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ABSTRACT 

This report treats the problem of simultaneous detection and 

estimation under multiple hypotheses when data from only one 

observation interval is available. The analysis is based on statistical 

decision theory. 

In the past, parameter estimation was always performed under 

the assumption that the desired signal was present with probability 

one. Since detection is meaningful only when some uncertainty exists 

as to the presence or absence of the desired signal it is apparent 

that classical estimation theory must be modified if the two operations 

are to be performed simultaneously. In addition, this report considers 

the case when the operations of detection and estimation are coupled. 

In this report specific detector and estimator structures are 

determined for the case where the two operations are strongly coupled 

and where the cost of estimation is given by a quadratic cost function. 

It is found that the detector structures are complex nonlinear functions 

of the received data, but nevertheless the one case considered in 

detail resulted in a type of correlation detector, where the basic 

operation is correlation of the received data with the various least 

squares estimators of the possible signals in the absence of uncer¬ 

tainty. The associated optimum estimator structures are determined 

for this case, and found to be weighted sums of the various least squares 

estimators in the absence of uncertainty. Finally, joint detection and 

estimation under multiple hypotheses is discussed for the case of a 

simple cost function assignment. It is shown that the estimators 

which result in this case may be interpreted as generalized maximum 

likelihood estimators. 
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I. GENERAL INTRODUCTION 

Optimum detection of a known signal corrupted by noise of known 

statistical characteristics has been treated by many authors from the 

viewpoint of statistical decision theory (1), (2). Many of the results 

may be applied to data processing procedures, and applications have 

been made to radar and communications (2), (5). A critical assumption 

in this existing theory has been that the estimation was performed using 

data known to contain the assigned signal with complete certainty. In 

many practical situations this is not the case, and a paper by Middleton 

and Esposito (4) considers the problem of joint detection and estimation, 

and the modifications to the estimation procedure that are necessary 

when the assumption that the signal is present during the observation 

interval with probability one is relaxed. Also, a recent paper by Nahi 

(15) investigates the problem of determining the form of optimum least 

mean square recursive linear estimators in the presence of uncertainty'. 

In addition to these investigations, the past decade has produced many 

studies concerning the theory of learning machines both of the super¬ 

vised (6) and unsupervised variety (7), (8). 
* 

The purpose of this report is to initiate a study of the data sorting 

problem which results when the reception situation consists of repeti¬ 

tive, pulsed signals whose waveforms are initially unknown at the 

receiver. It seems reasonable that optimum reception in such a situa¬ 

tion will very likely involve adaptive methods, i. e., a receiver which is 

capable of modifying its own structure in accordance with what is learned 

of the signal parameters actually used in the transmitted signal set. 

Ideally an adaptive receiver would collect data during one observation 

interval and process it so as to make two optimal decisions; one a 

detection the other an estimation decision. The detection decision 

determines which signal class the observation is assigned, where the 

class consisting of the null signal accounts for the case of noise alone. 

If it is decided that something other than noise is present then an 
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estimate is made of the relevant signal parameters. This estimate is 

then used to update the structure (future data processing procedure) of 

the receiver so as to improve its future performance. The receiver's 

adaptivity is to be associated with this updating procedure. The adaptive 

receiver just described makes binary decisions and necessarily has to 

estimate in the presence of uncertainty, i. e., it is not certain whether 

or not the signal of interest is present, also the two operations of 

detection and estimation are interrelated. 

Any attempt to solve a realistic data sorting problem must treat 

the multiple hypotheses reception situation, i. e., where any one of 

several signals may be present during a given observation interval. 

Also, before a general method for treating the sequential operation of 

adaptive receivers can be developed the problem of joint detection and 

estimation under multiple hypotheses for one observation interval has 

to be investigated. It is this aspect of the general data sorting problem 

which is investigated in this report, namely, the problem of joint 

detection and estimation under multiple hypotheses, when data from only 

one observation interval is available. Extensions of the concept of 

simultaneous detection and estimation to the case when data is received 

sequentially will be investigated in a future report, however, some 

aspects of the extension to "multi-decision" simultaneous detection and 

estimation have been investigated in (16). 

The results of this report show that in general nonlinear estimator 

and detector structures result when the two operations are related and 

estimation is carried out in the presence of uncertainty. However, as 

the capabilities of digital computers increase, e. g. , as they become 

faster, more economical and have larger memory capacities the 

possibility arises of performing complex data processing operations 

as a matter of routine (17). Therefore it may not be necessary to 

exclude, on the grounds of impracticality, complex data processing 

procedures which are likely to result from the solution of any realistic 

data sorting problem. 
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A glance at the table of contents will give a good indication of the 

topics covered in this report. Section 3 is concerned witl. a treatment 

of simultaneous detection and estimation under multiple hypotheses. 

Examples are considered where the costs of estimation are given by the 

simple cost function (SCF) and the quadratic cost function (QCF). Also, 

special cases are considered and comparisons made with published 
results. 



2. BACKGROUND AND STATEMENT OF THE PROBLEM 

This section will provide some of the background and motivation 

for the topics studied in this report. As mentioned in the introduction, 

one of our principal objectives will be an investigation of adaptive 

receivers, and therefore we begin this section with a discussion of 

such devices. 

An adaptive receiver is a receiver capable of modifying its 

structure so as to optimally receive either known or unknown signals 

in a changing or initially unknown environment. The limited amount 

of information at the receiver concerning the environment in which it 

operates is the result of either not knowing the characteristics of the 

signal source or a lack of information about the nature of the random 

disturbances introduced by the communication channel. For example, 

characteristics of the signal source which may not be known are: 

(1) The waveform set used by the transmitter to encode the 

symbols of the message set. 

(2) The prior probabilities of occurrence of the symbols of the 

message set, or equivalently the prior probabilities of the 

various signal waveforms used. 

Continuing, we may list the following as examples of the kind of 

information that may be lacking concerning the communication channel: 

(3) The noise introduced by the channel may be stationary but 

have unknown statistics, or the statistics may be known but 

the noise may be nonstationary and its temporal characteristics 

unknown. 

(4) An adequate channel model may exist, but channel parameters 

such as the channel gain and delay time may not be known. 

A solution to the general problem of optimum adaptive receiver 

design when all the above uncertainties are present simultaneously 

appears unlikely at present. It therefore seems reasonable to limit 

the type of uncertainty present and determine its effect on the structure 

of the optimum adaptive receiver. In this report we will only consider 
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situations where the predominant uncertainties are of the form (1) and 

(4) because they are of general interest and both can be investigated by 

the same formalism. Accordingly, we shall assume that additive, 

stationary noise with known statistics is present and that the prior 

probabilities of occurrence of the various message symbols are given. 

This paragraph is an elaboration on the comment made previously 

that the two types of uncertainties, (1) and (4), may be treated by the 

same formalism. If situation (1) prevails, the signal waveforms are 

not known precisely. This may involve a partial lack of information, 

perhaps only one parameter out of several needed to describe the 

signal waveform is uncertain, or possibly a total lack of information 

of the transmitted waveform, in which case 2WT sample values would 

suffice to describe a signal of bandwidth W which is essentially time 

limited to an interval of duration T. In the case of a total lack of 

information, which involves the largest number of unknown parameters, 

the parameter vector 8. might represent the sample values of the jth 
J 

signal, Sj(t;8j). Cases which involve fewer signal parameters are of 

course included in this formulation. For example, if the normalized 

waveforms, s^(t), used by the transmitter are known at the receiver 

and the only unknown parameter is an amplitude factor, then 8. reduces 

to a one component vector, namely the amplitude of the signal 

Sj(t;8j) = AjSj(t). The case of known signal waveforms but unknown 

channel parameters is handled by letting 8. = 8, = ... 8W = 8, where 

(i is a vector whose components are the unknown channel parameters. 

For example, if A is an unknown channel gain and r the delay time 
T 

introduced by the channel then (1 = (A, t), where superscript T 

indicates transpose. 

In order to adapt to a changing or unknown environment, an adap¬ 

tive receiver must attempt to learn certain features of the channel or 

the signal source and then incorporate this acquired knowledge into its 

own structure. ^This last statement suggests that all adaptive receivers 
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share two important properties. First, some sort of learning feature 

must be present and second, a performance sensing device must exist 

which compares the present performance with the performance which 

is optimal in light of the newly acquired information made available by 

the learning feature. Presumably the output of the performance sensing 

device is used to appropriately adjust the structure of the adaptive 

receiver to bring its subsequent performance more in line with that of 

the optimum receiver in the absence of uncertainty. 

If receiver adjustments are to be made so that optimum recep¬ 

tion is approached, it is necessary to know the form of the optimum 

receiver in the absence of uncertainty. The structural form of 

optimum data processors in the absence of uncertainty can be deter¬ 

mined from decision theory (2), (5). For example, it is well known 

that Bayes tests for the optimum detection of signals in additive noise 

whose statistics are known, is based upon the generalized likelihood 

ratio, which in the case of stationary, white, Gaussian noise with a 

known signal set reduces to tests based on cross-correlation or matched 

filtering, that is, the incoming data is cross correlated with stored 

replicas of the known signal waveforms and if the various costs of mis- 

classification are all equal, then the signal corresponding to the 

correlator with the largest output is chosen to be the one which was 

transmitted. So if the same environmental conditions exist, except 

that the signal set being used is unknown, it appears reasonable that 

an adaptive receiver must attempt to learn the transmitted waveforms 

if it is to approach the performance of the optimum detector in the 

known signal case. 

