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imraoDiJCTioK 

Introductory material on digital computer« has been 

collected into this Yoltunt. The first six memorandums contain 
» 

the text and llustratlons of lectures giren for the staff of 

the Klectrlcal Engineering Department at K. I. 7. The last 

report, B-90, discusses oharrcterlsties of the binary systems 

of numbers. R-115 and E-116 are papers giren before winter 

meetings of the American Institute of Electa!cal Engineers and 

the Institute of Kadio Engineers. 

In considering the lecture series material, the 

reader is also referred to rolumes 1 and 2 discussing the Whirl¬ 

wind program, rolumes 5, 6, and 7 on computer block diagrams and 

rolume 8 on mathematics. 
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MEMORANDUM NO,, K».6>X' 

WRI.;:r'>:ïi BY: Jay w, iforreater 
ô;ÿ*r 
Ragf» 1 of ß 

SUBJMOT; 

DATE ; 

The Project Whirlwind Program of 
Electronic Digital Consputati.cm 

March 12, 194? 

Illustrâtionaî 
A, 3033? ' A-30330 
A* 30330 A.30351 
A-30353 A-30345 
A,-30340 4-30352 
A--30341 A-30339 
A-30342 it-30334 
A-30343 A-30355 
jV 30344 A-30350 
A-30346 A-3035? 
A 3034? -V 30350 
A»30348 A.-30353 
/*»•30349 

This first disouasioE le to Introduce the* nature of electrcnlo 
digital coiaputation and to establish the vocabulary aud basic concept© 
necessary for the following serias of lectures» 

In the last several electrical engineering seoimvrs, we have 
heard diacuaaiona of the differential analyser and analog ccmnuiei s Pirat 
then,, let ue distlngulah clearly between analog and digital type computing 
equipment- She analog computer represent a numerical values by the magni¬ 
tude of a physical œeasûrement, as for example* the voltage in an A..C 
network analyser or the magnitude of a shaft rotation in the differential 
an&iy«ar, A digital computar» on the other hand, uses discrete numerical 
values end arithmetic type calculations« In illustration A-3033? ve 6*0 
a collection of analog type coo outing elements« A separate circuit com¬ 
ponent ie uaed for each computing operation, and va note in the illus¬ 
tration available equipment for the processes of addition, amplification, 
integration, introduction of tima delay and inversion of signal« In 
illustration A-30333 is a typical hookup of suoh qoaputing elementa for 
the solution of a problem in ordinary differential equations-. The 
nature of the problem Is described by the physical circuit connections 
of the oyete»» As herein illustratod numerical values are represented by 
voltages on the interconnecting lines, The so lut ion of a differential 
equation by this method is thecrotically exact because the network la &n 
exact and continuous representation of the problem to be solved. However, 
practical and physical limitation* are introduced by electrical noise 
•level, mechanical backlash, clxsuit non-linearitiaav etc* Ae a result: 
precision of one part in one tlcue and is good for analog equipment and 
one part in ton thousand is perhaps tho best obtainable» 

j&i ¿¿uni*: ^ãíàieéãác 
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Be herring now to lllustrntion A-30;:>t>3a we aee tito Bleek; 
■UnsraB cf a digital coapabnr- %o phj'aionl oonnaotion® oí mal. a 
8jr$tfflío ar© permanent end not altered for tins pro bien to be solved 
Quantities are handle-5 in the computer as muaerioal value® and c *.a he 
carried to any required nuœber of decimal places« A digital ccuput^r 
require a the five principal fonctions illustrated» ïha 01**5« f-ter sul 
mathematical, scientific, and engineerin« prohlems by carrying; oat « 
series of arithmetic steps, on a at & time« Ehe arithmstio element can 
carry out'the taalo oparation0 of arithmetic and other essential fuuctiara 
to be described later. Storage provides the required "aanory“ for :•« 
taluing the program which controls the aeries of numerical steps to 1¾ 
executed and ilkavdae provides a menus for storing partial Homérica! 
reunite during the process of a computation: 

l*h,e control »lement provides the timing oignais for the 
remainder of the contutor* In operation It extracts a control order from 
storage nnu in re «pone ) to the coded information therein accompli »he s the 
next required numerical «tep iu the computation. 

The Input me-jhanism provides a cosumanication means between the . 
human operator and the compute:?* Problems In the form of initial data and 
controlling program will be prepared in coded form external to the oom 
puter on photographic film or wire tape and read into the storage element 
of tho computer by the in]«it mechanism* 

The output from the computer may be in several formai typewritten 
for isolated results, graphical for engineering data lending Itself to this 
methods, and digital or numerical as coded informât Jon on photographic 
film. This numerical .nformat »on on film can later be need by the 
computer itself through the input device or can be decoded and typed by a 
transcribing aalt, , , 

It is readily recognized from the preceding di acusa ion that a 
digital counter is abhe to do only .computing operations that ara 
possible for a human operator and desk calculating »chine, in 
illustration A»30340 la shown the correapondenee between tho automatic 
digital oonçuter and a human coipnter. The input provides originai daiß, 
pnri instructions for tho prob it sc to be solved. Thin information Is 
stored in a notebook corresponding to tho computing machine storage„ and 
in the notebook are 11!»wise entered partial .numerical results arising 
during the operation. The compatiug machine corresponds to the arithmetic 
element carrying out additions, anltlplteations# divisions and other basic 
processes. Tie operator acts as the controlling element to read in¬ 
structions from the notebook storage and to carry out the transfer of 
numerical values between storage and the arithmetic element - Delivery 
of final results corresponds te tho machine output. 
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Ono of the o dost forma of digitel computing equipme:. u: 
illustrated in A-30341 In 18 Î3 tho British Sever unie nt first i l traue, ad 
the oonstruo cion of a arge oc tie automatic digital computing- aaohino 
based on mechanical op ration» This machine xas never completed 
because of Inadequate . achine >ools and production facilities at that 
tina» Digital computi g equip aent progressed through the adding 
machine, various forms of desk calculators, and punched card business 
machines to the Harvar Automatic 3equeue« Control Calculator, 
Mechanical equipment i , inherettly slow and digital computing equipment 
has been built using mlays, aid still faster and more flexible equip¬ 
ment is being designed with el ictronic circuits. 

Returning no'f to further comparisons between analog and digital 
equipment, we note in .,-30342 the usual differential iJanlyzer schematic 
for solution of a second order linear differential equation- An 
electrical simulator c rcuit for the same problem is illustrated in 
A-303-.3> These analog methods of solution employ r. continuous flow of 
data and continuous change of mrtables, 

In A-30344 are shown the steps of a numerical solution for the 
second order different: al equa .ion with zero damping. It is assumed that 
all variablen are known at timo, t^ and the previous tine intervale 

t ., t , etc« A curve for y is first extrapolated to time t , using n- i. aa>x 
the first formula, Th; s is th ■ formula for second order extrapolation 
using the value of y a t and t , and the vnlue of f at time t » The n n—X a 
second formula is then used to obtain the upper shaded area giving the 
increment in the curve y, A socond numerical Integration for the 
lower shaded area give ¡ the in iremont in curve y , The negat ive of this 
last point la used as í corree ,ion for the original extrapolated value 
of y^, Dr.< Loud, in his lec-ure of this aerles{l will discuss auœericnl 

integration and its coi vergenc » considerations in more detail. Depending 
on the nature of the p> oblem, .terative procedures of integration end 
more elegant extrapola1 Ion and integration formulae may bo used 

At an illust] atlon o' digital computing mac line operation,, 
let ua consider the solution of the second order deter minant in A-30346 
Before seating up the ; olution of this problem, refer to A-3034? for 
greater detoll in the c igitnl computing machine block diagram. Here 
we Illustrate the arithmetic e ement as set up for multlpllca,ion using 
the A register, AR, for the mu .tiplicand, the B reglet er. BH for the 
multiplier and the acci mulator register, AC for the prodm » Storage 
is likewise shown divi< ed Into many separate registers numbered for 
identification purpose! in numerical order« 

.... ... -.„.i, y -. ..-- u.. 
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hx A-SOÖ48 1b shown tbe required progpwt for eolrlng th«: 
Bfïconâ order de’termlr«i»t prob em« The Inforisatlon appear lug 1j soorage 
registers Si through Sil la s< t up ahead of time on íllm and i-i ad -by 
the Input nui onanism of the m-hlne Into the corre spondltg a tor? ge 
locations« In the storage re datera 'SI through S4s are locatet. the 
nunerlcal values of a, b, c, and d representing the initial data of 
the problem, Storage registe:# 06 through S'.l are used for the required 
control ordere« It should bo borne In mind that the Information in a 
etorage register may, dependi ,g on how It is used, represent either a 
numerical value or a control order coded In numerical terms She steps 
in the control program are it< mired below and are carried out in the ordo 
in which they appear in atora,;«» 

S5-. Transfer contents of register S2 to Multiplier register 
BH4 This meana that the valuó (b), atorad in 32, is transferred to 
the multiplier register of th* arithmetic element» 

36., Tranafer contents of S3 to the register -AB, and multiply. 
Thia means that the numerical value (c) la transferred to the multi¬ 
plicand register of the arithmetic element and la multiplied by the 
number previously transferred to the multiplier» At the end of thia 
operation, the product reside* in the accumulator register« 

S7„ Transfer number in accumulator to storage S12, This 
meana that the product (be) w.!.ich was in the accumulator ia transferred 
to an empty storage register 12« We must next form the product lad). 

88« Transfer contents of 31 to multiplier register Thia 
meana that the numerical valu, of (a) la moved from storage location 
SI to the multiplier register of the arithmetic element« 

S9<, Transfer contenta of S4 to register Aft and multiply 
Thin means that the numerical value (d) Is transferred to the multi¬ 
plicand register of the arithnetlc element and multiplied by la) which 
has been left in th© multiplier register« At the end of this operation, 
the product (ad) is in the accumulator register AC., 

The next operation rill be the indicated subtract loa of 
(ad-bo). The product (ad) 1» in the accumulator register .Ad., (ad) can 
remain in th® accumulator reg .eter and the next operation will move 
the previously formed product Ibo) from its location in 312 to the 
register AB 

SID.,- Transfer contents of 312 to the register AH and 
subtract-. At the and of thia operation the difference (ad-bc) is in 
the accumulator register. 
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Sil. Transfer the c n tent a of aoouiaal&bar So U-a output. 
ThJ.G »■'»ans that the final r&m t oí tha oompntaticm *.3 r.vf.llahls at 
the machine output =■ 

It will ba observad îut the usa of storage register S12 for 
tha partial result (be) was no- aecessar/ since tha numerical valine of 
{t>) la storage register S2 had already seen used and the newly formad 
product might have been stored la SX.. 

Such a problem as tht previous oxantple Is obviously too 
sliuple to justify use of a lar^e scale digital computer. However, many 
problema of scientific and -engineering importance involve confutation« 
bo extensive that the facllitl« 3 of illustration A-30-M9 become 
inadequate,, too expansive, too tostly, and consume so much time that 
the results when available are no longer of interest : 

Problems too extensiva for annual calculating machine solution 
are represented by the ordinary differentia', equations describing 
eervoaechanitiaia and automatic control systems including non-linear 
characteristics of circuit elei ante, backlash, and Coulomb friction,: by 
the partial differential equations of electromagnetic fields and heat 
transfers by the algebraic equitlons with complex coefficients repte» 
eenting altercating current net works and stress and vibration problems; 
and by the multiplication of mt trices and summation cf serien involved 
in other problems 

The basic operations to be performed by a- digital computer 
are tabulated In iu 303*50 .■ The computer sol vos problems on an ßri throe ti cai 
baais using the processes of addition, mbtracticm, mit.tplicetica, and 
division,:. Other operations such as integration and extraoticc of root« 
can be performed by series and iterative procedures, a a will be descr ibed 
in the next lecture by Mr* Uveratw beyond the basic arithmetic 
operations two other functions, comparison and the substitution order,, 
are essential to the efficient u-.d flexible use of a digital computer. 
The comparison order makes post tile a choice between two alternate 
computing sequences depending ca the outcome of the name.‘leal results 
of tha computation Itself . The substitution order makes possible the 
insertion of computed results Into the controlling program for the 
computation.- Necessity for the comparison order can. be illustrated 
in the handling of Coulomb friction and necessity for the aubstitution 
order can be illustrated :in the procase of interpolation, 

Consider first the Gcxlomb friction pro ble« illustrât ad in 
A»30551 where the friction fores is equal to or less than a specified 
maximum force. Acceleration of the mase results from .iu aumation of 
Coulomb and externally supplier forces Steps in the nolutien of this 
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probion ual&g ooBÿiarXaon order .1 lo iXlnotrated in A-.3üò46. ïor t-iio 
purpose a cf this dlocusnlon, e •■»f.iuiae that lie ccffiputer can dlatinqni- 
botv6t.fj the two cacen 

1..- the numbe * Is greeter than zero ■ 
3-- the numb«?le equal to or lese tíme, cero. 

He term iue in the fir it cooper 1 eon of the illustration If the 
velocity le positive If so, the friction force equals nui ve 

proceed to evalúate the equail >n. If cn the other hand velocity is squal 
to or less than zero « must tistluquleh between these two possibilities, 
l'irai add the smallest ponslbl; Increment to the velocity In order Shat 
tho sero velocity case will be so mi equal to Tf V Is now lesa than 

or equal to zero we know that -r la leqa than zero and the Coulomb friction 
force equale +f « ¿'he alter iste possibility in the second comparipon 

Is that V is greater than *er 1 indicating that V equals ?.ero and m 

must now evaluate tho relationship between the applied force and tho 
uaxinwia possible friction fores, in the third comparison, if is 
greater than zero, wo then for a the quantity 'V-.y . ..)- If this quantity 

la positive, the mass is being accelerated, if thi 1 quantity la z?r : 
or negative, the force i’ la umble to overcojoe tho Gouloah friction 
force ï. A final similar comp irison is carried out if the applied 
force f is zero or negative íhe computing machine would be 00 arranged 
that the sequence of operation) shown on A-3034b would be terminated as 
enon as a successful conpariso 1 was reached. 

‘fhe Interpolation ex imple shown in A..30362 illustrates the 
need for a substitution order The numerical value a of uniformly 
«.paced points along the arbitrary function f'*) can bo stored in the 
first available series of storage registers ns for example S2? through 
S32» Apeuiae we wiah to use 11 ienr interpolation 

fix) « f{x,,) ülfí^.j) - f\Xjj) i - 

To obtain a value of the function. f(x) at any value of r, ve ma at use =’ 
substitution order to extract the proper two numerical value a -from 
storage for use in tho linear interpolât ion formula. Take for example 
x»2.45« This Information on t le value of x was unavailable whan the 
problem was set, up so that the controlling orders must of necessity 
have been left blank. We will first separate the whole digits from tho 
fractional part of x, ' Store r *0 -*15 in register S53* Add 2?, which in 
the identification of the firs & storage register devoted to the daui.rad 
function, to N, This sum (27« 0 represents the storage register In 
which will be found the de aire I numerics 1 value of fix.,). This sun ic 

T 
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i: sr;j'Hx inte the blanics of <L ■ ordo.rß ia >342 unA S44 •.• Sht aw® \2"‘: 
io íaaertod iii fcha order foaut- in efcoraga regieior 343.., having ill}ed 
ul},6 g lank a in. or dor a 341.. S4í5( and '34 4 f we will aov not© Shot tlo aeries 
oi operations ia coœpXet© and specific» 341 tranafôrs the ïmtericaî. 
value of f<xj iro» S30 to tixe aeouaal&toj:r AO, Order S>42 transféra the 

fixj 
^ ..j 

f;.nd auhtracts 
1 

Order 843 

numerical value of f lXp) fror..1, 329 to the register, 

leaving in ■ the accumlator the difference ^ f «> 

transfere tho incremental value « n, from 353 to the A register and 
multiplies hy the value in the accumulator to obtain the result A*« Order 
S44- adds the value of fir,. ) f r maf erred fro a Ht orage register 29 to 

Af whioh'tö in the accumulator AO,. In. the accumulât ox* there the a, results 
a muasrical value of f(x) according to tho above linear formula at 3:--2.,45, 

By turning now to the digital computar block diagram wa obserro 
a slightly expatided. version in A-30338. Ihre conti-ol lines have beca 
added between' the control element and the other blocks oí tha computar , * 
Video electronic pules3 are transmitted over these control Hues and 
the digit transfer bus to acco'Mjlieh the arithmetic operations pre¬ 
viously outlined» Numerical values will be handled in the WI and WAX 
conputers in the binary system of mmierioal notation» 

Illustration A-303&4 shows the correspondence between the 
decimal and binary óyeteme, 1: iß to be noted that only two binary 
digits.exists 0 and 1» The binary system is than well adapted to 
electronic circuito in which a zero can bo represented'by absence of a 
video pulse and -1 can. be represented by the presence of a voltage pulâo 
or by tho conducting state of a vacuum tr.be « Successive columns of 
binary places represent increasing powers, of the base 2 Just as succès hive 
decimal columns represent increasing powers of base 10» 

Xn A-303ÖB we have the significant characteristics of the binary 
system.- *A number represents digits in powers of the basa 2., it has a 
simple multiplication and addition table suitable for electronic circuit 
computation» A number represented in the binary system will require 
approximately 3-1/3 times as many digits as'the same number in the • scimal 
system» Only the digits i and 0 are required« .' 

• 

Two methods of transmitting binary digit« electrically are 
illustrated in /¡.-30555» In the upper illustration the presence or absence 
of digita in time sequence represent a binary number» By observation of 
the pulse arrival time« any number cun be transmitted ovor a single 
conductor-. In. the lower illustrât ion, parallel digit tranamiasion oí the 
sane' number ie shown « Xn this exaiaple digits are transmitted at tho same 
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time Anatant over asperate cablea for en/ib. digit of the n>Miber- 
parallel digit trac ral sal on system will be used in >Wl ¡ajad WWIJ: t. 
putera because of t.re reduction in number transmitaaion tin» 

Illustrât ton A~3036? shows how a twin grid vacuo® tuba can be 
used as a gate circuit or as n circuit for producing the re«ulte of the 
Multiplication table ln A-30355- Mr, David Brown will dl acuas ciiromts 
In some detail in his lecture» 

Storage of controlling orders and numerical quantities is, of 
course, one of the most Important lunations of the digital computer» 
Storage for the Whirlwind 1 and Whirlwind II computere is being planned 
in the form of electrostatic storage» A sketch of this n»crage eystaa 
is shown in A-30368, By proper control, uf electrode voltag&ß ant. baam 
current, it is possible to store electrostatic charges on the dielectric 
surface and to later read the polarity of these chai geo la the output 
circuit» Storage for satisfactory periods of time lias bean obasi-ved, 
and good output signal level has been obtained« Many research problem« 
principally associated with the control of secondary electron ret is- 
trlbution still remain to be solved, 

The sise or rating of a large oca le digital computer ci.n ba 
described by two quantities - the computing speed, and the digit storags 
capacity. The computing speed will determine how long the solution of a 
particular problem will require, and the storage capacity will determina 
the magnitude of problem which can be readily undertaken,. Two k; cd« of 
storage capacity will be used In most digital computer s» The Infernal 
high-speed storage will provide high-speed ncceae to those orders and 
numerical quantities required for immediate use ,, A slower more ixtencl/e 
external storage in the form of punch tape, magnetic wire, photographic 
film, or phosphor film will be used for Information not required for 
relatively longer tlues. Illustration A»3035S illustrate a some of the 
more important comparisons between existing and proposed digital 
computing machines. The first three machines are completed and ia 
operation. The fourth is in the final etagec of assembly, The last 
five aré being planned at the present tine, The form and approximate 
capacity of internal storage le given based on the beet a 'allnbL- 
information. Borne of the systems vise a fixed decimal point In nuBorlcal 
notation, others a floating decimal point» Some use the decimal ay stent, 
others the binary as well as other variations » These different typos 
of number storage systems have been convertad to equivalent bln«y capacity 
for oonq>arative purposes. Multiplication speeds are approximate based 
on the latest available information for each of the computare « Circuita 
of the Whirlwind I computer will use the same computing iiapulee rat® as 
planned for the Whirlwind II« Since, however,, the Whirlwind I computer 
will use a number length of sixteen binary digit g which la Inadéquats for 

»-«»"iw'i^i.iwiiilNlliilil^^ ..... 
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most mathematical work, double length multiplication in the form (a+b)(c+d) 
will be required and four multlplicatione must be performed. This cor*» 
pound multiplication will be carried out with no more program orders 
than required in the Whirlwind II computer, but more time will be 
required for the execution of a complete multiplication. 

The Whirlwind I computer is being designed for study and 
demonstration of computing circuits and trouble shooting methods, and the 
computer will be used for mathematical research and study of engineering 
problems. Design of the Whirlwind I computer is now in progress and corn, 
struotion will begin this year. Laboratory testing Is expected to continue 
through 1048, and the equipment should be ready for mathematical research work 
in 1949. Design of Whirlwind II which is the final large scale objective 
of this project will start as soon as possible, probably in 1948 and will 
require relatively longer to construct and test than will the Whirlwind I. 

Much mathematical research must be completed before a suitable 
background of Information is available to make proper use of a computer 
with the Whirlwind II capacity. It is hoped that ths fouhdation for this 
research can be laid immediately and that Whirlwind I can make valuable 
oontrlbutlon to the knowledge of high-speed numerical analysis and digital 
oo sputation. 

