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ABSTRACT 

This report contains   a  study of joints made  from fiber composite 
materials.     Several   types of joints are considered,   such  as bolted 
and adhesive  joints. 

Elements  for a   rational   joint design  are  presented,   as well   as  test 
results.     A finite  element computer program,  used  to obtain stress 
distributions  in composite  joints,   is  included. 
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TECHNICAL DISCUSSION 

BOLTED JOINTS:    GENERAL CONSIDERATIONS 

In this section, the fundamental problems of the design of bolted joints 
in composite materials   (particularly,  glass-epoxy)   are  considered, 

A bolted joint, Figure 1, must withstand, in general, an axial force P 
and a transverse force Q . Other forces, out of Liie plane, can exist, 
but in most cases their magnitudes are negligible in comparison with P 
and     Q  . 

H 

Figure   1.     General  Bolted Joint. 

Because of  its construction,   the  fiber orientation in a bolted joint  is 
practically confined  to  the one  shown in Figure 1.      Fibers   through 
cross-section A are continuous,  while  those  through cross-section B 
are  discontinuous due   to  the  presence  of  the  bolt hole.     When  the  axial 
load    P    is tensile,   as shown in Figure 1,  the  fibers A act  in tension, 
but  the  fibers  B,  near  the hole,   are nearly free  of  stresses.     Because of 
this  stress difference,  a  shear  stress is developed  along  the  fiber 
direction  starting at  the  point    M  .     When the   load    P    is  increased,   the 
shear stress at    M    produces the  failure of the matrix of the composite. 
A crack  is propagated,   as  shown  in Figure 2,   simultaneously with increas- 
ing    P  .    Test results indicate  that  the magnitude of    P    sufficient to 
initiate  the  shear crack at    M    is only one-fourth  to one-fifth of the 
value  that  produces  the  final  failure.     Once  the   shear creek  is completely 
developed,   the joint behaves  as  a simple  loop joint for  tensile  load    P   , 
with the darkened fibers of Figure 3  in tension and  the central  region 
practically free of stresses. 

If  the  joint  of Figure  3  is unloaded  and  then reloaded up  to  the previous 
load  level,  no  further changes  in  the   stress distribution  are  observed. 
Thus,   the  shear crack has no  further effect on the behavior of the joint 
once   it  is  developed.     In  fact,   the   location of  the   shear crack can be 
controlled  if  the fibers A are not bonded  to the  fibers B during  the 
fabrication process. 



Figure 2 . Shear Crack in Bolted J o i n t 
A f t e r F i r s t Loading in Tension. 

Shear Crack 

Figure 3 . J o i n t in Tension A f t e r the Propagat ion 
of the Shear Crack . 
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If the tension load    P    is   increased after the propagation of the shear 
crack, a  final  failure of the joint will appear in the neighborhood of 
the point   N    (Figure 3).    The stresses at the point N are as shown in 
Figure 4:    (a  tangential  tensile stress a    acting along the fiber direction 

0 
a r 

Fiber Orientation 

Figure 4.    Stresses at the Points N (See Figure 3). 

and a  radial compressive stress i    , perpendicular  to  the  fiber direction). 

Because the stresses a. and a    act simultaneously,   the  failure of the 9 r ' 
joint is actually produced by combination of the effects  of each stress. 
If  the  radius a of the hole   is  large in comparison with t  (see Figure 5), 
the stress aa  is much larger than a    .    In this case,  the failure mode of 

0 r 

Figure 5.    Nomenclature  for the Bolted Joint, 
the joint is a  tensile failure of the fibers, as represented in Figure 6, 

Failure 

Figure 6.    Typical Failure of a Joint With a»t, 



If, on the other hand, the radius a is much smaller than t , the 
radial stress ar  is greater than QQ and the typical failure of the 
joint is as indicated in Figure 7. In this case, 

Failure 

Figure 7. Typical Failure of a Joint With a« t. 

the failure is produced essentially by the compressive radial stress CT« 

Only the region near the bolt is affected by this type of failure. 

From the previous description it should be evident that, with fixed 
external radius b and joint thickness h , the tensile failure load P 
and the failure mode will depend upon the t/a ratio.   Then, P will 
achieve a maximum for some optimum t/a ratio. By performing several 
tests on glass-epoxy bolted joints, it was determined that this optimum 
ratio is unity. A description of the specimens and the test results are 
given in the next section of this report. 

Now, let us consider when the axial load P is compressive. Even for 
relatively small values of P, the failure mode depicted in Figure 8 was 
observed.  This failure is due to a wedging effect produced by the bolt. 

Failure 

Figure 8.  Failure Under Compressive Loading. 



breaking the composite in the direction perpendicular to the fibers.    In 
order to avoid this  type of premature failure  in compression, a specially 
shaped bushing as represented  in Figure 9, can be  used. 

Bushing 

Shear Crack 

Figure 9.    Joint  With Special Bushing for Compressive Loading. 

When  the compressive  load    P    is applied and  its magnitude increased,  a 
shear crack is initiated  in the points    M    (see Figure 9) because of the 
stress difference between the compressed fibers of the central region, 
shown in the figure,  and the practically stress-free fibers surrounding 
the bushing.    After  the completion of this shear crack  (Figure 9)..  the 
fibers of the central  region behave as simple compression members.     The 
shape of the contact  surface between the bushing and  the compressed 
composite avoids any wedging effect that would  tend  to  separate  the fibers. 
This bushing design has proven,  in compression  tests,  to be very effect- 
ive.     In fact,  the compression ultimate  loading in joints with this  type 
of bushing is always greater than the ultimate  tension load. 

It must be pointed out that the radius    a    is the  external  radius of the 
bushing, when the  tension design is employed. 

The  shear force    Q    is,  in most cases,  only a fraction of    P .     The  joint 
design previously described has an ultimate  shear force    Q    of about one- 
tenth of the ultimate    P    in  tension.     In special cases    when    Q    is,   for 
example,one half of    P   ,  either  the joint design must be  changed  or  the 
load   transmission must be performed  in another manner  to  avoid  such high 
shear  forces. 

The  ultimate  tensile   load  of a joint with a ratio   t/a =   1  has been found 
to correspond with  the  following expression: 

P ,    - a. ..   t h (1) ult        ult 

where    h    is  the joint  thickness. 



This formula Is  In good agreement with the test results.    It should be 
emphasized that it  is generally impossible to predict the ultimate load 
of a composite Joint  from a stress analysis based upon a linear behavior 
of the material.    Such analysis must be used only as a guid^e to optimize 
the proportion of the dimensions. 

The expression (1)  can be interpreted as  if a concentration factor of 2 
is applied to uniformly distributed stress a*  in the tangential direction 

while ignoring the  radial  stress a   ,     (See Figure 10} 

P/2 

P/2 

Figure 10.    Joint Design Configuration After First Tensile Load. 

In some cases, the design of the bolted joint is based upon not only 
ultimate loads but also maximum deflection.    For a  Joint designed accord- 
ing to the  expression  (1)   (t/a - 1),   the hole elongation for glass-epoxy 

joints  is   found to be about a/2 in the  instant previous to failure.    For 

other load values,   the deflection can be  reasonably estimated by assuming 
a  linear load-deflection curve. 



RESULTS OF TESTS ON BOLTED JOINTS; OPTIMUM t/a RATIO 

A series of tests were performed to determine the optimum t/a ratio.  The 
bolted Joint configuration used for this purpose Is shown In Figure 11. 

(All Dimensions in Inches) 

R 1.0 

0.2 

Figure 11.     Joint Configuration. 

The test results are summarized In Table I. From the values in this table, 
the ultimate failure load is plotted as a function of t/a in Figure 12. As 
this figure indicates,   the optimum t/a ratio la approximately unity. 



TABLE I 

TENSILE TESTS 

RADIUS a ULTIMATE FAILURE AVERAGE OF ULTIMATE 
SPECIMEN INCHES RATIO  t/a LOAD I03 LB FAILURE LOAD Itf3   LB 

1 0.375 1.67 38.6 
i 0.375 1.67 39.3 38.8 

3 0,375 1.67 38.4 

4 0.437 1.29 43.5 
45.1 

5 0.437 1.29 46.7 

6 0.500 1.00 54.2 

7 0.500 1.00 55.0 54.3 

8 0.500 1.00 53.6 

9 0.563 0.78 52.7 

10 0.563 0.78 53.4 53.1 

11 0.625 0.60 50.8 

12 0.625 0.60 49.7 50.1 

13 0.625 0.60 49.9 

Pf 10 

lb 

60 

40 

-3 

20 

 1 1 1 1  
(All Dimensions  in Inches) 

Maxiraum Load at 
t/a -   1 

.5    1. 0      1. 2.0 
t/a 

Figure  12.    Ultimate Load as  Function of t/a. 



MULTIPLE-BOLTED JOINT 

Many structures require the use of multiple-bolted joints, rather than 
joints for only one bolt. With the multiple joint, the force transmission 
occurs over a more extended region, thus avoiding the load concentration 
on a reduced area which occurs with the simple joint.  However, in general, 
the specific strength of the simple joint is greater than that of the 
multiple joint when composite materials are employed. 

The design of multiple* joints is completely analogous to that of simple 
joints. All the considerations given in the first section of this report 
are applicable to these joints. The total tensile or compressive load 
must be divided in equal parts between the simple component joints, each 
of which can then be individually treated as the simple joint of the 
previous sections. 

Figure 13 shows the multiple joint, fabricated and tested. For the fabrica- 
tion of this joint, the joint of Figure 14 was made using the winding guide 
of Figure 15 and the press-mold of Figure 16. After molding, this joint was 
cut into three parts and bonded, as indicated in Figure 13, to obtain the 
multiple joint. The simple tape layers, with fibers oriented perpendicular 
to the loading direction, have no principal structural function, but they 
assist the bonding by holding the parts together. Multiple joints fabri- 
cated by this procedure are shown in Figure 18. 

The fabricated multiple joints were tested in tension, using the attach- 
ments shown in Figure 19. Figure 20 shows the multiple joint mounted In 
the test machine. Two specimens were tested in tension. The ultimate 
failure loads were 23,800 and 24,800 lb, respectively. Figures 21 and 22 
Illustrate the failure mode. 

The failure load for this type of joint is estimated using the expression 
(1), obtaining 

P . = 180,000 x 0.1 x 0.25 x 6 - 27,090 lb, 
ult     ' '     ' 

where a 1  = 180,000 psi is assumed for the glass-epoxy composite and a 
perfect uniformity in the load distribution is assumed for each bolt.  It 
must be noted that, for these joints, the t/a ratio is 0.5 instead of the 
optimum t/a « 1. These dimensions were adopted for construction reasons. 



(All Dimensions  In Inches) 

0.25 

Figure  13.     Multiple Joint, Final Configuration. 
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(All Dimensions  in Inches) 

0 3/16 

3/8 ~1.0    3/8 

/ 

0 1.0 

3.0 

-e— 

Figure  15.    Winding Guide for Multiple Joint Fabrication. 
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(All Dimensions in Inches) 

in 

.-.K 
R 0.3 

u-l 

QUANTITY: 2 

Figure 16. Press-Mold for Multiple Joint Fabrication. 
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Figure 17. Multiple Joints. 

Figure 18. Multiple Joint, Detail of the Inserts. 
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(All  Dimensions  in Inches) 
4.0 

SCREW 1 X 

II 
II 

II 

II 
~r 

L ,1 

--o-o o 

05 0.6 0.6 0.3 

o-o-e- 

03 0.6 0.6 0.6 

QUANTITY:  2  (STEEL) 

I 
PIN 3/16, LENGTH 2.5, STEEL SAE 1050 

QUANTITY: 14 

Figure 19. Multiple Joint,  Test Device. 
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Figure 20. Tension Testing of a Multiple Joint. 

Figure 21. Tested Multiple Joint. 
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Figure 22. Tested Multiple Joint. 
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IN-PTANE BOLTED JOINT 

This  section considers a joint with the bolt  in the loading plane. 
The configuration of  this  joint  is shown  in Figure 23, where only half 
of   the  fabricated  joint   is   represented.    Figures  24 and 25 are drawings  of 
the winding device and   the  press-mold,   respectively,  utilized  in the   fab- 
rication of  the specimens. 

Two different failure modes  can be expected in this   joint.    Because the 
t/a   ratio  is only 0.333,  a  fiber failure of  the type shown in Figure 6  is 
one  of  the possible modes of failure.    Another  is  the transverse failure 
shown  in Figure 26, where a debonding of  the wound part occurs along line 
AB.     The debonding is  due  to  the tensile stresses acting perpendicularly 
to  the loading direction.     The stress analysis of  the  joint shows  that 
this  stress a    acting across AB is only 

CTn      ~i3 
i 

where a^   is  the tangential  stress at CD.     Thus,   if o.   reaches  the value 
x' e 

180,000 psi, a    is about 4,200 psi.    Since the transverse tensile stress  is 
n 

smaller  than  the   failure  stress of the unidirectional  composite  in  trans- 
verse  tension,   this  joint would be expected  to  fail  at CD rather than across 
AB.     However,   the   failure  occurred at AB  in both  joints  tested.     This  can 
be  explained   if  the  degradation of the composite  tensile strength  in the 
fiber direction  is  considered.     High  tensile  stresses   in the   fiber  direction 
produce micro-cracks   in  the matrix.     These  cracks   result  in high stress 
concentrations   in  the  material.     Then,  a  crack propagation phenomenon   is 
initiated along AB,  and  the   failure mode will  be  that  indicated  in Figure 

26,   even when a     is,  as an average  stress   (without  considering  the  stress 

concentrations produced by  the micromechanical  cracks),  very small. 