How does the adaptive receiver learn the signal waveform ? One 

rather obvious approach, known as decision-directed measurement, 

which ma/ be used when no classified learning sequence exists, is to 

assume that the detector operation is error free, and that whenever the 

detector decides a signal is present an estimate of the unknown signal 

parameter is accepted and used to update the detector and estimator 
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structure. Since we have assumed error free operation of the detector, 

the form of the estimator is that dictated by the usual estimation theory 

which assumes that the signal of interest is present with probability 

one. The assumption that the probability of the detector making an error 

is zero is reasonable provided the signal-to-noise ratio is high and the 

associated probability of error is small. However, in situations where 

the signal-to-noise ratio is high there is little need of the refinements 

in data processing provided by an optimum theory of reception. It is 

when the signal-to-noise ratio is small, and there is a fair degree of 

uncertainty as to the presence or absence of a. signal, that an optimum 

theory of signal reception is most useful. 

It therefore is apparent, that a theory which will provide the 

optimum structure of the learning feature part of an adaptive receiver 

even in the case of low signal-to-noise ratios, will involve several 

modifications in the existing theory of detection and estimation. First 

of all, estimation now has to be carried out in the presence of uncertainty, 

and the classical Bayes estimators have to be modified to reflect the 

fact that the signal may not be present with probability one. Second, if 

we picture a detector-directed estimator scheme as the basis of a 

learning device, as mentioned previously, then it is possible that the 

detector may decide that a signal is present when indeed one is not 

present and consequently false estimates of the signal may be accepted. 

Hence the two operations of detection and estimation should be coupled 

and the costs associated with the usual detection process modified to 

reflect the interaction between the two operations. How these modifi¬ 

cations are to be achieved in the "single-shot” binary "on-off" case 

has been explored by Middleton and Esposito (4) and more recently 

extended to include multiple decision processes (16), their approach 

being based on a minimization of the Ba/es average risk associated 

with the joint operations of detection and estimation. It is desirable 

to carry out a similar analysis for the multiple hypotheses reception 

situation and the consequences explored in some detail. 

7 



♦ 

In the multishot reception situation there is a choice of two basic 

data processing arrangements depending on whether the updating is to 

take place after each obaervation interval, or whether the updating is to 

occur after the data of two or more observation intervals has accumulated. 

If the latter choice is made, and assuming that any of K distinct signals 

may occur during any observation interval of duration T, and we agree 

to update only after N such observation intervals, then there are a total 

of M = K possible waveforms that may occur during the total time 

interval NT between updating. Consequently, such a situation may be 

regarded as a multiple hypotheses, "single-shot", joint detection and 

estimation problem. In this report we will treat by means of decision 

theory the problem of joint detection and estimation for the multiple 

hypotheses, "single-shot" reception situation, leaving for a subsequent 

report a consideration of sequential joint detection and estimation, 

where it is assumed that updating takes place after each observation 

interval. 
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3. SIMULTANEOUS OPTIMUM DETECTION AND ESTIMATION 

UNDER MULTIPLE HYPOTHESES 

3.1 Introduction 

In this section we shall consider the multiple alternative joint 

detection and estimation problem of determining the structure of a 

receiver which produces at its output both optimum detector decisions 

and estimates of either unknown signal parameters or unknown channel 

parameters. The two basic reception situations investigated in this 

section are shown on the next page in Figures 1 and 2. 

Throughout this section it will be assumed that data can be 

collected only during one observation interval of duration T, and it is 

this assumption to which the terms nsingle-shot" or "one-shot" refer. 

It will also be assumed that to each member of the finite message set, 

{m.| j = 0,... , M}, consisting of M + 1 elements, where M = 2, there 

corresponds a distinct signal selected from the set {S.(t)| j = 0, 1,..., M}. 

The correspondence between a message symbol, m. say, and the signal 

waveform S.(t), may involve an intermediate step consisting of the 

selection of a descriptive signal parameter vector 0. (vector quantities 

will be underlined), which in turn is associated with a signal waveform 

S(t;0 ), however, this waveform will also be abbreviated as S (t). It 
J j 

should be mentioned that although the actual mapping of the message 

symbol, m. say, onto the parameter vector 0. is perhaps in reality 

unique, because of the receivers assumed limited knowledge of the 

transmitted signal waveform there is a consequent uncertainty as to 

the precise value of the actual signal parameter vector chosen by the 

message source, and hence 0. can only be assigned to some subset (] 
J j 

of the total signal parameter space (2. This is indicated in Figure 1 

by the mapping of a message symbol onto a set of signal waveforms. 

When a message symbol, rm, is selected by the message source 

a corresponding signal S(t;0j) is inserted into the channel and the 

received waveform which emerges is X(t;0.) = S(t;0.) + n(t), 
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where n(t) is a realization of an additive noise process. The received 

waveform, X(t;d.), will in general depend on an unknown parameter 

vector which, as mentioned previously, results from either not 

knowing the signal waveform or because of unknown channel parameters. 

A few remarks need to be made concerning the possibility that no 

signal is present during the observation interval (0, T) and that there¬ 

fore the received data consists of noise alone. We can allow for this 

situation by letting one of the message symbols, m0, correspond to the 

null signal, SQ(t) = 0, being emitted by the signal source. A problem 

arises when we attempt to identify subsets of an arbitrary signal para¬ 

meter space with subsets of a signal space. Usually, a signal space (2 

is considered to be a collection of waveforms, {S(t;0)| 0 c®}, indexed 

perhaps by some parameter 6 whose values are contained in some signal 

parameter set 0 . What we would like to do, in order to keep notation 

to a minimum and make the analysis as general as possible, is identify 

the signal parameter set ® with C2. This identification would allow us 

to replace a signal space by a signal parameter space, the former 

being considered as a special case of the latter where 0 =_S, where S 

is the vector of 2WT sample values. If no restrictions are imposed 

on the parameter space, then it is not true in general that 0=0 implies 

- 0, i. e. , the null parameter doesn't correspond to the null signal. 

The phase angle * of a sinusoidal signal sin (wt + *) is a good example 

to illustrate this point. Therefore, if we are going to identify signal 

spaces with signal parameter spaces, and allow for the possibility of 

noise alone being present, we have to restrict the signal parameter 

spaces. The restriction imposed will be that the parameters considered 

be non-nuisance or energy type parameters, for which 0 = 0^5=0. 

The subset of the signal space or signal parameter space ß corresponding 

to the null signal will be denoted by Oq. 

In subsection 3.2 we will consider the case where the subsets 

ß0,ßr * * • ’°m of ß assigned to the message symbols m0, ... 

are mutually disjoint or nonoverlapping. These subsets will be 
M 
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referred to as signal classes or hypothesis classes. Conceptually the 

nonoverlapping case is somewhat easier to deal with since it is always 

possible! having been given the actual parameter vector 0 selected by 

the transmitter and the decision y made by the receiver, to determine 

whether a correct or an incorrect decision has been made. If a cost 

C(e,Y) is now associated with each parameter-decision pair (9,y) it 

may be interpreted as the cost of either a correct or incorrect decision. 

Unfortunately the assumption that the signal spaces are nonoverlapping 

restricts the domain of definition of the prior densities used in Bayes 

decision theory to proper subsets of 0, such as Í2., rather than to the 

total signal space, which excludes the use of certain convenient density 

functions. For example, if the signal parameters are the N = 2WT 

sample values then the signal parameter space is Euclidean N-space 

and the various nonoverlapping signal spaces 0q,01, .. • are subsets 

of this space, which excludes the use of multivariate Guassian densities 

because their domain of definition is the entire space. We shall, assume 

that such densities exist for the various nonoverlapping signal spaces 

involved in the problem of Bayes joint detection and estimation under 

multiple hypotheses. 

In order to be able to use convenient densities, such as the 

Gaussian, we are forced to consider the case where the signal spaces 

ß0.ßi. • • • overlap. This will be done in subsection 3.4, In the 

case of overlapping signal spaces or hypothesis classes it is impossible 

to decide when an error or a correct decision has been made for all 

elements of the signal space because the same signal may belong to two 

different hypothesis classes (see (3) page 22), and therefore the 

interpretation of C(9_, y) as the cost of a correct or incorrect decision 

is no longer valid. If we reinterpret C(0, y^ as the cost of assigning 

to the hypothesis class 0^, then we can again define an average risk 

and attempt to determine decision rules which minimize it. A discussion 

of Bayes optimum detection for the case of overlapping hypothesis 

classes and the selection of a special cost function which results in 

detectors which are formally the same as those determined by 

12 



Middleton and Van Meter for the nonoverlapping case may be found in 

(9). In subsection 3.4 we shall follow a similar approach and show, for 

a special choice of cost function, that the detector and estimator 

structures for the overlapping case are formally the same as those 

found in subsections 3, 2 and 3. 3 for the nonoverlapping case. 