JWTivh 
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Stí)J-9Ct:- Digital Oonjmtlng Haoiiir.« I»offio 
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Vniß 1 of 17 ptv;s** 

Dei 8¾ MoT'Oä 19;. 1947 

Thin »«miBax »111 "ùb ooaôsrasd vith tt«» 
parallel digit tr®tt«ai«BÎoa typ* of oleotronio ooîçmtor 
deooribod by Mr» Forrester in last weak- b se»i.ttas\ 
ïlluatratlon A-30339 ebowa a »Impllfloö. block din¿;rw5 for 
«ob a oonputer» Th® five «lamento are the Input, cutset t 
storoífo, control» and arithiaotio el ©»ant e The iiqiut In 
needed to tranefer both aunberi tarn order* to tho coupx.t® r 
while the output 1» used for extracting resulte,.- All the 
amberi. initial oonditlone, partial results and orders 
are stored in the storage elemento 3o Alatinotion is made 
between order« and numbere« A eiagl'S arittometio «lernent in 
prcrldeâ the abilities of which will b® iescribed lot«® 
The ooatrol direct» th® extraction of ordere fron th® 
storage and seta w> the proper awltoMng to op.rry out 
those orders»; 

ILlustrations- * 
Ã3Õ403 
4-303S6 
-V30409 

A*;X)39t;. Af-30405 
A--3039C A-30 406 
iV-:'v35<- A* 30392 
JUiOOTf fr-30393 
A» :C39? *».430391 

.^-30416 
A-304ÛO âr»30419 
À-30401 A-30414 
A-4.:040a it*30418 
/«*30417 A-30001 
Ar-.30410 A*30500 

A" 30-1)02 

A list oí basto oompttter operatlMis i* 
given in A* 3034?o The arithmetic element will be abl» to- 
carry out the bnalo operations of additioa, ettbti'í.tfítiori, 
»Itiplicatioß and dlvleiono Ac will be shown lat.ort It is 
not neoeesary to aotually build In tin? divlelon prooet-ü 
since diviaioa can be performed by using ih® other ba*l,o 
order«» 

la addition to these batia arithru.tio operation« are the 
importan». . entro! operations of rab-progreuomla.s. rompaxl son» and tub et 1 tut ion.-. 
Horafdly, the control extracts order« In sequenoe from atari^;«» ïh® «ub- 
program order allow« changing this eequenoe» 3y nee*»» of th‘J » o?:der the cot..-- 
trol may be inetruotad to take a« the next order uay older stored in any 
register« The comparison order 1« siiallar to sub-progToaiMing «xc:apt the 
decision as to whether or not to change.the program is made riej:>en.dent open the 
sign of the ntuabor in the arithmetic element» If. this nurabor is negative, the 
control will ignore the comparison order m&. proceed lx-, the previous «sequenc*» 
If the number in the «rithsMtlo element is poattire or taro, the control will ■ 
be shifted to a new position» Th» substitut ion older sJlova modifying order« 
previously in storage by substituting In to tbaa sn»suit it which have boon 
celoulatedc 

illustration 1-30394 illustrate« a basic ord*r» The order« 
are plaoed in storage in binary cede for«» The order consists of fcvc parts? 
an operation section which dealdeo the operation to be carried out and a 
storage register nmber which chooses that piuco cf informât Ion. in the storage 
that; Is to be transferred. 

It Æ 
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Tii® «ites BliQwa ¿»'O for t:i« WEíJCiWHD II coapi;,ter. 316¾¾ 
WHÏIÜjW):.®) Iï 'id.ll her» a register length ci forty digite» Si«¡ cf i¡iu»t¡« order;« 
can he etored la a elngle register,., The order used in Wíj:ei.V¡1ND I will on 
of th» aaa® typo eaoept «hat only five digitjj will he ;all»»«tl for the 
operation and eleven digits fox the »tor jge ntuaher sinon o.nly tve thouoeiid 
rogi'itor» are to to provided. It ia lifcoly that for nao.iiiial.cfil. coimniwio® 
the operation and storage register numb®,,:* aeotloo.» will bn «toreíl in opposite 
ardor,; that is, the left sootion will be the Tokioter atmler, while the 
aeoftioa. will he the operation,, 

A postlble order code 1# ihovn lo. II lust rallón A>c>0348* TM« 
1» only one of many possible oades end does not ehov euch, •rpc-ciol orders a» 
Input and output controls, operations using at «o lut® value ee and other« wltich 
will be built into the computar,, 

The order jm olear« the euiuatúator in the arithmr tic elemesut 
and transfers she number held In the ato .‘age register nraher section of the 
register inte the aooumulator, 

The order jd transfers the number ia the storage roglrier 
corresponding to it* register number into the arithmetic element end adds it 
to whatever numbar was previously held by the aooufaulator, 

The order c# 1« the sama ¡so the order £,¾ ssoept the negative 
of the musher i* read Into the acoumulator,, lhe order ja i» the same as ff\ 
sx»«pt that onoe again the negative of the umber la road lato the accumulator 
resulting as a subtraction Instead, of an addition,. 

The order »5. multiplies the contents of the accumulator by 
the number in the corresponding register position. The order |j transfers the 
oontant■ of the arithmetic element to storage and placas them In the 
corresponding register petition,» 

The order dv divides the Jiuaber by the contents of the 
'accumulator. The shift left and shift right orders oiiaply multiply the oon~ 
tents of the aeoumulator by power# of tw,». Xte ap, cp5, arid Id orders have 
been briefly described above. 

WHIBLWIHD conçut art will, use the baa'*’ 2. However, it will not 
be aeoeasary for the people who uto the oomputer to do any otlouJ atlou In 
this base» Special devices will nahe thn ccnvoraione fro»» deolaal to binary 
notation for the Input and from binary to decimal notation for tha outpub. 

Any Integer groater than one may be used an a b-m for 
ooiaimtation, Tho cuotonary deolmsl baee la ep outgrowth of the fact that w® 
have ton flngetre. The baso 13 ha# been suggested because 13 It divisible by 
aiore integers than Is 10. Tho base 2 1* convenient for computer calculation 
because only two digit» ere necessary which me ans that we cm.» uso any computing 
slements which have but two stable »tateu. Illustration ¿-»3C39B g how« 
briefly the bass ay stem of representing immbera. A uumbar written in any 
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baisa öppoar» %h>i amt ae a n>iaib«r writ tan in any othar axottpt for '.»oaulhlf:, naw 
i ategoro naadad. Pomlble nunborn extend la eithar dirootloti vdtfc. aiiy daairai 
power of the baa®,. On the «tóale fcitoi«., aruabere vhlcth we eaceedlctíl/ mail 
will require dielte which are for to th» rlgiit while nimbera which ara 
aiooedlngly larga will require digit« which are far to the left» .immm 
n'liiihara can extend indefinit sly in either direction,, tMt uumtix rotation cun 
be called a number apectrusu bay rntioaa munbor ®ey ho written in any hnutt 
«jetea,, Illustration A»-.i’039fi »hove equal numbers written la «owefal hones * 
Tie baae 37 han aotuolly been proponed for certain compitlrg problem« where n 
l,«irg© bate Is needed, because the 21» letter* of the alphabet ere 1 wilier te 
ereryono. She 37th digit le slnply a blanko Kumbera written in tais baeo 27 
would require mich lesw «pac:,« than ia our usual decimal batía,, $!it word* of 
t-ae 'Sngllah, language can b© considered aa numbert written in the baso 37,, Sh« 
Baglish language use« the number of poaelbllltlea very inafd’iclentiy,, The 
afoproximatoly half million existing Bngliuh »«ordo could all, be ref reaented by 
four-letter werde. Basic English which only ha.» 660 words could be entirely 
roproeented by simply two-letter word«, iowever, eoia« of thoiie werde would ben 
very difficult to pronounce,. 

Illustrât ion Ar>30354 shows the relation between bit,ary and 
djclmml notation. 

,4» stated above, a. cumber jpeotruiu extendi Indefinitely In both 
directions «o that if any desired number » to be represented, an infinite 
register capacity 1» needed. ¡Since only 1 finite register length 1» available 
ou any physical machine, the probier, of Just which digit* to uelect 1* of 
great impórtanos. Illustration A-30397 llluatrate* several pooalMlitioe, 
T„tie computer can oonsldar, for laitance, only number• 'which axe ccnsiderably 
largor than on®, very near 1,- or much lesi than 1. Bifferont problema arise 
la the»» different oases. In Illustration A-30398 the effect of a multi¬ 
plication 1» shown. A number considerably Larger than one, when squared or 
multiplied by n number of equal magnitude becomes much larger,. If only a 
finito register length is available, the position of the register on the 
aomber ^ectrum mast be shifted to the left. Tor t number awh 1«sm than 1, 
a squaring produces a result which require# treneferring the register pesitloa 
to the right. Whore the number is very noar Is» the equarlag procera do#« not 
«¡ppreolably move the registar on the «peoorua. í"or this reason It is ooir- 
▼enlent to consider the numb ere need by fere computer aa being very near X, 
For WHXBLWXBD computers the decimal point is to be considered at tho left- 
hard end of the register. 

Sinos naturally we suet io the courte oí geuaral computation* 
O'Pnsider numbers which a,ay vary over a very wide tenge, wo muet associate 
a eo ale factor with each number. The net 00 d of handling no alo fantor« le 
determined by whether wo are using a fixed or floating point «yeto» in the 
machine. In Illustration, Ar-30399 consider a number which fox oonvenlenoe we 
will assume is larger titan 1. Assume a œ whim h«.vlng Its point at the left 
end of the register. Asaooi ated with t hi 1 number must be a scale diet anee 
between the machine point and the true point. So»f if upon further oosn 
patntion this quantity bsoomes mnah smaller, we have aval lati» tvu 
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po«?«ll'lUtlofl„ Jiret, ¥6 oui inoTc. tho reglet,@r to the rl§:at oo thj. 
auaibe.r- otlll fill® the regie ter and have the machine compute and {’«corá. the 
reduced acalo ¿actor., ïhle In called a. floating point ay fitem heoíaie« the 
machine point irov®« with reepeet to the true point The »íooná pc«*iblî.ity 
la to keep the register fixed on the spectrum and allow the ntuaber to fill 
only pert of the regj.etere The scale factor romain« fixed, %* wantage of 
th® l®i t-hand digit« of the regln ter In thin latter «y stem are coiup en Bated 
by the fact that it ia no longer asco scary for tli© machine to handle the 
«cale factor. 

It 1b now necessary to oonnlder tha met hols of binary 
arithmetic In order to under et and the procseaoa which WW£ end. Wll will use 
for computingr. 

Ooneldar the familiar problem of decimal addition» 
Uluntratlon A-30400 shows a simple decimal addition pro Ölen» The digit* 
are added in palra, it being possible however to obtain & tu» lu .-,.ny 
column which 1® greater than 9.» The astre digit needed to de acribe thin 
«um le known am a carry. Thin carry met be added in to the left- head 
adjacent pltvo®. Ordinär!)y, this carry operation Is accomplished without 
writing it out npeclfloally an shown in, tho exainpl«, A decimal adding 
machine mat b® able %o perform carry addltlona of this type. 

Illustration A-3034Ô. »hows a binary addition« The two binary 
number» shown are »ummed up and it is once again poseí ble to obtain a «js in 
any column which requires two diglfee. Thus tho »vis» of a 1 and a i 1» the 
binary pyetem comes out 10, th© 1 boiag a carry which onre ag«dn mat be 
added into the left-hand adjacent piaos» It 1« possible for these carrio® to 
prodoc© other carries which muet again be added in. In fact, it 1b pooulble, 
Ufling digit binary numbers, for a carry to be proposâtri the fyll length 
of the number requiring 39 carry additions In l;ho prooeno. If ci¡u¿ b© «howm 
atatlstically however, that the expected number of carries in ¢, '5,0»digit 
addition will be about five® It 1b also pc »Bible to build binary adder® 
which are able to aim the carry simultaneo^sly in n «ingle oparatlottc 

Illustration Ar30403 shown a «imple binary adder. Tho lower 
flip-flop» have their input signals aupplled to their cathodes., They form 
»iBpl» acal© of two counter». The addition of twe on»« to a flip.flop »ui 
Testers it to »ero» the overflow setting one of the upper row of flip-flop*,. 
These upper flip-flop« »tore the c arrio a,. Following the firot, operation of 
addition th© mm will appear in the lower flip-flop* and the carries in the 
upper flip-flop«, dette tub®» .are connected to these upper flip-fflope |a such, 
a manner that the gata U open If the nip-flop hold® a ,i0 If, then, the other 
,^14s of the gate tube* ©r© pulsed,, a carry pulse will b® Srane&lvted to tho 
left-hand adjacent adder flip-flop. At each pulsing of th® carry line, on© 
Cerry addition will bo performed. 

A- 

4 

Hegatlve number» must be handled» Several posolbllltles are 
ehown xu Illustration A-30417. The first 1® to handle the numbsr eu it» 
absolut« magnitude with an aseociated siga. Thin method 1« the customary 

fe ■ 

___,_-__ _._ _ _U 
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natatiloa.. ïro® th® polivs of v&ow of tòo KOMputiö'» h,owfe7fcX’ ttv^h t. ¿ac 
lg no% too «atl»factory aine* It require# a sipeolal »uotrat:tlr.g orU a»* the 
ability to dlaerlBl&ftt« elgot® Mothod# Wire ooavenlo&t iron the point of 
vie® of the aooputer ï*® those uslos eo%leBieais In th® ton» complement 
eyetm, the poeltlT® aumlaar í» »mMraotod fro» «¡one Mghc.r povar ot Ihn ha»® 
ttea Oa» ha held la a standard reglstox® Vhe east of a roaniwr and it» oa;«plwi«.t 
1* therefor# thU povor of the base-« Th® digit that algrdfleg tM « powr^lil, 
11* off the left-hand end of the register the #w» eçpperring m » ruw-o di ace 
therefore we hate obtained a muaber which when added to the rnigiirl ri’Mbtrr 
equal® aeroD we hare »ntdefied the requiruaente for a negaflte nomoer 
designation. A similar method but mors convenient is the use of nines complements,, 
In this syeten the positive aunher le sabtrocted from a power of the baas less 
lo The convenience aey be notad fron the illustration in tii&t the nines cori- 
plemeat is obtained by oubtrsobing each digit of the positiv« utxnbsr fro-» nine» 
la binary notation ®aoh digit of a positive number Is subtracted fron one» 
fjji» is equivalent to replacing all seros by ones and ones by seros® fh» cion"” 
version from nines cosaplemenb to tens complement can. be effected by adding h 
one to the nines complement,' IfcfortunE.tej.y( this addition ssaj produce 
carries requiring an adder and an addition time for ohangiug the elgh of & 
musber® 

By using the conplement ey tam, an adder m:iy be mod.» to sub» 
tract® She 91 a complement system avoids propogation of oat;.ri«!0 »cd la thus, 
more nuitable for a machine of the, Whirlwind type. Subtraction procesa®» «r® 
shows;, ln Illustration A* 3041.0.-, The first sxtanpie show® a sub t reo ti on in which 
the result ia negative® The subtrahend 1b complemented and added to the ninuwid» 
The result Is the difference In ite coœpltmsnteà farm» The second examplo 
•hove the subtraction of two muabers whose difference ie positiv*. Once agais. 
the eubtrahend'le complement cd and added to the minuend., ïa thl* particular 
caao, however, the difference iß not in tins de aired form, It consists of the 
desired difference ^ - Na plu» the term# 8* « 1® Fortunately, tfes correction 

for these tense Is easy® The «/” ropreseni s a digit off the left*h.and *ud of 
the register® If,, therefore, this digit 5.a oarried «round and added late the 
rightmost place both the & and the »1 will be corrected® This process is 
kao»m an ‘’and around, carry” and 1# easily exeouted physically by connecting 
t)ae ctixrj section of the la ft digit of th* accumulator to the right digit 
counter., 

Multiplication is nothing »re than the procès® of ®uooc«aive 
additions, the Multiplicand being added to the partial product according to 
the digit® ia the multiplier® Illustration A-20404 shows a decimal multiplication 
example« The rightmost'digit of the mult:.plier is multiplied, by the digit» of 
tie multiplia end In turn. It will be notad that the re «alts of etch of these 
¿•il multiplie atiene muy be a two-digit number requiring., therefor«, an 
addition process to obtain the partial producto following the us« of the right¬ 
most digit of the multiplier., the next digit to the left i© need® The 
partial products formed are added together« Addition of partial products is 
continued until all digit»-of the multiplier tor® bean used® 

la multiplication, binary notation present;« many advantages® 
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Aa shovn la ïllustratioi: .4.«“303BS 4h® bln«?**'- mtú.tlplicet’U-u írMis rsr.l-aj^d 
to 1 :: 1 * I0 Sluoe the I arge ut produot of any tw oiaary digit t la tho 
single hi.aary digit one, there oaa he n-a carry between «iwstic-ns i« fersfa/; tí» 
partial product, 

llluetratlon A«¡50409 shoe® a 'binary «ult3.pl:! catiao. exanplt- 
It Is carried out In the »am« fashion aa the deoin&l sxsnple prerlously dlfr- 
ousead except that eaoh »top i» now almply a choice as to vhethar or not ta 
add. in the multiplicand. This choice .la governed by whether or not the 
multiplier digit le et one» 

A modification .of the 'binary multiplication pro«»»* is ahorra 
la ¿lluetratlon A»30404. ïhl» modlfloatlon le helpful for the stechanlgallon 
of the process-. The multlpliohtioA hogtaa as before with the (idditlcn of 
the multiplicand depending on the rightmost digit of the multipllero Sor., 
however, consider shifting both the multiplier and the partltd product to the 
right one digit. The second step of the multiplia at ion m*v ecus idem ths 
rightmost digit of the re saining part of the multiplier, the multiplie»! 
being added la directly. lt lu not neceetiary to shift the nmltlpl loan! since 
the partial product has already been shifted. This* proce at of shifting 
multiplier and partial product to the right and then adding lit tbs 
pilcand If the rightmost digit of the multiplier le a one, continue» until the 
entire multiplier has been used. 

Illustration Af™IK)406 »hows schematic ally a binary rol tip! 1er 
using this process. The multiplicand is stored ln reglet:»::- AK and. the snoltt- 
plier In register BE. The partial product’ Is built up in vhe adding unit AO, 
A set of gate tubes in o.«»d between AR awi AC for eddlng ir. th« miíltipllosiadc 
If the rightmost digit in. BE in a one, the multiplicand la added la. If 
it Is a sero, the mu.ltiplloand Is not added la. fallowing each addition the 
contents of AC and BE are both shifted to the right on® digit. This places 
the desired digit of the •tul.tlpller at tho right so! of .ail and provides the 
proper alignment of the psrtla). product. Since la shifting BE to the rlr^ht 
Its leftmost digit becomes vacant, the rightmost digit of .’C which would 
otherwlee be Alftod off t w register end lost am lustsad le shifted Into BE. 
When the smltlplloatloa p.rooo®« is couple^ed the multiplier will have 
disappeared and the »atIra double-length product will appear In AC and BE. 

Since the product of two a--digit nusbers will roimlt In a 
2n»dlglt product,, «ora® method met be provided for handling; these extra 
digits. In general, they are i.nslgnlfloant and can bs thrown ¡ïway^ This 
procese requires the propar rounding off of the number. If fcha ls\»t a 
digits are merely thrown sway, the rems!n<..er will always bo lens than th# 
complete number. In the -sourso of a problem requiring a wry Barg:«, number of 
multiplications, the bias due to this procedure will become excessive. It is 
desirable to increase by one the rights»s*- digit of that part of the number 
whloh is kept if the numbsr thrown away 1« graaWr than a haWB A. convenient 
wsy of accomplishing this la th® dsoimal esystsm is to add live, to t-ao first 
digit to be thrown sway. If this digit 1« 5 or grsrter, a one will be carried 
to the rightmost digit of the saved number while, if this digit 1» less Shan 
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ÍÍT®, H'iik right-hand 41gl.ttt wiU «liaply 0¾ diucevörd« T Mi piacs'iiti le 
1 llubîi:í*t«d In ïlluatratian, 30406» 1b btuaxy r'.otatio& aa ôutlraly 
ftiwxlar proo«M oat ibo tt«®d la vhlo.a a oao i» tài .«à to th<» fir*t cligH, to by 
dl «cardad r* «ult ln« la a carry il" this di<jH 1* n cae and m carry If it u 
•»WZ« He provi »Ion i* meda for proparly o arias :‘or tta Mblgremi oaiw< la 
wMott tJw dlao,ardid port of bk? tombw is «juctly one iialf Bovoror, 1». 
40"digit cnltlplloatlon» 40 will ka throw. ivway oui the ckancoa of 
thia -JO-i iglt nmbar being «xoctly one ho f In n<ry small» Tfea bias ¿0« io 
this process is nl.se; very snail and cm ln »®t uaies be negleicted,. 

ïh» sise of the aiaabere «hioh can be handled by the coran:tia<: 
machins la not Halted by the machine register lr<ngth. It In posalble"io 
use nombere which are any ml tipio of thla register length» Illustration 
¿r-3û3S2 »hows this procsss for double-Isngth makers, that is. for ntrabíT» 
vkoce length i® twice the amber register length of the machine,. ï]® 
ntasbere aro atorad in two halves in two sopar ate register«« Addition rs» 
outres the napareta awni&g of the corre«iioadl».g hlv««,. ‘.íhe sujo of tht 
two omallsr ssotlons nay bs greater than, the register orpafilty* If »os 
the overflow rspresents t. carry to the rightmost digit of ike* «tun of th« 
two larger ssotlons. It is n«9ssaury to próvida fer handling thlti carry 
sfflcieatly« 

l 

I 

®ultlpltcatloa the product oar be formed bv obtalnin#» 
the xeur partial producto ro suit lag fro« multiplying the doub?.«» nectlon 
numbore together seotioa by section,. Two peoullaritlo* égala oriB«. Ärsi( 
the product of the two snail sectlano thsaselvss U a snell. number which 
would oralnailly be lost In the rounding process» This produoU am there- 
lore bs onlttsd. Saooadly, the two larger section»? are assumed to have with 
! , an r'.8aoclat®ã registar full of sores. Thus their product which will 
!! f°Jblf UKUa3 18 ®ütuallJr «»tíraly sigulfioont and bpth «action# 

aiust bs kept. The sectlcn whisk 1« usually rounded must te aidec to tto 
nuallsr «action of the result. It la once again nocensary to taJc®'care of 
posBible oarríse between seotlons. 