Figure 27 shows the joint mounted in the testing machine for a tension  test. 
Note   the  attachment  used  in the testing.     TWo  joints were tested, both 
failing along AB (Figure 26)  at loads of 22,000 and  24,800 lb.,  respectively. 
Figures 28 and 2y  show a  tested specimen. 
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(AU Dimensions  in Inches) 

03/8 

R 0.3 

.     0.85 0.70 0.85      , 

'///////////A 

BUSHING 
(Structural Aluminum) 

INSERT 
(Laminated   Composite) 

TENSILE 
ELEMENTS 

(Wound Fiber 
Glass) 

Figure 23.     In-Plane Bolted Joint, General Configuration, 
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(All Dimenaions  in Inches) 

01/2 

MATERIAL: ALUMINUM 

3/16 \ 3/16 

This distance  is  fixed by the bushings 

Figure  24.     In-Plane Bolted Joint, Winding Device. 
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(All Dimensions  In Inches) 

MATERIAL: ALUMINUM 

QUANTITY:     2 

Figure 25.    In Plane Bolted Joint, Press-MoId. 
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WOUND 
FART 

WUND PART 

BEFORE 
FAILURE 

AFTER 
FAILURE 

Figure 26. Failure Mode. 
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fife. 

Figure 27. In-Plane Bolted Joint Mounted in the Testing Machine. 

Figure 28. In-Plane Bolted Joint After Testing. 
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Figure 29. In-Plane Bolted Joint After Testing. 
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.„«^^.r*^,-— ■    - ■ 

OFF-PIANE BOLTED JOINT 

In this  type of joint,  the axis of the bolt Is not on  the plane of loading. 
This  joint differs from the  joints previously considered,   in that it in- 
cludes an adhesive surface which has a structural function to perform. 

The off-plane  joint is depicted in Figures 30,  31 and  32.    In the fab- 
rication of  this  type of  joint,   the winding guide of Figure 33 and the 
press-mold of Figure 34 were used.    The fabricated specimens are shown in 
Figure 35. 

Figure 36 shows  the specimen mounted in the testing machine for a tension 
test.    Figure  37  is the drawing of  the attachment used  for the  testing. 

Two specimens were  tested, and failure  loads of 2640 and 2915  lb.,   respec- 
tively, were obtained.    The failure mode  is shown  in Figures  38 and  39. 
This failure mode is surprising,  since shear failure along the entire ad- 
hesive layer (Figure 40) was expected.    Instead,   the failure occurs in a 
region of small tensile stress acting perpendicular to the plane of the 
adhesive.    The failure shown In Figures 38 and 39 does not occur in the 
adhesive;  rather,   it is a transverse-tensile failure in the composite. 

This failure can be interpreted using the arguments of  the previous sec- 
tion;  that is,  it is related to the crack propagation phenomenon associated 
with the appearance of micro-cracks  in the matrix. 

From analysis of this joint and the analysis stated in the previous section, 
the following conclusion can be made:    in joint design using composite 
materials,  it is necessary to eliminate all regions  in which the unidirec- 
tional composite is under transverse tensile stresses»    Failure occurs even 
for very small values of  these stresses,  because of this crack propagation 
phenomenon. 
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(All Dimemionfl In Inches) 

01/4 
Bushing (Alum.) 

1.0 

Figure 31.    Off-Plane Joint, Parts. 

27 



(All Dimensions in Inches) 

1/4 

Bushing (Alum.) 

1/8 Ml 1/8 

1.0 

/ 
Pin 01/4 x 2     (Hard Steel) 

JL 
Ilk 

Figure 32.    Off-Axis Joint, Parts. 
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MATERIAL: ALUMINUM 

Figure 33. Off-Plane Joint, Winding Guide. 
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(Ali Dimensions in Inches) 

THICKNESS: 

0.137 

MATERIAL: ALUMINUM 

Figure 34. Off-Plane Joint, Press-Mold. 
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Figure 35. Off-Plane Joint Specimens. 

Figure 36. Off-Plane Joint Specimen Mounted for Testing. 
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\ 
3/6 

(All Dimensions In Inches) 

,1     ,i 

ii 
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I« 
|l 

1.0 3/8 

/ 

SCREW 1/2 

I I 
I 

1.0 

iT, 

s 

^1/4 

MATERIAL: ALUMINUM 

Figure   37.    Off-Plane Joint, Attachment  for Testing. 

32 



Figure 38. Of f -P lane J o i n t Specimen A f t e r Tes t ing 



Figure 39. Off-Plane Joint Specimen After Testing. 

Hwrnimmiinr 

Adhesive Layers 

Figure 40. Adhesive Layers. 
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ORTHOGONAL JOINT 

This type of joint, shown in Figure 41, is used to introduce small forces 
into a wall. It facilitates the application of handles or other devices. 
The drawing of the fabricated joints is shown in Figure 42, while Figure 43 
shows the unidirectional composite ring from which parts of the joint are 
obtained. Figure 44 is the winding device utilized to fabricate the ring 
of Figure 43. 

Wall 

Adhesive Layers 

Figure 41. Orthogonal Joint. 

Figure 45 shows three fabricated specimens. Four specimens were tested in 
the manner shown in Figure 46. Figure 47 is the drawing of the test sup-
port used in this test. The failure loads were 1845 and 1970 lb., respec-
tively, in the first two specimens; while in the other two, failure loads 
of 2975 and 3005 lb., respectively, were obtained. The only difference 
between the two sets of specimens was the adhesive specification: for the 
first two, Narmco 227 adhesive was used; for the other two specimens, an 
epoxy-polyamide adhesive was used. The results obtained in the testing of 
the last two can be considered satisfactory. Figure 48 shows bonding fail-
ure in the first two specimens. Figure 49 shows the failure of a specimen 
fabricated with the epoxy-polyamide adhesive. In this case, the adhesive 
bond is improved and the failure occurs in the composite itself, as well as 
in the adhesive layer. 
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(AH Dimensions in Inches) 

Unidirectional 
Laminate 

0.1 1.25 

1.0 

Figure 42.    Orthogonal Joint,  General Configuration 
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(All Dimensions in Inches) 

Wound Fiberglass, 
Fiber Direction 

Parts  to be utilized 

1 

1 
o • 

i 

Figure 43.    Orthogonal Joint, Fabrication of Farts 
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(All Dimension« In Inches) 
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H  

V: 1 

1.0 

MATERIAL: ALUMINUM W/4 
>i.o 

Figure 44. Orthogonal Joint, Winding Device. 

38 



Figure 45. Orthogonal Joint Specimens. 

I 

«> 

Figure 46. Orthogonal J o i n t Mounted in the Tes t ing Machine. 
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(All Dimensions in Inches) 
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Figure 47.    Orthogonal Joint Test Attachment. 
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Figure 48 . Orthogonal J o i n t With Narmco 227 Adhesive 
A f t e r T e s t i n g . 

F igure 49 . Orthogonal J o i n t With Epoxy-Polyamide 
Adhesive A f t e r Tes t ing . 
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LAP JOINT 

The   lap joint  Is one of  the most important  types of  joints, especially in 
structures of composite materials,  where the use of rivets and bolts  is not 
ail vi sab lo . 

The  correct design of  lap joints requires an understanding of the mechanism 
lor   load transfer  from one part to the other through  the adhesive.    The 
shear  stress distribution was  analyzed in References  1 through 4 under  the 
assumption of  linear,   perfectly elastic behavior of both adhesive and 
adherent.    This study shows  that the shear  stress concentration is very 
high   for  the  joint dimensions  usually required by the  technical applications. 
On  the other hand,  most of  the adhesives  in common use exhibit a nonlinear 
stress-strain relationship,  and may sustain considerable strain before  fail- 
ure.    The behavior of  the adhesive can still be considered perfectly elastic, 
in  the sense  that no residual deformation remains after the unloading,   even 
from stress levels approaching the failure stress.     A typical stress-strain 
curve   for an adhesive   is  shown in Figure  50.    A convenient analytical expres- 
sion  for such curve  is: 

(All Dimensions  in Inches) 

Tigure 50.     Typical  Stress-Strain Curve  for  the Adhesive. 

(All  Dimensions   in  Inches) 

Figure  51.     Lap Joint General Nomclature. 
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-kv 
T    .Tt(l-.-") 

whereT .  and k are constant.    The Initial shear modulus G    is v o 

■m = kT. 

(2) 

(3) 
Y =   0 

Let us consider the lap joint shown in Figure 51. Applying the equilibrium 
condition to the section depicted in Figure 52, 

'1 

dx 

/ 

P1+dP1 

-T dx 

.T dx 

P9+dP, 

Figure 52.    Infinitesimal Element 

the following equations are obtained: 

dP1 

T   - Z—  »  pi+pa "  P " constant dx 4     a 

The shear deformation In the adhesive is 

(4) 

Y = 
ul-   u2 

(5) 

where u.   and u-are displacements of the two adherends. 

Differentiating y of equation (5) with respect to x, the following relation 
Is obtained* 

Cx  - e .-'.If a dx (6) 
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Assuming Hooke's   law   to be  valid  In the adherend, 

kh •  ~a Ea^   ' 
(7) 

equation   (6)   can  be   rephrased 

dY 
(8) Ei tj       Ejt, a dx 

Differentiating  (8) with  respect to x and applying equations   (4), we   find 

T(v) 
1 

1 \2 
(t^     ^   ^E.) 

(t1El
+  t^)^^-^ E,    dx(t,| 

dV      P \    d_ / 1 1   \ 
dx+ t,^    dx ^Ei  +    t&J (9) 

If,   in particular,   t^   and   tg  are constant,   this equation becomes   the   familiar 
expression  for  the double  straight-lap  joint: 

T(Y) 

^+   "^     dX 

(10) 

Finally,   introducing the definition (2), a nonlinear differential equation 
in \   is  obtained : 

1 1 + 
£1- T, (l-e-kY) JJA—A** (il) 
dx' a 

Equation  (11)   is a  nonlinear differential  equation of  the  form 

Y" -   f(Y) 

and will  be   integrated numerically.     ..ne boundary conditions are 

(Pi)x.o-0  •(Pi)x^"P 
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or,   from equations   (4) and  (8), 

(£) t9t E   '  \dx/ ' a x t, t E 
(12) 

Therefore,   the problem of finding the shear stress distribution  in a  lap 
joint with nonlinear adhesive requires  the  solution of the  differential 
equation (11) with  the boundary conditions   (12). 

The  function  that  solves the differential  equation (11) has   the   form shown 

in Figure 53.    The values Y' 
an^ Y/'  0^ t^e derivatives at  the  ends are  known 

o v 
(equations   (12)),   but the values y    and Yf   are not•    This problem must  be 

solved using a trial-and-error method. 

Let us assume certain initial values y. /i a^', Y»   o    ^or t^e function Y 
and 

I its derivative in x ■ ~.    Applying the Runge-Kutta  formulas  to equations 

(11),  the strains and their derivatives are  found at the ends;   i.e., 

V»'   , V;<»        Ku.s.-KutU.   v<»    Y:»>, Y<», Y;<'>     (U, 

(All  Dimensions  in Inches) 

Y 

Figure 53.    Y as Function of x. 

Incrementing  the values of y^l and Y^/2    by ^Y^M and AY, /o«   respectively, 

the effects  of these  increments on  the end values can be determined: 
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v<;> + ^l . ^       .un8e-Kutt.   . ^. Yov"), v<'), ^ 

^.v;»'+ ^ ^-Kutu.y»'.v^i'.v»>.v;<i'<14) 

With the  results  of equations  (13)  and  (14),   the  following pa  tial deriva- 
tives "an be computed approximately: 

.   ' '(D       '(1)    ^   ' '(D '(D 
'o      .   ' oy o 'o        .   ' oy' 

*yl/2 L\I2       ' ^1/2 AV/2 

(15) 

On the other hand,   the  increments of the end values y' and Yi  are related 

to the increments of the starting values by the relations 

aY' 3Y ■ 

K K (16) 

By taking 

O 0 

and combining with equations  (16), we have 

(i) 

^^/2+^72 ^-V-V 
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Once the partial derivatives are computed using equations (15), the system 
(18) can be solved for the increments ^i,^ and ^1/2' With the8e value8i 

the  Improved starting values can be obtained; 

(2)        (1) . '(2)        '(1) .v' 

(2) '(2) 
and  the process  is  repeated.    New  increments ^Y^/o and ^sin    are adopted, 

the partial derivatives  (15) are computed and  the system  (18)   is  solved   for 

Ay. ,_  and AY. ,„.     The  process   is  considered complete when  the  error  in  the 

satisfaction of the boundary conditions is smaller than some value e. The 
function T(x)   is    then obtained by substitution of Y(X)   into  equation  (2). 