The decision rules derived in subsections 3.2 and 3. 3 are 

arrived at by a two stage minimization process, which consists of first 

determining a detection rule involving an unknown estimator of the sig¬ 

nal or signal parameter, which if used results in the average risk 

assuming a relative minimum and secondly, determining that estimator 

which further minimizes the average risk. The final detection rule 

for this two stage process is the first detection rule with the optimum 

estimator substituted in place of the initially assumed estimator. This 

approach suggests that logically the estimation operation should precede 

the detection operation because the optimum estimator is used as part 

of the detection process. This is the reverse of the commonly thought 

of sequence of operations known as decision-directed measurement 

which was mentioned previously. This "reverse" strategy, for the case 

of detection, has been discussed originally by Esposito in (10) and (11), 

where it was found that the average likelihood ratio, which determines 

the detector structure, for known and Gaussian stochastic signals in 

Gaussian noise can be expressed as a function of a least squares or 

minimum variance estimate of the signal under the assumption that the 

signal is present with probability one. In a more recent paper, (12), 

Kailath shows that similar results are true for more general signal 

processes in additive Gaussian noise. The logic of performing the 

estimation process first, in connection with Bayes joint detection and 

estimation, is discussed in (16) where also a more satisfying approach 

to the minimization problem, involving only one step, is proposed. 

A similar approach to the multiple hypotheses joint detection and 

estimation problem will be discussed in a future report. 
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For a complete discussion of Bayes systems, it is always 

important to know whether or not nonrandom decision rules exist which 

achieve the Bayes risk. By again following an approach similar to that 

given in (9)» it can be shown that our Bayes joint detection and estimation 

decision rules are non-random. 

3.2 Nonoverlapping Hypothesis Classes 

The notion of minimizing an average risk associated with the 

combined operation of detection and estimation provides not only the 

basis for analyzing the "single-shot", binary "on-off", but also the 

"single-shot", multiple alternative reception situation. Accordingly, 

we begin with the expression for the average risk for the combined 

operations of detection and estimation which will be denoted by Rjj+g 

and is given by 

(3.1) 

In this equation denotes the signal parameter vector, X is the 

sampled data vector of the received waveform X(t;0), and y denotes the 

decision made. The term C(6, y) is the cost associated with the 

decision y when £ is the signal parameter actually present and P(0, X* y) 

is a joint probability density function. Since any decision, y, can only 

depend on the observed data 2£ and not on the unobservable true state 

of nature, £, the risk, as given in ( 3.1), may be expressed in 

the following more familiar form: 

RD+E = I d2L dY [ d0C(0,y)P(y| X)P(X| 0)P(0) . (3.2) 
Jr a “ ” ~ 

Expression ( 3. 2) follows from ( 3.1) by using Bayes rule twice to express 

P(0»XiY) in the following form: 

P(0,X,y) = P(y| 0,X)P(X| £)P(0) . 
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Since the decision y is independent of ^ but only depends on the received 

data X» the last expression for P{d^,X_,y) can be written as 

P(£,X. y) = P(y| X)P(X|£)P(Ö) . (3.3) 

Substitution of ( 3. 3) into ( 3.1) results in ( 3. 2), 

The space of all possible observed data vectors X i» F, the space 

of all possible decisions y is ^ and the space of all possible signal 

parameters £ is (2. The spaces r, A, and ß are in general quite arbitrary, 

and the probabilities are to be interpreted as appropriately defined 

measures on these spaces. In particular any of the three spaces may 

consist of discrete points in which case the integrals are to be interpreted 

as sums over these points. 

Returning to our expression for the total average risk, we next 

observe that the a priori probability P(£) may be decomposed in the 

following way: 

M 

P(£) = } PtelH.JPtH.) (3.4) 

i=0 

where denotes the hypothesis that a signal of class ß. is present. 

P(H^) is simply the probability of occurrence of signals of class ß^, 

and P(0| tL) is a probability density function describing the probability 

that various values of £ are assumed within the class ß^. Since P(£| H^) 

has meaning only for values of £ contained in ß^ we may assume that 

P(£| H^) is zero outside ß^ and rewrite P(£| H^) as Pi(£)Iß (£)» where 
“i i 

is the indicator function, namely 

r 1 of 0 c ß. 

W£> ={ ” 1 
i 0 otherwise . 

Also in what follows we shall use the abbreviated notation P. for P(H.), 
i i 
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Substitution of these notational changes into (3.4) results in 

*■»_> • ? . 
i=0 1 

(3.4 ) 

and substitution of (3.4 ) into theacpression for the average risk (3. 2) 
results in: 

RD+E * dY Jn<iec(ö,Y)P(v| X)P(X| PjP^¢)^ (8)] 

i=0 1 
M 

= f d2£ iAdY p(yI X)[ y Pi Í dec(e,Y)P(x| 0)P (0)T (0)“| 
r * a ií) 0 “i ~ - 

M 

= Jr d2L dY p(yI X) [ y pi J d£ c(0, Y)P(x| ô)Pi(ô)] 
i=0 °i 

( 3. 5) 

This last line follows from the fact that L, (0) is zero outside of ft . 

u ' ~ 1 
The next step is to decide on the structure of the decision space A . It 

will be taken to be the following discrete set. 

^ * No» Yi.ym) 

where Yq a decision that hypothesis HQ is true, noise alone present, and 

no estimate is required. 

Y- = the decision that hypothesis H. is true, signal of class 0. is 
A 1 i 

present, and an estimate 0(X) the signal parameter 

present is required. 

Since the decision space is a finite set of discrete elements, the integral 

over the decision space in (3. 5) becomes a sum. If we replace the integral 

by a sum, (3. 5) becomes 

M M 

RD+E s I Pi f dÖC(0,Yi)P(X! Ö)P,(Ö)1} 
r j=0 i=0 «j J 

(3. 6) 
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A definite decision is required at the end of the observation interval 

and therefore the following condition is satisfied 

M M 

y P(V:|X) = y P(H.| X) = 1 • (3.7) 

j=0 j=0 

This condition allows us to express P(Yq| X) as 

M 

P(Y0I X) = i - )¿ P(Yj|X) (3-7') 

jsl 

which will be substituted into the following rewritten form of (3. 6) 

M 

RD+E = J LI Pi I d£C(e, Y0)P(X| ÖJP^Ö)] 

r i=0 °i 

M M 

+ f dX HVjl X)[ £ pi J ^(e.YjïHXl i)pi0]} , 
r j=l i=Ö ßi J * 

(3. 6) 
i i 

Substitution of ( 3. 7 ) into ( 3, 6 ) results in the following expression 

for the average risk: 

M 

rd+e = Í dï[I piJ d9C(e,Ï0)p(x| 6)Pi(e)] 
r i=0 °i 

M M 

+ Ld-{), P'Vjlï» [); Pjd9[0(8.,.)-(:(6.Vo)l 
jsl i=0 1 , 2 

p(x| £)pi(£)f 

(3. 8) 

17 



The cost factor, C(0^-Yq), is assumed to be positive or equal to zero, 

which is reasonable because in the case of non over lapping signal 

classes it is either the cost of a correct decision if ¢) = 0, or an 

incorrect decision if 0 / 0, provided that 0 is not a nuissance parameter. 

Furthermore, when ■y0 is decided, no estimate is required and hence 

C(0, Yq) does not depend on X through an estimator £(29* Equation 

( 3. 8) may now be rewritten in the following condensed form 

RD+E 

where 

Jr<ix A0(X) + 

M 

* dX Y P(y.| X)B'i(2L) 
« «P L% J J 

r j=i 

(3. 8) 

(3. 9a) 

M 

From our previous comments about C(0,Yq) it is clear that Aq(X)*0 

and therefore the first term in (3. 8 ) is a positive constant independent 

of any decision rule, which means that it may be neglected in the 

minimization process which determines the optimum decision rule. 

In order to make this analysis as similar as possible to that of 

the multiple alternative pure detection situation we define the 

following modified average likelihood ratio 

Li. .( X) 
ij' — 

P. 

pj d0 [C(0, y0) - C(0, Yj)] P(X| £^(£) 

i __ 

[ctO.Yj) - C(0,Y0)]P(X| 0) 

(i, j = 1,..., M) 

(3.10) 

where = pi- . The average likelihood ratio L^W corresponds to 

Middleton and^Esposito's modified likelihood ratio, J[ ^ given by 

relation 2.10 of reference (16). Upon noticing that Pq(£) = ^(£"£)* 
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where 6(*) is the Dirac 6-function, and using the definition of 

the definition of B^(X) may be expressed in the following form: ^ 

B!® = P0 [c(0,Vj)-C(0,Yo)]p(X|0) - f R J d8 [c(«.Yo)-C(8,Y.)] 
: Z'j 0. “ J J 1=1 1 

M P<£l «)R(8) 

= p0 v0)] p(X| 0) [ 1 - y L.jlXj] 

i=l 

Bj® = p0p<il OtCjlXIB.tX) (3.'11) 

where 

M 

B .(X) = 1 - ^ L.^X) (i, j = 1,2,..., M) (3.12a) 
i= 1 

Cj(X) a C(0, Yj) - C(£,y0) (j = 1,..., M) . ( 3.12b) 

The average risk, (3. 8 ), with (3.11) substituted for Bj(X) becomes 

r M 
rd+e = Jrd2£ Ao w + Jrd2£ po p(2£l £) Y p(YjI xjc.ixjB.fX) # 

j= 1 
(3.13a) 

For the same state of nature the cost of an incorrect decision is taken 

to be greater than the cost of a correct decision which is usually 

assumed to be zero. Therefore C.(X) £ 0 for all X, and j = 1, 2,..., M. 

