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ABSTRACT

The first problem in the theory of signal detectability deals
with the decision between two alternative responses, corresponding
to two possible classe s of causes of an observation. When the goal
of a decision process is to achieve the highest quality of terminal
decision, the Receiver Operating Characteristic curve (ROC curve)
contains all of the information necessary for the evaluation of the
decision process. This present work introduces the ROC charac-
ter, which is isomorphic to the ROC curve.

The formal development is based on two key facts. The first
is the fundamental theorem: if £(X) is the likelihood ratio of an
observation, then the likelihood ratio oi £ is £ itself. The second
is the main theorem on ROC characters: each ROC character is iso-
morphic to a univariate probability distribiution that possesses a
moment generating function. The character convolution theorem
and the character addition theorem follow directly from these.

Families of ROC curves are developed from the main theorem
on ROC characters. The normal, binormal, Q-table, power, and
several discrete families of ROC curve have appeared'in the litera-
ture. The new families include the Pearson type IIl, Fisher-Tippett

doubly exponential, H-type, Poisson, and the regular conics.

iii



Additional families are generated from these by use of the meta-
static relation, and the convolution and addition theorems.

ROC curves contain information about the performance
of other two-cause decisions besides the two-response decision.
Several are considered that are used in the testing of human per-
ception; namely, the symmetric forced choice decision, type II
decisions, the rating scale procedure, and the analysis of a de-

cision based on the reports of multiple observers.
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FOREWORD

This report contains foundational work in signal detection
theory. The primary purpose of the work was to provide a tech-
nique for cataloging performance curves of detection-decision de-
vices, and to expound upon properties of specific performance
curves. Its usefulness lies in the exhaustive detailing, which the
author hopes will provide detection theory researchers with both
insight and detailed infor mation about performance curves they

encounter.
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CHAPTER I

INTRODUCTION

The theory of signal detectability has grown up in
an interdisciplinary way, combining parts of the traditional fields of
mathematics, pnysics, engineering. physiology, and psychology.
The skeleton on which the theory is built is the mathematics of
decision theory. The analytic description of the ct:servaiion and per-
ception, the interferences and the cause-effect relationsnips are drawn
chiefly from physics and physiology. The subsequent resiization of deci-
sion mechanisms is part of engineering when the realization is in hard-
ware, part of psychology when one is dealing with a human or animal
decision mechanism, and ialls to other specialties when ‘he realization
is a computer program or a finite automaton. The evaluation cf the perfor-
mance of the decision mechanism has similarly fallen to various fields,

depending upon the application.

This present work concentrates on models for the third
aspect, evaluation of detectability. Consideration is restricted to those
sit1ations where decision quality is the sole goal of the decision device,
and the sole consideration in the evaluation. In the past, evaluation
models have come principally from problems in electrical engineering
Yet the theory is applicable to any information process involving both

obseivation and subsequent (binary) decision. Today's applications

involve such diverse areas as radar, sonar, and digital communications;
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the psychophysics of human and animal percepuon; information retrieval

and medical diagnoses by machines. One major pu. pose of this present
work is to furnish a variety of evaluation models. A second major
purpose is to develop sufficient mathematical structure to form a

basis for classification of these models, and to form a basis for the
generation of additlona‘l models. It is hoped that this work will be useful
to those making mathematical analyses of detection devices by specifying
the parameters that must be determined. It is noped that it will be

useful to those experimenters with performance data, that it will help
classify the data and indicate appropriate raodels. For the mathematically
inclined tnis paper develops a special I'Z function called the ROC charac-
ter. that is one-to-one with the graphical presentation, the ROC curve.

I hope those in communications sciences with a broad interest in observa-
ticn-decision procedures will be able to learn what information an ROC
curve furnishes, and what information it omits.

We shal} concentrate on the simplest of all observation-
decision problems -- the two-by-two problem. This work is directly
applicable to the two-by-E1 (rating) problem: however, no generalization
to finite higher order decision problems will be made. In the two-by-two
problem. it is assumed that two alternative decisions may be made,
ccrresponding to two mutually exhaustive and exclusive classes of causes.
In uorder to make any sensible decision a given cause {such as a specific
signa!) must belong ic one class or the other, and not transfer back and

forth. This is the reason for the word "'exclusive. "' The assumption
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4 “exhaustive' means that no other cause than those listed in the two clisses
Can occur.

{ This present_ work will deal principally with three subjects:
(1) the ROC curve, (2) the likelihood ratio and related functions, and

fﬂ% ‘ (3) a new function, m(z) , called the ROC character. In this first

{ chapter the basic relations between the ROC curve and the likelihood
ratio will be reviewed and the proof given for the fundamental theorem:

p "The likelihood ratio of the likelihood ratio is the likelihood ratio. "

This theorem has been known and used by several specialists in the
tield, but apparently has not previously been rigorously established.
In Chapter II the ROC character will be formally introduced and it will
be shown that it contains information that is unavailable in the likelihood
{ [ ratio itself. Even further it will be shown that the likelihood ratio and
| tne ROC character contain the two complementary and separate aspects
| of detection; namely, that likelihood ratio is relevant to the design of

{ tt  decision device and that the ROC character is relevant to its perfor-

mance. In Chapter III the ROC character will be used to estabiish a

1 basis of classification of types of ROC curves. The primary analytic

result in Chapter III is that the class of all ROC characters corresponds

e

to the class of probability functions that are sufficiently smooth and
concentrated to have moment generating functions. This correspondence
yields the set of classical ROC curves.

Most of the ROC models available heretofore have come

MMM‘

from radar detection problems. In Chapter IV these few are collected

»7;1.‘ {; and analyzed in terms of their ROC character. vChaptery . Vland VII
4 3 . ;%
*
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cach treat at length one broad class of ROC, the algebraic, the truncated

normal, and the binormal. Chapter VIII develops the Convolution
Theorem for ROC characters, and the Fisher-Tippett ROC character.
both arising in cases of multiple observations. Chapter IX presents

the ROC character Addition Theorem, and two cdouble parameter charac-
ters, the Pearson Type III, and the H-type. Chapter X is devoted to

discussion of selected topics that have arisen in the literature.

1.1 Review of Detection Theory

The procedure that will be followed in this section has
two gross steps. First, the graph called the receiver operating charac-
teristic (ROC) will be introduced and used to 2valuate detection per-
formance. Secondly, a specific functicn of observation called the
"likelihood ratio’" will be introduced aiidl it will be explaired why
optimum detection is based on likelihood ratio.