Figure 54 shows  the  stress diagrams corresponding to a  lap joint with  tj■ 

ta-0.0625  in.,   t -0.004, ^=1.0  in.     The adhesive stress-strain  relationship 
• a 

is 

T(Y) -  5000  (l-e"36Y)  psi, 

which corresponds  to an initial modulus 

(G)      -kT. -0.18 x 106  psi. 
Y-o     -t/ 

From Inspection of  the curves,   it can be noted  that the  stress  concentra- 
tions  at the ends decrease when the  load  is  increased.    This   is  due  to  the 
non-linear behavior of the adhesive. 

The ultimate  load of  the joint can be evaluated  if a design ultimate  distor- 
tion Y  .     of  the adhesive is  specified.    For example,  for Y  ,     = 0.04,   the ulc ' ult ' 
ultimate  load would be P = iQOO lb. 

Figure  55 shows  the  stress diagrams  corresponding to a joint with a double 
thickness of adhesive   (ta = 0.008  in.).     It can be observed  that  the  stress 
concentrations are decreased below those  for  the  single-thickness adhesive. 

Figures 56 and 57  show the stress diagrams corresponding to  two lap-joint 
combinations.     In both,  one adherent  Is a glass-epoxy composite while  the 
other  Is either aluminum or steel.     In these cases,  the  stress  diagrams  are 

t 
not symmetric with respect to x - «. 

Four lap-joint specimens were fabricated and tested. Figure 58 shows these 
joints. Figure 59 shows one of them after testing. Table II indicates the 
test results: 
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a 

i 
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r=0.208 

V=0.080 

V=0.042 

7=0. 019 

r=0.007 

O.I      0.2     0.3    0.4    0.5    0.6     0.7   0.8    0.9     1,0 

X,   inches 

Figure  54.     Effect of  Bond-Line Thickness ta on Adhesive 
Shear Stress Distributions,   ta = 0.004  inch, 
L!   = Ea =   10 x  106   psi,   tx   =   ta =  0.0625   inch, 
I =  1.0 inch,   Xt =  5,000 psi,  k =  36. 
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Figure  55.    Effect of Bond-Line Thickness  t    on Adhesive 
Shear Stress Distributions,   t    =   0.008  inch, 
Ei   = E, =   10 x ID6   psi,  ti  =  ta =  0.0625  inch, 
i -   1.0  inch,   T^ =   5,000 psi,  k =   36. 
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Figure 56.    Effect of Doubler Modulus Ej.   on Adhesive 
Shear Stress Distributions, Ej  - 10 x l(f 
psi (Aluminum), Ej * 7 x ICT   psi,  ti  ■  t^ 
- 0.0625 inch,  ta - 0.004 Inch, I - 1.0 
inch, Ti -  5,000 psi, k - 36. 
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Figure 57.    Effect of Doublet Modulus Ex   on Adhesive 
Shear Stress Distributions,  Ei  =  30 x 106 

psi  (Steel)  Ea = 7 x loP   psi,   ^  =  ta = 
0.0625 inch,   ta = 0.004 inch, I »  1.0 inch, 
Xt =  5,000 psi, k = 36. 
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Figure 58. Titanium-Boron/Epoxy S t ra igh t -Lap 
J o i n t s . Conf igura t ions Completed. 

Figure 59. F a i l u r e in S t ra igh t -Lap Titanium-
Titanium J o i n t . 
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TABLE II 

ADHESIVE LAP-JOINT TEST RESULTS                          | 

Specimen Failure Load 
(lb) 

Averai ge Failure  Stress 
(psi)                         | 

1 5010 5010 

2 5435 5435 

3 5780 5780                           1 

4 /r095 4095 
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I'HOTÜELASTIC TEST  RESULTS 

In order  to evaluate stress concentrations   in bolted joints, photoeiastic 
models were prepared and  tested.     Figures 60a  through 60h show the  isochro- 
raatlc  lines and the  isoclines  (0°,  15°,  30°, 45°, 60°,  75°, 90°) obtained 
in a  bolted Joint under tension.     It can be observed  from the position of 
the   isoclines that   the polar shear stress T 0   is very small.    This   result 

is coincident with  that obtained   through  finite-element analysis. 

Figures 61 and 62  show    the  isochromatic lines  in a transparent Isotropie 
model and  in the corresponding orthogonal Joint made  from compesite material. 
In  the  latter,   it   is possible  to observe  the adhesive bond lines. 
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Figure 60a. Photoelastic Model of a Bolted Joint 
Loaded in Tension; Isochromatics. 

Figure 60b. Photoelastic Model of a Bolted Joint 
Loaded in Tension; 0° Isoclines. 
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Figure 60c. Photoelastic Model of a Bolted Joint 
Loaded in Tension; 15' Isoclines. 

Figure 60d. Photoelastic Model of a Bolted Joint 
Loaded in Tension; 30° Isoclines. 
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Figure 60e. Photoelastic Model of a Bolted Joint 
Loaded in Tension; 45° Isoclines. 

Figure 60f. Photoelastic Model of a Bolted Joint 
Loaded in Tension; 60° Isoclines. 
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Figure 60g. Photoelastic Model of a Bolted Joint 
Loaded in Tension; 75° Isoclines. 

Figure 60h. Photoelastic Model ot a Bolted Joint 
Loaded in Tension; 90° Isoclines. 
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Figure 61. Orthogonal Joint Loaded in Tension; 
Transparent Model. 

Figure 62. Orthogonal Joint Loaded in Tension; 
Composite Material (Coated). 
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FINITE-ELEMENT METHOD FOR STRESS ANALYSIS OF JOINTS IN ANISOTROPIC MATERIALS 

In a previous study, a computer program for the stress analysis of aniso- 
trop ic  joints was presented.    The displacement field in a triangular element 
was assumed linear,  or, equivalently,   the stress field was assumed constant. 

In order to  improve  the accuracy of the results, a new program was developed, 
based on the assumption of quadratic displacements functions.    These 
functions permit linear variation of stresses along each element.     In this 
way  it  is possible to calculate the stress at a node of the  triangular net 
simply by averaging the stresses corresponding to each triangle whose vertex 
is at  the node.    This operation is performed automatically by the program. 
The accuracy of the stresses obtained by this averaging process  is highly 
satisfactory,  even on the boundaries.     Figure 63 represents the basic 
triangular element referred to the local axis {, TJ. 

Figure 63.    Basic Triangular Element. 

The coordinates of the middle points a» 0> Y are obtained  from 
.    ?b + 5c   • \ + \ 

5c+5a 
V 
v\ (19) 

.      ^a^b ,      ^a^b 
V—2        '   V-T" 

Thus,only the vertex coordinates need be  introduced as  inputs. 

The displacement field in the triangular element is assumed to be given 
by the quadratic  functions 

w a^ + aa5 + aaT] + a45
a + ag^TI + a^Tf 

v= a,  + ae^ 097]+ alof+ a11i^f &lat 
(20) 
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where a      through a.» are constants. 

Let's   introduce the vectors   <6>    and   <a>   by the expressions 

<6>«<U       U.      U        U        UQU       v       v.      v        v       vQvl \   f        {ahcaPyahcaQyf 

{'} ■ ft 

v 
v     a 

a2 a3 a4 a5 a6 a7 a8 a9 a10 all a12f 

(21) 

Through use of equation  (20), a   relationship between   jo}    and    |a|    can be 
written: 

|6|    -     [A]    |a| (22) 

with 

[A] = 
[A*]   [0] 

[0]   [A*] 
;  [A*] 

0 0 0 0 o  "I 

h \ A h\ \ 

5c \ § Sc\ t 
1 \ e ? \ if a 
h 

a a a 

- 5Y \ ?A Y- 

(23) 

From equations  (22) and   (23),   the coefficients a. are determined immediately; 

{a}-  [A]"1 {ö}   ,   [A]"1 = 

The strains  in the element are: 

3u 9v 

[A*]       [0] 

[0] [A*] 

9u     9v 

x   a?     y   si!     xy   ai]   a§ 

or,   taking  into account equations   (20), 

(24) 

ex" a2 + 2 a45 + a5T1 

V a9 + Ml5 + ^ 

'xy 
a   + a   5 + 2 a Tl + a + 2 a    5 + a    T] 

6 8"        lO- ll 

(25) 
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l\-r  an  anisotropic  material,   the  stress-strain   relationship   is  expressed as 

a = C.-S    +    C..,2   + c.-y 
x       llx l^y Uxy 

o = C-.-e   +   c0..e   + c„aV (26) 
y       12  x 22 y        23  xy 

T     =  C„^    +     C,*+ C„„e xy       33  xy 13 x        23 y 

The  strain  energy   for   the  element,   using equations   (25)  and  (26),  becomes: 

W =    fß {Cn{4 + 4a4?l + a5^ + 4a2a^ + 2a2a5T1 + UaUab^) 

+ 2C12(a2a9 + a2ail^ +  2a2al2T1 + 2a4a9? + 'Vll^ 

+ 4a4a12CT1 + a^^ + a^T] + Za^^T]2) 

+ 2C13(a2a3 + a2a^ +  Za^^ + a^ + Za^^U + a2a11Tl 

+ 2a3a4§ 4   2a4a5e2 + UafaW +a4a8§ + ^a^^?2 (27) 

+  2a4a11?Tl + a^^ + a2§Tl + Za^Ti2 + a^T) + Za^^lT] 

+ a a, 

+ 2C22(a2 + a^ r2 + 4a1
2Tl2 + 2a9a11? + Uaf^T] + 4a11a12§Tl) 

+  2C23(a3a9 + a5a9§ +  2a6a9Tl + a8ag + 2a9al0? + a^T] +a3alie 

+ a5alie2 + 2a6a11^ 4- a8a11§ + 2a10a11?
2 + a^ ^ 

+  2a3ai2Tl + 2a5a125Tl + ^^a^2 + la^a^ + ^^^ 

+  2a11a12Tl2 ) 
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+ C33(a23 + a5 ^ + 4^2 + 4 + 4a10?2 + a^2 + 2a3a5? 

+ 4a3a6T1 + 2a3a8 + 4a3ai05 + 2a3ailT1 + 4a5a6?T1 

+ 2a5a8^ + 4a5a10e2 + 2a5a115Tl + Ua^J] + Ba^^ 

+ 4a6a11"1l
2 + 4a8al05 + 2a8a11Tl + 4a10a11§Tl)   | d§dn 

The variation of the  thickness  t  is assumed  to be  linear  in the element, 
"flius, 

t -  T^ + T2T| + T0  , (28) 

where the constants T, , T„ and T   can be found from the thicknesses t  ,t, , 
i      Z o ab 

t    at the three vertices: 
c 

A 0 A At ^t 
(29) 

0      t a 1 

^b    \ 1 

•V 
\    \ 1 

0      1 

h 1 

5c    l 

•*t- 

0 0 1 0     0      t 

5b \ 1 
,L - 

5b  \   \\ 

5c \ 1 5c   \   ^ 

The equations of the sides of the 
triangular element depicted in 
Figure 64 can be written as: 

R2):T1 - m25    ; m2 -— 
■ c 

^z)'^ " m35 + ^J m3 ■ 

57?;' b3 ■ \ - ^5 

(30) 

y*h Figure 64.  Triangular Element. 
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Let's  detine now  the   following integrals, which will be used  to express the 
strain  energy; 

v0 -fj*^ - h (Vc - 5 A) 

4        3 

Y4 -ffrw - (^ - m3) 1^ !| (^ . ^J . _L[(m35c + b3, ^ 

-(m3§b+b3)4] 

8m3 

41     b3   r 3 3T 
-(m35b + b3) |+-T-   (m3^3)     -(m35b + b3)    I 

V5 

6m_ 

Y6 .//|Va,.(.2-.#+^(^-;=)-4«-4) 
5 2 

-(m35b+ b3)5]-  -T  [(m3^+ b3)4 "   {m35b+ ^^ 

+  T[(m3^+b3)3-   Kb+b3)3]} 
5        3 

.8 .ffrfw .   (.3 . m3 ) ^ + !|. fe5 . lb
5)-^V[(n,3lc + b/ 

-(■"35b+b3)5]+^    [h?c+b3)4    ■("35b+b3)4. 
3 
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-(°3?b+1>3)5] 

With equations  (28),   (29),   (30) and  the  integrals YQ  through Yo»   the  strain 

energy (27)  can be expressed as: 

W - ^ja{ T    [B]  |a|     , (31) 

where the matrix   [B]   is the one given on the next page.    To simplify  the 
writing of  [B],   the  following nomenclature was  used: 