^ wîttïît i/rwri TThe*?13BU? to doubl »»lang Jh nunhers will be Inçoitan: 
ior wB.BI.VZND I. The alxteen»ilglt 01¾)exit,f now prepoacd la equivalent to 
loas th«ï five decimal digits which In Inadequate for most computing 
pro bisas. By using doubl •». length nambsrs, oompujetions o«?i bo' carried cut 
ÏÂpfwîS pî'a00.9* greatly •inoreaslnc ihe scop.? of tho maoMn®. 
BIEL IHT’ U wiil el,00 o® able to handle doubl®«k©ngth numbere for use in 

the®© problems requiring mor« than twelve doolma, digit«» 

Equivalent methods may be applied fer oonputlng using triple- 
length unmoors. Illustration. 4-30393 illustrate * tow a trlple-lcn^h 
nember product may bo obtained. The number of ordtrs required for oonçutlng 
using multiple-length ausbors become « quite largfs. Subprograms can be used 
however, ' 

i; 

It was msntlonsil ©«'Her that it is not neooseary to build 
division Into the machine since It could be built ip out of th» more basic 
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wlthwotio opor at loa«.-. Chio uonmoxit le alto trio of «<'|uaro raotiug.; A 
gBn«‘8l method for ohtaialn^ reoiprooal« and rout® is to uso ¡m 1' oiratlir« 
•arooeditro ba«od on. the solution of an algébralo equation by Hawtor-.*« mat hod. 

Illustrât Lon A 30391 ohowsi Kavtoiisc method,. i’he ot.xts f « t{x) 
latoruoot® the axifi at «ob» point* It 1« deal rod to find thi« point by a 
•proosaa of suoooaolrs cp sroxinations beginning ni ta «o rae crigs.nel gueea» 
Other method« are «ndXá&l® but Hewtoa1'» ha« tho siront.agt' of simplicity and 
ipeid. 

ïlluistratioa A- 30411* »how® the içjpUoatioa of Hew tea 8 method 
to performing tha operation of diTi aioa using only addition and ar.-Uipilcatlca 

•the rctiatioa fix) » a ** 3L hn« a root ai x » Applylt-g Howto; " i method 
X » 

" 1 
mi aquation x +., « x (2 - aa^) 1» obtained which -All oonrergo to xa » ” «■ 

•fhla equation requires only addition© ant. multiplloatloa® and reavdt« In the 
reciprócale. It converge I very rapidly at each at so* If the lire!' gut a» is 
good to IQ$, three itorailon« will give « retrait good to eight dec. Inal: 
plaosBo 

Illustration A-30419 showc the eppHoation of Hewten* w method 
jo obtaining oquare root t* If the aquation chosen I» fJx] *a sc® m »« than 

Wlli oonverge to the i’hie prooe»« require« divl»lea «nd isi «atle« 
factory for a snaoMae able to divide but will be quite langtfcp for a m^aln« 
that obtain» divlrsion by 1 tarutlooc 

If the equation f(x) » a «=* I« ased, than x oenvergs» to 
3e® X1 

1_ in a prooes* requiring addition and multiplication only» It 1® 

f a . * 
quite easy to get the /“.a ' from it* reciprocal by al»®pXy istó-tlplylng by a. 
Uaolfc 

Illustration A-30414 gives formula« by analogous methods for 
obtainsIV! the p*“ root wirere |< Is finy Integer« 

It was mentioned earlier that the machíne Itself w.i *.i pariosn 
all th© neoesoary coaversion» for decimal to binary notations -and binary to 
decimal notations* IlluitratS.on 1-30418 ©hows two methode for converting 
from deoiraai to binary notation«* EqulTiilent method» orirt for convert ln« 
from binary to iaciraal. notât,Ion#* 

the first method consista of using the binary «»qui-aient for 
•the ten decimal Integere. She leftmost digit of the decimal number is 
converted to binary and then mltlplled In a binary mulUpller by the binary 
equivalent of tea* To this roault is added the binary equivalent of th® 
second doclmaJ. digit* Tala process is repeated until the entire uumbor hat 

' ... 

■ 

fe:. 
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•öe«:i oottvor%o4o îha 880ond nuitbo& u*oa u 4®ciæal oonçutox iauto«5, of a 
d i oar y ooiaptxtat' and coiiotßtu of aocoooaÎN'Dly dividing Wut docliu&l unsib«? "by 
two trd üotiUMX %hn romalMdore of e&oh mtep«. 

Ä.® power and flaziMlity of dlg^tnl oo apa tin« meoMn®* 
Tjooomob mat appexont 4e. thoaa i.natanooc whare tht* cowputor oerxi^e t.ii® 
burdan of genorataag it« own sontrolUng program» 1¾ i® often cuctomgxy 
for tto mathematician ;4o Indi oat« In ooaw^ct ayiabolio fore th» answer to 
a numerical proce*»» ''ft® detarwlnant and Matrix notations are caanqalee of 
thl.« compact aomonolatpre» 

A generellaed program «tirflcleat for nœltiplicaWon of my 
twc matrices will now be dlecu*sed» In this generalised program, 47 ordern 

.are sufficient to control any matrix multiplication» The pro grc» can t# 
kept in a library for uce a* required» 

As an exemple of programming method» and of the general 
power of ,a computing machine it thi» type, a generalised prog ran. for matrix 
multiplication will be discus»ed» Tide progrem will proTr.de for >h® 
multiplication of «oy two mat rice a, not neeeaearlly »quar«, which can 1® 
multiplied within the capacity of the machine. Once written and put on. a 
tsçe the program will be usable ae often as dealred» It •fill only be 
necessary to Insert the eleiaeata of the matricec, oertsda information m to 
their dimensiono and location in storage» and start the machine.. The 
promva can el oo be usad as part of a larger program of whioh matrix 
mltiplication 1« on« of the desired operations,. 

There Is no thing mutual about thin program or tha methods 
used. A program of this typo otm be written for a east aumbor of 
arithmetical procesa©« including inverting a matrix, solving a m% of 
slunltmeoue linear algébralo equations, a sot of simultaneous linear 
differential, equations« algebraic equations of M(h order, eta., '.mee the 
method of solution has bo®n datenuined, 

A matrix i® a rectangular array of element■* which obey» 
certain rules for trait ip lient I on and addition. A typical matrix is* 

®n ° » * - • * ' * - * \R I 

i 
3 
ï 

• e 
1 

%i Btö V 

■ 

...... . _.a____ _ __ •_LL 



'6345 
Momorsttâtua Ko, M--63 ' XO - 

She procesa of matrix jaaltipiloation ií¡ a-i íoilowa* So 
olítáiii the 1th element of tho jth coloaaa of the product S3 » 0, «sloot the 
1th row of A astd tha Jth column of 3,. and sum tha product a of their corroe* 
pondi ng oleiueat s, 
Tims,. 

% 

1th 
Rov 

heglnnisg at the ]. aft--hand end 

» É, ' 

Ä 

L. -J 

alr 

r 

s 1) , 
pJ 
3 

jth Ooliusa._. 

and the top* roapectt-yalyt 

Whore a, l',. and. 
aia.tricau A¡. Bs 

o aro oleraeat® of 
aad 0, rospoctivel 

_J 

ith. Colem. 

» ~ ^ “ 
?3.QM®nt 
Product 

of 

ï,he product of twcs3x3 aatrloos 
I * , ^ 

hi 

I 
aX. 7)21 ^32 

Wihi * J (anbis * *1.3 t,2íJ j 
v * ®33 b3?/^ 

Before two raetrloes can bo mcltiplod together, they mat ho 
conformable« That is, the number of ooluanis in tho first mit equal th© 
lî.mbcr of rows in tho second. 

% 
She -general prcceas of multi-iiiying two matrloes hcoomoe ibes, • 

the followings 
\ 

Id To obtain the first elemenñ of 0 ruvltlply tho' first 
row of A by the first colutva of B* 

a) Multiply the first elemei\t of A 'ïy the first 
slowoat of 3» 

b) Multiply the aaaond cismenl; of thf first row of A 
by the second element of the first column of Bo 

M& tho two products. 

Continu© until ell the elomont» of 'he first row of 
A(aad at tha samo tima all tha elasn uts of the 
first colwm of B) haue boon used. Wie resulting 
«ram is tho first element of 0- 

a) 

d) 



; 
.
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-
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2r. So oosg)Xéti« t'm á'J.rat row la 0¡ coxt^lum fcraltlp?.yï.ïijS 
t'ii® first) rov la A "bj tho succoosüßg «--oiiwuti ol J*.. 

a) Ecpo&u at tap ls. ábov®t aeißg ths vow 1¾ 
togeÁn but the aooond coIwkti iß B<, She r«auU will 
lie th® second «lomea fe la the fir a" row in C5. 

I 
Is ) Coatiutt«» using the Buocoe&iag co:.w.ma oí’ B uatll 

all coltßms have he en uaoáv 'fhe : .‘a salting sot oí 
vxivMtz will he tho first row in (í¿ . 

3e So coKpleto the eecond row in 0, repeat etap» 1 e»d 2» hut • -j 
use the second row in ho 

,4^ So eoii:.pl»'ào the products matrix, repesan stop 3 until ail 
the row a of Á hav© baon usodr 

fi<0Si the above dlsoueolon wa a an proceed to writ© the progroa 
required to put this procedure on tho computing; mooblnoa fho proooss. is 
»horn la diegramtitlo form in Ulufltratdon &-3D501s to iar.ludo the. covapartson 
ordern the coraputer need® to detarsaino when it has xioiahed an eia»aent., a row* 
end the ooraplot® product= 

« 

■íhe pffogrm iß written out helow« It.follow» the goner.«!' procae» 
and diagram deeoribod. ®ho changas in the prograva jMiciiaiuary to progress to 
the suooeedlng alamsat», rows, «and oolumae* s-rs »ado by bringing t.h® jiCtual 
order a into the art t tootle olemeat and adding and Bdbtraotlng number a from %»«»« 
ïh® ordere ar© r© oto rod In their modified condition so that the ioar haaio orders 
that parfera S al are need over end over again to perform all the separat« 

& b3s.aoedsd for th® aultiplicatioac 

Biöiaorand.usß. 

!C.Ho symbole used in thin program ar« diaousaod ©earlier la this 

‘I'ho matrices to bo' multiplied or© assumed to, b© «torod ia the 
coffioutor Btorsga in the following fashions Matrix A is -âtoreao. in sequsneo 1¾ 
yovsc 5ho aloment.8 of any row are atorad in sequence from loft to right,, the 
»roups oí ■ alecs ©ate making op the row« being stored in s© mono« from top U 
bottom» Matrix B. is stored in Boqusmoe by oolums. ï'ho »lernent0 of any ooluan 
¡yo Htored in «©cuenca from top to bottom, the groups of element« asking vp 
the columns being stored in aeqtwsno© from left to^right, C^0J? ie 5B85®-y_ 
convenient and .act neceaoary, -he program with slight modification» om be 
u>s®d for different • ordert) oí s tor eg©, It 1© no's ascos sa ry tn.at cujaooo. ^ 
¿amonta be In adjacent, registers, Th© only requirement, is that the atorsgo b© 
orderly and known“* the •given aequenoo-1» merely the simplest, 

mvK, ©iemsats of th© product matrix 0 vd.ll b® stored in a®queue® 
by xDWrt an Matrix A olnoo tho oloraent* will ho obtained m this aequeue«» 



. 
m&vmm 

i 

em ,. j* . 
Â«»í*Píí5ü,ttw So© M«õ3 

Sb® order of atorage &a veil ao ottor povUneaJ Informo» 
ie pivou iE IllßgU'aiion .^.30500, ïhs Program proceeua ac .io.Uv»»'a, ^ 

- 2 for Metalled orders aad Xllustratlca iU30£03fci’ progs-ou, loa 
PP 
dlagr-Äö« 

X - stflrt-.^aaeâsaJ3Lfe^& 

•«.fes first stop is to laoort tho Initial ragiötor posit loue oí 
th® ©leaeuta to -fes mltlpliad. This operation require« tte*«« tranofærfl, <ma 
for eaoh of the matrices concerned, or ® testal of sis: oidor®« • 

lio a »,t 

Sbe aaltiplication of t&a two ©lemeata r«-quinss only %m ordars 
sino® tîia product la loft in fcfco ©<scx&wâ.a5oï*» 

m«a 

ïhe partiel soa 1® orcu^t Into the eritljaetlo «lament iæd 
edded to the nov product« She raoult Is stored in th® vegiswr allot ,od to 

ÎÏ. » Í3 « 

I:aoreacQ S(a) by l.e^-Q.^g^lLiLAL.t'iL.gM 

rnh<i step 1® to iscreaoo the registei1 nm^v in Order S7 hy 
1 vhioh «131 pick the' next eX«w®<¡ In th» ro« In Matrix A,., ïM-a raodlfication 
U asdk at this Uma beoauoa It ejecta a w&L pvias in 
ordar® and total ansfter of operaticne» ort'.ero eri: s-equliod roi M-.j 
modi f! oat, i.oiio 

Vp Qhack on Cor.pletion.of^^^.lSSllJ'iSte.i^iJ^Si-H 

An ©lament of the product «Ul he ooapleta whoa all th« el «»ante 
of a row of the first matrix have 'mm used In a sura«. Chocking °n -.he 
oowolotlon of a row can he obtained by comparing the rerluter portion 
Order S7 with the register -oo alt loa holding the iaat moment In hh© row. a® 
cô^LïLr'an *. J. W 8(¾) ir» 87. SV ta. »r«* ta» 

Mdiftod ln IT to ta one tata «MB S¡» Issti ra^sí« a««.íore^ ií 
37 4 3(^) thoa th» row has not bom completed «alio, 1,- Sí ^ f3 •*V n ® ' 

2h* conparlaon rcqttlrea calf t«o ordera aaihtraotloa r-nu tha oosiparîsm . 
Usalfs 

VI c Inoreag?» S(h) by 1 - Order« a.B to Jig 

Tf -¾.¾¾ element le not complot® aß dotermlaed by comparison 
order' then It is neoeaaory to modify S7 and S8 to take tho next elementa ia 
the two mat rice », return to II „ and contins® the prooc-s«.^ S. hm already been 
modified in IV. four orders are required to modify SB i»d return the c-onhroi 

to S7. tho start of n« 
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jd:ï0.Stotro SUjasK.t, Qr&ora S20 to SS-j 

v<;' aa oloMostt .has 'oama ooapletoil.; 1¾ ssia^ o© s^osfçd ai’ 6©Rt tio 
■¡¿h« ow;pw% (o?dor a • S2Û*>S&L ) e 

Heat» it la noo©«»iccy to olear- the register bolûit« ‘ai. a b co 
■ihßö it will 'ba available for the next «tage of aolculaSio»- Oae »»thod ie to 
aabtreot a t lato the aoennnlator wMoh already hold® Jg. a b.- ïho re sol ting 
3®ro la stored in th® ^ a b register effect l voX^ cleaving it (Order a 333«S23}<» 

Hext» the order S31 oonfeaiulng the regie ter aa»ber whore the 
elejaea* C has first* beea stored 1® Modified so that the next eLameat to he 
oojaptttf?d will 'ba atorad in an adjacent register (Order® 534, S35, 8205 # 

VIIIo CUeok on Oonpletien of a Bow is. t ao Fx’oanct ^ Order o 827 to Z2Î 

A i*oV in the nroduot will he oowpletsd if all the olesaeAte.cf 
Matrix 3 have boon weed* ïherefore, oou^are S3 which o ont ai ne the register ttößber 
oí the last element of Matrix B weed with the register leas lt. S(bfci, of 

ftho last a lane ut ia Matrix B» This comparison la ef footed by mean» of a «ob« 
traotion and a oonditional aifc*»progra» ordes'« If S(c) t;r SiO» th.® last 
«»lemettt usad will o® nt the bottom of some aolursn other than «ia lm%o SCbfe) 

Biaat b® X lose than the register amber of th© last element -in Matrix B beci&uM 
the aqxial. oase lu lawpod with, th® negativo nnmbei*« In the conditionaX saV- 
prograsn order* 

IX, Rotara to dtart «f Sow, in Matrix A 

Change %c Hext Golnmn in Matrix B ^ Ordere* S30 to 536 
** * 

If a row of this prodnot is not complete, it Is neoeasary to ute 
the same raw of Matrix A over again., Order S? ia modified by sabtraating the 
amber of element6 ia a row from it» register position iOrder» S20 to 333)«. 

Changing to th® aoxt column of Matrix B aonomolishoi by 
simply taking th© next “element in Uno dite to the order of storage (Orders 833 to 
S3S)o 

ïfc© control ;U then returned to the stars of XI at S7 and th® 
proo®35i r®peat®d0 

J... Cha ok on Co'jpleoloa of Product ^ Crdur.s ^3? bo _ 33.^ 

She product -dlU be complete if all the - .jlemeat« of Matrix A 
have been ueed, She ©took oan be made by .comparing the register position 1*^ 
37 with, the register poeition holding th© last element of Matrix X}. 8(a^)o It 
is act necee »ary to subtract 1 from 8(¾) »Ino« a 1 baa already been 
added to 37 * 



JiMß 
K mo rîü.'IôJÆ Ho-,- K" »S 14 

îîw cob^a:?1ko^ 1 ® Kind'» wl %b. a ffibt'fß/* fc* :-.o zisd oojdi ïjoj ■•il 
iraVyriiïrsifl order an twfore» 

Xï. Cihana - to Kaxt Bow in. Matrix k 

Modi$(0^) 

Itatara Ho Bagltmlag of Matrix B ^ '.'Vfâen S40.to.346) 

If tho pro duo t> 1» îiot iiCEoi ata, the uesrs re* oí Matrix « ii to 
h« ua«4.. So nodlíloatlott» are noc®«aary eiaoe tho 1. odd94 to S(o) ta XV 
will take the first oloweat of the aaxt row du© to the ordor oí atoraba«. 

Sino© a noy row It lioiug usad» it it m^ssaaiy ta chango S(a^) 

jso that it i® tha raglater nuwhar holding tho last olesaat la tha o«w row» 
ïhla BHídlfioatlon i» acooupllehod hy adding «ha row/ loa«th to S{a^) « (Order® 
S‘lû te b4<GÍ ) î> 1' 

Roturnlng to the beginning of Mato-lo; «3 i* asoonpllehed by 
«uhtraoting the wanhor of ©lonanta in Matrix B lea» l fron tho registar 
poeitlou S(h) ln Order B3 

# 

Tho oontrol la thou returned to 37 at, heíore«, 

XXIX, Ston Order 347 

If the pro duet 11 ooaplete, tine mao nine la etopped« 

■ , « - wv ..,:. iniiiiiiBiwn 

.«■.C.'-'k'+ty-*-ív^ÂftV :-Aï^’■>. iísáí®&¿[4^>-; U 
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» 1®ïSG-Bs Pi^-Spoad D igiital"Goxt&ni,®» Çlxwrá* d 

-V'AK; April 2„ Í94? 

034$ 
À'»#* 1 CÍ. 11 

T3.1ô»t.i’etí.onsi 
A-30S39 A-304.3? 
Ar-30439 ,1-50433 
¿:-30í;01 .4.-30468 
A-30438 A-30468 
A-30420 A- 80434 
A '30431 ,1-30400 
A-SOAS^X a=.¿'04B5 
A--30 433-1 A-SOAPl 
¿v-30432-1 

íba olroults feo \>&¡ dieowa^cft aro thOB@ of tbo Whirlwind, 1 coj^w.tes*,, 
Shlylwiad ï belog a parallel'-t28pee Pi.gh-ípeod, digital cowjmtar* at preoeot 
1ft tb® de »lg» stage-; A preoeaufitloo of all tbo oirovUte of the eo»;mter would 
b®» of course, la^oaelble iu the tire available.. Ouly a osaall pert Ion of the 
eoBç>ab«r will be dleouneeds those parta of the arlthaatlc elesmt uaad for 
the addition of . twe binary auiabnrs« Ll«itHag the dlsouealoa to a ensall part 
■•if tbs computer will make poealbl© a Bore logical and detailed OroatBeat of 
that part than would be p>.8elbla If ®r. attempt ««re made to diurnes the eat5.ra 
coapttter» S'roMi the circuit polat of view,, very little la lost by tîm« 
Halt lag the áí Bouaeloa. ïho variou.® parte of the computer aro actually 
built up from a few basic circuite savoir lag only one or two tube a’» ’fixes© 
haaio circuita say be regarded as tbs building blooäa for the' uoaputox*'.- 
She dîffereuoo betvfooa tha part of th© computer to be ôloou^fisd and the 
other parta» Is la the armugaaout of those basic circuito. ®ho arratig«« 
went of,the basio circuit3 la best öhO’.m by the block diagrams Block 
diagram© are to.be discussed in aext w©«k6@ paper. 

First* the circuits in,th® arithmetic ©lessant necessary for th® 
addition of two binary number3 will be proseated. 3©cöads sosao general 
principies of circuit design will b® disoasoedo Shlrcls soasa to salt 9 of tha 
experimental work done, by the laboratory -will be prcaaj.it,ad« 

ßteUja IM MâMien *,4 

Before the dlecnealon bacoiass oonfined to th® arithmetic olement« 
the relationship of the arithaetio clament to the rest of the ooaspaftsr 
must bs shown . . 

®h® five parts of the computer ere shown in Illustration A-20339 
1'h® control sonda to the other parts of th© oòaçiuter the tlalag pulses which 

■ -I 
' if :¾ 

m m. 