There are many prooss that the likelihood ratio for de-
tection problems is optimum. The mos! common proofs are based on
specific definitions of optimum, such as "maximurn expected value,"
“"minimum loss, " or ""Neyman-Pearson test.’' The proof used here
has been chosen to emphasize what 1s wall known, but really unknown
to many -- that the optimumness of likelihood ratio does not require
that any specific quantity be maximized or niinimized. All that is

required is that decision quality is the goal and that the definition of

dec:sion quality reflecis a prefererce for correct decisions over mistakes.

o
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At this point, we must begin to introduce formal notation in

order to be specific, and to be able to manipulate mathematically certain

rather simple quantities. Many types of notation might be used, all of

which appear i1 decision theory and detection theory. One might choose

ol

to emphasize the generality of the work by using abstract notation. I
have chosen to utilize the notation common in radar and sonar signal
detection, in the hopesthat the nmemonic benefits gained will over-
shadow the apparent loss of generality. Specifically, the two classes of
causes will be signified by N (noise alone) and SN (there is a signal in
the noise). Two alternative decisions t.hat the decision device can make
are to sound the alarm (""A", the decision that a signal was present) or
to conclude that only background was present, the decision ''B". When

i the caus= is noise alone, N, the decisions correspond to a false alarm

i and a corcect response, respectively; when the cause is SN the decisions

correspnnd to a detection and a miss, respectively.

The formal description of a decision device is a probability
! function. For each possible observation the description is the probability
that the device will response "A". One might feel that a description of
a decision device would correspond to a listing of those observations for
R which the decision device would respense "A". (On the remainder of the
observations the decision device would respond ""B".) Indeed, this has
b been the writer's standard approach in electronic problems (Ref. 1, p.
174). Although tnis description is quite adequate for a great many pur-

poses, it does not cover those devices which may base their decision in

E part on extraneous quantities: for example devices whose decisions are
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affected by internal noise or devices with some nonstationary behavior
in the decision process (such as a jittering decision threshold. ) The
decision probability function is written p("A"[x), where x is a general
notation for the ohservation on which the device bases its decision.
In Fig. 1.1 the coordinate systems for the ROC are

drawn on a blank unit square. The horizontal axis indicated on the

bottom is called the probability of the false alarm. It represents the
probability of a mistake, the probability of making a decision A" when
the correct decision would have been '"B. " The probability of the corres-
ponding correct decision is shown on the horizontal axis above the ROC
and is simply one minus the probability of a false alarm. (The device is
forced to make either an "A'" or "B' decision.) The left vertical scale is
the probability of making the "A" decision when it is correct, and

is called the probability of detection. Had the alternative decision

"B" been made the action would have been labeled a miss and its
prohability is simply one minus the probability of detection. This
probability is indicated on the right-hand side of the graph on the

je— P("B"IN) — 0

o — P(nAﬂ"sm —_—
- P("B“IBN’) — 2

0 —-P("A"IN) — 1
Fig. 1 1 Blank ROC
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vertical axis. Traditionaily, one suppresses the upper and right-
hand coordinates, listing only the probabilities of false alarni and
detection, since the other two probabilities can be obtained readily
from these. The term RUC iir5i apgsared in the paper by Peterson,
Birdsall, and Fox (Ref. 1) . Curves drawn on the ROC grid have
also been referred to as contours r” iso-effectiveness., or contours
of equivalent performance. The tra&itional form of the curve that
appears in statistics and some work in signal detection plots the
probability of' a miss ohn the vertical axis so that the ROC is the
mirror image of the form used here. In statistics such a curve is
called the power curve, where the probability of false alarm is called
the critical level and the power is one minus the probability of a miss,
that is. the probability of detection.

Cur formalism for a decision device is the probability
function describing the probability of deciding "A" for each

observation X on which a decision is based.

Decision Device: p("A" | x) (1.1)

Our formaliam for the observation statistics, describing a specific
problem, are the measures of the probability of occurrence of the

observation, x, for 2ach of the cause classes.

Observation Statistics: u(x18N), u(x|N) (1. 2)




These observation statistics refer specifically to those observations
on which a decision will be based. This is more restrictive than the
seneral use of the same term which might mean the statistics of the
entire random process of which the observation is just one portion.
A specific observation sitﬁatiOn is defined by specifying the obser-
vations on which a decision may be based, and the observation
statistics, Eq. 1.2.

The evaluation of a specific decision device in a
specific observation situation is the ROC point given by the proba-

bility of a false alarm and probability of a detection.

ROC Evaluation Point: P(AIN) = [ p("A"{x) du(x|N)

P(A ISN) = [ p("A"lx) du(x]8N)

In Appendix A, taken from course notes for the Sunimer Intensive
Course on Random Process, 1961-62-93, it is shown that the ROC

plot of all possible decision devices in any spe.cific decision situation

is convex, contains the chance diagonal, and is symmetric about the
center-point. The proofs are simple but tedious. The results are
shown in the following figures. In Fig. 1.2 the chance diagonal has

been added to the blank ROC. This is the locus of performance where
the detection probability is equal to the false alarm pr‘obability. Such
performance may be obtained with a decision device that reacts indepen-

dently of theobservation, and hence is described as chance. Performance

*
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E falling below this diagonal is considered poorer than chance and per-

fremiomson,

formance above the diagonal is considered better than chance.

Fig. 1.2. The "chance diagonal "

We have made no specific definition of optimum. However,

let us consider some specific point below the chance diagonal and compare
it to the point directly above it on the chance diagonal. Both have ihe
j . same performance under the condition N. The point on the chance
: diagonal has a higher detection probability than the point under discussion
i * below the chance diagonal. We did specify that correct decisions are
: to be preferred to incorrect decision, that higher correcti-decision
, ; probabilities and correspondingly lower error probabilities will be
2‘ E consideréd desirable. Therefore the chance diagonal is better than
| any point plotted below it.
The convex closure of two points plotted on the ROC

[ grid consists of the straight line joining the two points. The implication
ﬁ is that if two decisions devices are possible which plot at points

A e = S

Wy and Wo. then it is known that a continuum of decision cevices
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exist which vill perform as indicated by the line between the points

w4 and Wo -

i

Fig. 1.3. The "convex closure' of two points

Consider two decision devices which disagree on each
individual decision. The probability of "A" of the second device will

ve the probability of "B" of the first device.

p(nAznlN) — P(uBlulN)
P(quvaSN) - p(uBlulSN)

Equation (1. 4) is the reason the ROC region exhibits the midpoint

symmetry that is indicated geometricaily ia Fig. 1. 4.
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The purpose of this detailed geometric examinatio',

& e T T, b - R . - - i S S A R e ot ey -
r i AP Wit & et e A - b e e : . dnett B
. 79
i%
3

was to determine the implications of th= existence of a single ncn-
chance point, If there is a particuiar decision device with nonchance
performance, plotted at wy , then it follows directly that the region of
obtainable performance with the given observation statistics contains
at least the parallelogram indicated in Fig. 1.5. The boundary of this
parallelogram is the convex closure of the points (0, 0), wy (1,1),
and the opposite of Wy Every point in the interior lies on many

straight lines between boundary points.

