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SUMMARY

The nonlinear interaction analysis of wind-driven oblique surface waves by Lee (J. Fluid. Mech.,
vol. 707, 2012, pp. 150-190) is generalized to include the case where the secondary-wave frequency
is higher than the primary frequency. The nonlinear interaction is initiated by two three-dimensional
fluctuations in wind, which are induced by oblique surface waves. If both wind waves have the same
wave speed in the downwind direction, they share the same critical layer. The primary air fluctuation,
whose steepness of the order of the cube of the density ratio of air to water is the largest, then interacts
with a secondary fluctuation of smaller steepness in the common critical layer. The critical-layer
interaction generates N difference modes, where N is the smallest integer not less than the ratio of
the secondary to primary frequencies. The first-difference mode is generated by a nonlinear coupling
between the primary and secondary air fluctuations. A subsequent nonlinear interaction between the
primary fluctuation and the preceding (n−1)th-difference mode generates the succeeding nth-difference
mode. However, the critical-layer interaction between the primary and Nth-difference modes completes
the difference-mode-generation mechanism by producing a nonlinear effect on the previous (N − 1)th-
difference mode. Only the frequencies of the last two difference modes, the (N − 1)th and Nth, are
lower than the primary frequency. Their amplitudes can grow faster than exponentially, and they soon
approach an exponential-of-an-exponential growth stage in the inviscid and finite-viscosity cases.

INTRODUCTION

It is shown by Lee (2012) that the nonlinear critical-layer interactions of three-dimensional fluctua-
tions in air, that are induced by obliquely propagating wind waves, can significantly enhance the growth
of one of the corresponding surface waves. The critical layer is a thin horizontal region surrounding the
critical level at which the mean wind velocity equals the wave speed in the downwind direction. The
2 + 1 mode interaction in Lee (2012) is composed of two wind-driven oblique surface waves, referred
to as the primary and secondary waves, and one difference mode. The primary wave is the largest
oblique wave in the initial stage. The initial steepness of a secondary wave is smaller than the primary
one. The 2 + 1 mode interaction can occur when both surface waves have the same wave speed in the
downwind direction and the frequency of a secondary wave is lower than the primary frequency. The
primary and secondary waves grow exponentially in the initial stage of wind wave development wherein
the wave steepness is small (Miles, 1957). Once the steepness of the primary wave becomes sufficiently
large, the 2 + 1 mode interaction can enhance the growth of the secondary and difference modes. A
single difference mode is generated by the critical-layer interaction of the primary and secondary waves
when the frequency of the latter is lower than the former.

In this paper, the case where the frequency of a secondary wave is higher than the primary frequency
will be investigated. More than one difference mode will be generated by critical-layer interactions.
Among them, the difference modes whose frequencies are lower than the primary frequency can be
greatly amplified due to nonlinear effects. This mechanism may be responsible for generating lower-
frequency air fluctuations over surface waves.

A three-dimensional air fluctuation can be induced by a surface wave propagating obliquely to
the downwind direction. The corresponding air fluctuation has the same wave characteristics, i.e.
frequency and wavenumbers, as the surface wave. The fluctuation in wind is governed by Rayleigh’s
stability equation and the wave motion in water is irrotational. They are coupled through the interface
conditions. As shown by the linear theory of Miles (1957), the wave-induced air fluctuation can be
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unstable. The air fluctuation and, consequently, the corresponding surface wave can grow due to the
energy transfer from wind to air fluctuation.

The linear growth rate of a surface wave by this resonant wind-wave interaction is proportional
to the density ratio of air to water whose typical value is O(10−3), as shown by Miles (1957). Since
it is small, the leading-order Rayleigh’s stability equation becomes singular at the critical level where
nonlinear effects first come into play (Davis 1969; Benney & Bergeron 1969; Drazin & Reid 2004). If
a secondary wave has the same wave speed in downwind direction as the primary wave, both primary
and secondary fluctuations in air share the same critical layer. A nonlinear interaction between them
can occur when the steepness of a primary wind wave becomes of the order of the cube of the density
ratio of air to water as found in Lee (2012). The secondary wave can be any oblique wind wave of the
same wave speed in downstream direction whose steepness is smaller than the primary one. By using
a matched asymptotic analysis as in Reutov (1980), Goldstein & Choi (1989), Goldstein & Lee (1992),
Wu (1992), Wu & Stewart (1996), Lee & Wundrow (2011), and others, Lee (2012) showed that the
2 + 1 mode critical-layer interaction induced by two oblique wind waves could enhance the growth of
a secondary wind wave.

In a 2 + 1 mode interaction, the primary-wave frequency is higher than the secondary frequency.
The critical-layer interaction between the primary and secondary fluctuations generates a difference
mode whose frequency and wavenumbers are equal to the differences between the primary and sec-
ondary values. Its amplitude becomes as large as the secondary amplitude in air, but smaller than
the latter in water since the difference mode does not satisfy the free-surface-wave dispersion relation.
In addition, the nonlinear coupling between the primary and difference modes produces a parametric-
growth effect on the secondary wind wave. The primary wave remains linear throughout the whole
stage. However, the growth rate of a secondary wave becomes much larger than its linear growth rate,
and both secondary and difference mode amplitudes can grow like the exponential-of-an-exponential.
The dynamics of a 2+1 mode interaction are similar to those of the phase-locked interaction of Wu &
Stewart (1996).

In the present study, the critical-layer analysis of Lee (2012) is extended so that the secondary
frequency can be higher than the primary frequency. The nonlinear interaction is still induced by two
wind-driven oblique surface waves. As in Lee (2012), the magnitude of a primary oblique wave is of
the order of the cube of the density ratio of air to water, and that of a secondary oblique wave is
smaller than the primary one. The critical-layer interaction generates N difference modes, where N is
the smallest integer not less than the ratio of the secondary to primary frequencies. This interaction is
composed of two wind-driven surface waves and N nonlinearly generated difference modes and might
be termed the ‘2 +N mode critical-layer interaction.’ The 2 + 1 mode interaction in Lee (2012) is the
simplest case when N = 1 that involves only three modes. The analysis of a generalized 2 + N mode
interaction shows that both primary and secondary waves remain linear if N ≥ 2. The first N − 2
difference modes also grow exponentially although they are nonlinearly generated. The amplitudes of
the last two difference modes, the (N − 1)th and Nth, are determined by coupled integral equations.
They can grow faster than exponentially. Numerical results will show that they can grow like the
exponential-of-an-exponential, similar to the secondary and difference modes in the N = 1 case. The
exponential-of-an-exponential growth only occurs to the modes whose frequencies are lower than the
primary-wave frequency. They are the (N − 1)th and Nth difference modes if N ≥ 2, or the secondary
and difference modes when N = 1.

The linear and nonlinear effects appear at the same order in the amplitude equations in these
analyses. Thus, the analysis covers both linear and nonlinear stages and it describes how the nonlinear
critical-layer interaction gradually evolves from the interaction between linear wind waves of small
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steepnesses. In the initial stage where the primary-wave steepness is smaller than O(the density ratio
cubed), the nonlinear amplitude equations reduce to the linear equations.

The 2 + N mode analysis (N ≥ 1) shows that a nonlinear interaction can occur even when the
steepness of the largest primary oblique wave is relatively small, i.e. O(the density ratio cubed)
or O(10−9). The nonlinear critical-layer interaction could be an efficient mechanism by which the
difference modes and secondary wave (when N = 1) quickly grow as large as the primary wave.
Nonlinear interactions in subsequent stages will be more involved since all modes are of the same
order of magnitude. Lee & Wundrow (2011) show that the modal growth can be governed by a cubic
self-interaction mechanism (Goldstein & Choi 1989) if the wave steepness becomes O(the density ratio
raised to the power 5/2).

The findings of enhanced growth of oblique waves are consistent with previous instability wave
analyses. It has been shown by various studies that nonlinear critical-layer interactions of oblique
instability waves in single-fluid flows produce much larger growth effect than the linear interaction
does. Meanwhile, the critical-layer analysis of a plane surface wave, that propagates along the downwind
direction, by Reutov (1980) shows that the nonlinear effect reduces the growth rate, even when the
wave steepness is as small as O(the density ratio squared) (also in Alexakis, Young & Rosner 2004).

It is also found in Lee (2012) that a linear plane wave remains passive although it is larger than
the primary oblique wind wave of O(the density ratio cubed) in the 2 + 1 mode interaction stage. The
direct critical-layer coupling between the plane and oblique wind waves does not produce a nonlinear
effect outside the critical layer since the frequency of the plane wave is always lower than the frequencies
of oblique waves of an equal wave speed in downwind direction. However, the plane wind wave can
interact with the nonlinearly generated difference modes whose frequencies are lower than the plane-
wave frequency through the phase-locked interaction of Wu & Stewart (1996).

The analysis in this paper is similar to that in Lee (2012). In fact, the previous 2 + 1 mode analysis
can be included in the current 2 + N mode analysis as a special case where N = 1. For simplicity,
however, the presentation in the main body will be given for N ≥ 2. Parts of the analysis and discussion
that were presented in Lee (2012) will not be repeated. We have tried to keep the same notations as
in Lee (2012) for easy cross-referencing. However, a change occurred for the normalization of variables
in the final amplitude equations. In Lee (2012), the variables in the final results are normalized by
using the properties of the primary and secondary waves of each set of interactions, which simplified
the amplitude equations. In this paper, the properties of a wind wave with a 30◦ propagation angle are
used in all cases so that the numerical results of different sets of interactions can be directly compared.
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FORMULATION

A right-handed Cartesian coordinate system (x, y, z) with unit vectors (i, j,k) is attached to the
mean water surface with x in the downwind or streamwise direction of the wind, y in the spanwise
lateral direction, and z in the vertical direction, as shown in Figure 1. We suppose that the mean wind
is two-dimensional and there is no mean motion in the water. All lengths, velocities, pressures and
time in both fluids are non-dimensionalized by ∆a, Ua, ρaU

2
a and ∆a/Ua, respectively, where ∆a and

Ua will be chosen as in equation (8). The Reynolds numbers are assumed to be large, so viscous effects
only enter through the critical layer. The effect of surface tension is not included. The air and water
are assumed incompressible and their density ratio is defined as

ρa/ρw = σ, (1)

where the subscripts a and w denote the quantities of air and water, respectively, and σ � 1 charac-
terizes the small density ratio of air to water.

Perturbation to the air-water interface about the mean water surface, z = 0, is described by

z = εh̃(x, y, t), (2)

where ε is a measure of a wave steepness and h̃ is a scaled wave elevation. The scaling relation between
ε and σ will be determined by the dynamics in the critical layer. The critical layer surrounds the
critical level where the mean wind velocity equals the wave speed in the streamwise direction.

The total velocity u = iu+ jv+kw and pressure p in air are composed of a steady wind and mean
pressure plus wave-induced perturbations ũ = iũ+ jṽ + kw̃ and p̃,

u = iU(z) + εũ(x, t), p = P0 −Gz + εp̃ (x, t), (3)

where U(z) is the steady wind and P0 denotes the mean pressure. The gravity parameter is defined as

G ≡ g∆a/U
2
a , (4)

where g denotes the acceleration due to gravity. It is assumed that the mean velocity at the air-water
interface vanishes, i.e.

U(0) = 0. (5)

The fluid motion in water is irrotational. The velocity and pressure where z < εh̃ are expressed as

u = ε∇φ̃(x, t), p = P0 − (1/σ)Gz + (ε/σ)p̃w. (6)

Motions of air and water are coupled at the interface defined by (2). The kinematic interface condition
requires that the interface be a material surface for both fluid flows. The pressure at the interface must
be continuous according to the dynamic interface condition.

A logarithmic profile is used for the mean wind as in Miles (1957, 1993), Morland & Saffman (1993),
Janssen (2004), Lee (2012), and others,

U = 2.5 ln(9.025z + 1). (7)

The velocity and length in the above turbulent wind profile are non-dimensionalized by

Ua = u∗, ∆a = 9.025zo, (8)
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Figure 1. (a) Schematic diagram of a flow field. (b) Wave field of a 2 + 2 mode interaction with wave
propagation angles of θp = 30◦, θs = −57◦, θd1 ≈ −79◦ and θd2 ≈ 83.5◦, for the primary, secondary,
1st-difference and 2nd-difference modes. The wave crests are plotted as solid lines and troughs are as
dashed lines.

where u∗ denotes the friction velocity and zo is the roughness length. It is worth mentioning that the
present analysis is developed for general wind profiles. The specific form (7) will only be used when
the final equations are numerically evaluated.
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NONLINEAR CRITICAL-LAYER INTERACTIONS

A nonlinear interaction mechanism that is termed the ‘2 + N mode critical-layer interaction’ will
be described in this section before we show detailed analyses. A 2 +N mode interaction is composed
of two wind-driven oblique surface waves and N nonlinearly generated difference modes. Diagrams of
interactions for various values of N are shown in Figures 2–4. A representative wave field by a 2 + 2
mode interaction is illustrated in Figure 1(b).

