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The long-term obje
tive of the resear
h program of whi
h this proje
t was a part is to provide pres
rip-

tive guidan
e for generating meshes for full air
raft 
on�gurations that will redu
e solution error for a given

number of degrees of freedom 
ompared with meshes generated using today's best pra
ti
es. To a
hieve this

goal, we must be able to identify features in unstru
tured meshes that have an adverse e�e
t on solution

quality for 
ommonly used numeri
al methods for 
omputational aerodynami
s and we must develop te
h-

niques to modify meshes to redu
e those e�e
ts. During the term of this sponsored proje
t, we proposed to

take the �rst step: identifying mesh features that negatively impa
t the a

ura
y of 
ommon dis
retization

s
hemes, in
luding identifying whi
h dis
retization approa
hes are parti
ularly sensitive to variations in mesh

properties.

This report summarizes the work 
ompleted during the term of this award. Full details 
an be found in

the publi
ations 
ited; any that are not readily available online 
an be obtained by 
onta
ting the PI.

1 Trun
ation Error Analysis

To quantify the intera
tions between mesh and solution s
heme, we relied on analyti
 a

ura
y analysis of the

trun
ation error, whi
h is de�ned as the di�eren
e between the 
ontinuous partial di�erential operator and its

dis
rete equivalent. Analysis of trun
ation error for stru
tured meshes is based on Taylor series analysis. This

analysis approa
h, whi
h is appli
able to �nite di�eren
e, �nite volume, and �nite element methods alike, is

based on the underlying assumption that the solution is smooth and therefore well represented lo
ally by a

Taylor series expansion. This assumption is a property of the solution, not the mesh, and so the approa
h

should extend to unstru
tured meshes. This se
tion gives a brief outline of how this 
an be done for �nite

volume methods. For simpli
ity and 
ompa
tness, dis
ussion here will fo
us on linear model problems in two

dimensions, whi
h 
an be written as

∂U

∂t
+ L (U) = 0,

where L (U) is some linear spatial operator that an be written in �ux divergen
e form: L (U) = ∇ · ~F . This

PDE 
an be dis
retized in spa
e using the �nite volume method and written as

dU i

dt
= −

1

Ai

˛

i

~F · n̂ dl (1)

where U i is the 
ontrol volume average of the solution in 
ontrol volume i, and the right-hand side of the

equation is the dis
rete �ux integral around the two-dimensional 
ontrol volume. The 
omputation of the

�ux integral is the key step in determining spatial a

ura
y for �nite volume methods; regardless of the

∗
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order of a

ura
y of the s
heme, the �ux integration pro
ess produ
es a linear 
ombination of 
ontrol volume

averages:

dU i

dt
= −

∑

j

aijU j (2)

The 
oe�
ients aij are the entries of the global �ux Ja
obian matrix and will depend on both the problem

and the dis
retization s
heme. However � for a linear problem � the aij are stri
tly geometri
 terms

and therefore depend only the mesh topology and geometry in the neighborhood of 
ontrol volume i. In a

stru
tured mesh 
ontext, this sum would be readily re
ognizable as a 
olle
tion of dis
rete spatial derivatives.

For unstru
tured meshes, the sum is again a 
olle
tion of dis
rete spatial derivatives, but mu
h less easily

re
ognizable, espe
ially for general sten
ils or for higher-order s
hemes.

To determine the spatial a

ura
y of the s
heme, we must evaluate how a

urately the sum in Equation 2

approximates the 
ontrol volume average of the linear operator L (U) over 
ontrol volume i:

TEi =
1

Ai

¨

i

L (U) dA−
∑

j

aijU j . (3)

As written, the trun
ation error is a 
ombination of di�erential and dis
rete terms. These 
an both be written

in terms of derivatives of the solution at the referen
e lo
ation ~xi for 
ontrol volume i.1

To begin this pro
ess, we write the 
ontrol volume average φi of a smooth fun
tion φ as

