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FOREWORD
1 This report was prepared by Mr. Windell F. Ingram of the Systems

Software Section, Operations Branch, Automatic Data Processing Center,
U. S. Army Engineer Waterways Experiment Station. The report is es-
sentially a thesis submitted by Mr. Ingram in partial fulfillment of
the requirements for the degree of Master of Science in Engineering to

the Faculty of Mississippi State University, and is a study concerned

| with vehicle dynamics. The study described herein was conducted under
the auspices of the Mobility and Environmental Systems Laboratory, Water-
ways Experiment Station under DA Project 1T162112A0L46, "Trafficability
and Mobility Research," Task 03, "Mobility Fundamentals and Model 3

Studies," under the sponsorship and guidance of the Research, Develop-

ment and Engineering Directorate, U. S. Army Materiel Command. The
study was accomplished under the general direction of Messrs. S. J.
Knight and W. G. Shockley.

BG Ernest D. Peixotto, CE, and COL G. H. Hilt, CE, were Directors
of *he Waterways Experiment Station during the period of preparation and

publication of this report. Mr. F. R. Brown was Technical Director.
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NOMENCLATURE

DESCRIPTION

Force-velocity rate of the jth suspension

damper

. th
Force-velocity rate of the } tire
Acceleration of gravity
Integration time-step
] . th
Roll moment of inertia of the i axle
Vehicle body pitch moment of inertis
Vehicle body roll moment of inertia
. th .

Force~deflection rate of the J suspension

spring

. th .
Force-deflection rate of the } tire
Pistance from the vehicle body center of
. th .

gravity to the j suspension
Distance from the vehicle body center of

gravity to the ith axle
Distance from the vehicle body center of

gravity to the jth wheel
Number of axles
Humber of degrees of freedom for the vehicle
Weight of the 1'% axle
Weight of the vehicle body
Vertical displacement of the ith axle from

its static equilibrium position

Vertical deflection of the Jth tire

xi

v T o o A oAb
, 3 F"‘V‘ AT % g MY il _&\’:fn_‘,‘r ey
v M"“"*) 1) : +RDA ey o 3 o
4 ‘!._., ».-—ﬁ" i 7’ ST At g k> e S5 Sk '

poss
endion.

"

ARy L




e ik b O i o e aa

SYMBOL

DESCRIPTION
Vertical displacement of the vehicle body
from its static equilibrium position
Pitch angle of the vehicle body
Roll angle of the vehicle body

Roll angle of the ith axle

rasans,

ool — =




e S

CHAFTER I: INTRODUCTION

o

A vehicle body considered as rigid possesses six degrees of 1
freedom, and may experience any of six different types of motion.

Motion in the direction of travel of the vehicle is related to accel- B

eration and braking characteristics and is generally called the

' performance" motion. Yawing and sideslipping arc associated with
steering control and are called "handling" motions. Bounce, pitch,
and roll are considered to be "ride" motions of the vehicle.

In a general sense, the analysis of ground vehicle ride can be

viewed as a problem involving the riding surface, the vehicle, and

the vehicle occupants. A complete anelysis of occupant comfort
would deal not only with the physical phenomena stimulating occu-
pants, but also with the physiological and psychological respcnses

of the occupants. The vehicle occupants are stimulated by vehicle

motions and by noifes and vibrations coming from the power plant,

)
the power transmission system, and other sources. While stimulated i?
by the vehicle's response to steering, acceleration, and braking, the Y
occupants' most frequent stimulation is due to the motions of i
tounrce, pitch, and roll. These components of ride dynamics, which

may be defined as the vehicle's response motions to excitaticus ) ]

from riding surface irregularities, are the only vehicle motions

o

considered in this study. While some researchers consider roll ‘%
motions to lie in the domain of handling rather than ride charac- J
teristics, roll has been shown to contribute significantly to ( i
vertical motions of the vehicle occupants, especially in cross-country N

vehicles where terrain profiles along the paths of the two sides of w
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the vehicle can be significantly different. The effects of engine
vibrations and vehicle frame flexure are not generally considered to

be significant contributors to ride dynamics and will not be con-

sidered here. i
Generally, the primary objective of an analysis of ride

dynamics is to improve the ride characteristics of vehicles through

an understanding of the mechanics of vehicle response to riding
surface irregularities. However, some analyses may be for the
specific purpose of determining which existing vehicle design
exhibits most favorable response characteristics te a given type

riding surfece, thus faciliteting selection of a vehicle for a

particular application.
The three methods used in ride analysis are generally referred ]
to as observation, experimental analysis, and mathematical analysis.
Of the three methods, the oldest and most obvious is that of
observation, This is simply to observe the ride of the vehicle on
various types of riding surfaces, muke changes, and observe their

influence. This has been the most widely used method and it was

largely through the use of this method that the ride of our

present vehicles evolved. The observation method has several !

drawbacks: i {
i
\
E N
1. The method is subjective, depending on the observer for memory S
and evaluation, and does not give a numerical measurement of 1 3
ride characteristics. {1
2. VWhile detecting disturbing ride characteristics, the ouserver L
has no way to determine the source of the disturbance or i
what changes are necessary to improve the condition. ;
3. Any changes in vehicle design must be fully implemented in \L
the prototype vehicle before evaluation can be made. if 3
b
N
3 :
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Experimental methods improve on the observation method by
employing instrumentation to quantify the vehicle response. Modern
electronic instrumentation mikes it possible to measure and record
many vehicle motions plotted against time. Experimental methods,
vwhich are widely used, share with the observation method the dis-
advantage of requiring a vehicle prototype for design evaluation.
Proposed design changes can be cvaluated only by construction of
the changed component and implementation in the prototype. It
is also necessary to construct a test track or in some manner
cimulate the riding surface for which the vehicle is intended.

Mathematical analyses have been made fcasible by the advent of
high-speed analog ond digital compu*ers. Potential advantages of

mathematical analyses are

1. They provide a fundamental understanding of t:. 1. rrelatio
of the various components of the vehicle. This 1rovildes a
better understanding of the intluence of a design change.

