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PROBLEM

Review the theory of optimization and mathematical programming. Specifically,
investigate the use of direct-search algorithms for solving two-point boundary value prob-
lems (TPBVP). Compare direct-search methods with other accepted methods, such as
quasilinearization and the method of perturbations, emphasizing the principal differences
in the approaches.

RESULTS

1. Several direct-search algorithms are used to solve a TPBVP associated with
Larth-Mars trajectory optimization.

2. Direct-search methods are shown to be simple in both concept and computational
formulation. but to require greater computer run time.

RECOMMENUATION

Continue efforts to develop quadratically convergent search schemes. Try
gradient methods on this problem, using approximations of the gradient.

ADMINISTRATIVE INFORMATION

Work was performed by the Advanced Control Systems Division under
ZFXX-112-001 and ZFXX-212-001 (NELC Z223) from July 1968 to July 1969, and the
document was approved for publication 30 January 1$70.
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DIRECT-SEARCH TECH-
NIQUES DETERMINE THE
INDEPENDENT VARIABLES
THAT MINIMIZE OR
MAXIMIZE A GIVEN
OBJECTIVE FUNCTION

TPBVP OCCURS IN MANY
PHYS!CAL SCIENCES -
HAS BEEN EMPHASIZED
IN OPTIMAL CONTROL
THEORY

INTRGOUCTION

Mathematical programming concepts and the study of optimization have resulted
in the development of direct-search algorithms that are applicable to numerous engineering
design problems. These techniques determine the independent variables x|, x,,. .., X
that minimize or maximize a given objective function flx, X5,-..,X,). The objective
function, or performance funcuon, as it is frequently called, is repeatedly evaluated for
different sets of independent variables, and each time the function values are compared
and the ‘best’ or optimizing variables are retained. The iterative manner in which the inde-
pendent variables x|, x,, ..., x, are computed affects the speed and efficiency of the
direct-search methods. In general, the variables are changed (1) to improve the value of’
the objective funciion and (2) to give information about the objective function which will
determuine tuture changes in the vaniables.

Direct-search methods are analytically and computationally simple and haye
proved successful in many difficult design problems. They are also usetul in the solttion
of the TPBVP if it can be formulated appropriately as an optimization problem. The
TPBVP! is discussed in detail in the following section. 1t is difficult to solve because some
of the boundary conditions are specified at the initial time while others are specified at the
final time. Thus, the solution requires that a system of ordinary differential equations be
numericaliy integrated until all the boundary conditions are satisfied. This problem there-
fore requires that an iterative procedure be employed. Aswith all iterative procedures,
convergence is an important consideration.

The TPBVP occurs commonly in many of the physical sciences. {t occursin
Night mechanics for orbit determination as well as in intercept and rendezvous studies.

It also occurs in science involving the transport and distribution of mass or energy. Other
examples are the stress and strain distribution in a given material under a specified load
and the flow of material through a heat exchanger. Perhaps the greatest emphasis on the
TPBVP has occurred in the study of optimal control theory. In minimizing a time integral
performance function subject to the differential equations describing a given system, a
TPBVP must be solved. The major methods of TPBVP solution are discussed and evaluated
in arecent article by Tapley and Lewallen? and their results are used in the comparison
with the direct-search methods presented in this report.

After a cursory discussion of the TPBVP, the techniques that are employed are
discussed. These include the method of Hooke and Jeeves® and the method of Flood and
Lean*. A method by Zangwill® which is an improved version of Powell's method® . is
also presented. Though other search schemes are available, these algorithms are well known
and demonstrate the principle of solving TPBVP by using direct-search methods.

These techniques are applied to an Earth-Mars trajectory pmblcm7 which results
from a minimum-time optimal control problem. This control problem has been used asa
standard TPEVP for trying the various methods of solution. The techniques are compared
for
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1. Simplicity of formulation

2. Convergence time

3. Computational requirements
4. Sensitivity to initial conditions

Numerical results of applying direct search to the trajectory problem are tabulated.

VSee REFERENCES.




RTRTrTNe

Teyr

TWO-POINT BOUNDARY VALUE PROBLEM

The two-point boundary value problem is stated as follows: given the system of
differential equations

¥ = fly(1)) (1
where y(r)is an n-dimensional vector E
y O = [y (0,00 r,(0] ) :

and where superscript T denotes matrix transpose and ¢ is the independent variable. The
initial conditions are given by the p-dimensional vector function

g7 (y(t). 1g) = [&,(¥(t0). 1) 82(¥(g), 1g)s - £, (¥(tn). 1g)] (3)
=of
psn
and the final conditions by the g-dimensional vector function E
W y(r), 1) = (b (yCe 1) by (y(tg), 1), (v(p). 1)) “4
= 0!

with 1y specified, ¢ = n+ 1 - p. The assumption is that L. the final time. is not specified:

hence, it must be determined along with the s-p nitial conditions. If all the initial condi-

tions g and £, are known, the problem is an imtial-value probiem and is solved directly by

integrating the system represented by expression(1). However, in the TPBVP in which cer-

tain initial conditions have been replaced with final conditions, the solution of the problem

is characterized by the use of successive approximations to match the given final conditions.
An example of a simple nonlinear two-point bounaary value is

!
3

yyo=p 0 (3) i

¥y = -1y, (0 (6)

1

with i
= 7)
yyl1y = 8 (%)

where £, and 7, are given. The initial slope 5 ;) is unknown, and instead the final condi-
tion v, {7,) is specified. The existence and uniqueness of the solution are dependent on the
number B. The methods of soiution reviewed are essentially computational realization-ol-
existence proofs, Other questions arise: Does the problem have a solution? One solution
only” More than one solution? Reference | contains a lucid discussion of the existence
and uniqueness of solutions to 7™V 2,

Most of the methods oi .olving the TPBVP can be ciassed in ane of two groups
) those that solve a sequence of nonlinear initial-value pro”  asand (2) those that solve

sequence of linear boundary vatue probiems.
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‘SHOOTING" METHODS OF
SOLVING THE TPBVP:
SUCCESSIVE APPROXI-
MATIONS OF INITIAL
CONDITIONS LEAD TO
AMATCHING OF THE
GIVEN FINAL CONDITIONS

OTHER METHQDS SOLVE
A SEQUENCE OF LINEAR

BOUNDARY VALUE

PROBLEMS CONVERGING

TO A SOLUTION

1. Methods of the first class are called ‘shooting’ methods. These methods select
trial initial conditions, integrate the system of differential equations, and then check to see
whether the final boundary conditions are satisfied. The errors at the final boundary are
used to correct the initial values and the process is repeated. In the context of this report
the shooting method is summarized as follows:

If the unknown initial conditions are identified as scalars x;, the dependence
of the solution upon the initial conditions can be emphasized by writing y(r x).

