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ABSTRACT

This report presents an analysis of the impact errors of a ship-launched ballistic
missile produced by an anomalous gravity field. All other error sources are assumed
to be absent. The normal earth for which the impact errors would be zero is
regarded as spherical and non-rotating. The standard atmosphere is accounted for.
Both navigation and in-flight effects are considered, the former under the assumption
that the ship remains stationary at the launch point.

The treatment is largely deterministic, with elementary statistical concepts being
introduced to derive a description of the impact errors applicable to the case of an
unknown anomalous field.

Some numerical statistical results are presented, in the form of a table for a
particular trajectory and as graphs for trajectories having various ranges and times of

flight.

Possible extensions of the analysis are discussed.
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I.  INTRODUCTION

This report presents the analytical methods and results of an investigation to
determine the extent of gravity data required for a ship-launched ballistic missile to
achieve specified impact accuragy. The position and velocity of the ship at missile
launching are assumed to be derived from an inertial navigation system and the
trajectory of the missile is assumed to be controlled by an inertial guidance system.
Since the operation of both of these inertial systems depends on knowledge of the
earth’s gravity field, incomplete or erroneous knowledge of this ficld leads to both
navigation and in-flight errors which produce the resultant impact errors.

To allow a concentration on gravity effects without the complications that
would be introduced by a simultaneous consideration of other error sources, it is
assumed that the ship’s inertial navigation system and the missile’s inertial guidance
system are perfect in all respects except for the omission of information on the
anomalous gravity field. More specifically, it is supposed that if the field were
strictly normal, then this normal ficld could be taken into account completely and
no impact errors would result. The impact errors considered are thercfore those
which result because the anomalous field is unknown or, if known. is dcliberately
not accounted for.

It is, of course, impossible to make definitive statements about the impact
errors produced by an unknown anomalous field. The analysis therefore proceeds as
though the anomalous field were known but is deliberately not taken into account
in navigation and guidance. Formulas are then obtained which would permit the
computation of the resulting impact error for a specific set of launch conditions and
a specific set of parameters describing the anomalous field. By averaging these results
over a certain ensemble of launch conditions a statistical description of the impact
errors is obtained. This description is found to have such a form that it does not
depend on a detailed description of the anomalous field but only on the partial
description contained in the so-<alled ‘*‘degree variances™” of geoidal heights or,
cquivalently, on the ‘“autocovariance function” of geoidal heights. It is this fact
which allows the results to be given a plausible interpretation for the case where
the anomalous field has not been taken into account because it is not completely
knowr, since it is not unreasonable to assume that the degree variances or the
autocovariance function may be approximately known even though a complete
description of the anomalous field is unavailable.

The statistical results can also be interpreted as describing the impact errors
that would result if a known part of the anomalous field (rather than merely the
normal field) were taken into account in navigation and guidance and the remainder



of the anomalous field were neglected. Other interpretations of the results will be
cxplained when the results are presented.

In addition to assuming that the navigation and guidance systems contain
perfect  components, it is supposed that the ship remains stationary for a
considerable period (one or two hours) prior to launching the missile. This situation
does not scem unrealistic and leads to a simplification of the analysis in which
certain  dynamic effects in the ship’s inertial navigation system need not be
considered. It may be possible to avoid this restriction by an extension of the
methods to be described.

It is believed that the results obtained give rather reliable estimates of the
minimum amount of gravity data which would be required to achicve specified
impact crrors. It would be expected that imperfect components in the navigation
and guidance systems, and a non-zero speed of the ship, would lead to larger
impact errors than those derived here, but that such a degradation could be
alleviated by the employment of more extensive gravity data.

Other analyses of this problem have taken into account the speed of the ship
and the use in the navigation system of imperfect components (particularly gyros,
necessitating a consideration of navigation resets). However, these treatments require
much more claborate statistical techniques whose validity is difficult to evaluate. One
of the objectives of the present investigation has been to employ deterministic
mathematical methods to the greatest extent possible and then to introduce
clementary statistical concepts only in the final stages.



Il. THE ANOMALOUS FIELD

The anomalous gravity field which is the source of the errors considered in this
report can be described in various ways. That which seems to be most satisfying
intuitively, and is chosen here, is the geoidal height function N(8,A) of geodetic
colatitude 6 and longitude A which gives the height of the geoid above the
reference ellipsoid of revolution corresponding to the normal gravity field. The
rotation of the earth introduces many complications into the computation of impact
errors but, it is believed, does not contribute significantly to the impact errors
produced by the anomalous field. To avoid these complications the rotation of the
earth is neglected in this investigation. This is done by interpreting the given geoidal
height function N(6,\) as defining, at geocentric colatitude 6 and longitude A, the
height of a non-rotating geoid above a non-rotating referecnce sphere; and then
replacing the normal gravity field corresponding to the rotating reference ellipsoid by
an inverse square gravitational field. With these simplifications, it is supposed that
the navigation and guidance systems account perfectly for the inverse square field
but do not account for the anomalous field corresponding to the geoidal height
function.

Positions uare defined, as illustrated in Figure I, in terms of spherical
z coordinates r, 8, A or the corresponding
A rectangular coordinates

X = rsin  cos A
rsin @ sin A (1)
rcosf .

N <
1

—>y The origin is at the center of mass of the

earth, the z-axis is directed toward the
north pole, and the x-axis is in the
Greenwich Meridian.

The gravitational potential of the
X FIGURE 1 earth will be denoted by U(r.8,\) or, in

rectangular coordinates, by u(x,y,z). The
spherical coordinate form of the potential function can be expanded in a series of
solid spherical harmonics
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L = (R\" +n m ]
= = = 7\
weon - i+ £, ()", 2, ervron
where
i u = carth’s gravitational constant
i R = a reference length taken as the radius of the reference sphere
i a™ = complex coefficients defining the field, and

n
Y (0.N)  are the complex surface spherical harmonics defined by

m = (_1\m n+tl (n-m! o 0)eim A
Yo @M = (-1) 474" m+m)! Pn (cos @)e (2)

[ in which P (z) is the associated Legendre function

m
4 , 1 7 d™m@E2- )"
Pr(z) = S (- z%) P : (3)

The functions Y7'(0,0) satisfy the relations Y;™(8,A) = (-1)" Yy (6,A) where the bar
denotes  the complex conjugate. From this and the fact that U is real valued, it
follows thai the complex coefficients must satisfy the conditions o™ = (-])'“?n“.
In the sum over n the terms for n = 1 have been omitted as a consequence of the
onigin’s being at the earth’s center of mass. The limits of the summation indices,
and the indices themselves, are often omitted in what follows when they can be

inferred from the context. It should be admitted that the infinite sum 22 raises
n:
questions of convergence in some of the following operations. In practice, however,

the potential is never known exactly and will be approximated by a finite sum for
which questions of convergence do not arise. The numerical values of u and R
adopted here are

u = 3.986012 X 1014 m3/sec?

R = 6.371008608 X 10% m.



The nautical mile, used only in describing the range of a trajectory, is regarded as
the distance on a sphere of radius R subtended by a central angle of one minute

of arc.

The potential of the normal (inverse square) field is

-

vixy,z) = V(r@\) =

The disturbing potential is

w(x,y,z) = u(x,y,z)- v(x,yz)

or. in spherical coordinates,

w0\ = Ur, 8 N) - V(r,0,\)

(4)

u - R n +n
T n§2<—r-> mE-na"mY:‘(G')\)'

The geoid is defined as the surface on which the actual potential U(r.6.A) has
the same value that the normal potential V(r.0X) has on the surface of the
reference sphere. The equation of the geoid is therefore

u_ou = [R\" +n
==Sl1+ (= mym g A .
R r[ n=2<r> m'—'z-—na"Y"( ﬂ

Let

where N = N(OA) is the geoidal height. In terms of N the equation of the geoid is
then '
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+
"i4g

N -n +n
+ - zZ a™Y™(@,
2(1 R) m=-n N Y" L2y

or

M8

il
R

n m=-n

NY" +n n
2(”3-) RN GICRVE

Throughout the remainder of this report the coefficients o are regarded as small
quantities of the first order whose products and powers can be neglected. With this
approximation,

N=R E T a"ym@). 5)

n=2 m=-n

If the coefficients o' in the expansion of the potential are given, values of N(6.\)
can be computed from this equation. If, on the other hand, values of the geoidal
height function N(@.A) are given over the surface of the reference sphere, then the
cocfficients o can be computed from

) 2r "
af = EI f N(@J\)YL“(G,)\)SianO dX\. (6)
A=0 =0

The geoidal height function is arbitrary except for the restrictions that the resulting
values of o = ;! = o) = al = 0. The condition o = 0 implies that the mean
value of N(OA) over the surface of the sphere is zero. The three conditions
o;' = oY = of = 0 imply that the centroid of the volume enclosed by the geoid is
at the origin of the coordinate system.



11I. EQUATIONS OF VARIATION

A nominal missile is defined as one which is launched from a known position
on the reference sphere, flies in the normal gravitational field, and has zero impact
error. The first situation considered is that in which a nominal missile is launched
from the north pole at a target in the Greenwich Meridian. Its equations of motion
are

a ov
Xg = a (t)+ aL

. av
Yo = 0+ 3y

5 0
. (t) + a—V
dz aZ \ .

Z,

where a (1), ay(t), a,(t) are the components of the non-gravitational acceleration
produced by thrust and aerodynamic forces, with ay(t) = 0 because the nominal
trajectory lies in the zx-plane. The quantities

v
ox

av
o Oy

v

0o 9l

arc the components of the normal gravitational acceleration at the position
(xo,yo.zo) of the missile. For the trajectories considered in the present study, the
thrust is terminated above the atmosphere so that ax(t) and az(t) are also zero from
the end of powered flight until reentry into the atmosphere.