φj ≡
1

Aj

ˆ

j

φ(~x− ~xi) dA = φ|i +
∂φ

∂x

∣∣∣∣
i

x̂ij +
∂φ

∂y

∣∣∣∣
i

ŷij

+
∂2φ

∂x2

∣∣∣∣
i

x̂2
ij

2
+

∂2φ

∂x∂y

∣∣∣∣
i

x̂yij +
∂2φ

∂y2

∣∣∣∣
i

ŷ2ij
2

+ · · · (4)

where the geometri
 terms in this equation are of the general form

x̂nymij ≡
1

Aj

ˆ

j

((x− xj) + (xj − xi))
n
· ((y − yj) + (yj − yi))

m
dA

=

m∑

l=0

n∑

k=0

m!

l! (m− l)!

n!

(n− k)!
(xj − xi)

k
· (yj − yi)

l
· xn−kym−l

j

This general form 
an be used dire
tly to repla
e the 
ontrol volume averages U j in Equation 3 with a linear


ombination of derivatives of the solution at ~xi. For the 
ontrol volume average of the linear operator, we

simplify the general 
ase to give a 
ontrol volume average in i:

φi ≡
1

Ai

ˆ

i

φ(~x− ~xi) dA = φ|i +
∂φ

∂x

∣∣∣∣
i

xi +
∂φ

∂y

∣∣∣∣
i

yi

+
∂2φ

∂x2

∣∣∣∣
i

x2
i

2
+

∂2φ

∂x∂y

∣∣∣∣
i

xyi +
∂2φ

∂y2

∣∣∣∣
i

y2i
2

+ · · · (5)

Equation 5 
an be applied to ea
h of the terms in L (U) to evaluate the integral term in the trun
ation error.

1.1 Interior S
hemes

We have applied this approa
h to study the intera
tion between mesh quality and solution dis
retization

s
hemes for several model problems. Our initial work fo
used on di�usion operators, be
ause of the wide

range of s
hemes in 
ommon use for su
h problems [6, 5℄. We used the mesh fragments shown in Figure 1

to test the sensitivity of di�erent dis
retization s
hemes to deviations from a perfe
t, uniform, equilateral

triangular mesh, using 
ell-
entered 
ontrol volumes. Our results showed that least-squares re
onstru
tion

produ
es more a

urate solution gradients � and therefore more a

urate di�usive �uxes � 
ompared with

1

Typi
ally, the vertex for a vertex-
entered s
heme or the 
ell 
entroid for a 
ell-
entered s
heme.
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(a) Uniform mesh (b) Sheared mesh (
) S
aled mesh

(d) Stret
hed mesh (e) Curved mesh (f) Randomly perturbed mesh

Figure 1: Uniform and distorted meshes for analyti
 tests.

Green-Gauss gradient 
al
ulations on meshes with any nonuniformity. Also, we found that, when using

se
ond-order linear re
onstru
tion, �ux integrals were se
ond order a

urate only on uniform meshes. For

sheared and s
aled meshes, the �ux integrals were �rst-order a

urate, and for our stret
hed, 
urved, and

randomly perturbed test meshes, the �ux integrals were zero order a

urate. These results are 
onsistent

with other work in the literature (for instan
e, [2, 3℄) and also with our subsequent numeri
al experiments

on full-s
ale unstru
tured meshes. We also found that averaging the 
ell gradients based on 
ell volume

when 
omputing a single fa
e gradient for the �ux is 
onsistently signi�
antly less a

urate than using either

arithmeti
 averaging or weighting ea
h 
ell's gradient with the other 
ell's size.

2

In
luding Nishikawa's jump

term [10℄, designed to a

ount for the di�eren
e in the two re
onstru
ted solution values at the fa
e, in the

�ux also improves a

ura
y, regardless of mesh type. Unsurprisingly, we found that the optimal value for the

free 
oe�
ient in the jump term formulation is di�erent for unstru
tured meshes than the value Nishikawa

re
ommends for stur
tured meshes. This work was later extended to vertex 
entered 
ontrol volumes, with

similar results [17℄.

