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ÏHÏEODUGÏÏIOÏÏ 

Thö original matheraatlca]. work on the project van otar feed 
in the early port of 1946(, and constituted an Investigation of 
methods of Interpolation and integration to be used in the solution 
of tho airplane stability control problème Thera are no pubil shed 
reports on this study but the re cults wore used in tho programming of 
the ASGA problem which is reported In Hot© G»16 in ¥ol0 14= ^ 

Th® project was later 
eÁffsjU /// 

an in« 
veetigafcloa of tho ©tábility of the numerical solutions proposed for 
th® airplane problem» This study Included investigations of .simple 
linear and uon-llneer systems, and considered the use of mathematical 
filters and energy conaervation methods to avoid instability»WSome of 
thea® studies' were reported ln M-32 and in E-114» In this tic/iic he 
was assisted by Margaret Sloroncourt, Kenneth B» TuttleB and 
Reich» 

Starting in March of 1947, a series of meetings were held 
between the mathematics people of Project Whirlwind and the Mathematics 
Department of M»!»®» M~61 by Dr» Loud presents some idean for a course 
in numerical methods discussed during then© meetings» Professor Herbert 
Wiener of M»I»T» was present at these meetings and presented some 
important idea®, two of which are discussed by Dr» Loud in M-71 end 
M»»78o Later, a study was begun on the application of Wiener11 » statisti¬ 
cal filter theory to the problems of numerical solutions» A part of 
this work is reported by Dr» Loud in M-94 and M-95» 

Dr» Loud left the project for another university during the 
summer of 1947» The mathematic a work on the project was then put 
under the guidance cf Professor Pranklin of Md»1]?»^ Mathematics 
Department» As part of the work sine® that time, an Investigation has 
been mad© of probability methods useful in the correlation of radar 
and other data usoful ln such problems as th® airport control problem» 
Part of this work is reported by Professor Pranklin in M-134» M-100 
1m a trip report on a computing machin© symposium attended by Edgar 
Reich» 

The present mathematical work of Project Whirlwind as well as 
plans for future work are discussed by Professor Franklin in Ï4»160» 
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SUBJECT: MATHEMATICAL WORK OF PROJECT WHIHLj'jlND 

To: Jay W0 Forrestor1 

From: Philip Franklin 

Dates November IS'%7 

I0 The Mathematics Program 

The projected Whirlwind hir^spood electronic digital computer, 
from the mathematical point of view* has several objectiveso too aim j.0 to 
solve the equations of motion for aircraft and so serve as the computing 
element of m aircraft analyzer0 A more geno rai objectiva j.b th© solution 
of other problems of engineering interest, particularly in the fióla o.i 
dynamics and ordinary differential equations 0 

Th© mathematical studies in the past have related to th® specific 
©quations to b© solved, some tests of ©»sting numerics 1 methods, mid 
attempts to anticipate possible difficulties with a view to prescribing 
how to meet them« At present a study of known methods of solving 
simul fcanoous linear equations and differential equations is und« way, wi 
a view to the coding of such methods for the conputer. These studies will 
be extended to other types of problems, such as those listed in Section II.U 

II* Studies Already Completed 

A survey of numerical methods made by Dr0 loud and his associates, 
summarized in Memorandum M~6l fïïolo Ü), revealed as subjects of ^jor importance 
the solution of linear simultaneous equations, and the solution of ordinaly 

differential aquationso 

For th® solution of linear simultaneous equations, elimination 
methods, iteration methods, relaxation mothods, matrix methods, and ^ 
rnothod of steepest descent have a.12 been considered and expositions oí these 
methods studied.» For som© of these, codos aro in process of preparation« 

• Til© errors inhärent to solving systems of equations of very high 
order, when all of the coefficients have random errors, has been pointed out,, 

A number of solutions have boon carried out. for simple differential 
©quations to provido case histories of accumulated round-off and truncation 
errorso These indicate the objections to numerical integration over a largo 
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number of cyclos without som© check, such as the use of the energy 
integra], for conservative systems« The possibility of filtering out 
frequencies corresponding to computational instability terms has also 
been considered« 

A method of uling Fowler Transforms to estimate the best value 
of a function or its derivative (the message) when its valúas over a long 
rang© are known only to within certain random errors (noiso) was presented 
to the group« Later studies indicated this as having restricted applica™ 
tion to computation because of the rare occurrence of data with truly 
random errors« 

Last year several conferences were held at M« I« T0 on digital 
computation « Some were sessions of the Electrical Engineering Department 
ö©mlnar8 but were well attended by representatives of the Mathematics 
Department and Project Whirlwind« Another series of smaller conferences 
were attended by some electrical engineers, including Professors Haaeix and 
ï« W« Lee, as well as several members of the Center of Analysis« The 
mathematicians present included Professors Phillips, Martin, Wiener, 
Franklin, Wallman, and Thomasü 

In addition to these men, several other M. I, T, staff members 
have shown an interest in electronic computers, and a willingness to give 
advice when problems in their special fields are considered« Thus, if shock 
waves are under consideration, advice can be obtained from Professors Tsien 
or Lin or Dr« Kopal, who are all familiar with this field« For elasticity 
problems and their theory Professor Reissner, for statistical and meteoro¬ 
logical applications Professor Wadsworth, and for general numerical compu¬ 
tation Professors Hitchcock, Grout, and Hildebrand are available« 

The many members of the M. I. T. Mathematics Department who are 
interested in numerical computation contribute much information about recent 
developments through informal discussions« 

In addition, the staff members of the project have attended 
meetings at Princeton, Philadelphia, New Haven, and Cambridge at which 
computing methods were discussed« And the group has followed recent 
developments in the theory of codes and numerical computation at Princeton, 
Harvard, the University of Pennsylvania, and elsewhere« 

III« Plan for Future Investigations 

Certain problems of interest to applied scientists and engineers 
can be most conveniently solved by numerical methods« Classified mathematically, 

the principal types ara as followss 

1« Solution of ordinary differential equations with given 
initial conditions« 

Solution of parabolic and hyperbolic partial differential 
equations, obtaining the characteristics curves as in 1« 

2« 

3« Solution of systems of linear simultaneous equations 
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4o SolutioKx of ordinai’y dlfforontial oqmtiona with boundaxy 
conditions at more than ono poänt0 

5o Solution of elliptic partial differential, equations for 
various types of conditions on the boundary of a region0 

60 Solution of non-linear simultaneous equations „ 

7« Iisaot square solutions of ovex-determinod systems of tho 
types of 3 and 60 

Öo Solution of integral equations« 

9« Tabulation of functions® 

While the relative advantages of different methods may change 
in the transition from hand or desk calculations to high-speed machines, 
it is improbable that any radically new mathematical principles will come 
into play« Much past find recent experience bears this out« 

Thus, the methods used by Aiken an computing tables, or by the 
Watson Laboratory in checking th© moon’s motion,bear strong resemblance to 
those long known to astronomers 3 and except for the use of conditional 
orders tho methods used for elementary functions, such as those coded for 
th© AoR.C® by Booth and Britton, would have been used by Babbage in the 
nineteenth century if h© had completed his analytical engine, 

/■ Again, the report on linear1 equations by Bargmanu, Montgomery, and 
von Neumann recommends as the two best methods an iteration rule, stated 
by Hotelling, which amounts to an application of Nexuton’s method of approx¬ 
imation, or an elimination method which is that used by most computers in 
such forma as those of Doolittle or Grout0 

And except for minor details of technique, the differential 
analyzer uses mathematical methods differing little from those used by 
Kelvin in evaluating special integrals with his globe disk and cylinder 
integrator « 

This suggests that the first attack with the computer on the 
problems listed above should be by processos des© to the traditional 
ones« Of course, two special points to be covered in taking over existing 
methods are the coding of complete instructions to remove any human judgment, 
and keeping the high speed from letting us carry the computations beyond 
their range of validity« 

The present thinking on procedures for the various types of 
problems is as follows; 

10 Ordinary Differential Equations, One Point Conditions 

For systems of ordinary differential equation©, some method 

using second differences or their equivalent such as the 
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Rungo-Kutba method, or th© Moulton (Adams, Kriloff ) mot hod. 0 
This laßt may bo used isi th© form set up by Ford, which 
uso® linear combinations of the mxmbers instead of differences o 
After several stops have b®en taken,, th® results can b© chacked 
and improved by a Simpson»a rulo calculation which would have 
a omaLlor round-off error than the result obtained stop by st©p0 

Characteristica of Partial Differential Equations 

Moot of the procedure is as in 1, the now feature being the 
cut-off due to an initial boundary or the meeting of some 
conditional bounding condition like that for shock waves0 

Linear Algebraic Equations 

For systems in 20 or fewer variables, an elimination method 
can be used and coded with about 80 orders-, The matrix, iteration 
procedure F k^l s F (2-AFk) to obtain A"1, the limit of Fk* may 
be useful for more variables or where a system must be solved 
for several right members«, A steepest^dasoent method on the 
sum of the squares of the residuals may be useful, for a large 
number of variables. 