Therefore, the final boundary conditions (4) will depend on x! = (.xl v eaX )
as shown ov

hix, r) = 0 9)
The shooting method therefore is a method of finding a x0 solution to (9): that is,
h(x’ ¢) = 0 (10

If the final time #; 1.unknown, an additional scalar X5 = t; is delined and equation (9)
becomes

hix) = 0 (i)

withx! = (X1- Xg0 oo X 0 ) Any standard procedure for finding roots of a vector
function can be used. /nregration of the system of differential equations is uf course
required io evaluate h{x).

2. The other class of methods for solving TPBVP’s involves solving a sequence of
linear boundary value problems such that the sequence converges to the solution of the
original problem. Among these methods are quasilinearization and the method of perturba-
tions. The methods are useful, since solving linear TPBVP's is considerably simpler, though
formulating and computing with these methods are more complex operations. The
method of perturbations is presented to illustrate this class ol methods.

The method of perturbations develops a Tavlar’'s series expansion of the original
problem and solves the linear problem that results. The nth approximation is g:.cn by

v =y 4fof , 2 B .
Tney = yl.'+[a ])’ lynﬂ —‘n] +0 e Y a2

n

If the notation &y =y | - ¥ 1is used and only the linear terms in the expansion are re-

tained, the linear perturbation is seen to be

by = [ﬁl Oy = Ay (13)
gyl
- h
where the matrix of the partial derivatives

- af,
B
ay ar
’ )
is evaluated on the n”f trajectory (note that integrating the nonlinear equations is still

required). The final boundary conditions are also expanded about the terminal conditicis
of the n'F trajectory. The result can be expressed as

dh = a—h]dy + [ﬁJdr (14)
LAy ard f
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When the effect of a variadion in the terminal time is considered

df=6yf+yfdtf (15)
the final condition (14) becomes
oh
dh =) — +hdz 16
2, i

Solving equation (13) puls the terminal conditions in terms of the initial condition varia-
tions (¢5y,. =my ) where is the characteristic solution, and the above becomes

oh
dh = mdy, +hds, an
[ay] Yo
Furthermore, since the variations in ¥ must satisfy g(y(!o), to) =0,  follows that
dg=[§§] by, = 0 (18)
ay.
Yo

Hence, once dh 1s determined, equations (17) and (i8) are solved for unknown 6)’0 and
dty . The procedure is then repeated until dh is within some specified convergence
criterion about 0.

The methods in this category are many, with various differing analytical and com-
putational properties. These methods are discussed briefly in order that compariscns can
ve made. The method of perturbation is recognized as a simple method to formulate. 1t
is computationally simple, requiring only the integration of the original differential equa-
tions to evaluate the linearized equations.

The quasilinearization method is given by the equation

9n4] =yn+[§—f.] ly Yne1 y ] (19)
y
yll

where 1 is the iteration number here. This equation is solved repeatedly. Past informa-
tion isused, and both y_ and y (for each 1) from the previous trajectory are slored The
storage problem is severe The results generally are good. (See Tapley and Lewallen? and
Kenneth and McGill ®

In this study lhe above methods were not actually tried. Results given by Tapley
and Lewallen are used in the comparison with the diract-search approach to TPBVP
that follows.

DIRECT-SEARCH TECHNIQUES

The theory of direct search is employed to find a solution to the unconstrained
optimization problem

min f{x) (20)
X

where x € E” is an n-dimensional Euclidean vector space wich

=[x Xy ) 1)
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DIRECT-SEARCH
METHODS LEND
THEMSELVES TO
OPTIMIZATION
PROBLEMS

HOOKE AND JEEVES
USED AN ‘EXPLORATORY
MOVE' OF SMALL,

FIXED SIZE, FOLLOWED
BY A PATTERN MOVE’

but without using the usual necessary conditions for an optimum; tor example, V,r'(xn) =0,
or higher-order derivative information. The vector variable x s changed in a systematic
manner and the scalar objective function evaluated after each change. The values of the
objective function are compared and changes in the variables are continued until a value
of x is found which minimizes x). The theory in changing the variables affects the
analytical and computational properties of these methods, and these techniques are dis-
cussed in the ensuing paragraphs. In general, these methods are easily understood and
easily applied. Since they do not require the computaiion of the gradient, they lend
themselves (o optimization problems in which the gradient is extremely complex and
difficult to compute or the objective function is discontinuous.

The difficulty in solving the optimization problem (20) is caused by the fact that
the surface represcnted by

z = fix) (22)

is often not of a convenient ‘shape.’ It would be convenient if f{x) had a bowl shape,
with its minimum clearly defined. Then a search through various x would yield the
optimum. However, the surfaces ofter contain troughs, and direct-search methods often
move about inefticiently tooking for the optimum. The philosophy of search must
include a technique to seek out a trough or ridge and follow it to an optimum. Each of
the search techniques that follows has this property to some degree.

The method of Hooke and leeves was one of the earliest and most accurate of
the search methods. It possesses the ability (o follow a ridge, a property that accounts
for its success. Further, Hooke and Jeeves introduced certain terms which have become
standard terminology in search methods. The ‘exploratory move’ is a systematic search
of the coordinate directions to determine an improved point. The method of Houke and
Jeeves (see illustration) performs an exploratory move with a small, fixed step size.
Mathematically, the exploratory search evaluates

f(.\‘],.\’z,...,xit.ﬁr,_,x“) (=1,2,.. ,n (23)

and compares it witk the best optimum found on the previous coordinate search. This
new point found as a result of an exploratory move is called a ‘base point.’

The ‘pattern move’ always folluws a successtul exploratory move. The direction
for a pattern move is determined by the previous base peint X and the best poiat of a
successful exploratory move x;.. The direction is given by

d=x-x (24)

The point x,. . the resuit of the Jast exploratory move, becomes the new base point and a
new exploratory move is inade from x. + d. Asiong as the exploratory move yields an
umproved point, the distance X -~ x increases and the method accelerates and simultane-
ously follows a ridge. When an exploratory move tails, the step size in the search scheme
is reduced by a reduction factor (< 1.0) and the method continues.