Corresponding to this nominal missile we consider the trajectory of an actual
missile which is launched from the ‘indicated” north pole (that is, from the
position at which the ship’s inertial navigation system, as affected by the anomalous
gravitational ficld, indicates that the ship is at the north pole of the reference
sphere) and whose flight is affected by the anomalous ficld. A simplified model of
the missile’s inertial guidance system is assumed. In this model, the missile is
assumed to be controlled during powered flight in such a manner that its
components of non-gravitational acceleration are the same functions of time as are
the corresponding components for the nominal missile. The equations of motion for
the actual missile during powered flight are therefore

o b, ey BT AR e



ou

X = a (t)+ ™
. du
= 0+ —_—
y 3y
= a0+ 2
Z 3, WL

From the termination of powered flight until reentry these equations still apply with
a (t) = a,(t) = 0, as in the case of the nominal missile. From reentry until impact,
a (t) and a,(t) for the actual missile are not the same functions as for the nominal
missile, and ay(t) is not equal to zero.

Considering the portion of the flight from launch to reentry, let & = x- x,,
n=y-Yy § =12z-2, be the components of displacement of the actual missile
from the nominal. The differential equations satisfied by &, 7, { are then

podu_av| v vy dw
0x ax | 0x  9x | ox
9y dy|, 9y dy|, dy
gl av| v av|  aw
az azo 0z azo 0z

If v and w are expanded as power series in §, n, { and terms involving powers
and products of these quantities are neglected, the differential equations become

a%v 2w 9%v 2w 9%v 1w I ow
= | + | Jt+\—=]| + —]| Jn+ + ¢+ —
ax2|,  ax2|,)c \ovax|, dydx|,) \dzdx[, dzax|y)  ax|,
- v 2w alv alw a?v 3w aw
n = Erl | t It | +t | ¥+ =
axdy |,  0xdy|, v le 9 o ozdy|, 9zdy|, 3y |o
. 3%y w 3%y ’w vl  w aw
§.= + £+ + = In+ =z *+ | K+ | -
axoz|, 0xoz], dyoz ayaz|, 922 o 9z° g oz |,




In the case of the normal gravitational field, the coefficients o' are zero and the
quantities & n, ¢ would be zero. This implies that the products a‘:E, etc., which
would arise from the presence of the second partial derivatives of w in the right
members are small quantities of order higher than the first and may therefore be

neglected. With this simplification the equations become

. 9%y 9%v 3%y ow

E= —| e+ n+ =
ax* |, ayox|, 920x [, X |,

a alv 3%y 9%y ow

n = E+ —| nt v (7
axay| o ‘|, 9zdy VAN

. 32y d%v 9%v ow

{ = E + n+t ] —l
axdz |, ayoz |, az® |, oz |,

As was stated earlier, the non-gravitational acceleration of the actual missile
during reentry is not the same as that of the nominal missile and so, for this
portion of the flight, the differential equations for §, 7, { must be altered. This
change requires a more detailed consideration of the trajectory. For the terminal
portion of the flight of the actual missile it is assumed that the aerodynamic force
consists only of a drag force D which acts in a direction opposite to the velocity.
The equations oi motion are then found to be

. D x du
x=————+——
mv 9x
s,'_—._.R.Z.f.a_u
myv 9y
" Dz odu
Z2=-——-+ —
mv 0z

(Note that in these equations v represents the speed of the missile, not the normal
gravitational potential. In some of the following equations v occurs with both
mcanings, but the proper interpretation will be clear from the context.) The
corresponding equations for the nominal missile are



. Do ).(o ov
X =~ —+a—
m v, Xy
Dy yy v
m v, Yo
Dy 2 ov
ZO.—.-—_O i-}-_
m v, 0z|g

If & 7n, ¢ are defined as before, they satisfy the differential equations

1 [Dx Dyxg du  dv
E = =" ——p R

m \v Vo 0x  0x 0
g m \v Vo ay 9dy|,
dE it Ri__o__QDi>+a_“_ i

m \V Vo 0z 0z 0

The differences (du/dx) - (av/dx|y), etc., are expanded as before to obtain the
equations

. Dx  Dyx a2 2 g d
E = _—l- —X 5 ._01(9 + _;. E+ a Vi n+ a 7 §‘+_w
m\ v Yo ax“ |, 0yox [, 9z9x [~ 9x |,
- y D, v 2 2 2 )
17 = _l .D_y - _OX_Q + .a_v_ £+ a__\% n+ a A ;- + .l
m\v vy oxdy |, 9y*|, 023y |, ay !
. 1 (Dz  Dyzz\ 9% a%v a%v dw
§=-—(=— - + £+ n+ —| ¢+ —
m\v Vo 0x0z |, ayoz |, 9z° | , 0z |

Now (Dx/v) - (Do)'(o/vo) = §(Dx/v), etc., where the expression on the right denotes
the increment of Dx/v in passing from a point on the nominal trajectory to the
corresponding (same time) point on the actual trajectory. Hence

10



1 Dx a2v 3%y 32v ow
Fe-— 5] + o) 8 n+ f+ =
m v 9x“ |, oydx|, - 9zdx |, X {o
" 1. (Dy 3%y 2y a2y ow
SR G 1
m \v axay |, ay“ o 0zdy |, 3y |
P 2 2 a2 d
§F=--5 f) gV ey OF S W lee—
m \v, X0z 0 dyoz 0 az® |, az |y

Furthermore

|
O< |O
Y.
+
> -
o
o
Ay
< lU
\/

where small quantities of higher order have been neglected. With similar
approximations in the other two equations, the differential equations become

. 3%y av a2y Dy : Xo. (D) ow

E= o3|kt n+ - =t - =)+
x* lo ayax|, 023x |, mv, m v ax |,

. 0%y a2y 0%y Dy . vy D ow

1= ot I BPwrwl I Salsentt Rlbee o e IR0
9xdy |4 y“ |, 9zay |, mv, m \ 3y o

. 9%y 9%y ay Dy . 2z D ow

{ = £+ i N o el eyl e e
axaz |, ayoz |, az° |, my, m v az |,

The drag forcc D is assumed to be of the form

N R
= 2vaCD

11



where p is the atmospheric density, Cp, is the drag coefficient of the missile, and S
is its cross section area. Hence, D/v = (§/2)pvCp, and

D S
) (;-) = 3 (VCD 6p+pCpov+ pv6CD) ;

Now Cp = Cy(M) is a function of the Mach number M = v/a in which a is the
speed of sound. Hence

1
8Cp = Cp(M)SM = zCp (8 - Mba)

where C;) = C;) (M) is the derivative of CD with respect to its argument M. Then
pv6Cpy = pMCp, (8v - Méa) and

D\ _ S , ' 52l
5 <_> = 35 [vCp 8o +p(Cy + M}, )ov - pM2C 8a] .

v

Also p = p(h) and a = a(h) are functions of the height h so that 8p = p'(h)5h and
8a = a'(h)8h, where the primes here denote derivatives with respect to h. With these
substitutions

D S r ’
) <;> = 5 [(vCDp'- pM2Cpa')8h + p(C, +MCyy )cSv] ;
which can be abbreviated as 6 <9> = El-)-8h+ mv—QSV in which
v v

s ' ! '
P= o—(vCpp'- pM2Cp 'V
(8)

S :
Q = 5—(Cp +MCp)av.

12



The height h = r- R where r is the distance of the missile from the center of the
earth and R is the radius of the reference sphere. Hence &h = 6r and, since
2= x2+y2 422,

Sh'= i15x+ X<Sy+£51.
r r r

Similarly, since v¢ = x2 +y2 + 22,
Xy
ov = —8x+-¥8y+ ~-6z.
v v v

Hence

3 |-
%)

P

< 1”0

~——
"

< |0

(1‘ 5x + Loy + faz)+9(5 Sx+ Loy + = 62')
r r r v v \ v

(xE+yn+28)+ %(iéﬂﬁﬁf).

"
3|

Since one of the small quantities E,n,{,é,r},f appears in each term of this expression,
the quantities r,x,y,z,v,x,y,2,P,Q, can be cvaluated on the nominal trajectory for

which y = y = 0, and therefore

m v

1—5<2) = —P—(xg+z§')+—Q2 (xE +2§).
v v

The differences between the position and velocity components of the actua! and
nominal missiles are now accounted for by the quantities E.n,{,é,r},f; and the
subscript zero can be omitted everywhere with the understanding that all quantities
are to be evaluated on the nominal trajectory. The equations for {1t then become



o a%v X x> 3v <82v z X
¢ <ax2 _Pr v £+ ayax" ¥ 020X Pr v)g
D X X\ . Xz. 0
-(— +Q= —)s—_o——r+—

w
mv Vv ARV ox

. 82vs+62v N azv§ _D+3_v!
K dxdy ayZ" 9zdy mv dy

g- azv_ i E) £+ aZV +<?_21_P.Z_i_>§'
0x0z rv ayaz" 92 rv
Z X D z 2 ow '
ot (R gk dpte
Vv mv Vv 0z

Now let x/r = sinf and z/r = cos 8, where 8 is the angle from the z-axis to
the radius vector of the nominal missile; and let X/v = sing and z/v = cosy, where
w is the angle between the z-axis and the velocity vector of the nominal missile.
Considering the normal potential v = p/Jx! +y! +zi, the partial derivatives of v
appearing in the differential equations are found to be

92y )
5‘;7 = - ;‘; - 3sm'20)
v m
dy? 3
a%v M
32 ~ T3 (1-3cos? )
a2v _ 92v -0
oxody ayox
v _ 9%y -0
oyoz 0z9y
alv a2y 3u .
370% = m = rTsmocosﬂ.

14



The differential equations for &, 7, ¢ can therefore be written in the form

§=-[%(l-3sin20)+Psin03in¢]£+[::—‘;sinﬂcosﬁ—PcosOsinq:]!
N . 0
—,:—D—+Qsin2gp]8-Qsin¢cos¢§+—w-
mv ox
-k D 3w
n r317 mvn dy

¢ = +[rTu sin 6 cos 6 - PsinBcosw]E— [%(l - 3cos? 8) +P cosf COS¢]§

- Qsinpcosy £ -[2 +Q cos? ¢]§+ aw

mv 9z

It is convenient to wgite these differential equations in matrix form by putting
E=x,n= Xy, $ = Kol = X n = Xs = Xg. This permits them to be written

as the single differential equation

X
— = F(t)x + G(t
at (tx + G(t)
where x and G(t) are the columns
[ x, 0
0
*2 ow
x =| x4 G@t) = | 3x
Xy Qal
%s 2w
| %6 | 2

15
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and F(t) is the 6 X 6 matrix

B 0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
—[%(I-3sin20) F—;isint)cosﬂ D
Fio = g 0 ! - [—— +Qsin2¢] 0 -Qsingcosy
+Psin051n¢] - Pcos@ simp] my
0 - 0 0 -2 0
3 mv
3u .
[—é‘-smecoso ’[‘%(l-3cos2 8) D
L 0 ~Qsinycosy 0 -[— +Qcos2«%
= Psinecos;p] +Pcos@ cosw] Y

The matrix F(t) is determined by the nominal trajectory and the column
G(t) by the partial derivatives of the disturbing potential w evaluated on the
nominal trajectory. A comparison of this matrix differential equation with the
differential equations (7) for the portion of the flight prior to reentry shows that
the matrix differential equation may be employed for the entire flight if P, Q, and
D arc taken as zero for the portion of the flight prior to reentry.