In many applications where numerous variables are met, the 
system is loosely coupled in the sens® that effects in on© 
place affect values at a distance only slightly. Here much of 
the difficulty of treating a large matrix with all values 
equally in error disappears 0 

Systems with determinants noar aero will have to be recognized 
as such at some stag© of the solution proceses and th© 
recognition used -as a halt sígnalo 

Ordinary Differential Equations, Boundary Conditions 

This situation will b® met by reduction to an integral 
equation-, by an expansion in known functions whose co-officients 
aro found by solving linear equations (Hits, Galerkin, Fourier), 
or from solutions found aa in 10 For conditions at two points 
wo uso a family of solutions starting from one point, and inter¬ 
polate to most th© conditions at tho second point. For linear 
differential equations with conditions at several points, we may 
us© a linear combination of independent solutions found numeri¬ 
cally, evaluating the constants by solving a system of linear 
algebraic equations, 

° Elliptic Partial Differential Equations 

Linear partial, differential aquations of elliptic type are 
reduced to difference equations on nets. In a two-dimensional 
problem., if our machine eventually used say 64 points on a square 
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t 
3.t might be advantageous to get a first approximation for a 
4 X 4 ¿P'id by s 0.1¾ ./.ng s xtiu.lt a neo us equations j then interpolating 
on this for a first approximation on an 8x3 grid, which conic 
be improved by some successive approximation scheme or relaxation 
méthode, Rolajcation methods by machine have the difficulty of 
requiring a large number of comparison orders0 

1W1 will probably be able to work two-dimensional grids of fairly 
fin© dimensions, but possibly only crude three-dimensional grids, 
like those now used by hand in two-dimensional problems <, 

60 Mon-Linear Algebraic Equations 

Iteration procedures are usually successful,, The code would have 
to male© possible the insertion of an approximation at different 
points in a loop, only continuing If the successive values 
clustered after a few tries0 

7o Least Sauareo 

Gauss procedure reduces this to ó and 3, 

Integral Equations 

Approximation of the kernel by a degenerate one reduces linear 
integral equations to 3, or we can express the solution as a 
linear combination of known or determined functions as described 
under 4 above 0 

9o Functions 

Our machine will probably tabulate functions only for its own use* 
Functions will be inserted either through discrete values and an 
interpolation program, or by using polynomials that approximate 
tha functions in restricted ranges and calculating the polynomials,, 

In some cases the approximating polynomials may be found by 
approximating some higher derivative and integrating0 

In addition to general methods, several aspects of the specific 
application of the computer to the analysis and control problem will, be 
considerado Thus, the detailed equations and constants for different tvpes 
of service and air-borne craft will be investigated,. 

IVo Th© Practical Estimât© of Error 

While ©x5.3tance theorems ar© nice to have when they can be obtained, 
''til: > 

I 

1 
-I 

1 f 

J 

Somo preliminary studies of the mathematics of correlating 
statistically, at information centersj data from radar stations will b© continued,, 
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much nunarlcal work proceeds successfully without them<> For «Karapl® 
astronomers guessed right on somi-conrergent asymptotic series before 
they were understood by the purists0 Series with coefficients obtained 
by numerical methods are used to predict the moon90 position years in 
advance, but the stability of the system of sun, earth,, end moon under 
the known Initial conditions has never been established with complete 
mathematical, rigor0 Marçy of the iteration processes used to find roots 
of equations can either converge or diverge rapidly0 By comparing, say, 
a fourth and a fifth approximation, and sensing the size of the discrepancy,, 
our machine will recognize the process as finished, promising for further 
approximations, or useless for computation because of divergence or 
excessively slow convergence,:. 

A large percentage of recent numerical computation for partial 
differential equations has no other justification than that the results 
seem to convergea Undoubtedly many Ï3WÏ and WWII solutions will use such 
evidence,, for lack of anything batt®r0 

Because of the labor of making codes, high-speed machines will 
be chiefly used for whole fields of solutions0 A certain amount of 
experiment on the machine may bo needed at the starts but one© verified 
for a few cases s the method will extend to the whole fialdU 

Similaj? considerations apply to formulas for the size of the 
error0 Those ar© seldom used lit# ©rally 9 beca us© if rigorous they are apt 
to bo much too pessimistic in practice,, At best such formulas or® merely 
uaefwl to prw© convergence; a comparison of successive values thon 
©atimatos the error0 

In many problems th© stability of tho method of solution can be 
predicted in advance, (and a largo number of solutions differing slightly 
are to be found. Hero the smooth character of the results is a reaaoraabls 
protection against ©xceasiv® errors at any placo«, 

In otter casesr some form of a successive approximation method 
will be usada When t)® process succeedsd th© clustering of the approximations 
serves both to chock th© results and to provido an estimate of th® closeness 
of approximation,, 

When the successive approximation method falls? some order to test 
the closeness of approximations after some set number of steps will lead 
either to a halt, signal or to an alternative procedure,, Thus in a loop pi’ocess 
th® alternative may bo another starting point in the loop. In a step-by-step 
procesa th© alternativ© may be the us© of smaller steps0 

In many solutions of ordinary differential ©quations by the Moulton 
method, th© use of a Simpson’s rule integration ovar large intervals my 
prevent the piling up of round-off errors 0 
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Vo Thfj Influence oí Matherpxitlcs on the Design of WWI 

The spacificatlona for Mil were 00t up with the aim of providing 
a prototipo capable of perfoi^uing all the operations desired from a computerj, 
on a scale Jargo enough to be applied to many typical situationsfl and suffi¬ 
ciently limited to bo constrnotable in reasonable time„ However^ within this 
last limitation^ it was found feasible to provido for greater speed and 
storage capacity thanvany existing digital computer possesses* 

Th© types of des .trod mathematical operations aro fairly well known s 
namely * th© four fundamental arithmetic operations* and certain logic.il 
operations suchas shifting* digit transfers* aubprogramming* and conditional 
eubprogrammingo From these fundamental elements any finite combination of 
computational processes can bo built up0 

The mathematician's requirement is that these operations be performed 
either directly* or by combination of otter operations0 Thus division or square 
rooting can be either built in as special operations* or carried out by a sub¬ 
program* ïh© present plans call for a built-in division unit* and th© possi¬ 
bility of including a few special orders which would enable the operator 'to 
call for any particular subprogram* as that for square root , 

Considerable study of binary arithmetic and the conversion problem 
showed the feasibility and advantage of having the computer work in binary 
arithmetic but translate data and outputs from or into the? decimal notation0 

& guiding principle of the WWI specifications lias been may-;nmm 
flexibility * This will simplify the extension to larger* models* and will 
increase the effective power of the computer* for example by allowing an 
arbitrary distribution of the storage capacity between numbers and orders* 

Beyond the fundamental questions just mentioned* and verification 
that tho computer has sufficient speed and capacity for certain specific 
problems such as that of aircraft control* mathematical considerations can 
hav© little effect on the basic design* 

With regard to overall capacity of later models* experience with Ml 
and theoretical, considerations can only dictate ratios of components* rather 
than absolute siso* For the size at any stage will always be limited by 
economic and engineering factors0 Any machine is certain to have just a little 
less capacity than that required for some desired applications* ' For WWI* 
sufficient capacity for tho aircraft problem seems to be the only fixed require¬ 
ment.? that is* it should have sufficient apead and capacity to be used ©s a 
computing link in the aircraft analyser 0 
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SIÍBJjKGf N'ojaarioal f3o3.v.tioa Mgthod 

JLiïK? November • 181 1946 ■ 

Suppose « f (y) oad ve wish to set up a atuasrieal 

solution with a stap»l)y«*step process a Xmt the interval between otaos 
be h^and-aosaioe the values of y at, 0, h . ShpSh,, .nh„ s.ra knotete 'i:jao valu® 
at, (ut-X) .U will he found as followsi 

1« Kxtrapolate the solution to (x\-¡’l)fc by eoœe íes ans a 

1 (n-i-l)h 
f(y) dt 2i, Inte,grata by aomo asoanaJ 

X1 ^ uh 
.. • (nt-l)K 
/ ■ r(y)dt 

'-/ah. 

3.-, Set, y ,y '1' * îyi-1 •'a 

for email enough values of h5 they will follow the true {solution closely« 

Moteas 

lo The extrapolation procedure might be a' linear procès#,. 
i»9«i extension of the solution fron {¡it?., y ) by a straight line« 

ïhis Eiay he the Una through |j{n-l)l>.„ ^ j , Jnhj, yj . or it ©a? 

he tli© line tlirough (nh, y ) with slops equal to f (y } „ 

Again we may use parabolic extrapolation using y y, . and 
■ u f, 

where y It) 

y_ „ or using y ., y plus the slops at y ,, 

2., 3fhe integration if:, the area-under f j y (t)j ...„ 
le the extrapolated curve« .it linear or parabolic approximation in 
nia da « 

Ths method was extended to a second order equation« Consider the ©quatioa. 
ti 
y "%y 

o ij 
ïf y « vf V » «.y and we have eimoltaneouc first order equation#. 

Let us us© linear extrapolation 'and integration, using the point and th® 
slope « The extrapolations aro then”- 
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ars respactively 

Shoe© equations can lie solved to give 

If plotted, letting t « -nía, and netting y « 0 vç> = X no th. 

the true solution is y » sin t, we find all tibe points be on the curva 

Thus th® approximate solution would ho (if linear interpolation, 
a succession of chords of tho curvo 

Rsmarks; 

If more complicated extrapolation and intagration is used 
a on a C1.1TV0 whose equation it of tho for® 

rurmaiiaiiiiiiiniiiiiw 
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2<. It happens that for all methoda tested the value of ß 
le definitely positiv© for larga valus s of .ho This produces had 
divergence0 She worst value« a®era to com© for b. a* 3, hut ii> 0 for 
h>2 In moat canes« Ira the method explicitly doscrihed» 0- for all 
values of hr, 

3.- If damping was introduced lato the equations, ß still 
became positive for large h.-. 

