.S. Army ResearchOffice, Durham NC, 27706.  

ST-A USARO LTR, 12 AUG 1971



II 
1 
.. 11 1111

1 

1111 ! 

I 

I 

I 

l:1 

'I "I 

I 

II I ii! :1 1 11! I 11111 I' lill'II 1111 . ! I 1 1111 I Iii' I I I ill I II 1111.11 ii tl i• 11111 .+J/111 ti Il l I ll 1 '' ! !! '"II ,,, 1, 1111 II 11 11 I II I 111'111111 I 111111'1111' iii I 

NONEQUILIBRIUM CONTINUUM THEORY 

OF SPHERICAL ELECTROSTATIC PROBES 

AT LARGE DEBYE NUMBER 
w1.J1 m I ! I •. ia■ll r• .... ,. UtltiO~ 

by 

Francis Fendell 

Prepared for 

BELL TELEPHONE LABORATORIES, INC 

Whi.ppany, New Jersey 

Under Contract 601561 

Repro.duced by the H O U S E 
CLEARING 

lor Fud,eral Sclen1ifl_c &. ~ect;_n~~;\ 
\.nlorm11licm Sl)fir,gfmld a. • 

OCTOBER 196 9 



I I ' I I 

I' 

I II I I I I II I I I 
I 11111 I I I 11 'I I I Ill I I 111 ii 11 

06488 .. 632S ·R0-00 

NONEQUILI9RI CO' 1'NU~ tHijD1RY OF 
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Oon~1nuum tt1eory is ustd to describe the steady spher1ca11y symmetric 

sb,11• of an 11.trllb1bundad expanse of sHght.1y 1oniztd gas, about a perfectly 

~dt1 1yt1 c conduct.nr. Fmr from the sphere tlhe gas is 1 n chemi ca 1 equi 11 b-

H Ult1 tut at fi 1n1te dis.tances fi1nite-rate ilonhatton and recombination may 

11 ~~adt c;iordi1n 19 t1 a direct one-step reve,rsible reaction in which either 

, • tl
1 

Ut~al 1 Qf n ehc:tron ( tlhe neg,at1ve-chtrt1ie carr1 er) partici Ipa. tes u 
! 

I 111 ltih~ .tMtd ~t,b in the recanbinat1on process... The limit of la~e Debye 

'I I 

,I 

'

1 H~•~ ilppll~r·h:tl to the use of small e11ectrostat1t p~e1bes in slightly 
,j'il; I 

il~ijl,i-a t•~el (when the Debye mimer is the ratio of the 10ebfe length to 

1 1'11:f 1~~bt radii us) is ,~amined. tn thh Hmit the case of nearly fl"011ZE:!n 
I I ' 

~~-~1i:$tij' ri•~t the tphere is of grea,test pract1 cal interest, modi1fication 
1 11f 1i~~reot t:b11ected f~om the value given by Su and Lam owing to incipient 

~•ijt1oN M'fdtts U d~temfoed for negative potential bias, applied at 

~he P"b• ► t ,1 _,,_ • 
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t1e~t1toitali~ pr,bes have reeently been used t,o examine the e,liectri­

~•1 p~bpert1' $ of fl u wJs occurrir~g ini aerotherroochemi ca1 fldWs for which 

~r11Hh~ 1

1aril ,~lysb 1s 1pplh:ia:ble {turco1t1e ind Fr1~dn1an, 1969). The 

I il1,tb1~a11 ~rlop~rUes are, If 1COIJ1rse. due to tht generation of 

j1~~• ~~ -~~1/J~~h111h cuddatii:m rea1ct1bn1,, The $Ulllceuful use of 
II 

1 

1111111111 Ill ti Iii ii I llm 111111111 11111111111 111 ii:111111111 

I I 

. I 

1.I 
I 



1111111 111111 II I 1111 I I 

I I 
I 

. , ]II l!I "' 