We extended this analysis to adve
tion problems, both the linear adve
tion equation and Burgers' equa-

tion [5, 7℄. Be
ause Burgers' equation is nonlinear, the trun
ation error in
ludes not only terms like uxixj

but also its 
ousins uxi
uxj

and uuxixj
, where the indi
es i and j indi
ate 
oordinate dire
tion. For these

problems, our primary interest was in 
omparing the a

ura
y of upwind and 
entered �ux formulations.

Our results showed that, for realisti
 unstru
tured meshes, there is no statisti
ally signi�
ant di�eren
e in

trun
ation error between these s
hemes.

For non-linear problems more 
omplex that Burgers' equation, the task of identifying all the terms in the

trun
ation error expansion and sorting out their e�e
ts in numeri
al experiments be
omes infeasible. Rather

than wasting e�ort by 
ontinuing to try to solve an intra
table problem, we turned our attention instead to

using our trun
ation error estimates to improve solution error, as I will des
ribe in Se
tion 2.

1.2 Boundary Condition Enfor
ement

Our experien
e showed us that the largest trun
ation error typi
ally o

urs at or near the domain boundary

be
ause of asymmetry in sten
ils there, so we turned our attention to error analysis near boundaries and on

2

The latter is equivalent to linear interpolation of the gradient in the dire
tion perpendi
ular to the fa
e.

3



(a) Solution, stru
tured mesh (b) Solution error, stru
tured mesh (
) Trun
ation error, stru
tured mesh

(d) Solution, unstru
tured mesh (e) Solution error, unstru
tured mesh (f) Trun
ation error, unstru
tured

mesh

Figure 2: Error 
omparison for stru
tured versus unstru
tured meshes for a simple Poisson test 
ase.

mixed element meshes [12, 11℄. We found that the trun
ation error near the boundary is strongly dependent

on the boundary 
ondition implementation. Our tests used a manufa
tured solution, proje
ted onto the

mesh by 
ontrol volume averaging, and Diri
hlet boundary 
onditions. The weakest boundary 
ondition

implementation we used simply performed least-squares re
onstru
tion as normal in boundary 
ells and


omputed a �ux based on the gradient. This s
heme uses no dire
t information about the boundary 
ondition,

and performs poorly even for this simple �ux integral test. Adding 
onstraints to enfor
e the boundary


ondition at �ux quadrature points along the boundary gives a strong boundary 
ondition and redu
es

trun
ation error by about a fa
tor of two. Better still is to return to the weak implementation but add to

the boundary �ux a Nishikawa-style jump term that a

ounts for the di�eren
e between the re
onstru
ted

solution and the physi
al boundary 
ondition; using the same jump term 
oe�
ient as in the interior of

the domain redu
es error by about a fa
tor of four 
ompared with the strong BC, while a separate jump


oe�
ient for only the boundary fa
es 
an be tuned to redu
e error by a further fa
tor of about 1.5. These

trends also apply at the interfa
e between quadrilateral and triangular mesh regions.

1.3 Eigenanalysis of Error

Error analysis for unstru
tured mesh �nite volume methods reveals two key di�eren
es between error on

stru
tured versus unstru
tured meshes. First, for a stru
tured mesh solution with error of order p, the trun-

ation error is also order p, whereas a unstru
tured mesh solution of the same order will have trun
ation

error of order p−d, where d is the highest number of derivatives in the governing partial di�erential equation.

Se
ond, the stru
tured mesh trun
ation error is smooth, whereas the unstru
tured mesh trun
ation error is

extremely noisy. Both of these features are illustrated in Figure 2. The reason that unstru
tured mesh trun-


ation error is asymptoti
ally larger than the dis
retization error is relatively well-known: mesh irregularities

prevent any 
an
ellation of error from o

urring. When this proje
t began, to our knowledge, there was no

rigorous explanation of why the dis
retization error is asymptoti
ally smaller than the trun
ation error. We

were able to a

omplish this by applying eigenanalysis [14, 8, 9℄ to the generalized error transport equation

in dis
rete form [13℄:

∂R

∂U
ε = τ

4
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Figure 3: Trun
ation error for a Poisson problem in a square. Top left: trun
ation error. Top right: magnitude

of 
oe�
ients in the eigende
omposition. Bottom row: eigenve
tors asso
iated with the eigenvalues labeled

above.

where τ is the trun
ation error, ε is the dis
retization error, and

∂R
∂U

is the global �ux Ja
obian. An example

eigende
omposition for the trun
ation error for a se
ond-order dis
retization for a Poisson problem is shown

in Figure 3.