» II !) 
4« In a system with two natural frequeueis®, j + 101 y ❖ 

IGOy « 0 with h » oln which is 20 pointo' par period for the w « 1 
conçponont but only 2 points par period for the w « 10 component. th® 
divergence waa preueat and not suppressed duo to the e,snail number of 
stops per period in the high frequency, part,, 

Wd-KAA^f\ ó ■ iL. 
Warren S» Loud 

WSL;snla 
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PAR*|,.J ■•» Description the Method 

In connection with the solution of the aircraft equations, 
it. was thought desirable to study tha variotis possibilities for step-by-step 
eolutiono The principal, method under consideration might well be called the 
extrapolation and integration method« it is with the character! at Ico of 
this method that this report, deals«. The dittoussion is centered about its 
application to vibrating systems» 

The following ia the method for a first order equation« 
The type of equation handled is .¾ f(y\B 

It ” "" ' 
A step-by-step solution is sot up as followed Let b bo a ismoll iatorrâl in 
time5 and 'assume the solution to b© known at % » 0, h, 3h0 —«{uEL)a« Let 

The Tali.3.0 of y. n 
the value» of y at these points be y , yt „ ;r0„ .„ 0 .3. /., ■ JJ..-1 
is found by a two-pert process« First, the function, f [" y(t) j as a function 
of t ia extrapólate'’ from t œ (n-l) b. to t «•• nh» Second, this function is 
integrated from t a (s.«l)h to 1; = ah? the value of the integral is added to 
¡JTqpJL to obtain y ». It is shown la the theory of differential equations that 

tho true solution will be obtained within any desired approximation for some 
length of time provided that h ia token small enough« 

U i3.-A & X 21»3 ChJ- läJLf.w. 

of f r,y(t)l by o. straight 
I (3«3)h, f'Cy^g)] and 

The methods of extrapolation and integration may be choeon 
from a lumber of possibilities« The moot usual methods are linear and 
parabolic.« A linear extrapolation wo viel, 'bo extension 
line« This line could bo the line through the pointe 

^ (n»-l)h., f(y j ) I « It could also be the line through the point 

[(3i«l)h5 í(yn„i)]havlng the slope Cf^)0 fCy^j )» If the function f(y) 

is simple(a«g« linear) this last is not difficult to compute and there 1® 
tho advantage of simplicity in aaalyslg« Similarly, a parabolic extrapolation 
would bo extension Of f [ y(t)J by a parabola, either that passing through 

[(n»3)h, fiy^g)] , fCy^)! and J(n»^hr f (y^j 5] or that passing 

through the second 1-.¾¾ of those and having the sJope fs (y ., ) f(y ,. ) at the 

point for t ~ (n-l)b.o 
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la cerfcaiïi cae«8 fch© vi.4uos y ,• yg. öftu». 3aa: "be 

espIicí.'bljTo 2bi* exemple, lat the equation be c% :s and let the 
. dt 

axts*gpoXatioa method be linear using the .slop©,, %® oxtr^olatioo will b«? 

f1' ' - ' ’ jt - (:0,^15h] «■ Ã. ^ := 1.:. ..** — 

Integrating from (a»l)h to nh and eddiag we .obtain 

* ^...1 + h ) f '•> A yn "‘ 1 wn^l 

or,. y = 5’ ' 
“n. n-l. 

f l -i- há. â- hlií J 

This difiorenoe equation has the solution 

y « 3' (1 + M 
a 0 g 

and If* vio raplace n h. by t, wo obtain 

y = Yr ^ 11 •'•■ hJk Jr h®A^ I ¿it 

ho that the valuee y , y^... y .n.lla on t'he etm 

'è-ï 

ä$ 

y =y<. ¡jH'Mi- m:j gd ''^l 
2 j 

1 
sir 

spaced a distança h apart in t» If .h-$o, sine© liai '1 4- iih + ¿,<äha 5'1'‘" » <> 
v * h'i’O 3 ivlj 

vo obtain y = y ®“ which is the tras solution. 

PART H - Application to Vibrating^ Systssat 

The principal study of th© method described was its application 
to vibrating systems. -The Investigation was limited for r.i,\ moat part to 
the ©quation 

«JLJL, f ff 33 0 
i.Y- 

which is the equation -of a linear undamped vibration., The an&ly«la of 
the numerical solution of tM s equation could be lone quite completely«. To 
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■begin with,, we msfce fcwo íir»tarder .equatioa® 

ü'hese are apoclol caaes of the general typ© 

which the method described would handle 
axe thus y and v thomsalveBc 

k complété discussion of the solution will be givara for tho 
can© of linear extrapolation and Integration.* 

1) Ifetrapolation and Intogration 

Sappoa© that y and v liara been evaluated for % ~.Qt 
)ho We must extrapolate y and v using yjv 1 and v ^ 0 

and «y , reqrsctírroly, so the extrapolated lineo aro nas ara v 

Integrating from t 

Theae Integrals are combined with y end v. .,. to obtain y and v 



Thea« last, are 'i.hva fórmalas for prcca^dlng from tae (n*--l} ' ■ eßep -¿o tte 
atii stis-o« It is 00 8811)16 to oôtâlr. 3â. o»d t as ítsaotioaa of ». and iimo 

to ©samia® th® Xoag-nm l)®hairior of the stop^by^step procos©* 

2) So3.at>loa of th® Dlffaroaco •îc-V'-aiioat 

Aa Iraportaat step in the analysis oí a amorío a! method 
of the typo wider discussion is the solution of dlffsrcac© oquatioao* 
Au 0xp3.anat:lon. of the necessary aspects of difforenc© ©quatioa theory 
will 'bo given* A dlfferanoo equation with one unkaovfa has the form 

She • typ© wa shall consider will he liuraar with constant coefficient© 
ani of the form , y 

She method of solution is exactly analogous to the solution,of linear 
differential equations with constant coefficients* lot the operator 
E be that of increasing the indes by Xt i*e* 

he ©auation 'become® 

.8 in the differential equation caae»)nay be factored inti 

3?h® solution of the siiaple ©qttatlca 

a 
la seen te be y ~ er where o is a «matent 
of the difference equation is then 

Sh® complété solution 

For ©seapl®, considar the equation 

COO 
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and «uppoíío y,.. « 4, y3 *- Î» wkííí^ «Iíô nquc.tiloíi direct:^., 1¾ Is ?<mac. 
l>.ha:i; 

y3 = w' ír3 “Z5’ yi ” 49 • • • 

lí W0 «alvo th© equation (33a - 3B + 3) ^ 0, tho roctti a?© B ™ i and 

.8 » 3. so that cy s* Oj « i& 4- isg . 3“0 She Initial conditions 

J s: 4t y SS ?, give C,, -4 <30 SS 4; O, '1 3o S* ?, 90 «h",t O. ™ le o SS :3, y ’' J. ' JL a1» X & ^ 
and y - 1 •?.- 3 «• B » 

•f \ 
a n .0 

In o as© t.ho roots caro not di stlnot, or aro coKpXea* œoôifieatloas 
analogous to the differential equation case mat 'be raade* Since Hi® oas© 
ijf oo:nol®x roots is iioporte>nt, lot us conoider ouch a c«,ao» .uöSt 

'tii'S 
+ y j 4 yn «« Ds aaâ lot yQ =■ 1, y, -= 2e 

{p.s + 8 -h 'ï )r » O s B ss «■ ± 1 « ooß ISO’' ± i ®:Ir' 130. 
' a - 2 ~ s 

y a e, (coe 130° •!- 3. sin 130*'>a 4 o0(oôa 120° «» -i sla 120v l'. 
n 1 ' 

, ortO ^ c (oos n « ISO0 + 3, sin u «130 5 v o.-.p.coa n » 120 == ■'* sin n < ! ■ 
'1 ' 

ss fcl + ou) coe iß. o LàO'1 ) 4 i (¢., •-» o„) !ïln (n. ». ISO 
1 X '3 ' a. * a 

O , 

and sino© y le roál¡, w© can wits 

y ss o ooo in ° 120® ) + Q sin lu « 130 ),- 
,5n. >5 ' r- 

Sabßtituting initial condition« ; 

,, ss 3 1^1 C r, , o C g 
«3 r .Jfu "i- ,J.O ~ 2C 4 «■=• 

3 2 i 
so tbat 

=í 000 120» "t =3 ala (130 Ei ) 

Hero, y3 « «S5 « lf. y * 2: yg « «Sf oto., sa <îon ho checked hy 

substitutions in th© original oqu&tio.Uo 

TM ©quations which, tí© muât solvo ere simultaneous linear 
dl ff ©ronce equations with constant coefficient ß<, 

iPSîtfa'ifPPfiifH 
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y 

R 

K.@ ,. ã ) y , -f !Vj 
'■:>"' ' 'n-.l ïi.-i 

•~ (X -Á ') V .. « hy .. o n»l n-1 . 

Wrl’binig in the. operational, form 

[B - (X •■» .4-i ) j y c h y =: 0 

h y + [33 « (3. -» Jf. }j ' y « 0. 

ïo t’olve f eliminate j aays y» 

«a 
s B - ('! - 4-1 ) 
L 2 

7 t-, -5' 
" L" 

B - (1, - Mi ) y « 0 

hfil y + ¿1' j B ■» (1 «•. =J|f, )| y » 0 
¿/ ** 

Í [s - (3. -- „Mi ) j 4 .h® I y «• 0 Adding, 

i1h© roots aro 

where 

B «s (l «fe.1 ),+ i h ~ ricos 6 -I- 1 sla -S) 
2 ' 

r » Il ■>' fe'Vh ï tan © f 4 
]i 

1 ^ 

21 '/^ 
üîhttSt y ~ a. r cora a 9 -1- cr, r“ sin a ï}e 

To find v^o gttbfltituto in the aquation 

or yn+l -(1 - ~r > ^+11V , 

h \ “ w ~(1 - ~f: > sB* 

Since h « V ala ©, 1 « * r c-os Or thi.0 he comas 

s ala Q V =s 0, (cos a © cos © - sin n 9 sin ©) -f 
x\ ! 

r '* a., (ein a © cos 9 -- coa &-£ sin ©) •» 

r11^’ cos © cl cos a 9 - va''x oof, © 0,, sin n &■ 
i *•’ 

íâAWMWiííWOWWCaUMtfW 
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y¿ pos.ï» 
r a in. 0* 

low, to satisfy the initial condition, J snd \ 

where 

ccs(tat -bcÀ) 

wharf © 

i he tr.vua solutions mations found, with to comp err'3 the approx 

y = ii, • ein (t H-c4,) 

’T s: A 00 3 (t -rCdj 
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whor«-.. A andoi. ar© as above. 