This method does not determine the direction of steepest descent but settles lor
any improvement. However, its choice of direction yields an efficient and accurate
search method. 1t is implemented in a computer routine called NELC DIRECT.

The method of Hooke and Jeeves (MELC DIRECT) has no formal convergence
theorems to support its success, but it works and works weli.
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FLOOD AND LEON USED
EXPLORATORY MOVES
TO FIND A MINIMUM
ALONG COORDINATE
DIRECTIONS, THEN A
PATTERN MOVE

The method of Flood and Leon (UNTY AR) also has no formal theory but
appears intuitively to be more plausible. 1t makes an exploratory move that searches
along each coordinate direction until a minimuem is found. Then it makes a pattern move
using the original base point and the final improved point of the exploratory move to
determine the new direction. The method then minimizes along that direction. In mini-
mizing along a given direction, the method accelerates by taking increasingly larger steps.
The method is hriefly described by the following steps:

1. The exploratory move is made by incrementing an element of the vector X, such
that

. k . k-1 -
Ax Xy x40, ,x”)<f{.\l.x2.. S XD, A x )< <X

is a minimum; o, 1 a humber greater than 1, and by raising it 10 successive powers, p,.kA

is successively increased, resulting in an acceleration along that diraction. Successive
moves are continued until a failure occurs (functional value greater than the previous
value), then the procedure sets X =x_, ... Xt S X, and reinitializes £ 10 zero.
Two successive iterations of this procedure are made to find a minimum along the
coordinate direciion. 17 a success is not found with & =0, the direction ot search along the
coordina.e directions is reversed, that is, x, - pi"A. 1 tlus fails, that point is assumed to
be the minimum.

2. A pattern move is made if the functional value at the end of the exploratory
move is better than the point at the beginning of the exploratory move. The direction of
the move is determined by the difference of the last point x. and the beginning point x

R . B
of the exploratory move. It is given by
X = X +p"(x - X, ) (26)
[ E B -
and the accelerating factor g is raised to the £ powei (K =1.2...)s0 as to accelerate

along that direction (k represents the number of successes in a given direction). After
failure vccurs, the procedure outlined in step 1 is repeated resetting A to zero. The nega-
tive direction is searched if failure cecursat K = 0.

The method of Zangwill is a search method with proved quadratic convergence.
It is described as follows:

Letc.r=1,2,....nbe the unit coordinate directions. The coordinate direc-
tions are used after one iteration of the following procedure: (1) Beginning with an nitial
Pt xg and 1 directions § . the method minimizes /(x| + ab)seuing x, =X+ a.
for:=1,2,...,n. (2)A direction §“+1 is computed:

X -Xx
n 0
£, =—— {27)
k- xh
n 0

where lix - x,!lis the Euclidean norm (square root of the sum ot the squares of the

= ’ ; inimizes /ix +
elements) f’"d X1 =%, + o”,lgw .wherea  minmizesfix, +of ).
The directions are updated as follows:
= [ = 2
g,, §:+l i=1,2,...,n (28)

§l is removed from the basis. (3) A divection ¢, is introduced and the point
=3 + H H . + o I H
X2 =X, 10,0008 determined so that fIx, | t o ¢, ) with respect to SN LE
+o FO0theindexr(r=1,2,....n)is updated and the routine goes to

minimum. e,
part(t). Hfa ,=0fore=1... .. n the solutior. has been found. Note that ¢ is ¢ycled

n+2

£
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POSING THE TPBVP AS

AN UNCONSTRAINED
OPTIMIZATION PROBLEM
NECESSITATES FORMU-
LATING AN OBJECTIVE

(OR WEIGHTING) FUNCTION

10

through the coordinate directions; it is incremented through n and then reset to 1. This
prevents the directions §k, k=1,2, .. nfrombecoming linearly dependent. This
routine is shown to yield convergence for a quadratic in a finite number of jterations.

FORMULATING A MATHEMATICAL PROGRAMMING
PROBLEM

The two-point boundary value problem must necessarily be posed as an uncon-
strained optimization problem before the direct-search methods can be applied. The
formulation of the unconstrained optimization problem can be obtained by an extension
of the shooting metnod (see TWO-POINT BOUNDARY VALUE PROBLEM). The
terminal or final conditions (4) for the system of differential equations are specified, and
for any given set of initial conditions, the terminal conditions are computed and com-
pared with the specified terminal conditions. The goal is to make the difference between
the specified and computed final boundary conditions as small as possible; therefore, an
objective (cr ‘weighting,’ or ‘penalty’) function of the differences is minimized by choos.
ing the unknowu initial conditions. Because the specified final boundary conditions are
zero in the TPBVP, the objective function must have the following propesties:

Fh) = 0 whenh(y(f).70) = 0
and

Fh) > 0 when lh(y(lf).!f}l #+ 0 (29)

One pos..ble form of F, the objective function, is the sum of the absolute values of
hityleg) 10, namely

q
FB) = > w0l = A (30)
[

where x replaces those initial conditions that are unknown and x_ = r;. Hence, the
weighting function F is a function of the initial conditions and the final time r, and the
problem is now in the form of an unconstrained minimization preblem

min ~(h(x)) = min F(x) (31)
X X

The various direct-search algorithms are now applicable. it is understood, however, that
to evaluate F(x) we must integrare a system of nonlinear differential equations with the
unknown initial conditions and final time ¢; specified as x by the algorithm.

Ancther form of weighting function which is used often ir practice and which is
employed in the trial problem is

F(x) = h(x)" h(x) (32)

This is the suin of the squares of the errors in the final conditions, and the mathematicai
programming problem takes the form of least squares; that is, x is chusen so as to mini-
mize the sum of the squares of the error.

Other independent constraints may be imposed in the formulation of the
TPBVP, but these have not been considered here. There are certain constraints, such as on

e bt L) SR B 1
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the variable ¢, (for example, 1, > 0), which can be included as a penalty. Any time ¢; vio-
lates the constraint, F is equated to a very large number (10%). In general, the addition
of other constraints will result in a far more complex problem.

The formulation of the TPBVP as a2 mathematical programming problem is easily
effected. It remains to discuss how successful direct search is in its solution.