2. The effect of a proposed design change can be es'linmnared
without building a prototype.

3. Comparison between many existing vehicle designs on varying
riding surfaces can be made by changing the purameters
associated with the mathermatical mcdel.

Experimental analyses are often used in conjunction with and for

verification of mathematical models.

Historical Background

Attempts at annalytical approaches to vehicle dynamics date back
to shortly after construction of the rirst automobile. OCne of the

first by Rowell (C1)* in 1922 dealt with undamped, free vibrutions.

¥Numbers in parentheses refer to similarly numbered entries in the
Bibliography.
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In 1926 Guest (9) developed a system of differential equations to
describe the vibration motion of a vehicle. His equations included
effects of body bounce, body pitch, and axle bounce in a system
consisting of body mass, suspension springs, axle masses, and tire
vibration for body bounce and pitch to the motions felt by passen-
gers located in different parts of the vehicle. In 193" 0l11ey (18)
extended the work of Guest to include independent suspension systems.
Through calculations and experiments he determined the effects of
changes to a vehicle's design parameters (suspension and damping
rates) on the vehicle's periods of free vibration in body bounce and
pitch. He also determined that ride comfort is not sclely a mavter of
opinion, but that a definite determinaticn of the motion functions
that produce discomfort could be made with variatiorn being small
between individuals. His work made it possible to visualize clearly
many of the problems associated with vehicle springing. In 1937
James, et al. (11), using the unalysis by Guest as a basis, developed
the first method for obtaining the pitch moment of inertia of a
vehicle body experimentally. This was a signiricant ccniribution
since an accurate velue of the moment of inertia is essential to
mathematical analysis of ride. These early attempts at ride anslysis,
while producing considerable insight into the problem, soon became
too mathematically complex for solution by manual methods and it
became apparent that some sort of simulation of the vehicle would be
necescary.

In 1943 Schilling and Fuchs {23) built a mechanical differential

analyzer to solve the nonlinear differential equation associated with

‘v




& single mess, single spring damper system. Their analyzer permitted
the inclusion of & nonlinear characteristic for the shock absorber
and was used to determine the transient vertical accelerations

that might be experienced by a vehicle passenger. They demonstrated
how these accelerations could be altered drastically by changes in

the charecteristics of the shock absorber. This analyzer was con-

sidered to be the rirst analog computer used in suspension annlysis
and was a significant advance to the state of the art.

In the early 1950's there was considerable work directed
toward pussenger car suspension analysis in the automotive industry
as a resualt of the advent of *he cnalog computer. o cignificant
advance was made in 1953 by Jeska (12) with the presentation c¢f a
model that included vertical motions of tre front and rear wheels
together with the bounce and pitch or the brdy. The unique conuri-
pution here was that the emnalysis included ar artucl rowd protile,
mneusurcd by a photogruphic technique, as e driring functicrn to the
wdel.

In 1955 Bodeau, et al. (2), precented a very rood genera!l

tiscussion of ride gnalysis und a detailed enalysis using a nine-

~ree-of-freedom model to describe a passenger car. This work, N a
wirtich included both an experimentel analysis and o ma~lhematicecl

1|

anelysis using an analog computer, attempted to determine himan ) g

IR

response characteristics in terms of pussenger comtort limitc. Up { 1

. : E

to this point, little had been learned regarding passenger tolerance L:

to vibraticns. ‘ ]

Fohr (10) in 1960 constructed a servo-controlled motion simu- 1

lator which could seat two occupants and which tollowed motions

5

T BT R TR T T e e e
bod o7 3G W oh e Bl ' ] \,

e ) -y, =, ey R YT N
T T T T N o Wy PR PIS v L P e e i - widide




T——

oy ?t P

determined by an analog computer. This "ride simulator" included
seven degrees-of freedom, i.e., body bounce, roll, and pitch, plus
bounce and roll of each of the two axles. A road profile was
recorded on magnetic tape and then "played" into the analog computer
3 input disturbance to the model suspension system. The simulutor
was occupied by a driver and passenger to provide a means of deter-
mining the effects of the vibrationai characteristics of humans.

The ride simulator was an important advancement for the automotive
-1dustry because it enabled improvements in passenger car ride to be
made with & minimum of time and effort.

Up until the late 1950's most of the research in ride dynamics
had been directed at on-the-road vehizles such as pessenger cars.
However, in this case most of the severe effects of ride motions had
been overcome by altering the enviromment rather than the vehicle;
i.e., we have designed and built smooth roads that croduce rather
minor disturbances to the suspen§ion system as compared with cross-
country locomotion.

In the late 1950's the militery began to recognize the signi-
ficance of the ride dynamics problem in off-road mobility. For
off-road locomotion to achieve maximum effectiveness, ride motions
due to terrain roughness must cause neither mechanical failure
nor human response that reduces the average velocity of the
vehicle. Mechanical failure of military vehicles due to terrain
roughness is not common, thus the military driver in an emergency
will always drive to the limits of his tolerance to vibratory
motions. Analysis of ride stimuli to the driver and crew in this

environment bears little resemblance to determination of comfort

i
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levels in the usual automotive sense. The objective is to determine
limiting speeds for cross-country vehicles in terms of the vehicle's

design parameters, the terrain roughness, and human tolerance to

vibratory motions. l
7
As 8 resull of this military awareness of ride dynamics,

mathematical models to assess the influence of various design al-

3 ternatives on the performance of military vehicles have become

1 important. Greater requirements for ground mobility have produced
reguirements for new vehicles. There is no longer time for expensive
"cut and try" methods in search of new designs. Technology has

increased the number c¢f possible engineering choices to the externt

that exploratery buiiding and testing of all the alternatives is
3 impossible. This has led to the recognition that mathecmatical models
of terrain-vehicle systems uare necessary to explore the possibtle

choices end select a raticnal optimum. i

Thus the 1960's saw the birth ot several studies of off-road
vehicle mobility, including not only aralysis of ride dynamics, but
alsc analysis of trafficability and mancuverability. Van Deusen (2h)

)
conducted a comprehensive study of the ride dynamics aspect of r;
3 of f-rcad mobility including & thecoretical treatment of the dynazic i
behariour of vehicles and an analysis of human response to vehicle
vibration. Pradko, et al. {20), conducted basic rescarch on the \

effects of venicle vibrations on man. On the assumption that ride 1

4

. . 19
comfort is strongly influenced by vertical acceleration, he 1 i
developed quantities to describe human dynamic tolerances. In 1965 g

2 the FMC Corporation (7) conducted a study for the Waterways Experiment

Station (WES) to determine the feasibility of using a digital computer
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to evaluate the ride dynamics of a vehicle traversing a hard-surface
terrain. It was this FMC study that provided a starting point for
the author's work on this thesis. In 1966 Cornell Aeronautical
Laboratory (5) began a comprehensive study of ground mobility, the
result of which included a sophisticated vehicle dynamics model using
a digital computer. The model, however, was not verified against
experimentnl results. This reference contains a comprehensive list
of all ground mobility studies conducted by and for the U. S. Govern-
ment in recent years. The efforts in off-road mobility research,
both completed and in progress, are extensive.