It oan be seen, thaï; ftho potete of the approximate eoXutlo» lie oa, 
a dampsd sine wav©» If r ©xce©d« i, the èampteg .1® nagative, wMlo,. if 
r le les® than 1, the damp teg la poem ve» ïha apporeat frequency of the 
approximating point, ib, la in general disiéront irons one» 

la the case at hand.., up la alwayii greater than '• an.4 us io greaoej 
than one for small values of ho Sherefore, the approximating polnttJ will 
exhibit a sinusoidal behavior which differs from that of bn© true aolu^.-.oa by 
having a shorter period and an Increasing smp.lltndö» For values of h in the 
vicinity of 3, the negativo damping is at. ita worst« Amplitude rises to 
mil Hois of times It« proper value in only five cycles« Xf the original 
differential aquation had had a natural frequency different from one, th® 
worst value of h would have boon about half the period Oj. vh-Q 'fioxauiott« 

B* - Other Estraipolatlon sad Integration Methods 

She resulta of other methods of extrapolation and Integration 
are similar to thou© just described* She approximating points lie on ourvoe 
which have the fora 

j « staXuijt + ot j ) 4- & ^.a"' alnitOgt +c<g) A « f.B«. 

where th® values of ß, mc and®< are fonctions of the step length ho Ona of 
the ß*a Is approximately aero• while th© rest are large and, negative* She 
best results wer® obtained with a parabolic extrapolation and Integration \ 
using two uolnts and one slop©:, TMti resulted is. twe ß(|ß and two u> ■ s« One 
ß wao near zero with the corresponding us very near to one* For small values 
of h th© B was small and negative» Sbr h «* „lL.c twenty points pox- period, only 

10 • 
loss la amplitude per period was observed» ’ For values of h near 3., however, 

th© ß had a positive maximum so that again negative temping was introduced« 
la fact, in any numerical method of the type under ddscusalo'n, negativa damp¬ 
ing Is Inevitably introduced"for values of h which aro large enough.-. 

The attached figures- show the behavior of approximation for some 
of the methods used« Sheet X shows the numerical solution for the caa© of . 
two«polnt one-slope parabolic oxtrapolstioa and integration« ïhar© ara 
twenty points per period* Sheet a 2 and 3 show- the numerical solution for the 
case ofoao-polnt, one-elope linear extrapolation'and integration for two, 
four, six, eight, and ten pointa pel period,. 

« i’o generalize the results obtained, the- method was applied 
to the linear vibration, equation with damping, 

Y A '¿S 7 + 7 “ 0 



. 

aomorical methods is not possible, M aaowate long^tim aolutlon car t>© 
found if tha stops coa Tie mad© sufficiently öiaaLi» or «hat is %h& aaffl®. thiag. 
If the tiro.® so alo can h© axpaaded suf ficisatly » fiou pseacmo© oi h,igh ualtuf. ai. 
frequonoioo produces serious distortion if1 unlimited expansion of time la not 
possibleo 

• !£i; should 1>e mentioned that in th® case studied,, tho exact solution 
ia Jcaovm no that the asnouat hy which the »umericai. solution Is in error can 
ho easily gaeno Shus, there is no temptation to regard a given numerical 

HSS^SkSS^HSæ 
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She re oui t s can be »ammariged as fellows-. 

1) qpallt ativo char actor of clamping was proaervedo ï’ho 
üiidy .method used was ¡that of .1.1.near oae^polxic. on®»»slop extrapolava cn 
seul integration» The numérica), solution predlot'od ovordainplngi 
critical damping,, end underdamping 'correctly» 

3) This amount of danroing was usually too amallo It was 
• aoarly correct; fox* small values of ht ou1} au h mci'eaooQ. m siffi©,, 11),6 

amount c-f damping hocam© much ..loss than she scpxutioji. rscpiired-, u.v 
fúíii't for h equal to approximately 3, the nagati.ve damping 
characteristic of the numerical method was enough to cancel all the» 
damping brought in by the equation so that a net negative damping was 
present« 

3) The attached figure chows the séparent das®lag ratio as 
a fonction of number of pointe por period for different values of true 
damping ratio« It, should ha noted that the damping ratio always becomes 
negative for less than, three points por period« 

pA « Another generalization was mad® by Investigating the solution 
of an equation with two natural frequencies' 

y" '!• 101,. 1 y 4 iOO y « 0 
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00lution ao ovon a oloo© appi’oxi:a&t:loar i'here :Lo 'oh?.is *06®pte.t3.oa-. -./ 'oa© 
«xarj-i ßoluljioa Is not. laiowxtl- If & ajaiaerioal oolutlo» and m other :1¾ at 
hanö.» oao Is temptcid. to regard is au a roaoonabla i^pprostlsnatloa to oh© 
true solution although it may ha as badly ,1» error ae wer® some of the 
solutions atuttiod aho?©« For this roason it V« nacoscary to confine la» 
featlg&tlon of a method to oquations where an exact solution can be found by 
other means so that & proper ovaluation oí the atuaerlcai method Hí&y bo used«. 

She study roads here ha a bateen no account of round-off error, Sfo 
gtatment con be roads 8.0 to the eifset oí round^oii error except tne.t .».t -¾ 

It appears that the nmierical solution of differential equations 
the time scale cannot be indefinitely expanded will have to be. effected 
a complicated methods«. Such methods are at present under consideration. 
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Subject 5 Di eous a Ion of Kvunsrica'A Method e 

Data: March l?t 194? 

t 

Digital Computation anil Humorlcal Mathodo as a How field of 
Mathematic !5 

With th« advent of high^apood digital coasputing: «quipœont the áoed for 

snore study of numorical method« heooiae« apparent•• Many' quoationa of h 

mathematical nature arise, when an attempt Is Bada to ôfeploy this now 

maohinery. 

ïwo snaln aspects of the theory present thomoelv©«» first there is tho 

question of errors • A numerical solution of an analytics problem will bo in 

error because the numerical method is di «.órete and not contiauótta, and because 

any numorlcal expression is only aa ajsproxidation, to a quantity which is not 

rational with a small denominator » i’h® tu© kind a oí erróte -aro called 

truncation errors and róun&^off errors respsctively. îhe study of errors in 

of utmost importance Mo confidence can bo placo in a maerioal result unless 

an ostimat® of its error- is aval lábio A numerical solution of a procesa oan 

be badly in error yet no chao to its err ox* might be in aviônac® » 

A second aspect of the theory la the question, of numerical methods usad 

with physical problems without an intervening; differential ©qoatlon» It would 

be of interest to loaov/ ¿ust how numerical methods oan be uced directly-with 

physical or enginsox'in.g problems•. 
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Ideas for a. Courne in Sunorleal l^thods 

X, Baoir.gr oiHid 

At, first sight numerical methods apirear to be mer ally a tool for. and»?“ 

standing and traatmeut of Hothaiaatlcttl euhjeota» Wiis is not ®ntii*el,jr trae,, 

far numérica 1 coavpufcation and its aocoapauyiag prohleias ferai a proper field 

®f • pur-o KatïiBffiaticSi Indeed ono can look at the prohlaa f rosi two pointa oí 

view, that of uciûg numerical awithodfs to loara snore about othrar flüldö 0.: 

œathematics or that of using the other fields of math^auitics to l.onrn sior© 

about numerical aiethoda 0 However » sines namoricai methode do have mush 

application to other branches of mathematics one. also to engineering? it la 

advisable to obtain as broad a background as possible in th» application 0.1. 

numerical method® to the se other f3.o3.dao îhoro 1b a three-1 cid o ojee t Iva 

her©0 First, It ia wall to know the material so that place« where numerical 

method® are of usa at present can. b@ known. Second« a wide aoQuaiubanco 

with related fields* is desirable If new results within them are to bo found, 

by numerical method®« Shird» It 1® well to have as ffiany tools a® poealbl® 

for advancing the art of computational method®« 

Lie Specific i'oploa 

Mathematical fields which would bo studied include '> 

Au Algebraic and tranacondental equation®« 

B„ Bifforential Equation® both ordinary and partial» 

G. Integral Squatlone« 

P« General QoapuUtlone. 
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Dian-.' i:: s ifâïï. 

A Uii.âajr algatoraic eq.uatlon.8 w® might omphaalzo the t ifc ï.d su alßa«. 

lias aï’ squat iona in larga nuBibaro of imÈnowts >• gasaeral« »»> 

prooadura b should he astphaslzad in this s lej.d la vlov; oí. ^ho ¿lawvi >» 

of high-spa®d computara currently bolog davoloped» 

B, Ordinary Differential Equations 

Huoorioal method« to date have not bom helpful ia*th© theory of 

different ini equations becaua® ths tit» involvec. to obtain cu..i icaeut 

information to geaorali«® from particular solutions has been prohibitivo 

With the now machines it is to be anticipatisd that rauificiont 

particular information can be gathered in a roaaoaabl® time no 

get n® rali sat ions can be drawn» 'Shis can b© oonsldarod a rwacou. 

jstudy of this field <sv®r and abov© the daeiro to ealvc «quation» 

which cannot be solved in terms of elementary fruactioa«o 

Partial Differential Equ&tions 

1’ho statements osado under ordinary dliterentli&l ©qua.®-ton» appi¿r . 

h®ro but with mor® force-.. Partial differential equation© qro «or© 

difficult to solve.. Heve»thelosa many physical problème are. curren«»ly 

phrased in termo of partial differential equations. Aleo Binse. Üm 

theory is so much more limited, it will 1® Important, to have mean« 

for gaining new knowledge. 