• 
' ,. I "' ,1111"1 11111 I ,I 

el1.ectriost tie prot,es, i'n flames requ'lres an unde1rsta1ndtng o•r the effects of 

finite ... rde ionizatfan and recombination on the ciurr1ent-co11ect.1ng thar1c" 

terilstics of a condu,ctor 1th ai kn1own applted pobanthl bias. A stu<(y of 

the e'ffect of nr;nequ111brium elect1ron1c chemistry f101r the ,$1inall+Debye­

nwme11" limit appropriate to larger probes in a somewh t mor,e highly ionhed 

gas hlllS been c rr1ed Cl)Ut else here (Carrier and Pe'ndell. 19$~). Here some 

bri1ef comnents are pre,sented on the effect of no11,eq~ili1:jriijm cn,etron1c 

chemhtry on the Ja~e, .. ,Debye-nunt.,er 1i m1 t appropl"i lde tij s1n1 111e1~ pfil,es 1 n 

a very' slightly 1onh:ad gas,. 

A spherical perfectly cata1,ytt c conductor 1s 1inmeir$ed 'in ~n 

unbounded expanse of qui ,escent s1'1ightly 1 rHzed gas~ Thie: p~m has i z,ero 

or negative biat rehtiv,I! to the ambient gas• tah•h tQ ti• hi q~~~1cil1 
equililbrium. l1he g,as has z1:n•o net macrostorHc v111bo 1tty~ H h~ fub~Hed1 as 

a~ tsobcu"·ic constant-density constaht-prapert.)' u11td1ben~ttint ctonti~~um 1n 

whkh tt.e ratio of (co:nstant) f on and e,lettron tlrh~t~atuN:i U bf o~r 

unity, The d1f'fusion coeffici1mnt for the posith!e i11nri irid 1o111habU 

neutr,1111 are ta.ken as identical;, the negative chtrge cart11e'r 1$, takeh to be 
I 

I 111111 I 1
111 1 

The 1on1zatiion and recombinetion 1s taken tb octur ttQr~itngi Jo tihe 

following direct one~step ,,eversible reaotion (rad11the ,,rfei::t1$ 4ri neg1e,ct•ij: 

N + H 

where M is eith 'r an ~lectron i(ftr niore highly ionizai t1s1•sl it:' I ~+p~ .. 

loUis 11,011 .. i oni ietl neutra1 of soma 1pecies other tha:n N (hr ~e$1 h~gh
1
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* * 
1ol"itHd cas1S)1• The ion1zati1on rate k1 and tht recombination rate kr 

j * j 
are 'boll primarily functions of temperatu're; k1 displays a classical 

* j 
Arrhe11i us dependence ~hi 1 e kr has i nverse--power-1 aw fonn. The subscripts 

j 
j on t i ,peQi f1 t rat• constants kr and k1 acknowledge that these 

J j 
f•clbbrS have different value, when j=O (populous neutral as third body for 

reeon(,1foation) and hem j =1 (electron as third body fo,r recci.nbination). 

the nonUnear two-pofnt boundary-value problem describing the flow 

" 

1 

Ut 'thl abtenee of magnetic fie 1 d effects is : 
,, 

I , 

I I {1.2) 
1 rll, i 

1 

( 1 . 3) 

·7 iii, {r2 (d;; n0 !If)} • ~DJ(·•,••+ sj •nl n0J, (1.4) 

-;r 4,- [ r2 (d~~ +, n1 M:)] • DJ (- n1 ••+SJ n,,l n0J, (1.5) 

1 11 sutiJiit to 

1 :111 I , ..1 -1 ( ) 
1 

r,..1111: n~+l,, n1 +·1,. n,.+Sj. ip-+· O 1.6 

I 

I 

r • H ni = "ei = o~ IJ! == ~p (ghen) ~ ~ ('n, + "n) = 0 (1.7) 
11,. I 

'Ill . 111, ... . f w * I , ,1 ije~e r • r /'a where r is the spheri ca 1 radia 1 ieoordi na.te and a , the 