For each wind-driven surface wave, there exists a corresponding air fluctuation of the same frequency
and wavenumbers. The air fluctuation that is not associated with a wind wave can also produce
a perturbation in water. The motion of air fluctuation, that is governed by Rayleigh’s equation, is
coupled with the irrotational motion in water through the interface conditions on the water surface
(Miles 1957). During the nonlinear stage of this analysis, only the dynamics of air fluctuations inside
the thin critical layer are governed by nonlinear equations. Outside the critical layer, the nonlinear
terms in the momentum equations become insignificant and the fluid motions are described by linear
equations.

The dispersion relations of wind waves are affected by the dynamics of fluctuations in the air. This
effect becomes of a higher order in the present small density ratio case. The leading-order dispersion
relations of wind waves equal the dispersion relations of free-surface waves. However, the wavenumbers
and frequencies of nonlinearly generated modes are determined by nonlinear interactions. If they do not
satisfy the free-surface-wave dispersion relations (at the leading order), the corresponding perturbations
in water will disappear when the nonlinearly generated air fluctuations or nonlinear critical-layer effects
vanish.

It is assumed that a primary wind wave, denoted by the letter P in Figures 2–4, is the largest
oblique surface wave in an initial linear wave field. It is periodic in the form

exp[iαp(x− ct) + iβpy], (9)

where i ≡
√
−1, c is the wave speed in the streamwise direction, and αp and βp are the streamwise and

spanwise wavenumbers, respectively. A secondary wind wave of the same c, denoted by S or S̄ in the
figures, is proportional to

exp[iαs(x− ct) + iβsy]. (10)

The streamwise wavenumber αs, or frequency ωs(= αsc), of a secondary wave can be arbitrarily chosen.
Both primary and secondary waves satisfy the free-surface-wave dispersion relation at the leading

order. The relation given in Lee (2012) is written as

β2
ı =

[
c4α2

ı /{G2 tanh2(γıH)} − 1
]
α2
ı , or c2 = (Gγı/α

2
ı ) tanh(γıH), (11)

for ı = {p, s}, where
γı ≡

√
α2
ı + β2

ı , (12)

H is the depth of water, and G is defined by (4). The quantities of the primary and secondary waves
are denoted with the subscripts p and s, respectively. The wave propagation angle with respect to the
streamwise direction, θı, becomes

θı = arctan(βı/αı), cos θı = αı/γı, sin θı = βı/γı, for ı = {p, s}, (13)

where −π/2 ≤ θı ≤ π/2.
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A contour line of constant c from (11) is plotted in Figures 2(a, b)–4(a, b) when

c = 10, G = 0.05, H = 1035. (14)

For all wind waves on this curve, c = 10. Note that d|βı|/dαı > 0 and d|θı|/dαı > 0 for ı = {p, s},
which can be proved from (11)–(13). All numerical results are evaluated using the parameter values
listed in (14). The large value of H produces the results in deep water. The contour line is replotted in
Figures 2(c–h)–4(c–h) as a dotted curve. The primary-wave propagation angles, θp, are 30◦, 50◦ and
70◦ in Figures 2, 3 and 4, respectively.

Because the secondary wave has the same c as the primary wave, they share the same critical level.
As found in Lee (2012), a nonlinear interaction between these initially linear wind waves first occurs
in their common critical layer when the primary-wave steepness, ε, becomes O(σ3). The steepness of
the secondary wave is assumed to be smaller than the primary one.

All harmonics, sum and difference modes of the primary and secondary waves, or of any two
interacting modes, are generated by quadratic interactions inside the critical layer (details will be
given later in (76)). Among them, only the difference mode, whose frequency and wavenumbers are
equal to the differences between those of two interacting modes, becomes finite at the outer edges of
the critical layer (as will be shown in (83)). The other nonlinearly generated modes become negligibly
small outside the critical layer. The difference-mode amplitude becomes as large as the secondary-
wave amplitude in the air. If the difference mode is an unsteady oblique mode, it can interact with the
primary wave. As will be described in the following subsections, the number of difference modes, N ,
generated by a 2 +N mode interaction becomes

N = ceiling(ωs/ωp) = ceiling(αs/αp), (15)

where the ceiling function denotes the smallest integer not less than its argument, and ωp = αp c. In
other words, the critical-layer interaction generates N difference modes, if

(N−1)ωp < ωs < Nωp, (N−1)αp < αs < Nαp, (16)

where N ≥ 1. All nonlinearly generated difference modes have the same c as the primary and secondary
waves. Since a plane wind wave does not directly interact with oblique wind waves in the nonlinear
stage of this analysis, αp and αs must be greater than the wavenumber of a corresponding plane wave,
α2D = (G/c2) tanh(α2DH).

2 + 1 mode critical-layer interaction: enhanced growth of a secondary wave

The 2 + 1 mode interaction between two wind waves and a single nonlinear mode can occur when

N = 1 or αs < αp, (17)

as studied in Lee (2012). The nonlinear interaction between the primary and secondary modes, denoted
by P and S in Figures 2(c, d)–4(c, d), generates a difference mode, denoted by D. Its wavenumbers
are (αp − αs, βp − βs) and velocity fluctuation is periodic in the form

exp[i(αp − αs)(x− ct) + i(βp − βs)y], (18)

and the propagation angle becomes

θd = arctan[(βp − βs)/(αp − αs)]. (19)
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Figure 2. Diagrams of 2 + N mode critical-layer interactions when θp = 30◦. (a, b) The contour line
of the free-surface-wave dispersion relation of constant c = 10 in the (α, β) and (α, θ) coordinates,
with G = 0.05 and H = 1035. Diagrams of (c, d) 2 + 1; (e, f) 2 + 2; (g, h) 2 + 3 mode critical-layer
interactions. The α represents the streamwise wavenumbers, αp, αs and |αs − nαp|, for the primary,
secondary and nth-difference modes, and β and θ are the spanwise wavenumber and wave propagation
angle of the corresponding mode.
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Figure 3. Diagrams of 2 + N mode critical-layer interactions when θp = 50◦. (a, b) The same c = 10
contour line as in Figures 2(a, b). Diagrams of (c, d) 2 + 1; (e, f) 2 + 2; (g, h) 2 + 3 mode critical-layer
interactions.

9



−4

−2

0

2

4
β
(×

1
02
)

(a)

P

−60

−30

0

30

60

90

θ
(d
eg
.)

(b)

P

−4

−2

0

2

4

β
(×

1
02
)

(c)

P

S

D

−60

−30

0

30

60

90

θ
(d
eg
.)

(d)

P

S

D

−4

−2

0

2

4

β
(×

10
2
)

(e)

P
S

D2

D1

−60

−30

0

30

60

90

θ
(d
eg
.)

(f )

P S

D2

D1

0 1 2 3 4

−4

−2

0

2

4

α (×103)

β
(×

1
02
)

(g)

P
S

D3

D2
D1

0 1 2 3 4
−90

−60

−30

0

30

60

90

α (×103)

θ
(d
eg
.)

(h)

P
S

D3

D2 D1

Figure 4. Diagrams of 2 + N mode critical-layer interactions when θp = 70◦. (a, b) The same c = 10
contour line as in Figures 2(a, b). Diagrams of (c, d) 2 + 1; (e, f) 2 + 2; (g, h) 2 + 3 mode critical-layer
interactions.
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Figure 5. Conditions on (θp, θs) for various 2 + N mode interactions. In regions (ia,b), N = 1; (iia,b),
N = 2; (iiia,b), N = 3; (iva,b), N = 4. The regions where N = 5, 6 and 7 are plotted without labels.
Border lines for N ≥ 8 are not plotted since regions become too narrow. Parameter values in (14) were
used.

Meanwhile, the critical-layer interaction between the primary and difference modes produces a non-
linear effect on the secondary wind wave. The amplitudes of the secondary and difference modes are
governed by an integro-differential and integral equations, respectively, and they can grow faster than
exponentially. The primary wave remains linear. The frequencies of the secondary and difference
modes, ωs and ωd (= ωp − ωs), are lower than the primary frequency ωp.

The primary wave P in Figures 2(c, d)–4(c, d) can also interact with any secondary wave on blue
curves to generate a difference mode on red curves. Any combination of (θp, θs) in both triangular
regions (ia,b) in Figure 5 produces a 2+1 mode interaction. The contour lines of constant θd are shown
in regions (ia,b) in Figure 6(a). For simplicity, we only show the results when θp > 0 in the figures.

2 + 2 mode critical-layer interaction: generation of two difference modes

More than one difference mode is generated if the secondary frequency is larger than the primary
frequency. If

N = 2 or αp < αs < 2αp, (20)

the critical-layer interaction between the primary and secondary modes, P and S in Figures 2(e, f)–4(e,
f), generates a first-difference mode D1. Its wavenumbers are (αs − αp, βs − βp) and it is periodic in
the form exp[i(αs − αp)(x− ct) + i(βs − βp)y], and the propagation angle θd1 equals θd given by (19).
Then, the subsequent quadratic coupling between P and D1 produces a second-difference mode D2.
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Figure 6. Contour lines of constant wave propagation angles of difference modes in the (θp, θs) plane.
(a) θd1; (b) θd2; (c) θd3. Border lines of regions (ia,b), (iia,b) and (iiia,b) shown in Figure 5 are replotted
as black dotted curves. Regions (iiia,b) are located above and below regions (iia,b) as in Figure 5. Units
of contour-line labels are degrees.
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With wavenumbers of (2αp − αs, 2βp − βs), it is proportional to

exp[i(2αp − αs)(x− ct) + i(2βp − βs)y]. (21)

The propagation angle of D2 becomes

θd2 = arctan[(2βp − βs)/(2αp − αs)]. (22)

Since the wavenumber differences between P and D2 are equal to the wavenumbers of D1, the next
nonlinear interaction of the primary and 2nd-difference modes produces a nonlinear effect on the 1st-
difference mode. Both primary and secondary waves remain linear. The amplitudes of the first and
second difference modes are governed by integral equations, and they can grow faster than exponentially
as will be shown later. The frequencies of both difference modes, ωd1 (= ωs−ωp) and ωd2 (= 2ωp−ωs),
are lower than the primary-wave frequency ωp. The wave field by the 2 + 2 mode interaction of four
modes P , S, D1 and D2 in Figures 2(e, f) is illustrated in Figure 1(b).

The 2 + 2 mode interaction by P and S̄ in Figures 2(e, f) generates the difference modes D̄1 and
D̄2. The interaction of P and any secondary wave located on green solid or dashed curve in Figures
2(e, f)–4(e, f) generates the 1st and 2nd difference modes on the corresponding blue and red curves.
The 2 + 2 mode interaction occurs in regions (iia,b) in Figure 5. The contour lines of constant θd1 and
θd2 are plotted in Figures 6(a, b).

It is interesting to note that θd2 can become zero in region (iia) in Figure 6(b). Figures 2(f)–4(f)
also show that a 2 + 2 mode interaction can generate a plane second-difference mode. The condition
for this case will be given later.

The 2nd-difference mode can be a wind wave as shown in Figures 3(e, f) and 4(e, f) for the θp = 50◦

and 70◦ cases. The 2 + 2 mode interaction by P and S generates the difference modes D1 and D2.
Since the 2nd-difference mode D2 is located on the black dotted curve, it satisfies the free-surface-wave
dispersion relation at the leading order. This is an interesting case where a 3 + 1 mode interaction
between three wind waves and one difference mode occurs.

2 +N mode critical-layer interaction: generation of N difference modes

Previous 2 + 2 mode interaction mechanism can be extended for an arbitrary value of N ≥ 2. Two
wind waves and N difference modes are involved in a 2+N mode interaction. Diagrams of interactions
when N = 3 are shown in Figures 2(g, h)–4(g, h).

When
N ≥ 2 and (N−1)αp < αs < Nαp, (23)

the 1st-difference mode D1 in the Figures is generated by the nonlinear interaction of the primary and
secondary modes, P and S, as in the 2 + 2 mode interaction. The subsequent quadratic interaction
between the primary wave P and the preceding (n − 1)th-difference mode Dn−1 keeps generating the
succeeding nth-difference mode Dn until the last Nth-difference mode DN is generated. For 1 ≤ n ≤
N −1, the wavenumbers of the nth-difference mode become (αs − nαp, βs − nβp) and the velocity
fluctuation is periodic in the form

exp[i(αs − nαp)(x− ct) + i(βs − nβp)y] if 1 ≤ n ≤ N − 1, (24)

Its wave propagation angle becomes

θdn = arctan[(βs − nβp)/(αs − nαp)] if 1 ≤ n ≤ N − 1. (25)
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The Nth-difference mode, with wavenumbers of (Nαp − αs, Nβp − βs), is periodic in the form

exp[i(Nαp − αs)(x− ct) + i(Nβp − βs)y] if n = N, (26)

and its wave propagation angle becomes

θdN = arctan[(Nβp − βs)/(Nαp − αs)]. (27)

As expected from the 2 + 1 and 2 + 2 mode interactions, the difference-mode-generation mechanism
is completed by the interaction of the primary and Nth-difference modes since their wavenumber dif-
ferences are equal to the wavenumbers of the (N − 1)th-difference mode. Thus, the coupling between
P and DN produces a nonlinear effect on DN−1. The linear primary and secondary waves grow ex-
ponentially. Although it is nonlinearly generated, the nth-difference mode also grows exponentially
for 1 ≤ n ≤ N−2. Their frequencies, ωdn (= ωd(n−1) − ωp), are higher than the primary frequency.
However, the frequencies of the (N−1)th and Nth difference modes, ωd(N−1) (= ωs−(N−1)ωp) and ωdN
(= Nωp−ωs), are lower than ωp. It will be shown later that the amplitudes of these last two difference
modes are governed by coupled integral equations and they can grow faster than exponentially.