!S!»8U}.7ftöÄU& 2 J H? 

a;c« Aoöesca-ry ':íg perforia th« opérâtioaa oßlled for by tfee program. She 
jgtoragi» provide® stör,ago for the program» Input data, and partial reeutte.: 
i‘h© ¿rTthgatS.0 eJ.egant can add» oubtraot* maltiply, -or divide t.i;o aethers 
a» diotatêl by tu© coatrol,• 0.¾¾ Input and output are also akown» 

the parts of fcU® arlthiaofclo olement virioh ap© need la addition^ 
with th® conneotloaa from the eoatrolD aro ehowa In ï Lluatration A-5 0429* 
'.two registers are used» the A register and the acouflntlator » A r«g1 ? ter 
has a digit-otorag® eleu®at in each ooluan and th® aoiamlatoi* iß s 
register which can add two binary nainbefs» 0?h® A register and the ^ocnsmlator 
will b© dlaousoed la more detail later- 

Slow oo».aider the steps which are aeosoaary to da»cute the* addition 
of two cumbers with storage of the aum« Initially, both the A register end 
the accuwalator are olear» ïh® augend will appear on the digit-transí er 
bus at e©*8 Icnown tlo©t The digits of the augend, will be' ropr®sentid by 
abort voltage- pu3.ses and. vill appear Bimltaneotisly on the bus oablfai 
there balng one bus cable for each digit ooluam- ®Uo preitenco of a. puls® 
■will represent a one and the absonoe of a pulse vrl.ll represent a «ero<• At 
the oo.vreet time» by raeaaa of the «oaneotion labeled ou.« to A regiclar,-- the 
control will open the gat® and lot the augend-go Cross the bus to the A 
register . Heat the gata between the A register and the ocoujaulator is 
opened by aernis of tho ooaneotlon labolod A reglet«r to acoussnliitort per¬ 
mitting the number to go to the acouraalator- Then the -A register ia cleared 
by 'moans of the connection labeled olear A roglst-er- At the proper tirao, 
the first gate is opened again and the addend 1® permitted to go from the 
bns to the A. register > ïhen the gat© between th© A register and tiu. 
juscumulator ia opened and the addend goes to the accumulator where it iß 
added to the augend. To complot© th© addition,, th© connection from the 
control labeled carry is used« The carry will be described later» By 
naans of tho oonnoction labeled accumulator to Imsc, thé aw may b® ton« tc 
th® digit«transfer hue. 

The function® neoeasary to perform the addition of two Mí.,arys 
numbers ara th© fnactiona necessary in tîw aoctaaoXator- So that the se 
functions assy be. clearly under stood 0 binary addition will bè review« d> 
3?he four possible- oases of addition of few« binary digits aro shown> 

0 1 0 

■i-o *0 'S’l ir T “i 

1 augend 

fl A -s— - addend 
1 carry 

10 <s— partial subi 

10 ®U.Jät 

I 
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‘ill® procedure for Maary add! t loa ■wltîs, ordinary «jingle-carry step a '-a as 
folXovs;, add M\® two naabera and obtaia a partial atm and oarrieo ■ SUiá'- 
th© carrlaa one column to the left and add to tho partial ona0 obtaining 
a partial sum and oarrieoc Shift the carries again and add8 etc.mtU 
nc carries remain* When dealing with JS-dlglts ymaibor«, a carry m®jr law 
te te ehlfted I tiiooo-, /ja oxantplo of this 1« shov®» 

i 
0001 **"“•■' augend 
lili «i— addend 

^•1 ^— let carry 
1110 «í— partial sum 

fl <&— 2nd oa*.'y 
1100 -a— part lal aum 

A — 3j.'d carry 
1000 <— partial sum 

,1 •*—— 4bh carry 
/0000 <— partial sum 

10000 a—aura 

Shis 1® the equivalent of adding one to 9,999 la the decimal system-. After 
acme practicee on® learn® to writ© tho final sum in one step Instead of fire* 
a» in the eacaaplo « The accoamlator can be constructed to perform &:i addition 
in two steps instead of JSH-1 steps> The- twe stop® ares one, obtain partial 
mm and oarrisss twoe propogate carries to the left, and add* A binary 
addition is shown in Illustration A~30401, Not© that &■ carry canne- propo¬ 
sât© to the left past a aero in the partial aun* 

She basic circuit weed ns the atorage oleaont In the 
a flip-flop {reslatenaa-oonpled multivibrator or Boolee-Jordan 
olrowit)« A oircuit diagram of a flip-flop is shown in 

y agi stars is 
trigger 

Illuotratloii .4-30428 * 
She flip-flop hão two stable jjt&teo; cma5 conducting and f„ cutoffs d 
two« 1L out©ff and ¥c, oonduoting« Bogatlv® púleos are usad to o®ts reset» 
or trigger the fllp-itlop, Whan reset by means of a negative puls© nt. the 
reset terminai« the digit stored is a »era and the plate of is a", a low 
potential. The fact that V., is shadede indicate® that la normally con- 
duo ting or conduotlng when reset* When set by mean® of a negative pulo® at 
the set terminale the digit storod Is a one and the plato of Vj is nt a high 
potential « The digit stored may be determined 'by sensing th® volta«;® at the 
plata of V-, * When triggered by means of a negative pulso at the tr:.g* 
terminal» the flip-flop will tranefer to the oppoelte state regarSX'tisi of 
it ib state when triggered« 2h® cy»bol for a flip-flop ie also shown la the 
Illustration« 
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An«they Isselo circuit io th& gate olroult. A gata circuit \t¿ 
shova la Illuatratloa A-30426« Grid 1 or grid 2 «au cutoff plats cu.croate 
i-ô. plats current «an flou only whan grid 1 and grid 2 are above üitoff-. 
Both grids are aoraally biased below cutoff ., fho input and gate pulséis 
Hauet b© positiv« and a negative output puJ.ee le obtained. She oyssbol for 
a gat® tub© or gat® circuit is alst ohowac 

A ¡gato circuit which does not invert the input pula® Id 6b-rm in 
Illustration A-30431,. A pul «o traaaferaer is used la the plat® clrc lit to 
re Invert tho pula©» $ho pola© transi jX'uar will ho denorihed in oo»e detail 
later. ïho sane syiubol is ueed for this gato circuit an 1® used for the 
first gats circuit« 

Sh® A register «ay ha construo tod from thebo two basic clr julte, 
the flip-flop and' the gat® circuit. IVo digit column«,, the first di-d.t 
column and tto® aoooad digit ooluifliv of fcho A regi cter are shown in 
Illuf.it.ration /1-30427. A gate pulso from the control, by man® of the 
ooanßotlon laholod hug to A ,rMgisterf, lot« the- aunbar on the bus onhlea go 
through the raad^ln gat® tuba a and set the flip-flops,, Thus the nuaber 3¾ 
transferred fron the hue. to the A roglotor.-. A pulse from the control on 
the ooaneotioa labeled A regleter to aoomnulator will paoa through th.o 
road-out gat© tubes held open by tha flip-flop« and go to the aoouiwfLabor., 
A puiße fro» the control on the oonueotiou labeled clc^r will clear ‘¡ho 
A regí .’toi* by resetting all the flip-flop® which have boon set« 

An. aocunulator using ordinary alagle-oorry «tepe for addition io 
shown ia Sllustratloa A”30433» Only two digit, column are ßhown- üf’.-ro 
flip-flop a are used la each oolxima,. on® set bo storm the partid aun, the* 
partial aw» flip-flops; mad the other set to store the oarrlaa» the 
carry 'flip-¿Toga"~ Suppose the augoad is already In the aoowaulatoy end 
the Mdend Is about to be added to it., She carry flip-flop® are all sere « ■ 
The digit pulae« from the A register go to the trigger terminale of '' ho 
part tal-«jours flip-flop «., In all column« wher© a on© i® added to a o»«0 the 
digit stored In the partial.-au® flip-flop becomes a »ero and the digit 
stored in. the carry f lip-flop become« a one. One plate terwinal of b.he 
partial-flum flip-flop 1st coupled to the sot torminal of the carry flip-flop 
bo that whenever the partial-eta« flip-flop io triggered from on® to i'®roc. 
the carry flip-flop la set. In any column there are only three poseíbilitie»« 
on«t both partial-«aà» and carry flip-flop «ero; two* partial-sum flip-flop 
one and carry flip-flop seros three* partial-«o» flip-flop aero and carry 
flip-flop on©- Both the partial-sum and carry flip-flop cannot »iatul- 
tansously oontain a om>. 

The next steps of the adding aoQuanoo ara to. shift, and add tha 
carries as many tiraos as ara neoeseary. Transfer the oarrio» ono tolumn 
to the left and add,, A pulse from th© control err. the ?arry connoetion will 

\ 
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go wu'-ot^h i-).t.ö carry gata tuba a hold cpon hy the carry f Üp-flcp« wfc.'.Wib. 
atoro oaea- .11' Ü carry fiîp-fiôp atoren *. ou®,, the paie® wilt pase itooxxgîi 
an, opon carry gato tube and trigger the partial-«ok .flip -ilop la tho next 
oolvusa,-. ïh® carry flip-flop la roeat \r„r the carry palee a abort tiao 
later.. $ho delay e 3.0¾¾) at e a sad ara »imply short pieces of cable haviag a 
relatively low velocity of propegatioa» It the partial-ao» fllp~flop la 
the second coluffin already has a oae in it0 a carry digit stored In the 
carry flip-flop of that column, mat result* la this ovoat,. the carry 
flip-flop tthculd not ho sot oatll after t.h© delayed carry paleo i'roE th© 
contrai has reset the carry flip-flops* 

ffh© carry digits æay havo to he transferred and added M tins®a. 
ïhis œ®ana the control iaay have to send carry palace K ti»«ó. 

.to, acottswlator for high-*îp®©d addition is shown in .Ulastratloa 
A-30433* Only two digit oolnaine aro she wav Again sappoce the atigond la 
already in the acconolator and the addend ta about to Is added to it., If 
the partial-sasE flip-flop in a glvoa ooluwn already has a one stored in 1.¾,. 

a digit pul an from the A re gistes* will go through the etora-carry gate baba 
held open by the partial-east flip-flop ç.nd set the carry flip-flop,., the 
partial^subi flip-flop being triggered back bo »ere a short tima thereafter» 
If the partial^-son flip-flop had stored a aero and a on® was added,, the 
carry .flip-flop would not have boon est. 

mo accumulator‘ua® a high"'speed carry. A alngl® pul sí? fre» ïho 
control on the ga.vr;y oonaeotlon will completely olear the carry flip-flopa 
and will can as tho so® to appear in the partial-sus» flip-flaps.. However,, 
ft dairy digit «ay still have tc bo propositad the length of the register« 
.la the high~ap«ed’ carry, one carry digit may travel the length of the 
regí otar , 

Sfho high-speed carry circuit operate« m follow#.-. a puis« fr*sa 
the control on. the carry connection finda,, asy,, the carry gata tube of the 
flrati digit calmar, c.põu.. i«®u# & carry digit e-tored in the first digit 
ooloaa* She pulao* now rapreeonting the carry digit» goes to the 
high".ypeed-oarry gate tiibe controllod by the partial-earn flip-flop in the 
tocond digit ooltuan.. If that flip-flop atores a sa,a,, the carry digit 
will' •go on to the ms.% eolusta» etc« -An it, goes, it, is delayed ht each 
ooluasa .wnd used to trigger the partial suk flip- flop* Sh» carry flip-flop 
io alt;« reset by the delayed carry pulso • A set of .raad~ai).t gnbo tubes 
is controlled by the partial.-sun flip-flaps for sondiog the caía to the 
bus. She control can traassAt the aus to %h<a hue by means of the 
aooumlator to ba.» «onacctloa , 'Bis control can olcer the partial-aua 
flip-flope by ®aana of the clear oonnootlon* Eh® carry flip-flops aro 
automatically cleared during tha carry - 

. . .."vA. .:!;- Ay. ' 
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Prinoiplaa of C i y-oui t fl« »Iga. 

Th» genoral priaoipl«» of circuit do sign «ay be soiaaarlaoâ. in «ao 
paragi'nph. 

The prohlea wajit h» solved In nomo given real,tia®., a progrès, of 
the solntion of the prohlea will show the noiahor of operations,, l.e,.£ trensferfie 
additions « waltlplioat Aona, ©to.,,, to ho parforasd in tho aolution of tfcs 
probl®»» The naahor of pulse intervals reoulrod for oaoh operation will thou 
determina th® pulse repetition frequanoy. *«5hon '¿ho pul no repetition fretqutmoy 
lo the order of ciHgnitnd® of ths pale® rise tlae and fall tlaa ia 
knoifU'. Wow,, v&ctwaa tabee which are ava-ilabl® in fairly largo quanti tic® 
and who oo character! »tie« ©apeoially reliability» aro wall s établi shM, 
should :-.)-3 need if possible ^ Conventional typos of tabeo should be used.. 
Then, oomothiag ia known of the physical siso of tho circuite and th« approsd» 
amt© vain® of the shunt oapaoitaaoes in tho clronlta oan bo e-stiisated 
Showing th® required rim tissa md fall tin® and the ahunt oapaoifcaaoe®» 
th® load reaiefcorrç ax'© dfiterained» Whoa, a tubs typ® is seleotcd, the 
approximate puls© eœplitudo required la aetormiaod by the transfer cluirso- 
terÍatic of the type »©looted* The problem is to pick a tub® that will pro¬ 
vide e, current through tho load reolotor auffloisnt to produo© th© required 
p-nlno amplitud® , Furtherraoro» by far the best gate tub© at the pro cent tin® 
is tho ÔASÔ- Th® puls® aagplltuda for th« Whirlwind I oosçjuter has boon 
selected on the beats of tho transfer characteristic of tho 6AS6, 

All th© oos^puter cirouits oan bo oonotruoted with flip-ilope,, 
gate tub©», orystel. reotifiers, and delay linos as th© building bloofco* 
Als«;,, buffer, or power» »uç>llfier9e invoi'tera» and palee reehapers will b® 
ncooeoary ' . 

HellaMlity is of utaoat inpertano® ^ A failure at on® point will 
lead to a meaningless result» Componente of high quality must b© used with 
oonserv&tive ratings. Because large auabors of ratmm tub«« will b© ua©d„ 
approxistatoly three thousand for Whirlwind It, vaoua*-tubo life la particularly 
i»5portant» • Tho tube-life problem 1« a aariou» ono» la an effort to prolong 
tub© llf«e nasufnoturora0 ratings of electrodo dissipation will bo reduced 
by ©. factor of two* 

A» vas stated previously« the diyit, pule® aoplitud© will be deter- 
jBlnod by the transfer charaoteristio of tbs tub®a uaed.. A typical transfer 
oharactoriötic is shown» 

./! 

/ ,/ 

%i> 

y 

<o 
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Tha aoraial operating point rhonlà b« aa far &a poBsilsle i>»lov ouf.rff . K e 
to avoid troubla fío» sparlous ßlgaals- How«vor» operation far b®lo*// cutoff 
will introduoo more dolay la a pvdao having a .finite rise timo., Cpor.ttloa 
far below oat off alao raqaires a larger voltage chango in the pro ceding 
stagee aeoasaitafting a larger tubs In the preceding stage to obtain t.'ie 
sarao riaa tiaa* 

If the grid of the tubs ie not driven positive there 1« no 
pontsIbiiity of grid clipping and the operating point for the top of the 
pels® will be on th® otoep portion of the transfer obaraotoriatioc 

If the grid la driven positive and a clipping resistor is uised,, 
tho risa and fall timos introduced will ba appreciable» Consider the 6ASS 
gato circuit shown in Illustration A-3043?» ‘She d-o transfer oharaoteriotlo 
la aleo áfcown. ï-feko B j equal te 10 volts. Drive the grid to +S volts; at 

this point 0..4 railliasjperea of grid current flow and the grid has a static 
resistance of fivo thowaaad abase Suppose a twenty-thousand-ohm limiting 
resistors a is tuned so that the input terminal mast be driven to 410 volts« 
The Input oapaoitanoè» 0,..- » of the tub© and so oto t sight be ns low as 

6 mioromiorofarada> If a 20-volt, 0,25 miorosecond pulse having vertical 
rise and fall la applied to the input terminalr. of the circuit, the resulting 
waveform at the grid will be similar to that shown in D.lnntration A-.')0435 » 
The time constant of tho rise and fall in the negativa grid region is 
0,1 micro second» Hot© the delay end lengthening introduced <. 

Ah a third alternativ®,, th© grid may be driven positive with no 
grid limiting resistor» The operating point will then be oa th® steep part 
of the transfer characteristic » The maximum safe grid voltage is established 
by the power the electrodes within th© tube can dissipate and tho current 
that oan bo drawn from tho cathode. 

ï» tho Whirlwind I computer* two - pula® repetition frequencies will 
be used'- One-megnoycl© pulse repetition frequency will bo1 used for a/ory- 
thing except the arithmetic element and a four-msgaoyole pulse repetitlon 
frequency will be’ uec>d for the arithmetic element ». ®hlo results in-pulse 
interval» of on© microsecond• and 0,25 alorooecond» Tho pulse length rast 
b© short oompared to tho pulse interval bacana3 a pulse will be Xengfcwmod 
and delayad in going through gato tubes« power aaplii’iero, ato» A pulse 
representing a digit mat not slop over into a time interval belonging to 
some other nvuaber or order. As a oonsequanc®) th® fall time •ia as important: 
as ths risa time» Rectangular voltage pulses are preferred because a 
•rectangular pels© can go through, these extremely non-linear gat© tub©a» oto», 
and come oat a© a rectangular pulse with no delay with, reopaot to tha input 
pulse«- Of cours® rectangular paisas cannot be realised, à pulèe as :«sarly 
rectangular a® practical will be used and reshaped whi,m necessary- 
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Is fco aoM«V0 îiïiox'fc riao and i&?.l fcla»«, fchs S.oM raedstors 
swa« Vo toapfc artall» Shunt, capadteaoa ia eaootaafc©í?®d avsrywhare» . OonsS.doy 
fciîe pîvÆ© lead of » gate oirotsifc uedng e l.^OOD-ishra piafc.j load ro5!?.3t,o'r.>. ïh® 
o1rca.li-. aiiig;?s£-i :ls «hom* 'Ç ^ 

S i ÖOO ÍL 
:5> 

1 

"" *• 
™”i T 

b 

5Si® plfcte fco gs*or«i4 o.&paoifc&aoa will he at. laaafc 20 mio;?oaicr-of arad ».. Sha 
fall of the otttipufc' pwlaa will have a tlm® ooast&nfc of 0.02 adoroasoonfi»; fch® 
rise tiw© will be ahoi'ter than fchs fall tin» heoaua© fcho load roai.sfcox* 1« 
©fiootively parall«ia4' oy fcho ;p.lafce ?®®l«fcaao© of fch® tubos dtu'l'ng fch© yloov 
Sho wavafox« at. fchs plate will ho oUalla-r te tto® w&vefo;?^ ohown* 

A (fliaall induottuica in serle e with fcha plat® load roof »toy will iîBiprov© th® 
rise ar.vd f&Ll. 

Sob» oveÿnhoot vlll b© latrcARood- ae show.» 

1-3 Oft©« 
alaufc®».: 

2b® âlfflouífcy lii oo^pllng; la that tía® fclJBo Interval h©fcwa®B pala«* 
Tariabla.. 2b® iaterval my vary hotweoa 0.,26 itóosroeocoaá a»d - ten 

A typloal ooupling cirerai* i» ebova^ 
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le wñVíform lí- Sha waveform of tfco d«lay«â pulae aftor T„ lo wavaforw XJ 
Oaly two ato geo of içpeed'-carry olroult «@ve coaclruoted iat tî:»sa 
tßid'iitS 

Shi oirou.U díagra» of a high-apeed flip-flop is ahow* In 
llldolvstloa 4,-30426« She flip-flop u?;®a period®cf. àM?'1 #r. reduai the 
grld-t-'a-plat* oapBCltaaco , Biss for «he grid .return is obtained by uae of 
a 600--oh» onthodo roelstor; the current throogb. thi» re sin tor In coaatant. 
Kote th*» use of the 10-oiloronloroforad ooaçtna&tlag oapaoltor» to liaproT« 
the rí ©o lise at the control grid. Also,- note the Ic-^rsEicttance load and 
plate-îo~grId voltage divides - Daly the trigger-input tersi&al Iß ahovn. 
Vaveforas at on* plate te rainal of the hf^d-speed flip-flop are iho-ses In 
Xlluetratlon ^-304^1 ^ Waveform A lo for a 0 .876-megacycle trigger# The 
ampllkuie of the voltage ohaage is 25 volts and the rleo tiae end fall time 
are lees then. 0.1 mSorofteoond, Waveform B Is for a ?• nogaoycle trigger. 