Fig. 1.5. Convex closure of a point, its opposite, and chance

The plot of ail possible ROC pesformance points for a
specific observation situation is called the ROC region. The ROC

region is a function of the obiervation situation, not of any particular
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decision device. Different observation situations may lead to dif-
ferent ROC regions. If two oibservation situations have the same ROC
region, they are said to be equally detectable situations. Two observa-
tion situations may differ in all respects:; the observations on which
decisions are based, and the observation statistics. If two observation
situations have the same set of observaticns, but differ in one of the
measures in the observation statistics, they are considered as different
situations.

For the remainder of this section (1. 1) we shall consider
the observation situation fixed, and the ROC region known. If the
ROC region is as shown in Fig..1. 5, then one should desire to operate
sonewhere along the upper boundary. This is because each point p
on the interior represents a higher miss probability than the upper
boundary point directly above p, and a higher false aiarm probability
than the upper boundary point directly to the left of p. The upper
boundary of the plot of the ROC region is called the optimium ROC
curve. If one restricts himself to only the upper boundary instead
of the entire region,he can still maximize any specific goal, that is,
he can maximize every specific definition of performance.

The second step' in this section is to estabiish that
the ROC region is closed, meaning that the upper bounchry actually

exists and is obtainable, and that the widely acclaimed likelihood ratio

will always lead one to performance n the upper boun&ary. of special
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interest are those decision devices which are based on the real quantity

likelihood ratio in  speciai way. A decision is said to be based on a
real decision axis d(x) and a cut value B3, if the decision "A'" occurs
with probability one whenever d(x) is greater than 3 aund occurs
with probability zero whenever d(x) is less than 3. Whenever d(x)
equals g3, the decision probability is somé ;/alue_. T, betﬁreen zero
and one.

Because this present treatment is slightly more general
than the usual likelihood ratio treatment, such as is given in Appendix A,
we must go back to the foundations of the likelihood ratio principle.
The likelihood ratio of an observation is the connecting link between
two possible measures of orcurrence of that observation. The Radon-
Nicodym Theorem (Ref. 2) establishes this connecting link. Consider
two observation statistics u(x |N) and p(x[/SN). (These are assumed
to be measures on the séme completely additive field of sets.) The
Radon-Nicody'rxi Theorem states that there is a function, £(x), anda

set of N-measure zero Ao, such that Eq. 1.5 holds for any mutually

measurable set,

u(CIN) = | du(x'N) , u(A.IN) =0 Y
C-A, 0
>(1.5)
u(CISN) = [ Ux)dps(x ' N) + u(CTA ISN)
C-A,
J

’

To oc.+ » the N=-measure of some collection of observations, C. in
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the number one with respect tothe N-measure. To obtainthe SN-measure
of the same collections of observations, integrate the weight #(x) with res-
pect to the N-measure and add on the SN-measure of CnAO. This allows
one to obtain both measures by integration with respect to u{xN),

except for sets of N-measure zero. The function £(X) is never really
utilized when x is in the set of N-measure zero, AO. We may

define ((x) to be in..nity on this set as a notational convenience. Such a

function €{x) is called "the Radom-Nicedym derivative of the SN-measure

with respect to the N-measure, " and is the most general form of a like-

liliood ratio.

The vast majoriiy of the effort in the phvsical theory of
signal detectab‘lity is devoted to obtaining explicit equations for ¢(x),
and to realizing practical equipment which will compute its value. In
contrast, this present work is devoted to evaluating performance and not
to obtaining performance. The meaning of the terminology "a decision
is based on likelihood ratio with cut value B8 and boundary value r" is

given by Eq. 1.6,.

L0 3 e, 0<r< 1
p("A" | x) = g(x, 3, r) =1 £(x) > B
= r l(x)= j} > (1. 6)
=0 t(x)- B
5

To establish that such aecision functions fall on the ixpper boundary
- |

R
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of the ROC region i:umpare its performance to the performance of
any other possible decision function, which is labeled h(x). The

prooi is shortest if we consider the contrived function Qﬁ.

Q‘j = [ P(”Ao_” 'SN} _ P(nAhHISN)] - B[ P(”Ag” IN) _ P(nAhnlN)]

(1 )

Qd is a comparison of the probabilities of detection for the g and h
decision devices, together with a f-weighted comparison of the proba-
bilities of fa!~e alarm of the two devices. The probabilities of false

alarm are given by direct integration with respect to the N-measure,

"\
P("A "IN) = [ glx, 3, r)di(xIN)
J X-A
0
? (1.8)
P("A,"IN) = | h(x)du (xIN)
X-A,

where X-AO means those observations that are not in the set of
N-measure zero, AO. The probabilities of detection could be
citaired by similar integration with respect to the SN-measure.
However, utilizing the Radon-Nicodym Theorem and likelihood ratio
we may evaluate the probabilities of detection by again using the
N-measure.

P("Aa"lSN). = f g(x. 3. r) &x)du(x IN) + f g(x, 3,r)du (x ISN)

X-AO AO

(1. 9)

Pi"A, 3NV h(x) €(x)dp (X IN) + [ - h(x)djt (x.SN)
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The six integrals in Eqs. 1.8 and 1.9 can be coliected into two integrals
for determining the value of the quantity QB.
Q. = J  lexg,r)-hx)][Lx)- B]dulx IN)

i
X AO

(1. 10)

+ I lg(x, 3, r) - h(x) ] du(x [SN)

The first integrand is a product of two factors. When the likelihood
ratio is greater than 3, the second factor will be positive. Since g
is one for these observations, the first factor will be zero or positive.
For those observations with likelihood ratio less than 3. the second
factor will be negative. Since g is zero for these observations, the

first factor will be zero or negative.