The solution of the differential equation (9) is

t
x(t) = X(t,t,)x(ty) + f X(t,7)G(r)dr ,
to

where x(t)) is the value of x at the time t, of launch and where the 6 X 6 matrix
X(t.7) is the solution of the homogeneous matrix differential equation

16



dX
dt

subject to the initial condition
X(r,r) = | = 6 X 6 identity matrix.

The time t; of launch will in practice be taken as zero but is retained as t; in
some of the equations for purposes of clarity. We will be interested in the value of
x(ty at the time t = T of impact of the nominal missile, that is, in

T
x(T) = X(T,t, )x(t0)+[ X(T,t)G(t)dt . (10)
'o
It can be shown that X(T.t) = YT(t,T), where the superscript T denotes matrix
transpose and Y(t,T) is the solution of the ‘“‘adjoint” matrix differentia! equation

dY
— = -FT(tyy 1
at (t) (1n
subject to the “‘initial” condition
Y(T.T) = 1.

For use in Equation (10), X(T,t) is required not only for t = t but, to evaluate
the integral, for all values of t in the range ty S t < T. To obtain these matrices,
the homogeneous differential equation which is actually solved is that for Y(t,T),
starting at t = T with the identity matrix and integrating backwards in time to
t = t,. This gives Y(1,T) over the range T >t > to and hence X(T,t) = YT(t,T)
over the range t, < t < T. An examination of the form of F(t) shows that X(T,t)
must have zero elements in the positions indicated in the expression

17
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IV. IMPACT ERRORS

. The column x(T) is formed from the differences £(T), n(T), §(T), é(T), n(T),
$(T) between the position and velocity components of the actual missile and those
of the nominal missile at the instant of impact of the nominal missile. Figure 2
illustrates the nominal trajectory

£ NOMINAL TRAJECTORY
v

ACTUAL MISSILE AT TIME
oV OF NOMINAL IMPACT

g

P

LAUNCH

POINT NOMINAL

IMPACT
POINT

&M
REFERENCE SPHERE

FIGURE 2

in the zx-plane. The nominal missile strikes the target on the reference sphere at
range angle 0(T). At this instant the actual missile is displaced from the nominal
missile by a component ¥(T) in the x-direction, a component {(T) in the z-direction,
and a component 7(T) (not shown in the diagram) in the y-dircction. During the
additional time to impact of the actual missile it will move from this position.
Since only first order effects are being considered in the analysis, the velocity
of the actual missile during this small time interval is regarded as being equal to the
impact velocity of the nominal missile. This velocity v forms an angle Y with the
downward vertical at the target.

Since v lies in the zx-plane, the actual missile will have no motion in the
y-direction during the small time increment under consideration and the cross-range
component of impact error will be 8C = n(T), taken as positive to the left when
viewed from the launch point. At the nominal impact time, the actual missile is
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above the target a distance §(T)sin 8(T) +$(T) cos 6(T) and is down range from the
target . a distance §(T) cos 8(T)- {(T)sin 8(T). Since the vertical component of
velocity of the missile is vcos Y, it will impact at a time
[£(T) sin 6(T) + ¢(T) cos 8(T)] /(v cos ) later than the nominal missile. During this
time its down-range component of velocity is vsin ¢ and hence it will travel a
distance [£(T)sin 8(T) + ¢(T) cos §(T)] tan ¢ in the down-range direction. Adding this
to the down-range distance from the target at the nominal impact time, the
down-range component of impact error is

6D = &(T) cos 8(T) - £(T)sin 6(T)

+ [£(T) sin 6(T) + £(T) cos 6(T)] tan ¢

a&(T) + b§(T)

where

a = tan Y sin 0(T) + cos 6(T)

b = tan Y cos O(T)- sin 0(T) .

The angles 6(T) and ¢ can be expressed in terms of the x and z components of
position and velocity of the nominal missile at time t = T and a and b expressed

in the forms

R .
a5
xxR 2z (12)

XX + 2z

a=+

o

Because the anomalous field and the geoidal height have been defined in terms of
the complex surface spherical harmonics Y7'(f,\) with the complex coefficients of',
it becomes convenient to combine the impact error components into a complex

impact error
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RS

6D +i8C

©
1]

a§(T) + in(T) + b§(T)

(T)
[aib] [n(T)
HT

From this equation it is seen that only the first three elements of x(T) are
required and hence only the first three rows of the matrix X(T,t). Furthermore,
under the assumption that the ship has remained stationary for a considerable period
before the missile is launched, and the further assumption that the ship’s inertial
navigation system operates in a ‘damped” mode involving the use of non-inertial
horizontal velocity data and height (or depth) data, the velocity outputs of the
navigation system will be zero so that é(to) = h(to) = g'(to) = 0. Therefore, in the
product X(T.ty) x(t,) in Equation (10), only the first three columns of X(T,t) are
necded. In the integrand function X(T,t) G(t) of the same equation, the first three
elements of G(t) are zero so only the last three columns of X(T.t) are required.
Making use of these facts it is found that p can be written in the form

o
p = [X,, +bXy, X,; aX, 4 +bX, ] 1?0
0

Qw
o ox
oW

+I [2X14 +bXyy Xy aX g +0X, ] figy | dt
‘0 aw
0z

(13)

where, now, £, = £(t;). etc. The matrix elements Xij in the first row stand for
Xij(T>to)» which are constants for a particular nominal trajectory. The matrix
elements which appear in the row under the integral sign stand for Xij(T,t), which
are functions of time along the nominal trajectory.

The two rows (1 X 3 matrices) appearing in Equation (13) involve a,b, and the
matrix elements X;; and depend only on the nominal trajectory. The two columns
depend on the anomalous field. The first column; whose elements are Eo, ino, S‘O;
represents the initial position errors due to the anomalous field and is independent
of the trajectory. When multiplied by the trajectory-dependent row
[aX,, +bX3lX22:3X13 +bX33], the contribution to p of the initial position errors
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(i.e., ship’s navigation errors) is obtained. The second column; whose elements are
ow/dw, idw/0dy, oOw/dz, depends on the anomalous field (since w is the
disturbing potential) and also depends on the nominal trajectory, since the partial
derivatives are to be evaluated on this trajectory. This column is then multiplied by
the trajectory-dependent row [aX,, +bX;, X, aX, ¢ +bX;,] and the product is
integrated. This integral, being independent of the initial position errors, represents
the in-flight contribution to the complex impact error p. In the next two sections
the navigation and in-flight contributions to p are evaluated separately.
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V. NAVIGATION CONTRIBUTION TO IMPACT ERROR

The launch point of the nominal missile is the north pole of the reference
sphere and the ship attempts to bring itself to this position by using the outputs of
its inertial navigation system. -The initial position errors &;, 7, §o are the
component displacements of the ship from the north pole of the reference sphere
when the erroneous outputs of the navigation system indicate that it is at the north
pole of the reference sphere. Since the navigation system contains no information on
the geoidal height function, the actual position of the ship will be on the geoid
instead of on the reference sphere. Since the navigation system also contains no
information on the vertical deflections and operates in a damped mode, the vertical
indication of the navigation system will be the plumb line vertical which is normal
to the geoid. It has also been assumed that the inertial navigator employs perfect
gyroscopes. It can therefore be supposed that it possesses axes in the x,y,z
directions whose orientation has been accurately established prior to the mission by
an in-port alignment procedure and that this orientation is maintained throughout
the mission by the perfect gyros. Since the ship is belicved to be at the north pole
of the reference sphere, its actual position will therefore be at such a place on the
geoid that the normal to the geoid is parallel to the z-axis.

From Equations (1) the parametric equations of the geoid are

(R+N)sinf cos A

>
1}

y = (R+N)sin 0 sin A (14)

z=(R+N)cos@

where N = N(8,\) is given in terms of @, \, and the o™ by Equation (5). If 8 and

n
N\ are given small increments df and d\, the increment of z will be

oN oN
=3 ——— ey + 1 + — '
dz [60 cos 8 - (R + N)sin 0]d0 Y cosfdA

If the increments d@ and dA are from such values of 6 and A that the normal to
the geoid is parallel to the z-axis, then dz = 0 and hence the coeffictents of d@
and d\ are zero, or
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iy .

oN

BECOSG = (R+N)sin 6

(15)
N .
Y cosf® = 0.

These are two simultaneous equations for § and A. If they can be solved and the
solution values substituted in Equations (14), the coordinates of the ship will be
obtained and the initial position errors will be (since the intended coordinates are
0.0.R)

Eo = (R+N)sin @ cos A
Ny = (R+N)sin@ sin A (16)

§o = (R+N)cosf - R.

It is possible that Equations (15) have many solutions for § and A and that
some of these solutions might have large values of 6 and represent ship’s positions
far from the north pole. This statement corresponds to the fact that it is possible
conceptually, although it is probably not actually the case, that there may be
distinct points on the geoid having the same astronomic coordinates, i.e., distinct
points where the plumb lines are parallel. However, if the of' are all zero the geoid
coincides with the reference sphere and the only solution (except for the south
pole) is 8 = 0. Hence, if the a‘;‘ are small there must be a solution having a small
valuc of 8 and this solution will be sought as the one appropriate to the problem.