Qri Integral Equations 

Integral equations have been usad Aore in recent yetira in physical 

problem«« It would seem that, here is a. place wner© uumerlcßl 

methods could b© widely uaod-) 
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X) inmoral Cojaptiiatioaa 

Shore a:r® problems in exlstance today ahlah do nob yield to 

analytical solution» 4 Snob problems «¿ris® la tb.® the»orf of âosign 

cf optical aystaia«» Muasrioal method » ara absc4utolj necasssiry In 
■i 

imch problem®» hi addition matrix osJLculationn can lua studied irom 

the point, of view of hiß^-jpaod aacblneac 

111., Mathonationl Msthode Ugod 

A. fialaxation Msthods 

3. Iteration ííôthodo 

O. General Moßaarical Method® 

Helaxat ion ame thoda aro a recently davelopecl tool finding mnoli us® 

in numerical work with engineering problemo» 

lateralion procedure® aro given a spœoia! place bacanse rt appears 

that they will bo of highest importance with Mgh*-epeod machine®» 

'■they represent an oaosntially simple procens repeated many timsa« 

in addition general numsrical method® as de scribed in boohs l.im 

»¡•oarborough would bo oonaidorsd.. 

Under numerical as thoda in general.., two rciraaito should be road©.* 

i’irstr there needs to b© an. ¡aa30inhj.y of pertinent Material» Kaon 

vnluabl© literature on the subject is not collected in hooks, and 

if. is often not available in Jánglish» S®condp nuvifirlos.l. meUioo« 

should ho examined with the thought in mind that they are to be 

used with high-speed machine®« Present-day method® are designed 

for desk calculator speeds or slov/er« Ä® a flons0cpMnc®c they are 

complicated, calling for reasoning end judgment on. th® part of the 
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operator * .Vor hlgh^^paad reachlàes} ailler r.opotitiv« o©thfin « 

i-ihouM be íj<«i0ld«rí3do Kh© Mg^-apaotle peratt .50. ra^ay «tisipa to.b<,v 

ta&en that tho aootiràay is still iáòreáséá- 

IV. Ârróra 
r 

BíuiB02,loal ffiathoàô introdw.® orrcrsw Súoh error a ar® inqiortant » sinoo 

It Id necessary to know how clos® to tho troe aolu-iio» a numerical ao3.u*loa 

lies- 3?h®y fall la general Into two olas seo,, trunca Sion error® anâ 

rouad**off errors .• Kranoation error0 are those duo to th© fact that a 

ntunerical procès® is different from an analytical proco®®» Such errors 

can be otúdied by analytical methods.- ßonnd-Öff error® evrs due to \>h& 

necessary rounding off of oaoh namoricai atop. Shis introduces ®rrer« 

vâiioh ere of a random nature and difficult to analyse)-. 

Sew Mstheaiatioal Ä®suits .which cuja b® Obtained 
by Humorleal Methods 

At th® present time it is difficult to state Just what now Mathematical' 

result® can bo obtained with hijgh-opee'd machine9» Au opportunity for 

ouithematical experiment prooonts itself She technique of generalíuátlona 

from particular caperimsatai result® so long need in science can be greatly 

extended ia aathematlce» Much work of thin nature ought to bo don® 

As an eaamjjle of results which cas. bo obtained tho theory of partial 

differential ©q.uationa la in need of particular resulte that more generalisation© 

may be drawn,, Thera will aleo be an opportunity to situdy long-time iteration 

procedures in general » Iteration procedures have act been studied much in 

the past because they converge slowly if at all. However with high*-speed 



«me»» 

í 
,/■ i; 

Meraoraaàtuo $©., M-61 -ü™ iktre-h l?; 3.M‘; 

aaaohlnaa '■.■ha alowneaa of oonvorgonc© le no« of l«por feimo© and t'h® pin: cortleo 

of such prooeduraa oán bo studied« 

Many theorems in mattiomatioB ar© of auch a goaeral natur© th&t theis uso 

in apeoIflo oases la not'possible » With jaaohine » of the type consids red mor® 

concrets information oan ba obtained from the¢10 ganem 1 theorems« For aaaunpl®„ 

an exiot®B.oe theorem In .order to b® gaheraJ. often giws too restricted a 

re fruit. • It. should b® .posaibl® to obtain mor® oosgjrehént-.iv® resulta Ja 

particular cats©d with such methods 

W(XJi-f&fâ '.i, • /„ 
' %rr©» S< bo'üî-3. 

Th" 
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Dlsoussioü, of Dabei-miRaátfJ of ítaífôo Order 
“i)y Professor Horoort Wiener 

SUBJEC 

DATE? 

Computation of doteriniaants of high order involvas prohieras 
not eppaax for low orders» The error present in tho'terms iß 

tional to the square root of the ordo5 
t, If the terms 

the value found is quite meaningless.. Standard 
» more error than the above Inevitable error 

of subtractions of largo numbera» 

which do 
always multiplied by a factor propor 
TMn resulta in the situation that for large determinants 

jije not known accuratelys 
computation methods introduce 
becaueo <._ - 

Professor Wiener gave a description of these two errors,, the 
unavoidable and the avoidable, with suggestions for reducing the latter» 
He then proceeded to discuss placea In mathematics where determinants are 

H„ Effect 

Suppose there is an error in each term whore the !iy": 

moan aero, r0m0S4 h, and aro independent of each other and ox the t>y<- 

Book the roHUflo arror» 

If a# is the déterminant of “t b^t the above say® the 

r»Q»6o of D8 is inî (a3 -5- V3)*’' a« ' 

* Revi oed November 17e 19^7 

imijWwwT.iivr-v, 
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How 3» - B contains all the term« of B» which have at least on© • 

'b in them» Therefore (»« » B)s contains all the square of those terms Jlua 

terms of sero moan« ®h© mean of (B" » B/'. will ha |_v&' ^ ^ ^ a J Ro 

' /7 0 .¾ sU asa 
and the r-.au s- of I)1' •*» I) will he w,n* w'(a" + h*'; ^ ^ 

The relative error i® 

.pmr> cxuBOButian uxuxszx^rrrnrnrMKKaa« 

Jnl J{(^ + b3)' - asr- _ /1 1 -f ™.b‘ 

2Í. 

a 
V a 

m.0 Largest Tolerable Error in 

to error in a determinant of over 100$ is Intolerable o Sinos an 
ijnportant property of a determinant is its being different from *ero or being 
sero, a 100$ error introduces uncertainty here mid is intolerable o -hereloro» 

we mast have 

1 -h 

1 J<r 

b3 

a!" 

b3 

<¿L 1 

< -¾ 

a 
¿ ( 3 * 

How, if a is large, 3 
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Cl,Tersely, U U4 = «. «» »*«*»» OTOr l” '/U + <S> " 1 °'’n 6 
I ß* il /ïc*3SO» 

approximately, so that all errors In terme are multiplied by /ru 

If n = 100, we must have terms to within. ,083 and. smaX¿. errors are 

multiplied approximately by 10, 
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ï?,> Qiscufislon of Method» of évaluation 

If a determinant le evaluated by evaluating the ni termo * we find _ 
w© obtain, numbers of the order of^fn;! a by subtracting numbers of the order 

of aßo If a is largo, this Is very wasteful, of significant figures 
3 

and may destroy all of theme, 

For large determinants it is better to obtain relatively small 
numbers by multiplying rather than subtracting» The method Wiener suggested 
la the following; 

!» Divide the determinant row by row by the mein-diagonal elementbt, 
rciducing thorn all to unity. The determinant 30 obtained 

1 *12 0 * " 

BPX ^ - iS2a 

&iü %2 ” 

la multiplied by ... 