RESULTS AND CONCLUSIONS

The technique of using direct search was applied 10 a two-point boundary value
problem that resulted from the calculation of a minimum-time Earth-Mars trajectory.
This particular problem has been extensively used by many investigators 7840 studying
methods of solving the TPBVP, and some valid comparisons can be made between direct-
search methods and other recognized methods. The trajectory problem and a list of the
constants are given in appendix A. The results of ccmputer runs on the CDC 1604 are
tabulated on the following page.

The general characteristics of TPBVP solution methods considered are: (1) sim-
plicity of formulation and implementation, (2) computer storage requirements, (3) con-
vergence sensitivity, and (4) convergence time. Of these characteristics, the last is the
most difficult to compare realistically. Different numerical integration schemes as well as
different computers may significantly affect convergence time, and any comparisons are
dependent on these variables. In contrast, the other characteristics are independent of the
numerical integration scheme and computer.

1. Simplicity of Formulation

The direct-search method applied to the TPBVP is by far the simplest to formu-
late and implement. A penalty, or weighting, function of the terminal boundary condi-
tions is chosen. The calculation of the penally function requires only the integration of
the differential equations and is therefore simpler than any method involving the caicula-
tion and integration of additional perturbation equations. The initial conditions are
specified directly by the search method that is employed.

2. Computer Storage Requirements

Computer storage requirements in applying the direct-search methods to TPBVP's
are minimal. Since only forward integrations of the differential equations are necessary,
no intermediate storage is required. Othesr methods for TPBVP solutions are more com-
plex, since the intermediate values of differential equation variables must be stored for
future integration. Such storage poses a severe problem in solving large TPBVP's.

3. Convergence Sensitivity

Methods of direct search are highly insensitive to initial conditions. Convergence
sensitivity of the direct methods was tested with +20-percent change in the initial guess
of final time ;. All methods converged. The method of UNIVAR demonstrated the
capability of searching a large parumeter space in a short time. NELC DIRECT converged
for large changes in initial conditions - however, with a larger computer run time. The
insensitivity to initial conditions of these methods is a decided advantage of this approach
to solving TPBVP's.

I
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4. Convergence Time

Convergence times of the direct methods could not be realistically compared.
For different step sizes and different search methods, different convergence times result.
The tendency in the computational work was to choose the step size § too small in
UNIVAR and NELC DIRECT. Often the larger step size results in quicker convergence
but less accuracy. However, there are results which stand out for their accuracy. There
are other factors in the UNIVAR search scheme, such as the search acceleration factor p,
which further compound the difficulty of conve:gence evaluation. The acceleration factor
was chosen at 1.618 and never changed in the computation. Zangwill’s method gave the
greatest accuracy with the shortest run time (10 minutes’ maximum run time).

In general, the search schemes performed remarkably weli. Simplicity stands out
as their strongest computation characteristic. The results were satisfactory with Zangwiil's
search method, which has quadratic convergence properties. However, the methods of
UNIVAR and DIRECT exhibited dependence on the choice of search step size (delta or
deltai) and the rho accelerating factor. As the theoryv of search methods evolves, additional
algorithms will be developed which will add to the attractiveness of the direct-search
approach for TPBVP's. New and faster computers will further contribute to the utilization
of these methods for solution of the TPBVP. However, the direct-search approach always
required longer computer time to reach a solution than the indirect methods given in
references 2,8, and 7.
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APPENDIX A: THE OPTIMAL CONTROL PROBLEM

The problem is to determine the minimum-time trajectory from Earth to Mars.
The optimal control problem is to minimize

's.
F = f dr (A-1)
i

subject to

J'cl = —— - —— +=3sinf (A-2)

. 1% T
Xy = x +; cus f§ (A-3)
iy = x, (A4)

with respect to x, A, 7. and fi (these equations are derived in appendix B), with

m = mg+ct (A-5)
x) (10)‘x2 (10).x. {tg).and x) (p)xy (20}, x4 (te) given (K, T, mg, and ¢ are known
constants).

The problem can be solved by using the maximum principle. A generalized
Hamiltonian is formed

(x,)? X, x
H=-1+X A +—Tsm,"5 +)\2 - 2<i'-zcos;;3 + X, X, (A-D)
1 x5 (x3)2 m X, m 37

The necessary conditions are

Ay X
. JH 272
A, =-— = - (A-T)
! ax, X3 3
)
an - M n
Ay = - 3 - AAnvam (A-8)
X, X3 X4
2
5 =_aH~+"1(X2)_ K Mo (A9)
3 < A
0x, () o5)P xy)?
(x, ) .
i, =2 KZ-+Lsinﬁ (A-10)
.\‘3 (x3) n
X, x
. 172 T )
X4 = - 5 +m<,os[3 (A-11)
%y = x, (A-12)
90
a_l'; = )\]77;cusﬁ- )\nginﬁ =0 (A-13)

Xy (10)..\'2 “u}“rs ) x (tph x, (rl»).x3 (f¢) given with transversality condition

15

e

|
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r

? (Jc2)2 Xy X
- v -l+)\l LS +IsmB +A, |- ! '+£cosﬁ tAyx) =0
z x 2 m 2 X m
z 3 (.r3) - 3 P
= f
I
P (A-14)
! E (Further discussion of this problem is found in reference 1.)
It is possible to solve explicitly for §
}\l
tang = X (A-15)
or
M
£ sin g = —F———— (A-16)
i NN
N
cosB = = = (A17)
VO ()
£
: The transversality conditions (A-14) can be modified to
- 7 O+ (4 ()Y
-1+ 7 > > = Q0
: T U+ (g (20D
L T /T2 3
B - — + -
PrpVRTHO)T = 0
§
H JOoVY+(nye =
t )7ty = T
: L2
: 2 ?_ m
! MY+ (A, = T (A-18)
where x, (,r))z K
: xp ) = 0.} — . 5
3 Uy (x5 (1))
! [n minimum time problers, one multiplier can be specificd and hence the number of
unknowns reduced. This occurs when the state equation depends only on the ratio
M, and it is possible to replace the finai condition (A-18) by a normalized variable
A (ty) = 1.0. The transversality condition is eliminated and the number of unknown
initial conditions is reduced by one.
The TPBVP is now given by:
2
: (x,) T A
' s X, = 2. K2+— ’] (A-19)
} Yt O 00
X, x A
: i, = -2, T . - (A-20)
2 x3 m \'ﬁl)z +,)
Xy =X, (A-21)
. '\7:(1
= = - 1)
M x, Ay (A22)

e oy - oo .
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3 (X3)2

{x, )} {xy )
with
0.0

X, (10)

1.0

X, (tO)

Xy (IO) 1.0
A ()= 1.0

0.0

x
X4 () = 0.8098
x3 () = 1.525

This formulation is prograinmed in the FORTRAN routine with

vl = (EIS SO FTR. YRR S0

The computer routine is selfcontained: comment cards indicate the necessary data to be

specitied (appendix C).