(x) - 3, [g-h][£-3] =[1-n][L-.] -0
((x) = 23, [g-h][€-3] =[r-h][oO] = 0 (1.11)
((x) - 3, [g-n[£-3] =[0-hn]{2-3]>0

Since the integrand of the first integral is never negative, the integral
will also be nonnegative. We now turn our attention to the second
integral, over the set of N-measure zero. The likelihood ratio is
infinite for these observations. Therefore, g is one and the

integrand is nonnegative.

Xt A [w-h] = [1-h} -9 (1.12)

0.
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We have therefore determined that a quantity Q
is nonnegative for thé decision device based on likelihood ratio whose
cut level is the same number B. How does this establish that the
decision based on likelihood ratio is better ? Pick any particular
decision device. Compare it with a decision device based on likeli-
hood ratio which has the same probability of false alarm. Proof
that we can find this decision device based on likelihood ratio with
matching false alarm probability is given in Appendix A. Granting
that we can find such a matching device, it will have some value of
3 and r. The quantity QB evaluated for that specific value of 3
will he nonnegative. Since the false alarm probabilities are equal,

the quantity Q, is simply the difference between the two detection

B
probabilities. Q‘3 being nonnegative means that the detection
probabilities for the decision device based on likelihood ratio is

greater than or equal to the detection probability for the decision

device h.
‘l) 1" 1 = " "
P( A, IN) = P("A,"IN)
(1. 13)
‘\ ;:"_'5 P HA " SN) :> P IIA " S
QB'O (gl._(h!N)
This establishes that the performance of . -~ . ... .ion based on likeli-

hood ratio falls on the optimum ROC cu. . e tox s ROC region.
The “'onto’ part of the proof establishes that for every

possible probability of false alarm there is at least one decision
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device based on likelihood ratio which yields this probability of false
alarm. This part of the proof has been omitted here and given in
Appendix A because it is tedious and not illuminating. The first part of
the proof has been displayed to :n'phasize that the optimum ROC curve,

the upper boundary, is directly r:'ated to likelihood ratio.

\

1. 2 Fundamental Theorem

1.2.1 Likelihood R2 ‘io. A decision axis can be con-

sidered as an observable. Whatever the physical nature of the original
observation and the relationship of the decision axis to these criginal
observations, there will be certain probabilities of occurrence of the
various decision values under zach of the two classes of causes. The
question immediately arises, "If we have two measures induced on

this decision axis, what is the Radon-Nicodym relationship between
these two measures?' That is, "What is the likelihood ratio of the deci-

sion value?"”

We will consider the special decision axis which is the
likelihood ratio of the observation, and will establish that the likeli-
hood ratio of this decision axis is numericaily the same as the value
of the decision axis. That is, the likelihood ratio of the likelihood
ratio is the likelihood ratio. For example, assume an observation space
and a device which numerically evaluates the likelihood ratio of 2ach
observation. Let us further assume that for a given observation the
value calculated by this device is the number 2. 74. We will establish

in this section that in this case the likelihood ratio of the number 2. 74

e,
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1s 2.74. That is. the numerical value 2. 74 occurs under the cause
SN with probability 2. 74 times the probability it will occur urder
the cause N.

Let us consider an observation space, X, and a col-
lection of measurable sets A which form a o-ring fon X. A
probability function is any nonnegative completely additive set function
on ﬂ, such that the probability of the entire observation space is unity.
To introduce likelihood ratio we consider two such probability functions
defined on the same o-ring &, and compare probabilities. Repeating
the Radon-Nikodym Theorem (Ref.2),

If u(AISN) is a completely additive set function on a
7-ring of sets which are measurable with respect to j(A!N), then there
exists a unique decomposition consisting of the following:

A,, asetof pu

0 measure zero; u(AOiN) =0

N
f. a function integrable with resypect to i (xiN), unique almost
everywhere
Q. a set function defined on ,,dnA

0
such that

wAISN) = [, fx)du (xIN) + QA"'A ) (1. 14)

Here the Radon-Nikodym derivative relates u(-iSN) toc u(-IN)
except for a set of N-measure zero.

Using the above formulation define a likelihood ratio

€((x} as




[a]
<
o .

=

¢(x)
‘ (1.15)

i
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The definition of likelihood ratio is unique, up to a set

of combined measure zero. That is, many functions and sets AO
may satisfy the definition; however, for any two likelihood ratios let

A.. be any measurable set on which they difier. Then

D
{
’ ' J - ‘. 16
L “ADlSN) + il (ADII\) 0 (1. 18)
|
A Corollary
}
N 3
P(AISN) = [ €(x)du(xIN)+Q(A Ay
A-AO
| (1.17; |
‘[ PAIN) = [ du(xIN)
Cesg J ;
Let us consider the implications of this definition to the familiar 2
p situations of probability density functions and point-mass probabilities. ‘
:l For example, consider an n-dimensional space. Let
i x = (x,. Xoo o - .,xn) and let there be density functions. Then for l
:- any Borel set A §
P(AISN) = jA f(x!SN)dx .  P(AIN) = ./A f(x!N)dx  (1.18) )
}
Let A, be those points for which the N density vanishes. Then for

?
]

0

any Borel set
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P(AISN) = P(A-AOISN)+P(AOHAISN) (1. 19)

P(AISN) = [ f(xISN)dx + P(A,"AlSN) (1.20)
A-A,

0

Multiplying and dividing by f(xIN)

\
paisN) - | |HEISNIT riNyax + A, OATSN)
f(x|N) 0
A-A
0
? (1.27)
while
PAIN) = [ f(xiN)dx
A-A,
v
Matching terms w'th Eq. 1.17
t(x) = JxISN) if f(xIN) #0
(x) T TN) (x|N) , (1.22)

= o if f(xIN) = 0

Next consider a point space {xi}’ and A be any subset

of these points. Then

P(AISN) = 1 P(x.ISN) , PAIN) =

P(x. |[N) (1.23)
X, ¢ A X !

\\
od
€A
1

Let AO be those points having N-probability zero,

wuen

PAISN) - 1 P(xI1SN) + PANA lsN) (1.24)
' 0

xif A-A
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ey N P(xilSN) A A
I3N) = S| P(x.IN)+ P(A" 'A_ISN
« aa [P TR i 0'SW)
while >(1 25)
P(AIN) = Y P(x..N)
xiEA-AO !
J

Matching terms with Eq. 1. 17

P(xi [SN)

e R ; R
(Xi’ P(xi(N) if P(xilN; #+0

(1.26)
= ®» ifP(xi!N) =0

We shall not continue with the special cases by treating spaces with
distribution functions, leading to a mixture of densities and point-mass
probabilities. The purely mechanical difficulties involved in notation
make the general Radon- Nikodym formulation attractive.