Since the first term in ( 3.1 3a) is a constant and PQ and P(X| 0) are 

probabilities and therefore positive, we see that the following nonrandom 

decision rule minimizes the average risk. 

Decision rule: 1 if (a) Bj(X) < 0 (3.13b) 

(b) C.(X)B.(X) = C.(X)B.(X) 

for all i. 
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It is clear fromme definition of B.(X) that condition (a) in (13.b) may 

be replaced by ^ > * » which is similar to the result obtained 

i= 1 
for the classical multiple alternative detection problem (see ref. (2), 

Chapter 23), in fact, if we had not allowed for the possibility of the 

cost assignment, C(0,y^), being dependent on 6 the results would be 

identical. 

Since C(í¿, y ) is to reflect not only the cost of the detection or 
J 

classification operation but also that of estimation we must allow 

for the possibility of 0(6,^) being dependent both on 0 and 5Ç and it 

is through this dependence that the coupling between the estimation 

and detection operations is achieved. For example, as an illustration 

of a possible choice of cost function which will be used later in sub¬ 

section 3. 3, we suppose that 0 t fi. and that C(6, v.) = C^+ C' 
T “ 1 “ 'J ij ij 

[— “ r® ” 0(21)1 » where C^.V is the usual constant cost 

assignments for detection and - 6(xJ - 6(X)1 is a quad¬ 

ratic cost function encountered in least squares estimation. 

The decision rule obtained above depends on C(Q,y.) which, 

as we noted in the previous paragraph, may contain an unknown 

function of X, namely the estimator, §(X), of the actual signal 

parameter present, and therefore only the first stage of a two 

stage minimization process has been completed. The strategy 

involved in the two stage minimization procedure followed here, 

is to first determine a decision rule which depends on an 
A 

estimator 8(X) and which would be optimum if 9(X) were optimum. 

The second stage of the minimization process consists of finding 

the presumably unique function 0*(X) which further minimizes 

the average risk (3. 13a), which is rewritten below taking into 

account the decision rule (3. 13b): 
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M 

RD+E = f d2iAo<2£)+ ) I’ dX Pop(X| £)C.(X)B.(X) (3.14a) ., r .7 ■ r J J 
j=i j 

where F denotes the region of the observation space for which ■y- is 
J J 

decided, namely , 

rj = { X.I B;(29 < 0 and C.(X)B.(X) = C.(X)B.(X) for all i) . 

(3.14b) 

The optimum estimator which results from the second minimization 

procedure, for the case where y. is decided after the first stage, is 

denoted by ôj (X) «tnd determined from the following condition: 

min [ dXP0 P(X| 0) C.(X)B.(X) (j / 0) . (3.15) 
e.(X) T. j — j — 
-j— j 

We have included a subscript j on the optimum estimator to indicate 

that y was decided, which is equivalent to deciding that 0 e (2., 0, 
J J 

and therefore the resulting estimate is presumably the best obtain¬ 

able estimate of the signal of class (2^. In order to obtain the final 

optimum detection rule, we merely substitute the optimum estimator 

back into the originally obtained detection rule, which in this case 

is (3. 13b). 

It should be noted, that the optimum decision rule for the 

detector depends on the optimum estimator and hence estimation 

must precede defection, which is the reverse of the commonly 

envisioned sequence of operations. The sequence of operations 

for the "single-shot", multiple alternative, joint detection and 

estimation device are shown schematically in Figures 3. 
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H B|(X) 

— Cfix) 

- c,(s) 

C, (X) 

« 
COMPARATOR 

S I COMPARATOR 

■i<8> -H COMPARATOR 

I COMPARATOR 

- •»«il ~ COMPARATOR 

I 
I 

C4<g> 0 

0 
V- -> 
' 1 

1 
B4(8) — COMPARATOR —* 

COMPARATOR —1 

_â_ 
COMPARATOR 

-1- 

Cm-i<8> 

< 
\_ _* 
f '1 

1 

Br.iIX) — COMPARATOR —* 

Culg) 

<¡>- 

Bm(S) -^| comparator]—I 

È 

n 1^0,(8)0,(^) 
• !S OUTPUT OF 

COMPARATOR 

Figure 3a. Schematic diagram stowing the sequence of operations 
resulting in the decision yj and given by relation 3.13b. 
The block labeled ”comparator" has an output which is 
the smaller of its two inputs. A more detailed description 
of the block Bj(X) is given in Figure 3b. A non-zero 
output of the comparator immediately following any of 
the B-blocks closes the switch to which it is connected. 
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3. 2a. Binary Special Cases 

In this subsection some special cases of the results obtained 

so far will be considered, and wherever possible comparisons will 

be madewith previously published results. The cases considered 

in this subsection are: (1) pure detection, where no joint estimation 

operation is required, for the binary "on-off" case (0 / 0 versus 

0 = 0); (2) strong coupled joint detection and estimation problem 

for the binary "on-off" case (jî ^ £ versus £ = £) ; ( 3) the binary 

two signal case (£^ / £ versus £2 / £). 

Case 1, Pure detection. Here we are only interested in 

the detection operation and therefore the cost functions reduce to 

the usual constant cost assignments, that is, 

C<»‘O0’V0I s C00 c(®Eßi*Y{)) 3 C10 

c<iEG0. Yi> 3 c01 CletOj.v,) = ctl . 

In the binary "on-off" case i, j = 0, 1 and therefore only one modified 

likelihood ratio L^^(X), given by (3.10), exists. For the above cost 

assignments this likelihood ratio becomes 

Lh(X) = 

/ (C10 - Cu) p(2il 
_ 

<c01 -CqqWIO) 

<cio-c-> 11' 

<C01 " coo* 
•A (X) 

where A (X.) is the usual generalized likelihood ratio, viz., 

A(X) 
pop(x| £) 

(3.16) 

According to our decision rule (3. 13b) v/e will decide ya signal 

is present, if B^(X) < 0. Since B^(X) = 1 - l-<^|(2i)* it follows that 

Yi is decided if L^^(X) > 1, or 
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A(X) > 
C01 " coo 

üîôrrüîî 
This result is the well known detection rule (Ref. (3) page 24) where 

the generalized likelihood ratio f'(X) is compared with a threshold 

Kqi» and the decision that a signal is present during the observation 

interval is made if !\(X) > Kq^, otherwise it is decided that only 

noise is present. 

Case 2. Joint detection and estimation; the strong coupled, 

binary "on-off" case. Here estimates are a part of our decision 

when it is decided that something other than noise is present, and 

therefore we have to include in our cost assignments a factor which 

accounts for the additional cost of estimation. The cost functions 

chosen will be of the form: 

Ca + f10<î> 
V V5>(3'17) 

The cost assignments on the extreme right are those used by 

Middleton and Esposito (4). Again since we are dealing with the 

binary "on-off" case and i, j = 0, 1 there is only one likelihood ratio 

to deal with, namely L^(2£) which is given by 3.10. Substitution 

of the cost assignments (3.17) with ö(X) replaced by O^X) results in: 

C<»t£W = C<i’Y0> = C00>tC<00 <M> = 

C(®tß0'Yl> = C(0,Yl) = C<V + (6,8) = 

cietOj.Yo) = C(»,Y0) = cío1 + c,io> (M> = 

ctetOi.Yj) = c(e,Y,) = cii’+ c1^ (8,ê) . 

Ltl(X) = 

(CÍV- ci>X)+,^ 4 
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or 

LU(X) = 

<Ca * Cl-a> + ‘io»» > - C00 

where K(\) is the generalized likelihood ratio given by (3. 16) and 

A (X.i) is "ordinary" likelihood ratio given by pj^-^) * 

If we assume that C1q = C1 « = CQ0 = f „n(Í*) = 0 , thFn 
10'^ 

Q 

Lii(21) = c^-MX) + J^[foi(i)-fii(®*i*)] A,(X'®)p1<®)d£ • 
i 

This last expression is identical to relation (4.13) of reference (4). 

When L^^(X.) > we would decide that a signal was present during 

the observation interval and the optimum estimate of 6 would be 9 (X). 

^ L'll(X) = 1 we would decide that no signal was present and in this 

case no estimate is required. 

Case 3. Joint detection and estimation; the strong coupled, 

binary case of ^ ^ 0 versus ^ ^ C. Rather than try and modify 

the results of section 3.2 to fit the situation when the null hypothesis 

is excluded it is easier to derive the decision rule for the reception 

situation where one of M distinct and non-zero signals can be 

present during the observation interval. 

When the null hypothesis is excluded we may assume that 

P0 = 0 and P(yoI X) = °* The average risk, RD+E« given by ( 3. ò') 

then becomes 

RD+E = 

M M 

’ d2i{; pWj|x)[¿ R f dec(e,Yj)p(x| ejRie)!} . 
r j=i i=i i 

The condition that a definite decision is required is expressed by 
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M 

P(Yk|X) = 1 - )' P(Yj|X) • 

j ='1 

j ^ k 

and if this relation is substituted into the previous expression for 

Rd+e we see that 

M M 

RD+E = Jrdi{ I Pi J d»C<e, Yk)P(X| «> P¡(«) + Y PÍY.I X)Bjk(X)} 

i=l "i j=l 

(3.18a) 
where 

M 

Bjk(29 = 1 piJ (C(0,Yj)-c(o,Yk))P(x| 0)p.(e)do . 
Ul ßi 

The first term on the right hand side is a positive constant indepen¬ 

dent of the probabilities, P(Yjl ^)> which embody the decision rule. 