TYl *    T1Y1 + V2 + Vo 

TY3 -    TlY3 + Vs + Vl 

T -TY+TY+TY .oo^ 
Y5 15        2 4 0 2 U^ 

TY6 -    TlY6 + V? +  V3 

V "    V7+V8+T0V5 

TyS -    VS + T2Y9 + T0V4 

Introducing equations  (24) into equation (31),   the strain energy may be 
expressed as a function of (6}: 

65 



1    , 
11 yl |C13T

Y1 2C11TY3 
C..T  . +  C     T , 

11 yS        13 y3 

rsa^i 2C13TV3 C13TY5 + C33TY3 

1     11 Y6 
2C11XY7 +  ZC^T^ 

C11TY8 + 2C13TV7 + C33TY6 
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2C13TY5 
C13IY1 

C12IY1 
2(^3                          1 C12 

2C33TY5 
C33TVi 

C23XYl 
2C33T^2 

C33 

4C13TV7 
2C13T

Y3 
2C12T

Y3 
4G13T

Y6 
2C1 

2C13TY8 + 2C331Y7 
C13Ty5 + C33T

Y3 
C12T

Y5 + C23T
Y3 

9-C13T
Y7 + 2C33T

Y6 
(G, 

hC33TV8 
2C33TY5 

2C23T
Y5 

4C33T
Y7 

2C, 

|S3TYl iC23T
Yl 

2C33T
Y3 S: 

■ 

C22T
Y1 

2C23T
Y3 jC2 

|4C33T
Y6 

2C 

E 
MATRIX  [B] 
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'3+  C13TV5 1CU^5 

(5 * C23TV3 
2C23T,5 

r
Y6+2C13Tv7 4C12TY7 

+ C33)T
Y7+C13TV8+  C23T

Y6 2C12TY8 +  2C23TY7 

yS           23 Y7 4C23TY8 

,5 + C23TY3 
2C23TY5 

ri + C23TY5 2C22TY5 

Y7 + 2C23TY6 
4C23TY7 

,6 + C33TY8 +  2C23TY7 
2C22TY7 +  2C23TY8 

4C22TY8 

c 



w- Hs}1^]"1)1^]  [A]-1^} 

The nodal force vector fP} can then be found by using the second theorem 
of Castlgllano: 

{P}=^-}= ([A]"
1)1^] [A]"^}, 

and  the 12x12 stiffness matrix  [K]  of  the  triangular element  is: 

■1\TP_,   P.,-l [K]  =   ([Al^^B]   [A]" (33) 

For certain boundary conditions, it is convenient to refer the stiffness 
matrix to rotated nodal directions. Dms, the new stiffness matrix [K1] 
is  given by: 

[K'] =   [TPEK]   [T] 

where the transformation matrix  [T]   is  expressed as: 

(34) 

[T] 

co*Pa 0 0 0 0 0 -» lnpa 
0 0 0 0             0 

0 co«pb 0 0 0 0 0 -8 lJ*b 
0 0 0            0 

0 0 co«pc 0 0 0 0 0 -sirtp 0 
c 0            0 

0 0 0 coasp 
a 

0 0 0 0 0 -.lnpa 0            0 

0 0 0 0 co<PB 0 0 0 0 0 -»i«»B 0 

0 0 0 0 0 cottpY 0 0 0 0 0 

slrfp • 0 0 0 0 0 CO «p. 
0 0 0 0             0 

0 slrtP. 
b 

0 0 0 0 0 CO 
""b 

0 0 0             0 

0 0 slriPc 0 0 0 0 0 <="«?,, 0 0            0 

0 0 0 sinp 
a 

0 0 0 0 0 co% 0             0 

0 0 0 0 stn^ 0 0 0 0 0 coacp      0 
0 

0 0 0 0 0 slm 0 0 0 0 0            C( 

-slixp 

iflCp 

The angles cpa  through CP   are  the  rotations at the nodes a  through Y, 

respectively. 

By adequately combining the matrix  [K1]  of  the elements, a total stiffness 
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matrix [K*]   for the whole structure  is obtained.    Reference 5 provides 

details of  the procedure  to  find  [K*].    The nodal  equilibruim equation for 
the whole  structure can  then be written as: 

|P*|-     [K*] |6*( (36) 

It  is convenient  to partition this matrix equation  in the following form: 

hi) [Kii]   [Ku] IK}) 

y {P2  }]  [[K2l]     [V] 
where the symbols have the meaning: 

so,/  :  vector of unknown displacements 

(37) 

vector of known displacements 

vector of known forces 

Jp^l : vector of unknown forces 

From equation (37), 

KJ K}- K} ■ K] {4} ■ 
which is a  system of linear equations  that permits  solution for<51 >. 

Then, also  from  (37),  we obtain: 

{P2}=[K2l]K}   +     [K22]K} 
It is convenient to compute this vector | P2 | for checking purposes, 
although it is not really necesüary for the computation of the stresses. 

Once all nodal displacements are known, the vector {a} for each element 
can be obtained: 
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ja} -   [A]"1^!  .   [A]"1!!]!«'} . 

where J6   [are the displacements referred to the rotational directions. 

Finally,  the stresses are given by: 

crx - C11(a2 + 2a45 + a^,) + C12(a9 + alie + la^) 

+ C13(a3 + a55 + 2a ^ + ^9 + 2a10C + a11Tl) 

ay " C12(a2 + 2a45 + a51]) + C22(a9 + V + 2al2V 

+ C0,(a, + ar + 2a,Tl + a0 + 2ain5 + *,T]) 
23 v  3        5 

(38) 

T xy " C13(a2 + 2a£ + a5Tl) + C23(a9 + ail5 + ^ 

+ C,,(a_ + a.5 + 2a,Tl + afl + 2a, _? + a*) 
33"  3 T    5 8 T ""10^ T    11' 

The value of the stresses at each nodal point of the triangular net is 
obtained by averaging the values of the stresses at this node from each one 
of the elements containing the node. 

The material constants C     are obtained by assuming that the material  is 

anlsotropic at each triangle and  is  formed by fibers  oriented  in one 
direction in the matrix.    The axes x', y1  in Figure 65 coincide with  the 
fiber's direction, while x, y are the general axes of reference, parallel 
to 5, T). 

Figure 65.    Axes of Reference. 

71 



The elastic constants with  respect to the x', y' axes are given by; 

E E 

x mm f  f     '     y'       E V, +  E/' 
m r r m 

G G, 
m  f 

^'y" Vm+vfVf     '   Vy'^GV.+ G^V 1 ^ m  f f m 

where V     > Vr are the volumetric   fractions of the matrix and  fibers,  E  , m        f '    m' 
G   ■ v     are the  elastic constants of the matrix material; and E.,  G,.,  v, are 
mm iff 

the elastic  constants of the  fiber material.    From Ev i,  E   ,, v^i,,!  and x y x  y 
G   i   i •the  following new set of constants   is   found: 

x y 

b; . W, 11      E   ,   '     12 Et 
x x 

^.b' -f-.b' -i 22     Ey,        33      G^, 

The elements of the symmetric matrix  [C1]   referred  to the axes of orthotropy 

x', y' are: 

bi2 
Cll        A     '    12 h       ' ^ 22        A    ' C33      b^3  ' L12      C23      U 

Ä " bnbi2 " bi22 

The matrix   [G]»   referred to the axis x and y,   is obtained  from [C']  by 
performing the  operation 

[c] - [T^'^C'H^], 

with 

W 
-0 m 

2 .2 
m -C- 

21 m 

•2tm 

-Cm -cm        -c -  m 

[T2]- 

L m -tm 

2 ,2 . m -c -^m 

-2ira 2tm t  - m 

I   ■   CO80 

m ■   sinß 
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It must be noted that,  In general, C     and C      are not zero because x and 

y are not necessarily axes of orthotropy. 

The computer program Is contained In the appendix to this report. 
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APPENDIX 

COMPUTER PROGRAM FOR FINITE-ELEMENT 
ANALYSIS OF JOINTS IN ANISOTROPIC MATERIALS 

PROGRAM SIXPT 
C FD( 1)   - FORCE OR DISPLACEMENT AT NOSE Ft WHICHEVER IS KNOWN 
C 
C   ANISOTROPIC 
C 
f NOIItJI - NODE TYPE a   AT TRIANGLE I 
r Nn( r ,1) - A NOPF 
r MO( 1,?) - GAMMA NODE 
f NO( It?) - P NODE 
C NO( I.*) - ALPHA NODE 
C NO( 1.5) - C NODE 
C NO( 1.6) - BETA NODE 
C ETA( I) - ETA AT NODE I) 
C XH II - XI AT NODE I 
C 
C NT   - NUMBER OF TRIANGLES 
C NV   - NUMBER OF VERTICES 
C NMP  - NUMBER OF MID-POINTS 
C NUD  - NUMBER OF UNKNOWN DISPLACEMENTS 
C NKD  - NUMBER OF KNOWN DISPLACEMENTS 
C NUF  - NUMBER OF UNKNOWN FORCES 
C NKF  - NUMBER OF KNOWN FORCES 
C NN   - TOTAL NUMBER OF NODES 
C NKFD - TOTAL KNOWN FORCFS AND DISPLACEMENTS (- ?»NN) 
C 
C IDIR(I.l) NUMBER OF X-DISPLACEMENT AT NODE I 
C ID1R(I.2) NUMBER OF Y-üISPLACEMENT AT NODE I 
C 
C 
C NODF(I.J) - J-TH NODE TOUCHING ITH DIRECTION 
r 
c 
C NOT(I.J) - J-TH TRIANGLE TOUCHING NODF I (UP TO J-S) 
C NOT(I.9) - NUMBER OF TRIANGLES TOUCHING I-TH NODE 
C 
C NOT(l.J)   INCREASES ^ONOTONICALLY WITH J 
C 
C A MAXIMUM OF 80 TRIANGLES 
C 25C NODES 
C 500 DISPLACEMENTS. KNOWN AND UNKNOWN 
C 60 ROWS IN A PARTITIONED SUB^ATRIX 
C 60 KNOWN DISPLACEMENTS 
C 8 TRIANGLES COMMON TO A NODE 
C 
C IF   TWO   VERTICES   IN   THE   SAME   TRIANGLE   HAVE   THE   SAME   X   COORDINATE 
C THEN  THEY   MUST   BE   ORDERED   TO   BE   A   AND  B 
C 

COMMON   /Z/   NOOO.ö).   FD(SOü).   NODEC'OO.?) .   X(250).   Y ( ?«in ) . TH ( ?S0 ) , 
1 N.   KREM.   M,   S(60.60.5).    IDIR(25n.2).   ALF(250).   T(l?,12). 
2 AMX(1?.12).   BMX(12.12).   SP(60.20).   EF(BO).   ER(PO),   RNIMBO). 
3 FNU(80)»   NOT(25J.9).   CIJ(6.80).KMX( 1 2.12.80).   AS(6.6.80). 
4 G(6ül, NKD. NUU. NN. NT . VF (80).BtTA(80) 
REAL KMX 
DIMENSION DUM(13) 
DEG » .0174533 
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C ZERO  OUT   MATRIX   T AND        MATRIX   B 
DO   10   I   .   1,12 
DO   10   J   .   1,12 
BMX(I,J)   «   ".. 

in   T(I.j)   »  o. 
c 

C ZERO   OUT   APPROPRIATE   PARTS   OF   12X12   A-MATRIX 
C 

DO   2Ü   I   «   1,6 
DO  20   J   =   1,6 
AMX(I*6,J)   *   0. 

20   AMXII,J+6)    ■   0. 
READ 1000, {DUM(I),I«1,13) 
PRINT 10C1, (DUMd I , I.l,n) 
R€AO in02, NT, NV, NMP, NMD, NKO 
PRINT 1003, NT, NV, NMP, NUD, NKD 
NN « NV + NMP 
NKF » NUD 
NUF 3 NUß 
NKFD • NKF ♦ NKD 

C 
C  ZERO OUT ALL KNOWNS 
C 

DO W   I«1,N)CFD 
FDd) « 0. 