Two basic approaches have becen tuken in attempting to interpret
ride vibrations and correlate them with passenger response and
terrain characteristics. The deterministic approach uses actual
terrain or obstacle displacement records as a function of time as
input to the model and produces infcrmation concerning vehicle motion
at each instert of time. This allows determination of maximum ac-
celerations and displacements, etc. The stochastic approach
involves describing the terrain profile statistically and performing
a statistical analysis of the response. The output of a stochastic
analysis consists of statisticael quantities associated with the
vehicle motions. Although more investigations have been made using
the deterministic approach, emphasis has apparently shifted to
stocaastic techniques.

Virtually all models developed use either an analog computer
or a digital computer in the analysis. The determination of which
is used is related to the nature of the study and the computing

equipment available to the researcher. Generally, the analog approach

Ayl b

- e - T T T T Y T T e
e p AT O SRR, ';l'f:',l‘-""_"'*; R g P | 's.‘\_r‘ g “?VJ“‘ o~ gl ; K q ; ‘&_‘ _' fren Rees
- el s WENT G ) 1;:-'-’-{""'"" kDR P i . b .'.'i'l D gt el e’ DA K
. g % I T T R A UL T ST ISR U N
YOt L O b A i e d it et skl g AL Lk

.

L

B
o ot ki




—

is more limited in number of degrees of freedom than the digital
approach since many orgenizations interested in vehicle ride dynamics
do not have a large scale analog computer capable of including

all the degrees of freedom desired in a complex vehicle simulation.
Digital computers, though readily aveilable in sizes capable of
solving many degreec of freedom vehicle simulations, do not provide
the speed of solution as does the analog and often involve long

program run-times for representative terrain lengths.

Purpose

The general purpose of this study was to provide an improved
capabiiity for simulating vehicle ride motions felt by the driver.
The specific objectives encompassed by the study were essentially
three. First was the development of & practicable, efficient
digital computer simulation model of the three-dimensional ride
dynamics of a single-hull vehicle with an arbvitrary number of axles.
A background for this effort was provided by computerized mcdels
developed bty FrhMC Corporation and by the WES. The second cblective
was validaticn of the model by comparison of model responses Lo
field test measurcuents for a representative vehicle. The final
objective was to investigate the effects of numerical integration
step-size on the model responses and to formulate ‘riteria for
dynamic managemen of the step-size to achieve optimum model

performance.
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Scope

The effert consisted entirely of developing, implementing, and
evaluating a digital computer simulation. OSeveral field tests for a
representative vehlicle were simulated and comparisons are presented
in the form of graphs of meuasured nnd simulated vehicle responses,
The effects of integration step-size are presented in the form of
graphs comparing simulated vehicle responses using various inte-
gration intervals. Criteria for nanagement of tne integration
interval are established.

The scope of the study did not include the execution of field
tests or the measurement of vehicle purameters. The field *es+ data
were provided by the Mobility Hesearch brarch (MRB) of the Wil und
the vehicle perameters used in the simulation came from the MRB and

the F!C Corporation. The lintua were accepted as being as reliable

as any that were available during .he course of this study.
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CHAPTER II: THE MATHEMATICAL MODEL

'The Differential Equations of Motion

The ride motions of a generalized three-dimensional vehicle treo-
versing an unyielding riding surface can be described by writing a set
of simultaneous differential equations relating the accelerations of
the vehicle components to the spring anc damping forces applied by
the pneumatic tires and suspensions (springs and shock absorbers).
Considering the vehicle body and axles as rigid masses, the motions
to be included are body bounce, body pitch, body roll, axle bounce,
end exle roll. No fore and aft or transverse vibratory motions are
to be considered here. By viewing the vehicle body and axles as
displaced from their static equilibrium position (Figure 1)*, we can
identify the spring and viscous damper forces contributing to body
bounce as shown below:

Force produced by vertical displacement of the body:

2n
-X ):kJ (1)

J=1
Force produced by vertical motion of the body:
. 2n
~-X ZCJ (2)
J=1

Force produced by body pitch displacement:

Fach tire is depicted in Figure 1 as a single spring-damper assembly
for convenience only. As actually modeled, stiffness of each tire is
represented by many radially spaced springs as will be shown on the
following pages.

LA Ty U cal i WL b0 i T2 A DY ina P ATY 8 DY e TP VIR
b a A Ry, 2 A, S
oln by
\ i3 " Nrk, Clogy X ’ . ¥l ~ b - 57 i e
PRACUR R NOUITY e iran 1 O KV P i ST T ST aAY B O T e

i T S,

S

- o
 T—

m
S
i




2i-1 ]_ b Ade

A

2n-1 **u- - --Axle n

Body CG € -

Static Equilibriuﬁﬁk -

TF

Axle CG @

PLAN VIEW

N

Static Equilibrium

[
=1
O
m =
24
=g
O b
o
O
Joe
‘_l
—_— F o,
; o - - :
+$#x Ground Reference

| J Plane

Figure 1.