G«n.clu!Sion 

Bbe‘outstanding problem faced at the prêtent time le the tub«-life 
problem-. A high duty .feotorP as high as 0..26,, aggravatee the prohl-m«, The 
effect of oleotrodo dissipation, cathode current, and heater voltage on tute 
life la not a&eqpately understood-. Th« variable pul no rapetitlon frequency 
cause a many coupling difficulties» ’ In order to facilitate checking, some 
direct coupling will bo used.- Checking methods have received little attentl 
at the pro »ent titan. 
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INPUT AND OUTPUT WAVEFORMS FOR ONE“TO“ONE 

INVERTER TRANSFORMER 
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A. INPUT PULSE w* 
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B. PULSE AT GRID OF V2 

F29-6 

C. PULSE AT GRID OF V3 

F29-7 

D. DELAYED PULSE AFTER VI 

F29-6 

E. DELAYED PULSE AFTER V2 
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Serve ¡nechaiv î ema Labiratoi'ÿ 

Maaaachuaett8 Institute of ïechn 

Cambridge, Haasachuset1¾ 

Written by; Robert R Rvorett 

Subject, Digital Computer Block Diagrama 

Lecture given for the M ï■P Electrical 

Engineering Staff Seminar' 

Date;. April 9, 194*' 

Wo ihflll begin with the standard computer 

A-30339, usea in several of the previous seminar» This diagram shows the 

basic component a of the computer. These components have been discussed 

briefly before but more from the point of view of what they oau do rather 

than how they do it,. Mention has been made of some of the arithmetic element 

de tails > A detailed discussion of the storage will have to wait until later 

seminar»' Diucusaion of the input and output will aleo be deferred, In 

particular, little has beon said regarding the control In tblo seminar I. 

shall endeavor to discuss the control and to show something of bow the com¬ 

puter will work 

First* let us approach the problem of determining needed elementa 

by building up a system piece by piece,, justifying each new element ao it is 
added 

Consider Illustration A~30440- Every operation must be ordered 

We need, therefore, a supply of ordere within the machine, Those orders can 

be kept in the element marked tit orage Suppose that this Storage is arranged 

as a number of storage places which we call ref ; star a In order to facilitate 

obtaining the'contents of these registers, let them be numbered consecutively 

from on« up to the limit of storage capacity Thus, each order will be put 

in some numbered register and tan be obtained by having the storage read out 

the content s of the register having this number- 

We also need some means of remanboring these orders, that is, we 

must know what order to perform next There are several methods available• 

It is possible to have each order contain information as to where in storage 

the next order is to be found. This method has certain advantages but is 

wasteful of storage space. Instead* consider the fact that orders are 
usually used in a definite sequence. This is not always eo,„ in fact* 

ology 
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flexibility la the choice'of whet order le to ba usad is a very ittiparlaxil 
ability of a Computer, but the large majority of time« orders are ised one , 
after the other If, therefore» the orders are stored in the desired 
sequence In adjacent storage registers, they can. be obtained by reading 
out of these registers in consecutive order 

How,, let us provide a counter which va will use to atoro the 
register mealier of the next order to be used Normally, after each order 
la extracted and carried out, a one can be added to the counter The next 
order to be extracted will then be the next in the storage sequence It 
must bo possible to change this sequence when desired Changing the number 
in the counter will be considered later 

Illustration A-30441 shows how an order is set up Tho counter 
holds the number of the register which holds the desired order This 
register number is read out into tho bus through a sot of gate tubus Cg. 
Attached to the storage must be a switch which can be used to pica the 
desired one of the ctoragp registers The order number travels down the 
bus end through another get of gate tubes to set this switch■ The desired 
storage register has now been chosen 

Illustration A-30442 shows the next step, extracting the order 
from storage The gate tube« on the storage ara oponed and tho order read 
out into the bus» A problem then art ses ae to what to do with the order. 
As discussed in a previous seminar,, the orders consist of two sect lone 
One section la the operation order which could now be sent directly to the 
operation control The other section is the storage reglot er number which,, 
since its purpose 1« to choose a number from storage» should be sent to the 
storage switch. It is possible to keep orders and numbere in two different 
storages hut to do so would reduce the flexibility of the machine with few 
compensating advantages, It is preferable to have one storage which holds 
both orders and numbers and to allocate such sections of that storage as are 
desirable to each use • The storage switch has already been set to choose 
the register holding the order The order cannot ho sent directly to this 
switch since no time is available for clearing and preparing it fc- the 
reception of a neo switch order 

A new register,, the 1-B or Program -Register. is provided for storing 
the order until the storage switch can be cleared The seme bus ia used for 
the transfer The gate tubes on the switch are not opened. 

Illustration A-30443 shows how the operation is set up The 
storage switch has been cleared., The order is read from Pfi into the hue and 
from the bus into the storage switch and operation control switch• The 
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opernt ion control switch decode a the opérât Ion order and seta the operation, 

control for the desired operation The storage ta set up to connect a 

particular register to tin bus either for Bending or receiving 

A complete arithmetic operation auch na nn addition requires three 

complete orders,, two,, to send the numbere to be added to ti« arithmetic 

element, and one to store the result It i0 possible to reduce this number 
if a result is to be used immediately, thus saving storing the result and 

then bringing it back to the arithmetic element for the next operation In 

general,, the first order vlll transmit one number to he operated on to the 

arithmetic element Illustration A.30444 shows euch an operation Sha 

storage gate tubes are opened and the desired number read out Into the bus 

The Input gate tube a of the arithmetic element aro also opened allowing the 
number to go Into the azi ¿hraotic element. Some additional «perations 300,1 

as clearing may be needed within the arithmetic element The operation con¬ 

trol will supply the neue isary order pulsee- 

Tha next order will put the second number into the arithmetic 

element and order the operation to bo performed. The entire sequence so far 

described must oe gone through for each order One is added to tha counter 

The counter contents are read into the storage switch via the ou a The 

order is read out Into the program register and from there to the storage and 

operation control switches, The new number is read from storage to the 

arithmetic element where the deeired operation, ie carried out under tha 

control of the operation control- 

Illustration A-30445 shows the storage of an arithmetic result,, 

The output gate tubes of the arithmetic element are openeu* the result trans¬ 

mitted to the bus and into storage via the storage input gate tubes 

All the orders described in an earlier seminar with four exception» 

are described by the above eketehee The td order is the seme ns the storage 

order except that only part of the digits in tha arithmetic element are 

transferred to storage., 

The four excepttone are the shift right and left orders and the 

sub-program and conditional nub’program ordere- The shift orders do not 

require transmitting a number 1 rom or to storage since the number ,0 be 

shifted already lies in tire arithmetic element,. The usual procedure is 

followed,, the storage switch is set, but the storage iß net read 

The sub-program operations ara shown In Illustrât ion, A- 30446 •> The 

order has been extracted from storage and stored in PE-> from Ml the order 

has been transferred to the storage and operation control «witches As with 

the shift operations, the storage is set up but not read- The operation 
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control traiutferg the register position section of the order in PH to tfan 
counter ■ The next order to be token will be the one residing :.n the register 
designated by the sub program order- 

conditional sub-program order is shown in the stuu® illustration 
The operation control sends a pulse to the arithmetic element If the sign of 
the number in the accumulator Is negative as evidenced by a positivo sign 
digit, (see the previous seminar on logic for a discussion of negative number 
representation)» the pulse is stopped and nothing further occurs The next 
order In sequence ns given by the counter will be taken and the computation 
proceeds. If the number in the accumulator le positive, the pulse will be 
returned to the operation control switch where it will change*the switch 
setting from conditional sub-program to sub-program- The register position 
section of the order in ER will be transferred to the countor as with the 
sub-program order and the order sequence will be changed 

So far today I have not discussed the mechanism by which the con¬ 
trol orders the opening and shutting of gates and transfers numbers and 
information in the machine This ordering can be accomplished by supplying 
pulses to the equipment at the right places and at the right times The 
pulsea to be supplied for setting up the order and operation are Independent 
of the operation to be carried out. The pulses to be supplied Jn ordering 
the actual operation are dependent upon the operation control switch sotting. 
We need, therefore a supply of púlaos which appeal" on different lines at 
different specified times during the course of a computation period These 
lines can then be connected to those parte of the equipment which are to 
receive pulses at the corresponding time Wa need further, the ability to 
change these connections according to the operation to be carried out 

The basic device needed for a control of this type is an electronic 
switch. Such a switch is shown in Illustration A-30464., This switch, which 
*® ® eimplified version, of the types which will be used in the actual com¬ 
puter, consists of a number of flip-flop circuits whose plate loads are 
connected to JH- through a diode matrix The switch shown contains only two 
flip-flopa As each of these flip-flops bee two atable states, the switch 
lias four possible positions. By adding more flip-flops, moro positions may 
be obtained The number of positions = 3 where n 13 number of flip flop». 

The switch operates as follows Consider the conditions- under 
which only the right- hand tube© of a flip-flop .-Vo on..' These tubec will be 
drawing plate current while the left-hand tubes of the flip-flops voll I be 
cut off and will be drawing no plate current Tre tubes draw current through 
the diodes from Bt via the lead resistors at the left-hand aide of the dia¬ 
gram, hxamination of the diagram will shew that plate curroat is being 
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drawn through only the thra© lower realatora Tha top line of the switch 
1« connected only to the left-hand tubes of the flip-flop So current is 
drawn through the upper résister and therefore the upper line "fill remain 
at B+. The lewer three linos will be at a potential lass than .o-' by the 
drop in the lead reel atora The upper line, therefore* is at a positive 
potential with respect to the lower three and can be used for controlling 
a gate tube» Suppose we change the condition of one of the flip- flops, 
say the left one so that the left-hand tube of the left-hand flip-flop 
draws current while the right -hand tube of the left-hand flip-flop does 
not . Fíate current will be drown through the upper resistor by the 
left-hand tube lowering the voltage of the upper line. It will be soon, 
however, that the third line is not connected to any of the on tube a • Ho 
current will be drawn through the corresponding resistor and line three 
will be at B+ hack of the four possible puni tiens of the tube flip-flops 
results in a different output line being at B+, Diodes are used to prevent: 
voltage feeding back to tie on line and to keep all the off lineo at the 
same potential 

illustration A-h0452 shows how a switch of this type can be used 
to make à time pulse distributor which will produce time pulsen on different 
lines This distributor consists of au eight-way diodo matrix switch suck as 
has Just been described. The eight outputs are supplied to tw -grid gate 
tubes while the flip-flops driving the switch are connected together in a 
counter circuit Suppose now that all the flip-flops are in their off 
condition and that the correeponding condition of the switch in tliat the 
uppermost gate tube be on A clock pulse comes in from the left, goes down 
through the connecting line end up to the grid3 of all the gate tubas If 
the upper gate tube is on, a pulse will appear which is inverted by the 
transformer coupling and will go out as a poeitive pulse on the first lina 
If all the other gate tubes are off, no pulses will appear on the remaining 
seven linee After the pulse ha« come out of the upper gate tube it will 
finish its travel through the delay line at the lower left and will go in 
and change the condition of the first flip-flop This will change the 
switch position 00 that tie upper gate tube will go off and the second gate 
tube will go on The appearance of the next clock pulse therefore,, will 
result in a pulse on the second line and no pulses on. any other linea» The 
second pulse will change the first flip-flop hack to a aero, the overflow 
from this flip-flop tripping the second flip-flop, in like manner each gate, 
tube in turn is opened ao that the corresponding clock pulses will come out 
In consecutive order starting with the top line and finishing with the bottom 
line» After the last pul ce appears,, the switch will, ba re sat and the next 
pulse will appear at the top line- Tha distributor, is receiving a continuous 
string of clock pulses and dividing them up so that they appear in consecutive 
order on these different linee if* then, 0. complete operation, is considered 
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t>j be started when the first clock pulse appears out of Che tlrae ptlso 
dletrfbutor,, it is only necessary to connect the différant iin-ís t;'-' those 
parts of the equipment which are to receive pulsea at. the corresponding 
time to hu/e. a simple control which will carry ont the setting up of the 
order 

Illustration A-30453 shows how a timo pulso distributor 'an be 
used in conjunction with the operation control switch to order the different 
operations • The time pulse distributor is the same as that, just described, 
the pulses appearing in consecutive order on lines one through eight The 
32-position switch is the operation control switch which ie supplied with 
the operation control part of the order . Only one of the 32 possible out¬ 
puts is selected at. any given time 

The row of gate tubes is used to connect the time pulses to the 
various parts of the equipment• These tubes aro selected according to the 
position of the operation control switch. 

Consider the leftmost, gate tube, It is connected to the eg or 
clear and add order line >f the operation switch and to this line only 
ThereforeV, whenever a £& operation is carried out this gate will bo on 
and the No, 1 timo pulse from the time pulse distributer will go oat the 
line to whatever parta 'it, is connected, In any other operation this gate 
tube will be off and no t Une pulse will go out The next pair of gate 
tubes have their outputs connected together and go to one particular part 
of the equipment. However« they supply time pulses at o.Il î ore-.,1 times 
according to the operation to be carried out The left-hand gate tube 
is connected to the ca line while the right-hand gate tube its connected 
to the ca lino Therefore« when a ca operation ie to be carried out,, a 
time pulae will appear at time 2 on this line while when the £9-operation 
is being carried out* a time pulse will appear at time 3-- For all other 
operations, no time puls© at all will appear• The fourth gate tube is 
connected to two of the operation lines, the add and subtract operations 
tlheuever an add or subtract order has bean selected, a time pulse will 
appear at time 4 on the output of this gate» while on all the other operations 
no timo pulse at all will appear . The last gate tuoe i s like the tirât except 
connected to the ad order and time pulso Me-. 2 Actually lor the machine 
there will be some forty or fifty of these gate tube« and the connactlon 
matrices will bs quit« large However* one 8-positIon tine pulse distri¬ 
butor and a 32~yoeiticn switch will be adequate for Whirlwind I control 

I would now like to describe the control aeutssary for carrying 
out a binary multiplication. Illustration A*30404 shows the modified binary 
multiplication described in one of the earlier seminara The sequence of 
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opérâtJona is aa fellow»; examine the rightmoet digit of the asultiplier . 
Add in tho nultlplicnnd if this digit la a one Following eacli examination, 
shift both multiplier and partial produot, to the right one digit . Again 
examine tho now rightmost digit of the multiplier and add in the multipli¬ 
cand the shifted partial product if this digit is a one dont nue this 
proceso shifting ml tipil nr and partial product at each step until every 
digit in the multiplier has been used The product will now be ooriplete 

The basic essentials for this multiplication are nho-m 1.-. 
Illustration A- 3044? The multiplicand is stored in a binary register, the 
A register, while the multiplier is stored in a second binary register, the 
B-register The product is built up in the adding unit oí the accumulator 
or AC. Gate tubes are provided for adding the contenta of the A-register 
into tho accumulator 

illustration A-v>0448 shows the addition of a sensing device for 
examining the rightmost digit sf a multiplier,- A gate tube is connected 
to the rightmost digit flip-flop of the B-register in auch & fashion that 
this gats tube is on when the digit, of the rightmost column of tho 3-register 
is a one- A pulse is now supplied to this gate tube, and. If the multiplier 
digit Is a one, the gate tube between AJÍ and AG will bo opened and the 
contenta oí Ali will be added to .AC 

Illustration A-30449 stows the means provided for shifting the 
multiplier and partial product by one digit- A second gato tube 1:= prw 
vlded which is also connected to the rightmost digit of the B-regi.• t-er 
This gate tube is arranged so that it is on when the rightmost dig;.: t in a 
zero When a pulse is supplied to this gate tube the contents of ,he 
accumulator and B~register are both shifted' to the right on« digit The 
digit which would ordinarily he shifted off the accumulator is put inte the 
new empty space in the let t-hancl end of the B~reglet er 

Illustrât Lon A-30450 shown a comple te system for carrying out the 
successive additions of a multiplication . The clock pulses are supplied at 
the bottom line, If the rightmost digit of the multiplier is a sero, gate 
tubs Ko« 2 will be on and gate tube No 1 will be cif - The deck pulse will 
pass through gate tube Ko 2 and cause the partial product In. AC and the 
multiplier in BH to be shifted» to the right one digit., A new multiplier 
digit will be put in the sensing position 

If the rightmost digit of the multiplier is a one, gate tube 
No« 1 will be on and gate tube No.. 2 will be off. The do oh pulse will 
pasa through gate tube Ko 1 and add tho contents of AB Into AC This 
pulse after passing gate tube Ko - 1 will also return to the input, c f the 
rightmost digit of BE changing It from a one to a zero The next pulse 
to come along will find gate tube So-. 2 .on and will sihifti instead c f add 
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At each aiep >£ the proseos., partlal product and ®a.lfipltor exa ah ï 
The multiplicand le added to the partial product prior to the shift ti the 
miltl.pl 1er digit is a one If the multiplier digit ie cor'. , toe shift only 
la performed 

Illustration A*-30451 shows the «empiété mltiplicatlon control 
A flip-flop is used to control a gate tube on the dock pulse input ’¿her 
a multiplication Is desired, a puls® is sent into this ilip-fl?p turning 
on the gate tube and sending clock pulses to the gate tube control pre¬ 
viously mentioned for forming the successive additions of the Multiplication. 
A counter la supplied for stopping the additions when the multiplication is 
complete At each shift this counter is indexed one point. When the counter 
is full1; It will send an overflow pulse down to tbs- input flip-flop turning 
off- tbf clock pulse gate tube and stopping the multiplication.. ‘ihe counter 
is set so that this multiplication operation will be stopped altar every 
digit of the multiplier has been soused 

It would b© possible to order the milt 5 oil cat ion ep© ration uaitii 
the control distributor described previously The nain control ie used 
for ordering some of the simpler operations such as addition and sub¬ 
traction. More complicated operations ■tuoh as multiplication and divisior 
may be more simply and efficiently accompli shed by using all separate con¬ 
trolo of the type mentioned 

Robert JÎ,, Eva ret t- 
Riffi ■ hau; vh 
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In the preceding geminar discussions we have considered the nature 

of electronic digital computers and have studied, some of tha circuits used 
for arithmetical computation. Block diagrams of a computer system [leva boon 

outlined and the nature of oom mathematical problems which will be en¬ 

countered In numerical analysis have been indicated by Dr,- Loud 

One should emphasize certain character!sties of electronic digi'al 

computers which have already boon touched upon Electronic computers of -he 

type discussed will bo practical only when used in such a mannar that vas , 
amounts of computation can be accompli shed in proportion to tha amount of 

it anual setup and programming which is required- One way in which this can 
be accomplished vas outlined by Mr Everett in his discuss ton of generalised 

natriac multiplication,. Tha generalized program for matrix multiplication 

involves only forty-seven control orders and is capable of multiplying 

together any two matrices of size within the capacity of the machina Thu 

forty-seven orders are sufficient to control a computation requiring up to 

hundreds of thoueands of operations- The matrix multiplication 1» an 

examp!* of use of the machine for computation of its own controlling pro¬ 

gram. The outline of the problem to be accomplished has bean given to the 

computer,, but details in the carrying out of tha individual steps are com 

puted by the machine as it carries out the required numerical operations-, 

Engineering has now reached a viewpoint long held by the mathe¬ 

matician in indicating tha solution of a problem The mathematician often, 

considers his problem solved whan the form of the solution is known and wtsn. 

It eç.n be written down in a compact symbolism. Matrix operations giro us 

one example of this symbolic notation-. Others cerf be found in the gummat .on 

of series and in many forms of mathematical shorthand« Sines this mathe¬ 

matical shorthand notation contains in it all of the information necessary 

for the solution of the problem,, it is entirely possible to mechanise the 
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«horthani notation rather than the individual steps oí the eoffiputatLea 
The coBpnter le, tnereforti, able to carry out a lon¿? serle» of opeiationa 
the plan for which has bean Indicated only in outline or »¿ralolie forra 
Generalized programs of the name typo illustrated for matrix jcultlplication 
could equally well be arranged for the solution of ordinary linear 
differential equations or the evaluation of déterminants and for the 
evaluation and summation cf series operation*:« 

In the field of engineering we can aleo expect that »imitar 
shorthand method» of netting up problems will com into use Take, for 
example „ the aolution of rite mating current network- problema 
Mr- L A Dunstan of The federal Power Commission gave a paper at the 
last jonerican Institute of Electrical Engineers“ Convention in New York 
City describing the manner in which ha had used punched card calculating 
machines for the solatfon of alternating current power système Mr Dunstan. 
stated that even with punched card equipment and the relatively large amount 
of manual operation involved,, It was still possible to solva a-c power 
systems in approximately the same amount oí timo required oa the network 
analyzer He also stated that approximately one-half of the total tirso 
was required in the planning of the problem and in the selection of the 
circuit loops which were to be solved. It can bo readily Imagined, how¬ 
ever, that with a sufficiently powerful and flexible digital computing 
machine a general'.) cod program could be entabliahad for the solution of 
the a-c network problem Such a solution might bo set up on a nodal basis 
After sufficient information was provided through the input mechan!ame to 
completely describa the poorer system, it should be unnecessary for the 
operator to describe the exact method in which the solution, will be 
accomplished.- 

A generalised program for solution of the a-c network system 
involves mathematical operation in complex quantities and is equally well 
suited to computations in .he fields oí' vibration and strata analysis-- 

Every advantage possible met be taken of the large scale digita 
computing machine - It is not sufficient that one merely use it. to replace 
the human operator of a de jk type calculating oarhtne. Since the electronic 
digital computer can follow almost any operation of control or computation 
which can be described» it is essential that one use the computer Insofar i a 
possible for the preparation of original data and for the correlation and 
interpretation of results of computation As an example., consider the 
solution of ordinary differential equations with time as the independent 
variable Where the solntr.on of several dependent quantities if) obtained 
as a function of time,- It :.g often desirable- that those quantities be 
plotted against one another rather than against the independent variable •• 
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Ta auch a prohlesi the computer ahoulcl be used for the required sort .¡.ug. 
Interpolating, ar 1 plotting of the result In the exact i or in desired ïoî 
final ttr.e. 