30 CONTINUE 
C 
C  READ TRIANGLE INFORMATION 
C 

DO  40 K ■ 1,NT 
RFAD1U07,I,(NO(I,J),J«l.6 ) »FFI 1),FNU(I),ER(1),RNU ( I I ,VF( 1) .BETA(1) 

40 CONTINUE 
C 
C   READ NON-ZERO KNOWNS INTO FD AND PRINT THEM OUT 
C 

PRINT 1118 
DO 50 I»1,N<F0 
READ 1115» J.TEMP 
IF (J.EQ.O)  GO TO 60 
FDU)   ■   TFMP 

50   PRINT   1120   ,J.FD(J) 
6P   CONTINUE 

C 
C      PRINT  OUT   TRIANGLE   DATA 
r 

LINE  «   4 
PRINT 1030,(J,J-1,6) 
DO 80 Iel,NT 
IF(LINE.LT.54)  GO TO 75 
LINE « 4 
PRINT 1030,1J,J«l,fc) 

75 LINE « LINE*2 
BO PRINT 1033,I,(NO( I.J),J.l,6),EF(n,FNU<I),ER(I),RNU( 1), 

1    VF(I), BETA(I ) 
C 
C  PRINT FD 
C 
C 
C      READ   IN VERTEX   INFORMATION 
C 

DO   lt>0   K«1,NV 
READ   100«),      I»   IDIR(I,1),    IDIP(I,2)»ALF( 1),   X(I).   Y<I»,   TH(1) 
ALFdl   -   ALF( I )   •   DEG 

100   CONTINUE 
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c 
C READ IN «ID-POINT INFORMATION 
C 

DO 135 K • ItNMP 
RFAD   lOOAt      If   IDIRd.Di   IDIR ( I.? ) .AUF ( I ) 
ALF(I)   •   ALF( I I   •   DFG 

C 
C  FIND  XtY  FOR  MID   POINT 
C 

DO   105   L   ■   l.NT 
DO   105   J   ■   1.6 
IF( I.FO.NO(L»J> )   CiO   TO  110 

105   CONTINUE 
PRINT 1050 ,1 
STOP 

110 NOLI ■ NO(L.l) 
IF(J.E0.6)      GO TO 115 
NÜLJP1 ■ NO(L.J+ll 
GO TO 120 

115 NOLJP1 ■ N.KL.l » 
120 NOLJM1 - NO(L»J-l) 
130 Yd) ■ (Y(N0LJM1 )+Y(NOLJPl) )/2. 

X(I) ■ tX(NOLJMl)+X(N0LJPl) )/2. 
TH( 1) ■ (TH(N0LJP1 !*TH(N0LJM1))/2. 

135 CONTINUE 
C 
C  PRINT OUT NODE INFORMATION 
C 

I » 1 
140 CONTINUE 

LINE - 4 
PRINT 1020 

145 CONTINUE 
BLD » ALF(I)/DEG 
PRINT 1021. I« IDIR( I.1)«1DIR(It2)tX(II,Y(I).TH(I).BLD 
I - I + l 
IFd.GT.NN) GO TO 160 
LINE » LINE *   2 
IF(LINE.GT.53) GO TO 140 
GO TO 145 

160 CONTINUE 
C 
C  READ IN PARTITIONING IMFORMATION 
C 

READ 1016. MSIZE . KREM , N 
M ■ MSIZF / N 
IF(KREM.NE.N)  M » M+l 

C 
C 
C   GENERATC TABLE OF TRIANGLES VS NODES 
C 

DO 200 I« l.NN 
NOT(I.9) « 0, 

?00 CONTINUE 

DO 3ÜÜ I-l.NT 
DO 300 J « 1.6 
K   ■ NO(I.J) 
N0T(K.9I ■ NOT(<.0) * 1 
L ■ NOTU.-;» 
NOT(IC.L)   ■   I 

300  CONTINUE 
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C  GENERATt TABLE UF NODES VS DIRECTIONS 

DO   ISO    I »l.NN 
DO   3»0   J=:t? 
K   x    IOIR(I.J) 
NODFU,?)    -   J 

3%n   NOOFdf .11    =    1 
C      GFNERATf    SMALL   K-MATRICES   AND   ALL   A-STAR   MATRICFS 
C 
r 

DO  t,3ü    I«l .NT 
HfTA( I )    »   BETA( I )»DECi 
CALL   5MALLIC( I ) 

400   CONTINl'F 

CALL   SOLVIT 
inon   FORMAT!13A6) 
loOl   FORMAT ( lHl.I3Afi////) 
1 JO?   FORMAT(513 ) 
1003   FORMAT! IX.   6X . 9HTR I ANG1.FS.7X .flHVTRT ICES •, 5X . 10HW I D-POINTS. 

1 5X.nHUNKN0WN   DISPS.^X.llHKNOWN   D I rf S/1 X3 (12X . I 3 ) . 1 "iX , I 3 » 1 3X . 
2 13) 

100«)   F0RMATCI3.4E6.3 ) 
1006 FORMAT!313.F6.3) 
1007 FüRMAT!7I3.5Ey.3 ) 
1016 FORMAT(3I3) 
1020 FORMAT!5H1NODE.3X.5HDIR 1.3X.5HDIR 2.9X.1HX.9X.1HY .4X.9HTHICKNESS. 

1    «iX^HANGLE/l 
1021 FORMAT!2X.I3.2!5X.13).4F10.3/) 
1030   F0RMATI9HlTRIANr,LE.6(2X.3HPT   , 11 ) . 1 OX .2HFr .BX .4HNI)   F,inX.2HER. 

1 8X.4HNU   R.10X.2HVF.8X.4HBETA/) 
10 33   FORMAT!6X.I 3.6(3X.13)»6(t12.6)/ I 
1J50  FORMAT!5H1N0ÜE.13.21HM0T   IM   TRIANGLE   INPUT) 

im FORMAT! I3.E16.6) 
1118 FORMAT!1H1.1'<X.28HNON-ZFRO BOUNDARY CONDITIONS  //) 
1120 F09MAT!7H KNOWM I . I 3 . 3H ) «.EH.fl) 

STOP 
END 
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SUBROUTINE   LAHGEK( ICYCLE »AtB.C tCS.O»SIC12 111.12 .1 3 ,14 , Ji-) 
C 
C        AN ISOTROP IC 
C 

C THIS SUBROUTINE IS CALLED RY SURROUTINF SOi.VIT 10  GENERATE A ROW OF 
C SUBMATRICES FROM THE MATRIX K-STAR. THE SXALL (12X12) K-MATRICFS 
C GENERATED ON THE PREVIOUS P/bS WILL Bfc SAVED ON THIS PASS. AND THE 
C REQUIRED SMALL «.-MATRICES NOT ON HANIJ WILL Pt GENeRATED. THE MATRIX 
C ASTAR-INVERSE WILL BE SAVEL) FOR THE CALCULATION OF STRESSES. *S WILL 
C C11.C12.C22.03 FOR EACH NEW TRIANGLE. 
r 
c 
C A CORRESPONDS TO A(I,I-1) IN THE PARTITIONED MATRIX 
C B CORRESPONDS TO Ad.I  I IN THE PARTITIONED MATRIX 
C C CORRESPONDS TO A(I.I+1) IN THE PARTITIONED MATRIX 
C THEREFORE. A(I) IS THE TRANSPOSE OF C(I-l). I.CT.l 
C 
r 
C      ON THE M-TH PASS. K.2? STARtNKD X NKO) IS RFTURNFn IN C. 
C 

COMMON /Z/ N0(8Ü.6). FD(50Ü). NODF(500.2). X(250). Y(250).TH(250 ) , 
1 N. KREM. M. S(60.60.5)» IDIR(250.2). ALF(250I. T(12.12). 
2 AMX(12.12I» BMX(12.12). SP(6C.2r). EF(eü). ER(8n). RNU(BO). 
3 FNUISul. NOT(25J.9). CIJ(6.B0).KMX(12.12.80)• AS(6.6.8r). 
4 G(6>'), NKD. NUÜ. NN. NT .VF(80).BETA( 8n) 
REAL KMX 
DIMENSION A(I1.I2) . B(Il.Il). C(I1.I3) . SK17((1,I4) 
DIMENSION  CS(I5.ID. 0( 14.14) 

C 
DIMENSION  RK12(360ü) 
EQUIVALENCE  ( S( 7201).RK12) 
DIMENSION  NDIR(6.2)  • R(8G) 
DATA  NDIR / 1. 6. 2. 4, 3. 6. 7. 12. 8. 10. 9. 11/ 

J AT NODE I 
r 
c 
c 
c 
c 

NDIR(I.J)  -  POSITION IN GENERIC TRIANGLF OF DIRFfTION 

(J •1.2)  .  (I«1.6) 

IG ■ U 
IABC2 « 4 
IF( ICYCLE-GT.l )  GO TO If: 
REWIND l6 
lARCl '7 
IS « 0 
JS » -12 
GO TD 22 

10 CONTINUE 
IF(ICYCLE.GT.2)  GO TO 15 
JS « 0 
(C2 = KREM 
RO TO 20 

H JS « KREM * (ICYrLF-3)»N 

c 
c 

20 IS « KREM *    (ICYCLE-2)*N 

IS -  BIAS FOR ROWS 
c JS -  BIAS FOR COLUMNS 
c 

IABC1 = I 
IF(ICYCLE.EO.M) IARC2 = 5 

22 JSA = JS 
J5B ■ JSA + 12 
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ISC » JSB ♦ II 
IRDwl • 1 ♦ IS 
IR0W2 ■ II ♦ IROWl -1 
DO 1^0 IARC '   IABCltI/VöC2 
GO TO (25.35 ti.J.41 ,49) tIARC 

25 REWIND U 
READi 11 ) ( (A( I,J),1.1 ,11)»J«l.t2) 
GO TO 150 

35 IC0L1 « JSB ♦ 1 
IC0L2 « ICOLl ♦ II - 1 
GO TO 45 

40 IF( ICVCLE.EO.M) GO TO 15« 
ICOLl • JSC * 1 
ICOL2 ■ ICOLl * 13 -1 
GO TO 45 

41 ICOLl • NUD * 1 
IC0L2 « NUD ♦ NlCD 
GO TO 45 

49 ICOLl » NUD+1 
ICOL2 ■ ICOLl ♦ NKD - 1 
IROWl « ICOLl 
IROW2 « ICOL? 

4« CONTINUE 
DO 1ÜO I-IROW1.IROW2 
NO I » NODE!1,1) 

C 
C  NOI - NODE WHERt DIRtCTION I IS LOCATED 
C 

DO 10:) J«ICOLl,lCOL2 
NOJ ■> NODFU.l ) 

f 
C     NOJ  -  NODE   WHERE   DIRECTION   J   IS  LOCAlfco 
C 

TEMP   ■   Ü, 
NOT 19   n   NOT<NO I.9) 
N0TJ9   '   N0T(N0J.9) 

C 
f    IMAX   -   NO   OF   TRIANGLES   AT   NODE 
C 

DO  64   K«l,NOTI9 
NOT I ■ NOTINOI.K) 
DO 64 KK»l»NüTJ9 

C 
C  NOTI - KTH TRIANGLE TUUCHINC» NODE NOI 
r 

IF(NOTI,NF,NOT(NOJ,f<) )  GO TO 64 
DO 60 l«l,6 
IKNOI.EO.NO(NOT I ,L) )      IK   •   L 
IF(NOJ.EQ.NO(NOTI »LM      JK   *   L 

6"   CONTINUE 
IM . NOÜE(1,2) 

C 
C  I" -  DIRECTION 1 OR 2, NODE NOI 

67 NDIRI *   NnlP( Kt IM) 
JM « NODE(J,2) 

C 
C  JM -  DIRtCTION 1 UR 2. Nüüt NOJ 
C 

NOIRJ » NDIR(JIC,JM) 
TEMP ■ TEMP*KMX(NDIRI .NDIRJ,NOTI) 

64 CONTINUF 
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6? GO TO (70»70t80i82t85)tIABC 
70 B(I-lStJ-JSB) ■ TEMP 

60 TO 90 
60 CONTINUE 

Cd-IStJ-JSO" TEMP 
CS  (J-JSOI-IS) ■ TFMP 

C 
C  CS IS THE TRANSPOSE OF C. SAVED FOR USE AS A IN THE FOLLOWING CYCLF 
r 

GO TO 90 
82 SK12(I-IStJ-NUD) « TEMP 

GO TO 9Ü 
85 0(I-NUD.J-NUD1 ■ TEMP 
90 CONTINUE 

C 
C  K72-STAR (NKD Ä NKD)  LEFT IN (S4 ■ 0) AFTER M-TH PASS 
C 

100 CONTINUE 
IF(IABC.NE.3)  GO TO 110 
REWIND 11 
WRITE (11) ((CC(Jtl)tJ*l»I5ltI>l»Il) 

110 CONTINUE 
IF(IARC.NE.4)  GO TO 150 

C 
C  CALCULATE INDEPENDENT VECTOR SEGMFNT G 
C 

DO 13T L«1»IG 
G(L) " FDtL-MS) 

130 CONTINUE 
CALL MXMULT(S(ltli3)tFD(NUD+l)»R.11iNKD111 
DO 1^0 L«1»IG 
rWL) ■ G(L) - R(LI 

140 CONTINUE 
150 CONTINUE 

K21DIM ■ I1«NKD 
WRITE  (10)  (RIC12( JJJ) tJJJ«l tK21i")IM) 

C 
C 

RETURN 
END 

81 



SUBROUTINF 50LV1T 

ANISOTROP IC 

SOLVES  SU«C-. . 
WITH tLKMfcNTS 

WHERE S 
OF ORDER 

IS 
N. 

THIS  ROUTINE 
SUBMATRICFS. 
S   IS   KNOWN 
SP    IS   A   VECTOR   OF   DIMENSION   (NXV)   WHERE 
C   IS WRITTEN   ONTO   TAPE   AFTER   DERIVATION 
AND   READ   BACK.   IN   ON   THt   BACHSWEEP 

A   TRI-DIAGONAL   MATRIX   IN 

y   IS   THE   NUMBER   OF   DIVISIONS 
ON   THE  FORWARD  PASS» 

OF 

Sd.ltl) INITIALLY 
Sd.l»?) INITIALLY 
Still.*> INITIALLY 
SP CORRESPONDS TO P 
ON THE BACKSWEEP. IT 

•11 CONTAINS  Sd.l 
CONTAINS  Sd.l  ) 
CONTAINS  Sd.I + 1) 
IN THE WRITEUP BY GATEWOOO 
CORRESPONDS TO U. 