Before proving the basic theorem that "the likelihood ratio of the
likelihood ratio is the likelihood ratio.' let us set up the proper frame-

work of "induced measures. "

1. 2.2 Induced Measures. Paraphrasing from Pitt, (Ref. 2,

pp- 25-27) let @ be any function mapping X onto Y. not necessarily

one-to-one. A a o-ring of sets in X and p a measure on it. We will

saya set Bin Y is a simple set if o 1(B) is in the o-ring . Obviously,

the collection of all such sets B form a o-ring 8 The function v is

i
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called "the measure inducedin Y by p and o' i
Be#B, v(B) = u{a'l(s)} (1.27)

Integration of a function in Y can be reflected back to the original space
X. Quoting Pitt, Theorem 31:
Theorem 31: Suppose p is a measure in X and v is the measure induced
in Y by v = a(x). Then for functions of y

Jiydr = [i(ax))dx (1.28)

¥ X
in the sense that if one integral exists, then so does the other and the two
are equal.

To say that "B is a i'-measurable set' is equivalent to saying

that the characteristic function lB(y) is integrable with respect to v.

IB(y) =1 yeB
=0 y¢B
v(B) = [ 1p(y)duly) = | dv (1.30)
Y B

Since the product of integrabile functions is also integrable, for any integrable
{ of Theorem 31, 1B times f is also integrable. We therefore have the

corollary:

Corollary to Pitt's Theorem 31: Suppose u is a measure in X and v

is the measure induced in Y by y = &(x); then for any measurable set

B #B
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'\
[fyydv = [ flax))du
B (Y-l(B)
) (1.31)

if cither l f(y)ddv or f f( a(x) )du exist.
Y X

J

Let us diagram our current status. "We have assumed an
observation space X, a o-ring & of measurable sets, two measures
p(xIN) arnd p(xISN). For any map we can consider the induced measures
v(r IN) and vir |SN). If the map is the likelihood ratio £(x), the image

of X is some portion of *..e reals, together with oo.

(: X oo | R¢E'V{uw}

( “:f (B) - B measurable
measurable

(: p(x IN) — v(rIN)

(. u(xISN)— v(rlSN)

Right away let us single out r = © and the special set A0

and list their properties.
(: Ag— o, ({o}) = A
"0 J 0
u(Aﬂ'N) =0 = vi®oiN) =0

u(AOISN) exists => ul(ooi'SN) is some number.

For any measurable B of reals

’
S,
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{
' = N
i . YB) Ay =0iio¢ B
)
Q-I(B)nA = A ifoe¢ B

0 0

We now have a space R witn o-ring & of measurable sets,
and two measures p(r IN) and »(r | SN). The question arises, What

is the Radon-Nikodym derivative of + (r{SN) with respect to Ur|N)?

L What is the likelihood ratio on R space? To answer this we consider the

identify map i(r) which maps each point into itself.

X R—— R
{
By definition the space X has probability one under both v measures.

l
" 1 = u(X[8SN) = f ¢(x)du(x IN) + u(AOISN) (1.32)
|

l- Because ( is integrable with respect to j1, for any set B measurable
-[ in R space

((x)du(x IN) (1. 33)

exists.

Ii we now consider the identity map of R onto itself, for any

measurable B

[ ieMduriN) = [ i(¢(x) )du( X IN) (1.34)
~{o} ("I(B-{n})

i
! [ B -1
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Because i(f) = ¢
| ir)du(r} N) = f €(x)du(x IN), which exists (1.35)
B- « =1
0 "
(B) A0
- u(ﬂ-l(B)-AolSN) by def. of ¢ (1. 36)

it

v (B-{w} ISN) by def. of v beingan  (1.37)
induced measure

Therefore we may write

WBISN) = [ i(r)dv(rIN) + u(B" o ISN) (1.38)
B - {x}

By direct identification i(r) is a likelihood ratio. We have therefore

shown the following theorem:

Theorem: A likelihood ratio of r (which is a likelihood ratio of x) is

r itself.
We complete this formal abstract work with one further con-
sideration. Consider any one-to-one transformation of R which maps

infinity onto infinity. This means take any function

w = u(r) (1.39)

and its inverse

r = viw) (1. 40)

such that
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(1.41)

Of course

w uR) (1.42)

it

Let the induced measures on W be AwI[N) and Xw!SN). The - mea-

P,

suraple sets @ are the image of &

| 2’ € - «(RB) (1. 43)
' | For any measurable Ce @, let B = v(C). Then
{
i
A(CISN) = \(C - {o} ISN) + 1 (C Yo} ISN) (1. 44)
! X(CISN) = w(B - {o} ISN) +2(C "=} ISN) (1.45)
1 MCISN) = [ rdu(r IN) + A (C Y} ISN) (1. 46)
B- {0}

Byv the corollary to Pitt's Theorem 31

| rdu(rIN) = | v(w)dx(wIN) (1.47)
B- {0} C-{oo}
" So
[ ACISN) = [ v(w)d (wIN) +a(C Yo} |SN) (1.48)
C-{f

We see immediately that v(w) is a likelihood ratio.

Example. If w - Inr, then r = e, U r isa likelihood ratio,then

W T .
¢ 1s a likelihood ratio for w Inr.
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1. 2. 3 Section Susuuary, Wnat has been considered is

" o .
clagrammed in Fig. 1.6. from any ouservation space X with mea-

sures 4 and special set AO there is a likelihood ratio £(x) such

that
wAISN) = [ x)du(xIN) + p(A0A lsN) (1. 49)
A-A
0
The induced measures on R = £(X) are v, so related that their

likelihood ratio is simply the value of r itself.

v(BISN) = | rdu(r IN) + »(B™ {}ISN) (1.50)
B- {x} '

For anv one-to-one transformation which leaves « fixed, say

r = viw)

ACISN) = [ vw)dr (wiN) +a (C7 {m} ISN) (1.51)
€= {ao}
The likelihood ratio of w is simply the "'substitution value' v(w).
In order to establish the prcofs, care has been taken to avoid notation
which is "'suggestive. ' With the proof:;; complete we may now make

use of more suggestive notation to summarize the two conclusions.