VIEW A-A
Schematic of the Vehicle Model
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Force

produced

produced

produced

produced

produced

yroduced

produced

n 2i

-5ind | {kazi (3)
i=1l J=2i-1
by body pitch motion:
. n 21
-6 cos0 z ZCJQQi (4)
i=1 j=2i-1
by body rcll displacement:
2n
-sin¢ }k 2 (5)
o Ity
J=1
by body roll motion:
. 2n
-¢ cos¢ )¢ b (6)
6 oot eyt
J=1
by vertical displacement of the axles:
n 23
-1 Ixk (1)
i
i=1  j=2i-1
by verticel motion of the axles:
n 21
- X 8)
2 incJ (8)
i=1 J=2i-1
by axle roll displacement:
n 2i
+ sin ¢ k ¢ (9)
Lo dsin ke,
i=1 j=2i-1
by axle roll motion:
n 2i,
L 1
+ ) Y ¢>icos¢icJ J (10)
i=l j=2i-1

il Lot i

Sodeioan L




Summing suspension forces and equating to the body accelerating

force yields: (11)
2n . 2n n 21 . n 2i
xw = =X ij - X ch - sing )} k28, - Bcoso Y {chni -
& j=1 §=1 i=1 j_L1 i=1 j=ei-1
. 2n . 2n n 21 n 2i
sin¢ z kJQJ -¢cosd XCJQJ - Z Z xikj - E Z AicJ +
J=1 J=1 izl §j=2i-l i=1 J=2i-1
n 2i n 21
z Xswno FJEJ + E z ¢icos¢icjlJ
i=1 j=2i-1 i=1  J=2i-1

Similarly the differential equation describing body pitch

can be written by summing the pitching moments ubout the body

center of gravity. (12)

61 n 2i .n 2 n 21 2
P = -X ) {kanj - xy ) ¢ 8, - sing y ) LN

eesd i=l  §=2i-1 =1 g=0i-1 i=1  j=2i-1
. n 2i n . n

-8cos0 ) chnzi - sirp ) Zk O ¥ {c L

i=l  J=2i-1 i=l J'cl 1 i=1 §= 21 1

n el n 2@ n 2i

- b - R i +
) 5k o2 ¥ incjzni + 251n¢ikjljii

i=l  J=2i-1 i=1  §=2i-1 i=l §=2i-1
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Coupled with the pitch and bounce equations is an equation
describing the rolling motion of the vehicle body. This is obtained
by summing the rolling moments about the body center of gravity.
] “
. 153
3 ¢Ir 2n .2n n 21 ( J)
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L coso beyty - Kleyt Lo deyrgeey
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Each axle assembly requires two differential equations, E;
v
one describing axle bounce and one describing aexle roll, to 3
couple with the three body equations. The equation describing { ;
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axle bounce is obtained by summing forces from the suspensions
and tires connected to an axle. The axle bounce equation is

written as:

7 4

21 ,ai 21 . 21
xgvy = =Xlk, o - xzcJ S slnezmif k, -0cos0s.s, | oy -
g J=2i-1 j=2i-1 J=2i-1 J=2i-~1
21 . 21 23 , 21
sing XkJRJ ¢cosé) cJQJ - xy E(kJ + kkJ) - xi):(c.j + ch) +
J=2i-1 §=2i-1 j=2i-1 §=2i-1
21 . 21 21
sing; Z(kjlj + kkij) + ¢ cosé, Z(CJZJ + CCJLJ) + XxxJkkJ
j=2i-1 §=2i-1 J=2i-1
1
]
2i . f
+ z xijCJ '
j=2i-1 ;

The general equation for axle roll is obtained by summing

T

the rolling moments about the axle center of gravity. r;
(15) -
. 21 . el 2i 4
I, =+X )k R + X )e, e, + sinef2, )k .2 + \b
#l =X dkgL, eyt g kgt 7
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J=2i-1 J=2i-1
21 21 2i 4
¢ 2 :
¢icos¢)i z (CJZJ + chbj) - ExxJkkJLJ - XxchcJLJ ‘{
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The coupled set of second crder differential equations
describes all the components of vehicle motion associated with

ride dynamics, i.e., body bounce, body pitch, body roll, axle

bounce, ard axle roll. Thus for un n-axled vehicle the system

ot gt S

! described has N degree of freedom where

N=2=2on+3

It inciudes all the nonlinearities associated with larrge

rotational motions, i.e., sinf, cosB, sind, cosé, etc.

The Segmented Tire Concept

k
Many vehicle dynamics models use & representation of the
3 pneumatic tire-riding surface contact mecharism similar to that ]
shown in Figure 2. The flexure property of the tire is represented
i by a single spring element which muy have either linear or non-

linear properties. Dissipation of energy is accommodated by u

v
=P

viscous deuwper which may also be linear or nonlinear. Using this
technique, the single point of contact is deflected by changes in

elevation along the riding surface profile.
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Figure 2.

Depiction of a Point-Contact Concept
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This point-contact method may be adequate in many cases
where the riding surface is relatively smooth and there are no
abrupt changes in surface slope. For on-the-road vehicle models
this method may Ve sufficiently representative of the contact
mechanism while providing a relatively simple implementation.

For off-road models where large surface irregularities,
obstacles, and ntrupt slope changes may be encountered, the point-
contact concept is a questionable representation of the tire-
“errain interfuce. It provides none of the "enveloping'" charac-
teristics f a pnermatic tire. That is, small terrain features
cannot produce deflecticns of small areas of the tire carcass.
Bvery deflection ¢ the point of contact produces forces repre-
sentative of a deflection of the entire contact surface by the
swme magnitude.  Figure 7 snows an example of this condition.

The small round cbstacle produces & deflection at the contact
peint that produces forces of the same magnitude as would be
vroduced by & deflection of the entire coutact surface as shown by
the sclid line. [re obstacle would actuaily Ye somewhat enveloped
by the tire, the tire surfece being nore «i0sely approximated by
tne deshed line.