(A-23)

(A-24)

(A-25)
(A-26)
(A-27)
(A-28)
(A-29)

(A-30)

U1k
b

(A-31)

(A-32)
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APPENDIX B: DYNAMICS FOR A TRAJECTORY
OPTIMIZATION PROBLEM

The problem to be solved involves the control of a constant-thrust rocket en :
route from Earth to Mars. The angle of thrust with respect to a local horizon (see page 20) :
is the control variable. The problem is assumed coplanar (that is, Earth and Mars are :
assumed to be points in a plane) with Earth and Mars exhibiting negligible gravitational
force. The derivation of the dynamics involves Newton's law (£ = ma). In a polar
coordinate system, Newton's law takes the following form:

a?r d6\? i 3
- =¥ B- :
m(dt2 r(?)) 3f, (B-1) :

2z
m yd_e + I)ir d_9)= }:fs (B.z)
de? dr dr :
where :
g, u = radial velocity
dr
r— = v = iaugential velocity
& 8 y .
2 2
i,:id—0+rd—0=uig+rg—6 (8,3)
dt d[z de d12 3

f are the forces
r is the radial position of the vehicle

@ is its angular position

The first equation (B-1) of motion is rewritten

. do de . ;
m(u-r:i-{ < )= 3f, (B-4)
or :
m(&—u-j—f->= -+ Tsin
where _
W = weight of the rocket :
and
T = thrust of the rocket
since

o.'o.
Sl
]
~ =

(B-3)
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Equation (B4) becomes

. vt
m(u-—-)= -W+Tsinf
r

2 '
. v W ,
u =—-<—+Zsm{i
m m

The second equativn of motion becomes
. drdo
mp+—=—]7= L
( dr dr) £
or

, uv
mv+m—= Tcosf
r

which is written
o_uv T
p == +—cosf
r m

(B-6)

(B.7)

One further equation is required — the equation describing change of mass with

time. This equation is given by

= +C
m "10 ct

which assumes a zonstant change of mass.

(B-8)

Thesc equations arc a simplification of the trajectory problem but represent an

approximate model of the system.
The state variable model is obtained by defining

dr . .
X, Tu=—*< radial velocity

dt

x, = v = tangential velocity

P4

x, = r = radial position of vehicle

The equations are

_ (x2)2 K

¥, = ——-——+=sinf

)
X3 (x?’)- n

XlX?_

X, = —=+=cosB
- m

Xy =X
where
w_ K

-
m ();3 )-

and K is the gravitational consiant of the sun.

(8-9)

(B-190)
(B-11)

(B-12)

(B-13)

(B-14)
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APPENDIX C: COMPUTER FLOW CHARTS AND INSTRUCTIONS

1969 045

PROGRAM TPBVPSCH

THIS PROGRAM WILL SOLVE A TWO-POINT BOUNDARY VALUE PROBLEM
USING A DIRECT SEARCH SCHEME {UNIVAR) AND

THE INTEGRATICN SCHEME IS THE FOURTH ORDER RUNGE-KUTTA

AS MODIFIED 8Y GILL

THE XTI ARE THE INITIAL COHDITIONS THAT ARE UNKINOWN AMD WHICH
ARE SPECIFIED INITIALLY IN THE PROGRAM DRIVER

K REPRESENTS THE NUMBER COF UNKNOWN VARTABLES.
N = THE NUMBER OF DIFFERENTIAL EQUATIONS TO BE INTEGRATED

THE DELTAI REPRESENTS A STEP CHANGE IN THE INITIAL CONDITIONS
AND WHICH IS USED BY THE SEARCH ROUTINE.

THE DELTAI SHOULD BE LARGE INITIALLY. THEN IF RESULTS ARE NOT
SATISFACTORY ,DELTAI CAN BE REDUCED.

THE SUBROUTINE FN IS USED FOP. INTEGPATION AMD ALSO TO COMPUTE
A WEIGHING FUNCTION OF THE FINAL BOUNDARY COMDITIONS

A WEIGHING FUNCTION OF FINAL CONDITIONS MUST BE FORMULATED
THE WEIGHING FUNCTION IS USED BY THE DIRECT SEARCH SCHEME
TO DETERMINE THAT THE FINAL CONDITIONS ARE MET

THE FINAL CONDITIONS ARE WRITTEN AS EQUALITIES  P(Y)=0.0
THE WEIGHING FUNCTION IS THE SUM OF THE SOUARES

G=PCY 1) PCY{1))+PCY(2)):P(Y(2)) + ETC,

IF THE FINAL TIME IS UNKNOWN , AN ADDITION  VARIABLE XI(K ) IS
USED TO REPRESEMT THE FINAL TIME AND

INSERTED IN THE INTFGRATION STOPPING CRITERION. OTHERWISE
THE TRUE FINAL VALUE OF THE INDEPENDENT VARIABLE 1S USED

PROBLEMS CAN BE ENCOUNTERED WITH! STEP-SIZE DELTAI AND THE

INTEGRATION STEP-SIZE H. THE LOCAL VS GLOBAL PROBLEM 1S PRESENT
OCCURRED AND IT IS NECESSARY TO RESTART THE ROUT INE

WITH NEW INITIAL CONDITIONS TO GUARANTEE A GLOBAL OPTIMUM SOLUTIONM.

ADVANTAGE OF THIS ROUTINE IS THAT IT ONLY REQUIPES INTEGRATION
OF THE DIFFERENTIAL EQUATION . NO PERTURBATION EQUATIONS
ARE REQUIRED.

OO0 OO0 C OO0 O00n

DIMENSTION XI(4),X(4),0P(H),DEL(H) , XRCY)
EXTERNAL F

X1(1)=0.7
xX1(2>=0,3
X1(3)=3.03

et i il

il
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1969 045

K= NO. OF UNKNOWNS

K=3 : ;
INITIAL DELTA 1
DELTAI=0.04

OO0 ao

RHO=1.618 :
CALL UNIVARCK,XI,RHO,DELTAI,X,DP,DEL,XR,FR) i
END

1969 043

SUBROUTINE FNCG,K,XID
DIMENSTON XTI(K)

THESE QUANTITIES ARE NEEDED FOR INTEGRATION. THE ARRAYS HAVE THE
SAME ORDER AS THE DIFFERENTIAL EOUATIONS )
DIMENSION Y(6),F(6) 3
TYPE REAL MAGSQ,MAG,MOM i

OO0

‘ d
EXTERNAL RKLDEQ
N=6 .