“’G 1 o » » 

—s r>,, ■An 

«»C n 

“£anl "ea»3 -° 

The resulting determinant ie treated the same way, and the process is 
iterated until the resulting determinants are as close as desired to the 
identity» If e is tafeen too large, the procesa will not comTarg©c. If c 
iß taken too email, the proco 15a will converge very slowly» 

(The above process was tried for second-order determinant®» It 
can. diverge badly, and moreover although, for suitable £ it will convorge, 
it con converge to a value more than 10(¾¾ off« ) 

Professor Vile nor went on to rmark that we might as well study 
determinante which differed but little from the identity» 
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ri ( 21-4 ) ( 
he mean of 4' 

îf — k, with k<l aud neglecting ¿ 
n 

D2^ l-Hk-Hc2-}- ««o Ic11 

lorapared to 16 

which equals 2 v;hen k 

gives an. error greater than XOOjS 

i'or some a. gives an error 

The solution of lino or algebraic equations can ha effected without 
he use of determinants, since thera exist other methods which involve less 
¡oinputation find loss chance fox error« 

The. Sradholm theory of integral oquatione does Involve determinante 
and thin le aplace where'muneric al Method a with determinants definitely 
have o place,. 
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fh® follovAng Iß & report of the dlocusoloa giren on May 13, 
1947, hy Professor Wiener for the reprooent ative a of the Departments of 
Electrical Engineering and Mathematicoc 

When a nmnorlca]. proceso is used, ’’obrlous1'' methods of 
sotting up a anmerioal prohlem often Introduce excessive errore Let us 
consider the prohlem of finding the derivative of an ^proximate d finie tí one 
A process that gives an exact derivative la very undesirable« H & function 
is approximated to a finite number of decimal placee, the spproximatioa is ’ 
a step-function, whose derivative la zero or infinite at all points, co that 
the exact derivative of the approximation is of no valus at all« 

Let us try to find a process which will find the derivative 
of f(t) with the least error in the mean™ajuaro sense,. Given en spprerd.™ 
mat loa to f(t), f(t) + g(t), where g(t) is the error, wa seek m operation 
on Í -5“ g which will give f0(t) with leant mean-»square error« We seek au 
operator K(t) euch that 

r 
t 

^ E(t .■=■ t) [ f (t ) ••!" g(v) dt 

is npproximately f"(t}o Precisely we aeofc K(t) such that the moan with 
roapect to t of 

K(t - t) 
,'V,.Ov 

Í(t) •’î’ g (t) dr - -rí t) I 

isa miniraonu The moan with respect to t of a function f(t) is defined a®. 
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?he espregaíon %o be minîmi <',eô. la 

Let u a first males tha chimga of Tari at 

"oa minimized 'bscomas The expression to 

K(t) K(cr) 

that the third term be on. written as afM<. ^jihes'Q 1 

Tfrryij 
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(h* 

j. 3 iuàepenclon.t, of K, wo vielte 

A ss K(ö') P < öf - t) clrdtT - 3 j K(t) I (v) *!• ^ ’.T) | 

*0 4 
to 1)0 minimisado 

To do this, we write K •■!■ €(«r K) in placo of E., The re suiting 
expresßlon. should ho minima for « * o ao matter what h 1s« • 

A = /® /"ÖV f K(r) ^ e d> K(f)J J K(O') ■!•' t «I" K(cr)^J ¡0 (ff- f) dr d«r 

4 Á; 
^>.a r* 

3 ^ I K(-t ) + s «I E(t )J ^ x (t ) l- 0lg (t )J dr 

dA 
de 

■)1 
.,j. 

.-) i pn b) + p12 (t) dr 

dA 
de 

/■«sa (.'"Egi 
3ïC(CT) cÍk(t) ¡6 (CT - r) dCrd'f 

c) ""o 
. 'A'à* 

since fà (©*- t) = 0 (t - Of), That Is,. 

3 f®r K(t) ¡ 0U (t) + ^¿(t)U 

3 I ¿f lî(r) i p*K(Or) 0, (<r« t) dO*- fiu (t) « 013 (t) | ^ -* Ö 

for all possible of kCt)«,) This Is possible only If 

^^KUT) 0 ( @ ^ r ) cl & - 0n (t) + 01S (^ ) 

which io an Integra], equation which K must satisfy for t ^ Oc 

To noiwe the' intewrel actuation,, tato Courier Transforniß« 
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j £ (er) 0-(ct-t) clor = (t) - jä1a (t Í ( d t '11 ~ “13 
- c» 5 -'6 

Since the expreaöion in braces is aero for t > o, the transform in of the 
form 

Cr(r) G à V 

and so is boundad for Im. co >■ o0 

We manipulate tb.e transform' further and obtain 

y OO ^ ^ 

S(ö' ) It.» or) ö“lti)0" Cf ) dö"d v tA n) *P^)] <rim * 
"0 12» 

sine© ^ (t »O’ ) “ p Co* -=- 'ï‘)j 

. œ 

o» 
dv = / p8uO>+íSlg 0)1 o*“" 4, 

y-O?. ■ ’“iyij'i 

Cí? 

where ï « c? has been replaced by t in the t integrei» 

seo*)«)“1®'17’ der 

fi('r)e’,J'(m &T (ï) (ei) 

1^13 ^^ + h.2 9~1UU d T 
H(co) 

We note that k(u)) is hounded for Ira w < o, 

... 



. 

C\7 i 

6345 
MíHnoraactaa Ho» ¥*>*%& , Be vision X * 5 .•• 

ás soa© é («) ia a rational fvmctiojou Separate it into two factor;!; ’F, (■ 

aid ?0i«>) widch are free froa» ssroo and poles in the lower and upper half 

planes re spoctivolj« 

We thus havOp 

k(co) © (a)} ” H (ta) 'bounded for ïm w >■ o 

klto) (to) « -§%ir hounded for ¡in t»?»o 
1 f2 (<ij) 

sine© f0 hno no zeros for Im a ^ o<- /t5 

&w„ if 

1 
2n 

..V C& 
ï3 fa) 

lilT , 
0 * dp,. 

r'ca> /,, \ '4ü3T K'rjs at / C(T)S ’^ Clt 4 ! c(t} 
-ter 

© dt 

^¿3 / 

=5 A(co) -Î" B(<o} 

k(to) fj (to) ~ A (ra) •’>> '3 (to) ia bounded for ï a œ> o 

Eut,, A(;d) is hounded for Ijb ui > o 

therefore, k(o) f. (tu) « 3(t») iabounded far Xm © >• o« 

Bat; k(ta,), ^(ta), and B(tu) are all hounded for Ira © <cof 

.therefore kfo) ¥•, (®) « B(<«} is bounded for all «:• and so is a constant 

which may be taken as aero» 
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,r fe(is) *» -»=-«¿4«-^ 
’i?, (»ï 

£» 

'j-gr 
c('¡)iT%m dt 

J,„ JI.Í1PL 0^’T .räaT du- dT 
^ ip) 

•Kiy.©* %vr Q»5m 

'3 ' J 

ô.çrãfx dt 

la oonclualon wo moatioa certain, oíwoage© that aa;7 ooouv ia J\oR"“ 
linoair casos. Hossage s«tl no io© ianjr n© loagar fc© additi va. - Sh© hast 
approriiaatioa oey ao longer ho moaa^squisr©. V?® shottld ti'y to uso only th® past 
of th® ©essai?©s. 3Ps>y abaost »IX cases» the futur© distrlhutioa oaa »© 
'ohtaäaod« Hn&Uy» m mphaaise that th© original eot-up of a proolea vrill 
not always h© fch© proper s©t«ttp for nÆaiæsm orror. 

Warraa S„ Lotò 

oe Prof. W. 2. Martin 
F„ ï?raaklin 
H,- v/allstâa 
G0 3. ïhojîa® 
Hc Saylor 
To cío loo 
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There are several directions In which I feel 
that niptherastlcpl research in connection with the pro¬ 
ject might well be carried forward. 1 am sure that 
Professor Franklin,, with his wider experience will be 
able to select those which' are of value. I might make 
the suggestion thet people of Mr. Reich’s caliber be 
given their own head for a while0 I think they will 
find important subjects for investigation given the 
freedom of investigation. 

ï have some remarks to make about spécifie 
topics. They are of necessity incomplete. The work 
already done is in my notebooks and kiss Florencourt 
will know about lt„ 

The constant 
eauatlons. 

energy method for solving differential 

We did cuíte a bit of work on this investiga¬ 
tion. Precise cuantitativo results were not obtained 

owing to the mathematical complexity Involved. I think 
the idea will be of value in physical problems because 
It takes into account such an Important physical fact. 
It is particularly of value In non=.dí s s ip a ti v e systems. 

The principal advantage of the method soeras 
to be that It does not Introduce bad amplitude distor¬ 
tion, The method of polynomial extrapolation and in¬ 
tegration Inevitably Introduces this. The freouency 
and phase distortions are no worse than the other 
method. Also it is a relatively simple procedure from 
the point of vlew?iet-up, at 
of ©ouations. It may become 
entire ASGA problem. 

least for a small number 
too cumbersome for the 

Under dlsadv^nt’ges I could list first of all 
the fact-that souare roots have to be taken and some 
criterion for the proper algebraic sign selected. This 
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raigiifc invoiv© conpiâerpblo difficulty. Hr. Reioh bps 
some icleps which tap y help on this score. The method of 
energies ©1though reasonably simple may turn out to be 
too complex for complicated problems. The Question of 
damped vibrations ie one that has not been touched on. 
I have'no knowledge of how the method could be aoplled 
there. 

ÏX Algebraic Eouatlone 

Some work wps done on the subject of algebraic 
©Quations. For the case of simultaneous linear ©ouations 
I expect that the work don© at Princeton is better than 
could be done here. I think that attack on other* problème» 
using their results as much es possible would be the best 
plan. 

The next most compllcptod problem la that of 
simultaneous Quadratic ©ouations. The literature doee 
contain much information on number of real roots etc.» 
but complete analysis of susceptibility to numerical 
solution does not s®©m to have bean carried through. 
We hpv© don© some work on iterativo procedures, and th@ 
results are mathematically interesting though they do 
not promise much for machino computation as yet. 1 bo= 
lei vs that statistician® are investigating this subject 
and may have aom© useful results. Methods other than 
iterative might also b® studied in these oases. 

IIX Error Analysis 

The knowledge of error occurring In the 
numerical solution of © differential ©auatlon is very 
Important as we well know. Acting on Dr, Golds tine'8 is 
suggestion we carried through an analysis of error 
based on known results from the theory of different!©1 
eoustlons. The results ere only of academic interest. 
The generality of application of the theorems makes 
them very crude of necessity. I think investigation 
here should go forward in ,two directions. First the 
analysis for error should be specialized. Sharper-re¬ 
sults with more restrictions on the differential eoua 
tions to which they apply should be obtained. This 
idea is contrary to the current mathematical fashion of 
generalizations, but I believe it should be done. Second 
the subject of round-off error should be treated. ï agre© 
with Wiener that .thismust be handled statistically. X m\ 
not too sure that his predictionstheory can be used with¬ 
out some essentiel modification, but I don8t know. For 
more remarks on this see the accompanying report on my 
investigation of V/iener0© ideas. 
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In generpl 1 think It '»ouicl be a good idea if 
the philosophy of high-speed computers were kept In mind 
during mathematical Investigations* This will have the 
effect of keeping to fairly concrete cases so that the 
resulta will not be overly abstract» and should also 
provide the proper motivations for work. 