ON THE FORWARD PASS. 

COMMON /Z/   NO(80.M. FD(500). NODE(5no,2), X(7«)0), Y( 250 ) . TH( ?5n) , 
1 N. KREM. M, St60.60.5). I0IRU5O.21. ALF(250). Td2.12). 
2 AMX(12»12). BMX(12»12). SP(60.2n). EF(80). ER(80). RNU(80)» 
3 FNU(8J». NOT(25J.<5)f C IJ( 6.80 ) .KMX( 12 .12.80) . AS(6.6.80). 
<»   G(6C'), NKD. NUO. NN. NT »VF (9CI .BETA (80) 
REAL KMX 
EOUIVALENCE  IS t l*<i(!l»,C ) 
DIMENSION CI360ÜI 
DATA  XLIMIT /l.E-8/ 
REWIND 9 
N2 « 2»N 
KREM2 ■ 2»KREM 
DO 30 ICYCLF »l.M 
IFdCYCLE-2) 1.2.3 

1 Kl « KRE«' 
K2 « KREM 
K3 « KREM2 
GO TO t* 

2 Kl ■ N 
K2 « KREM 
K3 « N? 
GO TO U 

3 Kl «N 
K2 »N 
K3 *H2 

it   CONTINUE 
K4 ■ N 
IF( ICYCLE.FO.M) <!%   *   NKD 
CALL LARGEK(ICYCLE .b.S(1.1»2).S(1.1.A).S( 1 . 1 .3)»S(1.1.4),S(1.1.3). 

1      Kl.K2.K4.NKD.N) 
IF(ICYCLF.EO.l) GO TO n 
CALL MXMULT(Sd.l.l) . Sd.l.5) . Sd.l.3) .K1.K2.K1) 

Sd.l.5) CONTAINS C FROM LAST CYCLE 

CALL MXSUBlSd .1 .2) • Slid.3) « Sd.l.2) tKl.Kl) 
10 CONTINUE 

B d.I»  NOW IN S( 1 d.2) 

CALL    INVERT(Sd.l.2)    •   Kl        K3.   XLIMIT   «   FLAG) 
IF   (FLAG.NE.-.)   GO   TO   500 

INVERSE   OF   Bd.I)   NOW   IN     Sd.l.2) 

IF    (ICYCLF.FQ.l)   CO   TO   ?' 
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CALL MXMULKSd.l.l) .SP(1. ICVCLE-l) . Sd.I.^) , N, K? , 1) 
CALL MXSUB (G  •  SCltl.-)). G. N. 1) 

?0 CONTINUE 
CALL MXMULT(S(1.1.2I t G tSPd. ICYCLE  ) » Kl . Kl ,  1» 
IF (ICYCLE.GE.M) GO TO 35 
CALL MXMULT (S(l.lt2» • Sd.1.4) , Sd.1.5). Kl . Kl . N) 
NSQ « K1»N 
WRITE (9)  (C(JJJ).JJJ«1,NSO) 

30 CONTINUE 
35 CONTINUE 

C 
C  NOW IN BAC<SWEEP. SOLVING FOR U 
C 

DO 60 I « 2.M 

JCYCLE = M-I+l 
IFUrYCLF.GT.l)  f",0 TO 36 
Kl « KRFM 
GO TO 37 

36 Kl « N 
37 CONTINUE 

NSO « K1«N 
IF (JCYCLE.EO.M-1)  GO TO 41 
BACKSPACE   9 

41   CONTINUF 
BACKSPACE   9 
READ      (9)      (CUJJ).JJJ«I.NSO) 

C 
C     U(M)«SP<M)    ♦   CONSIDER   FIRST   (M-l)TH   CYCLE 
C 

CALL   MXMULT(Sdfl.5)    tSPd t JCYCLE + 1 ) .Sd . 111) .Kl ,N.   1) 
CALL   VXSlJB(SPd»JCYCLF).   Sd.1.1»    .SP(1 .JCYCLE» .   Kl    i      1) 

60   CONTINUE 
r 
C     U(NS.l)   NOW  STORED   IN   SP(N.I)   .   I-l.M 
C 

CALL ENDIT 
RETURN 

500 CONTINUE 
PRINT unn . ICYCLE 
STOP 

loop   FORMAT    niHKOIJLD   NOT   INVERT   MATRIX   IN  ROW.I?) 
END 
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SUBROUTINE FNDIT 
r 
C THIS SUPROUTINF CALCULATES THE STRESSES SIGMAXI SIGMAY, AND TAUXY 
C AT EACH NODE. FOR EACH TRIANGLE.   THEN FOR FACH NODF. AN AVERAGE 
C VALUE IS DERIVED t>Y SUMMING THE  VALUES ARRIVED AT IN EACH 
C CONTIGUOUS TRIANGLE. AND DIVIDING RY THE NUMBER OF TRIANGLES9 
C 
c 
C  SHIFT THE DCLS TO REMOVE THc GAPS 
r 

EQUIVALENCE (S.SMALLA) . < SO601 ) ^PSTR) . (S(10801)»0) 
DIMENSION  SMALLA(12, B'))    t DX(1?) » SX(3»250) 
DIMENSION PSTR(3.25r)l  . 0(3600) 
ECJUlVALtNCE      IS(7201).S,,<)    .   ( S (8001 1 .DEL ) 
COMMON   /Z/   N(H80.6).   FD(500).   NOOE{500.2).   X(250).   Y(250).TH(250). 

1 N.   KREM.   M.   5(60.60.5).    IDIR(250.2!.   ALF(250).   T(12»1ZJ» 
2 AMX(12.12I.   äMX(I2.12)t   SP(6n«20).   EF(80)t   ER(80),   RNU(80). 
3 FNJ(flC).   N0T(25J.9)t   CIJ(6«80 ) .KMX(12.12.80)•   AS(6.6.80J. 
U        G(6").   NKD.   NUD.   NN.   NT .VF(80).BETA{80) 

PFAI    <MX 

PIMFNSION  DFLCiOC)   .   PS2(6(0    .   NTRI(6)   .DXP(12 I.NOD(6) 
DATA   NTRI/1.3.S.4.6.2/ 
N'SIZE   =   NUD+NUD 
PI   •   3.U15927 
DO   10   J»1.<REM 
DEL(J)   •   SP(J.l) 

1,1   CONTINUE 
KLOC   ■   KRE«   -N 
no  ?n   IO.M 

. _     KLOC   ■   KLOC   ♦  N 
DO   20   J«1.N 
DEL(KLOC*J)   "   SP(J.I) 

20  CONTINUE 
DO   22   I»1.NKD 

2?   DEL(NUD-M)   ■   FD(NUD>I) 
"PINT   1010 
NDEL   »   (NUD*NKD)    /   7 
JfNT   «   0 
DO   30   J^l.NDFL 
JCNT   •   JCNT   ♦   1 
IF(JCNT.LE.17)      GO   TO   25 
PRINT   10i: 
JC»'T   «   1 

7*   JFIP   m   7»(J-1)   ♦   1 
JLAST   «     JPIR   ♦   6 
PRINT   1011   .   (K.KOFIR,JLAST) 
PRINT   101?.   (DEL(K).K«JFIR.JLAST) 

30   CONTINUE 
LOCI   »   7»NDEL+1 
L0C2   ■   NUD  ♦  NKD 
IF(Lnri.f-T.L0C2)      GO   TO   40 
PRINT   1011.(K.K«L0C1.L0C?) 
PRINT   1012.   (DrL(K).K»LOC1.LOC2) 

An   CONTINUE 
r 
C     CALCULATE   STRESSES 
C 

DO   100    1 = 1.NT 
C 

DO   f>0   J = 1.6 
NTRTJ   »   NTRI(J) 
NOn(J)    »   N0(I.NTRIJ) 
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MOE ■ NOD(J) 
IDIR1 ■ IDIR(NOEil) 
IDIR2 ■ IOIR(NOEf2) 
DXP(J) ■ DELdDIRl) 

60 DXP(J'f6l ■ DEL( IDIR2) 
c 
c 
c 

CALCULATF DFLTA Br ROTATING DXP 

00 80 J«lt6 
NOE - NOD(J) 
CALP ■ C0S(ALF(N0E1 ) 
SALP - SIN(ALF(NOE) 1 
OX(J) • CALP»DXP(J)-SALP*DXP(J+61 

80 riX(J*6) *   SALP»DXP(J) + CALP»DXP( J+6) 
CALL MXMULKASdtltl ).DX( 1) .SMALLA 11 t 1) ,6 .6 .1 ) 
CALL MXMULT( AS(1 ,1,1)tDX(7 ) .SMALLA(7.I),6.ft,l) 

100 CONTINUE 
C 
C  HAVE VECTOR SMALL A FOR EACH TRIANGLE 
r 
C      FIND  SIGMAX.SIGMAVtTAUXY   FOR   EACH  NODE.   THEN   AVERAGE   AMONG   TRIANGLES 
r 

DO  200   I   ■   IfNN 
N0T9  «   NOT(Ii9) 
DO   110   J»1.3 
SX(Jtl)   ■    i, 

11^   CONTINUE 
DO   120   J.1,N0T9 
L   ■   NOT(ItJ) 
NOL1   ■   NO(L11) 
XI   «  X(I)   -  X(N0L1) 
ETA   •   Yd)   -   Y(N0L1) 
Cll   ■   CIJd.L) 
Cl?   ■  CIJ(2tL) 
C13   ■  CIJOtL) 
C22   ■   CIJ(4,L) 
C21   =   CIJCJ.L) 
C33   ■   CIJ«fttL) 
A2FTC   »   SMALLA(2.L)+2.»SNiALLA(4.L)»XI        ♦SMALLA(5,L)»FTA 
AOFTC   •   SMALLA<<>tL)+SMALLA(ll.L)»XI        +2.»SMALLA(1?,L)»ETA 
A3ETC   «   SMALLA(3.L)+SMALLA(8tL)+XI   ♦{ SMALLA( 5»L)+SMALLA(10.L)*2.) 

1 +ETA«(2.»   SMALLA(6,L)+SMALLAdl.L)) 
SXdtl)   «   SXd.I)   ♦   C11»A2ETC   +  C12«A9fcTC+Cn*A3tTC 
SX(3tI)   *   SXI3.I)   +   '■33»A3ETC  +C13»A2FTC+C23«A9ETC 

120   SX(2fI)   *   5X(?.I)   +   v.l2»A2ETC   +  C22»A9ETC        +C23*A3ETC 
DO  130   J   «   1,3 

130   SX(J,I|   «   SXCJ.I)   /   M0T9 
r 
C        FINU  PRINCIPAL   STRESSES   ?STR 
C 

RHS  »  SQRT{    (   SXd.I)-   SX<2»1))»«?     /4.   *■     5X(3»n»»2) 
PSTRd.I)   «   (   SX(1,I)   +     .SX(?,I))   /   2.     +  RHS 
PSTRt2»I)   »(   SXd.I)   +     SX(?.n)/2.     -   RHS 
PSTR(1.I)«9.%»     ATAN(?.»   SX(3,I)/(SX   d,I)-SX    (2.n))/PI 

200   CONTINUE 
C 
C        DERIVE  P   STAR   2 
C 
C      KS22(NKD   X   NtCD)    IS   IN   Sd.1,4) 
C        K12   (NUD  X   NKD)    IS   ON   TAPF   llJ 

C        K21   IS   THE   TRANSPOSE   OF   K12 
C 
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NK?2 =    NO»NKt) 
CALL «XMULT(S( 1.1.41.FD(NUD-M ) .PS2.NKO.NKO.11 
REWIND 10 
DO .'9^ I«1,M 
IF( I.GT.lI GO TO Zl" 
lOCFO ■ i 
IC?iniM i KHFM#NKD 
I I « KPF« 
GO TP ?t,^ 

2-^ II = N 
KaiDIM « N«NKD 
LOCFD « KRFM+(I_?)»N+1 

?<»'i CONTINUF 
PEAn  (IM (O(JJJ).JJJ«1,K?1DIM) 
CALL   TMXMi;L(Q,nEL(LOrFn) .PS2 . I 1 .NKO. 1 ) 

?<}n   CONTINUF 
r 
r       PRINT   P-STAR   2 
C 

NPSTR   »   NKD/7 
IF(NKD.GT.NPSTR»7)      NPSTR   *   NPSTR+1 
DO   •»'iO    I«l.NPSTR 
n  = 7»n-i ) + i 
III = II * NUD 
\2   = MIN0(Il*6tNKD) 
I I? « 12 ♦ NUD 
PRINT i:)3^.(<. K» I II. 112) 
PRINT 101?,(PS2(<).<=I1.I2) 

'50 CONTTNJF 
r 
C        PRINT   OUT   STR^SSFS 
r 

I    =    1 
8 70 CONTINUE 

PPINT io^;; 
L INF   =   ■? 