Since 0 vanishes with the of and powers and products of these small
quantitics are being neglected, the approximations sin@ = 8 and cosf = | can be

made in Equations (15) to obtain

2—21 = (R+N)d
a7
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The functions N, 9N/360, oN/o\ appearing in these equations can be expanded
as power serics in 6 (A being regarded as a parameter) of the forms

- i
NNt 5

0

0

ON _ 8N 3N
— + —|6
0 30, 26>

0N _ 3N| | &N
B an|,  a6a\

0

in which terms involving powers of § higher than the first have been neglected. The
{ bar on the right indicates an evaluation at & = 0 which may, however, depend on
A. Substituting these expansions in Equations (17) and again omitting terms involving

02, one obtains

; oN| 8N
; — + =16 = (R+N|)
aelo 362 L (R+Np)

(18)

f 2
.a_I\.J +.a_§AJ0=O
o, a0aN,

To obtain N and its partial derivatives evaluated at § = 0, Equation (5) is first
rewritten with the substitution of the expressions (2) for the Y:‘ @ .\):

2n+l (n-m)! .
9
i o m)!P" (cos O) (19)

N=RZ Zar-1)"
n m

Differentiation with respect to 0 yields

2n+1 (n- m)! dPf(cosl) .
¢
47 {(n+ m)! do

N o
a0 - RE ZewlD
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and, using

dP™ (cos 8) 1
sin()m = EP'“”(cosB)— S0+ m)(n - m+ )P™~!(cosf),  (20)
this becomes
a_N__B_ - m (2nt!l (n- m)!
0 2w \’

4 (n+m)! [P"ml -(n+m)(n-m+ 1)pnm—1] eim A

respect to A gives

In this and some later equations the argument of the PT
understood as cos @ when it is not exhibited explicitly. Differentiating (19) with

is always to be

m oim A
(ntm)! °
and the second partial derivative
32N 2n+1 (n- m)!
—_— = _'._z z m _l m
won | 2r 2 CDIMNTET arm)!

[P+ - (n+m)n - m+ pm-T]eima
To evaluate these expressions at 8 = 0, use is made of the relation, from (2),

- 1) Y™ (0 A )emim A
P,T(cos0)=( )Yy OMe

\Jﬁwl (n - m)!
4

(n + m)!

and the fact that

2n +1
YR = (7 — 67
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Jnn+ D@2n+ 1)

where 63‘ is the Kronecker delta. With the abbreviation A = \ % the
rgsults are ¥
2n + 1
-N|, = RZ of
|0 o \ 4n n
NI _ _Rri 1_ -in ]
60.0 2[& EAnan e %Aan
Q210

o, [ —iB[e”‘EA al +e AT A oz“:l :
aoan|, 2L %

The second partial derivative aZN/aoz|0 has not been evaluated because it is
multiplied by 8 in the first of Equations (18) and this product contains no first
order terms in the of'. This product and also the product N|,6 in the same
equation are therefore omitted. With these approximations, the substitution of the
values (21) in Equations (18) yields

Rr, .
- [e"‘EAna;—e""an Ana;,l] = RO

2 (22)
_'E i)\zA 14 —iJ\zA ~1 0 =20
i > l}a z oot n 2% =0.
We are seeking a value of 6 # 0 which satisfies these equations and hence
i 1 -i -1 =
e"‘% Al +e ”‘E Aol =0 (23)

from which A could be determined. With this value of A the first of Equations (22)
would give the value of 0. These two values could be substituted in the first two
of Equations (16) to obtain Eo and Mo However, these equations can be combined
into the form
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£, +in, = (R+N)sinf(cos A +isin}) = (R +N)sin 6 e

or, to the desired degree of approximation,

£, +iny = RO ™.

Using the first of Equations (22),

"

£, +ing [e““f Aol - e‘“‘?I.:. Ana,'ll] el

oI o)X

[ez”‘il Aol - z Ana;‘] :
But A satisfies (23), which can be written

em§ Aal =- ZA o!
and hence

£y +ing = REAna;‘

1
-RE Ao .

The conjugate of this expression is

EO = ino -R§ Ana'l‘ .
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The last two equations can be solved for §, and in, to obtain

R — R
= 1 = _ = 1 _ -1
, & = ZEAn(an+a}1) =T A - o)
, . )
| (24)
. R =~ R
| ing = + SEA (@l -al) = +EA @ +agl).
We also need the component §, of initial position error which, from (16), is
§o = (R+N)cos6-R
or, approximately,
2n +]
| £9 = Nl = RE|Z— ot (25)

For use in later developments it is desirable to express Equations (24) and (25) as
double sums (over m as well as n) by introducing the Kronecker deltas. Recalling
the definition of A , these equations then become

R 2n+1
0 - 53 3 Ve (o7 -om)
2n+
ing = + %zzanm\l 4"” \ln(n+l)(5'l“ +5'_",) (26)
nm

2n + 1
z ‘ §m
m \ 4r 0

—

f, = +R

s M
e

We now return to Equation (13) and define trajectory-dependent constants
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g, = aX, (T,ty) +bX,, (Tty)
g, = X,,(Toty) 27)

g, = aX,4(Tity) +bX,,(Tty) .

Using these constants, the navigation contribution to the complex impact error can
be written first as

p(Nav) = g &5 +gying + 855,
and then. by introducing the values (26), as

2n+1 Jn(n+ 1)

2 (atln - 8?1)

p(Nav) = T Za™m

nm?! 4n
(28)

Jn(n+1)

+R
By 5

(5™ +8m )+ Rg36{)“:|.
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V1. IN-FLIGHT CONTRIBUTION TO IMPACT ERROR

This contribution to the complex impact error arises from the integral
expression in Equation (13). It has been explained how the 1 X 3 matrix in the
integrand can be obtained, as a function of t, by integration of the adjoint
Equation (11). We now consider the column involving the partial derivatives of the
disturbing potential w. These partial derivatives are related to the partial derivatives
of the spherical coordinate form W of the disturbing potential by the transformation

ow) [0 oA ar] [aW]
ox ox ox ox| |av
owl _ |30 oA or|(aW
ay |  |ay ay ay||oxn
aw| fa0 o ar | faw
| 8z | 8z 9z 0z [Or_|]

The 3 X3 matrix is evaluated by making use of the relations (1) between
rectangular and spherical coordinates and remembering that. because the partial
derivatives are to be evaluated on the nominal trajectory for which A = 0, the
partial derivatives in the 3 X 3 matrix can be evaluated for A = 0. Also introducing
the factor i we obtain

F- ow B 1 1 aw"
) = 0 + H —_ e
™ cos 8 sin 8 . 30
ow i oW

i = 0 0 B
: ay : rsin @ oA
ow ‘ W
= -sin 0 ol =
™ sin 0 cos o
b - L - o

The integrand involved in the complex impact error therefore becomes

I Ay aw]
cos6 (@ +tsinf : 20
i oW

[aX, +bX;5, X5 aX, ¢ + bX31 0 ] L rsinf oA

_ aW
-sinf O COSO_JL o 1
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By introducing the functions

fl(t) = (aXl4 +bX34)c056— (aXl6 +bx36)sin0
(0 = X, (29)

f3(t) = (aX,, +bX34)sin0 + (aX16 +bX36)c056

the integrand may be written as

i

s Y@ o
! r a0 2 oA 3 or

rsin @

| The functions f,(t) depend on t not only through the factors sin6 and cos@ but
also because the matrix clements Xij = Xij(T,t).

The partial derivatives of W are found by using the expression (4) for W(r,0,A)
and the definitions of YJ'(6,A) and Pl (cos6) in (2) and (3). In uddition,
formula (20) and the recursion formula

P:,“”(cos f)- 2m cot 6P (cos 6) + (n+ m)(n- m + l)Pn’“'l(cos 6) =0

are required. After forming the partial derivatives, X is set equal to zero. since the
derivatives are to be evaluated on the nominal trajectory. The results of these
operations are

| oW uo_(R\" \]2n+l (n- m)!
- — = +- - a"(-1)y" \—— —— tg »pm - pm+!
r a0 r2 <r) %‘1 n 1) 4n (n+m)!(mco Ll n )
i ow U R\ " 2n+1 (n-m)!
— =-53(7) zanmy=— sc @+ Pm
i rsin@ oA r2§<r> §1 n D) 4t (n+m)! m ese n
oW u n J2n+l (n- m)!
— :__.E + —_— my_ m m.
or 2 n(n l)<r> Ea“( b 4n (n+m)!Pn
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Substituting these expansions in the integrand function and interchanging the orders
of integration and summation, the in-flight contribution to the complex impact error
becomes

e T
2n+1 (n-m)! ]
= = m(_ 1\ym n m _ +1
pU-F) = Z Zal(DMuR" N=- (Mm)!/ ) [f1 (m cot P - P21
t

0

- fymesc @ P - fy(nt I)P:,“] dt.

With the substitutions

T
Im =[ r—nl—z[fl(t)(mCOto'P:"PxT”)_f3(t)(n+])P:1n]dt
t

0
(30)

T
1
L= I ey fo(t)y mesc 6+ PP dt
to

this becomes

2n+1 (n- m)!
_ = mg,_13ym n m _ [m
p(l-F) an)lian( 1™ uR J T (I3 - 3m). 31
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VII. THE TOTAL COMPLEX IMPACT ERROR

The total impact error p in Equation (13) is the sum of the navigation
contribution p(Nav) in (28) and the in-flight contribution p(I- F) in (31). This sum
can be written in the form

p=ZII ol (32)
nm

where

)
om = "_n+ I
n= Ax

(B - 8™)+ Rgy——— (87 +8™,) + Rg, 87

(33)
a [ (n- m)! e
+(-D™uR ,’ T I -Jg*)] :

For use in some later operations it should be noted that the ¢! are real.

[ R Nn(n+1) Vn(n+1)
- gl__z__.