If we expand substitute eigenve
tor de
ompositions of τ =
∑

i aixi and ε =
∑

i bixi, where the xi are

right eigenve
tors of

∂R
∂U

, we get

∂R

∂U

∑

i

bixi =
∑

i

aixi

∑

i

bi
∂R

∂U
xi =

∑

i

aixi

∑

i

biλixi =
∑

i

aixi

biλi = ai

In other words, the 
oe�
ients in the eigende
omposition of the dis
retization error are smaller than their


ounterparts for the trun
ation error by a fa
tor of the eigenvalue. This result holds, of 
ourse, for both

stru
tured and unstru
tured meshes. Unstru
tured mesh dis
retizations see an improvement in a

ura
y

between the trun
ation error and dis
retization error be
ause the dominant trun
ation error modes are

rough modes, asso
iated with eigenvalues that s
ale like 1/hd
. For stru
tured meshes, on the other hand,

the dominant terms in the trun
ation error are smooth modes, with eigenvalues that are O (1). We have also

been able to use eigenanalysis to explain why, in some 
ases, a s
heme with lower trun
ation error produ
es

solutions with higher dis
retization error [8℄. As a spin-o� from this eigenanalysis work, we are now beginning

to study mesh impa
ts on solver stability by examining the behavior of the eigenvalues and attempting to

systemati
ally modify the mesh to improve stability.

5



2 Error Redu
tion for Unstru
tured Mesh Methods via the Error

Transport Equation

Ultimately, the goal of CFD is to 
ompute quantities of engineering interest a

urately and e�
iently. In


omputational aerodynami
s, those quantities are typi
ally integrals of boundary tra
tions, like lift, drag,

yawing moment, et
. The 
urrent state-of-the-art for improving the a

ura
y of these s
hemes on a single

mesh is adjoint methods, whi
h are spe
i�
 to the output quantity desired. There are well-known te
hniques

for 
ombining the trun
ation error for the primal problem with the solution to the adjoint problem to improve

the a

ura
y of output quantities. This approa
h has been shown by many resear
hers to be quite su

essful

for both steady and unsteady problems. For unsteady problems, the drawba
k to adjoint methods is that

the adjoint problem must be integrated ba
kwards in time, and so the primal solution must be available at

all times to be able to solve the unsteady adjoint problem.

The twin disadvantages of the adjoint method, then, are its spe
i�
ity to a single output quantity and

the data storage 
hallenge for the unsteady adjoint problem. To address both of these issues, we have begun

work on solving the error transport equation, whi
h 
omputes the dis
retization error in the original physi
al

problem. This approa
h allows us to improve the solution everywhere (freeing us to 
ompute any output

quantity more a

urately) and is integrated forwards in time (making the memory requirement mu
h smaller).

We begin with a PDE written in �ux divergen
e form:

∂tU +∇ · f (U) = S (6)

We would like to estimate the dis
retization error ε(x, t) = U(x, t)− Ũ(x, t) where U is the exa
t solution of

the PDE and Ũ is some approximate solution. Substituting into the PDE and re-arranging, we get the error

transport equation:

∂tε+∇ · (f(ε+ Ũ)− f(Ũ)) = −(∂tŨ +∇ · f(Ũ)− S) (7)

Note that the sour
e term in this equation for the dis
retization error is the trun
ation error present for the

approximate solution Ũ . If f is nonlinear, the di�eren
e on the left-hand side 
an not be simpli�ed, although

it 
an be linearized. In solving the error transport equation dis
retely, there are three 
hoi
es one must make:

the order of a

ura
y p for the primal �ow problem (Eq. 6); the order of a

ura
y q for the error transport

equation (Eq. 7); and the order of a

ura
y r for the residual evaluation (right-hand side of Eq. 7).