In regions (iiia,b) in Figure 5 where 2αp < αs < 3αp, three difference modes are generated by a 2+3
mode interaction. A 2 + 4 mode interaction can occur in regions (iva,b) where 3αp < αs < 4αp. For
2 + 3 mode interactions, the contour lines of constant θd1, θd2 and θd3 are plotted in regions (iiia,b) in
Figure 6. Regions (iiia,b) are located above and below regions (iia,b) as in Figure 5.

The present analysis will show that the faster-than-exponential growth only occurs to two modes
whose frequencies are lower than the primary frequency. They are the secondary and difference modes
in a 2 + 1 mode interaction, and the (N − 1)th and Nth difference modes in 2 +N mode interactions
with N ≥ 2. When N ≥ 2, the first N−1 quadratic interactions between the primary and secondary/d-
ifference modes generates N − 1 difference modes whose frequencies are successively decreased by the
amount of the primary frequency. The frequency of the (N − 1)th-difference mode first becomes lower
than the primary frequency. Since the frequency of the Nth-difference mode equals the primary fre-
quency minus the (N − 1)th-difference frequency, it is also lower than the primary frequency. The
(N − 1)th and Nth difference modes are analogous to the secondary and difference modes, respec-
tively, of a 2 + 1 mode interaction. The critical-layer interaction between the primary wind wave and
these two modes enables the latter to grow faster than exponentially, and eventually to grow like the
exponential-of-an-exponential. The critical-layer analysis and resulting amplitude equations for N ≥ 2
will be presented in the following sections.

As shown in Appendix F.2 in Lee (2012), the direct interaction between the plane and oblique
wind waves does not produce nonlinear effects outside the critical layer. However, the phase-locked
interaction (Wu & Stewart 1996) can occur between the plane wave and nonlinearly generated difference
modes whose frequencies are lower than the plane-wave frequency. Additional difference modes are
generated by critical-layer interactions between the plane and original difference modes. The frequencies
of the original and additional difference modes are lower than the plane wave frequency.

14



UNSTEADY FLOW OUTSIDE THE CRITICAL LAYER

The unsteady flow in the outer region is composed of a primary and secondary wind wave and N
difference modes where N is determined by (15). The difference modes are generated by nonlinear
critical-layer interactions. All difference modes as well as the primary and secondary waves have the
same wave speed in the streamwise direction, c. The difference modes are assumed not to satisfy the
free-surface-wave dispersion relation (11). There are special cases where one of them satisfies (11) as
mentioned before.

The analysis in this section closely follows that in §3 in Lee (2012). One important difference is
that the secondary wave is linear when N ≥ 2, although it was nonlinear in Lee (2012) when N = 1.
The present analysis also includes multiple difference modes. The primary wave is linear in both cases.

Unsteady flow in the water

The velocity potential φ̃ and pressure perturbation p̃w in the water, and the interface surface elevation
h̃ can be written as,

φ̃

p̃w

h̃

=B̃p


φ̂

(1)

p +σφ̂
(2)

p

p̂
(1)
p +σp̂

(2)
p

ĥ
(1)

p +σĥ
(2)

p

Ep + δB̃s


φ̂

(1)

s +σφ̂
(2)

s

p̂
(1)
s +σp̂

(2)
s

ĥ
(1)

s +σĥ
(2)

s

Es + σδ
N∑
n=1

B̃dn


φ̂

(2)

dn

p̂
(2)
dn

ĥ
(2)

dn

Edn + c.c.+ . . . , (28)

where c.c. denotes the complex conjugate, and

Eı ≡ exp[i(αıX+βıy)] for ı={p, s, dN},
Edn ≡ exp[i(−αdnX−βdny)] if 1≤n≤N−1, (29)

αdn = nαp − αs, βdn = nβp − βs, for 1 ≤ n, (30)

X ≡ x− ct, (31)

with X denoting the normalized streamwise coordinate in a reference frame moving with the common
c.

The subscripts p, s and dn denote the primary, secondary and nth-difference modes, respectively.
The streamwise wavenumbers, αp, αs, −αd1, . . ., −αd(N−1), and αdN are positive. But, the spanwise
wavenumbers βp, βs and βdn can be positive or negative as illustrated in Figures 2–4. As in (12) and
(13),

γdn ≡
√
α2
dn + β2

dn for 1 ≤ n, (32)

θdn = arctan(βdn/αdn), cos θdn = |αdn|/γdn, sin θdn = (αdn/|αdn|)βdn/γdn, (33)

where −π/2 ≤ θdn ≤ π/2. Since all modes have the same c, their frequencies are proportional to the
streamwise wavenumbers,

{ωp, ωs, ωdn} = {αp, αs, |αdn|} × c for 1 ≤ n. (34)

Thus,
ωd1 = ωs − ωp, ωdN = Nωp − ωs, ωdn = ωs − nωp for 2 ≤ n ≤ N − 1. (35)
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From (16), (30) and (34), one may show that, if N ≥ 2,

ωd(N−1) < ωp, ωdN < ωp, ωp < ωdn for 1 ≤ n ≤ N − 2. (36)

The frequencies of the first N − 2 difference modes are higher than the primary-wave frequency. But,
those of the last two difference modes, the (N − 1)th and Nth, are lower than the primary frequency.

The magnitude of the unscaled wave elevation is O(ε) for the primary wind wave and O(εδ) for the
secondary wave. The scalings of ε and δ will be determined later (see (69) and (70)). The difference-
mode elevations become O(σεδ) in water since we only consider the case where difference modes do
not satisfy the relation (11).

Equation (6.5) in Lee (2012) shows that the linear growth rate of a wind wave is of O(σ). Thus,
the scaling for the slow time t1 over which the wave growth occurs becomes

t1 ≡ σt. (37)

The amplitude functions that account for the slow growth of waves are denoted by B̃ı(t1) for ı =
{p, s, dn}.

Both leading and second order velocity potentials φ̂
(1)

ı (z) and φ̂
(2)

ı (z, t1), for ı = {p, s, d1, . . . , dN},
satisfy the Laplace equations. The solutions for the primary and secondary waves become,

φ̂
(1)

ı = cosh [γı(z +H)] / cosh(γıH), φ̂
(2)

ı = 0, for ı = {p, s}, (38)

where they are normalized by

φ̂
(1)

ı + σφ̂
(2)

ı = 1 at z = 0. (39)

For the difference modes the solutions are

φ̂
(1)

dn = 0, φ̂
(2)

dn = d̃n cosh[γdn(z +H)]Ddn(t1)/ cosh(γdnH), (40)

for 1 ≤ n ≤ N , where

d̃n = α2
dnc

2/[{Gγdn tanh(γdnH)− α2
dn c

2}γdn tanh(γdnH)], (41)

and Ddn(t1) is determined by nonlinear critical-layer interactions.

Unsteady flow in the air

Air fluctuations outside the critical layer are also governed by linear equations to the required order of
approximation. They are written as, in the limit σ → 0,

u− U
v

w

p−P0+Gz

=εB̃p


Ûp

V̂ p

−iγpΦp

Πp

Ep + εδB̃s


Û s

V̂ s

−iγsΦs

Πs

Es + εδ
N∑
n=1

B̃dn


Ûdn

V̂ dn

−iγdnΦdn

Πdn

Edn +c.c.+. . . . (42)

The magnitude of velocity and pressure fluctuations is O(ε) for the primary mode, and O(εδ) for the
secondary and difference modes in the air. The shape functions Û ı(z, t1), V̂ ı(z, t1) and Πı(z, t1), for
ı = {p, s, d1, . . . , dN}, are related to Φı(z, t1) by equations (3.14) and (3.15) in Lee (2012).
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In this analysis, the nonlinear jump of the streamwise fluctuation velocity across the critical layer
occurs at the same order as the linear jump. Therefore, the shape function is expressed as, for ı =
{p, s, d1, . . . , dN},

Φı(z, t1) = Φ(a)
ı (z) +Dı(t1)Φ(b)

ı (z), (43)

where Dı(t1) will be determined from the critical-layer solutions, and Φ
(a)
ı and Φ

(b)
ı satisfy Rayleigh’s

stability equations

(U − c)
(
∂2
z − γ2

ı

)
Φ(a,b)
ı − U ′′Φ(a,b)

ı = 0 with ∂z ≡ ∂/∂z, (44)

subject to

Φ(a)
ı = (i/γı)∂zφ̂

(1)

ı = i tanh(γıH) at z = 0, Φ(a)
ı → 0 as z →∞, (45)

Φ(b)
ı = 0 at z = 0, Φ(b)

ı → 0 as z →∞. (46)

The second shape function Φ
(b)
ı is the second linearly independent solution of Rayleigh’s equation,

which can be obtained by the method of variation of parameters as in Reutov (1980), Drazin & Reid
(2004) and Lee (2012),

Φ(b)
ı = JıΦ

(a)
ı −


0, z≥zc

Φ
(a)
ı

∫ zc

z
(Φ

(a)
ı )−2dξ, z<zc

 , (47)

where

Jı ≡
∫ zc

0
(Φ(a)

ı )−2 dz. (48)

The primary mode remains linear throughout the entire analysis and Dp = 0. If N ≥ 2 or ωp < ωs,
the secondary mode also remains linear and Ds = 0. All difference modes are assumed not to satisfy

the free-surface-wave dispersion relation (11), therefore, φ̂
(1)

dn = Φ
(a)
dn = 0.

The first condition at z = 0 in (45) was obtained from the kinematic interface condition and (38)
with (39), and could be viewed as normalization conditions of Φp and Φs for the linear outer solutions
of the primary and secondary modes. From (45) and (47), we obtain

∂zΦ
(b)
ı = −i/ tanh(γıH) at z = 0, (49)

for ı = {p, s, d1, . . . , dN}. Note that Φ
(b)
dn for difference modes are also expressed by the above equation,

which can be considered as a normalization condition for Φdn since Φ
(a)
dn = 0.

One can obtain a relation that expresses the modal growth rate in terms of Φ
(a)
ı and Dı(t1). For

the primary and secondary modes, ı = {p, s}, it is written as[
2iγıB̃

′
ı/(αıcB̃ı)

]
tanh(γıH) + (b̂

+

ı − b̂
−
ı )|bı|2U ′′c /U ′c +Dı(t1) = Rı, (50)

where

Rı=−−
∫ ∞

0
[|∂zΦ(a)

ı |2+{γ2
ı +U ′′/(U−c)}|Φ(a)

ı |2]dz −γı tanh(γıH)+(U ′0/c) tanh2(γıH), (51)

−
∫ ∞

0
dz = lim

ε̂→0

[ ∫ zc−ε̂

0
dz +

∫ ∞
zc+ε̂

dz

]
. (52)
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The prime denotes the differentiation with respect to the relevant argument, i.e. B̃
′
ı ≡ dB̃ı/dt1,

U ′′ ≡ d2U/dz2, and
U ′0 ≡ U ′(z = 0), (53)

c = Uc ≡ U(z = zc), U ′c ≡ Uz(z = zc), U ′′c ≡ Uzz(z = zc), (54)

where z = zc is the location of the critical level. The bı and b̂
±
ı are determined by

bı = Φ(a)
ı (z = zc) = lim

z→z±c
Φ(a)
ı (z), b̂

+

ı − b̂
−
ı =

(
U ′c/U

′′
c /bı

)
[∂zΦ

(a)
ı ]z

+
c

z−c
. (55)

By matching the outer solution with the critical-layer solution we can show that b̂
+

ı − b̂
−
ı equals iπ as in

(86). There is no relation corresponding to (50) for the difference modes since Φ
(a)
dn = 0 (see Appendix

B in Lee 2012). In Appendix A, it is found that

Jıbı = lim
z→z±c

Φ(b)
ı (z) = −i|Jıbı|, Jı = −iU ′cRe(bı)/(πU

′′
c |bı|2bı), (56)

for ı = {p, s, d1, . . . , dN}, where Re denotes the real part of a complex variable. For numerical evalua-
tions of Jı, the above formula is more convenient than the integral form in (48).