Many re search pr* ,prana in phyeica and mat hematics are now blocked 
by the exoeesi/e nuiaericel comimtin#; necessary to the next step of propre ;s 
Correlation studies in econoaioa, medicina, and the social sotanees oust 
have thy solution of large determinants which only high speed comr/atera and 
a better understanding of the underlying aathemiitica can provide 

After n large seal© computer has been in use for a period oí tira, 
librería0 of control programa will be built up and become available for una 
on future work hrogiams for the solution of many cíaseos of problems can 
oe prepared and other programs for special problems can citen be built up 
as composite groupings of sections frem programs or file 

A large scale electronic digital coprputer will be an expensive 
piece of equipment, and In order to be practical it should bo kept In operation 
most of the time. Furthermore, continuous operation of sucha computer w 11 
be highly desirable for the reduction of vacuum tuba failures and lor the 
resulting increased reliability and freedom from operating trouble To 
provide sufficient conçuting load, It may be necessary to extend the sphere 
of usefulness of the large scale machine by long di atanco teletype connectionu 
Methods ars now being considered for teletype transcribing equipmen1 lor 1 ne 
remote transmission of problems to large scale computing equipment t’lann are 
being formulated for mathematical centers in several sections of the United 
States where large .scale electronic computers can be located To the se w il 
go problems from organisât -ons with Insufficient computing load to justify 
large scale machines and operating staff of theif own 

Jay ¥• Forre etar 
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introduction 

f o day " » à 1 - jette a 3 on it c o nee rne d w 1 th mat 1. a me, 1.1 c al 
problema connected with the use of high-speed digital 
computers and not with their design Ae a corea- 
quonee, there Is little dependence of today*s 
discussion on the talk* given to the past two weeks 
hy Mr- ¡Forrest« and Mr» Everett» This means In 
particular there will be nt* binary c output at ton and 
ï to conpllot'.ted program orders» AIL that is Resumed 
Is a machine which can do arithmetic or a. program 
of arithmetic computation ïb® only properties of a 
Whirlwind computer which are different from a desk 
calculator are those of *pnod, and ability to follow 
a program automatically,, Jt may ace» presa®me to 
study proto] ema of usa of a machine when the ».chin« 
is not yet In eaiatence, but it appeara that the 
machine will be able to hardie problema Involving 
mor® mathematics than m new know about, 
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I shall dlsowos mathematical problems from tao point, of 
vie v of errors arielng in the namerical solution of a physical, prob¬ 
lem when we solve a physical problot, by numerical methods> we begin 
by formulâtlag the problem in mathematical terms* usually differentia 
equations or integral equations Vie »hould rot ico hero tirât this 
almost always involves an Idealization of the problem, ’i'hs true 
physical situation is too complicated to eapresa in terms of mathe¬ 
matics which can bo easily handled. V)o uao differential equations 
because continuons nabhematico is most easily handled with ':ur 
present-day knowledge.. However „ it is possible to o vex*-idealise n 
problem. I,t may weil be that* though the physical problem has a 
«oration, the idsalizod problem may fail to lava a solution,, or its 
solution may not tell the true physical situation. For example3 
we have worked with >\u oscillating aystea that exhibited suot&lned 
ose Illations.. If in the analysis of the system the equations were 
made linear, the raathematical solution failed, to predict sustained, 
oscillations0 but would only predict damped oscillations. 'fhuav. by 
ove:;1-simplifying the problem we fail to obtain even a qualitatively 
correct solution. 

Once the problem is formulated mathematically,; a numerical 
method of solution la devised end carried through. Again,, approxi¬ 
mations are made- A numerical process is a discreto.procesa and aa 
a result cannot possibly give the true solution of a continuous 
mauhematioal formulation. 'Xha result of such a process in a sequence 
of numbers which bears some relationship to the physical problem. 
Because of the many approximationa made, this sequence of numbers 
is almost certain to be in error. Thar© are three principal sourcee 
of error in the process dm scribed above,. The first is improper 
mathematical formulation of the problem by over-idealisation. The 
second source of error is the error which in deliberately intro¬ 
duced. by using a discrete process to aolv© a continuous, problem. 
Such errora are called truncation errors« They receive their 
name from the fact that when a numerical integration its performed,, 
the valus found is a truncation of the area represented by the integral* 
Moat of the discussion of this talk will be concerned with truncation 
error. The third source oí error le rounding off. At every intor- 
mediate step of the solution, we have a. number which ie oppressed with 
a finite number of decimal placas, This Is almost always an approxi¬ 
mation* and thus introducá« an error. Analysis of rounding-off errorc 
is exceedingly difficult,. 
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In the discussion of truncation error vre v;>J 1 limit ourselves 
to vory simple ca«esg canes where the exact solution is known. ï’hero 
are a number of reasons for restricting ourselves to such casen, first 
of all, the truncation error can lie analyzed explicitly. /.Iso, uniese 
we know the true solution we cannot appraise ihr error veil« The theory 
of differential equations provides theorems which will give an estimate 
of truncation error in very general cases« However, for a specific 
problem these theorems are much too crude Still another reason for con 
fining ourselves to problems where the exact solution is known is the 
temptation to accept a numerical solution as reasonably accurate when it 
is the only solution we have. The only way of obtaining a solution in 
many problems is a numerical method. However a numerical solution may 
be badly in error as we shall see. It is always the temptation to feel 
that the numerical solution la a good approximation to the true solution 
because it Is the bent we have A set of numbers if printed neatly, 
looks very impressive,- but a wrong set of figures looks just as Impress! 
as a correct net- 

Therefore, this afternoon we shall solve two differential 

'if y and "Hs 11 -y These are equations for which the exact dt # dt¿ 
solution is known. The solution of the first 11 y_ ".s the value of y for 

1y ^ 
t * 0, is y * y0e"'; the solution of the second, If y « 0 and r* « I for 

dy 
t * 0 is y ■ «in tc Let xis consider the numerical ho lot Ion of = y. 

The steps are Illustrated in illustration A-30465. l/e will fir.d approxi-- 
mate values of y for t » 0» h»’ 3ht. 3h, ..-, ah, ,,. To proceed from 

one step to the next, we assume that “'f* is constant in the interval' 

considered and has the value which the differential equalicn prescribas 
at the beginning of the interval. In finding the value et t « b. we 

start with y^ at t *» 0, and assume that ^ has the constant value yg for 

t between 0 and h. Under this Assumption y , the value cf y for t * h, 
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vi •( j Ne V,. + y„b or yr ( Irn) » ïo find t,h« vaine of y for t » 2h w>j 
• U >1 'J 'o 

swinv o that has the cono tant value y, for t he tween, h and 
at L 

Era ia 

the value y0 at t 
<0 

2h will be y, f hj^ y (1 h) « y^(l + uV 

Continuing In this process It Is wen that - ■ “ - a 
y (1 1* h)Q, By use of this formula we can see where the approximate 

the value for t ,nh 

solu .Ion is after any numher of steps« Bet u« introduce tho variable ' 

by w ‘Itlag n - “•» Uelug this we find that yH) - yQ [_'! + h)E ! 

can ,ee from this how the approximate solution tries to he yQe = We should, 
I 

reme.¡her from elementary calculus that the eajiression (1 + h)fc approeAea 
e as a limit as h approaches 0.. "hits as our nteps are taken shorter e -d 
ehor -er the approximate solution becomes more and more like the true 
solution« An important fact to notice about this approximate solution Is , 
that the ratio of the approximate solution to the tri.e solution is equ l 

,1" t 
to 

e 
IL+AB which la an exponential function .oí tima.. This will be 

true it turns out, for any numerical solution of this type oí a Hues 
differential equation with constant coefficients« 

The process just described Is very crude« It can he improvei to 
some extent by elaborating the process, for example • Instead of makl, .;,g a 

straight line extrapolation of the solution au Is doue oy assuming ^ 

he constant, we might make a parabolic extension of the solution by passing 
a parabola through the last two computed points of the solution with tie 
proper slope at the last computed point. We might also improve the me hod 
by a numerical integration, of the extrapolated solution. If the difíet’ 

(a + l)h 

eatini equation is written in the form y 
f 

n 1 
y 1 y dt 

n+ * 
where th i 

’J rth 
straight line or parabolic extrapolation, of y le used ae the Integrand 

_ .,. « « j __Jk M m <è* 4 wn A -n tó'Sfva'l an®. 
13 VJl CV W* A       ^ \ 4 

the value of y , obtained la an improved approximation, .to expLanr «ion 
' n X i 

of tue reason for using such a simple process might be in order. U 1 a 
true that more complicated namoricai processes will give more accurate* 
approximations, However, the philosophy adopted for numerical oolatiois 
has been that the machine is beat suited to simple processes repeated 
rapidly many times rather than complicated processes repeated n lesser 
number of times« ïhls utilise« the extremely high speed of the machina 

to b'«t advantage« 
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cí "y 
Let; ua now consider tb« mmovlcnl so Xu« ion of ^ y ”• 0 o;? 

dt; 
which t*he true, solution It y -- sin. t,- In order to discus« the numorloi-X 
solut ion of this equation, it is neceasflry to diactias damped oscilla tic ns 
and tv* introduce the concept of a dumping ratio,» A damped oscillation 
is tha solution of" a differential equation of the form ■ 

,2 

ât2 
2t + y ---- 0 

C is called the dairtping ratio« If t in aero,, the solution la undamped- 
If £ la between Kero and 1,. the solution :la underdampedo If £ is equal 
to 1« the solution is critically dampecls and If £ is greater then le tie 
solution is ovei-demped«, Also if £ is negative, the so lut 1 on is nega¬ 
tively damped, which means the amplitude increases with time« If (; in 
between aero and -1, the solution is an oscillation with exponentially 
increasing amplitude « For those of you who arc more familiar with time 
constants than with damping ratios the damping ratio is equal to the 
reciprocal of the time constant in this case, who's the undamped naturel 
frequency is unity*. Note that, for negative damping the time constant ia 
the tiras for the amplitude to grow to e times itei original value,: 

* To solve the aquation 
dt2 

•i- y » 0 we form two simultaneóle? 

-y< Tbs principal first order différentiel s quations t = v and 4 dt d1* 
method used in solving these equations has been that of linear extra¬ 
polation and intégration« The results of this process will be shown ic 
soE<e of the following Illustrations« The method of solution is briefly 
the following., We write the two equations in the form 

,'(n *i l)h 

v dt 
^ ,-1 3 "Vn 

nn 

v = V 
i. -i 1 n 

,(n ,- l)h 

y dt 
/ nli 

Thus to extend y the extrapolation of v is integra ,3d numerically,, whil s 
to extend v the extrapclation of y is Integrated numerically* The rseu.ts 
of this process for values of h oqual to 1/8 and 1/\Q of the period of 
the undamped vibration are shown in the first Ulus'ration, B-381?3Ua<, 
Notice that the approximate solutions exhibit a negative damping chnrac 
teriStic*.- The solution having tan points per period la tha better of t ia 
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two 'b&cause of It 3 ador 
eolutî-ono are 1? second 
and ZZ eeconds for the 
total range of graph sh 
tima constant a actually 
rmmsrLeal solutions aro 
for the linear ext.rapo 1 
ara all negative» The 
truncation, error» Wo rxi 
per period,, which (shows 
constant periods in tha 
autplltude increase a to 
ie approximately tan mi 
errox* can become» 

ter step length» The tiiae con étant a of the tv,o 
s far the solution having 8 pointa por period 
solution having 10 points per period» Since the 
jw.a Is about 32 seconda* it can bo seen how the en 
are exhibited. Xn illuetration A-30366 the 
aîiovra, foi «orno other step lengths » Notice that 

ation and integration the apparent damping ratiou 
aothod alwaye brings an exponentially increa»ing 
Ight remark on the worst cases that of 2 points 
a Aaiaplng ratio of »»515» This permits 16 timo 
first 5 periods of the true nolution » Thus the 

3.16 times its proper valuó in 5 periods- o3-6 
ilion, bo it can be seen just how bad truncation 

I should like to consider next parabolic extrapolation and 
Integration using 2 pointa and 1 slope» Of all the methods considered, 
this gave by far the boat results» Illustration A=--30362 shows a para» 
bolio extrapolation» Illustration A-30344 allows the application of tht« 
parabolic extrapolation and integration to the solution of our differential 
equation» The shaded area in the figure representa the increments of y 
and V» Illustration A«*.50366 shows the rosuits of '-sing mor® complicate». 

,2 
numerical methods to solvo the aquation + y * <ñxG firot>.ie where tbo 

dt 
linear extrapolation was determined by the two previous points of the 
solution rather than by one point and the prescribe.! slopsThs second is 
•the result of a combina »ion of parabolic extrapolation by linear Integra tion 
The third ia the boot result obtained using parabolic extrapolation and 
integration. In each cas« there were twenty steps par period taken» 
Notice that the principal term of the approximation U the first in ©acr. 
case» The second term Is always rapidly damped out. In each oao© the 
first terra is very close to sin t(i the frequency being approximately 1 sad 
the coefficient in the exponent being very small » 

We aleo after® 
equation with‘a positiv« 
that, if the number of p< 
always exhibited a aegn 
even though the equalio: 
numerical so lut loua a Iw; 
the number of steps bec¡ 
illustration A«30364 wh 
points per period for vj- 
solved. Notice tlmt fo 
approximate their prope; 

ited the numerical solution id the cas© Qi au 
j. damping ratio > In the undat-ped case we found 
lints per period was 2 or 3, tbî u.-nerlcai. solution 
live damping characteristic. I'© found also »ha» 
i had*a*positive daoping characterintic, the 
hys exhibited a negative damping characteristic if 
un© loos than. 3 per period. Thin it shown in 
¡.ch shows apparent damping ratio as a function, of 
irlotus positive damping ratios In tie equation 

moro than 10 points per period the.curves do 
values quits cloGely bui» the,/ .tor lass than 
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fi poinSe per period,, all oi' the curveo become negative ebowlng ia;.s,t the 
negative damping cimr.noter 1 otic will alwayu be present. Tide Illustration, 
has been drawn for the caso of linear extrapolation and Integral.Ian, 
However» the same characteristic will be present with any method of 
extrapolation and Integration among those which have been ¡ieecribcd. 

Another idea which was tried was the numerical solution of 
an equation which had two »attirai frequencies, one 10 times the other 
A step length was chosen equal to 1/20 of the longer period and equal to 
1/2 of the shorter period. Then the numerical method was tried. Initial 
condition* were chosen eo that the nigh frequency term would be com¬ 
pletely suppressed in an exact solution.. Unfortunately the numerical 
solution did rot suppress the high frequency term and it appeared with 
all Its wild diversions in the numerical solution* obliterating the low 
frequency term quite completely 

In conclusion» I should like to make c few remarks about the 
other two sources of error, First, consider rounding«off error. 
Rounding-off error is of Importance with high-speed, calculating machines» 
In a normal computation the number of rounding-offs Is smallc but in a 
numerical solution using a high-speed machine there will b® many thousands 
of rounding-offs which will introduce considerable rounding-off error, 
Professor Rademaoher of the University of Pennsylvania has studlec 
rounding-off error» Bis result la that rounding-off error increases like 

as h grows email 

With regard to errors due to improper formulation, wa sec the 
necessity for existence proofs. The fact that a physical problem ha» a 
solution does not justify the conclusion that the Idealized problem has a 
solution, A differential equation may not represent the true physical 
picture all the time., For exasqale* suppose In formulating a problem « 

wrote the differential equation ^ « 1 + y2 and we desired the eolutio i 

of this equation from t « G to t « 5 We would find that the numerical 
method of solution would diverge» Experience with linear aquations would, 
suggest that the step length of the process should be shortened However, 
with this equation no matter how .'auch the step length is shortened; th * 
divergence will persist» The reason for the divergence Is not within the 
numerical method. The reason Ilea in the differential equation itself 
The solution of this equation is y = tea t, and this solution if* bound to 
become infinite at least once between zero .and 5 
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NUMERICAL SOLUTION OF DIFFERENTIAL EQUATIONS 
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Lü 

O 

+ , 

P 
« 
CO 
d> 
in 
I 

O 
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I 

O 
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I— 

Q) 
il 

0) 
+ 

<0 
in 
CM 
O 
O 
+ 
it 
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P 
CM 

O 
O 

CO 

10 

o 

p 

2 
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o 

CO 
o 
o 

o 

i 

p 
<0 
10 
cl 
O 
o 

O 
CD 
< 
CL 
< 
CL 

$ 
J 
ro 
o co 

P 
CO 

CO 
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o 

p 
CO 

CO 
o 
o 

CO (X) 
!2 10 

o 

+ 

Q) 
n 

M 
N 
I 
0) 
+ 

C0 

s 
o 
CT) 

if) 
* 
r0 
(9 
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fcmOM SMS !.. .BOKMXií" i 
Maasachnaflt’t« 'Castitui ■ of Ttît iito/.ogr 

Ctmat'iiigf,, Masati :b'iiee*■ 

.Date 3»par i" JsniJUiry 15, 1946 Y agît i oí’ 

Suo "a:; t- îho 31 car,y SyrtMj of Kimbar® 

14en.tiHoation Th® repraue itrtioa o.f dse&asl nunbsrs' i*> the Mí •■ary 
ti/ríea and tfc.® procvessn of binary arotbnsMo are espiadaad* 

Oí bo in'î3 jn 

âmiftUftlftliflM.Jil.JiiBfflig.» ■ Til© ^«cl»sl *yatat' 
fact tbi&t it I* based on ten digit» (0, 1, . 9,5 
of thoiw 10 digit# Th« binary aj-stfwn,. analogonsly 
faot t!m'5 it I» based on 2 dlgise, (0, 1.) and all 
are n 

takes it* name : rom the 
and all »umber» ara coarporv d 

t take# it® name from the 
numbarti in t,he ’ iaary «/atom 

«ede up of those 3 digit« The dociraat ayntam baa ¢, btuie of 10 the bina.'; 
eyste'ii hia a bass of 3 

Decimal 
Sy»t8.i« 

1 
8 
3 
4 
5 
6 
? 
8 
3 
10 
11 
12 
13 
14 
15 
16 
I? 
a’O 

1::10° 
2*10° 
3x10 
4x10° 
5x10° 
6xlOo 
7x10° 
Bxiol 

, 9x10 
’ 0x10° 

1x10° 
3x10° 
3x10° 
4x10° 
5x10° 
6x10° 
7x10° 
0x10° 

ixio: 
Ixioj 
ixioi; 
ixiot 
la:10;' 
ixio; 
1x1 OT 
IxiOi 
2x10 

Binary 

1 
).0 
u 

100 
101 
13.0 
111 

1000. 
1001 
1010 
1.03.1 
1X00 
1101 
mo 
im 

10000 
10001 
10100 

ixpj **• 
- 

1x2 + 

\ x2: 
1x2; 
ts-s;; 
xr¿: 
■1x2; 
i»:?: 
Jy2Í 
i vá: 
otó:; 
0x2'; 
0x2’ 

lxíla 
1x3® 
ixa1* 
1x0a 
0x2a 
0x3® 
0x3a 
0x3® 
1x3a 
1x2® 
1x3* 
1x3a 
Oxíí* 
o*;)* 
1x2® 

lx23‘ 
i tí"' 

* Otó." 
•+ oxö; 
- 1x2: 
* Ití'.,' 

4 Ox£ 
- Otó' 
+ ití:1 
•i- 1x2 

0x3: ' 
Otí" 
Ití 

* Ití' 
*1- 0x8. ' 
*' 0x2 
+ Oxrf:r 

1x2 «=• 
0x2° » 
1x2° =■■ 
0x2° ® 
1x2° » 
0x2° 

Otí 

,o + 1x3 
+ 0x2' 

IxS*1' 
0x2° 
1x3° » 
0x2° «<■ 

1x2 * 
+ Cx3° » 
+ 1x2° 
- 0x2° » 

W 
& 

í 
s 
9 

:d 
u 
íj 
13 
14 
Ib 
16 
17 
2 0 

Dsciaiel numbers silnoe they haT«» a b*isa of 10, b y b® broke» 
up iafca powers of 10 

¢. .£ 305 798 « 3x10a ♦ OxlO1 + 6x10° '4 7x1,0'"^ + 9x10 á + 8x10 3 

Xa the sane way, binary number* since the./ haw« a base of 3« may ht broken up 
into pawsr« of 8 

* g. 101,011 * IxS» -t Oxar- d 1x3° + 1x3"1 + IxT3 + IxS'"3 
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II ecu be tieen from thla arrangomsut of tb.« poverr. of tho öa^e», '-i»'... 
decías’, placefc (unit», len«, tmudredi, Ceßtds, hiudrodtbs t^usaßdta«. oto 
lia-ye it défiait® relation to the powern of the b&äjü 10 in '.'-he dec •.•.mi? A tjetem 
They are nmabered off cone tient 1 ve ly from left to right, £¿ os 'i ao to » m ,- 
ties?.® numhors oorreapondlng axactiy with the powere of the bats 10; the decimal 
point 1« placed betveoa the unit« (0) pl&a* aad tho tenth* ( i) plebe. 

ïho biaarj- place* (unit*, two«,, four*., wight®, »ixt.eons, haltftw, 
fourtne, eighths, etc ) are also «umbered exactly accordlog to the power» of 
the base 3 tho binary point 1« placed between the unite ;Q) place aad the 
helvec (-1) placa, Therefore, the place and point arrangement 1» the »am« U 
both decimal and binary systems 

c g 

;l 

Pecimai Place and. 
^Jlnwy Place Ho + ■» 

305 798 

loi on 

3, 3,, 1. 0., -3,, .3,, .... -® 

3 0 5 ? y 8 

10 1, 0 1 1 

Converulcn of beolual Harnkssa.1-3.JllMOJiHBÎlîÆg ' c'.’d«r to convert ä 
number from the decimal syste® to the binary syotom, the umber met be 
changed from powers of 3.0 to powers of 2; therefore* povexe of 2 are tafeen oat 
of the decimal number, Follow the work sheet at the end of 'the three exempla# 

feBBBÍgJl 7®11 Ie 

To Find:, Binary Equivalent 

Method, Take out of the decimal number, 18,, the highest 
* 4; 

power of 2, « 16.« 2 . A 1 la now placed in binary 

plaoii No. 4„ corresponding to the povsr of 2 found,, 

Subtracting 16 from 10* leave*» 2,., Tim highest powei 

of'2 in 2 1» 31 a 2,; therefore, put c 1 In binary 

placo No 1 Subtracting 3 from 3, leaveti 0,, eo the 

■ conversion i# coarpleted«. Since 4 end i were the 

only powerti of 3 in the given numberl * a appear 

only in bl nary place# 4 and 1 The coefficient# of 

the «on--appearing power# must have been s'sro,. so cerce 

ara entered under all tho other binary placa numbers. 



. 

t»c %i: 

Ht5 pp et 

CïItsiï ’î'î. 0 

ÏÏO M.r.ù;; Binary ’¿¡ni raient 

Method-: The hlgheat power of S :.a ?30 lf; ¿ ** 513» ao ft 1 «oee in lo. 
730 - 513 ~ 31Ö 

Tfee higiwîU power of 2 an 218 It 37 » 123 " l" “ " rt '¿o, ï 
218 123 » 90 

ïbe hi ghost power of 2 r.a 90 1 ft 3 * 54,, " 
90 »■ 64 « 26 

.. >, ». . *T * :ï t'; li t! »' 
Th« hägheet power of ¿ an Sfc la *> « --0,, 
Sñ *- 16 ** 10 

o 

."C 

The high«at power of 2 la 10 in 3 « 
10 - 8 « 3 

n 'í B it u A 0 5 

Tha higheet power of 2 a a 2 1* 3 » -3., ll! ^ ho.- 1 

:So other powere of 3 apptu.r » their ooeff'.olenfa Rust be tisro . 