Clearly the following nonrandom decision rule may be chosen. 

Decide Yj(j^k) or P(Yj| X) = 1 if (a) Bjk(X) < 0 

(b) B., (X) % B..(X) for all 
Jk ” lk ' i (i / k) 

(3.19) 

otherwise decide Yk or P(Yk|X) = 1. 

Again let T. be the region of the observation space for which Y. is 
J J 

decided. The average risk, (3. 18a), taking into account the decision 

rule (3. 19) becomes: 

M M 

rd+e = irdï [X pi4d-c(-,’»k)p<ii®ip¡(ii]+ y. r ‘“v*)• 
r ‘ri ‘ j=i'rj 

j/k 

(3. 18b) 
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The optimum estimator for the case when v. is decided, 8*(X) 
J —J — Pj<l. 

is that function defined over H which minimizes the last expression 

for the average risk. Since the first term on the right-hand side of 

only involves the decision and therefore will be independent 

—i Wp ’ condition which determines this estimator is: 
J j<* 

M 

^(%Jr d-x [I PJ (cte.Vjl-cie.y^iPtxleiRWtt] 
—j — j ’"1 1 

and since C(0^, y^) is independent of last relation becomes 

M 

g-'j" Jr d21 [ 7 p, J cie.y.jPtxleiP.ieido] . (3.20) 

—j — j i=l 11 

P(Vjl X) = ® ^or aH j not equal to k, that is, y^- is decided, then the 

average risk is given by just the first term in (3. 18b) and optimum 
A $ 

estimator, ^ ^ , for this case is determined from the 
k 

following condition: 

M 

r(nX)/r d* [ I pi 4 c<^k>p<*i ®>p,<°>d°] • <i2i> 
—k — k i= 1 i 

This last relation is identical with (3. 20) if we allow j s k. The 

optimum decision rule is now given by (3.19) with 9*(X)p < .M) 

substituted for the various unknown estimators involved in (3.19), If 

we now specialize to the binary two signal case we may take j = 1 and 

k = 2. Then 

2 

= I Pi J (C(0’Yi>-C(0.Y2))P(X|£)d0 
i=l °i 

bi2(X) (3.22) 



and the estimators are determined from the following conditions: 

2 

H" ,J d2. r 7 p¡ f c<®- VjlPtil S)pi(£)dil 0=1.2) . 
o (X) r L.^. J 1 - 

■J_ ^ * (3.23) 

Denote by B*2(X) the factor B12(X) with 0*(X)p <1 and ^(X)p ,. 
A 1 2 

substituted in place of 2.|(2£) an^ 2.2^—) respectively. The optimum 

decision rule for this case is given by the following: 

P*(Yl| X) = 1 if B*2(X) < 0 

p*<Y2I X) = 1 if B*2(X) = 0 

3. 3 Example: Quadratic Cost Functions - Nonoverlapping 

Hypothesis Classes 

In order to make any further progress with the analysis, 

specific cost assignments have to be made and (X) determined 

in accordance with the minimization operation indicat** 1 in (3.15), 

An important example will now be discussed which will illustrate 

the general analysis as well as provide the functional form or 

structure of a specific estimator and detector. 

As mentioned previously, the usual costs of detection 

decisions are modified to take into account the influence such 

decisions have on whether or not an estimate is presented at the 

output of the joint detection and estimation procedure. The 

specific cost function chosen for this example will be 

T 
C(9,Yj) = C^+C^[9-Ô(X)] D [9 -.9(X)](9t0. and i,j = 0,1, 

where D is a positive definite matrix. 
( 3. 24) 

M). 
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(1) The cost factors are the usual constant cost assignments 

associated with the detection operation (see Middleton (2), Chapters 

19 and 2 3), namely the cost of deciding that hypothesis H. is true 

when actually H. is true. The cost factor C^ is assoicated with a 
1 u 

correct detection decision and we shall make the standard assump¬ 

tion that a correct detection decision costs nothing, i. e. C.)- 0 for 

i = 0, 1, . . , , M. The second term in ( 3. 24) is an additional cost 

which reflects the coupling between the detection and estimation 

operations and we shall now give a more detailed discussion of the 

C ^ factors. Assuming that 0_ is not a nuisance parameter, i. e. , 

= () implies _S = £ i then £ t implies Hq is true and if, in 

addition, is decided then a correct decision has been made and 

no estimate is presented at the output. It i s therefore reasonable 

to choose = 0, and this combined with = 0 results in 

C(£, Yq) = 0, if 8 c ßg. Now if Yq is decided and £ e ß^ (i / 0), then 

an incorrect decision has been made, but nevertheless no estimate 

is presented at the output. If we visualize this joint detection and 

estimation procedure as one stage in an adaptive process, then 

no updating would take place as a result of this decision although 

its rate of "convergence” may be decreased. Such a mistake is 

not considered as serious as the use of erroneous estimates for 

updating the device, which would be the case if Yj is decided and 

£ t ß. (i ^ j / 0). Accordingly, the following relations between the 

relative magnitudes of the cost factors C\ / seems reasonable: 

c,o] * c<ij > cp S co<! * ° 0/0) 

- r;(2) /j : _ 12 Ml 
C ij " C jj (l,J _ 

(3.25) 

With these considerations in mind, the cost functions, C(£, Yj)* for 

various combinations of signal classes ß^ and decisions Yj» becomes 
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C(0,Y0) = o 

C(0,Yj) = C0j)+C{0^ 0T(X)i(X) (j/0) (3.26) 
' T 

c($, Yj) = C(11.) + c(*j [ e - ê(x)] d [ e - e(x)l (® / o or i / o). 

Our immediate goal is to determine that 8 (X) which minimizes 

the integral appearing in (3. 15), the integrand of which involves the 

factor C.(X)B.(X). From the definitions of C.(X) and B.(X), relations j — j — j'_" 
3. 12, we see that for j ^ 0 

M 

Cj(X)Bj(X) = QO.YjJ-CtO.Yo) - P0P(X\ ö) £PiJßd! 

i= 1 *1 
p(x| e)p.(e). 

Multiplying this last relation through by PqP(2£| 2) and substitution of 

the relations (3.26) results in the following expression: 

[c(e.Y0)-C(0. Yj)] 

pop(X| OJGjWEjiX) = p0c(0jp(2Ll 0)+p0c(0jiT(29M> p(2ll 9) 

- C(11.)1 + [c(f¿-c(i2j)][e.é(x)]TD[e-é(x)]}p(x| e)p.(e). 

Integrating this last expression over the space Fand noticing that 

p0(i) = b(Q-O) and = 0 we see that the integral in ( 3. 15) 

becomes 

M 

J ¿X P0P<X| 0)C.(X)B.(X) = P0C<J>. )_ [c'^-c“.)]?. J d6P(X| e)P.(8) 

J i=l " fii 

M T 

+ J dx\ S [c^^-c^^pj de^e-ê(x)l d[e-ê(x)lp(x| i)pi(ö)} 
rj i=0 i 

where the minus one factor has been absorbed into the last term as 
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Kt 

* 

indicated by the reverse order of the cost factors. The first two 

terms on the left-hand side of this last expression do not depend on 

e(X) and therefore do not enter into the minimization process. 

Because of relations ( 3. 25) it follows that C^) - C^l > 0 for j / 0, 
lJ l0 A* 

and therefore our problem reduces to finding that function 0 (X) 

which minimizes the third term in the last expression. Let 

M 'p 
k(x,e(x)) = ) j* de[e-G(x)"| D[e-ê(x)]p(xJ e)p.(e). 

i=0 
(3.27) 

A 

The function k(2£* 6(2£)) is positive for all X, and therefore 

a function 0(X.) which minimizes k(X* 0(X)) will also minimize 

T d5C k(X,0i(X)). Therefore a necessary condition which a minimizing 
■' r 

A5¡< 
function, O' (5C), must satisfy is 

vgk(x,ê(Ã)) 
- A A $ 

Q(X) = i (X) 

0 . (3. 28a) 

where Vg is the gradient operator, that is, a column vector of first 

partial derivatives with respect to the components of 0(X). If the 

Hessian matrix, i. e. , the matrix of second partial derivatives with 
A A 

respect to 6(X) evaluated at 0 (X) is positive definite then the function, 
A $ 

t) (X), determined from condition (3.28a) is the function which minimizes 

k(X» 0(X)). Therefore, if the following matrix: 

7^(¾)7 k(X,§X)) ( 3. 28b) 

is positive definite, then the function determined by (3.28a) is indeed a 

minimizing function. Substitution of (3.27) into (3.28b) results in 

^(Vg)T k(X,0(X) 
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Since D is by definition positive definite and the scalar factor multi¬ 

plying it is positive we see that the Hessian is positive definite, and 

therefore the solution of ( 3. 28a) will minimize f dX^ k(X, 8(X.))« 
J r — 

J 

Substitution of (3. 27) into ( 3. 28a) and noticing that 

7g|e - ô(x)'JTD^e - ê(X)] = - zo^e - ê(x)] (3. 29) 

we find that the function ê*(X ) is a solution of 
-J — 

M 

I \c(i¡' c(fo] pi f diD[ ®p(2il = 0 
i=0 i 

A î|< 
Solving for Õj W we see that 

a>!< 

J 

M 

I[C ii 'C fò]Pi/ «Hïl ilPil«)« 
i=0 °- 

M 

y [c'f/- C(^]p. r d6P(x| e)P.(e) 

i=0 fii 

which, if we remember that Pq(8) = 6(8-0) and = 0, can also 

be written as : 