Outer solution expansion about the critical level

The velocity and pressure field near the common critical level is obtained by expanding the outer
solutions about z = zc as

u−
(
c+ U ′cz̃ + 1

2U
′′
c z̃

2 + . . .
)

=∑
ı

εδıB̃ı

[
bıΩı

cos θı

{
sin2 θı
z̃

+
U ′′c
U ′c

(
ln |z̃| −1

2 sin2 θı+b̂
±
ı

)}
+

{
0

Dı/(bı cos θı)

}]
Eı+c.c.+. . . , (57)

v = −
∑
ı

εδıB̃ıbıΩı(sin θı)
[
1/z̃ − 1

2(U ′′c /U
′
c)
]
Eı + c.c.+ . . . , (58)

w = −
∑
ı

εδıiγıB̃ıbıΩı

[
1 + (U ′′c /U

′
c)z̃
(

ln |z̃|+ b̂
±
ı − 1

)]
Eı + c.c.+ . . . , (59)

p− P0 +Gz =
∑
ı

εδıB̃ıbıΩı(cos θı)U
′
c Eı + c.c.+ . . . , (60)

where
z̃ ≡ z − zc, (61)

δp = 1, δs = δdn = δ, Ωp = Ωs = 1, Ωdn = JdnDdn, Dp = Ds = 0, (62)

for 1 ≤ n ≤ N . The
∑

ı denotes the summation of all 2 +N modes, i.e.∑
ı( )ı ≡ ( )p + ( )s + ( )d1 + . . .+ ( )dN . (63)

The last term in braces in (57) becomes 0 if z > zc andDı/(bı cos θı) if z < zc, and b̂
±
ı becomes b̂

+

ı and

b̂
−
ı above and below the critical level. The above solution becomes singular at z = zc, therefore, it has

to be rescaled in this region.
The streamwise velocity jump across the critical layer from the outer solution becomes,

[u]z̃=+∞
z̃=−∞ =

∑
ı

εδıB̃ı(sec θı)
[
(U ′′c /U

′
c)bıΩı(b̂

+

ı − b̂
−
ı )−Dı/bı

]
Eı + c.c.+ . . . . (64)

This is matched with the jump from the critical-layer solution to derive amplitude equations.
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CRITICAL-LAYER EQUATIONS

The thickness of a non-equilibrium critical layer, where the growth term is balanced with the
linear convection effect, is of the same order as the small growth rate as shown in Reutov (1980),
Goldstein, Durbin & Leib (1987), Goldstein & Hultgren (1988), Lee (2012), and others. Thus, the
vertical coordinate in this region is scaled by

ζ̃ = (z − zc)/σ = z̃/σ. (65)

Viscous terms will enter the critical-layer momentum equations when the Reynolds number in air is
scaled by

1/Ra = σ3λ̃, (66)

where λ̃ is the viscous parameter and Ra ≡ Ua∆a/νa with νa denoting the kinematic viscosity of air.
The continuity and momentum equations for the velocity u = iu+jv+kw and pressure p expressed

in terms of the scaled variables t1, X and ζ̃ become

uX + vy + wζ̃/σ = 0, (67)[
σ
∂

∂t1
+ (u− c) ∂

∂X
+ v

∂

∂y
+
w

σ

∂

∂ζ̃
− σλ̃ ∂

2

∂ζ̃2

]
{u, v, w} = −

{
pX , py, G+

1

σ
p
ζ̃

}
. (68)

The magnitude of a difference mode in air, that is generated by a quadratic interaction between a
primary wave and a secondary or other difference mode, becomes of the same order as the secondary
amplitude when

ε = σ3. (69)

Meanwhile, the nonlinear effect due to the quadratic coupling of the secondary and 1st-difference modes,
or of a pair of difference modes, becomes negligibly small when δ, which is a measure of the amplitude
ratio of the secondary to primary modes, satisfies

δ � 1. (70)

Introducing (65) and (69) into the outer solutions (57)–(60) and re-expanding the result for small
ζ̃ show that the critical-layer solution should be of the form

u

v

w

p

 =


c+ σU ′cζ̃

0

0

P0 −Gz

+ σ2


u(1)

v(1)

σw(1)

σp(1)

+ σ3 lnσ


u(2L)

v(2L)

σw(2L)

σp(2L)

+ σ3


u(2)

v(2)

σw(2)

σp(2)

+ . . . . (71)

It is convenient to introduce the critical-layer amplitude Ãı,

Ãı = bıΩıB̃ı for ı = {p, s, dN}, Ãdn = −b∗dnΩ∗dnB̃
∗
dn for 1 ≤ n ≤ N−1, (72)

where B̃ı is the amplitude in the outer solutions, and Ωı is defined by (62). Then, the leading-order
term that matches onto the outer solution (57)–(60) is written as u(1)− 1

2U
′′
c ζ̃

2

v(1)

= i

 βp/αp

−1

Q̃(1)
p Ep+δi

 βs/αs

−1

Q̃(1)
s Es+δi

N∑
n=1

 βdn/αdn

−1

Q̃(1)
dn Ẽdn+c.c., (73)
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 w(1)

p(1)

 =

 −iγp

U ′cαp/γp

 ÃpEp + δ

 −iγs

U ′cαs/γs

 ÃsEs + δ
N∑
n=1

 −iγdn

U ′cαdn/γdn

 ÃdnẼdn + c.c.. (74)

The wavenumbers are defined by (12), (30) and (32). The Ep and Es are given in (29), and Ẽdn is
defined as

Ẽdn ≡ exp[i(αdnX + βdny)] for 1 ≤ n, (75)

that becomes Ẽdn = E∗dn if 1 ≤ n ≤ N−1, and ẼdN = EdN with Edn given in (29). The second-order
critical-layer solution must include all harmonics generated by the nonlinear terms in the momentum
equations. They become, up to O(δ),

q(2) = Q̃
(2)
p Ep + Q̃

(2)
0 + Q̃

(2)
2p E2

p + δ

[
Q̃

(2)
s Es + Q̃

(2)
p+sEpEs +

N+1∑
n=1

Q̃
(2)
dn Ẽdn

]
+ c.c., (76)

where q(2) and Q̃
(2)
 denote

q(2) ≡
{
u(2) − 1

6U
′′′
c ζ̃

3, v(2), w(2), p(2)
}
, (77)

Q̃
(2)
 ≡

{
Ũ

(2)
 , Ṽ

(2)
 , W̃

(2)
 , P̃

(2)


}
for  = {p, 0, 2p, s, p+ s, d1, . . . , d(N+1)} . (78)

By substituting (71), (73), (74) and (76)–(78) into the continuity and momentum equations, a system

of critical-layer equations is derived for Q̃
(1)
ı and Q̃

(2)
 as given in Appendix B.
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AMPLITUDE EQUATIONS

Matching of critical-layer jumps

The critical-layer equations in Appendix B are analytically solved to obtain the velocity jumps across
the critical layer as in Goldstein & Choi (1989), Goldstein & Lee (1992), Wu (1992), Wu, Lee & Cowley
(1993), Lee (2012), and others. The following normalized variables are introduced,

α̂ı = αı/ᾱ, β̂ı = βı/β̄, γ̂ı = γı/β̄, (79)

t̄ = κ̂(ᾱU ′ct1 − to), ζ = ζ̃/κ̂− ζ̃o, X̄ = X −Xo, λ = λ̃/(ᾱκ̂3U ′c), (80)

Aı = (
√
M/U ′c/κ̂

3)Ãı e
iα̂ı(Xo+ζ̃o t̄), U (2)

 =
{
ᾱ2M/(β̄2κ̂3)

}
Ũ

(2)
 eiα̂(Xo+ζ̃o t̄), (81)

where the normalization parameters ᾱ, β̄, κ̂ and M and the coordinate origin shift ζ̃o are chosen in
Appendix C, and to and Xo will be chosen later.

When N ≥ 2, the velocity jumps of the primary, secondary and N difference modes become∫ ∞
−∞

U (2)
 ζ
dζ = iπ(ᾱ/β̄)

√
M/U ′c U

′′
c (γ̂/α̂)A(t̄) for  = {p, s}, (82)

∫ ∞
−∞

U
(2)
dn ζ

dζ =


Λ−n + F−n , 1 ≤ n ≤ N−2,

Λ−n + F−n +G+
n , n = N−1,

Λ+
n +G−n , n = N,

(83)

where Λ±n , F−n and G±n are given in Appendix D.
The difference mode jumps (83) are rewritten as, for example, if N = 2,

∫ ∞
−∞

U
(2)
dn ζ

dζ =


Λ−1 (t̄|Ad1) + F−1 (t̄|Ap, A∗s) +G+

1 (t̄|A∗p, Ad2), n = 1,

Λ+
2 (t̄|Ad2) +G−2 (t̄|Ap, Ad1), n = 2.

(84)

Two difference modes are generated by a 2 + 2 mode interaction as shown in Figures 2(e, f)–4(e, f).
When N = 3, equation (83) for a 2 + 3 mode interaction becomes

∫ ∞
−∞

U
(2)
dn ζ

dζ =


Λ−1 (t̄|Ad1) + F−1 (t̄|Ap, A∗s), n = 1,

Λ−2 (t̄|Ad2) + F−2 (t̄|Ap, Ad1) +G+
2 (t̄|A∗p, Ad3), n = 2,

Λ+
3 (t̄|Ad3) +G−3 (t̄|Ap, Ad2), n = 3.

(85)

Diagrams of 2 + 3 mode interactions are illustrated in Figures 2(g, h)–4(g, h).
Matching between the critical-layer solutions (71) and the outer solutions (57)–(60) requires that

the velocity jumps (82) and (83) from the critical-layer solutions at O(σ3δı) must be equal to the
corresponding velocity jumps (64) from the outer solution. By matching them, we obtain

b̂
+

ı − b̂
−
ı = iπ, (86)
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Dp = Ds = 0, DdnBdn = −
[
β̄bdnα̂dn/(ᾱγ̂dn

√
U ′cM)

]
Fdn(t̄) for 1 ≤ n ≤ N, (87)

where Fdn denotes the nonlinear jumps without the Λ±n terms on the right sides of (83). The normalized
outer amplitude Bı is related to the normalized critical-layer amplitude Aı by

Aı = bıΩıBı with Bı = (
√
M/U ′c/κ̂

3)B̃ıe
iα̂ı(Xo+ζ̃o t̄). (88)

The above equations (86)–(88) with the relation (50) completely determine the evolution of amplitudes.
They can be combined to derive more explicit amplitude equations as will be summarized below.

Primary and secondary mode amplitudes

The primary mode, whose magnitude ofO(σ3) is larger than the other modes, remains linear throughout
the whole stage. When N ≥ 2, or ωp < ωs, the secondary mode of magnitude of O(σ3δ) also remains
linear. From the relation (50) and the matching conditions (86) and (87), we can show that

Ap = apexp(κpt̄), As = asexp(κst̄). (89)

The linear growth rates κp and κs become

κı = − πcU ′′c α̂ı|bı|2
2κ̂β̄U ′2c γ̂ı tanh(γıH)

− iα̂ı

(
cRı

2κ̂β̄U ′cγ̂ı tanh(γıH)
− ζ̃o

)
for ı = {p, s}, (90)

with β̄, κ̂, ζ̃o and Rı in (C-1)–(C-3) and (51). The initial amplitudes ap and as are

aı = (Ã
(o)
ı /Ã

(o)
30 ) exp

[
(κı − 1)κ̂to + i(α̂ı − α̂30)(Xo − κ̂toζ̃o)

]
for ı = {p, s}, (91)

where Ã
(o)
ı is a non-normalized initial amplitude of Ãı,

Ãı = Ã
(o)
ı eκ̃ıt1 , (92)

and κ̃ı is the non-normalized linear growth rate,

κ̃ı = (dÃı/dt1)/Ãı = ᾱκ̂U ′c(κı − iα̂ıζ̃o). (93)

The coordinate origin shifts to and Xo introduced in (80) are chosen to satisfy

(
√
M/U ′c/κ̂

3)Ã
(o)
30 exp

[
κ̂to + iα̂30(Xo − κ̂toζ̃o)

]
= 1. (94)

By putting (C-2) and (C-3) into (90), and from (91),

κ30 = 1, a30 = 1. (95)

In Lee (2012), we showed that κp and ap could be normalized to unity by selecting the properties of
the primary and secondary waves of each set of interactions as normalization parameters. The as could
also be normalized to be one. However, in this paper, the general forms in (89), with normalization
parameters chosen from the properties of a wind wave with 30◦ propagation angle will be kept for
straightforward comparisons between numerical results of various sets of interactions.

When the secondary-wave frequency is lower than the primary frequency, or N = 1, the 2 + 1 mode
interaction produces a nonlinear effect on the secondary wind wave. Its amplitude is then governed by
an integro-differential equation.