I J;i .· IW!I . . . 1M • . * • ' * * * 
, ,r~bl ,, rij~1~!• n1 =i n1 /nn , ni 1111 n1 /n,0 • n11 • nn /n01 where n1 , "e • 

1

,, 1~~ ,~ll'e lij ~-,~ d,~su1~s df (posith~) tons, ele~trons, •M (W,gly 

111 11 :
1 

1QMi~i~b~li) i1l~,ttt~,~ Orf I P~'hHI IN, re1pecthlll,l,v. and t110* is ~~- nu~er- of 

111':I I I, ,~IHl!'ol\11 ~~~ 11hl' VONme ~I '1• e111<1tHo•H1 lll!~tral• ill! !•n! fluid; the 

~e19H1 of hnbation ,of sp~ies N 1s given by Sj = A,0 /'fin (r * "") = 

3 

I 11 

I' 

I 

I 



II jl IHI, I I 1 

I 

I 

I 

I 1

1 II, I 

!i 

1111 1)1 I :, " "'"' I ii 1 ,1 11 1 1 11 1'1 11111,1 ,1
1
1111 111 1 1 II Il l 11,1 

* * * * * * k; 3'krj n
0 

(specified ,); t = \ 1 /T 1 where Te 1,s the {consta,nt) etectron 
' t •• * • 

t1111perature and T 1 • the {oonstarrt) ion ·*periaturei vJ ' e1 tk ti! 

where e* is the magnitude of the el~ctrohic 1tharge , k• is t~ Bdh.mahn 

const,ant, and ." 1s tht el1ectrast,atlc potentUt1 ( the r1~1a,l ¢"'p~P~ht of 

* ~ * . * t L ' the electric field Er == .. d• /dr ) . fhe Deb,e nuatlbe1r 11: • ~D /a 1 nt'8 
'Ir ( if * * *2 • J /2 J ii.II .Ii. • the Debye length "o = 1 k £,[I) r, /e "o ) l)hd t ,s the ~n u~hi1ty 

of free space. The first Dl11!11<tih1er ~•r Dj • ("iliif-1 l~ ti.*, h/~P1* 
* ' t ~ .I~ ~ I llf/ 

where o1 1s the i~Jn di ffusio11 coeffi t1ent an~ ~m = ritrl /nq , ~~e,m I mn '1 1s 

the (constant) nunbe'r density 01f s1,eth~s M. Th I d~ff~~'1oni ,.,,i~lij~~ni~ 
of the neutral spetl eJj o/ "' P1 *, ~~t 1~/ /~ij~ J , l , $l

1

~i~ I ~f ~I 1 ' 

relatio1ns (for example 1, Baum and Chapk1s. 1t6i) h•v• l~e'~ ~,1~~ 11~ 1tti• 

course of tne deri 'ilti 0111$ ,of the gijVart,11 rig -~~1ati«;>n$. ! [ 1 ' I 1 

The net current co11 QQtl!id ~ tlli II tllel ( iji• illti 11;1\•~I ~~:I ~r1it 
time. suitably nondime1111tr1tl1zed) is 111 

1 , 11 
11 

' I I 1111 111 II 
I I 

J* (dn ~ni) 
Jr == 4t ,• n. ePfi o'if ~ ~01 ~ rr ~1 

o 1e 

The variance of J1 with •,• t. and 1@0 'is $o~ij~t. 

This formulation of the ilcineth:s 1s wi'ij1U.y 1~dppl"'1 (, ':,. rq1r l~~le. 

TiArcotte end Ong, 1961'). ~ere alten~1~n hJ ~~"fii1nl~ 11
~1

~ tijl •~ht~~~ ,~,,,th''' 
I I 11 I 

limit,~~ 1 (s 1alt prbbe 1n ~ slight1~ ipn~1Z1:d1 9a•~- ~u Wi~~ u~~ Utb!) 
first treated this limit for f,ogn th ht~ 1(.~ ., OH Htier. rl II~ more 
sysumaU 1c, app1ro.ach, B.!1111 ahd Chll~kU• (19b$j I tlll~.t1~1N ™ ,M~ . . ~ ,P 
higher o~der. S,orlin (1.961) hQs ~~n1111ci rlilij ti!. ~ffllllt l!f iji .