To summarize the development thus far, suppose that the nominal missile is
launched from the north pole of the reference sphere and strikes a target in the
Greenwich Meridian. The radius vector r and range angle 6 of this missile are
known funcions r = r(t) and 8 = 0(t) of the time, with impact occurring at time
t = T. By integrating the adjoint Equation (11) corresponding to this trajectory, the
constants g . g,. g, defined by Equations (27) and the functions fl (t), fz(t). f3(t)
defined by Equations (29) are determined. The integrals IT' and JT defined by
Equations (30) can thercfore be evaluated and the quantities ¢! computed. The
complex impact crror of the actual missile is then given by Equation (32), where
the o are the coefficients in the expansion (5) of the geoidal height function. The
impact error thus derived includes the effect of the initial position error resulting
from the action of the anomalous field on the ship’s inertial navigation system and
the in-flight effect due to the action of the anomalous field on the flight of the
missile.
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VIII. ARBITRARY LAUNCH POSITION AND TARGET AZIMUTH

It will next be explained how the previous results an be applied to the
determination of the impact crror of a missile which is launched from an arbitrary
position on the carth toward a target at an arbitrary azimuth. The principle which
is involved in this extension of the results depends on the fact that in the case
already considercd the nominal launch position was required to be at the north pole
of the reference sphere and the target in the meridian of Greenwich only because
the expansion of the geoidal height function was made in the terms of the
functions Y21 (0\) of coladtude 6 (measured from the north pole) and longitude A
{measured from the Greenwich Meridian), and the coefficients a"}“ involved in the
expansion were based on the use of these particular functions. If we wish to
consider a launch point other than the north pole, we can regard the launch point
as the fictitious ‘“north pole” of a new coordinate system and the planc of the
nominal trajectory as the fictitious “Greenwich Meridian™ of the new ccordinate
system. In this new coordinate system, the geoidal height would naturally be
expressed as a function N' = N'(0'\') ot ‘“‘colatitude” 6' and “longitude” X', and
expanded in terms of the functions YT @'\"). The coefficients in this expansion
would be certain constants 8 instead of the o' in the original expansion. If these
constants can be determined, the complex impact crror for the new situation can be
computed, by analogy with Equiuition (32). from the equation

n

p = 2;, > ﬁ:‘Cm (34)
m

where the constunts o' have the same  values that they have for the nominal
trajectory origuiating at the north pole and lying in the Greenwich Meridian.

To carry out this idea, let a represent the longitude of the new launch
point, f its colatitude. and vy the azimuth of the target, measured CCW from the
south, The relation of the new coordinate system (x', y', z' or 8'. ') to that
originally uscd (xy.2 or 8,0) is indicated in Figure 3, while Figure 4 shows how
the “‘colatitude™ 6" and “‘longitude” N of an arbitrary point on thc reference sphere
are related to the true colatitude 0 and true longitude A of the same point. The
surface spherical harmonics Y"j“ (6'X\") in the new coordinate system are related to
thosec in the old system (M. E. Rose, Elementary Theory of Angular Momer.tum,
Equation (4.281)) by the cquation
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RELATION BETWEEN X,Y,Z AXES AND X',Y',Z' AXES
Y 4

\_"
FIGURE 3
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RELATION BETWEEN 6, \ COORDINATES AND
2 8N COORDINATES

FIGURE 4
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[N — g
YRO'N) = T D @By)Ya6.0), 35)

where the functions Dzm have a simple dependence on « and ¥ but a rather
complicated dependence on B. The actual form of these functions will not, however,
be needed. The inverse relationship is

Y™ (0N = sz‘,:m(-'y,-B,—a)Y‘;(O',)\')
which, by virtue of Rose’s Equation (4.21), may be written
Y20 = I Dp, (@8 YiO'N).
The geoidal height expansion (5) can therefore by written as

N(ON) = RZ Zod ZDp,(@8) YE@' )

nm

nkm

=RZZ [z oD (aBy) Y™ (0',}()].
n
This is an cxpansion of the geoidal height in the form
N'@'MN) =R Z Zpryr o'\
nm
and hence

By = BT (@Bm) = ZakD}, @) -

The complex impact error for the case now under consideration can therefore be
written

plafy) =Z Z cg‘akD" @B.y) . (36)

m
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IX. STATISTICAL CONSIDERATIONS

Up to this point, the development of an expression for the impact error has
been entircly deterministic. We might be given at the outset a particular nominal
trajectory and could compute the values of the cI' given by Equation (33) without
regard to the launch position and target azimuth. We would also be given the values
of the of! in the expansion of the geoidal height. A particular launch point would
then be specified by the values of a and § and a particular target azimuth by the
value of v. Using the well-defined functions D:m (o, B, v¥) whose explicit form has
not, however, been displayed, the coefficients ' could be computed. Finally, the
complex impact error would be computed from Equation (34).

Although all of these computations might actually be carried out, we are in
practice often interested in obtaining only a statistical description of the impact
errors for some ensemble of launch conditions. The statistical description which
would be most useful would be to consider a particular target and to describe
statistically the impact errors of missiles launched toward this target from various
points of some limited launch area. If the earth’s gravitational field were known,
but had deliberately been neglected, this problem could be solved by a Monte Carlo
method in which a numerical statistical analysis would be made of the impact
errors, computed as just outlined, of missiles launched from a large number of
randomly selected points within the launch area. Such a computation would be
extremely time-consuming as a result of the large number of nominal trajectories
(many sets of the cI') and the large number of launch points (many sets of the
A1) that would have to be considered to obtain an adequate sample of the impact
errors. Furthermore, the results obtained would apply to the case where the known
field had deliberately been neglected, a situation in which the impact errors could
have been avoided by taking that field into account. By considering a different
ensemble of launch conditions, however, it becomes possible to obtain a statistical
description of the impact errors by a method which is largely analytical and involves
numerical computation to a much lesser extent. Of greater importance, this method
is applicable to the situation where the anomalous field has not been taken into
account because it is not completely known.

The situation considered is one in which a particular nominal trajectory is
chosen; defined, for example, by range and time of flight. Then it is supposed that
missiles are launched from positions uniformly distributed over the surface of the
earth and that, for each such launch point, missiles are launched at targets having a
range from the launch point equal to the range of the nominal trajectory and being
uniformly distributed in azimuth. A statistical description of tlhe impact errors in
such a situation is the goal of the remainder of this report.
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The first statistic to be computed is the expected or mean value p of the

complex impact error p(a,B8,y). This has the value

27 " 2n
- 1 .
p= 3 f : / / p(a,By)sinf dy df da .
a=0 =0 J4=0

frequently be concerned with integrals of this form and adopt the

2n ™ 2n
/ / / f@By)sin dydida = [flafyds.
a=0 =0 v=0

When f(a,8,y) = 1 the integral becomes I dQQ =

We will
abbreviation

Hence

AN
F = 53 feeByan.

From Equation (36) this becomes

_ 1
Pyr)

©
I
oo

=

T gn2

To evaluate the integral, use is made of Rose’s Equation (4.60)

2
6360 w0k, . 37

ID (a,ﬁ,’)’) Dn' '(aﬁ;Y)dn 2 l n
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Now, from Equation (35),
+0
Y0’y = X Dy (@BmYGON) = Dio@BmYs@).

But YO(O A) = V1/4n PO(C0>0) J1/4r and also Yg(B'J\')= V1/4n . so that

Oo(aﬁ v) = 1. Hence, puttmg n =m' =% =0in (37),
§ Dy (@B = e 1535315{; = 8n?5n6m ok

and the cxpression for p becomes

o 1
p =773

87[2 n

w8

Kqn2 kK —
2:]21 Ecg‘an&r 8363‘60 =0

because_n = 2. Since p =0, its real and imaginary parts are also zero and
6D = 6C = 0. Hence, the mean values of the down-range and cross-range
components of the impact error are both zero.

The remaining statistics to be computed are the variance §D® of the
down-range impact errors, the variance §C? of the cross-range impact errors, and the
covariance 8D < 8C. In terms of p and its conjugate p, the down-range and
cross-range components of impact error are

1
S 8D = +5(p+p)

i
SC=-=(p-p).
C 2(9 p)
Hence

1 .
§D? = + Z(p+ﬁ)(p+p)
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|
8C? = - 2P~ Yo~ )

i -
8D 6C = - z(p+ﬁ)(p- p)
so that

57 = + =rf0+ BN +FMR

3272
S~ 1
5C? = -—— [(p- D)p - 5)dQ
C 3om f(p p)p - p)d
§DBC = - ——( (0 +F)(p - HYIR

The reduction of these expressions to the desired forms follows the general pattern
used in reducing the expression for p. The computations are tedious but offer no
special difficultiecs. The properties of the ng(a,ﬁ;y) that must be made use of are
Equation (37) and

8m?
2n+ 1

[Dg @By) DY (efy)dQ = (- DF sn.6m 8K, ..

km

This last cxpression is obtained by replacing m' and k' in Equation (37) with -m'’
and -k' and then applying Rose’s Equation (4.22) to substitute

' kl_ ,——'—-4——-—
Dr—]k"—m'(a’ﬁ"y) = (_l) m Darmr\aﬁ"y).
As a result of these operations it is found that

§D?