B71 CONTINUE 
no    SP-1    J=I .? 
IF(.)-7)      R7'.fll 4.P7r. 

B7-» PRINT   Id.    I. 
CO   TO   876 

X( I ) . 5X(J.I) .   PSTR(J.I) 

874 PRINT   1Ü0?. 
GO   TO   876 

Yl I ) . SX(J . 1) .   PSTRU.I » 

«7« PPINT   lO'.'l, ,SX( J.I ) .   PSTRU.I ) 
«76 CONTINUE 
ppn rovTlNUF 

LIME   «   LINE   +   S 
T    =    1 + 1 
PRINT   in"i4 
IF    ( I.GT.NN)      GO   TO   890 
IF    (LINE.GT.bC)    GO   TO   870 
GO   TO   fl71 

po-   CONTINUF 

RETURN 
no"   FORWATdHl.BH NOi)E .6X . 8HPOS I T ION .«»X , 13HVFCTOR      SIGWA.'jXi 

1 18HPRINCIPAL   STRESSES/) 
"1   FORvATdH   IX. I3.fX.El?.,'.?(fcXEl'J.8) ) 

?   FORMATIiH   3X .3X»6X.L12.5.2(6XF1'J.Ö) ) 
'■?   EC^^AKIH   3X.3X.6X.12X      .2(6XE1%.8)) 
i^   FORMAT{/) 

1010   FORMAT ( IMLS^X.^HDISPLACEMENTS./) 
'11   FORWATIIH   ,7(8X.4HDEL(.I3.1H)    )) 

M?   F0R"AT(1H   .712X.E14.7)/) 
.;'30   FORMATdH   7( 8X.4HPS2( .I3.1H) ) ) 

END 
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SUBROUTINE   SMALLKU) 
C 
C       AN ISOTROPIC 
C 
c 
C     THIS  SUBROUTINE   DERIVES   THE   MATRIX   SMALL   K   FOR   THE   TRIANGLE   I 
C 
C     ALSO CALCULATED   AND   STORED  FOR   THE   STRESS   ROUTINE   ARE   THE   A-STARS 
C 

COMMON /Z/ N0(e0»6)f FDCiOO), NODE ( 50r „ •» > , X(?50). Y( ?,in) »TH r ?'in ) , 
1 N» <REM» M» S(60.60t5)f IDIR(?50.-)» *tF(?SO). T(12.12)i 
2 AMX«12.1?)t BMXtl2.12)t SP(6nt2n)t fMgO). FRCSfl), RNU(BO). 
3 FNU(8Ü)t NOT(25üt9l. CIJ(6t80 ) «H>'x (12 .12 tBO ) , ASIh.ft.RD), 
U       G(6l))t NKD. NUU» NNt NT ,VF (80) .BETA(8n) 
REAL KMX 
DIMENSION  C(3.3) . CP(3.3) . CD(3.3) • Tl(3.3) 
DATA   XLIMIT / .BE-B/ 
1A « NOtl.l) 
IB « N0(It3) 
IC ■ N0(It6) 

1AG   «   N0(1.4) 
IB6   *   NOt1.6) 
ICG  «  N0(1.2) 
XIA  -   X(IA) 
XIB   •   X(1B)   -   XIA 
XIC   -   X(IC»   -   XIA 
VIA   «   Y(IA) 
ETAB   -   Y(IB)   -   VIA 
ETAC   ■   YdC)   -   Y1A 
XIO     ■   (XIB*XlC)/3. 
ETAC   «   (ETAB+ETAC)   /3. 
DELT  ■   XTB*ETAC   -  XIC»ETAB 
Til-  -(TH(IA)»(ETAC-ETAB)   -   THdBJ'ETAC *   TH(IC)«FTAB /   DFLT 
T2   -   -(TH(IA1»(XIB   -   XIC)   ♦   TH(T^)»XIC -   TH(TC)*XIB /   DFLT 
TO   «   TH(IA) 
EM2   »  FTAC   /XIC 
IFCXIB.NE.Ü,)      GO  TO   15 
EMI   «   EM2 
GO  TO   17 

IS  EMI   «  ETAB   /   XIB 
17   EM3   »   (FTAC   -   ETAB)    /   (XIC   -   XIR) 

B3  «   FTAR   -   EM3   •   XIB 
B32   «   93»»2 
R33   ■   B32*B3 
B34   ■   B33»B3 
EM211   «   FM2   -   EMI 
FM212   «   (EM2+EM1)   •  EM211 
EM213   «   FM?**3   -  EM1«*3 
EM23]    »   EM?   -   FM3 
EM?14   «   FM2«»«.   -   EM1»»4 
XIC3   «   XIC   •♦   3 
XIC4   ■   XIC   •   XIC3 
XIC5   «   XIC   •   XIC4 
XIB3   '   XIB   •♦   3 
XIB4   ■   XIB   •   X1B3 
XIB5   ■   XIB   •   XIB4 
FMFC1«   FM^*XIC   ♦P3 
FMFB1«   EM3»XIB   +«3 
EMFCR3   '   FMFC1»»3 
EMECR*   »   EMEC1   •   EMECR3 
EMECB5.   '   EMEC1   •   EMtCö4 
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EMEB33 «   EMEB1»»3 
F^EHB* •  FMEB1   •   E^EBB3 
F«iERB5 •  E*1EB1   •   EMEBB* 
ECR1   « xir-xjn 
FC«?   • XIC»»2   -   XIR»«? 
ECB?   « XIC*«3   -   XIB««3 
ECR4   = XIC*«4   -   XIB»«4 
FCBS   * XIC»»5   -   XIB««5 
EM32   M EM3   •   EM3 
E'M33   « EM3   •   EM32 
EM??  . EM2   •   EM2 
FM?1   ■ EM?   •   EM2? 

c 
c 
c 

FM?4   ■ FM?   •   EM2 3 

CALCULATE   THF   GAMMAS 

GO   .   DE L-T    /    2. 
Gl   »   G' )   •  XK 
G2   .   G( )   «  ETAO 
r,3   «   FM?il   •   XIB4/4.   *   ( 
G6   «   EM?ll   •   XIBS/I.   ♦   | 

FM231/4.»FCP<t-B3/3, • ECB3 
FM231/,>.»ECB5 - B3/4. • ECB4 

IF(FM3.NE.o,)   GO   TO   18 
G4   •   EM213   •   XIB4/12.-f   EM23/12.*ECB4-B33»ECBl/3. 

G5   *   EM212   «   XIB4/8.   *   EM22/e.   •ECB4-B32»ECB2/4, 

G7   .   FM?t2   •   XIBVIO.*   FM?2/10.»FC«5-B32»FCB3/6. 

G8  ■  EW213  •   XIB5/15.+  FM23/15.*ECB5-B3?»ECB2/6. 

G9   ■(EM214*XIB5        ♦EM24*ECB5»/20.   -B34»ECBl/4. 

GO  TO   19 

18   G4   .   FM?n   •   XIB4/12.*   EM73/12.«FCB4-(FMECB4-FMFPB4I/(12.*FM3) 
GS   «   FM?]?   •   XIB4/P.   *   FM22/8.   •FCn4-{rMErB4-FMFBb4)/(8.»tM3?) 

1 ♦   B3/(6.»FM32)   •   (EMECB3   -   EMEBB3) 

G7  •  EM212   •   XIB5/1U.+  EM22/10,»ECB5-( (EMECB5-EMEBB5)/10. 
1 -   (EMECB4-EME3B4)»H3/4.   ♦   B32»<EMECB3-EMEBB3)/6.I/EM33 

Gfl  =   E^?n   •   XIBS/15.+  EM23/l^,»rCB»-   (EMECBS-EMFRRSJ/C1 S.»EM32> 
1 *   B3/(12.«FM3?)   »   (EMFCB4-FMEBP4) 

G9   «(FM214»X1B5        +EM24«ECB5   -   (FMFCB9-EMEBB5)/EM3)   /   20. 

19   1(1,1)    =   COS(ALF( IA) ) 
T(?.?)    »   COS(ALF( IB) ) 
T(?,^)    »   COS(ALF( IC) ) 
T(4,4)    «   Cn.S( ALF( IAG)    ) 
T(S.5)    »   COS(AL*r( IBG) ) 
T(ft,6)   =  COS(ALF( ICG)) 
T(7»7)    =   T<1.1 ) 
T(fl,e)    =   T(2.2) 
T(9.9)   =   T(3»3) 
TM'i»10)   »   T(4.4) 
T(ll.ll)   =   JCfb) 
T(1?.I?)   «   T(f,,M 
T(1.7)      «   -SIN(ALF(IA    )    ) 
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T(2.8) 
T(3.9> 
T(4.10) 
T(5.11) 
T(fitl2> 

T(7tl) 
T(8«?) 
T(9.3)   • 
T(10t4) 
TdltS) 
T(12»6) 

-SIN(ALF(IR ) 
-SIN(ALF(IC ) 
-SIN(ALF(IAG) 
-SIN(ALF(IBG> 
-SINI.ALFdCGI 

- T(1.7I 
- T(2»8I 

•   T(3»9) 
- T(<nlO) 
- 1(5.11) 
- T(6.12) 

VR   ■   1.   -  VF(I) 
GR   ■   FR(I)/(2.»(l.+RNU(I))   ) 
GF   ■   EF( n/(2.»(l.+FNU(I))    ) 
EXP   ■   ER( I)»VR-»-EF(n»VF(n 
EYP   ■   ER( I)»EF( I)/(tR(n»Vf ( n+EF( I )»VR) 
XYNUP   ■   RNIJ(1)»VR  +  FNUm*VFm 
GXYP ■ GR*GF / (GR'VFd) + GF»VR) 
B11P ■ l./EXP 
B12P " -XYNUP»B11P 
B2?P « l./FYP 
B33P ■ l./GXYP 
DELTA « B11P*B22P-B12P*B12P 
CP(1»1)   « B22P/ OELTA 
CP(2»1)   « - B12P/ DELTA 
CP(3.1)   «  Ü. 
CP(1.2) « CP(2»1) 
CP(2»2)   ■ BHP/DFLTA 
CP(3.?)   -  0. 
CP(1.3)   ■  0. 
CP(?.3)   ■  0. 
CP(3.3) " 1./B33P 
EL ■ COS<BETA(I)) 
EM » SIN(BETA(I)) 
Tl(l»l) 
Tl(1.2) 
Tl(1.3) 
Tl(2»l) 
Tl(2.2) 
Tl(2.3) 
Tl(3.1) 
Tl(3.2) 
Tl(3.3) 

T2 NOW IN Tl 

EL*«2 
EM»«2 
FL • EM 
TKl.2) 
Tl(l.l) 
-TKl.3) 
2.*T1(2.3) 
-TK3.1) 
TKl.l) - TKl.2) 

CALL MXMULT(CP»T1,C0.3.3.3) 
TK3.2) ■ Tl(2.3) 
TK3.1) ■ TKl.3) 
TKl.3) ■ 2.*T1(3.2) 
TK2.3) - 2.»T1(3.1) 

Tl INVERSE NOW IN Tl 

CALL MXMULTtTl.CD.C.3.3.3) 

NOW HAVE   C   MATRIX   IN  C 

cijci.n ■ cdtii 
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CTJ(?.I ) »   r( 1 .?) 
CIJC^.I ) =   C( 1 .3) 
CIJCAtl ) '   C(?.2) 
CIJC.I ) =   C(2.3) 

r 
c 

tIJ(ft.I ) »   CI3.3) 

CALCULATE A-STAR   MATRIX 
AS(1.2.1 «   Ü. 
AS(1.1.1 =    D« 
AS(?.?.! »    XIR 
AS(1.2.1 »    XIC 
AS(4.2.1 «   X(IAG) -   XIA 
AS(5.2.I «   X( IbG) -   XIA 
ASI6.2.I «   X( ICG) -   XIA 
A,S(?.3.1 =   ETAB 
«SI ^.-".I =   FTAC 
ÄSt4.T»l =   Y( lAG) -   YIA 
AS 11.1.1 =   Y(1BG1 -     Ti-'. 

A5.(6.3.1 =   Y( KG) -   VIA 
DO   2U     J =    1.6 
AS(J.l.l •    1. 
AM J.A.I =   AS(J.2t I )••? 
A.S( J.S.I =   A5>(J.2i I)    ♦   A5(J.3t I ) 

?0   ASIJ.ft.l *   AMJ.3, I )♦•? 