22



Amplitude equations of difference modes when λ = O(1)

Equation (87) shows that the amplitudes of the first N − 2 difference modes grow exponentially,

Adn = adnexp(κdnt̄) for 1 ≤ n ≤ N−2. (96)

Their growth rates, κdn, and initial amplitudes, adn, become

κdn = κ∗s + nκp, (97)

adn = ϕ∗
dn
apad(n−1)I

(n)
d with ad0 = −a∗s, (98)

where ϕdn and I
(n)
d are given by

ϕdn = − γ̂30α̂dn
α̂30γ̂dn

Jdnb
2
dn

|J30||b30|2
= i

bdn
|bdn|

γ̂30α̂dn
α̂30γ̂dn

|Jdn||bdn|2
|J30||b30|2

, (99)

I
(n)
d = C

(n)
c−

[
νnγ̂d(n−1)

∫∞
0 E

(n)
a− (τ) e−(ν̂κp+κ∗s)τ τ2 dτ

−C(n)
d−

∫∞
0

∫∞
0 E

(n)
u− (τ1, τ2) e−(ν̂κp+κ∗s)(τ1+τ2) τ1 dτ1dτ2

]
, (100)

with ν̂, νn, C
(n)
c− , C

(n)
d− , E

(n)
a− and E

(n)
u− in (D-4)–(D-7). The relation (56) was used to obtain (99).

However, the amplitudes of the last two difference modes, the (N − 1)th and Nth, are determined
by coupled integral equations

Ad(N−1) = ad(N−1)exp(κd(N−1)t̄) + ϕ∗
d(N−1)

G+
N−1(t̄|A∗p, AdN), (101)

AdN = −ϕdNG−N (t̄|Ap, Ad(N−1)), (102)

with ad(N−1) defined by (98) and G±n given by (D-3) in Appendix D. The above equations determine
Ad(N−1) and AdN at a given t̄.

From (101) and (102), one may obtain that

Ad(N−1) → ad(N−1)exp(κd(N−1)t̄), AdN → adNexp(κdN t̄), as t̄→ −∞, (103)

where κd(N−1), κdN and ad(N−1) are defined by (97) and (98), and adN is equal to r0 in (125).
Equations (36) and (96) show that the first N − 2 difference modes, whose frequencies are higher

than the primary-wave frequency, grow exponentially. The growth rate of the nth-difference mode is
increased by κp and its frequency is decreased by ωp compared to those of the preceding (n − 1)th-
difference mode. As shown in (103) and (115), the growth rates of the (N − 1)th and Nth difference
modes in the initial exponential-growth stage are also larger by κp than the (N − 2)th and (N − 1)th
modes, respectively. However, the growth rates of these last two difference modes can become much
greater than their initial growth rates when t̄ becomes large. The frequencies of the (N − 1)th and
Nth difference modes are lower than the primary frequency as given in (36).

The amplitudes of all 2 + N modes (N ≥ 2) are now determined by (89), (96), (101) and (102).
It is noted that only initial amplitudes of the wind waves, ap and as, can be freely chosen as in (89).
All initial amplitudes of nonlinearly generated difference modes, adn, are determined by (98). The
governing equations become much simpler in the inviscid and large-viscosity limits as will be given
later. We will also obtain the series solutions of the (N − 1)th and Nth difference-mode amplitude
equations.
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Outer amplitudes Bp, Bs and Bdn

From (62), (87) and (88), the primary and secondary amplitudes in the outer solutions, Bp and Bs,
that are normalized by the second equation in (88), become

Bp = Ap/bp, Bs = As/bs, (104)

where Ap and As are given by (89). The difference mode is solely generated by the critical-layer
interaction, and Bdn always appears multiplied by Ddn in the outer solution (57)–(60). From (88) with
(62), the term DdnBdn becomes

DdnBdn = Adn/(bdnJdn). (105)

The outer solutions in the air, the perturbations in the water and the wave elevation are now completely
determined.
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INVISCID AMPLITUDE EQUATIONS

In the inviscid limit where λ = 0, (96) becomes

Adn = a
(inv)
dn exp(κdnt̄) for 1 ≤ n ≤ N−2, (106)

with
a

(inv)
dn = ϕ∗

dn
apa

(inv)
d(n−1)I

(n)
dinv

, (107)

I
(n)
dinv

= I
(n)
d (λ = 0) = C

(n)
c−

(
2νnγ̂d(n−1) − C(n)

d−

)
/ (ν̂κp + κ∗s)

3 . (108)

Equations (101) and (102) are simplified as

Ad(N−1) = a
(inv)
d(N−1)exp(κd(N−1)t̄) + ϕ̂(inv)

a e2(Reκp)t̄

∫ ∞
0

K
(inv)
d (τ)Ad(N−1)(t̄− τ)dτ, (109)

AdN = ϕ̂
(inv)
b eκp t̄

∫ ∞
0

e−(1−νN )κpτ τ2Ad(N−1)(t̄− τ)dτ, (110)

where

K
(inv)
d = e−(1−νN )κpτ

[
τ2 − 3τ/(ν

N
Reκp) + 3/(ν

N
Reκp)

2
]

−e−(κp+νNκ
∗
p)τ
[
τ2 + 3τ/(ν

N
Reκp) + 3/(ν

N
Reκp)

2
]
, (111)

ϕ̂(inv)
a = −1

4 |ap|2ϕ∗d(N−1)
C

(N−1)
a+

(
νN−1γ̂p − 1

2C
(N−1)
b+

)
ϕ̂

(inv)
b /(ν

N
Reκp)

3, (112)

ϕ̂
(inv)
b = −apϕdNC

(N)
a−

(
ν
N
γ̂p − 1

2C
(N)
b−

)
. (113)

From (D-4) and (16),
ν
N

= N − ν̂ = N − α̂s/α̂p and 0 < ν
N
< 1. (114)

Equations (89), (106), (109) and (110) determine the inviscid amplitudes. The series solutions of (109)

and (110) will be given later. We will also find the conditions when the coefficients ϕ̂
(inv)
a and ϕ̂

(inv)
b

vanish.
The amplitudes Ad(N−1) and AdN in (109) and (110) become

Ad(N−1) → a
(inv)
d(N−1)exp(κd(N−1)t̄), AdN → a

(inv)
dN exp(κdN t̄), as t̄→ −∞, (115)

where a
(inv)
d(N−1) is given by (107), and a

(inv)
dN equals r0 defined later by (125).
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SOLUTIONS OF VISCOUS-LIMIT AMPLITUDE EQUATIONS

In the large-viscosity limit where λ→∞, (96) can be written as

Adn = a
(vlim)
dn exp(κdnt̄) for 1 ≤ n ≤ N−2, (116)

where
a

(vlim)
dn = ϕ∗

dn
a

(vlim)
d(n−1)I

(n)
dvlim

, (117)

I
(n)
dvlim

= lim
λ→∞

I
(n)
d = C

(n)
c−

[
γ̂d(n−1)/{λα̂2

pνn(1−νn)}− C(n)
d−

∫∞
0

∫∞
0 E

(n)
u−(τ1,τ2) τ1dτ1dτ2

]
. (118)

The viscous-limit amplitude equations for the (N − 1)th and Nth difference modes are obtained by
taking the λ→∞ limits of (101) and (102) using similar methods in Wu et al. (1993) and Lee (2012).
These equations are solved to obtain the following analytic solutions

Ad(N−1) = a
(vlim)
d(N−1)exp(κd(N−1)t̄)/(1− ϕ̂(vlim)

a e2(Reκp)t̄), AdN = ϕ̂
(vlim)
b eκp t̄Ad(N−1), (119)

where
ϕ̂(vlim)
a = |ap|2ϕ∗d(N−1)

ϕ̂
(vlim)
b G̃

+
N−1, ϕ̂

(vlim)
b = −apϕdNG̃

−
N , (120)

G̃
±
N−1 = ∓Ca±(n)

[
γ̂p/{λα̂2

pνn(1± νn)2} − C(n)
b±

∫∞
0

∫∞
0 E

(n)
v± (τ1, τ2) τ1 dτ1dτ2

]
. (121)

By renormalizing the amplitudes and time, we may find that λ is not an independent parameter for
the above solutions. In the large-viscosity limit, the evolution of all amplitudes is described by simple
algebraic equations (89), (116) and (119).
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SERIES SOLUTIONS OF AMPLITUDE EQUATIONS

Both inviscid and finite-viscosity amplitude equations, in (101), (102), (109) and (110), possess the
following absolutely-convergent series solutions,

Ad(N−1) =

∞∑
n=0

sn exp[(2nReκp + κd(N−1)) t̄ ], AdN =

∞∑
n=0

rn exp[(2nReκp + κdN) t̄ ], (122)

where κdn is defined by (97). The recursion relations are obtained as

s0 = a
(inv)
d(N−1) if λ = 0, s0 = ad(N−1) if λ 6= 0, (123)

sn = (1/4)ϕ̂(inv)
a ν3

N
(n− 1 + ξ)−3(n− 1 + ξ + ν

N
)−3(Reκp)

−3 gn−1 sn−1 for n ≥ 1, (124)

rn = (1/4)ϕ̂
(inv)
b (n+ ξ)−3(Reκp)

−3 hn sn for n ≥ 0, (125)

where
ξ ≡ (ν̂κp + κ∗s)/(2Reκp). (126)

In the inviscid limit, gn−1 and hn become

gn−1 = hn = 1 if λ = 0, (127)

and they are given by (E-1) and (E-2) in Appendix E for the finite-viscosity case.
The recursion relation (124) is summed to obtain

sn =
(
ϕ̂

(inv)
a /4

)n
(ν
N
/Reκp)

3n [(ξ)n(ξ + ν
N

)n]−3 (∏n
m=1 gm−1

)
s0, (128)

where (ξ)n ≡ Γ(ξ+n)/Γ(ξ) denotes the generalized factorial function, and Γ(ξ) is the gamma function.
Following the method used in Wundrow, Hultgren & Goldstein (1994), we can show that the

asymptotic behavior of (122) when t̄→∞ becomes

Ad(N−1)(t̄) ∼ sasyexp
[{
κd(N−1) − (2ξ + ν

N
− 7/6)Reκp

}
t̄
]

× exp

[
6
{

(ν
N
/Reκp)

3ϕ̂(inv)
a /4

}1/6
exp{(Reκp/3)t̄}

]
, (129)

AdN(t̄) ∼ rasyexp [i(Imκp)t̄]Ad(N−1)(t̄), (130)

where sasy and rasy are given in (E-7) and (E-8), and Im denotes the imaginary part of a complex
variable.

Similar to previous analyses by Goldstein & Lee (1992), Wundrow et al. (1994) and Lee (2012),
the amplitudes Ad(N−1) and AdN grow like the exponential-of-an-exponential as t̄ → ∞. It is worth
noting that the viscous effect only appears in the coefficients sasy and rasy in (129) and (130). Their
t̄-dependent parts, or Ad(N−1)/sasy and AdN/rasy, are independent of λ.
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SPECIAL SOLUTIONS OF AMPLITUDE EQUATIONS

Generation of plane second-difference modes by 2 + 2 mode interactions

By putting βdn = 0 and using (11), (12) and (30), we may show that a 2 + 2 mode interaction can
generate a second-difference mode whose motion is two-dimensional, or θd2 = 0, if αp and αs satisfy

α2
s =

(
1 +

√
1 + 16ms(mpα2

p − 1)α2
p

)
/(2ms), (131)

where mı = c4/[G2 tanh2(γıH)] for ı = {p, s}. The combinations of (θp, θs) that satisfy (131) are
plotted as the θd2 = 0 contour line in Figure 6(b) and also as red curves in Figures 7(a, b).

One can further show that the plane 2nd-difference mode is a wind wave, if

(4−mp/ms)r̄
2ῡ4
p − 8r̄ῡ3

p + 6ῡ2
p + (1− 2/r̄2)r̄ῡp + (1/r̄2 − 1)/4 = 0, (132)

where ῡp ≡
√
msαp, r̄ ≡ tanh(γsH)/ tanh(α2DH) and α2D = (G/c2) tanh(α2DH). In the deep water

limit, where tanh(γıH)→ 1 and tanh(α2DH)→ 1, (132) becomes

αp = (5 +
√

13)G/(6c2). (133)

With parameter values in (14) and (134), the condition is satisfied by the primary and secondary waves
with θp ≈ 45.8◦ and θs ≈ 57.6◦. The above results (131)–(133) are independent of λ.

If the plane 2nd-difference mode is not a wind wave, the amplitudes of both difference modes,
Ad1 and Ad2, grow exponentially and they are determined by (103) or (115) with N = 2. When the
condition (132) or (133) is satisfied, Ad2 will be determined by an equation that is similar to (5.12) in
Lee (2012).