5CT = b k
" (38)
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where the real positive quantities

R? +n
k = —

n 4n me-n

oo (39

are the so-called “degree variances” of the geoidal height. The quantities a, and b
depend only on the nominal trajectory and are given in terms of the e of
Equation (33) by

_ 2 1 +n _
S E eI GRS

2n 1 +n
b = = m {m _ (_1ym .-m
n R? 2n+1 m':a—ncn [c“ D C“] )

Using the expression for the cI' derived earlier, these sums can be expressed as
sums over non-negative values of m with the results

1
g5+ S n(n+ gl + uR" (g1 +g, 1))

an =
+“2R2(n—l) (10)2 ) % M (]m)2
n mel(n+m) P (40)
1
b, = Jn(n+ 1gj +2uR" (g, J})
(n- m)!
+p2R2(n-1) 5 3 MZME pp
¢ m=1(n+m)! U

To compute the a, and b, for a specific trajectory it is necessary first to
obtain r and 0 as functions of the time; then to integrate the adjoint Equation (11)
to obtain the constants 81> &, By and the functions f1 (t), fz(t), f3(t); and. finally,
to evaluate numerically the integrals I" and J©' in (30). The most difficult part of
this task is to compute the associated Legendre functions PJ'(cos @) for the values
of 6 = 0(t) occurring along the trajectory. Some preliminary computations of these
functions for large values of n (and m, since 0 < m < n) suggested that the
computations could be performed more accurately in terms of the normalized
functions P (cos @) (the bar here denotes normalization, not complex conjugation,
the latter process not being involved in any of the subsequent operations) defined
by
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o= 2n+1 (n-m)!
il 2 (n+m)! "

When these functions are introduced it is found that Equations (40) can be written
in the forms

1 — o
gl + Znn+ 1)g +2uR"" (g, 19 +gl\jn(n+ RIS

i B
+#2R2(n-1)[(l—6)2+2 ¥ (l_m)2:|
n m=1 0
41)
l =,
b, = Jn(n+ 1)g2 + 2uR™" 1 (g, Vaen + i)
+M2R2(n-l)[2 3 (J—m-)2:|’
m =1 z
where the  ‘“normalized” integrals I_m and E are defined by

lm —\rn-m)'/(n+m)' M and J "\,(n m)'/(n+m)‘ JO and may be written

in the forms
J7n+1f m+2 fl(t)(mcot() P’"- ne- m)(n+m+])Pm+l)

- f (t)(n + l)Pm]dt

=== 2 1 =
=\J2n+l f 2 f,(tymcesc @« P dt.
t
0

In computing the integrand functions the factors cot® and csc would be
expected to cause difficulty with the small values of 6 occurring near the launch
point, except for m = 0 when the terms involving these factors are absent. But for
m # 0 the P:‘(cos 0) carry sin@ as a factor and the products cot@ * P? (cos @) and
csc @ - P:‘(cos 0) remain finite as 6 approaches zero. To make use of this fact,
another set of functions

6'_:(cos 6) = csc --lf‘(cos())
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is defined (these functions should not be confused with the Legendre functions of
the s_econd kind). Th_e integrals then become

- rT rT 1 _
® e & l:f‘(t)(mcoso'Qnm"‘J(n-m)(n+m+l)-i-’,,"'_+.i)
7 =‘/_2‘“ Lt (mQPdt
n 2n+lJt0 M*272 o .

The values of the F:‘ are needed for 0 < m < n and the values of the a:l“
are needed for 1 < m < n._For each value of § occurring along the trajectory, the
values of the P?' and the QM were computed by the following recursion schemes:

For values of 0 < n< Nand 0 <m < n,

1 L 3
0 - 2 - |_
P0 = Nea P°l = 2cost9

1 —— n-112n+]
n= 2’3’000’N Fﬁ‘ = ‘1'1' J(2n- 1)(2n+ I)COSG 4 Pg_] - n 2n_ 3 n-2
= n+] | =T
n=12-N n = sing + P~ 1

: . - J2n+1
n - 2’3,-nl’b‘. Pz l - n

—_ 2n-1 |(2n+1)}n-m)
= M = se e m = . m
m l1:n=34.,N B2 - ’(2n- Dn+m cos§ - PT_,

L _n- 1 1@n+1)(n-m}n-m- 1) =
m=2:n 4,5, ’N n (2n— 3)(n+m)(n+m' ]) Pn—2

n-1 [2n+1
n 2n- 2

sin@ * P;‘:’l

cos@ ° Pg:li +

2n- 1 2n+ 1 —_—
=N-2: = N + : o.Pm-l
= n n P dn- DotmaAm-1 Y -l
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m

m

For values of ]l € n< Nand 1 € m < n,

— 3 — (15
Q}=J; Q;=—2-cos0

— 2n-1 ’(2n+l)(n—l) —
=] 7 LN — . l
2,3,°+*,N Q —_— (2n- Dn l)coso Qn_l

=

n Cn+1)n - 1)}n-2) ——
n- 1 (2n-3)n+1)n "2

— +1
= 2,3, N Q@ = 2"2n sing - Qn-1
Ve ST, nel (AL o
=34, N Q:‘l = nn ! coso-Q::}+ LR -g:—zsine'Q:’l:l
- .
_ _ — 2n-1 [(2n+1)(n- m)
=2:n=45-N Q© = " Gn- 1)(n_ﬂn)cosﬂ QT

_n- 1 [2n+1)(n-m)n-m-1)
n (2n-3)Yn+m)n+m-1)

Q-

2n-1 2n+1
=N-2:n=N : ing 0"
. n ﬂZn— 1Xn+m)n+m- 1)sm Q-
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X. TRAJECTORY COMPUTATIONS

For the trajectory computations it was assumed that the missile consisted of
two powered stages, designated as Stages 1 and 2, and a reentry body designated as
Stage 3. The gross characteristics of the threc stages are listed in the following table

Stage Initial Mass Rate of Mass Thrast Cross-Section
Decrease Are:t
(kg) (kg/sec) (newtons) (m?)
| 73754.0 795. 2035200. 6.132
2 93300 105. 286230. 2.775
3 72.1 0. 0. 0.117

The first stage was assumed to burn for a fixed tim: of 75 sec and the second
stage for a variable additional time T, from 0 to 65 sec. To avoid censidering
details of the guidance system, it was assumed that the trajectories are zero lift in
which the only aerodynamic force is the drag acting in a dircchon opposite to the
velocity and the thrust (for the first two stages) acting in the sarie dircction as thie
velocity. The vertical velocity at launch (ty = 0) was taken as 20 m/sec and the
horizontal velocity at launch, V., was given a value wn the range 0-4 m/se. By
varying the initial horizontal velocity and the burning time of the second stage. a
family of trajectories having various ranges and total times of flight is obtained.

Drag data for the three stages were given initially in the form of tables of «rag
coefficient Cy vs. Mach number M. These values were fitted with Walton-Shanks
formulas of the form

Cp = (1 +AQ)+(1 - 1)BQ)
AQ) = Aj + AN +AN

B(\) = By +B,\
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Jo-pnT+p
M2 - &
M2 + &
The constants have the following values.
Stage 1 2 3

o +8.8212-01 +1.0808-00 +8.174101
g8 +1.0618-02 +2.5982-0: +2.2353-05
Ay +1.7087-01 +2.0935-01 +2.3078-01
A -3.2897-02 -9.6134-02 -3.0271-02
A, -1.4217-02 +2.1966-02 -1.3220-01
B, +2.7938-02 +1.0241-02 +1.5429-01
B -2.0284-03 -1.2650-02 +1.7857-02

—

The derivative C;)(M). required in integrating the adjoint equation, is obtained by
differentiating the Walton-Shanks formula,

The atmospheric density and speed of sound as functions of geopotential
altitude  were taken from the tables of the U. S. Standard Atmosphere with the
following modifications. For geometric altitudes greater than 90,000 meters, the
Standard Atmosphere is defined in a different and more complicated manner than it
is for lower altitudes. To allow a uniform mode of computation to be used at all
altitudes, this portion of the Standard Atmosphere was altcred slightly. However, the
density at these altitudes is so small that the change has a negligible effect on the
results.  Another change made in the Standard Atmosphere was to replace the
polygonal function defining the molecular scale temperature T, as a function of
geopotential altitude by an eighth degree polynomial giving 1/Ty, as a function of
geopotential altitude. With these changes, the derivatives p'(h) and a'(h) required in
integrating the adjoint equation could be obtained analytically. The atmospheric
density was taken as zero at geometric altitudes = 150000 meters.

The trajectory computations were made with a fourth order Runge-Kutta
integration scheme. The time  increments were taken as follows: 0.25 sec from
t=0 to t=35sec, 1.25 sec from 5 sec to 75 sec, 5 sec from 75 sec to an
altitude  of approximately 150,000 meters, and 0.25 sec from that point unti!
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impact. One exception to this scheme occurs at the termination of sccond stage
thrust, where two smaller intervals whose sum is 5 sec were used to allow thrust
termination to occur at an arbitrarily chosen time.

Using a set of arbitrarily "chosen ‘“even” values of T, and V,, a family of
trajectories was computed having the ranges and times of flight plotted in Figure 5.
Using numerical values of partial derivatives obtained from these trajectories, values
of T, and V, were derived by an iteration process to produce the final 45

trajectories listed

following table.

In this

time-of-flight in seconds and R the range in nautical miles.

table

T denotes the

T R T, v,
1280 0 28.68013141 0.00000000
500 29.75426850 0.55712446

1000 32.78836295 1.11086563

1500 37.29593791 1.65948124

2000 4267621520 2.20437465

2500 48.40687876 2.75286094

3000 54.23841118 332571427

1600 0 43.16535414 0.00000000
500 43.58334483 0.41185108

1000 44.79389359 0.82380098

1500 46.67771033 1.23624173

2000 49.06795304 1.65010040

2500 51.78537344 2.06705416

3000 54.67051088 2.48996986

3500 57.61244696 2.92502477

4000 60.59935459 3.38334173

1920 0 5221427363 0.00000000
500 52.40753281 033187979

1000 52.97353510 0.66433233

1500 53.87333100 0.99799642

2000 5504924451 1.33362982

2500 56.43370819 1.67215207

3000 5795835115 2.01467201

3500 59.56213362 2.36260283

4000 61.19814676 2.71812983

4500 62.84295251 3.08608459

5000 64.52198318 3.47026982
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b R T, vy

2240 0 58.22928795 0.00000000
500 58.33024376 0.28248605

1000 58.62760481 0.56551324

1500 59.10555530 0.84963652

2000 59.73994425 1.13543461

2500 60.50114277 1.42351394

3000 61.35721867 171450737

3500 62.27702102 2.00907542

4000 63.23288008 2.30793586

4500 64.20281645 2.61201070

2560 0 62.44253642 0.00000000
500 62.50011875 0.24938435

1000 62.67025943 0.49920811

1500 62.94540583 0.74991005

2000 63.3138121] 1.00192618

2500 63.76065880 125568501

3000 64.26937279 151159996

3500 64.82298548 177006024

For all of these trajectories, the thrust is terminated at an altitude greater than
150,000 meters, justifying the assumption that the non-gravitational acceleration is
zero from the time of thrust termination to reentry. For each trajectory the
position and velocity components at the time of impact were used in formulas (12)
to obtain the values of a and b which were required later to compute the constants
8> 8,, 8 of Equations (27) and the functions f, (), fz(t), f3 (t) defined by
Equations (29).