For stru
tured meshes, there is a relatively large amount of work on the error transport equation; for

a parti
ularly good treatment, see Banks et al [1℄. The prin
ipal result is that, for problems with smooth

solutions and therefore well-behaved trun
ation error, the order of a

ura
y of the 
orre
ted solution Ũ + ε
(equivalently, the order of a

ura
y of the error estimate ε) is min (p+ q, r). Be
ause the 
omputational


ost for the ETE is 
omparable to the 
ost of the primal problem, this implies that, for the 
ost of two

se
ond-order �ow solutions plus a single fourth-order residual evaluation, we 
an get a fourth-order solution.

In pra
ti
e, for linear problems defe
t 
orre
tion methods are equivalent to the ETE solution with p = q.
The situation is more di�
ult for unstru
tured meshes, be
ause the stru
tured mesh behavior just dis-


ussed requires that the solution be smooth and that the trun
ation error be smooth and of the same order

as the dis
retization error [4℄. As we have seen, this is not the 
ase for unstru
tured meshes, so the same

results 
an not be expe
ted to apply. Our experiments began with model problems on randomly non-uniform

meshes in 1D. We evaluated solution and gradient data for the residual by using high-order re
onstru
tion

(r > p). To improve a

ura
y asymptoti
ally, we must found that we had to use q = r > p, whi
h resulted

in order q a

ura
y. In other words, we had to solve the error equation to higher a

ura
y than the primal

equation [16℄. This result also holds for model problems in multiple dimensions.

For linear problems, solving the error transport equation to high order is identi
al to solving the primal

problem to high order, and so is not worthwhile. For non-linear problems, we have shown that the steady

ETE gains an advantage, in two ways. First, applying a Newton linearization of the Eq. 7 allows us, for

steady problems, to solve the ETE for the 
ost of a single linear solve of the high-order linearized system while

retaining the same asymptoti
 a

ura
y as the fully non-linear solution, provided that 2p ≥ q = r. Se
ond,

the low-order primal solution is typi
ally more robust and faster to 
onverge than the high-order primal

solution; the 
ombination of a low-order primal solve followed by the linearized ETE retains this robustness

advantage. Overall, we see a speedup of a fa
tor of two or more for using a low-order primal solution and
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the linearized ETE to 
ompute the high-order solution 
ompared with solving the high-order primal problem

dire
tly. These results are based on solutions to the Euler and laminar Navier-Stokes equations [15℄

We are 
urrently working to extend these results to unsteady �ows. We expe
t that we will be able to

a
hieve stru
tured-like results for the time advan
e, be
ause step size will at worst vary smoothly. We also

expe
t to retain a robustness advantage 
ompared with high-order solutions. The 
omparison in e�ort and

results with unsteady adjoint methods remains to be seen.

3 Personnel Involved

Several graduate students have parti
ipated in this resear
h. Alireza Jalali (MAS
 2012) did the initial work

on error analysis for interior s
hemes on 
ell-
entered meshes (Se
. 1.1) as well as the impa
t of eigenstru
ture

on error (Se
. 1.3).

3

On the latter topi
, he was assisted by Mahkame Sharbatdar (PhD anti
ipated 2016).

Varun Puneria (MAS
 2015) performed the studies on error near boundaries (Se
. 1.2). Mr. Gary Yan, Mr.

Puneria, and Mr. Jalali 
ollaborated on the analysis of vertex-
entered methods.

Gary Yan (PhD anti
ipated 2017) began his resear
h work looking at Taylor series analysis for non-linear

problems. Sin
e that proved to be a blind alley, he has shifted his fo
us to the error transport equation.

Mr. Puneria and Mr. Yan have been funded from this proje
t throughout their studies at UBC. Ms.

Sharbatdar has been primarily funded from other sour
es, and Mr. Jalali has been entirely funded from other

sour
es.
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