When αs = Nαp

If αs = Nαp, the critical-layer interaction generates N difference modes with wavenumbers given by
(30). Since the streamwise wavenumber of the Nth-difference mode is zero, its outer solution is not
singular and, as a result, the difference-mode or nonlinear-effect generation mechanism is stopped. If
N = 1 and βs = βp, the Nth-difference mode becomes trivial for the primary oblique wave interacting
with itself (Goldstein & Leib 1989). In other cases, i.e. if N = 1 and βs = −βp, or if N ≥ 2, the Nth-
difference mode becomes steady and spanwise periodic (Goldstein & Choi 1989). The exponentially-
growing amplitudes of the first N−1 difference modes are determined by (96) and (103). When N = 0,
the plane secondary wave grows exponentially, but the difference mode is not generated as given in
Appendix F.2 in Lee (2012).

When ϕ̂
(inv)
a = 0 and ϕ̂

(inv)
b = 0

The coefficients ϕ̂
(inv)
a and ϕ̂

(inv)
b in the inviscid amplitude equations (109) and (110) can become zero.

In Figure 7(a), the combinations of (θp, θs) for ϕ̂
(inv)
a = 0 are plotted. The contour lines of ϕ̂

(inv)
b = 0

are plotted in Figure 7(b) for the parameter values in (14) and (134). Border lines for various 2 + N
mode interactions, which were shown in Figure 5, are replotted for 1 ≤ N ≤ 7 as green dotted curves.
The red solid curve depicts the (θp, θs) combinations that generate plane second-difference modes. It

is the same curve as the θd2 = 0 contour line in Figure 6(b). Because of (112), ϕ̂
(inv)
a = 0 if ϕ̂

(inv)
b = 0.
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Figure 7. Contour lines of (a) ϕ̂
(inv)
a = 0 and (b) ϕ̂

(inv)
b = 0 in the (θp, θs) plane plotted as solid curves.

Border lines for various 2 + N mode interactions, shown in Figure 5, are replotted for 1 ≤ N ≤ 7 as
green dotted curves. Red curves are identical to the θd2 = 0 contour line in Figure 6(b). The straight
blue line in region (ib) in (a) satisfies the condition (F.1) in Lee (2012).

Thus, red and black solid curves are identical in both Figures 7(a, b). Blue solid curves depict the

conditions when ϕ̂
(inv)
a = 0 but ϕ̂

(inv)
b 6= 0.

If ϕ̂
(inv)
b = 0 and, thus, ϕ̂

(inv)
a = 0, the amplitude Ad(N−1) grows exponentially as given by the first

equation in (115), but AdN becomes trivial. If ϕ̂
(inv)
a = 0 but ϕ̂

(inv)
b 6= 0, both Ad(N−1) and AdN grow

exponentially as determined by (115). On the straight line in region (ib) in Figure 7(a), both secondary
and difference modes of a 2 + 1 mode interaction grow exponentially as shown in Appendix F.1 in Lee
(2012).
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NUMERICAL RESULTS

All numerical results are obtained by using the logarithmic profile (7) and the parameter values
listed in (14) and

σ = 0.0012. (134)

The quantities are non-dimensionalized by Ua and ∆a given in (8). With (4) and (14), the Charnock’s
(1955) constant becomes αCH ≡ gzo/u2

∗ = G/9.025 = 5.54× 10−3. The parameter values are chosen to
show the characteristic behaviors of the solutions of amplitude equations.

Once the wave propagation angles of the primary and secondary wind waves, θp and θs, are selected,
the wavenumbers, frequencies and other propagation angles are determined by (11)–(13), (30) and (32)–
(34). The number of difference modes generated by a 2 + N mode interaction is determined by (15).
The viscous parameter λ, defined by (66) and (80), is treated as a free parameter. The linear shape

functions Φ
(a)
p , Φ

(a)
s and Φ

(a)
dn are obtained by numerically solving (44). This solution is used to evaluate

Rı, bı and Jı by (51), (55) and (56). All parameters appearing in the amplitude equations are now
determined.

The amplitude equations are solved subject to initial conditions. As mentioned before, only initial
amplitudes of wind waves can be arbitrarily chosen. Those of the primary and secondary wind waves
are chosen as

ap = 1, as = 0.001, (135)

for all numerical results in this section. The initial amplitudes of all difference modes in a 2 +N mode
interaction are determined by (98), (107) or (117) for the finite-viscosity, inviscid or viscous-limit case,
respectively, if N ≥ 2.

When N ≥ 2, the primary and secondary wind waves remain linear as in (89). The first N − 2
difference-mode amplitudes, that also grow exponentially, are determined by (96), (106) and (116). The
series solutions given in (122) are used to compute the amplitudes of the (N − 1)th and Nth difference
modes in the finite-viscosity and inviscid cases. For the results presented in this section, summations
of less than 150 terms were sufficient to obtain convergent solutions. The integral equations (101),
(102), (109) and (110) can also be numerically solved by using the procedure developed in Goldstein
& Lee (1992) and Lee (1997, 2012). In the viscous limit, the last two difference-mode amplitudes are
computed from the closed-form solutions (119).

Figure 8 illustrates the evolution of amplitudes in an inviscid 2 + 2 mode interaction. The propa-
gation angles of the primary and secondary wind waves are chosen to be θp = 30◦ and θs = −57◦ as
denoted by the letters P and S in Figures 2(e, f). The nonlinear interaction generates two difference
modes, denoted by D1 and D2, whose propagation angles are θd1 ≈ −79◦ and θd2 ≈ 83.5◦. The wave
system in Figure 1(b) corresponds to this case.

The linear primary and secondary amplitudes, Ap and As, are shown in Figure 8(a). The amplitudes
Ad1 and Ad2 of the first and second difference modes, computed using the finite-viscosity series solutions
(122), are plotted in Figure 8(b) as solid curves. The initial exponential solutions (115), which are equal
to the first terms in the series solutions, are shown as dot-dashed curves. The asymptotic solutions
(129) and (130) are plotted as dotted curves. The amplitudes Ad1 and Ad2 grow exponentially in the
linear stage where t̄ < 0.5 although they are nonlinearly generated. Both difference modes grow faster
than the primary and secondary wind waves, and Ad2 grows faster than Ad1 in the initial linear stage.
Once the primary amplitude reaches a certain level, say, at t̄ ≈ 0.5, it starts to affect the growth of
difference modes. In the later part of the parametric-growth stage where t̄ > 2.5, Ad1 and Ad2 grow
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Figure 8. Inviscid 2 + 2 mode critical-layer interaction when θp = 30◦, θs = −57◦ and λ = 0. (a)
ln |Ap| (black), ln |As| (green); (b) ln |Ad1| (blue), ln |Ad2| (red); (c) Re(A′d1/Ad1) (blue), Re(A′d2/Ad2)
(red); (d) Im(A′d1/Ad1) (blue), Im(A′d2/Ad2) (red) versus t̄. Solid curves, O(1)-viscosity solutions; dot-
dashed curves, initial exponentially-growing solutions; dotted curves, asymptotic solutions. Blue and
red dotted curves are indistinguishable and only red dotted curves are visible in (c, d).
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almost identically. They also grow faster than exponentially. In fact, they grow like the exponential-of-
an-exponential as solid curves of the finite-viscosity solutions are indistinguishable from dotted curves
of the asymptotic solutions in Figure 8(b). Transition from the initial exponential-growth stage to the
later exponential-of-an-exponential-growth stage is shown to be gradual.

The real and imaginary parts of A′dn/Adn, plotted in Figures 8(c, d), represent the growth rate
and wavelength reduction, respectively. The real part also represents the energy transfer rate since
(d|Adn|2/dt̄)/|Adn|2 = 2Re(A′dn/Adn). The O(1)-viscosity solutions are shown as solid curves and
the asymptotic solutions are plotted as dotted curves. In the figures, blue dotted curves for the 1st-
difference mode are not distinguishable from red dotted ones for the 2nd-difference mode. The former
is invisible since it is completely covered by the latter. In the initial exponential-growth stage, the
1st and 2nd difference modes have constant Re(A′dn/Adn) values of 2.64 and 3.64. In the entire stage,
Re(A′d1/Ad1−κd1) and Re(A′d2/Ad2−κd2) are positive. As a result, |Ad1| and |Ad2| grow monotonically.
The constant values of 1 and 1.64 for Re(A′p/Ap) and Re(A′s/As) are not plotted in the figure.

Results of the inviscid 2 + 2 mode interaction when θp = 30◦ and θs = 50◦ are shown in Figure 9.
The difference-mode propagation angles become θd1 ≈ 71.3◦ and θd2 ≈ −34.6◦. Four modes involved
in this interaction are denoted by P , S̄, D̄1 and D̄2 in Figures 2(e, f). The nonlinear growth effects
start to become large near t̄ ≈ 2. In the initial linear stage where Ad1 and Ad2 grow exponentially, the
signs of Re(A′d1/Ad1 − κd1) and Re(A′d2/Ad2 − κd2) remain unchanged. Since they are negative in this
case, the initial nonlinear effects tend to reduce the growth rates as one may observe in Figure 9(c).
However, the continuing nonlinear effect enables the reverse of their signs for the eventual exponential-
of-an-exponential growth of amplitudes. The finite-viscosity solutions shown as solid curves are not
distinguishable from the asymptotic solutions plotted as dotted curves when t̄ > 5.

Effects of the viscous parameter λ on the growth of the first and second difference modes are shown
in Figures 10(a, b) for the same values of θp = 30◦ and θs = −57◦ as in the inviscid case given in Figure
8. The value of λ is varied from 0 (inviscid) to 105. The finite-viscosity solutions are plotted as solid
curves along with the corresponding viscous-limit solutions (119) as dashed curves. The asymptotic
solutions computed by (129) and (130) are plotted as dotted curves. The linear primary and secondary
wave amplitudes, shown in Figure 8(a), are not affected by λ. The finite-viscosity solutions when
λ = 10 plotted as red curves are almost identical to the inviscid ones plotted as black curves in Figures
10(a, b). It is shown that the onset of the nonlinear growth is delayed as λ is increased, this can be
identified as the departing point from the initial straight lines (not plotted here, but similar to the
dot-dashed lines, for example, in Figure 8(b)). We also note that Ad1 and Ad2 grow almost identically
in the nonlinear growth stage for all λ values considered. The inviscid and all finite-viscosity solutions
approach the exponential-of-an-exponential asymptotic solutions as t̄ → ∞. Even for large values of
λ, the evolution of Ad1 and Ad2 in later nonlinear growth stage is approximately described by the
asymptotic solutions plotted as dotted curves. It is worth pointing out that there is no arbitrary
parameter in the asymptotic solutions (129) and (130).

As λ becomes large, the O(1)-viscosity solution plotted as solid curves in Figure 10 approaches
the viscous-limit solution plotted as dashed curves, especially, in the initial stage. This mainly occurs

because the initial amplitude adn of the O(1)-viscosity solution approaches a
(vlim)
dn of the viscous-limit

solution. The growth rates are independent of λ in the initial linear stage. When λ = 105, the finite-
viscosity solution closely follows the viscous-limit solution during the initial linear stage and, also, in
the beginning portion of nonlinear stage, then it jumps onto the asymptotic solution rather abruptly.
Although they are plotted for different values of λ, in order to compare against the corresponding
finite-viscosity solutions, λ is not an independent parameter for the viscous-limit solutions.
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Figure 9. Inviscid 2 + 2 mode critical-layer interaction when θp = 30◦, θs = 50◦ and λ = 0. (a)
ln |Ap| (black), ln |As| (green); (b) ln |Ad1| (blue), ln |Ad2| (red); (c) Re(A′d1/Ad1) (blue), Re(A′d2/Ad2)
(red); (d) Im(A′d1/Ad1) (blue), Im(A′d2/Ad2) (red) versus t̄. Solid curves, O(1)-viscosity solutions; dot-
dashed curves, initial exponentially-growing solutions; dotted curves, asymptotic solutions. Blue and
red dotted curves are indistinguishable and only red dotted curves are visible in (c, d).
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Figure 10. Effect of viscosity on a 2+2 mode interaction when θp = 30◦ and θs = −57◦. λ = 0 (inviscid,
black), 10 (red), 103 (blue) and 105 (green). (a) ln |Ad1| and (b) ln |Ad2| versus t̄. Solid curves, O(1)-
viscosity solutions; dashed curves, viscous-limit solutions; dotted curves, asymptotic solutions.
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Figure 11. Effect of viscosity on a 2 + 2 mode interaction when θp = 30◦ and θs = 50◦. λ = 0 (inviscid,
black), 10 (red), 103 (blue) and 105 (green). (a) ln |Ad1| and (b) ln |Ad2| versus t̄. Solid curves,
O(1)-viscosity solutions; dashed curves, viscous-limit solutions; dotted curves, asymptotic solutions.

Figure 11 shows that large viscosity also delays the onset of the nonlinear growth when θp = 30◦

and θs = 50◦. The primary and secondary amplitudes are the same as those plotted in Figure 9(a).
Note that there are spikes in the viscous-limit solutions plotted as dashed curves in Figure 11. They
are due to near singular behavior of the viscous-limit solutions (119). The viscous-limit solution can
actually become singular for certain combinations of θp and θs.