To allow the integration of the adjoint equation it would, in principle, be
nccessary to retain from the integration of the nominal trajectory only the values of
r(t) and 6(t) for ty St < T, but it is more efficient to retain the values of r,
sin 0, cos @ (O itself is not actually required), siny, cosy, D, m, and v. In addition,
although not actually required during the integration of the nominal trajectory, the
values of P and Q are computed from Equations (8) and retained for use during
the integration of the adjoint equation.

The adjoint equation is solved by a Runge-Kutta integration (backwards in
time) using an integration step of 0.5 sec from t = T to a time near that of
reentry and a step size of 10 sec from there to the time of launch. This integration
gives Y(t,T) for T=2t =2 to and hence X(T,t) = YT(t,T) for to < t<T. As a
check on the solution of the adjoint equation, it was solved for the trajectory
T = 1920 sec and R = 3000 nautical miles and the final matrix X(T,to) printed
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out. Then the nominal trajectory program was rerun and the values of the
non-gravitational acceleration components stored in the permanent file. Trajectories
were * then run with varied initial conditions where, instead of computing the
n‘on-gravitational acceleration components, they were read from the permanent file
for the times prior to reentry and computed anew from reentry to the time of
nominal impact. From the differences between the position and velocity components
at the nominal time of impact for the varied trajectories and the nominal trajectory,
it was possible to compute numerical values of 16 of the 20 non-zero elements of
X(T, ty). The rcmain}ng four non-zero elements could not be obtained by this
method because the trajectory program did not allow out-of-plane variations of the
initial conditions. The values of the 16 non-zero elements of X(T,t,) agreed with
those obtained from the solution of the adjoint equation to four or more significant
figures.

When this method of checking was first attempted, the polygonal T, function
of the Standard Atmosphere was in use and the two methods gave results agreeing
to only one to three significant figures. It was for this reason that the polynomial
approximation to 1/T,, was adopted, since this eliminated the discontinuities in the
derivatives occurring with the polygonal function. A similar difficulty might have
been experienced by employing the tables of drag coefficient originally available, but
the use of the Walton-Shanks representation of the drag coefficient at the outset
avoided the problem.

In the integration of the adjoint equation, 36 elements of the X(t,t;) matrix
are determined (16 of which are zero), but not all of these are required to
compute the a and b . The elements actually required are those appearing in the
functions f,(t), f,(t), f4(t) defined by Equations (29) and those (for t = t;, only)
appearing in the constants of Equations (27). These values were stored in the
permanent file for later use in the computation of the a and b . The values of r,
sin@. cosf which had been developed during the integration of the nominal
trajectory and used during the integration of the adjoint equation were also put in
the permanent file along with f,(t), £, (1), f3(t).

The major part of the_computation of the a  and b, consists of the evaluation
of the integrals IT" and JT. This was done by Simpson’s Rule, using a 10-sec
internval. In this stage of the computation it was convenient to replace r, the radius
vector of the missile, by the normalized value r/R, with R the radius of the
reference sphere; to take R = 1 in the formulas (41) for a and b ; and to express
p in these equations in units of (reference sphere radius)®/sec?. The values of
fi S, (1),f3(t), 1, sinB, cosf required to evaluate the integrals were read fiom the
permancnt file created during the integration of the adjoint equation. A subroutine
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of the program for computing the a, and b, employed the recursion_formulas
which have been presented earlier for the computation of the PT' and the Q.

To allow a break-down of the total errors into navigation and in-flight errors,

a, and b in Equations (41) are written in the forms

4 = aln +azn +a3n +a4n

where
aln = gg
1 2
a, = En(n+ gy
2 = 2;.1R“‘1(g376-+gl Jdn(n + l)fI)
= 2 2(n-1)
S RERIY
b, = by, +b;, +b,,
where

= I 2
byy = 50(n+ D]
3n = 24R" (g, Jn(n+ 1) J})
—\2
= y2R2( -1)|— 5
by = w00 £ ().

An examination of the origins of these terms shows that if the effect of in-flight
errors only is to be computed, then a, should be taken equal to a, and b, equal
to b,,. If the effect of navigation errors only is to be computed, then a_  should
be taken equal to a, +a, and b, equal to b, . The effect of navigation errors
only can be further broken down into the effect of horizontal errors only
(an =a,, and b =b, ) and the effect of height errors only (a, = a,, and

= 0). It will be noted that a0 A5, 84, byns by, are necessarily positive
whereas a;, and by are not. These last_two values represent the effects on the
total mean square lmpact errors !SD2 and gEf of correlations between the navigation
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and in-flight effects. If a, ~and b, are zero, the total effect is the statistical sum
of the separate nav1gatlon and 1n-ﬂ1ght effects. If a; —or by, is positive, the
navigation and in-flight effects (for the corresponding component of impact error)
tend to reinforce one another and if negative tend to cancel one another.

To allow all of these effects to be evaluated separately, if desired, the program
for computing the a, and b, for each trajectory stores on magnetic tape the value
of a,, (actually independent of n) and for each value of n, 2 € n € 174, the
values of a, , a; . a, , by, by b, .. All of these quantities are dimensionless, so
that when they are used in Equations (38) the resulting values of 51‘)7 and 6C
expressed in the same units as the degree variances k . The maximum value of

= 174 was imposed by the core storage available in the CDC 6700 Computer.
The results therefore reflect the influence of geoidal height wavelengths greater than
about 120 nautical miles. The value of n could be increased, and the influence of
shorter wavelengths represented, by modifying the a, and b, program to utilize the
disk storage. This in itself would be expected to increase the already long running
time of the program and it would be increased to an even greater extent as a result
of the larger value of n, since the number of values of the PI' and Q’“ that must
be computed is approximately proportional to n?
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XI. NUMERICAL RESULTS

As an cxample of the computation of impact errors from Equations (38), the
degrce variances k= (in meters?) have been computed from the empirical formula

e-b(n-2)
LR )

with the numerical values a = 6510, b = 0.00117, ¢ = 1.058. This formula and the
values of the parameters have been obtained by E. D. Ball as preliminary results of
a study now in progress on the combination of satellite and surface gravity data.

The following table is a listing of the results obtained for the trajectory having
a range R = 3000 nautical miles and a time of flight T = 1920 sec. Similar listings
have been produced for all 45 trajectories used in the study. To interpret the
listing, consider the last three entries (NAV AND IN-FLIGHT) in the last line
(n = 2). The value RMSD =\/g§f = 122.31 meters is the root mean square
down-range impact error that would result if the actual field of the earth had
degree variances given by formula (43) (for 2 < n < 174, the higher degree
variances being zero) but only the normal_ field were taken into account by
navigation and guidance. The value RMSC = N6C* = 89.90 is the root mean square
cross-range i ct error under the same conditions. The value
RMSR =J6D2 +£5C3 = 151.80 is the root mean square radial impact error. All
values of RMSR in meters can be converted approximately into circular probable
errors in yards by the expression CPE(yd) = 0.91 RMSR(m).

Under IN-FLIGHT ONLY the entries RMSD = 244.66, RMSC = 126.30,
RMSR = 275.34 are the errors that would result if the actual field were the same
as before and if navigation accounted for this field completely but guidance used
only the normal field. Under ALL NAV ONLY, the entries RMSD = 145.64,
RMSC = 49.20, RMSR = 153.72 are the errors that would result if the actual field
were again the same and if guidance accounted for this field completely but
navigation used only the normal field.

The navigation only errors are further broken down in the remaining entries.
Those headed NAV HEIGHT ONLY are the impact errors which would result if
navigation took into account the vertical deflections of the actual field but failed to
account for the geoidal heights. Those headed NAV HORIZ ONLY are the impact
errors which would resuit if navigation took the geoidal heights of the actual ficld
into account but neglected the vertical deflections.
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For the preceding rows of the listing the actual field is again assumed to be
that represented by the k for 2 < n < 174 and the impact errors result from the
omission in the gravity computations of terms of degreec n greater than or equal to
that indicated in the first column; this omission occurring everywhere, in guidance
only, etc. ‘

The radial impact errors for all 45 trajectories resulting from the omission of
alt terms n = 2 are represented in the crror contour charts of Figures 6-10. For
given values of R and time of flight T the total radial impact error (in meters) and
the contributions to it can be read from these charts.

An interesting conclusion  concerning navigation errors can  be drawn  from
Figures 9 and 10. The sketch of Figure 11 represents the superimposed 40 meter
error contours from these two charts. For points to the right of the more vertical
contour, the neglect of geoidal heights by navigation produces radial impact errors
greater than 40 meters. For points to the left of the looped contour, the neglect of
vertical deflections by navigation produces radial impact crrors less than 40 meters.
Hence, in  the shaded arca the neglect of geoidal heights makes a  greater
contribution to the impact error than does the neglect of vertical deflections. By
plotting the intersections of corresponding contours in Figs. 9 and 10 and joining
the points with smooth curves, as in Figure 12, a region is delincated within which
the neglect of geoidal heights makes a greater contribution to the impact error than
docs the neglect of vertical deflections. This region covers a large part of the arca
representing possible combinations of range and time of flight.

T
(s9¢)
3uuo

2300
20004

18004

1000
800
° 800 1000 1800 2000 2500 3000 3500 4000 4500 3000
R (Naut Mi )
FIGURE 11
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At present the navigation system is compensated for vertical deflections in areas
where the data are available, but transmits to fire control no output of height
above the reference cllipsoid, for which data on geoidal heights would be necessary.
Fire control makes some allowance for geoidal height in the computation of target
offsets due to tesseral gravity, but makes no allowance for variations in launch
depth.

The height of the submarine above the ellipsoid (or depth below it if
height < 0) is just as truly a navigation quantity as arc the coordinates of latitude
and longitude and should properly be accounted for by fire control and missile
guidance as one of the three components of initial position, instead of being only
partially accounted for in the target offscts.