C THE KNOWN INITIAL CONDITIONS ARE SPECIFIED HERE
l Y(1)=0.0
' Y(2)=1.0
' Y(3)=1.0
! YC4)=X1(1)
Y(5)=X1{2)
i Y(6)=1.C
) C
C THE INITIAL VALUE OF X, THE INDEPEMDENT VARIABLE AND THE INTEGRATION .
C STEP SI1ZE H ARE SPECIFIED . THE RUNGE-KUTTA INTEGRATION SCHEME
C IS SENSITIVE TO STEP SIZE AND H MUST BE CHOSEN CAREFULLY
H=0,030% X=0.0

2 NT=0

(]
e sl L

THE RIGHT-HAND SIDE OF THE DIFFERENTIAL EQUATIONS
DY/DX = F(Y,XD
1S EVALUATED NEXT

OO0

6 MAGSQ=Y (W)=Y CH)+Y(5D*Y(5)
Q¥=1.0
MAG=SORTF(MAGSO)
MOM=1,0-0.0749%*X
SB= Y(L)/MAG
CB= Y(5)/MAG :
FC1)=Y(2)*v(2)/Y(3)-GM/(Y(3)%Y(3)D+0. 140500 *SB /MO ;
FC2)=-y(1)*v(2)/Y(Z)+0, 140500 *CB/MOM $ F(3)=Y(1)

22
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1969 043

FCUI=y(20%*y(52/Y(3)-Y(6)

FC5)==2. 0%y 2%y (WD /Y(3)+CY L)%Y (50D /Y (3)

FCBI=CCY(2)%Y(2)-2.0%GM/Y(3DD*Y(U)-Y C1D*Y(2D#Y(5) )/
#(Y(3)*Y(3))

3 S=RKLDEQ(N,Y,F,X,H,NT)
1F(S-1.0)79,6,4

IF THE FINAL TIME IS UNKNOWN 1T IS USED TO STOP THE INTEGRATION.
IF THE FINAL TIME 1S KNOWN IT IS USFD HERE

IF(X.QE.X1(3))5.2
5 CONTINUE

FOOO

THE WEIGHING FUNCTION IS THE SUM OF THE SOUARES OF THE

ERROR IN THE FINAL CONDITIONS. HOWEVER THE SUM OF THE ABSOLUTE VALUE
OF THE ERRORS CAN ALSO BE USED. ALSO THE EPRORS CAN BE WEIGHTED IF
THEY DIFFER IN IMPORTANCE.

OO0

A WEIGHING FUNCTION OF FINAL CONDITIONS MUST BE FORMULATED HERE
6= YC*Y(1)+(Y(2)-0.8098)*(Y¥(2)-0.80980+(Y(3)-1.525)*%
#(Y(3)-1.525)
1FCY(1).LT.-20.0) G=100.0
1F(v(1).QT.20.0) 6=100.0
79 CONTINUE
PRINT 10.6G
10 FORMAT(X17HOBUECTWNE FUNC = ., E20.,10)
DO 20 J=1,N
20 PRINT  25,4,Y(D)
25 FORMAT(X3HY( ,12,3H) =, ©£20.10)
DO 30 J=1.K
30 PRINT 35 ,J,X1(J)
15 FORMAT(XLHXIC ,12,3H) =, E20.10)

RETURN
END
FUNCTION RKLDEOCN,Y,F,X,H,NT) RKLDQ 1
c D2 UCSD RKLDEQ F 63
C MODIFIED MAY 1963 (Q REMOVED FROM CALLING SEQUENCE)
C TEST OF ALGOL ALGORITHM
DIMENSION Y({10),F(10),0010) TORKLDY 2
c REAL X,H--INTEGER N,NT--COMMENT--BEGIN INTEGER I,J,L-REAL A
NT=NT+1 RKLDO 3
GO T0 (1.2,3,4),NT RKLDO 4
o GO TO SCNT)
1 DO 11 J=1,N RKLDQ 5
11 oCJyd=0. RKLDO ©
A=.5 RKLDO 7
X=X+H/2, PKLDO 8
G0 TO S RKLDO 9
23
o e cymeme meemee— @ - ) o T e s = AR R A A

=

I
[

14 AR . i A B RS

et L e T o A LA R S S




M‘

o et W

e e

|

o Ay e

W Ll e o

g

P T

24

51

OO0 OO00

1969 043
A=.29289321881 RKLDOQ 10
GO TO 5 RELDQ 11
A=1.7071067812 RKLDO 12
X=X+H/2. RKLDD 13
GO TO 5 RKLDO 14
DO 41 1=1,N RKLDQ 15
YCID)=Y(D+H*F(1)/6.-0C1)/3. RKLDO 16
NT=0 RKLDO 17
RKLDEQ=2, RKLDQ 18
GO TO 6 RKLDO 19
DO 51 L=1,N RKLDO 20
YCL=YL+ARCHAFCL)-QIL)D RKLDQ 21
QULD=2 XARH*F(L) (1. -3.%A)*Q(L) RKLDN 22
RKLDEQ=1. RKLDO 23
CONTINUE RKLDQ 24
RETURN RKLDQ 25
END RKLDQ 26

PROGRAM PENKT

THIS PROGRAM WILL SOLVE A TWO-POINT BOUNDARY VALUE PROBLEM
USING A DIRECT SFARCH SCHEME (NELC DIRECT) AND

THE INTEGRATION SCHEME IS THE FOURTH ORDER RUNGE-KUTTA
AS MODIFIED BY GILL

THE XI ARE THE IN1TIAL CONDITIONS THAT ARE UNKNOWN AND WHICH
ARE SPECIFIED INITIALLY IN THE PROGRAM DRIVER

K REPRESENTS THE NUMBER OF UNKNOWN VARTABLES.
N = THE NUMBER OF DIFFERENTIAL EQUATIONS TO BE INTEGRATED

THE DELTA REPRESENTS A STEP CHANGE IN THE INITIAL CONDITIONS
AND WHICH IS USED BY THE SEARCH ROUTINE.