In conclusion I ccn say that my futur© work 
will deal for a tiro© with those same subjects,, I can 
let you know If 1 arrive at results which will be useful 

S0 Li 

VJSL/rp 

i • 1 I . h *,_ 1. ^. t ■ . 1 1 ■ ■. - Í J i ' • i 
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For the past three months my efforta have Been turned 
quite completely to obtaining something concreto out of Profs V/iensr® 
ido&So 5íhs following la a report on what ï have learned from this 
study with what concluoions I have httan able to draw0 

I0 The Mathematical Ideas and Their Scope of Application 

Professor Wiener has developed a statistical prediction 
theory built on Fourlor Transforma» Ho has applied this theory to 
problems of filtering, dlfferontlating» oto» His most completo 
results are in a linear theory» He has given an indication, of a 
non-linear theory, but ï cannot report, on that because I do not 
underatand it as y©t» 

The essential mathematical quantities and processes used 
aro the auto-correlation and oro ss-oorrolation of functions and the 
operation of Fourier Transform» Far ©sample, let f(t) bo a function 
of timo» Let us consider the caso of. discrete times since this is 
most applicable for digital computation. Wo wish, to find a formula 
for f(t+h) in terms of f(t), f(t—h), f(t-2h),„Vfo assume a linear 
formula 

e® 

'(tTh) 
■*“1 

n=o 
a,. f í t—nil.). 

and we seek the coefficient©, a bo the.t the mean-square error is a 
minirauau It turns out that the beet coefficients are the Fourier 
coefficients of a function 

dri§J 

fc(tu) = 
fa » 

dLj} \e 
nt=o 

V/e can obtain k(w) In terras of tho mfco-correiation of f(t)c 

7f4h<!iiJ;¿tlÍi¡tó(L !íiAÍ'flÍ!:vidlsuif-iiÁffévici¡“. df -i:-?.». 
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Definit lonas H 

4 = 

l>(o) 

f('fc-Mth'hi5).) f(t+Xh) 

¥((jj) is a function such that 

(a) J ¥(to) |ß « ^(in) 

Thon» 

(h) ïiifî) ha« neither polea nor aeroo for Im a >0, 

k(üj) J. 
ai ¥(a) 

'il 
@0 

Va im> 
/ Il 0 
a 5S. o 

du 

-’TI 

glif 

W© find hsr 

ßn ™ -gu" 

■»Ti 

J 

do 

U m vil shod s f(mh) wh®r© l 3,s an integor s tho ooiu-oijponding k(œ) 
would h© œ. rv 

1 
Sn ¥(ü)} 

’’V 

W. Z* 0 

ixi'j) 
J 

¥(u)o^irW^U du 

Othar prohlems that caá he solved aro difforontiation^and filtering» 
Tho case of differentiation 5.3 covered in Memorandum M-78 for the 
continuous? oass» for the discröto case where vjo vjoui.d wion 

3T (¾) a “n 
raro 

«sW 
k((i>) » ' b © 

^ n 
¿SiésaísrsrJl 
E œ 0 

a_ f(t nh) „ 

3. mi 

would 'bo given by 
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1-:.(¾) 
©¡■•U 

Imj 

r TI 

—1™. 7% o1“ (-lu) T(u)e 
3" .rri - J, 

^■iau 

lor tho case o:? l'i'itsring w© hayo f(t) ^(¾) ^g(v) itfhoró i(ö/ 

iß the input end f^(t) is the desired moseago wml f^(t) la aolööo 

We wl sh (g® 
«-»wSwj 

f, (t-i-Xh) -- ., a fCt-nh) 
A. ^feranc."^ 

that 1b the message output in terms of the paev or the inputo 
Agaln0 if 

iVurjtEirry 

X. , K ■%. Ikb 
5 ° 2j a»9 • 

0=--0 
wo hav® 

k:(œ) 325 

where v/a hav© 

(1) lira 
a K ^ 

h»o 
© 

•3.(¡r!-A.)u 
du 

<^Lâ •*- 
^ Î, (t+Kh) 

nnd. m 

(to) 
i(l) loo 
fn a 

Shi a is maicing the not uayoasoßabX© assumption that raeseage aad 
ñolas are independent otatiatiGally.-- 

Explsnatary Remarks; 

la the filtering formula ’F'u)-- la the complex conjugate 
of Y(tt)» A® an sxasnple of thi.® factoring of if 

1 -V csa 

4 + uia 

ta ^ 1 
¥(w) 

«»?> tcCTt»=na 

^ si6 - ~Krii 

Hots that ? has no singularities or seroa for o^Oo 
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1¾ ira aeaamsd ln all of fcJhaœa forauilas that thar© ia 
®not?ßh atatletlcßl inforaation about the fuñotion f(t) ao that 
{Km)s which dapeuds on liho futur© of S aa mil as its past, in 
knowno 

Ho Limitations on Application 

•liho application of the above theory is limited for 
reasons which are stated 'by Professor Wiener In Mb paper on 
Prediction ïhoory» ïhs difficulty Logins to show Itself whoa wo 
search, for a ooncrotf asajiiplOo 

ïhe fimclvlon |(w) turuB out to Lo Identically aaro or 
non-oxietent In moot canos that occur to mind readily» It turns out 
in foot that if is to Le finite and net identic ally aero, the 
frequency spoctruar of f(ft) mast be everywhere coatiauou», but 
nowhere di ff ar ont i able» Shis Impliss that the variation of f raust 
b® extremely random« Wiener sayt definitely that Ms method is not 
of us© with analytic functions, for these are functions whose values 
for all time arJ determined by omul! tntervrla* Shis fact would 
oQcm Qorioujily to limit the mot ho ó fox* solving t ha ueuiil. type of 
differential siuatton* 

In fact I would say that for improving truncation error 
alone, the ms7,hod is not of use» %r round-off, which htas this 
ran'-om character, the filtering idoa iaey well work if the time 
¡iMution i g also somewhat rendóme, 

ÏHo Coîioiuoions 

l) Kuoh more work must be done before the ideas presented 
will find application for digital computation» Sheir best place is 
in minimi ¡sation of round-off error 0 

3) It may well be that the aon-llaeaí? thoosy will 
find its us© moro saslîyo 

S) Concrete examples will be hard to construe to If 
f(t) Î® reasonably simple,, (jfe) is useless. If '|i©) ic at all 
œisapl®, ;f(t) la a hop ©lee sly messy function,. 

vmmw s» loud 

WSLahaa 
o« MoIoELoronoourt 

25» Roioh 
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Subject* MpÂ.A, Symposium on Computing MaoMn©B0 ïalo University,, 
Sop tambar 20 19^?« 10 A„M„ »= 12 H„ 

Hatos. Sop tomber 3o 19^7 

The aympoeium consisted of two addraeeas,, the first by Ee H„ Alkan 
of Harvard0 the second by John von Neumann of th® Institute for Advanced Study, 
followed by a dlsouasion» 

Mkea dascribed tho mechanical components of the Harvard machine a 0 
Most of this material including the alleles shown is already available in the 
"Manual of Operation", fon Neumann’s talk oontainod remarks which might be of 
interest to the Laboratory* and excerpts from it* as well as from the discussion, 
that followed* aro summarised below, 

Up to t-ho präsent no significant Buocaaa has boon achieved in non-linear 
theory. The typas of singularities eacauntarad in non-llncsiar systems arc not 
like those of linear systems,, and at tho preoent stage of tho art their ebaraotar 
can* An most casoe0 only bo obtained by .physical oxporiment and/or art enetv« 
computingt. Sha data obtained by tho machine will enable us to examine these 
ayatemSp add will thus provida an intuitiv® guida for a rigorous nmtheioatie©3. 
attack« 

Dr„ von Hoamann. coapared analog to digital machines» in bo far as 
accuracy Ad coneqmod. When two numbers are multiplied by an analog fapthodp 
there is an error introduced duo to the noise .levai of tho analogous system. 
Shis noise level Is of an ©ssentl&Jly statistical nature» PhyslcBl liniitations 
prevent an indefinite increase of tho accuracy« We cannot hopo for an accuracy 
bettor than 1 part in 100,,000 with the analog typo of computer. In digital machinas» 
w0 also have 0, noise» esuoed» in this o&se» by the round^c?.it proooclure» With 
this type of computer* howevor* the of foot of the nolsi© qí?.jí. be made arbitr&x’ily 
sjeeII by simply Increasing tho numbor of digits the machine handlet) (i, ©«. increasing 
the register length)« 

S3U5 
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ïhô déTeloprnaat of «ff 102.0¾¾ tectelquss for 1500.:1-¾ pro)»l:-E.3 for 
feha digital soíijputor will satako û» SKtonsion oí tiu; fíleid ixverod V¿ ."-uvlíiw» 
saut leal -logic nacesaarj« ’ Boday ni&^hoiaafclo&l loëio roqulres nothlxti; üidro oí 
a proof 'Iban that it Da valldtl that la0 coaelst of at aoet a finit,f m-mbar 
of valid doâootlojxa.. Ho attention bai? been paid to the aotml .xnantw of i.^ 
dactioaß-, as long aa this is finito,. A proof.) or constxuotio.e,. cos-.i-d.niniç 
aay fivo steps ia for logical puiyobob considerad' no bettor them or o stade •■ -p 
af five hundredo in the coding of problem»} far digital comput©r&p on thsi otnsr 
head0 it la dealrahle to either minimize the total number of st^pst. or to 
miDlmlze the total number of time 1.1 a specified operation (such as,, for inetasice.-, 
division} Is used in c, particular cono is .mot ion,. Bhis problaw will have to he 
investí gated in order to make it possible to decid© what op erst dont- -are tc !•*•• 
built into a raftchiaon dnd In order to use the ®torage capncl¢3 swb' jiiici on-ily > 

In a»Bwor to a question as to whether or not the eonqputej could be 
uaed to attack problema of ntmbor theory by brut© force (for instance, whether 
it could be used to sift through enormous sets of number0 in search, for a 
number with some «pedal property),, hr,, voa Hewwtaa replied that thi 3 appU'“ 
cation trçuld be unlikely, Bhe machino provides a time-reduction feetor oí. 
about 103 over human computi&tioac htit the uuMbs.r of elements oncourt-areu. in 
tiio af0rasentioned sots are often of astronomical magnitude,«, in w3iî ca ce.ik 
the time reqtrlrsd might »till be too .long. 