1 

1
,~ ~~~1111oi1 

on the & » 1 SQ1ut1o~t Soni~ elriph sued ~-t I~~ nea~~r fit~~" ~fl~~! ~ 
DJ « 1 ts of ~l'I~ Q" -r•et\1:ill hltel'IISt, ~14 Jtl~~ ftl' ♦~ 1~~'1 I l~t 

reconbiriJat1on-'i onh:atlon ptoCe$Ht. I 1 

11 

1 
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U tis here talkeltl that t O(l). sj, !. 0(1), a1nd a,= o(l) .. That is, 

the ritio 10:f ion to electron 1diff111s,fon coeffic1,ent 1s small, ion1 and 

ele¢1~rQn '~eratu~s are coc~parable, and tht ionizable neutral may be a 

tr 01 s1pecies or tlh baci<Jground 1ga,s. The results in Section 11 wil 1 be 

~n1fonlnly 'YiHd over a wide range of ap,1pHed negative potentials, IP < o. 
p -

n. naAR-FROZEH THtc1< .. SHEATit CA'SE. (t ►> 1,, D j << 1) 

~.Ii •-1 ... "t2 . , . ,.,.,,nee e "" 1a 1an~ 01j ,~ a 1• the :so-caHed t"11 ck-sheath case t » 1 

'ts fflQS~ t~quent1,Y asso~iated. wt,th ne,1rly frozen chemistry (DJ << 1). Thus, 

thi p,e~turb•tfo:r. abbUt •f\'io:ien cheinhtry is e)Cami ned first. al though the 

1ne,t.i.equ1llib1rh1m can (Dj >> 1) for a thiick sheath is briefly treated h 

!S~tt~ tn ~ J I ,, 

, 11,~sli, olllll tile i~ro• illd first.order solut1Ms w111 be sought, one 
1 ~~ S'pQ1t1~ only that I >:1> 10 j >I> s -2 (,as qppus2d to lthe Umi t 1 » £ -

2 
» o j 

I' il1ht~lr t 1re•1tecll in ,earH er wo:rks). Natchtd asymptotic e~pa1ns tons are 

dq~ 1t1d; to:r tHe· t nner rlgi en 

(2. l) 

(2.2} 

(2.3) 

1Hlmtmm11nrrmt1t111t··1111r1:1·1t11111r1·1 rl'II 1111111 11 11n~~m11mmrn1
1

irn ll'il Il l ii 1111111::1111,1 1111111111111·11111 mG".1nil11mtilttrnmilrlllll: 111111111 1111 II 1 11 lilllll l'l ""~1'!~ : I I 
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Jhe 10\f4st~orc11r irl'hlr equatH>mis obt•t~1B4 b.Y !$1 ~~~t U1J~·i11p 1i~t, 1,l~1H~1~) 

1n (1 ,.2)-(l. 15) art, if L dtno1-s tJile 1sp~e1rici,a1b 1$ 11

~ijtr1¢ I~ 1p ~J11p, l~fi,,a@r 
ultdr2) + Z1r·

1 
1~d/dr)], I: i 

I 
I 

II ' I, 
11 

I 11 

L11i1 i= Lnn[ = {IL + w, r•:
2 

fF)ner 1-= (l ... T l~p 1r"'
2 t~i .. , I • ' 

1I~ l(1i.lH 

I I 11 
I 

I (lq,.1~ O,~ 

I I I 

(:l:.1H~ 

The f1 1rst sm n~t~111l i,uter equ•;ti,ns. qb,t h d lbt subitil1~;J1~,1 ~21~ 11)1 ... 