i) = ¢ (1.52)

ll

Cw(l)) = w {w) (1.53)

and in particular if z =Int

e
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E

— = LX) = —_— W=W(1) —

<*— r =ylw) ——

1-1 —-—-BE — -1 c[

——-’.w
X R w

u(xIN), p(xISN), 0(x) p(rIN), p(riSN), i(r)  A(WIN). A(WISN), v(w)

Fig. 1.6. Sketch of spaces and transformations

|




0(z) = e (1. 54)

When the measures v(£IN), v(L[SN) are given by distribution

functions, we may write
B
F(LISN) = [ LdF(L|N) (1.55)
0

This special case was given in Ref. 1 as Theorem 8, and was

written
dF(3ISN) = 3dF(3IN) (1.56)

1.3 Initiation of Present Study

In 1954 W. W. Peterson (Ref. 1, pp. 205-206) showed
the rather amazing theorem that if the logarithm of the likelihood ratio
is normally distributed under conditicn N, then it is also normally
distributed under SN. Specifically, he started with the assumption

z = In € has a normal probabilitv density function under N.

_ {z-m)®
f(zIN) = qﬁ%—— g o8 (1.57)

He was first able to show that the mean is related to the variance,

_ (z +_.54d)f

(e IN) = - :a e = (1.58)
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and finally that the SN probability density of the logarithm of the

likelihood ratio is

__(z - .5d)°
1 2d

f(z .SN) = Fag © (1.59)

Equations 1. 58 and 1. 39 may be expanded to show that the likelihood

) .. L7
ratio of Z is indeed e .

L(z) = —ﬁ-g—z—ls\l—l;l)— = e° (1.60)

This theorem of Peterson established the basis for
the one parameter family of ROC curves, the normal ROC curves, The
curves are indexed by the single real parameter, d, or as it is dene
in the psychophysical literature by the single parameter d' = vd.
This one parameter family of ROC curves has been used extensively
in hoth the electrical engineering and psychophysical work of detection,
The doubly iruncated Halsted distribution is a five
parameter class of probability density functions. The untruncated dis-
tribution has been used in the study of rapidly fading signals (Ref. 3).
It arose again in a study of signal detection and learning in which the
amplitude of the signal was initially unknown (Ref. 4). When it is

used as the N-probability density function for the logarithm of the

likelihood ratio, it is
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It was discovered that the SN-probakility deasity function for the

logarithm of the likelihood ratio fell in the same riass

A< z < E (1. 62)

Since this class of functions contains as subclasses the exponential,
the normal, the Rayleigh, the chi-square, and the chi distributions
as special cases, it was evident that many theorems iike Peterson's
normal theorem could be obtained {rom this relation. The key to all

these thecrems is Eq. 1.54, that the likelihood ratio of the logarithm

olil Thie Tikeliood Fatio e € .

o,
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ROC CHARACTER

2.1 ROC Curve

In the introduction 4 simple decision process was charac-
terized as one which assigns a probability p("A'" | x) to each obser-
vation x, denoting the probability that this decision mechanism will
give the response "A'" whenever x is observed. The performance
of such a decision device in a specific observation situation plots as
a signal point on the ROC plot. The mechanism for decisions based
upon iikzelihood ratio considered a probability function g(x, 3, r)
which yielded an entire ROC curve. The parameters, $ and r ,
added sufficient dimensionality to the simple decision function to
produce <his complete curve. In general, decision functions are
parameterized by some index waich allows more than one performance
nvoint. I the dimensionality of the index set is too small, tne decision
mechanism may generate only a set of points, such as shown in Fig. 2. 1(a),
or it may generate a continuum of points leaving some gaps in the curves,
or possibly multiple-values for y as a function of x, as shown in
Fig. 2. lc).

These differences between the types of ROC curve given
by decisions based upon likelihood ratio and decisions which give incom-
nlete or muitiple-valued plots on the ROC curve may be removed by a

process of convex completion. The graphic form of convex completion

Pk o bl N e s 55
Tl
: .
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(a) Original arcs (b) Convex completion of (a)
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‘q Fig. 2. 1. Tllustration of complex completion of ROC
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i 0 X = P(HA"!N‘) 1 . 1

Fig. 2.2. Illustration of tangent cone at one point
of an ROC curve
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was to add to the ROC region the line segment joining any two possible
points available from agiven decision mechanism. By such a process.
a single point not on the char.ce diagonal yields a whole parallelogram of
points surrounding the chance diagonal.

Figure 2.1 illustrates two cases of convex completion.
The first, illustrated in Figs. 2.1 (a) and 2.1 (b), show the results of
convex completion for a finite set of points. In Fig. 2 ' (b), only the
upper bound of the ROC region has been filled in. This is sufficient,
since the lower bound of the ROC region lies below the chance diagonal
and could be cghtained by symmetry through the midpoint if aesired. This
uppe: h~und lies on or above all of the internal secants forming the com-
pic~ - apletion between any two possible points. In Fig. 2.1 (c) a
-, newe -t different case is involved. Between the points with false alarm
p opabilities X, and Xgs

completion of those two points. Since the result is better (that is, above

there is a gap which is filled in with the convex

and to the left) than the short segment of arc in the interior of the region,
this short segment disappears from consideration. Secondly, the left-
hand side of the original arc shows a doubling back of the arc, making
the function y(x) triple valued on a region of false alarms. A straight
line can be drawn from the point (0, 0) tangent to the original curve in
the triple valued section, that exceeds all of the original curve up to the
point of tangency. The resultant regjon shown in Fig. 2.1 (d) exhibits a

sniooil upper bound, the ROC curve.

The ROC curve lies on or above any internal secants
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since it is the upper bound of all convex completicns. A convex ROC
curve also lies on or below any tangents or tangent cones drawn to
p~ints on the ROC curve. For a tangent to one point on the ROC curve
to contact another point of the ROC curve would require that the convex
completion of those two points would fall above the ROC curve. Since
the ROC curve is on or above all internal secants, this situation can-
not occur. Figure 2.2 illustrates a tangent cone drawn at one point

of an ROC curve. At that point the curve is continuous but has a break
in slope, 'so that there is no unique tangent line to that point. The tan-
gent cone consists of all of those lines contacting the ROC curve at only
that one point, otherwise lying everywhere above it.