Seeking & more realistic tire simulation method, A. S. Lessem
12} of tre WES Mobility Research Branch conceived a variable-area
centact mechanism that simulates tire envelopment properties and
provides for transmission of horizontal as well as vertical forces
through the tire. The tlexure property of the tire is represented
by many radial springs spaced throughout an "active regien' of

the tire, i.e., that area of the tire that may contact the riding

19
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! DEFLECTION REPRE~-
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APPROXIMATION OF
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Example of Excess Deflection Prcduced by Point-Contact
Method

Figure 3.
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surface (Figure L). Each spring, representing one "segment" of

the tire carcass, was considered linear with spring coefficient K

being the same for each segment. Individual springs of the segmented

tire are deflected by the riding surface profile; each spring

deflection produces & force vector; summing these force vectors

produces a resultant force vector representative of the spring

force transmitted Lo the vehicle axle. As forward vehicle motion
1 is simulated by moving the nonrotating active region relative to

the riding surface profile, surface irregularities oroduce spring

deflections in sequence from the leading oourdary tc the trailing

boundary ol the nct.ive region (Figure $).

Te impiement tnis method of simuiating tire deflection, it was
necessary to Uirst establish a segment spring constant (K) for each
tire ut each pressure under consideration. An experimentally de-

termined static force-deflection relationship for the tire was

[ obtained. Then a single point on the force deflection curve was

| chosen tor the purpose of computing K. It was found that in most
cases a vertical deflection of approximutely one inch was an optimum
ror this purpose. fFrom Figure I static cquilibrium requires that

n !

= { B - g
Fo=2 JKajcose, (1€)
i=1

Where: \
¥ = Verticul load at the chosen deflection, 1lb;
K = Segment spring coefficient, 1b/in;

. . . . tl .
Effective radial deflection, 1 ! segment, in;

[Ea
"

- . .th .
Force direction angle, i segment, radians;

-
[t}

n = Number of segments each side of tire center line.
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Then K can be computed as
F
n
2 z Aicos¢i
i=1
Figure 6 shows an example of the actual measured force-deflection
curve for a specific tire and the force-deflection curve resulting
from a segmented tire representation using twelve segments spaced at
ten-degree intervals., Note that the modeled deflection cnrve is
piece-wise linear with a point of discontinuity where, as deflection
increases, additional segments are included in the resisting force.

This concept was first modeled dynamically using an analog
computer to simulate the motion of a single military vehicle tire.
The validity of the results was verified by experimental test a®
the WES.

In 1968 this mechanism for simulating the tire-riding surface
interface was incorporated into the FMC vehicle dynamics digital
computer program by J. F. Smith (16) of the WES Automatic Data
Processing Center. Smith's digital implementatior of the segmented
tire concept is essentially the tire mechanism employed herein.

The writer has made modifications to the tire subprogram for the
purpose of eliminating some oversights in the original code and to
increase the speed of computation.

Incorporation of the segmented tire concept into the general
vehicle dynamics model necessitates modification of the differential
equations describing axle bounce and roll. In equation 1k, +the term

21
Exxjkkj

(18)
j=2i-1

2k
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is replaced by

2i
F

) J (19)

J=2i-1
and in equation 15, the term

2i

xx . kk L

) 4 d g

J=ei-1 (20)

is replaced by 21
Y F.L (21)

JJ

J=2i-1
where Fj is the vertical component of the spring force vector
transmitted by the jth vheel to its axle. FJ is computed by
summing the force vectors contributed by each segment's spring
deflection. The spring deflections are determined by computing
the peoint of intersection of each segment spring with the riding
surface contacting the tire.

Note again that the force-deflection characteristics of the
segmented tire model include many discontinuities in stiffness rates
as the tire carcass flexes. Effects of this will be discussed
later.

While no attempt has been made to incorporate damping properties
into each tire segment as with spring stiffness, tire damping is
included in the digital model as & single viscous damper responding

to mction of the wheel hub (as shown in Figure 2 with the point-

contact method).
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Representation of the Riding Surface Profile

The hard-surface profile which serves as a displacement
function for the tire spring, thus in essence a forecing function to
the system of masses, springs, and dampers representing the vehicle,
is represented by a series of coordinates connected by straight line
segments. Elevations along the surface are determined by simple
linear interpolation between the points. Examples of a typical
obstacle test profile and a typical segment of cross-country terrain
are shown in Figure 7.

One might consider linear interpolation between profile points
to be a crude method of describing a terrain profile for the purpose
of simulating vehicle traversal. A pert of the FMC study was
directed at determining practical methods for describing such
profiles. A Fourier series was used as cne method of mapping a
terrain profile, and the method was found to be accurate but very
inefficient due to the increase in computer time required to
generate and process the Fourier series. It was found that use
of linear interpolation between profile points produced sufficient
accuracy to make this a valid approach provided that the profile
point spacing was not excessive. The linear interpolation method
represents the ebsolute minimum in computer time that would be

required by any method.
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CHAPTER III: SOLUTION OF THE EQUATIONS OF MOTION

Digital simulation of a dynamic system such as the nonlinear
system described by the equetions of motion for the generalized
solid axle vehicle requires a discrete representation of the con-
tinuous system, i.e., a discrete state model. Given an initial
system state, the next system state (after some time interval h)
is to be determined. This makes the system simulation & problem
in numerical integration.

Numerical integration of systems of second-order differential
equations of this type is commonly handled by first expressing the
second-order equations as a system of first-order equations to
which general numerical integration techniques are applicable.
Letting Yy represent a general displacement of a vehicle component,

the equations of motion can be expressed in general terms as:

}i = fi(t,yl,§l,y2,§2,..u,yn,§n),i=1...n
where i denotes the ith differential equation and n is the number
of degrees of freedom, i.e., the number of differential equations
in the system. Conversion to a system of first-order equations

is accomriished by substituting zy for Qi' Thus the equations of

motion can be expressed as:

g, =2 (23)

N
|

= fi(t,yl,zl,y2,z2,.“yn,zn),i=lo.on

ot A




In practice this means that computed accelerations (Zi) are
used to solve for velocities (Zi) which are in turn integrated
numerically to produce displuacements (yi). Given the initial
values of displacement and velecity, this is a practicable means
of integrating dynamics equations.