THE DELTA SHOULD BE LARGE INITIALLY. THEN IF RESULTS ARE NOT
SATISFACTORY,DELTA CAN BE REDUCED.

THE SUBROUTINE FN IS USED FOR INTEGRATION AND ALSO TO COMPUTE
A WEIGHING FUNCTION OF THE FINAL BOUNDARY CONDITIONS

A WEIGHING FUNCTION OF FINAL CONDITIONS MUST BE FORMULATED
THE WEIGHING FUNCTION IS USED BY THE DIRECT SEARCH SCHEME
TO DETERMINE THAT THE FINAL CONDITIONS ARE MET

THE FINAL CONDITIONS ARE WRITTEN AS EQUALITIES  P(Y)=0.0
THE WEIGHING FUNCTION IS THE SUM OF THE SQUARES

G=PCYCL) D PCYQI+PLYC(2))*P(Y(2)) + ETC.

IF THE FINAL TIME IS UNKNOWN, AN ADDITIONAL VARIABLE XI(K D IS
USED TO REPRESENT THE FINAL TIME AND

INSERTED IN THE INTEGRATION STOPPING CRITERION, OTHERWISE

THE TRUE FINAL VALUE OF THE INDEPENDENT VARIABLE 1S USED
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1969 043

PROBL.EMS CAN BE ENCOUNTERED WITH STEP-SIZE DELTAl AMND THE

INTEGRATION STEP-SIZE H, THE LOCAL VS GLOBAL PROBLEM IS PRESENT
OCCURRED AND IT IS NECESSARY TO RESTART THE ROUT INE

WITH NEW INITIAL CONDITIONS TO GUARANTEE A GLOBAL OPTIMUM SOLUTION,

ADVANTAGE OF THIS ROUTINE IS THAT IT ONLY REQUIRES INTEGRATION
OF THE DIFFERENTIAL EQUATION .  NO PERTURBATION EQUATIONS
ARE REQUIRED,

DIMENSION EX(12), XI1{12),0%(12),RX(12),PX(12)
EXTERNAL RKLDEQ

X1(1)=0.52
X1(2)=0.3
X1(3)=3.03
K= NO. OF UNKNOWNS
K=3
INITIAL DELTA
DELTA=0.05
DEL=0.001
DELF=1.0E-06
RHO= 0.625
13 CALL DIRECT(F ,K,RHO,DEL,DELF, XI,DELTA,EX,0%,RX,PX)
END

SUBROUTINE FN(G,K,XI)
DIMENSTION XI(K)D

THESE QUANTITIES ARE NEEDED FOR INTEGRATION. THE ARRAYS HAVE THE
SAME ORDER AS THE DIFFERENTIAL EQUATIONS

DIMENSION Y(6),F(6)

TYPE REAL MAGSQ,MAG,MOM

EXTERNAL RKLDEQ
N=6

THE KNOWN INITIAL CONDITIONS ARE SPECIFIED HERE
¥(1)=0.0

Y(2)=1.0

Y(3)=1.0

Y($)=X1(1)

Y(5)=x1(2)

Y(6)=1.0

THE INITIAL VALUE OF X, THE INDEPENDENT VARIABLE AND THE INTEGRATION
STEP SIZE H ARE SPECIFIED . THE RUNGE-KUTTA INTEGRATION SCHEME

IS SENSITIVE TO STEP SIZE AND H MUST BE CHOSEN CAREFULLY
H=0.030% X=0.0
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1969 043
2 NT=0

THE RIGHT-HAND SIDE OF THE DIFFERENTIAL EQUATIONS
DY/DX = F(Y,X)
IS EVALUATED NEXT

6 MAGSQ=YCW)*Y(4)+Y(5)*Y(5)
GM=1.0
MAG=SQRTF(MAGSQ)
MOM=1.0-0.C749%X
SB= Y(L)/MAG
CB= Y(S5)/MAG
FC1D=Y(2)*Y(2)/Y(3)-GM/ (Y (3)#Y(3))+40.140500 *SB/MOM
FC2)=-YC1D*Y(2)/Y(3)+0.140500 *CB/MOM $ F(3)=Y(1)
FCW=Y(25%Y(5)/Y(3D-Y(6)
FC5)==2.0%Y(2)%Y L) /Y(3)+CYC1)*Y(5))/Y(3)
FCB)=CCYC2)*Y(2)-2. 0*GM/Y(3) ¥ Y (L) -y (1)*Y(2)¥Y(5) )/
*(Y(3)*Y(3))

3 S=RKLDEQYN,Y,F,X,H,NT)
IF(5-1.0)79,6,4

IF THE FINAL TIME IS UNKNOWN IT IS USED TO STOP THE INTEGRATION.
IF THE FINAL TIME IS KNOWN IT IS USED HERE

1FCX.GE.XI1(3))5,2
5 CONTINUE

THE WEIGHING FUNCTION IS THE SUM OF THE SQUARES OF THE
ERROR IN THE FINAL CONDITIONS. HOWEVER THE SUM OF THE ABSOLUTE VALUE

OF THE ERRORS CAN ALSO BE USED. ALSO THE ERRORS CAN BE WEIGHTED IF
THEY DIFFER IN IMPORTANCE.

A WEIGHING FUNCTION OF FINAL CONDITIONS MUST BE FORMULATED HERE
G= YCID*Y(1)+(r(2)-0.8098)*(Y(2)-0.8098)+(Y(3)-1.525)%*
*(v(3)-1.525)
IFCY(1).LT.-20.0) G=100.0
IFCY(1).QT.20.0) G=100.0
79 CONTINUE
PRINT 10,6
FORMAT(X17HOBJECTWNE FUNC =
0O 20 J=1,N
PRINT  25,4,Y(JD
FORMATCX3HYC ,12,3H) =, E20.10)
DO 30 J=1,K
30 PRINT 35 ,J,XI(JD
FORMAT(XUHXIC ,12,3H) =, E20.10)
RE TURN
END

, E20.10)
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1969 045

PROGRAM TPBVPSCH

THIS PROGRAM WILL SOLVE A TWO-POINT BOUNDARY VALUE PROBLEM
USING A DIRECT SEARCH SCHEME (UNIVAR) AND

THE INTEGRATION SCHEME 1S THE EXTRAPOLATION METHOD BY
BOLESCH AND STOER

THE X1 ARE THE INITIAL CONDITIONS THAT ARE UNKNOWN AND WHICH
ARE SPECIFIED INITIALLY IN THE PROGRAM DRIVER

K REPRESENTS THE NUMBER OF UNKNOWN VARIABLES.
N = THE NUMBER OF DIFFERENTIAL EQUATIONS TO BE INTEGRATED

THE DELTAI REPRESENTS A STEP CHANGE IN THE INITIAL CONDITIONS
AND WHICH IS USED BY THE SEARCH ROUTINE.