},k&mûâ~z 

Cd’;i»o 

To Fiad- 

Method , 

10.,625 

Bl nai*y Hqui Taleati 
3 

The highest power of 2 la 10 625 ia 3 « 0, «0- s. 1 goo« in Ho 
10,626 . 8 « 2.,626 

The highest power of 2 in 2 625 la 3 3, 
2.626 -2« ©5 

The highest power of 2 in 626 1# 2 A«« 
o 636 - - 5 «ï .- '135 

(I t! If, It JI0 

6 5! e 1« « b 1¾ {, 1 ) 

The highest power of 2 ia -125 1® 8' «*,IOS,, ^ rt Ä í*o Í'- -■ 
135 - 138 « 0., 

which litóleat3« aoopletion of conToroion 
«0 tiioir ooeffioieat# are iero 

îlo other powers e-f 2 appear1 in 10 686, 



:'t SO 

PIaoB í'to 

- 'S* ' T.nAriK" li :' 

} B 

í,0.6rÍÍÍ 

WOItlC wíHr»'} * 

1Q. -Jt. 

C 0 0 0 0 0 ï. 0 0 i 0, 

0 ). 0 10 11 0 L 

Oi'TOïV 

ïo n:id 

M«thod> 

j C 0 0 0 0 0 C- 1. 0 I 0 

147 

Binar/ fiqulvaXeiaí. 1 • 

folio» tíi® tftblí- gií®.u below 

0 0 

•J ( ! 

1 0 

0 0 0 

0 0 0 

1 0 0 

o! 1 ï 
0 I 
Oí 

fho highest pev®r of 8 1» ,143 le 2 '' « 125 so r 1. goes In Ko 
.'-136® 022 

ïhe n«3Tt power of 2 ia. ordor, iss 2 « .0625,, tut this power of 
iß not ooatminad in 032, » ooeffioiant of Va* Í 4) pico« ** O 

.»6 
3 « 

031231 not la . 022, bo 0 in Ha (-5) 

015635, 5.tí lu 023,,. ao X ln Na- ( 6'’ 
,028 - 013626 « ,.006.775) 

,,7 
2 ' » 0076125. not in ..006373.., ho 0 In Bo ( 7) 

8"'8 « 00390635,, in 006378 m l ia Ha. (-3V 
( ,006375 » ,00390625 * 00246875) 

9 

06 

.--10 
2 »» 

2 ’ » 001933125,; in 00246875 sc 1 in Ko (-9)- 
(.00246876 - 001953125 * ,000516681) 

.0009766635- not in ,000516635 » 0 Ip. % (10) 

11 3 .. 00048828125 in 00516625 so 1 in 1¾ ( 11 ) 
( 000515635 -- 00048838126 « 00003734375) 

-■1Ü .,000344140635,, not. in 00002734375,, «o 0 ia Ho . (-13). ate 

-3 -,- 4 -5 -6 *7 -8 -S- 

0 1 0 0 l 0 l l 

. 10 

0 

~~ ..1 
11 -12.) 

5 

o! 



ilOpOT'i- 

-Chat method oí-ocum*r¡.ine & UiXmgX to fcho 

i 'J*' * -t „i-ßg. 'if -.-,}]¾ xmtafcor (or t-h« roaaino-o:i' sât&T S:V«.htx.iJi-tioii 
î/ §" ;í.lur 35 (= 3 *). a 1 «.« i-. «•■» -* p^=- ,,. 
Bo»«0:r. it i. the MB» tl>*.ng to »W, If «*>• »« (H"» Sî,Dl‘,al 13 iarg*" ^ 
S * 3':-(=j). » X H put 1.1 tte -1 Pl«.i If 4 %Um %tm *»«» 13 larK“' 
UM 4 * 3-2(= 1), . X If v-.it U th» -3 P!»«. If a ti.«» the dr» **imS. »* 
la.„ri-jr Um s X a-3<a i) a 1 is put in tha -3 pXaß®.-, «Ma i» ^ 8af tJn»s 
ÄLglíe(or it« rendar aftor a pover of 3 U t,^ ?ut.) at oaoh 
et^Ll oompariag 1¾ with .L. if tho result b«com«« gz'oater than 1. a 1 la . 
le¿n out, md the doubling pffoceae at^» oa iM> rmBlnù.m . 

Qilv^na . Id? 

$o iinrh; Binary iSqui^alaut 

Method-. She fosaaer method etarted out hy ata.^ing.-. 

i® .14?-n, r5ï (ïf ao„ a 1 go«» la 'Ho, -X;i if a 0 so»« ln "l 

1S j.47 ^1 .,3ñí (w “ " “ ” " Bo "’3» ” “ ,! ” • " i 

1« .14? ^ .1257 («' « " 's ' 3;, « t! .. 

11 -3, 

,a -- o 

Sbi® method starte out by 

it a(..l4?) *2d :i‘f {If HO a l g00R ia So. 

I» 2^(..147)^17 t 15 « “ “ ,: 3 n 

ig 2^*3(..14?teil? ( “ n " “ ” rt " 

-■l-i if not, a 0. goo « I» 41 

H i rt » rt 1( .=3 

-,-.¾ if- nc-t, " e " lS -3 

2(,14?) 
3 K 2(,147) 
2 X 3 X 2(»14?) 

,394 :4- 1, therefore, 0 In Ho 
„568 it: 1,, i! "! “ ?iP 

1 .,176 
« it Ho 

-X 
--2 
-S 

(1,176 - 1,000 176) 

3(-176) 
,3 s 2( J.76) 
,2 X 3 .it: 3(.,176) « 

,353 
« ,.704 32.1, 

X, theraior©.; 0 in So, 
n » ** No, 

1 .,-(108 s»»!. Ho - - o 

u .408 - 1:,000 W ..408) 

-.V v:-ftl; :'-'' 
(: ¡í-l '■ ■ 4-5:(..( =-(,: ( 
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R( 4)íi) 
íí t ¡i1 408) « 

(1 633 - l COO =» 632) 

k{ 533} » 

3(.364) 
2 X 3(-264) * 

Z( 056) 

8 tC .. 

816 .1" 
633 4 

th.<*nsící<i •.> íb íl 
yf i ?* I1 i l i it 

i 264 X„ thorefora, 1 in ï'«'> «S 

(1 264 ,1 OCO .* 2Û^ 

528 1, therefor®, 0 in It 
3. 056 -jül, « I in Be 

(1 056 -. 1 OtO .« 086} 

li? 4a, thsrofor«', 0 ln ic 

10' 

11 

■ 13 

TMi rarolt cheoko with the prerlous oa«.- It ctja. aLso oo shovn that 
if R decimal repeat« It «elf in the decimal «y at am,, :U aleo rep a at a itself in 
the binary «yetara 

^^30OlaS.Äl^ittlXJ&íRílilfil.altern . 01 Ten i number la 
the binary ay et«,, It 1« ulvay* ». «imple matter to eonvert it to the deelnal 
«yeten., The converted ncsiber le »Imply the ews of the paver* of 2 who«« 
pré Bence in the given number Is indicated by l" a in the ccrreepoud'.ng; "biaary 
ulncea. 

Binary | 

jglMal. .,jL,J)... 
10 110 1 

L 

c> 

I Deolmi, 

_.„7., 

G I ! Ix35 + lats3 h h l.;2° 4 l,g ? 

U 4 

<i 

4 'i’ 

4,5 3185 

Th«t coefficient» oí the other powers of 2 ara aero,, so they do not coa 
tribute to the converted number. 

, MALtiAD « Slaoe L is the large et digit in the binary syatem It is svidoai 
that any sms larger than 3 must be represented with th.a aid of carryovers. 
Thereforee no matter how many l"s are added up in one column„ the result under 
that solumn must be a 0 or a 1; the rest of the amt is carried ove:,- lo He binar: 
notation and set up At the head of the adjacent columns to the lof, »» carryover 
figures» Thus,, if a mm cf 11 as la a column adds up to 6 (V.dah is 110 1« the 
binary notation) a 0 ia put at the bottom of the column aod tha tm, ljs «rs put 
at the head of adjacent columna to the left &» carryover*, IM« i.-.j. the sase an 
adding the 1"» In binary fashion at each etsp of the oolusnar addl Ion, 

J:‘3 '' 

303ii 
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a £ 

.10 

10 
,.....^: 

u 
.. 0" 
100 

J 

4 

11 i 7 
,.,:,00, ..6 
IK'O 18 

11103 : 
max 
mooif 

(The mail nugfeer» aboTe fcha example« are curry-ovar flgui’i-# pt-'o in. l'or ®».ß« ii 
foll.iviü^ tiiê adil tlott prooedur«: ) 

or» more ¡îiiflil,;/ 

1.1X 
on 
ici 
001 
100 
in 

? 
3 
5 
I 
4 

J7 

111 
1X0 
on 
in 
010 

? 
6 
3 
7 
2 

jm j* 
noi:. 2? ¿1.101 39 

111 7 
ffiU: 3 

1010 10 
m ,p 
mi 16 
J9QX ., i 

10000 16 
„.iip -i 
1010C> «Ü 

m /? 
4? 

m 
m. 

1101 
...aw 

10000 
., m. 
101.11 

,. J10 
11001 
, .196. 
11101 

7 
6 

13 
. 3 
16 

7 
23 
.ß 
,55 

4 
39 

Mdeadt, 

ät*a 

Suhtraotion «. Stabtrantlon 1¾ baaed on t;ho followlsig nlltta- 

a 0 from 1, always give« 1,, and a 1 fra* 0, always giweo l. bat the latter re- 
quirt»« “îjorrowlas" from the flr»t column to the: left A 1 in the first column 
to the left i« reduced to 0 by borrowing,., a 0 in the flrat column to the left 
la reduc-îd to 1,, canalng tbs digit in the second column over to be reduced, etc 

o 
10 

J- 
l 

2 
¿1 

1 

o 
100 4 

„-.1 ¿X 
on 3 

o . 
looo a 

-,zl 
cm 7 

o 
mo 14 
.,,,=1 X 
noi is 

û |0 C? 
looicao 
Qmm. 
GOOHQX 

7¾ 
¢1 
13 

Klnaand 
âubtraheud 
a®«aiaci®r 

The small number a efaow how the digite are chani;ed by borrowing See alac 
Subtraction, under “Coaqsleuanta" 

Mtiltlplioation - Multiplication in the binary «y»tern 1b drum exactly a» in 
the decimal ayote» and 1« basad on the multiplioetlou table 0 « 1 « 0„ 1 x 1 » 1 
0 X 0 * 0 

101011 on 

000000 
loion 

101011 
101011 

000000 
101011 _■. 

liïioilïûiô 

101011 
1Û1JI0 

1010110 
101,011 

1ÒÒ0Ô001Õ 
mmL.. 

100101101Û 
xmoP™. 
11110111010 

t; c i 0 
43 « ;c 4 2:1 + 2,, 4 2, 
46 aD 4" 3° + 2* 4 2" 

,359 
1 
ÍOTO 

Kultiplii an.;.«. 

ÏToàuot 

1078 ®: g10 > ,39 4 28 «<• 37 4 2° 4 34 "*■ 33 4 2l 



''KHS 

■ ^i'ilîîoa ía tiw binary 8/8¡.«w is* isavrled t’-t mmt'b :■ ¢-,-- in fat-s 
f’eoia&i . äiö'ü 

1} i «f 11 0 « 0 

oiii nooioxx)} 03X001 
] 013 iTmiô(SÍ'õò5õõc«3ooò(Kioôoo 

.MUI 
ÜlOXÖll 
„,.4tólU 

OlOlOOi 
\Qm 

0100100 
.....mu 
003.1010 

JSlÜl 
00011000 
_1ÛU2.. 

OCOOXOCHXJO 
r. ■XQlLU 
001 (30100 

00X1010 
mu. 

13000 

?,78S608 
^■'iWbòwÒQ 

)3l. 
xeo 
■t 6*1 

190 
l.M 

60 
-i§. 

140 
m 

300 

';h«"3fc: g Q:u.;í-;;if at 

s: 7 í 
íus 
f 16 
¿ 

b 
,¿!;- 
031-íísO 
OíWl 6 
000ÍM 
00012í! 
-OT'í^ 

7. ?i*360? 

m 
16 

um 
tool 

It líihoulii be notod feht.t In order to get tiw docïual «qv-iv sleni of ti», 
binary quotient to equal the decimal qnotltnt to 5 deolaal. pltioo* ;h« Iiiai-ry 
diTialon had t.o be carried to 16 binary plcoee . 

CaalifflflSllS - The ordinary oompleaent of a unaber ta th» decmel «yeten It: 
obtained by *;b trau ting the muator from the next high ex’ pcv-er of 10 ¢,- g 
Co®ple;»o,nt 18 » 100 ~ 18 * 83« The ordinal y aoirpleamt ol » nmabnr in,the bin er y 
df»t« i» obtained by subtracting the number from the nest higher power of. 3 

Ooeplaaent o,. ß * ev' -- 5 * 8 - 0*3 It can be ehc-vn that the ordinary 
complement of a power of 2 in that power oí 2 iteelf S««, EitmpX« ,1. 

Another kind of complement of a cnmber t® obtained by subtracting this 
number from jay higher power of 2- Hotio« .it« used under ^Osepleraenti“ , . 

(:^ (3) (,5) 
Civfü 100103.,, 101010. lOOOOC 

Xo li nd- 3inary■0 o»pl «sent« 

Method' Subtract from next highar power of 3 

m 



$ 

6S4ß 
Rttoor'":. '30 

il) IQQCOOO 0¾ (3) 1000000 64 
^100101 -Æ. ¿MäUL zä& 
C0.U0U 3? 0010110 33 

\\l lOOCCOO 64 
^löß&ßCi Æ. 

OXOOCOO 33 

in 

AaoVaer method for finding the ordlaery ooaçUwoat of i. nm*<sr 

1,fc.e lilnßxy system is to latwchaago nil 0-a sad X's ¡-.aa add 1 

(1) 
ilOöl.01,, 

(2) 
10X010 

(ï) 
100000 Glvea■ 

io Find- Binary Co»ï»lew®nt* 

Method' XntcruUa'Jg« O'1 « i1® ?^d »dd l< 

{}..) Ho, 3.0QXQ1 anmbor 
0110X0 iut«i‘öher.4,o 0''a ynd 1" a 
„„A add 1 
011012. 3ompl©m®j3,t 

(3) Ho, X01010 
010X01 
._1 

010110 

(3) Ho, 100000 
onm 

ji-t 

1.00000 

Thane resulta cfeoofc vlfch ttos» ábov®. 

(a) Sohtr6cMi>.R 

laatead of sttUraot-Ug on® m*mr from pnothor, -H iß x-o^ßiM.® to 
take a oosroloment of the aubtreihand and .¾¾ that oompUsaont to the minuend,, 
oroTÎdsd tho power of 3 whloh visa added to the «».htrahand in order to «ew 
a oomploment L subtracted from tho ansvor, Precticall.?, subtracting 
added power of 2 mean« dropping the 1 in the last binary place the left, 
if the power of 3 used in getting tho complement i3 greater than that contained 
in either number. If not, than tho power of 2 muet be subtree<.*ü Wv 1)y 
usual subtract loa methoo..- 
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10 

6 g xonico 10011 « 100X001 
tjobferahötid 

JO.OlllOO + / Ciooooc 10011 ) a» 1101001 « 1001001 xooooo 

( 
R coiöpleiiioni; oí afid Ix'aliöütt. 

( 
r 103.1100 .0000000 10011j 11001001 ,001001 XOÖOOOOQ 

(•t r\ 

( 
xoinoo '!• (loooooooooo LQO’il ) « 1000100100!. =* -1001001 * 10000000000} 

Rf>mj!le£..-§HM£SSÍiga 

1011100 
- 10Q11 Humbsr 
1001001 /míní©!” 

Srtbtrr,ot,lcm ly 

1011100 10X13.00 
Vomlmienï llßilll 

1101001 Swu 31001003. 

-.-looooot ipogaaQo 
1001001 AaswöS." 01001001 

103.13.00 
immmi 

lOGQlOOlOOl 

ismmm 
00001003.001 

Notice that ia thp two ©xesnpXea ou the right» dropping the laet 3- on tla« 
left ia the sum givevi the same result m eubtraetiug out the power of 8 addsd to 
get a complesneut „ 'because the power of 3 added, wee greater than that ccatatned *.n 
either iTaaiher.-. 

Ral Blag-JuaSgrn 

,10,1 
111 7 ,3,5 

32 lO^Q 7 
2,5 

Binary uusmbera prohahly would ha1?© 
to be ccaverted to tho decimal 
isjBtem for intelligibility ia world.ag 
with their noa-iategral. powers. 

X 
1 

10¾1 (2-5 los10?) 

3-Ogrj 1 

log,, 8 o 

lOgr. 4 

0 logs 8 

log?'10 

log0 33 
* «Ò 

»CfUi-* 

X: 
' ' ' . .. 
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.'.6 

'Xo^o N X 

3-°%q n y 

ïi s: 3^ 

ï! r, 1,/ 

'1'her 9 fors i]Â •-= 10' J 

10%o 3'r loÊ10 
lO" 

rstlog, ^ 3 G3.0 
y X og^ Q x.o 

q 3 

'¡.logij ' \10sSj_Q ® •’ log10 H 

leg,-, H lO ^ 

XO &j Q 

lîimMâ.J&M* 

Square roots may 'be obtained in the binary «ysterr. in exactly the 3&m< 
manner as in the deoimal aystsm 

eg Airôo~oî.. 

8,1 
1000 
„1Q1 

1101 001101' 

7,0 

101 
„4? 

140 Ó 

0 

101 

1 1 o o 
*'Ïô;oïToü7Sô- 
.J 
0101 

Ark 
0 44 

vCooòí 
„p0_. 

ÒC,1 

., '¿ .:i 
- ^Toei-i 

i r.:.. - . --. 
46 33.5 

. 0 

.^Siíííjiaü»« 
' _ 
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ï "‘ 1... ' 

ta th-j blmvry syatemv • ^hor® vs ai^o atiotbsr «a;, of ^a%:iag eq* >:«■& 
root t iToixo^ Vae ô'cbbçjIo outAi;ißd bölowr 

l) Til® radicaud is marked ot£ ta pair a to “ba î.«f < 
and right of tke binary point 

;? ) '.ffwioo tde rout 30 fax out ai nod, wl th a -- pi rood 
cuide.: tüo right-hand, digit of the fir«-. fcxm< s«ro 
pair la tb« radieisnd, (3j-, i)., i» nubtraci«(\ from 
the íirat paí.r oi* digita where both digit« f Or 

5) a X i» placet! la the root If the .remainder 1¾ '^0, 
place above the pair. If the remainder ia_ ^0, a 
0 iß placed in the root, the previ crass ür» X Is 
removed, and the next pair of digits it» hrovight down, 
from the1 radicando Aa before, twice tlt&t- total root 
•with, a 1 lu the last place on the right, (3r„ 1)., 1rs 
eubtreotfid from fcho previous remainder with digit® 
brought down In other vordß» *¡r, X iss íiubtraotod 
at oííoh stop is. tliic roo ting proco«» where i\ is the 
total root ao far found 

Gi. von-' 

To finde. 

Mothod 

*/11001 

The »quarts root by tho second not hod 

^tmm: o.) U) The digit® In the radio and are 
marked off in peire to th© left 
and right of th« binary point, 

(3) VXÏ003. 
1.....,. 

0 

10 
{3) vTíoòY 

A.. 
010 
löL- 

luimnox 

(2) (3r„X) 1« subtracted from the 
fireS pair of {»oa.-jero) diglte, 
{2r,l) » 0,, 1 (The ryot m far 
ia «ero because no root hao bean 
found an yot-) 

(3) Th® remainder is «ero, 30 a l 
goes in the correspondí ag root 
plans above tt-s fir ¡it "pair'*, 
Th© u«xt 2 digits are brought 
do va- 3r, 1 is; subtracted from 
the remai-nder with, digital brought 
down, 
2r„ 1 » 2(1),, l -• 10. 1 
She rerai&inder this tim« iß negative, 
therefore,, a ssro g»e« in the 
second root placo and the previous 
2r„ 1 1st removed. 



o 
ilöport SO 

1 O 1 
Í4) s:oüQi 

oïooî: 

('*. ) 1‘h-a noxfc 3 are h¡ ju-^ívi 
dov»' . 3r., 1, iü 8uV.1;:V:;:.:i;aá 
í'roE th-3 riswalnder vith dígü fea 
líl’Ottgire (1üVJ;:i. 

0000 3r„ 1 * 3(10),1 ~ .lo:),, 1 
l’hici ramalndi r 3 b æero, ya & 1 
goat ln lho I bird root place, 
ïha remai nd& - le caro «ai thaï-o 
or a no mort) paira o'. digUa to lo 
hi'oiïght do’/n vio the roo 11)¾¾ 
proceso 3.a anuplete. 