Given the system of first-order equations, numerical
integration is usually saccomplished by one of two basic
approaches. One is a two-step predictor-corrector procedure
requiring the use of the present system state plus several
previous states., The second approach is & one-step procedure
which requires computation of several intermediate values, but
requires use of the present state only, e.g., the Runge-Futta
nethods.,

A cursory review of the literature might lead one to
believe there is an abundance of good numerical integration
techniques and that the choice of method might be somewhat
arbitrary. However, selection of the integration technique
plays a large part in the overall system simulation, Desired
attributes of the selected method include speed, accuracy,
stebility, and convenience of use, Maximum speed can be obtained
through selecting a fast method and using a large time step;,
acceptable accuracy may require slower, more sophisticated
methods using a much smaller time step.

Fourth-order Runge-Kutta methods are among the most

popular and widely used methods of today. These methods




T

generally have the following advantages:

They w ¢ self-starting, i.e., only one known system state is
requi vi to initiate the procedure.

They d. not usually exhibit numerical instability using
properly chosen step sizes.

Good accuracy i3 usually achieved using properly chosen step
sizes.

Relatively small amounts of core memory are required for
processing,.

They are convenient Lo use, being particularly amenable to
generul purpose subroutines.

Disaivantages genecrally include:

n
s

The

No estimate of accuracy.

No way of knowing if the step size is adequate without
expensive reruns at various step sizes.

Requirement for four derivative evaluations per integration

step compared with only two using tte fourth-order predictor-
corrector methods.

The Runge-Kutta=Merson Method

Runge-Futta-Merson (RKM) method attempts to negate scme of

the disadventages asscciated with Runge-Kutta methods in general by

using a fifth derivative evaluation to provide an estimate of dis-

cretization error to ve used tor automatic step-size ad'lustment.

In general terms the Merson formulae are:

where

1+1 )
:/;_ = :!"ij + (le * 1“211 o7 I)Qi)/: W O(hS\ (_.')ll)
Pli
pBi

+P

e
G ;

gy
o

~




Py = hfi{tj + (n/3), yg + (P11/2)+(P9]/2),yg (27)

+ (P /2) + (F,02),.0upyd 4 (B [2)4(P, [2)}/3

Ry hfj{tj + (n/2), yi + (3P1]/8) + (9P3l/8), yg (20)

3 'j P Y /2
+ (3P12/8) + (QPSQ/B),...,yn + (%rln/8) + (9P3“/8);/J

pSi = hfi{tj+ h,yi +(3P11/L)—(9P31/2)+6Phl,yg *<?P17/4) (29)

. J \ -
- (9P32/2) 1 6P232,. --’yn + (3Pln/2/"(9p3n/l—) + GP)‘H}/3

O(hs) indicates that the truncation error is of the

I
order h” as h + 0. This term is not a part of the calculations,
but merely indicates that this is a fourth order method. An

approximation of the error of integration (truncation error)

is provided by
=! = L 7 = ’ g 50
ei {})li (9p3i/2) + 4 rhi (}51/3)]/5 (J )

which is generally used as a basis for autom~tic step-size
aujustme-.*. Tn the equations above, t is the independent
variable, the subscript i refers to the ith differential

equation, the superscript J refers to the previous system state
Just calculated, while j + 1 is the system state to be calculated,

and n is the number of equations in the system.
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As with all Runge-Kutta formulae, Merson's equations were
derived by using Taylor series expansions and algebraic manipulations
to match coefficients of terms. The process always results in more
unknowns than equations, requiring an arbitrary selection of one or
more constants. This arbitrary selection of constants has resulted
in the many variations of the basic Runge-Kutta method. Merson's
unique contribution was in his determination of an approximation of
the truncation error inherent in his formaleae.

The PKM process can be viewed in geometric terms as follows.
For the curve associated with the ith differential equation, compute
the slope {Pli/(h/3)} at the point (yg,tj) and, using it, advance
one-third step forward and compute the slope {Pgi/(h/B)} there.
Using the average of the first and second slopes computed, start

J

again at (yi,tj) and advance one-third step forward and again

sample the slope {P3i/(h/3)}. Then starting again at (yg,tj) and

using a weighted average of the first and third slopes computed,
advance one-half step forward and compute the slope {Phi/(h/3)}
at the half interval point. Finally using a weighted average of
the first, third, and fourth slopes computed, advance forward a

full time step from (yg,tj) and compute the slope {PSi/(h/B)}
g+l, tJ+l). Having computed all the intermediate
Jt+1

i

at the point (y

, t9th

derivatives, establish the point (y by advancing one full
time step from (yg,tj) using a weighted average of the slopes
computed at the beginning, the midpoint, and the end of the time
interval. The error =stimate e (equation 30) can be viewed

geometricelly as an evaluation of the variation of the slopes at

the intermediate point, i.e., the greater the variation in slopes
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over a time interval, the greater the error introduced in that
time step. llence, it seems reasonable from a geometric point of
view to use sorie evaluation of intermediate slope differences

such as equetion 30 as an indicator of the need for automatic

interval adjustment.

! Manapgenent of the Numerical Integration Step-Size

; The primary requirements for acceptable performance of Merson's

Wy

or any other numerical integration technique are speed, accuracy, and
stability. All three factors are directly coupled to the choice of

the time increment employed. Since most of the computing time involved

in simulation of vehicle dynamics (or any other dynamic system) is used
in evaluating the derivatives, the computing cost is directly propor-
tional to the number of derivative evaluations required, hence inversely

proportional to the size of the time-step chosen, e.g., halving the

step-size doubles the computing cost. In complex systems such as

¥~ o T

is being simulated here, the compu'ing time required per time-step

precludes choosing a "safe," i.e. very small, constant time-step to
3 ]
assure accuracy and stability. Such a choice would meke the computing

L L

costs so high as to render simulations of an effective time duration |

impracticable. Choosing a large counstant time-step to achieve
reasonable computing costs can result in unpredictable performance

or unreliable results. Thus proper management of the time-step-size,

automatically by the computer program, can mean the difference between
an unreliable, unpredicteble, or impracticable model and a workable

model producing acceptable accuracy at an acceptable cost.
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What constitutes "management' of the integration time-sten?

¢

1 Ideally, the objective is to produce accurate results at a minimum
1 cost. This can only be achieved it at each discrete point in time,
1 the simulation moves forward from the current system state to the \
next system state choosing the largest time increment that maintains 7

stability and acceptable accuracy. Time step management thus becomes

- Sy

the automatic determination or recognition by the computer program of

The initial time-step

System states requiring time-step reduction
The minimum allowable time-step

System states allowing time-step increase
The maximum 1llowable time-step.