A# VT ' 
2j(*>P;< i = I 

M 

I 
i=l 

c'2>-c<2> 
ij iO 

C<2> 
Oj 

i+y 
i= 1 

M r c(2)_ c(2) -, 
_i¿ iO 

cw 
c oj 

A >¡c 

•¡ (i'p. s j 
1 

Ai(X) ( 3. 30) 

where fr.(X) is the average likelihood ratio and tí. (X)_, . is the least 
i — —i P. = 1 

i 
square or minimum variance estimator for a signal of class fj. in the 
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presence of no uncertainty, i. e. , 

and 

A.i(X) = 

A* 
= V 

pi^ PtXliJPii^dÖ 

-'"'^oP®!)- 

f op(x| e)p.(8)de 
•'n. 1 

(3. 31a) 

f P(X I 8)P (8)d8 
•«. 1 i 

If we now assume that = 0 and 
xO ij 

(22) reduces to the simpler expression 

(3. 31b) 

C^o] > ® ^or ^ = • • • » M then 

M 
a r—' 

ij(i»p.< i= I 
\(X) 
■vr 

i=l 1 + y A^X) 

i= 1 

A# 
= 1 

1 
(3. 32) 

which may also be expressed in the following more revealing form 

M 

û*)p <1 = y pfHji x>ir<x>p -1 
j i=l 1 

(3. 33) 

where P(hJ }£) is the a posteriori probability of hypothesis^, being 

true. It may easily be shown that P(H^| X.) = A^(X)^ + ^ A^(2i)"| ^ 

i=l 
by several applications of Bayes rule and the definition of a marginal 

probability density. From Bayes rule and our notational convention 

that P. = P(H.) we have 
i ' i 

P(X»!.H.) P(X,8| H.JP. P(X I 8, H.JPte I Hi)P. . ( 3. 34a) 

The definition of a marginal density results in the first equality in 
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( i. 34b) below and the second follows from ( 3. 34a) and the convention 

that p(e| h.) = p,(e). If hL is given, then QiO^ and we may restrict 

the range of integration to the ft. subset of ft and hence the last 

equality in ( 3. 34b). 

Pip(x| H.) = P. P(X, ÖI H.)de = P(X| eïRtejde 

(3. 34b) 

The relations below follow from (3. 34b) and noticing that P0(G) = 6(8-0). 

M M 

P(X) =') P(XI H.)P(Hi)=y P. 

i=0 i=0 

(3. 34c) 

Again from Bayes rule we see that the first equality in ( 3. 34d) holds 

and the second follows by substitution from (3. 34b) and (3. 34c). 

P(H.| X) 

( 3. 34d) 

The last equality is clear from the definition of J\^(X). 

So far in subsection 3. 3 we have determined two estimator 

structures, namely (3. 30) and (3. 32), for the case where the additional 

terms in the modified costs of classification are quadratic in the 

difference ((i - ^(XJ). The estimator given in (3. 32) is not as com¬ 

plicated as that given in (3. 30), and has the reasonable interpretation 

(3. 33) of being a weighted sum of least squares estimators for the 

case of no uncertainty with respect to the various hypotheses, with 

the weights being the a posteriori probability of the respective 

hypothesis. From its symmetry, the estimator given by (3. 32) is 
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seen to be independent of j, and hence whatever decision -y^j ^ 0) is 

made the same estimate is presented at the output and therefore for 
A# 

this case we could have dropped the subscript j on £j(X)- This is 

not the case with (3. 30) derived under less restrictive assumptions 

on the cost assignments. It is readily verified, for example, that 

if co- t cot] ’ then )p < 1 wiU differ from £k^P <1 if J ^ k 
J j k 

and j, k f 0. Therefore, an important advantage of choosing costs 

that lead to an estimator as given by (3. 32) is that a joint detection 

and estimation device need only be constructed with one estimator 

structure instead of M. 

After the determination of the optimum estimator structure, 

which in this example is either (3. 30) or ( 3. 32), the last step in 

the determination of the final optimum decision rule is the sub¬ 

stitution of these estimators into the originally obtained decision 

rule (3. 13b), which for convenience is rewritten below in a 

slightly altered form after noticing that Cj(X) > 0 for all X and 

j ^ 0, and including the dependence of Bj and on ^j(X): 

Decide y or P(y J X) = 1 if (a) C (X. |.(X))B (X, ê (X)) < 0 
J J J J J J 

(b) c.(x,ê.(x))B.(x,ê.(x) = c.(x,ê.(X)). 

for all i. 
A# A 

With G. (X) substituted for 8.(X) the final optimum detection rule 
J J 

becom es 

Decide y. or P*(y-I X) = * i* (a) C .(X_, S*(X))B .(X. 8¾) < 0 
J J J J J J 

(b) c (x,ê*(X))B (x,ê*(X)) = C.(X,8*(X)) • 
j j J j 

B. (X,Ô*(X)) 

for all i. (3. 35) 
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It is seen from {3. 35) that the important factor necessary for 

the explicit determination of the optimum detector structure is 

Cj'2£» W)* This factor is given below in (3. 36a) for the 

case when the cost assignments are such that they lead to the 

estimator given by ( 3. 32) plus the assumption that = 1, and can 

be derived in a straightforward manner after some tedious algebra. 

There are two reasons for presenting this explicit result at this 

point: (1) it illustrates the typical complex nonlinear nature of the 

detector structures which result from joint detection and estimation 

schemes, and (2) it will be useful in subsection 3.6 where we shall 

investigate this same example for the case of overlapping hypothesis 

classes and consequently where it is possible to employ Gaussian 

prior densities. 

i=l i= 1 

M MM 
- (1 + ^Ai(X)) ^ y p(Hi| X)P(Hk| X)[(£(X) 

P. = 1 
i=l i=lk=l 

( 3. 36a) 

wher e 

A 

(3. 36b) 
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■i» 3a Binary Special Cases 

Case 1, Pure estimation. This special case considers the 

problem of uncoupled estimation and detection where we are only 

interested in estimation operation. The costs of detection, the cW 
factors in (3. 17), are therefore assumed to be equal to zero. Again 

i, j = 0, 1 since we are interested in the binary "on-off" case, i. e. , 

the observation interval contains noise alone or signal plus noise. 

If we assume the cost function has the following form: 

c(e, e(x)) = c(f(e-e)TD(e-e) 

and that = 0 then ( 3. 30) yields the optimum estimator structure 

1 

.(2) 
'11 - C (2) 

10 

1 + 

"01 

A(X) 

. CU) 
ii 10 

jzy 
'01 

MX) 

iiWp » 
1 ■ 1 .( 3. 37a) 

Furthermore, if we assume that C^ = 0 and C^ = C^ then ( 3. 37a) 

reduces to 

*p <i = nim lîtïipei = «Hj x)s;(x) 
i — l ^ 

which is identical to result 3.7 in reference (4). 

( 3. 37b) 

Case 2. Strong coupling, binary "on-off". In this case we 

shall assume strong coupling between the detection and estimation 

operation. The cost of deciding where OtfrU.j = 0,1) is assumed 

to have the following form 

C(9, Yj) * C^ + d2* 
U ij 

re-ê(x)]TD[e-ê(x)] 
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and that C(0=O,Yn) = 0. Then, depending on what assumptions are 
U (2) 

made concerning the cost factors, C^. , we obtain either (3. 37a) or 

(3. 37b) as estimator structures. Furthermore if we assume that 

= 0 and that = Cq^ = C, then the estimator structure is 

given by (3. 37b), and the detector structure is given by (3. 36a), 

which for this case becomes: 

ci(x,e*(x>p <i)Bi(x,ò*i(x)p <4) = c-CA(x)+(eTer(x)p ^MX) - 
ii i 

2 
A (X) A* T-*# 

TFiric) ( 3. 38) 

Case ò. Strong couplings binary> 0_ versus £• 1° this 

case the occurrence of the null signal is excluded and therefore Pq has 

to be set equal to zero in our previous results, e. g. , the estimator 

relations (3. 30) or (3. 32). Also because the null hypothesis is 
(2) 

excluded C^q' = 0 for all i. Finally, the binary assumption means 

that i, j = 1, 2. The cost function for this example will be of the 

form 

c(e, Yj) = + c(2ij![e-ej(x)]TD[e-ejw] ¢^)- 

The estimator structure for this example follows directly upon 

substituting the assumed cost function into (3. 2 3), or by applying 

the above restrictions to (3. 30). In either case the estimator struc¬ 

ture which results is given by: 

2 C*2* 2 

J i=1 Í,CL? 
k=l 

i*<x>P =i = Y x-cra 
1 i=l ^ Cki 

L ~7ÍyAki^—^ 
i=i cr! 

ij 

A# 

1 

( 3. 40a) 
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where 8*(X)_ ^ — i — P =1 
X 

is defined by ( 3. 31b) and \ given by 

A 
A 

pkl p(2il ö)pk(i)de 
_ 

pi ^ p(2il ^Riejde 
i 

(3.41) 

It can easily be verified that: ^ ..(X) = 1 and A.ik(X)A Ri(X) = 1. If it 

can be assumed that C(^! = C(^j for all i and k then ( 3.40a) reduces to 

iK.<i = y -z-^— 
j 1=1 y »kl® 

A % 

1 

ki 

( 3. 40b) 

which may also be expressed as 

îj®P.<l * y M*®p =1 ( 3. 40c) 

¡ i=l 1 

, r -1 
because P(Hj X.) = ( ^ Ak^(2i)) » as is easily verified by setting P = 0 

k= 1 
in the set of relations (3. 34d). The detector structure in this case 

is determined by the factor defined immediately after 

Equation (3.23), The function Bj^X) will be determined explicitly 

in subsection 3.6 for the case where 6 = S. 