Ä1 agi near 
0 

MIS':; áaa 
ifebruíü’y IS, 1546 
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Subjects electronic Digital Computer Development a\ 

Rexorenee- lhe iollowing text was presented asa conference 
Pap‘*r before the American institute of ú'l«ci.ri.cn* 
Mng:.neere at their Winter Meeting,- Thursday, 
January 30, 1947 In Mew lone City 

Written by- Jay W. Forrester 

SintiC the tit;® that Dr, Vanne ver Bush designed the 
lirst diîforantini analyzer at the PasaachuBette Instituto of Technology, 
re noarch tiiere has boon active on computing aide to the engineer and 
scientist - The present development of a high- speed electronic digital 
computer rosuits nattirally from the pre-war research of tha Electrical 
Engineering Department and from the wartime developments et the 'i! .l.T 

«servómeQhanisms and i<evd;.nt.lon laboratorios. The program at the MX.T. 
hervomeohanisme Laboratory to develop a high-speed electronic digital 
computer io Sponsoren by the Special Devices Division of tas Office of 
Naval lie search« 

The .fields of pure and applied science and engineer*« 
lag today face many problems, the solution of which will ba practical 
only when new and trvmeudously more powerful automatic computing machines 
ar® available, Seveyal digital computers have already been built at 
various laboratories in the United States. These are already known or 
art: discussed in other papers at this convention. Existing techniques 
Mißt be extended toward higher computing speeds and greeter internal 
storage capacity to noive problems of ever Increasing urgency. Amongst 
thee© problems are subsonic and supersonic airflow around highspeed 
aircraft; calculâtloue of stress and vibrational characteristics of 
structures; and so lui. ion of electric circuits, se rv one chan i sms and auto- 
‘Wlc control système. Outside of engineering are important applies.'* 
fions to statistical analysis an encountered by the Department of Agri¬ 
culture, hublic Health, and the Buren« of the Census. 

Application of electronic digital computers will in 
tirua be made to control of chcffiio;il plant processes and to what i* often 
called the "automatic factory"« 

Before discussing technical highlights of the research 
at Mol .ï«, let ns recall three important characteristics of a computer 
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of the typ-s being cor aiderec.•. 

1 „ 'First,, tho setup of a new problem :La accomplished 

without physical chang® to the computer, ïhat is, 

mechanical settings or switohsa ara not used to 
describe the problem and control the solution, I’he 

control .program for a now problem is supplied as 

data on magnetic tape or photographic filmo Shis 

film is then read into the internal memory of the' 
computer vdia.ro any order can be obtained within, 

a matter of microseconds under automatic control 

of the computer itself,. 

2. - Second, the computer carries out & series of ari,tri¬ 

ne tien 1 operations one at a timo., It is therefor® 

equivalent, except in speed to a human operator 

who does oi.vo operation, as a. time while writing each 

partial result in a notebook, 

3, Third, such a computer, besides tho -basic arlthraei- 

tical operations of addition and multiplication, 

will ba able to make choices. The element of 

alternate choice is a nearly indispensible feature,, 

This choice permits the computer, as often as 

desired, to select one of two alternate computing 

sequences depending on tho outcome of tho computed 

results in the problem itself» A companion, feature 

to making alternate choices i-j the ability to in- 

sert computed resulte into tho controlling pro- 

gram. For example, choice of alternate computing 

programs arises in computation involving termina¬ 

tion of an iterative procedure after the required 

convergence of the numerical resulta baa boon 

achieved» A simpler and more obvious application 

arises in engineering problems involving the dis¬ 

continuities of back lasn and Coulomb or static 

friction. 

Insertion of computed results into the control 

program of the computation is necessary, for example, 

in interpolation The interpolation procese re¬ 

quires use of computed result« as a control code to 

locate associated values of ax, arbitrary function» 
Selected value g of the function are then inserted 

ii_!o tho desired Interpolât 1 ou formula, 

The se bin vo features result in a flexibility not, known 

in existing computers» 
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Let '«i now tura our attention tc the ree»Er* o aud d 

vslcproeat program at "1 i -ï 

For propor perspective, it should he ateted, that 
electronic computer roeearoh which ia deeorloed is 1» ite Jviiermedia'»« 
stage« and that a completed system does not yet eailet. • 1» fM** tn* 1^iíl'ñ 
fia 14 of electronic digital computers has cnly teen opened in'a pracUcel 
wav and several yearc will be required to explore many of the engineering 
apulicationa to which I will refer, %e siee or rating oí a digital 
computer can be given, by two values; the internal number storage capacity, 
and the computing speed. Storage capacity Is a measure ci the computer 
ability to retain control program and. partial numerical re oui ï a .or ¿utuxw 
use « It corresponds to the notebook record kept \y ths human oparator 
of a desk calculator, i'he automatic computer prints cut final re su Ua 
onto paper or film and discards partial results nt longer rnaled, hr,ore ge 
aust hold only the de.ta actually required for future computation: 

Ths crmputer being designed at K HI1 is expected t> have 
a storage capacity of 16,.000 numbers of 40 binary digits each, i'hJa cor¬ 
responds to 16,000 at aber a of 12 decimal places ecch, 

Certain objectives of the work will require corouting 
speeds which are high even for electronic computers. Multiplication ot 
two numbers of 13 decimal places each should require lest than 50 mi:,ro-- 
seconds. This meada that on the average bob» 20,(,00 to 40,000 avithnst .,ca„ 
operations can be performed per•second 

It :.0 obvious that such computing speeds are essential 
only where a long sequence of conqmtailono must be repeated tone or 'im- 
dreds of thou «ando of times,- Situations of this Find arise -n ie aí.u-.on 
of partial differential equations ami certain engineering application® 
where the computar will control mechanical or electrical devices operating 
in real time. 

The arithmetic olement of tie computer will carry out the 
basic operations of t.ddition and multiplie,-.1 ion and probably also ¿1 ^is.-un, 
H will make choices of program and accomplish substitution orders, ao Ex 
ready described. A13. other operations such as int egration, tlifíaren .itr 
tion, and belting root s of numbers car. be readily accompli shod By iterativ 
or series procedures using these basic arithmetic operations. 

In tie signing a computer a wide ci oica in block dieg.ramB 
Is available, The computer herein discussed will use the binary ey sten 
of number a haced on powers of 2 rather than powers of 10., bines only .he 
digits 0 and 1 appear, the binary system lend.« its*If well to elecvron^c 
circuits involving trigger and gate tubes. Usefu-lcess oi ».ui bass 2 can 
be appreciated by recalling that the multiplication table ..." i* .ucer ,0 
1 tiñes 1 equals 1 and all other products equal wro. In the computsr, 
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digit.« of a «luober w 11 be transmitted gimultaneoualy over parallel 
bup'Ss from one part of the computer to another. 

llh 1 dealgri of an electronic computer for the char* 
acterlatlca aentloae will bt pos Bible, only after the perfection of 
many new technique a : a video circuita and data, storage devices It is 
anticipated that somi three jears still will be required for the re¬ 
search, design, and tonatruclion of this devicec 

Methods are being tested for generation, control, and 
gating of video pulet ? of 0.1 aucroeecoad duration at a 5 megacycle re¬ 
petition rata. Iaipr< vementa must be mde in pulae transformers, switch¬ 
ing and arithmetical circuits. To permit step-by-atep manual control 
of the computer for i nlntenai.ee purpose a moai circuite muât have d»c 
coupling. At the nai s time the circuita muet poaseaa a band width auit- 
ablo for 0=1 mlcrc uei snd video pulsea 1'ulacs npj.oar in noncyclic manner 
and most circuits mui o be incepindent of repetition rate, 

A suitable lumber storage system 1b being developed. 
It is obvious that e srnge oi 500,000 binary digits io not practical with 
individual vacuum tul is, A tulk storage method is required. The digit 
storage method for tl s M. I,T. computer will be in i lectroatatlc form. 
The digita 0 or 1 will be stored as positive and negative points of 
charge on a dielectric insulating plrie. These charges can be placed 
on a dielectric surfai* with a cathode ray beam At a later time, the 
beam can return to the name location for selecting and reading the stored 
signal into an ester ml circuit. One nan expect to store chargee approx¬ 
imately 1/8 inch apai ; on n dielectric surface with a suitable tube. 
Storage of signals fc • flufficlent periods of time line already been demon¬ 
strated and clear output signal« can ba obtained. Charge is removed from 
the dielectric by secondary eirlssion as» J.icned yesterday morning in 
the paper by Dr, Du bridge. Ab yet, several problema la the collection 
and control of these secondary electrons have not been solved. 

Hell ability is a matter of major concern in computer 
research. In many electronic and communication problems,, static, noise, 
or other momentary disturbances can be tolerated. Here, however, we 
find that the momentary appearance of an extraneous signal may niter the 
order of magnitude oí a numerical valva Wide tolerance ration must be 
provided between signal and noise level and between transmitter and re¬ 
ceiver signa], specif i cat ions » Checking circuits must be bu.Mt into the 
equipment wherever po islble to detect and indicate Imp oper operation.. 
In spite of the severe video band width requirements, vacuum tubes must, 
wherever potisible, he operate! at leca than rating 

Let us now tarn our attention to applications of the 
high speed electronic digital computer- These can be divided breadly 
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batmen mathematical 2ind control coari/utatloru mathematical compute»' 

tion is meant the solution of Individual probl«Ei® pertaining to the 

fields of ma them tic a., physic a, and engineering and is the application 

ordinarily visualized 

Control computation can be the repeated solution of 

the same problem for directing the operation of a physical system a® 

far example the control of a chamical process» 

In pure mathematics high-speed computers will permit 

exploratory solutions on a numerical basis, of non linear and partial 

differential equations. These specific results may then lead ¡o a 

sufficient under standing of the original equation* to permit formulation 

of explicit mathematical solutions ns has long ago been done for the 

. simpler linear equations-, 

In engineering problems the digital computer which la 

easy to set up and has high computing speeds Is well adapted to solu¬ 

tion of non-linear and discontinuous systems, 

Mr» dunstan in his paper on "Machine Computation of 

Power Network Performance" has discussed numerical solution of a-c 

power systems » 

Hr, Nunstan commented that problem planning and setup 

required a larga percentage of the total tima consumed. 

With the nev electronic computera, we can anticipate 

the redaction of setup time through the use of generalized problem pro¬ 

grame each of which would fit a large class of engineering situstionn. 

Such generalized programs to be i.ept, in a library file might be inef¬ 

ficient from the viewpoint of a specific problem.. However, the high¬ 

speed computer greatly reduces the emphasis on computing efficiency 

and shifts the emphasis to ease of set-up,,■ As specific examples one 

could have available programe for the solution of an nth order system 

of algebraic equation! with real or complex coefficient»0 Solution of 

auch a system of equations would require only entry of the coefficients 

and the numerical value of n Likewise,, the multiplication, 01 matrices 

could be no programmed that only the entry of numerical values and the 

dimensione of the maKrices would be required 

After digital computers have been demonstrated In the 

field of mathematical computation will come their application to en¬ 

gineering control, hollowing the development of the large and rather 
complex units which we have discussed, there can be for seen a period o.< 
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simplification and re-design for cost rnductioa which will iwike tias oom 
putor practical for many foras of process control with application to 
manufacturing, chemical plante» and power generating stations . 
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l’he following text wn» prepared for A»30339 
the Institute of Had lo ¿ingineara- nt 
their Winter Mooting, Tuesday, MarC . 4, 
194? In Hew fork City,. 

l.rrltv.on by Jay K, ¿’orre atar 

fiila jjapei1 Is to be an Introduction for today a sesa-i on 
on electronic digitel computera rather than a discussion of the high¬ 
speed computer re search program at H i. '1’ 

Before embarking on. t 
we should first clearly separate the t 
the digital machine a aa diatt-kgulohed 
coan-ntera measure physical quantities 
trlcal voltages to represent numerical 
pies ara to be noted in the mechanical 
putera» the differential analyzer and 
la the analog machia© a c orn ir.lng a 1er 
la required for each mathematical opei 
a collection óf comj.utlng elementa la 
the analog computer, the problem i, 
connection of the elements 

he subject of digital computers, 
wo broad classes of eoffiputere -- 
from analog machiae e. Analog 
euch as mechanical motIona or ol sc- 
value» of tiio computation.. Hxr a- 
or electrical fire control com* 

the electrical a-s network analyzer, 
ient such ae an adder or an inte, "atcr 
:-atlon hi the problem solution. Such 
Indicated in Drawing A-3033? r Iu 
solved 1« described by the phyrlcal 

A network of connectj ons deaaribing a particular proliem 
Is shown in Drawing A* 30338, The analog computer when set up for an or¬ 
dinary differential equation gives theoretically a correct solution. ^ -n 
practice, however, the solution la limited In accuracy by lhe physical 
tolerances of the compom nt me chant amt; and by stray signal«, mechanical 
back lash, and noise - ¡Precision of one part in one thoueand i» good end 
perhaps one pert in ten thousand la ths maxlimna obtatnaoJa 

On t 
numerical ox arlthmet 
rather than physical 
one can provide for a 
an ordinary different 
inexact because a con 
procea». The numer1c 
good a» deolred by as 

he other hand a digital eomputor «.see number« on a 
leal basis * Sumerioal .alues are handled as digito 
measurements and, as in the denk calculating aacl ine, 
r. many decimal place» as de aired. The solution c t 
ial equation by numérica'- methods le theoretically 
tinuoua procesa han bean replaced with a atep-by- step 
al solution, however, can be made Arbitrarily no 
lection of more decimal places in the calculâtloi a 
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ano. i ahortor InfcarvaJ. between solutior.«-. 

In. Drawing A-ñ03a9 is the block diagram of a digital 
eomjjuter of the type being described at the convention today» lliyeicsl 
intercoanaction of the computer is fixed and independent of the problem 
being solved» Uach element can transmit or receive numbera on a central 
bus ayatenu Operation is mathomatically identical to a human operatoi 
with a desk calculating machin® and notebook» 

The plan or sequence of calculation is known a a the. 
control program and is stored as a aeries of-coded signale to represort 
orders for arithmetical operations« The control element receives fror 
storage this coded information describing the series of numarleal opera¬ 
tions to be performed« In responso to these signale* the control trara™ 
fere numberti in digital form between the remaining elemento of the cok- 
putei'c 

The arithmetic element of the computer le limited to a 
few basic functions, ouch as addition, subtraction, multiplication, and 
divioion« All other operations,, as for example integration and extraction 
of roots, aro accomplished by serias or iteration methods« The arithmetic 
element performs a single op®ration at a time, receiving inputs from 
storage and sending results to storage « 

Two other nearly indispensiblo operations are perforrad 
by tlie arithmetic element« One is the exorcisa of choice for the selec“ 
tloa of alternate computing sequanceo dapending on numerical resulto la 
the computation« The other eeoential operation is the substitution order 
permitting the insertion of a computad result into the controlling program« 
For example, choleo of alternate computing programs arlase in computation 
involving termination of an iterative procedure after the required cor;?er~ 
gence of ths numerical results has been achieved« A simpler and more oV- 
vioua application arises, in engineering problems involving the discontin¬ 
uities of back lash and Coulomb or static friction. The substitution order 
can be illustrated in the process of interpolation. A numerical value of 
the argument, for example x, arises from the computation procesa« This 
valuó of X muet bo use'd in the control program to locate the nearest value 
of a function of x„ . 

f \x )„ f (x ), Í (Xr,) 

Î, 3 ° 

located in storage » The selected values of f (x J are inserted into any 

desired interpolation formula for calculation of f (x)» 

Stonago« which in electronic computers will probably 
of the electrostatic form, is perhaps th® mo.st Important part of the com¬ 
puter,- In storage is retained the control coda for the computation at 
wall a a partial reaults« It corresponds to the notebook kept by the human 
computer» One form of electrootatIc storage will be described in the paper 
by Dr» Hajchman«- 
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1 Tho lapafc me chant am prorldee comimi).loatlou hotvecn t.'¡« 
htcaaii operator ana fcha computing maohln®,- Xt may be ixi the form of ifc>g- 
aeiAr. tape, poncheó, tape* or photographic film, The control code and 
initial data of the problem prepared by an operator are transferred to the 
storage from the input reading mochanianu Mr, Alexander will disottee In¬ 
put mechanisme in more data'll 

Outjjut from oho computer can be in sie varal forma - fer 
human usa the output can t¡» presented graphically 'by photographia moans 
or in the form of printed numbers- for future usa by the computer Itself, 
the output can be In coded numerical form on magnetic tape or .photographic 
film. 

Numbera are trancmittod as video pulses coded in groupto 
In corns computer systems, digits are transmitted in aerial fashion fo!ï*w*- 
ing one another on the sama signal line,-. In other systems, digits in all 
columns are transmitted aimxltnn®out-sly over parallel conductors* 

Kost research groups favor the binary system of numb«r 
no tat Ion in which only tbs digits aero or one aro usad.» Xa. th© binar;; sys- 
tom the tw'A digits can be i'epresentod by either the preso nee cr absent w 
of a video pulse at the proper instant- of timo.-. Vaoauit tube circuits 
noed exist in only two states and the freedom from graduated signals great¬ 
ly a nhancc & reliability. 

Historlcally. the first attsmpt to build a digital c< mpu- 
tor was Í inane ad by the British government in about 1835 .- Th® constn.stion 
of a ms chan leal, computer, eon trolled by a soqutmec of punched cards felled 
at. that tima because of inadequate machine tools and production method sc 
Tho machanleal computer progressed oven the last hundred years from tie 
adding machino, through the desk calculator and the punched card bus:lrags¡ 
machin/j r to the Automtio Sequence Controlled Calculator at Harvard Urivcr--- 
sity » 

The mechanical calculât-or is,, however, fauch too glow 
operation and limited in capacity for many of the problems which todaj j-ace 
science and engineering. As engineering activities "oecomo moro complex 
and as scientific and mr.theœatical studies become more daring, we encounter a 
ne of for greater and'greater computer speed, capacity,, and flexibility 
Mr= Crawford will discuss for you typ .teal appl los tipa© of digital com] ufcern 
x^quiring high computing speed and fitarage capacity. 

The first departure from tha nwiohanlcal computar i® jer- 
hapii found in the Boll Telephone laboratories relay computers which asa tape 
controlled and tha University of Hear.fylvanla itniac wi\>Lch is electronic but 
is however, set up for a n«w problem by manual iwitch and plugboard. 
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Fro,» the *wartl.ne developiiientfl la eleotronioa cor,.* 
circuit elemente and technique a to perr.lt exter aion of «omputer ra'in,;» 
over those now.exist Lag toy several orders of magnitude. 

The size or rating of a digital computer can ho de*" 
cri toed toy two quantities.: the, internal otorragf- onpaclty, and the com * 
■nutiiig speed Storage capacity moanures the ccmputey a atoxli.y to „.e.ain 
controlling program information arid partial nnncrica.1 results Oomputing 
tpecd neasuras the practicatoility of uiKlertahirg solutions requiring 
millions of arithmetical operations While existing computers have at 
internal storage 11'dted to r few thousand digits, electronic d*velopmen e 
will permit storage of hundreds of thousands oí digits. Vhere computing 
aneade were limited la mschw-ict:.! and relay computers to n few arl-hm-- 
tical ntepo per second, electronic video circuits will pash the t to 
row; 30,000 arithmetical operations per second 

It is apparent that computing speed« of wary thousands 
of operations per second are essential t,o the solution of problem re - 
cuirlog hundreds of thousands or millions of operations, situations >1 
thi« kind arise in partial differential equations describing the flow oi 
fluide and heat and tho study of «lectroihxgmtlc radiation.. 
series of calculations are likewise encountered in stress and deflection 
étudiés cf Btrucïures and in th*. behavior and stability oí complex au-o- 
matic control system.*. 

Realization of computing opead» of thousand» of opera¬ 
tion» per second will toe accomplished through controlled video poises oí 
one to several ^gacycien repetition rate. Computer research s ^ ^-ted 
toward improvements in digit storage methods, ïnj.ee transformer», ewl-ch 
laß. and arithmetical circuits In uome circuits pulse» oí 0.,1 micro 
second duration at a b megacycle repetition rate will, be hequ re 
permit otep^y-step manual control of a computer for maintenance pupusez 
many of tj^ew circuit» must he d~c coupled am yet have a hand wi4jh '® 
pa a 3 0,1 microsecond pul tes. Rulaea in moat circuits normally appear In 
ooncyclic manner so that operation must toe independent of repetition -at« 

Radar End television research of the .last *«w y«ara .ta« 
established the foundation fer such »ystems» Extensive use will be wide 
of pulse transformera, crystal diode rectifier», and electrical doxay 

line », 

Bevelopaents in vacuum tubes leave much to be desire-:- .:-. 
reliability and especially in the knowledge of those factors that in- 
fluence and predict tube life. In th, highspeed electronic computer 
there will be two to ten thousand vacuum tubes, the íailo7a oJ ay 

toeing sufficient to atop the computer• 

Reliability is a matter of major concern in.eompu*er re- 

gear eh o In many electronic end cotorranient ion. problema, at*, tic, noise or 
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other juomen»ary dlaturbaJiceB can c.i id*ratod. Hart., however,,, ve find 
that the nouent ary appearance of ea extranaoua tdgnil nay alter the order 
of magnitude of a numerical valúa» '.fide tolerai.ee xatloi imxnt he 
provided between signal and noise level and betvoen tr3ner.1lt.t0x and 
receiver e/UsasX apeclflcatlontj. Checking circuit® auet be built Inio the 
equipment wherever possible to detect end Indicate Improper operation» 
In spite of video band width requirement a of 10 to ¿0 megacycles, vacuum 
tuber, muet,, wherever paselble, 'be operated at less than rating. 

The flexibility of a computer auch as herein dlsouseod, 
distinguishes it from previously available equipment» The machine is con~ 
trolled by data available to it from tape or film and physical arrangement 
of the computer is not altered when a new problem ax 1 so0, Problems can. 
bf. setup In rapid succession and the operator can return to any previous 
p/obleo in a matter of seconde, A library of control filmt can be accumu¬ 
lated and selected to fit new problems-. 

With the new elec tronío computers, we can anticipate the 
■•eduction of setup tine through the use of generallx*d problem programs 
each of which would fit a large clase of engineering, situations. Such 
generalized program« to be kept in a library file might be Inefficient 
from the viewpoint pf a specific problem., Tic wav er» the high-speed com¬ 
puter greatly reduces the eaphaais on computing efficiency and shifts the 
emphasis to ease of setup. As opacifie examples one could have available 
program® for the solution of a nth order system oí algebraic equations 
with real or complex coeffideute» Solution of such a system of aquations 
would require only entry of the coefficients end the numerical value of 
n* Likewise, the multiplication of matrices could ba bo programmed that 
only the entry of numerical velues and the dimensionai of the matrice» 
would be required. 

JOT; rala 
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