~

AN I gl UV ]

The literature offers very little guidance in these matters. lMany
users of general purpose numerical integration packages seem to choose
the integration paremeters rather arbitrarily on a "try some numbers and
see what happens" basis. Realistically, criteria for each decision must

be based on the characteristics of the system being simula*ed. The con-

siderations involved in establishing time-step manarement criteria fer

f—
—

the ride dynamics modei will be discussed here, with the bulk of the

results of the investigation into this area being presented in Chapter V.

Lo

~

Initial time-step

Une might think that the chcice of the initiel time-step would )
be rather arbitrary if the integration procedure had automatic interval
adjustment built in. However, interval adjustment procedures do not {
automatically choose "the" correct time-step at a given point; they |

!

simply determine if a change in interval size is Justified based ~n

IR DOCTRy

system responses at each discrete system state. A given system state 1

may not yield & time-step increase even though a larger interval o 4
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chosen at the same point would be acceptable and not produce a
time-step decrease. That is to say, that at a given discrete point,
different time intervals might produce results that are wi-nin the
bounds that yield no interval adjustment. Thus, the time-step used at
each ciscrete point in the simulation can be influenced by *ne initial P

interval cnosen. To achieve maximum average time-step, the iritial

timc--step should be set to the maximum allowable value, allowing the

ad justment criteria to force the step size smaller as required.

ime-step reduction
T tep duct

Time-step reduction is handled by monitoring system conditiors
at each point in time end, if conditions require it, causing the

simulation to retreat tc the previous system state, halving the

tine~-step before advancing further. For this vehicle model, *there

are essentially three types of conditions that can indicate the

requirement for time-step reducticn.

1. The advance of the system from the previous discrete point
produces one or more deflections or velocities that exceed
the limits of the tables describing the characteristics of
the vehicle components, e.g., the maximur. possib e deflection
of a spring has been exceeded.

2. The adavance of the system produces an impossible or
unrealistic geometric configuration, e.g., the center ¢ =

‘ vwheel is below the riding surface or the angular displacement

| ’ of the vehicle body is beyond stable limits.

I 3. Integration errors reported by the Merson formula are beyond

i prescribed limits. E

Either of the first two conditions might be considered Jjustifice- { j
tion for termination of the simulation on the grounds that the con- 1 T
ditions might be produced by invalid modeling techniques or incorrect ﬁ
vehicle parameters. (The original FMC model terminated upon ' ]
encountering the first condition and provided no checks 4%;
. 1\‘;.
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for Lne second.) However, these system states can also be encountered
simply because the integration step taken is too large, i.e., the
;imulution has taken a step forward too big for the conditions en-
countered in that step (possibly severe terrain irregularities), thus not
allowing the model to respond to the external stimuli in increment: small
enough to simulate actual vehicle response.

In using the integration error reported by the Merson formula,
nor:~1l procedure is to compare the reported error with some pre-
selected maximum. If the reported error exceeds the maximum allowable,
the ipterval is reduced as stated previously. ©Since the reported
error is ideally of the order hs, halving the time-step theoretically
reduces the truncation error by a factor of 25 or 32.

Applying Merson's error formula to the vehicle model is not a
traiphttorward task. Simulation of a two-axle vehicle (seven degrees
ot trrecdom) requires the integration of fourteen first-order equations,

thus the possible requirement of monitoring fourteen different com-
puted error values for each time-step. !Moticns of the vehicle ceom-
ponents are of widely varying magnitudes, frequencies, and velocities.
Also tre presence of discontinuities inherent in the rcpresentation
of the vehicle suspension parameters, the terrain profiie, and the
tire produce severe changes in the vehicle characteristics (in
essence, changes in the system being modeled) during one time
interval, especially with larger intervals. Hence, there are several
questions regarding the applicability of Merson's error formula

to this model.
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1. Does error computed by the Merson formule accurately reflect
degradation of the vehicle responses due to excessive time-

step size?

2. Which intepgration error should be monitored?

3. Should the error be evaluated on an absolute or a relative
basis, i.e., should the magnitude of the variable teing

computed be considered?

4. What constitutes an error threshold, i.e., that error value
that requires a time-step reduction to maintain satisfactory

model performance?

Thesc questions will be discussed in Chapter V.

Minimum allowable time-step

A minimum allowable time-step is normally specified to prevent
the time-step from being reduced to the point where roundoff error
begins to dcmiiate the solution, resulting in numerical instability.
Roundoff error in numerical! integration can be minimized if the time-
ster is chosen such that the derivative multiplier (h/3 for Merson's
formulae) can be represented exnctly by the computer using a minimum
number -f binery digits, preferably one. Using Merson's method this

. . . :
means choosing h such that h = 3(.") where n is an integer.

The

. coas . n . .
resulting multiplier is 2 which in computer real number storage

requires only one significant binury digit. Always changing the time-

step by a factor of two (halvirg r doubling) maintains this condition.

Considering the computer us~. ir this study (Honeywell GuLO)

the number of significerr Jligits thant can be represented is such that
for the relative magnitude of derivatives and time intervals involved,

roundci’l’ is of little consequence. Thus, the ninimum time-step can te

based on considerations other than roundoff. Realistically, it
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can be based on minimum forward motion of the vehicle in one time-

step. It can be assumed that once the time-step has been reduced to
the point that forward motion of the vehicle is less than some very
small distance (quantified in Chapter V), further reZuction of the
time-step will not improve the result. If furtter reduction is in-
dicated for any of the reasons previously specifiec, the simulation
should be terminated and the cause of the malfunction investigated.

Time~step increese

Assuming that the simulation began using the maximum allowable
time-ctep and at some point the interval was reduced for one of the
three reasons specified, then at some later point (possibly after a
severe disturbance has been passed), the time step could be safely
ircreased. The cnly indicaticn available as to the feasibility of
increasing the interval size is the integration error computed by
Ferson's formula. Again, essentially the same questions arise as
previcusly encountered with the time-step increase
Do very small errors Jjustify a time-step increase?