3.4 Example: Simple Cost Function — Nonoverlapping Hypothesis 

Classes. 

In subsection 3. 3 we used a quadratic cost function to illustrate 

the general theory of joint detection and estimation under multiple 

hypotheses. Another important cost assignment which is often used 
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in estimation theory is the simple cost function (SCF), and the 

reason for its importance is that it leads to unconditional maximum 

likelihood estimators. This subsection is devoted to a discussion 

of joint detection and estimation under multiple hypotheses when a 

simple cost function assignment is assumed. The simple cost 

function used throughout this subsection is given by: 

cie.v.) = c<*> + c.<2> (A.<2> 
1 1 6(e - e» (etn.) (3.41a) 

where 

6(e(x)-e) = TT 6($, (X) - e, ) . (3.4ib) 
k=l K ~ K 

In this last relation, 6(*) is the Dirac 6-function, ê, (X) is the kth 

component of b(X), and 0(X) and tí are n-component vectors. The 
(1) - — 

factors C' .( are the usual constant cost assignments, i. e. , the 
J 

cost of deciding that a signal of class is present when really one 

of class fi. is present. The factors and are related to 

the cost of correct and incorrect estimation decisions and a discussion 

of them is found in reference (2), chapter 2 3. 

Substitution of (3, 41a) into relation (3. 8) for the average risk 

^D+E resu^s in: 

M 

p0p(X| 0) 6(8) + Y C^F.FtXj e)p.(8)] 

(3.42) 
i=l 
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The first term on the right side of ( 3. 42) is a positive constant 

independent of the decision rule or the estimator. The second term 

depends only on the decision rule and not on the estimator, whereas 

the third term depends on the estimator, Ö(X)i and not on the 

decision rule. The integrand of the third term is always positive 

and therefore the integral will also be positive. The integral is 

preceded by a minus sign and therefore that part of the average 

risk will be minimized if we determine ^_*(X) in the folloving way: 

M 

loT) J d2S[co2) P0 p(2il + £ c^p. P(X| e)R(|)] ( 3.43) 

r i=l 

The estimator, (X_)* is not the usual unconditional maximum- 

likelihood estimator but it may be thought of as a generalized version 

of maximum likelihood estimation (4). If the factors are all 
i 

equal to Cq then condition (3.4 3) becomes: 

max 
b(X) 

M 
p(x| o) 6(e) + y p. p(x| ejp^ê)] . 

i=l 

( 3. 44) 

In the binary "on-off" case where either signal plus noise or noise 

alone is present during the observation interval and M = 1, (3.44) 

reduces to 

Ux* £)6<t> + P1 p(x| £)pi(i)] 

which is equivalent to relation ( 3. 15) of reference (4). 

The optimum decision rule for this case is given by: 

decide y or P(y | X) = 1 if (a) D.(X)< 0 
J J J 

(b) D.(X) = Dk(X) for all k = 1,. .., M 

(3.45) 
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otherwise decide Yqi where 

M 

' cSò)tpiJ P(X| ejPjdide . 
:-n ' 0- 

3. b Overlapping Hypothesis Classes 

In subsection 3.2 we investigated the "one-shot" joint 

detection and estimation problem for the case of non-overlapping 

hypothesis classes. The requirement that the hypothesis classes 

be nonoverlapping will now be relaxed and the corresponding 

problem studied. The only significant difference between the two 

cases is the interpretation of the cost function and one will be 

chosen which has reasonable properties and whose form is such, 

that the resulting optimum detector and estimator structures 

are identical with those oi the previous subsections. 

In the case of overlapping hypothesis classes the same 

signal or descriptive signal parameter may belong to two or more 

hypothesis classes, and therefore it is no longer true that an 

incorrect decision has been made when 0t fi. and it is decided that 

H.(i ^ j) is true. Therefore C(6, y.) for 0 t ß. can no longer be 

interpreted as the cost of an incorrect decision, however it can 

be interpreted as the cost of assigning 0 e ß. to hypothesis class 

ß.. 
J 

A reasonable cost function suggested by Ogg (10), and 

discussed by Middleton (5) p. 32, for the overlapping signal class 

case in Bayes detection theory is as follows: 

M 

(3. 46) 

i=0 
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Clearly this cost function reduces to the usual constant cost of 

misclassification when the hypothesis classes are nonoverlapping. 

Also, C(B, Yj) has the property of being continuous on the prior 

densities. When the hypothesis classes overlap, the cost function 

(3.4(,) has the desirable property, which on the average seems 

plausible, that a less probable decision costs more than a more 

The cost function which will be used in this subsection for 

the case of overlapping hypothesis classes is a direct analog of 

( 3. 4C) and is given by: 

M 

> pip¡<i> 
¡=0 

where is the cost of classifying 8 in when 9 E ß., and d.2)(6, 8(X)) 

is the additional cost of presenting ê(X) as an estimate of a parameter 

of class ß. when 9 c ß.. 
J - i 

Again an average risk may be defined and it is the same 

expression as that given previously in (3. 2) and (3. 5). If the 

structure of the decision space Ais the same as in subsection 3. 2 

and the cost assignment is assumed to be of the form ( 3. 47), then 

( 3. 5) becomes : 
M y [c^+cjjHü, 

R 

i=0 

i=0 
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or 

M M 
R 

D+E r<>' P(Vjl X)ry p{ J defd.1 )+0^(9,8(X))]P(X16)p.(e)]}. 

ja° ^ '/ 1=0 (3.48) 

The last expression for the average risk is identical with ( 3.6) 

except for C(£, Yj) being expressed in more detail and the integral 

extended over the entire signal parameter space rather than just 

over the subspaces ß.|. Extending the integral to ß takes into 

account the possibility that the subspaces, ß , may overlap and 

perhaps all be identical with ß. Therefore the social choice of 

cost function given by (3.47) leads in the overlapping hypothesis 

class case to an average risk identical with that for the non¬ 

overlapping case, provided C(fJ, y.) in ( 3. 6) is identified with 

+ C^te, 9(X)) when 0 c ß.. Let 

c'te.Yj) = ¢:^ + (6 t ß.) 

and if we remember that the objective is again to find the decision 

rule which minimizes the average risk, it is clear that the optimum 

decision rule obtained in the overlapping case is identical with that 

obtained in the nono\ erlapping case provided we replace C(8, y ) by 

V;)‘ Assuming that C'(f), Yq) = 0 when £ Oq we see that 

C.(X,|(X)} = (C*,1) - cjjp'i + c(0^(e,ê(X)) 

B.(x,e(x)) 

Oj w00' ■ w0j 

M hJ d«rc'(e,Y0)-c(e,Y:)lp(x| e)p.(6) 
= ! . Y • ß L___J -1 - 1 - 

r* / V Ã/ V \ \ t~j/ v I n \ 

i=l c.(x,e(x))p(x| o) 

where and c[2) (e,|(J()) are determined by (3.4?) and the 

optimum estimator is determined from the following condition: 
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min r dX P P(X| 0)C.(X,è(X))B.(X,e(X)) (3.49a) 
b(X) T. ~ U J-J- 

and the optimum detector structure is given by: 

Decide y or P (y | X) = 1 if (a) C.(X, e.(X))B.(X, Ö.(X)) < 0 
J J J J " “’"’J 

(b) C.(X. e*(X))B.(X.i*(X) = C.(X,|*(X))- 

B. (21.¾¾) 

for all i. ( 3. 49b) 

3. 6 Example: Quadratic Cost Function - Overlapping Hypothesis 

Classes. 

The results of the previous subsection showed that when 

the hypothesis classes overlap it is possible to choose a reasonable 

cost function so that the resulting detector and estimator structures 

are identical with those obtained in the nonoverlapping case. As 

mentioned previously this allows us to use convenient prior proba¬ 

bility functions, such as the Gaussian, in the analysis of Bayes 

detection and estimation systems. 

With the above comments in mind it is clear that if we 

choose the factor C (e,e) in (3.47), to have the following 
A 

quadratic dependence on 9 and b(X): 

c(ij2) (®.öW) * c^2) [e - 6(X)]td[ e - |(X)] , ( 3. so) 

then the resulting estimator and detector structures for the overlapping 

hypothesis class case are identical with the specific forms i btained 

in the quadratic cost function example discussed in subsection 3. 3. 

Therefore the following estimator structures are obtained in the 
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overlapping signal class case when the cost assignment is given by 

(3.47) and ¢3^(6, 6(X)) is given by (3. 50): 

(3.51a) 

where C<?> > ¿ = 0 < j ¿ 0) and df > Mf > (i. j = 
0j 

1i¿i...i M ). 