3006

2500

DEFLECTICH EMACAS PRCDCMINATE

2000 § ALESTICHERLE

GEDIGM, HMIIGHT EAMORS PREDOMINATE

T
{sec} -
1so% Yo

BEFLEETOR = _ _ _
| EMhiss FEDOMINATE T
1000 f

CNTHAROLATION
GUESTRIRARLE

som

FIGURE 12

It would appear that a comparatively minor modification of the navigation
system would allow it to produce and transmit to fire control the height of the
submarine above the reference cllipsoid. Figure 13 illustrates the computations
involved in a threechannel inertial navigator which employs data from the
clectromagnetic log to control crrors in the horizontal channels and data from the
depth gauge to control crrors in the vertical channel, the latter in such a manner as
to producc an output of hcight above the reference ellipsoid. The method shown of
introducing log data is identical with that now cmployed in the MK 2 MOD 6
SINS. Also. the method now in use to introduce vertical deflection data into the
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SINS is practically equivalent to that indicated in Figure 13, the stored and
interpolated values of the deflection components being equivalent to the g, and g,
outputs of the Gravity Computer. The MK 2 MOD 6 SINS also includes an
incompletely instrumented vertical channel which is stabilized by the depth gauge
and produces an output of ver_tical velocity v, Which is transmitted to fire control,

but no output of height h.

This incomplete vertical channel can be regarded as an approximation to that
shown in Figure 13. In the approximate instrumentation the Geoidal Height
Computer is omitted (equivalent to taking N = 0) and the output of the second
integrator in the vertical channel represents approximately the height of the
submarine above the geoid, but is not transmitted to fire control. By including the
Geoidal Height Computer in the manner indicated in Figure 13, the output of the
second integrator would represent height above the ellipsoid and could be
transmitted to fire control. Use of this value in the initial position computations
would account in the theoreticaily correct manner both for geoidal heights and for
variations in launch depth.

The Geoidal Height Computer would in practice consist merely of a means of
storing and interpolating geoidal heights at a set of grid points, exactly similar to
the method now used for the vertical deflection components, and could be
implemented by storing the geoidal heights on the same tapes as the vertical
deflections and subjecting them to the same interpolation process. Furthermore, the
basic data required to produce the table of geoidal heights is identical with that
required to produce the tables of vertical deflection components, and the
computations are very nearly the same.
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XII. SPECIALIZATION TO A PARTICULAR LAUNCH AREA

In introducing the statistical treatment adopted in this report it was admitted
that a more useful statistical description of the impact errors would be one for
which a single target is considered and the launch points are uniformly distributed
over some limited launch area. It seems possible to utilize the statistical treatment
which has actually been cmployed to obtain results which are in some respects
representative of what would be expected in this more realistic situation.

This extension rests, first, on the observation that the initial position errors
depend on the geoidal height and the vertical deflection components at the launch
point and, second, on the fact that the in-flight errors depend principally on the
geoidal heights over an area which does not extend very far from the launch point.
Three reinforcing factors contribute to the truth of the latter statement. First, the
effects of the short-wavelength variations in geoidal height which might distinguish
one launch area from another are attenuated more rapidly with height than are the
effects of the long-wavelength variations and, hence, would be most significant near
the launch point and near the target. Second, disturbances of the gravity field near
the launch point make a greater contribution to the impact error than do similar
disturbances near the target because the missile is moving more slowly near the
launch point and is affected by the disturbances for a longer time. Finally, a
velocity error produccd by a disturbance early in flight has a longer time to act
than does a similar velocity error produced late in the flight.

For these reasons it is plausible to assume that the impact errors would not be
much different if the disturbances of the gravity field were limited to an area near
the launch point than they would be if similar disturbances extended over the entire
carth. Hence, the statistical treatment which has been employed in this report can
reasonably be interpreted as applying to a specific launch area by employing a set
of degrec variances k= which would characterize the geoidal heights over the entire
carth if the entirc carth were as “disturbed” as is the launch area. There are several
objections to this procedure. some of which are unavoidable. First, the
short-wavelength variations in geoidal height would produce navigation ve.ocity errors
which might be more important than the navigation position errors. Although
navigation velocity errors have not been considered here, it seems possible that they
could be included and this objection avoided. A second and unavoidable objection
to this method lics in the fact that the statistical treatment employed in this report
necessarily leads to the conclusion that the mean impact error is zero, anc this is
almost certainly not the case for missiles launched toward a single target from
points of a limited launch area. Finally, and also unavoidably, is the difficulty of
quantifying the idea of ‘“near the launch point” and obtaining a set of degree
variances which would adequately describe the geoidal heights in such an indefinite
area.
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It seems worthwhile to digress here to emphasize some fundamental differences
between the statistical methods used in this report and the more elaborate
techniques which have been used in some previous studies of missile impact errors.
These other studies have extended to the treatment of in-flight errors some methods
which have been widely employed in navigation error analysis. In these methods, the
incomplete or approximate knowledge of the geoidal height function (or other
gravity-dependent quantities: gravity anomalies, deflections, etc.) has been represented
by modeling the geoidal heights (e.g.), as a stochastic process on the sphere or,
more often, in the plane. This view is expressed in Heiskanen and Moritz’s Physical
Geodesy by the statement, “It should be mentioned that the mathematics behind
the statistical description of the gravity anomalies is the theory of stochastic
processes. The gravity anomaly field is treated as a stationary stochastic process on
a sphere *»+”. More recently Moritz (The Role of Statistical Techniques in the
Determination of the Earth's Gravitational Field, International Symposium, 26-30
November, 1973) appears to have modified this point of view by saying “Therefore
Moritz proposed to use, instead of an interpretation as a stochastic process, an
interpretation in terms of a covariance analysis of individual functions +*+ . This also
takes into account that in reality there is only one individual earth’s gravity field
and not a phase space of many such fields.”

The elementary statistical methods of this report seem to be more consistent
with Moritz’s recent views than do those of many previous studies. In particular, the
degree variances are regarded here not as statistical quantities (ensemble averages) but
merely as a partial description of a completely deterministic (although possibly
unknown) geoidal height function. The only properly statistical concepts employed
here arise from the consideration of an ensemble of launch points and targets.

Thus, it scems impossible to obtain a completely satisfactory statistical
description of the impact errors occurring when missiles are launched toward a
specific target from a limited launch area, except in the case when the gravity field
is completely known and the statistical description is unnecessary (cf. Heiskanen and
Moritz, in a somewhat different connection, “This we obviously do not know; and
if we knew it, then the covariance function would have lost most of its significance,
because then we could solve our problems rigorously without needing statistics.”)
With the understanding that it is practically impossible to solve in any precise
manner the statistical problem posed by a limited launch area, it nevertheless seems
possible to obtain plausible results by adopting a set of degree variances which
would constitute a partial description of the geoidal heights of the entire earth if
the entire earth were “as rough”, in some intuitive and imprecise sense, as is the
launch area under consideration. It is planned to make such computations by
modifying the valyes of the parameters involved in Equation (43) after some of the
topics discussed in the next section have been investigated.
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XIll. LIMITATIONS AND POSSIBLE EXTENSIONS

The preceding analysis and the numerical results have been based on the
assumption that the ship remains stationary at the launch point, with the result that
the navigation velocity errors are zero. Retaining the maximum value of n = 174
that has been used, it would probably not be difficult to extend the analysis and
results to include velocity errors for ship’s speed below about 10 knots. This follows
from the fact that for n < 174 the shortest wavelength of geoidal height which is
taken into account is about 120 nautical miles. For a ship’s speed of 10 knots, this
distance would be traversed in 12 hours and the vertical deflections affecting the
navigation system would have this period, or a frequency of about 0.5 rad/hr. This
is so far below the Schuler frequency of about 4.5 rad/hr that the vertical
indication established by the navigation system is essentially coincident with the
plumb line. Hence, the navigation position errors could be computed as before.

The navigation velocity errors in this case would be simply related to the
changing direction of the plumb line relative to the geodetic vertical, as influenced
by the speed of the ship, and might be accounted for rather easily. The only
complication which would be expected to be encountered in this process would
become evident in the situation first considered: the nominal launch position being
the north pole of the reference sphere and the target in the Meridian of Greenwich.
To discuss this complication it is assumed that some constant ship’s speed, say
10 knots, will be adopted throughout the investigation and that, if necessary, all of
the results will be recomputed for some different ship’s speed. Thus, the speed of
the ship is not regarded as a parameter in what follows. An additional parameter
does, however, enter the problem, for as the ship crosses the north pole it may be
moving south along any meridian; that is, the velocity of the ship may form an
arbitrary angle 8 with the direction to the target, and the navigation velocity error
would depend on this angle.

Once the initial velocity error has been determined, there is no difficulty in
computing the resulting impact error, since this would depend on the elements of
the last three rows of the matrix X(T, ty). These elements were actually computed
in deriving the results which have already been presented, but were not used to
obtain those results.

When an arbitrary launch position and target azimuth are considered. it
becomes necessary also to consider an arbitrary value of §. The complex impact
error p(a8,y) of Equation (36) would then become p(a,8,y,8). To generalize the
earlier statistical treatment it would now be necessary to form ensemble averages
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over all values of the four parameters «,y,0; instead of over values of only the
three parameters involved previously. It has not yet been determined whether it will
be possible to carry out these operations.

Assuming that the extension of the analysis just outlined can actually be
made, it would still not be adequate to treat the case where the speed of the ship
i~ much in excess of 10 knots, or even the 10-knot case if values of n much larger
than 174 are to be considered. In both of these cases the frequency components of
the vertical deflections would lie so close to the Schuler frequency that it would be
necessary to account for the transient response of the navigation system to vertical
deflections. It is expected that the height and vertical velocity errors would not be
significantly affected by the speed of the ship as a result of the strong control over
the errors of the vertical channel exerted by the depth gauge.

It has alrcady been stated that increasing the maximum value of n beyond
174 would be expected to increase the computing time very substantially. This
mcrcase comes about principally in computing a,, and b, of Equations (42), to a
lesser extent in computing a; . and b, , and not at all in computing a, , b, , and
a;,- An cxamination of a, and b, as functions of n < 174 for one trajectory
shows that they increase almost linearly with n. It therefore, seems possible that
these quantities could merely be extrapolated to much larger values of n with
checks of the extrapolation being made for only a few of the 45 trajectories by
actually computing a,, and b, . The behavior of a, and b, appears to be more
complicated but, if an extrapolation cannot be employed for these quantities, it
wouid not be difficult to compute them at length, since the time required is
approximately proportional to n rather than n? as for a,, and b, . It might be
mentioned that the accuracy of such extrapolations could be rather low because the
degree variances k- of any reasonable geoidal height function decrease so rapidly
with increasing n.
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