Which integration error should be used as a basis for an
increase?
2. fhould the error be evaluated on an absolute or relative

bagis?

L. Wha: constitutes the lower error threshold?

-

It could be argued that, ideally, for a truncation error of the
q
order h”, establishment of the maximum error allowed, Emax’ would alsc
establish the lower error threshold, E . , at E ., =E /32. However
min min max
this would produce an oscillating situation in which the step size was

constantly being alternately increased and reduced. A more effective

value might be Emin = Emax/SO. Realistically, the computed error
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term is only a rough approximation of the error involved and it
remains to be determined how it can be applied to the vehicle

simulation.

Meximum allowable time-step

It would be unrealistic tc allow the time-step to grow without

estab.ishing an upper bhound. If allowed to grow without limit, it

is conceivable that during traversal of a relatively smooth riding

surface on which very little vibratory motion is occurring, the time-

step could grow to the poirt at which fcrward motion in one step is
such that significant terrain irregularicies or obstacles are
completely "jumped over" without being "felt" at all by the model.

It is alsc well to consider natural frequencies of vehicle components

vhen establishing a maximum time-step. One might argue that it 1is

necessary to execute a minimum of eight or ten integrations per

period of the highest frequency motion being modeled. Thus the

meximum time-step might be established as a function of the
forward velocity of the vehicle or of the period of vibration cof

some vehicle component. Criteria will ve established for this i:.

problem that might be encountered in such a conversion is the introduc- l

Chapter V.

;

Description of the Computer Program v
’1
The computer program (Appendix) is written in FORTRAN IV for a y
Honeywell GLLO. Conversion to any other digital computer with a FORTRAN ‘ \
N
capability should be relatively simple to accomplish. The only 'q
| 3
3
1

tion of significant roundoff error in some machines with less than ten
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significant decimal digits in its rerresentation of floating point
numbers.

The program begins by reading user-~provided parumeters describing
the vehicle. These include the weight of the body, the body moment or
inertie in pitch and roll, the position of each axle relative to the
body center of gravity, the weight and roll moment of inertiu of euach
axle assembly, the position of each suspension and cach tire, and
the spring and damper characteristics of each suspension and tirc. The
sprir;:;s and shock absorbers are described by force-deflection and
force-rate tables. The tires are deccribed by specifying the number
of segments to be used, the angle to each segment center line, and
the spring constant for each segment. The tire damying characteristics
are read as force-rate tables, respectively. In preparing force-
def'lection tables for the suspension springs, the effect of limited
relative displacement between the axle and bcdy, i.e., the axle
assembly hitting the bump stop, should be provided for by a very stiff
force-deflecticn relationship beyond that point of maxirum spring
deflection.

Tlie program next reads the riding surface profile which is
described simply as (x,y) coordinates relative to the initiel posi‘ion
of the vehicle. 4 different profile can be entered for euach side of
the vehicle so that terrain can be depicted as actually encountered,
which may be considerably different for the right and left tires.

If the static e~uilibrium configuration for the vehicle is known
(the aeflection of e:ch tire and suspension spring at static
equilibrium), this can be read in and the program can proceed di-

rectly to the simulation of forward motion. If the static equilibrium




configuration for the vehicle is not known or if it is desired

to simulate & vertical drop of the vehicle (with no forward rotion),
then an arbitrary initial configuration can be read in and the
program will provide simulation of vehicle oscillation until all
motion is dahpcd out and static equilibrium is reached. This is a
rather time-consuming procedure and should be avoided once the
static equilibrium configuration has been recorded for a given set

of vehicle parameters.

Having been given the static equilibrium configuration, the
progran reads the initial forward velocity and the forward accel-
eration desired. (This latter must be constant and is usually
zero.) MNext, reading the stop distance or the stop time completes
the definition of the simulation required.

Then, simulation of vehicle responses to forward motion over
<he specified riding surface begins and continues until stop distance
or stop time is reached. The procedure essentially consists of
determining the forces on the vehicle masses produced by the current
displecements and velocities (system state), relating forces and
masses to determine accelerations, and integrating accelerations
successively to determine velocities and displacements at the
next point ir time. This new system state produces new forces and
the procedure begins anew. The time step is adjusted if required as
described previously. All system responses at each point in time are
recorded on permanent storage devices so that retrieval for generating

praphical displays or for statistical analyses is possible.

i L o e,
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CHAPTER IV: VALIDATION FOR A REPRESENTATIVE L4 X L VEHICLE

To establish the validity of the model, it was decided to
s simulate a military vehicle for which measured vehicle responses
were available from field tests previously conducted by the MRB of

the WES, Vicksburg, Mississippi. The vehicle chosen was the

M3T--a 3/b-ton, four-wheel drive truck used to transport personnel

N Sy L e
. = i

or light cargo. In the field tests the truck was instrumented with

accelerometers to record vertical accelerations at three points--on 1

E the front axle near the right wheel, at the body center of gravity,
and on the truck body under the driver's seat. It was also equipped

with a gyro to record the pitch motion of the vehicle.

Vehicle Parameters ]

The vehicle parameters used in the simulation, with the exception

of the tire data, were taken from information provided to WES by the

FMC Corporation. It is known that the force-deflection relation-
ships for the springs and the force-rate relationships for the shock
absorbers were measured from disassembled vehicle components and
that {he parameters describing the relative geometric position of

the vehicle axles, suspensions, tires, etc., were measured. It is

thought that the moment of inertia values are computed values and
are of questionable accuracy. The tire segment spring stiffness

was computed as described in Chapter II using measurements made by
the MRB., Tire damping was computed by the MRB based on drop tests
conducted with a single wheel. The tire parameters are considered

reliable.
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Courses Traversed

Four field tests were chosen for simulation--three involving
single obstacle traversel only and one cross-country test. The
obstacle tests were for a single obstacle size and shape--a six-
inch-high, thirty-degree ramp-type wooden obstacle. "The obstacle
data used represented obstacle impact at three differcnt speeds--
5.65 ft./sec., 15.7 ft./sec., and 22.0 ft./sec. The cross-country
run simulated consisted of traversal <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>