Numerical results of an inviscid 2 + 3 mode interaction are plotted in Figure 12. When θp = 30◦

and θs = −70◦, the 2 + 3 mode interaction generates three difference modes with propagation angles
of (θd1, θd2, θd3) ≈ (−78.5◦, −86.2◦, 86.9◦). The primary, secondary and difference modes denoted by
P , S, D1, D2 and D3 in Figures 2(g, h) correspond to this specific case. As plotted in Figure 12(a),
the first-difference mode, in addition to the primary and secondary waves, grows exponentially. The
last two difference-mode amplitudes, Ad2 and Ad3 plotted as solid curves in Figure 12(b), grow faster
than exponentially.

The viscous effects on the above 2+ 3 mode interaction are shown in Figure 13. The linear primary
and secondary wave amplitudes, which are independent of λ, are given in Figure 12(a). Although
the growth rate of the exponentially-growing first-difference mode is not affected by the viscosity as
shown by (97), its initial amplitude determined by (98) is a function of λ. The complex ad1 becomes
(−1.7 − 1.3i) × 10−3, (0.2 − 2.2i) × 10−3, (9.4 + 0.1i) × 10−5 and (1.1 + 0.5i) × 10−6, when λ = 0, 10,
103 and 105, respectively. Effects of λ on the growth of the 2nd and 3rd difference modes are shown in
Figure 13.

Figure 14 shows the numerical results of the inviscid 2 + 4 mode interaction when θp = 30◦ and
θs = −76◦. The 2 + 4 mode interaction generates four difference modes with propagation angles
of (θd1, θd2, θd3, θd4) ≈ (−80.2◦, −84.2◦, −87.9◦, 88.6◦). The linear primary (black) and secondary
(green) waves and the first (purple) and second (brown) difference modes are shown in Figure 14(a).
Their growth rates are κp(= 1), κs(≈ 2.87 − 13.71i), κd1 = κ∗s + κp and κd2 = κd1 + κp. Also, the
initial growth rates of the third (blue) and fourth (red) difference modes become κd3 = κd2 + κp
and κd4 = κd3 + κp as shown in Figure 14(b). The amplitudes Ad3 and Ad4 are first reduced at the
beginning of the nonlinear growth stage, but they soon approach the asymptotic solutions plotted as
dotted curves. Figure 15 shows the evolution of Ad3 and Ad4 for various values of λ.

Effects of secondary-wave propagation angles on 2 +N mode interactions are investigated by vary-
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Figure 12. Inviscid 2+3 mode critical-layer interaction when θp = 30◦, θs = −70◦ and λ = 0. (a) ln |Ap|
(black), ln |As| (green), ln |Ad1| (purple); (b) ln |Ad2| (blue), ln |Ad3| (red) versus t̄. Solid curves, O(1)-
viscosity solutions; dot-dashed curves, initial exponentially-growing solutions; dotted curves, asymp-
totic solutions.
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Figure 13. Effect of viscosity on a 2+3 mode interaction when θp = 30◦ and θs = −70◦. λ = 0 (inviscid,
black), 10 (red), 103 (blue) and 105 (green). (a) ln |Ad2| and (b) ln |Ad3| versus t̄. Solid curves, O(1)-
viscosity solutions; dashed curves, viscous-limit solutions; dotted curves, asymptotic solutions.
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Figure 14. Inviscid 2+4 mode critical-layer interaction when θp = 30◦, θs = −76◦ and λ = 0. (a) ln |Ap|
(black), ln |As| (green), ln |Ad1| (purple), ln |Ad2| (brown); (b) ln |Ad3| (blue), ln |Ad4| (red) versus t̄.
Solid curves, O(1)-viscosity solutions; dot-dashed curves, initial exponentially-growing solutions; dotted
curves, asymptotic solutions.
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Figure 15. Effect of viscosity on a 2+4 mode interaction when θp = 30◦ and θs = −76◦. λ = 0 (inviscid,
black), 10 (red), 103 (blue) and 105 (green). (a) ln |Ad3| and (b) ln |Ad4| versus t̄. Solid curves, O(1)-
viscosity solutions; dashed curves, viscous-limit solutions; dotted curves, asymptotic solutions.
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ing θs while keeping θp unchanged. The value of θs is varied from −89◦ to 89◦ with increments of 0.05◦

for the inviscid and 0.1◦ for the viscous case. The series solutions are numerically evaluated for each
set of (θp, θs) combinations. The results from various sets of (θp, θs) combinations are then assembled
to obtain the amplitudes as functions of θs at given values of t̄. Figure 16 shows the results of this pa-
rameter study when θp = 30◦. The absolute values of the amplitudes, |Aı|, where ı = {p, s, d1, d2, d3}
for the primary, secondary, 1st-difference, 2nd-difference and 3rd-difference modes, are plotted in the
first/leftmost to fifth/rightmost columns of sub-figures. The effects of viscosity are also investigated by
varying λ = 0 (inviscid, 1st/top row), 10 (2nd row), 103 (3rd row) and 105 (4th/bottom row). In the
figures, |Aı| versus θs are plotted at t̄ = 0, 3, 6, 9 and 12 (only when λ = 105). The wave propagation
angles of difference modes, θd1, θd2 and θd3, as functions of θs for a constant θp = 30◦ can be found from
Figure 6. For the fixed value of θp = 30◦, the amplitude of the linear primary wave, Ap, is independent
of θs and λ as shown in the first column of sub-figures in Figure 16.

The 2 + 1 mode interaction occurs when 0 < |θs| < 30◦ as one can find from Figure 5. The
cyan-color-filled sections in the color bar plotted on top of each sub-figures in Figure 16 correspond
to these ranges of θs. The 2 + 1 mode interaction produces nonlinear growth effects on the secondary
and (1st) difference mode amplitudes, As and Ad1(≡ Ad), as shown in the 2nd and 3rd columns
of sub-figures. Since the 2 + 1 mode interaction only generates a single (1st) difference mode, the
corresponding regions to the cyan-color-filled sections in the 4th and 5th columns of sub-figures, i.e.
for the 2nd and 3rd difference modes, are empty. Differences between the results of the inviscid 2 + 1
mode interactions in Figures 16 (b, c) and those plotted in Figures 10(a, b) in Lee (2012) are due to
different normalizations of variables. The nonlinear effect is stronger when θs is negative than when it
is positive. The effect of viscosity is shown to delay the onset of the nonlinear growth. The value of θs
for the largest |As| and |Ad1| at t̄ = 9 becomes closer to −θp as the viscous effect is increased. Details
of amplitude evolution when (θp, θs) = (30◦, −15◦) can be found in Figures 6 and 8 in Lee (2012).

If 30◦ < |θs| < 64.34◦, that corresponds to the yellow-color-filled sections in the color bars, the 2+2
mode interactions occur. The secondary wave remains linear as shown in the 2nd column of sub-figures.
Its linear growth rate that is independent of λ, can be found in Figure 1 in Lee (2012). The amplitudes
of the first and second difference modes are nonlinearly affected. The amplitudes |Ad1| and |Ad2| grow
faster for negative values of θs compared to the positive ones as in 2 + 1 mode interactions. The value
of θs = −57◦ for the detailed study presented in Figures 8 and 10 was chosen to show the results near
the strongest 2 + 2 mode interaction when θp = 30◦.

The 2+3 mode interaction occurs when 64.34◦ < |θs| < 73.22◦, or in the orange-color-filled sections
in the color bars in Figure 16. Both secondary and first-difference modes grow exponentially as shown
in the 2nd and 3rd columns of sub-figures. The amplitudes of the second and third difference modes,
plotted in the 4th and 5th columns, are nonlinearly affected.

If 73.22◦ < |θs| < 77.5◦, as in the black-color-filled sections, the 2 + 4 mode interaction occurs.
The amplitudes As, Ad1 and Ad2 grow exponentially. The nonlinearly-growing Ad3 is plotted in the
rightmost column of sub-figures. The fourth-difference mode amplitude, Ad4, is not shown in the figure.

There are special combinations of (θp, θs) for which the nonlinear effects are reduced or disappear.
When θs = 0, the linear plane secondary wave, that propagates along the downwind direction, grows
exponentially. The difference mode is not generated by the nonlinear interaction of the oblique primary
and plane secondary waves. If θs = −θp, the linear secondary mode grows exponentially as shown in
Figure 16. The difference mode becomes steady and spanwise periodic. When θs = θp, the nonlinear
interaction of the primary oblique wave interacting with itself does not generate a difference mode
(Goldstein & Leib 1989). If θs equals the plus/minus wave propagation angle corresponding to αs =
Nαp for N ≥ 2, the first N − 1 difference modes grow exponentially as confirmed in Figure 16. The

37



Nth-difference mode becomes steady and spanwise periodic.
It is found that a 2+2 mode interaction can generate a plane 2nd-difference mode when the relation

(131) is satisfied. With the parameter values in (14), the pair of (θp, θs) ≈ (30◦, 43.87◦) satisfies the
condition independently of λ.

In Figure 7, we find that both coefficients ϕ̂
(inv)
a and ϕ̂

(inv)
b in the inviscid amplitude equations (109)

and (110) vanish when the 2nd-difference mode is a plane wave, the case already considered above.

Figure 7 also shows that ϕ̂
(inv)
a = 0 but ϕ̂

(inv)
b 6= 0, for example, if (θp, θs) equals (30◦, 54.21◦) for a

2 + 2 mode interaction. The amplitudes Ad1 and Ad2 grow exponentially as shown in Figures 16(c, d).
We also find from Figure 16 that this inviscid effect disappears as λ is increased.

In Figures 17 and 18, the results of a parameter study when θp = 50◦ and 70◦, respectively, are
summarized. Effects of θs on various 2+N mode interactions are investigated by varying θs from −89◦

to 89◦ as in the previous θp = 30◦ case. The regions of various 2 +N mode interactions are shown as
color-filled sections in the color bars. The values of |θs| at the boundaries where αs = Nαp become
50◦, 71.25◦, 77.63◦ and 80.75◦ if θp = 50◦ for N = 1, 2, 3 and 4 as can be found from Figure 5. They
are 70◦, 80.15◦, 83.45◦ and 85.09◦ if θp = 70◦. Differences between the results of the inviscid 2 + 1
mode interactions in Figures 18 (b, c) and those plotted in Figures 11(a, b) in Lee (2012) are due to
different normalizations of variables. The results of these θp = 50◦ and 70◦ cases are consistent with
those of the θp = 30◦ case. The nonlinear parametric growth is more effectively enhanced when the
sign of the propagation angle of the secondary wind wave θs is opposite to that of the primary wind
wave θp than when both have the same sign.
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DISCUSSION AND CONCLUSIONS

A nonlinear interaction that can generate low-frequency fluctuations in the air above obliquely
propagating wind waves is studied. The nonlinear interaction can be initiated by two three-dimensional
fluctuations in wind, which are induced by wind-driven surface waves, referred to as the primary and
secondary waves. The secondary-wave frequency can be higher than the primary frequency. The
analysis is valid for general two-dimensional wind profiles. The characteristic wave speed is assumed to
be sufficiently large, so that the critical layer is distinct from the viscous sublayer. The experimental
study by Hristov, Miller & Friehe (2003) has shown the existence of distinct critical layers in an open
ocean.

As pointed out in Lee (2012), the phase speed in the wave propagation direction of an oblique wave,
c̄ı, becomes

c̄ı ≡ ωı/γı = c cos θı, (136)

for ı = {p, s, d1, . . . , dN}, where γı, θı and ωı are defined by (12), (13) and (32)–(34), and c is the wave
speed in the streamwise or downwind direction (Drazin & Reid 2004, p. 128). For wind waves and
nonlinear difference modes with an equal wave speed in downwind direction c, the phase speeds c̄ı are
proportional to cos θı. For an equal phase speed c̄ı, the wave speed in downwind direction c becomes
larger and the critical level moves higher from the interface as the wave propagation angle is increased.
An oblique wind wave may have a distinct critical layer from the viscous sublayer although its phase
speed c̄ı is small.

We suppose that the primary wind wave is the largest oblique wave in an initial wind-driven wave
field. The linear primary wave grows exponentially. According to Miles’ (1957) theory, its growth
rate is proportional to σ, that is the density ratio of air to water as in (1). The typical value of σ
is O(10−3). Once the steepness of the primary wind wave becomes O(σ3), it can nonlinearly interact
with a secondary oblique wave of smaller steepness. If the wave speeds in downwind direction of the
primary and secondary oblique waves are equal, both wind waves share a common critical layer where
the nonlinear interaction first takes place (Davis 1969; Benney & Bergeron 1969; Drazin & Reid 2004).
If N is the smallest integer not less than the ratio of the secondary to primary frequencies, or if the
frequency ratio is greater than N − 1 but less than N , as in (15) and (16), the critical-layer interaction
generates N difference modes. The 2 + N mode interaction is composed of two wind waves and N
nonlinearly generated difference modes. A plane surface wave, propagating in the streamwise direction,
whose steepness is larger than the primary oblique wave can coexist without playing any significant
role in the present nonlinear interaction stage.