THE DELTAI SHOULD BE LARGE [NITIALLY, THEN IF RESULTS ARE NOT
SATISFACTORY,DELTAI CAN BE REDUCED.

THE SUBROQUTINE FN IS USED FOR INTEGRATION AND ALSO TO COMPUTE
A WEIGHING FUNCTION OF THE FINAL BOUNDARY CONDITIONS

A WEIGHING FUNCTION OF FINAL CONDITIONS MUST BE FORMULATED
THE WEIGHING FUNCTION IS USED BY THE DIRECT SEARCH SCHEME
TO DETERMINE THAT THE FINAL CONDITIONS ARE MET

THE FINAL CONDITIONS ARE WRITTEN AS EQUALITIES  P(Y)=0.0
THE WEIGHING FUNCTION IS THE SUM OF THE SQUARES
G=PCYQL)*PCYCIDDH+PCY(2)X*P(Y(2)) + ETC.

IF THE FINAL TIME 1S UNKNOWN , AN ADDITION  VARIABLE XI(K D IS
USED TO REPRESENT THE FINAL TIME AND

INSERTED IN THE INTEGRATION STOPPING CRITERIOM. OTHERWISE

THE TRUE FINAL VALUE OF THE INDEPENDENT VARIABLE IS USED

PROBLEMS CAN BE ENCOUNTERED WITH STEP-SIZE DELTAI AND THE

INTEGRATION STEP-SIZE H. THE LOCAL VS GLOBAL PROBLEM IS PRESENT
OCCURRED AND IT IS NECESSARY TO RESTART THE ROUTINE

WITH NEW INITIAL CONDITIONS TO GUARANTEE A GLOBAL OPTIMUM SOLUTION.

ADVANTAGE OF THIS ROUTINE IS THAT IT OMLY REQUIRES INTEGRATION
OF THE DIFFERENTIAL EQUATION .  NO PERTURBATION EQUATIONS
ARE REQUIRED.

DIMENSION XI(4),X{4),DP{4),DEL(H) ,XR(W)
EXTERNAL F

X1(1)=0.7
X102)=0.3
X1(3)=3.03

K= NO. OF UNKNOWNS

K=3
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INITIAL DELTA

DELTAI=0.04
RHO=1.618

CALL UNIVARCK,XI,RHO,DELTAI,X,0P,DEL,XR,FR)
END

SUBROUTINE FN(G,K,XID
DIMENSION XI(KD
EATERNAL F

OO

THESE QUANTITIES ARE NEEDED FOR INTEGRATION, THE ARRAYS HAVE THE
SAME ORDER AS THE DIFFERENTIAL EQUATIONS
DIMENSION Y(6)

O

TYPE REAL MAGSQ,MAG,MOM

c THE KNOWN INITIAL CONDITIONS ARE SPECIFIED HERE

N=6

Y(12=0.0

Y(2)=1.0

Y(3)=1.0

YCW)=X1{1)

Y(5)=xX1(2)

Y(6)=1.0

THE INITIAL VALUE OF X, THE INDEPENDENT VARIABLE AND THE INTEGRATION
STEP SIZE H ARE SPECIFIED , THE RUNGE-KUTTA INTEGRATION SCHEME
IS SENSITIVE TO STEP SIZE AND H MUST BE CHOSEN CAREFULLY
H IS CHANGED BY THE DIRECT SEARCH ROUTINE HERE
X=0.0% H=XI(3D$

OO0

THE RIGHT-HAND SIDE OF THE DIFFERENTIAL EQUATIONS
DY/DX = F(Y,X)
IS EVALUATED NEXT

CALL DIFF SYS(6,F,1.E-5,H,X,Y)

IF THE FINAL TIME IS UNKNOWN IT IS USED TO STOP THE INTEGRATION.
IF THE FINAL TIME IS KNOWN IT IS USED HERE
5 CONTINUE

OO OO0

THE WEIGHING FUNCTION IS THE SUM OF THE SOUARES OF THE
ERROR IN THE FINAL CONDITIONS. HOWEVER THE SUM OF THE ABSOLUTE VALUE

OF THE ERRORS CAN ALSO BE USED. ALSO THE ERRORS CAN BE WEIGHTED IF
THEY DIFFER IN IMPORTANCE.

OO OO
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C A WEIGHING FUNCTION OF FINAL CONDITIONS MUST BE FORMULATED HERE
G= YC1)*Y(1)+(¥(2)-0.8098)+(Y(2)-0.8098)+(Y(3)-1.525)*
®CY(3)-1.525)
79 CONTINUE
PRINT 10,6
10 FORMAT(X17HOBJUECTWNE FUNC = , E20.10)
DO 20 J=1I,N
20 PRINT  25,4,Y(J)
25 FORMAT(X3HY( ,12,3H) =, E20+10)
DO 30 J=1,K
30 PRINT 35 ,J,XI(J)
35 FORMATCXUHXIC ,12,3H) =, E20.10)

RETURN

SUBROUT INE F(X,Y,2)
TYPE REAL MAGSQ, MAG,MOM
DIMENSTON Y(6),2(6)

6 MAGSQ=Y(CW)*Y{4)+Y(5)*Y(5)

GM=1.0

MAG=SQRTF(MAGSQ)

MOM=1.0-0.0749%X

SE= 'V /MAG

CB= Y(5}/MAG

ZC)=Y(2)*Y(2)/Y(3)-GM/ (Y (3)#Y(3))+0.140500 *SB/MOM

2(2)=-YQ1O*Y(2)/Y(3D+0.140500 *CB/MOM $ Z(3)=Y(1)

ZCWD=Y2)*Y(S) /Y (3)-Y (6D

Z205)==-2.0%Y{2%YCU) /Y(3)+CYC1D*Y(5))/Y(3)

Z(6)=CCY(2)*Y(2)-2.0%#GM/Y (3D DY (W)=Y (1 D*Y(2)*Y(S)
*r(3*YGY

RETURN

END

REVERSE SIDE BLANK
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