The upper bound of the convex completion of given ROC
points is the ROC curve for those points or segments. Such an ROC /
curve is characterized by being complete and convex. The mathemati-
cal adjective "complete” means that for each value of the horizontal
axis there is one value for the vertical axis. That is, the function

y(x) is a well-defined single value function for x between zero and one. |

Definition

Complete: y(x) has a single value for each

X €10, 1] (2.1)

Convex means that the values of the curve lie on or above the internal {

secants.
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Definition
F . L% e P =
Convex: Xy L X, L Xg, 07 a1
P (2.2)
, y(Xo) 2 ay(x;) + (1- ) y(x,)
L The term "singular' has been used in the detection

literature to mean perfect performance. In terms of the ROC curve
this means that the probability of detection is unity for all probabilities

of false alarm. This is illustrated in Fig. 2. 3(a).

g

1 2 1 - 1
y y y
|
0 0 0
0 0 0
X X X
(@) Singular (b) Nonsingular (c) Regular

Fig. 2. 3. Illustrating singularity for complete convex ROC curves

Definition

e e M . A o+t e Wl

Singular: y(x) = 1 forall xe [0, 1] (2. 3)

{ Once it has been established that a given situation leaas
to singular detection there is no need for further description of its per-
formance. A curve may be nonsingular and still reflect a certain

i degree of perfect detection. That is, there may be some observations

4
‘ 3 i yielding a positive probability of detection and a zero probability of false
! 1 lf
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alarm. Correspondingly there may be a set of observations for which
one can unequivocably resnond "B, " for which the probability of a
miss is zero. The ROC for the hypothetical situation containing both
of these possibilities is shown in Fig. 2. 3(b). Such a curve will be
considered complete, convex, nonsingular, and nonregular. A regular
ROC curve is complete, convex, and interior to the unit square ex-
cept at the chance points (0, 0) and 1, 1).

At this point the precise statement of the type of ROC
curves that will be considered can be made. This work will deal
only with complete, convex, nonsingular ROC curves, or with non-
singui2r ROC curves that may be made complete and convex by the

process of convex completion,

Def initir.)n1

"
o

Regular: complete, convex, x 0 => vy

il
=

i 2 x

]

y

2. 2 ROC Models

In this section two propositions are proved. The f{irst
proposition is that an ROC curve contains insufficient information to
specify the observation statistics that ied to it, or even to specify the
statistics on a real decision axis that lead to it. The second proposition
is that an ROC curve does contain sufficient infor mation to specify the
statistics on the logarithm of the likelihood ratio.

2. 2.1 One ROC Curve, Many Models. The purpose of

this section is to demonstrate that a single ROC curve cor.iains insuffi-

l=> is read "implies. "
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cient information to specify the observation statistics or decision axis
irom wnich it was obtained. Rather, there are many decision axes and
observation statistics leadirg to the same ROC curve.

To begin the demonstration, start with a real variable,
£, and choose a distribution function, Fl(‘g’ ), fairly arbitrarily. We
shall also assume that a regular ROC curve, Y(X), has been selected.
The random variable £ will be used as a decisicn axis, and Fl(g ) will
be used as the N distribution function. The SN distribution function for

¢ will be chosen to obtain an ROC curve identical to the given ROC curve.

"B" < > A"

i i a £
T 1 o

£ " £y

Fig. 2. 4. Arbitrary decision axis, ¢

To say that the ¢ -axis is a decision axis means that
whenever a particular value of ¢ occurs which fails above a cut level,

say £ . the decision will be "A. " In contrast, when it falls below &t

the decision will be "B." When the observation falls right at the value
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b ¢ ' a second (randomizing) random variable is introduced to determine
how often the decision "A'" is elicited. Since the purpose of this develop-
y ment is to show that there are many possible ways to s2t up observation
statistics on £, let us introduce some convenicit restrictions on these

observation statistics. To avoid limiting considerations, it is assumed

f that the probable values of £ fali in the open interval between two num-
bers £0 and ¢ 1 Therefore, the distribution function is zero below

£ 0 and is equal to one at and above ¢ 1 It is also convenient to assume
that the distribution function is strictly monotone increasing in the inter-

val between ¢ and £ .. This guarantees that if a particular value of
0 1 J .

F1 between zero and one is assumed for some ¢ value that we can

uniquely solve for this ¢ value.

F(¢) = 0 El
FI(E ) is strictly monotone increasing &O L R - 1 (2.5)
FI(S) =1 &1 <¢

With these minor restrictions established, let us set the

N distribution equal to Fl'

F(§IN) = F(¢) (2.6)

b S A A R "w‘,}}" Ny S AT A SIS S o Ay
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It will be convenieant to have a special symbol for one minus the distri-

bution.

X(E) = 1-F(¢) (2.7)

X at the largest value of £, & 1’ is zero. X at the smallest value of
£, &, isone. X is strictly monotone decreasing as a function of &
20

on the interval X between zero and one.

X )= 0 Xy =1

(2. 8)
X\t on 0< X1

(The notation X \y £ means "strictly monotone decreasing. ")

The decision axis and the distribution on £ under N were arbitrary.
We now choose the observation statistics for ¢ under the condition

SN, using the specified regular ROC curve Y(X).

F(¢ ISN)

1-Y[X€)] £ <y

(2.9)
= 1 §>£1

The N Distribution function is certainly a legitimate distribution. Is
the SN function as given a legitimate distribution function? For values
of the variable less than the minimum, go, the X value is one and hence

the Y value is one, since Y(1) = 1. Therefore, the distribution function,

under the condition SN, is zero for all small values of the argument £ .




e

p—————

£ <y X(E) =1 Y =1 F(SN) = 0 (2.10)

For intermediate values of the argument £, X is a strictly monotone
decreasing function of £. Y is a monctone increasing function (not
necessarily strictly rhonotone increasing) function of X. The distri-
bution function under the condition SN is a strictly monotone function
of Y. Putting these all together we see that the distribution functicn for

£ under the condition SN is a monotone function of its argument, £.
£0<&<£1. X1&, YIX, F(£I!SN) |y, F(EISN) 1¢ (2e11)

Now we have a decision axis, £, and two distribution

functions on the decision axis for observation statistics. Let us deter-
rine the ROC curve. We will use Xq to denote the values of the proba-

bility of false alarm plotted along the horizontal axis, and Yo to denote
the values of the probability of detection plotted along the vertical axis.
The subscript two is used to indicate that this is the second ROC curve;
the first one is the original or given ROC curve Y(X).