Daring tiao dlsoussiong edmeone mentioned thfi fact that t! e oaatpr-to:-.’ 
should bo able to oolve certain'’ “hi^l.y import&at*' aon-1 inoar différence 
eqtt&tlons arising in the Bheory of Bvolution,, 

C <n-j flJU cJ\j 

Sdgar Seioh 

£Es vh 
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Projeot. V/hirlwind 
Sorvomschanlams La’ooratory 

Massachuaotts ïnstitu'oo of ÍecJmoXogy 
Opjmbrldgo» Maosaoàusetí s 

SUBJEOÏÏ& ' LOGáSIPl MM pQMgljjM gi^aHYAgXOKS 

TO8 Jay W«. Forrester* B.„ H. Evarett 

FBOMg Philip Franklin 

DATES Ootoher 21, 1947 

The range and direction of a target T is ooserved . om 

several stations whose location Is known» From these observations 
we wish to determino the most probable position of the target«, 
Assuming that tho direction information has a precision at lasst 
comparable with the range 1 m ona at ion, the following procedure leadta 
to a determination by an application of tho theory of least squares» 

As a first case* restrict matters to a plane in which we 
have two stations* S, and S0o Xntroduco some fixed (ay) coordinate 

system» Let S1 = (rn Put ™ S^f, the observad range from Sr 

Pat A, - asimuth of S,® measured from tho direction of OX, the observed 
bearing from S^6 Then the value of restricto -C to a straight line 
whose equation ia 

(x - ein Aj - (y - y3 ) cos = 0* or = Oc (l) 

where equals th© linear egression in the left member» i.f the 

probable error of A, is di^, the probable error of distance from line 

(1) naar T is B.(dA^„ Assign the squared reciprocal of this, 

= l/CRjdA^)8, as a weight or measure of precision for the Eq0 (l)» 

The value of % restricto T to a circle which we approximate 

by its tangent at T» This straight lino has as Its equation 

(x - Xj^) «0 3 Aj + (y •» y-,) sin \ « Co or \ Ä °6 

Tho probable error of distance from line (2) near T is cSR^, the probable 

error of Assign the squared reciprocal of this, w^ = as a 

weight or measure of precision for fcks Eq» (S)» 



S 345 
M emo raaduiû M-3.34 

Similarly the o'onervations &3> ¿g for station Sg ana their 

probable errors ait,» dAg lead to two ©quatioaa L.» ~ O, with a weight 

Wg and L/; -- 0 with a weight ïhe e^pressiona for and tr^ ara like 

those for and w , except that subscripts X are changed to :}0 

Sim:ilarlyt the ©repressions for La anel vâ are like these for and wv,„ 

According to the theory of normal errors, She probability cf 
5? being at a given position (x.y) is equal to. Ee where 

* = «iV +V'/ •’""sV + “«V* 
The probability is greatest -when this is least„ :?jod the normal equations 
for X and y ex® 

W1 8ia Ai L1 + w2 C0s A1 h 'l' W3 9ia A3 Ls !’ -¾ eos V4 " 0 
(4) 

cos \ L1 * w3 ß:in A1 L3 “W3 ccs A2 h + *4 sia /s3 L4 " 0(' 
it 

The solution of these two linear equations a^, y^ is to be 

taken as the target pooition.o It is the center of a family of similar 
©Hipsee, $ := constant, where B is the expression in (S)s .All points 
cm any one ellipse are equally likely positions for To 

and v;„ = %?„„ Here the observations at 4 ó 
S., alone lead to a circular probability distribution with center at a 

point we call T^r. and similarly those at Sg alone lead to circles with 

center at a point we call To The ellipses K in this case reduce to 

circles, and the point q;flt y^ found from Bq.. (4) is on the line rl^T,.;. 

with T., T/TTg --- wß/w.. « 

EXAMPLE 35 Let \i and w„ be very large oompared with, either 
1 O 

w2 or Here 1^, 

the position determined by the bearings alone,, end slightly biassed 
toward the lines Ip and L^c 

These two examples show that the method leads to plausible 
results in simple ciasetjo 

j will be very near the intersection of L„ and L , 

mrnmjkt w2 - w1 
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l’he General Problem In a PI aas; Sor n stations 

i = X, 2, 3, » .- c n, there are 3a . linear expressions L.,, C1 = X» 2, 3t 

. » , 3n and equations = 0 with weights Wjo î’or .j odd, j =#2i »1, 

these ai’e formed from the azimuths 4, similar to Eq0 (X)o Eor j even, 

,3 = 2i, these aro formed from the rangas similar to 33q„ (a)0 Here the 

quantity E, such that E^constants gives ellipses of equal probability,- la 
2n 

10 (5) 

f 

^21-1 BiXl A- L 
i = 1 

n 

i -Si-1 + '’21 003 = 0 

(6) 

1-1 
(-w2i-i003 h hi-i+ "Si sin \ hû = 

As in Example 1, if each = the observations for eeoh 

alone lead to a circular distribution, and is the center of 

gravity of n weights \s?y where is placed at the point determined by 

the observations at Si alone, 5.0e., the intersection of the lines = 0 

and = 0o The ellipses E == constant reduce to ©toales* 

Three-Dimensional. Oase; Consider a station in space Tuhoss 
coordinates are y^, with respect to some fixed, xys system« Let a 

target be located by its observed range E^ = S^T, azimuth of the vertical 

plane through S^T measured from the xz plane, talcen as , and polar 
declination or colatitude equal to the angle from the direction of 02 to 
SjTo Then the value of restricts T to a plane whoso equation is = 0, 

where . 
= (x ™ x^) sin A^ - (y - y^) cos A.jO (7) 

The weight w^ is the square reciprocal of the probable error of distance 
from the plane, ~ l/(H^ sin B^dA^)30 

The value of restricts T ..to the plane L,j = 0, where 

Lg = (x «> Xj^) cos Al cos B^^ "t (y ■» y^) sin A^ cos ~ (¡s - s^) sin 

The probable error of distance is d.B^, bo that the weight 

w2 - 1/(E1 dB1)? 
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ïhe va3.u0 of H restricta T to the plane 1,,.-0. where 

Lg - (üT. <" Xy) coe sla + (y $3) a^tl \ s^n c0& 'S. ^ 

ïha probable error of distança 1s cPand the weight = l/(öB^)3o 

If there sxq a stations S^, for each station, we can. form three 

agressions Lg^, , and L3i like Lj , Lg, Ig and corresponding weights 

like w,, wot w„e With revised notation, we have 3a linear expressions 
JL Z O 

L. and equations L. = 0 with weights w., inhere 
á J ^ 

(10) lj = BjX + b^y •*• cjZ - dj, 

4cE 
The probability that T is at x,y,R is now P = K e , where 

3n 
~ a 

E = 
á = 1 

(11) 

E = constant gives the ellipsoids of equal probability,, And the value 
xTi yïï< Zï which makes P a maximum, maíces E a minirmra and satisfies the 

normal equations 
3n 

i = 

3n 

"j aj h = 0 

wj '’j ^ 
(13) 

3 = 1 
3a 

’j “s h 
0o 

j - 1 
Examnles; If each = = observations for 

each 5.^ alone lead to a spherical distributlono fhe ellipsoids E = constant 

reduce to spheres.. The point Xj, y^o is the center of gravity of 

a weights w3i where w3i is placed at the point determined by the observations 

at alone, i0eo, the intersection of the three planes 

L31-2 ~ hl~l " Us "'Si 
= 0, 1 0o 

As a second example, let there be just two stations, and let 
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w,j and xíg be much smaller than the other weights. Also let Wp = Wj and 

Wg = w^o ïhon Xy, jTj, as found from the normal equations (is) will be 

vary near the common perpendicular to the lines S.P. and S P obtained by 

using directions only. And if the common pei’pendicvlar is P.jit will 
be near T, vihere P T/TP = w./v. „ X -X j. 

She method again leads to reasonable results in these simple 
cases. 

Calculation in the Plane; In the plane case, it might simplify 
the computation to replace the coefficients sin Aj, cos by tan A^, 

1 or 1, cot A,. ï hi s is theoretically not correct, but since the 'weights 
are known only approximately, if we always changed the biggest of sine or 
cosine to unity, we would be only changing the weights by a factor between 
0.5 end 1, which might not be too serious. 

\AAaAJ_ & 
Philip ^rankll a 

Pashas 