CALL   INVFRT( AS ( 1.1 . 1 ).6.12.XL 1*1 T»FLAG) 
1F(FLAG.NF.C )GO   TO   bOCi 

NOW  HAVE   A- STAR-INVFRSE.   GET   A-MATR1X 

DO   ?•)   J=l .ft 
in   2^      K=l .ft 
AMX(J+6.K*6) 

??   AWX(J      .<       ) 
AS( J.tC.I ) 
AS(J.K.I ) 

TGI 
TG3 
TG5 
TG6 
TOT 
TG« 
RMXI?.?)    = 
SMX(3»2)    « 
ÖMXU.2)    = 
aMx(«>.2)  « 
RMX(6.2) = 
«VX(S.?) = 
hVX(4.7)    » 
«wx(in,?) 
HMX(11.?)= 
B^X(1?.2)« 
PMX(3.3) * 
HMX(4.1) = 
BVXCi.l)    « 

HMXIP.') = 
OWX I?.-' ) = 
RVX(1.3) 

•Til« Gl*T2»02+T(»GO 
=T11« G3*T2»G5+T )«G1 
»Til« &'i + T2»G4 + T.'«G2 
= T11» G6 + T2,»G7*T )«G3 
»Til« G7 + T2»GH + Tr!«Gei 
= T11»   GB + T2»GO+Tr'«Gt 

C( 1.1)   •   TGI 
Cl 1 .3)«TC.l 
2.«   C(l.1)    •   TG3 
C( 1.1 )   «   TGr>     +  C(1.3)*TG3 
?.«C( 1.3 )«T&«- 
PMxn.2) 
C ( 1 .2)   •    TGI 

2.   •  CM .'M ♦  TG' 
•■Cll.^) 
TG5 

•   TG«i C(1.2)   ♦   TG^ 
2.«   C(l.?) 
C<3.3I   ♦   TGI 
RMX(10.2) 
C ( 3.3)   •   T&3   +C(1.3)   •   TCj 
2.«   CI3»3)«TG5 
4MX(3.3) 
r(2.3)«TGI 

■    2»»C(3.3 )*Tr,3 
HMX (II .■")= C(3.3) • TG5 + 
PVX(12.3)   =   2.«C(2»3)*Tr.5 
HMXI 4. 4) = 4.« C( 1 .1 ) » 
RVX( 5. 4) = 2.» C( 1 .1 I • 
PMXIft.4)     =    4.»C( 1 .3 )«TC>7 

OVXIR.4)    r    PMX(1C.2) 
P^X(    9.    4)    »    2.«   C( 1 .7)   • 
BWX(10.4)    -   4.«C(1.3)«TGft 
RMX ( i 1 ,   z.)   =    2.»   C( 1 .2)   • 

C(2.3)   •   TG3 

T&6 
TG7 

TG3 

TG6 

♦ 2.«C ( 1 .3)«TCJ6 

♦   2.«C(1.3)«TG7 
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BMX(12t   4)    «   «.•   C(lt?)   «   TG7 
BMX(    *>,   '■■'■   »   C(l.n»TG8   +   CO.3)   •   TGfi   +   ?.   *■   Cd.3)   •   Tr,7 
BMX(   6.   vi   «   2.«  C(3.3»»TG7      ♦   2.«Cd.3)   •   TOB 
BMXt   8.   5)   «   BMX<5.3I 
BMX(    9.   51   ■   C(1.2)»TG5     ♦   C(2.3)   •   TG3 
HMXdO.   S)    »   ?.»   C(?.3)   •   TG6   +   ?.»C t 1 .31 »TC? 
BMXdl.   S)   » tCd>?<*C(3»3M»TG7   +C( 1.3 )»Tr,8*C (2 . •* )»Tr,6 
3MX(12.   5)   * ,?.•   Cd.?l»   TGR   +2.«C ( 2.3 ) »707 
BMX(6.6)   =   A.«Ct?.3)«TGe 
BMX(    8.   6)   «   B{<X(.*.3) 
BMX(9.M   «   BMXd2.3) 
BMXdJ.6)   »   4.«C(3.3)*7G7 
BWX(U.   6»   «   2.«  C(3.3)»   7GB     +2.»C ( 2 .3 ) »707 
BMXd2.6)   -   4.»C(;.3)»7GB 
8MX{    8.   B)   «   ByX(fl.3) 
BMX(9.8)   "   BMX(9.3) 
BMXd.J.   f>)    =   BVIXd0.3) 
BMXdl.   8)   =   BMXdl.3) 
aMXd2.B)   =   BMXd2;3) 
BMX(   9.   9)   ■   C(2.2I»7G1 
BMXdf).9   )   »   2.«C(?.3)»7G3 
BMXdl.   ")   »   C(2.2)»7Ci3   -f  C(2.3)»7G5 
BMXdl.10)   •   2.»C(3.3)»7r,7   +   2.»C ( 2.3 )»7Gf. 
BMXd2.9)   ■   C;2»2)»7G5   »2. 
BMXt    11.   li)    «     C(2.2)   ♦   7G6   +   C(3.3)   «   7G8+2.*C(2.3)*7G7 
BKXdOtini   «   «.♦C(3.3I»7G6 
BMX(12.in)   »   4.*Ct2.3)»7G7 
BMX(    12»   11)   ■   2.»  C(2.2)   ♦   7G7   +   2.»C(2.3 )«TGe 
BMXt    12.   12)   »   4.« CI2.2)   •   7GB 

r 
C  APPLY 5yVMF7RY HERE 
C 

DO 200 J«3.12 
Jl ■ J-l 
DO 2ÜO L»2.J1 

200 BMXIL.J) » BMXtJ.L) 
C 

CALL   MXM!)L7IBMX.AMX.KMXI1.1.I + 1)    .12.12    .    12) 
CALL   MXMl)L7(KMXt 1,1.1 + 1 )»7»KMXtl.l. I).12.12.12) 
DO   25^   J=l.ft 
DO   250   K.1.6 

250   AMXIJ.K)   »   AMX(IC-f6.J+6) 
DO   26>)   J=1.6 
DC   26"   K«1.6 
A.StK.J.I)   -   AMX(J.K) 

2fr   AMXIJ+6.K+ft)    «   AMXIJ.K) 
r 
C  7RANSP0SF OF INVERSE OF A NOW IN AMX. INVERSE OF A-S7AR NOW IN AS 
C 

DO 270 J » 1.6 
7tJ.J+ft) « -7tJ.J+6) 

270 7tJ+6.J) = -7tJ+6,J) 
C 
C  INVERSE OF 7 NOW IN T 
C 

CALL MXMUL7I AMX.KMXd.1.1  ) .KMX t 1 , 1 . 1 + 1 ) . 12 »12 . 1 2 ) 
CALL MXWJL7t7.KV,Xd.l.I + l). KMX I 1 . 1 . I ) . 12 . 12. 12 ) 

C 
C     K-PRIME   MA7RIX   NOW   IN   KMXd.l-I) 
C 

RE7I)RN 
500   PRIN7   lOOWI 

1)00   F0RMA7<44H1      COULD  WJ   INVER7   A-,S7AR   MATRIX.   7RIANGLF   .13) 
S70P 
END 
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SUBROUTINE INVtRT(B»IC.K2.XMIN.FL*G) 

r THIS SUfROUTINF SFTS UP A UNIT MATRIX AnjACENT TO BU.K) 
C ELEMENTARY ROW OPERATIONS ARE THEN PERFORMED ON THE NEW K X 2K MATRIX 
C To REDUCE nU.KI TO A UNIT MATRIX.  THIS WILL PLACE THE INVERSE OF 
C THE MATRIX BU.M IN Tui RIGHT HALF OF B(K>2K> 
C ON EXITt YHE INVERSE OF H REPLACES B 
C   n9*S N ARRAY OF 2»<««2 LOCATIONS CONTAINING THE MATRIX 
f < IS -THE DIMrNSION OF THE .'IOUARE MATRIX fl 
f K? IS ?*< 
C X«.MN Ir. THE SMALLEST ALLOWABLE MAGNITUOF OF THE PIVOT 
C FLAG WILL BE RETURNED AS 0. IF THE INVERSION WENT OFF OR 
C FLAG WILL PE RETURNED AS Itl. IF A PIVOT ELEMENT WAS TOO SMALL 
C FLAG SHOULO BE TESTED AFTER EACH CALL TO THIS ROUTINE 
r 

DIMENSION Ö(IC.<2) 
C 

FL*Ci *   0, 
r 
C  SET UP UNIT MATRIX 
C 

IFIK.GT.l)  GO TO 2ü 
IF(ABS(B(ltl)).LT.XMIN)  GO TO 10 
B(ltl) ■ 1./B<1*1) 
RETURN 

2" CONTINUE 
DO I  I-ltK 
DO 1  J-l.K 
H(I.K*J) - ft, 
IFII.EO.J)      öl I,K+J)   ■   1. 

1   CONTINUE 
C 
C     FIND   LEADING   ELEMENT   WITH GREATEST   MAGNITUDE 
C 

DO   6      J"ltK 
M    a    J 

N   ■   J-t-1 
IF(j.eo.K)   GO   TO   21 
DO   2      L-N.K 
IF (AHS(B(M,J)).LT.ABS(BIL»J)))  M«L 

? CONTINUE 
?1 CONTINUE 

IF (ARS<n(M,J)I.LT.XMIN)  GO TO 10 
IF(J.EQ.K) GO TO 31 

C 
C      INTERCHANGE   JTH   AND   MTH   ROWS 
C 

DO   3     L-JtK2 
D   ■   P(JtL) 
B(J.L)   «   B(M,L» 
«(M,L)    ■   0 

1   CONTINUE 
31   CONTINUE 

C 
C     ZERO  OUT   PIVOTAL   JTH  COLUMNt     SKIPPING   PIVOTAL   JTH   ELEMENT 
C 
C     DIVIDE   JTH   ROW   BY   PIVOT 
r 

no u    M«N,K? 
BiJ.MI . H(J.M) / B(J.J) 

U   CONTINUE 
DO 6  v^l.K. 
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c 
C     M  DETERMINES  ROW  BEING ^OlHFlEDt   ONE   WHOLE   ROW AT   A   TIME 
C 

IF   (   M.FO.J   )        00  TO   6 
00 *>      L«w»<? 

C 
C  L DETERMINES ELEMENT IN THE MTH ROW 
C 

B(M»L) ■ B(M»L) - B(MtJ) » R(J.L5 
«i CONTINUE 
6 CONTINUE 

r 
C  INVERSE OF R IS NOW IN RIGHT HALF OF R(<,<2) 
C  NOW MOVE R INVFRSr TO WHERE B WAS 

DO 7  I«ltK 
DO 7  JM.IC 
B( I.J) ■ B(I.J*<) 

7 CONTINUE 
RETURN 

in FLAO » in. 
RETURN 
END 

SUBROUTINE MXCON(AtB.X»M.N) 
C 
C  THIS SURROUTINF MULTIPLIES MATRIX A (MXN) RY CONSTANT X, RESULT IN R 
C  A MAY HE SAME AS B. 
C  THIS SUBROUTINE MULTIPLIES MATRIX A (VXN) RY CONSTANT Xt RESULT IN B 
C  A MAY HE SAME A6 3. 

DIMENSION  A(M.N) • B(M.N)' 
DO 1 I»1.M 
DO 1 J«1.N 
P(I.J)« X»A(ItJ) 

1 CONTINUE 
RETURN 
END 

SUBROUTINE MXSUB(A.B«C*M«N) 
C 
C  THIS SURROUTINF SUBTRACTS MATRIX B FROM MATRIX A,STORES RESULT IN C 
C 
C  A, B. AND C ARE (M X Nl       (C CAN BE THE SAME AS A OR B) 
C 

DIMENSION   A(M»N) • BCM.NJ .C(M«N) 
C 

DO 1  I«1.M 
.DO 1  J«ltN 
C(I.J) ■ A(IiJ) - R(I.J» 

1 CONTINUE 
RETURN 
END 
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r 
r       THIS   SUHPOUTINF   viULTIPLIrS   MATRIX   4   PV   M.\T9IX   «      »Nl'1   STOOFS   THF 
r       PPODUCT    I\   C. (C   CANNdT   HE   THF    SAMF   AS   A   OR   B.) 
C 
C       A   IS    («   X   N) 
C       R   IS    (N   X   <) 
C      C    I 5    ( ^   X   K ) 
C 

iHMFNSION      A(v.N)    •   Q(\.IC)    •   C(M»K) 
r 

no   i     I«I»M 

DO 1 L=lt* 
C( I .L ) = • 
DO 1 J=1.N 
C( ! .L)    =   C(I»L >    +   A( I .J)   •   B(J.L) 

1   COMTINI'F 
RFTl^N 
FNO 

SUBROlI l\t    TVX«IJL(A,R,C.N.M»IC) 
r 
f THIS   SlinROI./TINr    MI.LTIPLIFS   MATRIX   B   «Y   THP    TRANSPOSE   OF   MATRIX   A 
r THF P^n^urT   is  Ampr T" r 
r 
r A   is  (N x v) 
C H   IS    (\   X   Kl 
C C   IS   (V   x   «■) 
c 

DIMENSION  AIN.N') , fi(M,K) . C(^tK) 
D^ 1  1=1.v 
HO 1  L =1 «K 
C ( T . L ) = ■ . 
no 1  J=i«N 
C ( I tL ) = C( I .L ) ♦ M J. I 1 » "U.L ) 

1 CONTINUE 
7h T^IR^ 
END 
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