[2 •. 8) in (l.!)""i11S), 1 re~ if LP• (1l1~
2

:> • ~·• t•1dc>)1, 

I : I 
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(2. 14) 

,I 

I I 

'h~rt s, P111 1T • and I 1a_,e consttnts of 11ntegration tlo be detienni1ned by 

I I 1,idiilAg10 

mfle r,i:11t-b>-1owesrt ... btitle1r inner eq1uations still describe a 11ocally 

1 
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~f J ~ ~~-~~ ~ 1~ dli~1it ~ I 1;~~li fi11,h~,, j j~" 1'1 ' 111 ~p· . 

' th~I i.,. .. 'n1~~ ~ 1d ~t 1 '~ .!Is' ~!f il. rw1i~ .. I ""1 f.1

' .· ~ : 1 '. I 11 

I~ ffilll ~-~l, ~ Ht~~-~~~~ " ~, 1-~~ ~~~ ' . , ! 11 

Al ~I\\' ,1 llil4 r1~$ijl:l1 , io~~llf) , 1 ~1:j~j •~ It ~- , ! · 
ti,~ c ~1hih ent!~r tb9ithlif. 1 : f~ 1~:~. jij , ~~ 

1 

t~ • I 1 

• , 

both ttl• iah IID~ .t~• ,H
1 
*+I @11, ~tt f , • :11t :' 11 

c:ondi tffil'IOS ~~ylfl~~,d 1 >I lt1s,111r1· 1 ,~tl j,, 
~111® ~. > O, ~J • .d( Jnd1l1t JI sllit~ ll 1, 
ts flu1th~ed,. , '~1tuNt1 Jtlta

1
~ 

1 s~~~ij I!, 

:;~::\:::!:~ ~i~I 1 tjl:o ~!h, 1 ' I 1 

~ang, ~ i (•~ti j ,it It! I ~ ~~I~,,! Jf l>d '. 1, 11 

lfi~1ij~-I 1 111 ~P11d~i, II n r~. 1 '!r 1~1 1
' qijJ $ 

(-~pl ~ $ Ute dil~~~•!lOj!Mlrll't~ :ii,~,!1+1 •1· 11 ;~~~ 1 

115.d iUij~, L 1h11 1~11$i~ 11W'11j 11; ': '\ tr~ 
-~PrliWflli~ ! t~il ~,~~tUj pd' l • ~ ' ~ 
rll!dUd~~I ~tt~.~~ ~': ;1? i I~ • ~· ! d,,, I I ii 

tw"ell ~'j i,s $~l~1jl ~ ~.l1 t ~ , lh ,1 ,; 
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~hi ti\'• .di . l*~'llhf~ j,J~l'~~ ~~~~ 1$ ~b~I ' n I I 
~•ttiat lt,,.,e' ~e lari~~1~s1u 's l'i i~ I~~ 111~ 11ll n1~~ 
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I 
ii ,I , ! I, . ,, 

I I 11 Ii : \ 1: 
1 Ill : , 

1 
I, [I!! !'II 

I 
f~. ~~kenl 91.Je.i by (U) 1~ llbt1ously tnclepe11dent of ,. hl!II 'P + o, 

1 ,I 11.'i I 'I ~• ii -it O(t.' .). tije ctUl"~ent ,pprotiriaU fo1r the plasma-potential ,cases 1 
I Ii 11 111 II pi 

' j 
I 

I iii 1 ' ,11 • ill! t i~l nlld e,rll Ill' In s~t1 ~n II L 

1 

11 I ,i ,Iii[ , :,I 
I 

I il!i I I 1 ~, pi~o~Q p,t.,~10,1 Has bee~ 1a~tn as ll~O ;, fc,r (-.ijJP) >> 1 the 

, 

1

1 11 I, I I I e)~J!-11111~ ~riiiJ61on 1$ noi 11on9tr 'tllll dbdilnilllt contMbut~~ to the 

,
1

1.. d. ill I ~ l.~Ulil ~~fi\rl.
1
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