JJ j0 ij JJ 

If in addition, = 0 and c\^ - for i,j ^ 0, then 
U 0j 

/sÿ 

J J 

(3. 51b) 

The generalized likelihood ratio, and the estimators in the 
A# 1 

absence of uncertainty, 6. (X)p are given by 
i 

( 3. 52a) 

(3. 52b) 

where now the range of integration has been extended to the whole 
(2) 

signal parameter space. Furthermore, if we assume that = 1, 

then the estimator structure is still given by ( 3. 51b) and the detector 

structure is given by ( 3. 36a) which is rewritten below for the case 

where the parameter vector is the waveform vector, i. e. , = _S. 
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M M 

cj(xJ;*(x))Bj(x,J*(x)) = + Yfc^-d^A^xJ+^A iiXKI^^xip- 

i=l i=l 1 

M MM 

y )' 
i= 1 i=l k=l 

r1 + y a ^x)] y ) w.i x)p(Hki x)(|^(x)P =i)Tir^)p.=i 
i» . . . . k. i 

(3.5 3a) 

where 

T >5« 
(is) i(X)p 

i= 1 

ST_S P(X|_S)Pi(¿)dS 

[^P(X|l) P^dS 
(3. 5 3b) 

Before, in subsection 3. 3, we stopped with the analysis of 

the detector structure with equations (3. 36) because at that point 

specific assumptions concerning the prior probability density func¬ 

tions were required. Now that the prior probability densities, 

P.(8) or P.(S), are no longer restricted to a subspace of the signal 

parameter space, (2, we may carry the analysis a step further. 

For example, if Gaussian zero mean noise is assumed to be 

present and that P^(_S) are «dso Gaussian, i. e. , 

_ N _ 1 

P.(S) = GÍSím-.K.) = (Zu) "^(det ^expF-- m.^K^ÍS-m.)^ 

( 3. 54a) 

P(Xjj5) = G(XjS,Kn) (3.54b) 

then we may evaluate (S^S) ^(S)p and thereby completely determine 
i 

the detectors explicit dependence on X, the received data. Both the 

numerator and the denominator of (3. 53b) contain the factor P(X.I S)P^(S) 

which under our Gaussian assumptions (3. 54) becomes G^jS, Kn)G(^;rm, K^). 

This product of Gaussian densities can also be expressed as in (3. 55a) 
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below, which can be derived in a straightforward manner. 

G(2L£’Kn)G(!:m.i’ K.) 

where 

C(X;0, Kn)G(£üi»2» 

G(l*. 0, K^) 

4% >Jc 
G(S;S. , K..) (3. 55a) 
-1 ix 

A -1 -1 
K,. = (K 1 + K.) 1 

lx n i 

s** A -1 -1 
S. = K, .(K X + K . m. . —i lx' n — i —a' 

( 3. 55b) 

(3. 55c) 

The asterisk in (3. 55c) indicates that this is an optimum least squares 

estimate of the waveform vector in the absence of uncertainty and is 

equivalent to_S.(X)p in the quadratic cost function case. Since 

CHS;!*, Kn) is a 1 probability density function, its integral over 

the signal space ß is one. Therefore, after substitution of (3.55a) 

into ( 3. 53b), we obtain the result that 

(STS),(X)p . = ... I 110(1¾ . K,.) dS . 
1 -00 J 

From the way in which the elements of the covariance matrix of a 

Gaussian probability density are defined, it is easy to see that the 

integral on the left hand side of this last relation is given by: 

oo 

I • • 

-oo 

i T >!< T 
STSCÍSíS-.K^d^ = Tr(Kli) + (S.) S. 

where Tr(Kli) denotes the trace of the matrix K^. 

* a>i< ta»;« 
(SAS). (X)p =1 = Tr(Kli) + (S.) S. 

Therefore 

(3.56) 

and if we substitute this expression into (3. 5 3a), the following 

expression for the detector structure, when () = S is obtained: 
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CJ(X.I‘(X»Bi(X.S;(X» = c'oj^ïïjc'J'-d^.Tr,K,.),,r(X)p=1,T|*(x,p A® 
i= 1 i i J 

-(1 + 7 A ¡(X» ^ ^ P(H. I X)P(Hk| X)(S^(X: 

i=l i=i k= 1 

.T*# 
(X)p _ ) S.(X)p=1 (3.57) 

k= 1 i 

where we have equated S. with S.(X)p . Since P(H. | X) = A (X). 
M i=l 1 1 “ 

1 + y A iW] ' we see that the detector structure can be expressed 

as a function of the generalized likelihood ratios and the least squares 

estimators of the various signals in the absence of uncertainty. 

Furthermore, the left hand side of ( 3. 57) can be expressed solely as 

a function of the generalized likelihood ratios, /\ .(X) for i = 1.M, 

or as a function of the least squares estimators, §^(X) for 

i = 1, .. . , M. This last observation follows from some relations 

discussed by Esposito in (10) and (11). In particular it is shown in 

(11) that the least squares or minimum variance estimator S’'(X) 
—i '—'P. = 1 

can be expressed as the following function of A.(X): 

= Kn vl°g Ai(X) (3.58) 

where Vlog A.(X.) is a column vector whose components are 

1 a Ai 4 3Ai 
a; F5r'-*-*Ã~ FJT/ 11 r elation ( 3. 58) is substituted into ( 3. 57) then 

i 1 i N 
we have expressed the detector structure solely in terms of the 

generalized likelihood ratios. Conversely, the generalized likelihood 

ratios can be expressed as a function of the various least squares 

estimators, S.(X)p , namely 
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(3. 59) Ai(X) = 
+ b.) 

e i 

where b. — C - 2i ^ n a bias term (see Eq. 8 in (11)). 

Substitution into ( ?,. 5?) of the various generalized likelihood ratios, 

expressed as functions of the received data and the least squares 

estimators, as in (3. 59), results in a nonlinear detector structure 

which is only a function of the least squares estimators and the 

received data. Furthermore, the detector is seen to be a type of 

estimator - correlator, the basic operations being correlation of 

the received data with the various least squares estimators in the 

absence of uncertainty, and cross correlation of thèse same 

estimators with themselves. 

Although the multiple alternative joint detection and 

estimation theory discussed in this section assumes a "one-shot" 

reception situation it could have been considered as one stage in a 

sequential decision system. It therefore should be noted at this 

point that estimator - correlator structures, such as the one under 

discussion, have a built-in adaptive feature and a discussion of this 

point is to be found in Kailath (18). 
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4. CONCLUSIONS 

This report is primarily concerned with the development of 

a general formulation of joint detection and estimation under 

multiple hypotheses based on statistical decision theory. The 

problem of joint detection and estimation under multiple hypo¬ 

theses arose as one aspect of the analysis of adaptive communi¬ 

cation receivers and pattern recognizers. The problem was 

investigated under the assumption that data from one observation 

interval are available, however, the results obtained may be 

applied to the case when data are received sequentially and this 

case will be explored in a subsequent report. 

If reasonable cost assignments and simple coupling 

strategies between the detection and estimation processes are 

assumed, then optimum detector and estimator structures may 

be derived. In this report we were concerned with detection 

directed estimation and in the examples the estimation cost of 

the total cost assignment was either given by a quadratic cost 

function or a simple cost function. In the case of a quadratic 

cost assignment reasonable estimators were derived and it was 

shown that the estimator in the presence of uncertainty was a 

weighted sum of least squares estimators in the absence of 

uncertainty. The weighting coefficients were functions of all 

the generalized likelihood ratios and cost-of-estimation 

coefficients, c\^\ and in the case when = c!^(i=l, . . . , M) 
U ij Oj ' ’ ’ ' 

the weighting coefficients reduced to the posterior probabilities 

of the various hypotheses. 

Since it has been shown in (16) that Sherman's theorem 

does not hold for estimators derived under the assumption of a 

quadratic cost function and in the presence of uncertainty as to 

whether or not the signal of interest is present, these estimators 

are rather specialized and hence it is important to consider other 
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cost assignments, the most important of which is the simple cost 

function. For a simple cost function assignment for the cost of 

estimation, we found that the optimum estimator could be 

interpreted as a generalized maximum likelihood estimator. Both 

the quadratic cost function and the simple cost function resulted in 

estimators which when specialized to the binary "on-off" case 

reduced to estimators given in (4). 

It is readily evident from a glance at the forms which had 

to be compared for classification decisions, that the detectors 

which resulted from coupled estimation and detection where com¬ 

plex nonlinear functions of the data. However, in the important 

case when ^ = and both the noise and prior densities of 

the signal parameters are assumed to be Gaussian, we were able 

to determine the detector structure explicitly. We found that it 

was a form of correlation detector, consisting of cross correlation 

between the various minimum variance estimators in the absence 

of uncertainty and cross correlation of the received data and these 

same estimators. Conversely, since the minimum variance 

estimators in the absence of uncertainty can be expressed as the 

gradient of the relevant generalized likelihood ratios, the 

detector structure may be expressed completely as a function of 

of the received data and the various generalized likelihood ratios. 

Therefore, the possibility exists that in certain cases the com¬ 

plicated detector structures which result from coupled detection 

and estimation may consist of a reasonable number of operations 

of the same type, and that perhaps in limiting cases, e. g. , low 

signal-to-noise ratio, they may have implementable forms. 

Finally, it should be noted that the optimum detector structure was 

a function of the optimum estimator and therefore, even though 

we were concerned with detection directed estimation, the 

estimation operation should logically precede the detection 

operation. 
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