The probability of false alarm is simply the N-probability

that the decision variable will exceed the threshold value £', which is

simply one minus the distribution function for {' under the condition N.
Xo(§') = Pr(¢ > £'(N) = 1 - F(E"N) (2.12)

The distribution function of £' under N condition may be written in

terms of X(¢) by combining Eqs. 2.6 and 2.7. When these are
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substituted into Eq. 2.12 we obtain

1-1{1-X("]

xo(E ")

(2.13)

Xo(E") = X(&",

The probability of detection is derived in a completely analogous manner.
yol€") = Pr(§ > £'ISN) (2.14)

yole') = 1-[1-Y(X(E")] = Y[X(£"] (2.15)
Equation 2.13 can be used to justify replacing X by Xy to obtain

Vo6l = Y[xo(s")] (2.16)

The relationship between the vertical and horizontal axes in this second
ROC is exactly the same as it was in the original ROC curve; that 1s.

the two ROC curves are identical.

YoiXy) = Y(X) (2.17)

Let us review the above argument. Start with any com-
plete convex RGC curve for which a model is desired. A model is 2
decision mechanism and observation statistics which yield tnat given ROC

curve. The decision axis must nmieet only the minor vestriction of bounded-

ness. The distribution function fnr the variakle under the condition N
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must meet only the minor restriction of monotoneity. (Both restrictions
were for convenience and are not strictly necessary.) Once a specific
choice of these two has been made, . disiribution function under the other
condition, SN, can be specified to obtain the given ROC curve. This
result has two implications. First, a regular ROC curve and a fixed
decision axis together cortain insufficient information to specify the
observation statistics that led to the given ROC curve. Second, given a

; regular ROC curve for which a model is desired, one may exercise great

freedom in assuming the nature of the decision axis and one distribution

on it.

This above demonstration required that the ROC curve

be regular. This could have been relaxed from "regular" to "'complete,
i convex, nonsingular.' The additional complexity did not seem warranted. )
! Ir. Section 3.5 a functional relation will be established between a complete,

convex, nonsingular ROC curve, and an associated regular ROC curve.

After that section, one may conclude that each model for the associated
regular ROC curve implies a model for the complete convex, nonsingular ]
ROC curve, thereby obtaining many models for the nonregular ROC curve.

A Notation Introduced. Many of the equations in this work will occur in

pairs of equations, cne for the condition N and the other for the con-
dition SN. It will be convenient to have a notatioa that signifies both
equations when they are nearly alike. The notation used is a slight
modification of the % type of notation commonly used. Its use is shown

in the following two equations. ‘

Consider two exponential density functions.
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f(tiSN) = e [t < .48125
-t (2.18)
[t] < . 48125

f(tIN)

1]
(¢]

In the double notation these would be written

N) = e it < . 48125 (2.19)

When the upper condition is used, the upper sign is used.

Consider the following equation in double notation.

B
Prob (z < BlsNN) - ff(zlslf)dz (2. 20)
-0

The upper condition is used throughout the whole equation, or the lower
! : condition is used throughout the whole equation.

t 2. 2. 2 A Unique Model for Each ROC Curve. In the pre-

vious section it was shown that there are many models for each regular
}' ROC curve. Inthis present section the relation between the decision
! axis and the likelihood ratio will be specified. Under this condition,
the specification of the ROC curve will uniquely determine the distri-
‘ butions on the decision axis. The demonstration is complicated enough
f for regular ROC curves; the inclusion of consideration of the nonregular
but complete, convex, nonsingular ROC curves adds no further complexity.
The specific decision axis considered is the z-axis, where

z is the logarithm of the likelihood ratio of the observation.

gi
{ .
; g E z = In 0X) (2.21)
I .
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We shalil first analyze an ROC curve derived from distributions on the z-
axis, then discuss the synthesis of z-axis distributions from an ROC
curve.

Any distribution function on a real axis consists of two
partsl: the jumps ia the distribution function corresponding to values
that have probability, and the smooth continuous parts of the distribution
corresponding to those values that have zero probability individually,
but which have a probability density function. For notation use F for
distribution function, f for probability density function, z(i) for a
point on the decision axis for which the distribution function under N
or SN has a discontinuity. The magnitude of these jumps will be .

denoted by w(z).

%0

f f(zisqu) dz + :
-0 {z(i) < zo}

SN

2= w(z(i)lSNN) ae (222

F(Zol

The above equation represents the distribution function for the condition
N if the lower conditions are read throughout, and the distribution
function for the condition SN if the upper conditions are used throughout.
As is true in all general distribution work, we can guarantee the exist-
ence of the probability density function almost everywhere, but not

everywhere. This is because there may be a finite or countable number ,

1
Strictly speaking, this may fail to be true at some points. However,
the total set of points at which it fails is a set of zero probability. Thus,
the statement is said to hold "almost everywhere, " written a. e.
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of points at which the probability density is not specified without affect-
ing the value of the distribution function.

Concentrate on those values of the decision axis, z, that
have probability under either condition N or SN. If the probability
under N is positive but the point is a set of SN-measure zero the like-

lihood ratio will be zero.
w|z(i)IN] > 0, w[z(i)ISN] = 0, £[z(i)] = 0 (2. 23)

If the converse situation hoids with the point z(i) having N-measure

zero, then the likelihood ratio of that value is infinite.
w|[z(i)IN] = 0, w[z(i)iSN] >0, (][z()] = o (2. 24)

In the situation where the point is of positive probability under both con-
ditions N and SN the likelihood ratio is given by the ratio of these two

probabilities.

wi z(1)ISN

w|z(1)IN] >0, w|z(i)ISN] > 0, ¢£[z(i)] = STz TN

(2. 25)

By the fundamental theorem proved in Section 1. 2, the
likelihood ratio of the logarithm of the likelihood ratio is the exponen-

tial of the log of the likelihood ratio.
t(z) = € (1. 54)

Fquation 1. 54 1s a direct result of the fundamental theorem. It is not

obtained by inverting Eq. 2.21. The likelihood ratio in Eq. 2.21 is a
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function which maps the observation space iitc the reals. The likeli-
hood ratio given in kEg. 1. 54 maps the reals into the reals. .This distinc-
tion is the reason the fundamental theorem had to be estatlished.

From Eq. 1.54, under the three conditions of Eg. 2. 23
- Eq. 2.25, the values of z(i) can be determined exactly at which the
likelihood ratio takes on the values zero and infinity. When the likelihocd
ratio is zero,the decision axis value must be minus infinity, and similarly
when the likelihood ratio is infinite,the decision axis valuve must be plus
infi<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>