When N ≥ 2, the interaction between the primary and secondary wind waves generates the
first-difference mode. The primary wave then couples with the first-difference mode to generate the
second-difference mode. This sequential difference-mode-generation process is continued until the Nth-
difference mode is generated by the quadratic interaction of the primary and (N−1)th-difference modes.
The critical-layer interaction between the primary and Nth-difference modes produces a nonlinear ef-
fect on the (N − 1)th-difference mode. The amplitudes of difference modes are of the same order of
magnitude as the secondary-wave amplitude in air. Both primary and secondary wind waves remain
linear. The first N −2 difference modes, whose frequencies are higher than the primary frequency as in
(36), grow exponentially although they are nonlinearly generated. The growth rate of the nth-difference
mode, or initial growth rate of the (N − 1)th or Nth difference mode, is increased by nκp from κ∗s as
shown in (97) for 1 ≤ n ≤ N . Meanwhile, its frequency ωdn is decreased by nωp from the highest ωs
as obtained from (34) for 1 ≤ n ≤ N − 1. The κp and κs are the linear growth rates of the primary
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and secondary waves, and ωp (= αpc) and ωs (= αsc) are their frequencies. The amplitudes of the
(N − 1)th and Nth difference modes are governed by coupled integral equations, if they do not satisfy
the free-surface-wave dispersion relation (11). Numerical results show that they can grow faster than
exponentially. In fact, both of them can grow like the exponential-of-an-exponential in the inviscid
and finite-viscosity cases. The frequencies of the last two difference modes are lower than the primary
frequency as shown by (36). In the special case where the relation (11) is satisfied by a difference mode,
the amplitude will be governed by an integro-differential equation that is similar to that of a secondary
wave in Lee (2012).

The nonlinear growth in a 2 +N mode interaction is of the parametric-growth type. The coupling
between the primary and Nth-difference modes produces a nonlinear effect on the (N − 1)th-difference
mode if N ≥ 2. When N = 1, the quadratic interaction between the primary and difference modes
produces a nonlinear growth of the secondary mode.

It is shown that the 2 + N mode critical-layer interaction greatly enhances the growth of oblique
modes whose frequencies are lower than the primary frequency. They are the (N − 1)th and Nth
difference modes if N ≥ 2, and the secondary wind wave and difference mode when N = 1. Due
to nonlinear effects, the amplitudes of these modes can quickly become as large as the primary-wave
amplitude, i.e. O(σ3). Their nonlinear coupling in a following stage can generate multiple difference
modes whose amplitudes are O(σ3). The nonlinear interaction in this stage will still be of a quadratic-
interaction type, by which any combination of two modes can interact to generate a difference mode
or produce a nonlinear effect on it. The most amplified modes whose amplitudes first become O(σ5/2)
may then enter the next self-interaction stage. Lee & Wundrow (2011) show that these modes in the
self-interaction stage can grow even faster than they do in the parametric-growth stages.

Although the 2 + N mode interaction is induced by wind-driven surface waves, the most rapidly
growing mode in air may not be the one that is associated with a wind wave. For example, if N ≥ 2,
the (N − 1)th and Nth difference modes, that can grow faster than exponentially, do not satisfy the
free-surface-wave dispersion relation. The amplitudes of the corresponding disturbances in water are
reduced by a factor of O(σ) as shown in (28) and (42). For this interaction, there might be hardly any
observable evidence of nonlinear effects on the water surface although the difference modes in air have
already become as large as the primary wave. This indicates that the multi-mode-generation process
in air may start earlier than in water.

The critical-layer interaction could play an important role in the growth of perturbations in the
wind over water. One of the results of the present analysis is that the 2 + N mode critical-layer
interaction, occurring in the air over wind-driven surface waves, can nonlinearly enhance the growth of
air fluctuations whose frequencies are lower than the primary frequency.
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APPENDIX A: RELATIONS BETWEEN Jı AND bı

For ı = {p, s, d1, . . . , dN}, Φ
(b)
ı can be computed by numerically integrating (44) subject to (46) and

(49) below the critical level where 0 ≤ z < zc. Then the complex constant Jı defined by (48) can also
be evaluated as

Jı = (1/bı) lim
z→z−c

Φ(b)
ı (z). (A-1)

The second shape function Φ
(b)
ı becomes purely imaginary on the real axis below the critical level

since the boundary conditions (46) and (49) are purely imaginary. Thus, Jıbı also becomes purely
imaginary, or

Re(Jıbı) = 0. (A-2)

By multiplying (44) by Φ
(b)∗
ı , integrating over transverse domain with (52), and substituting (86), we

obtain

−
∫ ∞

0

[
|∂zΦ(b)

ı |2 +

(
γ2
ı +

U ′′

U − c

)
|Φ(b)
ı |2

]
dz = −J∗ı b∗ı

(
iπJıbı

U ′′c
U ′c
− 1

bı

)
. (A-3)

Because the left-hand side of the above equation is real, the term in the parentheses on the right-hand
side must be purely imaginary. Therefore,

Re(iπJıbıU
′′
c /U

′
c − 1/bı) = 0 and |Jı| = |U ′c Re(bı)/(πU

′′
c b

3
ı )|. (A-4)

If
U ′′/(U − c) + γ2

ı > 0 (A-5)

below the critical level, which is satisfied by the logarithmic wind profile (7), then

∂2
zΦ(b)

ı /Φ(b)
ı > 0. (A-6)

From above results with (A-1) and (A-6), one can show that (A-2) becomes

Jıbı = −i|Jıbı|. (A-7)

By putting (A-7) into (A-4), we find that

Jı = −iU ′cRe(bı)/(πU
′′
c |bı|2bı). (A-8)
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APPENDIX B: SYSTEM OF CRITICAL-LAYER EQUATIONS

The normalized variables in (79)–(81) and

{Aı, Qı} = {Ãı/κ̂, γıQ̃
(1)
ı /βı}(

√
M/U ′c/κ̂

2)eiα̂ı(Xo+ζ̃o t̄) (B-1)

are used for the critical-layer equations. The variables represented by Q̃
(2)
 in (78) are also normalized

as {
U (2)
 , V (2)

 ,W (2)
 , P (2)



}
=

{
ᾱ

β̄
Ũ

(2)
 , Ṽ

(2)
 ,

i

β̄κ̂
W̃

(2)
 ,

β̄

ᾱκ̂U ′c
P̃

(2)


}
ᾱM

β̄κ̂3
eiα̂(Xo+ζ̃o t̄), (B-2)

with α̂ given below by (B-7).
The system of normalized equations, which we refer to as the critical-layer equations, now becomes

at the leading order, for ı = {p, s, d1, . . . , dN},

LıQı = α̂ıAı, (B-3)

subject to the transverse boundary condition, Qı∼1/ζ as ζ→∞. We have put

Lı ≡
∂

∂t̄
+ iα̂ıζ − λ

∂2

∂ζ2
. (B-4)

The second-order critical-layer equations are written as

L{V (2)
 , W (2)

 ζζ
, U (2)

 ζ
}={R(2)

v , R
(2)
w , R

(2)
u }, (B-5)

W (2)
 ζ

= α̂U
(2)
 + β̂V

(2)
 , P (2)

 ζ
= 0, (B-6)

for  = {p, 0, 2p, s, p+ s, d1, . . . , d(N+1)}, with

α̂0 = 0, α̂2p = 2α̂p, α̂p+s = α̂p + α̂s, α̂dn = nα̂p − α̂s, (B-7)

β̂0 = 0, β̂2p = 2β̂p, β̂p+s = β̂p + β̂s, β̂dn = nβ̂p − β̂s. (B-8)

For the primary, secondary and difference modes (B-5) and (B-6) become

LpV (2)
p = −iβ̂pP

(2)
p − 1

2(ᾱ/β̄)
√
M/U ′c U

′′
c α̂pµ̂p(ζ + ζ̃o)

2Qp, (B-9)

LpW (2)
p ζζ

= i(ᾱ/β̄)
√
M/U ′c U

′′
c α̂pγ̂pAp, (B-10)

W (2)
p ζ

= α̂pU
(2)
p + β̂pV

(2)
p , P (2)

p ζ
= 0, (B-11)

LsV (2)
s = −iβ̂sP

(2)
s − 1

2(ᾱ/β̄)
√
M/U ′c U

′′
c α̂sµ̂s(ζ + ζ̃o)

2Qs

−γ̂pµ̂d1ApQ
∗
d1 ζ
− γ̂d1µ̂pA

∗
d1Qp ζ − iν̄

(1)
p−dα̂d2µ̂pµ̂d1QpQ

∗
d1, (B-12)

LsW (2)
s ζζ

= i(ᾱ/β̄)
√
M/U ′c U

′′
c α̂sγ̂sAs − ν̄(1)

p−d

[
α̂pγ̂pµ̂d1ApQ

∗
d1 ζζ

+α̂d1γ̂d1µ̂pA
∗
d1Qp ζζ + i2ν̄

(1)
p−dα̂pα̂d1µ̂pµ̂d1(QpQ

∗
d1)ζ

]
, (B-13)
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W (2)
s ζ

= α̂sU
(2)
s + β̂sV

(2)
s , P (2)

s ζ
= 0, (B-14)

LdnV (2)
dn = −iβ̂dnP

(2)
dn − 1

2(ᾱ/β̄)
√
M/U ′c U

′′
c α̂dnµ̂dn(ζ + ζ̃o)

2Qdn − γ̂pµ̂d(n+1)A
∗
pQd(n+1) ζ

−γ̂d(n+1)µ̂pAd(n+1)Q
∗
p ζ

+ iν̄
(n+1)
p−d α̂d(n+2)µ̂pµ̂d(n+1)Q

∗
pQd(n+1) + γ̂pµ̂d(n−1)ApQd(n−1) ζ

+γ̂d(n−1)µ̂pAd(n−1)Qp ζ − iν̄
(n−1)
p−d α̂d(n−2)µ̂pµ̂d(n−1)QpQd(n−1), (B-15)

LdnW (2)
dn ζζ

= i(ᾱ/β̄)
√
M/U ′c U

′′
c α̂dnγ̂dnAdn + ν̄

(n+1)
p−d

[
α̂pγ̂pµ̂d(n+1)A

∗
pQd(n+1) ζζ

+α̂d(n+1)γ̂d(n+1)µ̂pAd(n+1)Q
∗
p ζζ
− i2ν̄

(n+1)
p−d α̂pα̂d(n+1)µ̂pµ̂d(n+1)(Q

∗
pQd(n+1))ζ

]
+ν̄

(n−1)
p−d

[
α̂pγ̂pµ̂d(n−1)ApQd(n−1) ζζ

− α̂d(n−1)γ̂d(n−1)µ̂pAd(n−1)Qp ζζ

−i2ν̄
(n−1)
p−d α̂pα̂d(n−1)µ̂pµ̂d(n−1)(QpQd(n−1))ζ

]
, (B-16)

W
(2)
dn ζ

= α̂dnU
(2)
dn + β̂dnV

(2)
dn , P

(2)
dn ζ

= 0, (B-17)

where

µ̂ı = β̂ı/γ̂ı = sin θı for ı = {p, s}, µ̂dn = β̂dn/γ̂dn for n = 1, 2, . . . , N + 1, (B-18)

ν̄
(n)
p−d ≡ β̂p/α̂p − β̂dn/α̂dn. (B-19)
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APPENDIX C: NORMALIZATION PARAMETERS ᾱ, β̄, κ̂, M AND ζ̃O

The normalization parameters are chosen as

ᾱ = α30, β̄ = β30, θ30 = π/6, (C-1)

κ̂ = −πcU ′′c |b30|2(cos θ30)/[2ᾱU ′2c tanh(γ30H)], (C-2)

ζ̃o = −U ′cR30/(πU
′′
c α̂30|b30|2),

√
M = β̄2|J30||b30|2(cos θ30)/(ᾱ2

√
U ′c ), (C-3)

where the subscript 30 denotes the quantities of a surface wave with propagation angle of 30 degrees.
The choice of θ30 = π/6 is arbitrary. According to Fjørtoft’s theorem, it is assumed that U ′′c <
0 and U ′c > 0, so that κ̂ and

√
M are positive. From (79) and (C-1), one can show that

α̂30 = β̂30 = 1. (C-4)
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APPENDIX D: CRITICAL-LAYER JUMPS FOR THE DIFFERENCE
MODES

If the solution (89) is substituted for Ap, the variables Λ±n (t̄), F±n (t̄) and G±n (t̄) in (83) become

Λ±n = ± iπ(ᾱ/β̄)
√
M/U ′c U

′′
c (γ̂dn/α̂dn)Adn(t̄), (D-1)

F±n = ∓ ā∓p C(n)
c± e

κ̄∓p t̄
[
νnγ̂d(n±1)

∫∞
0 E

(n)
a± (τ)E

(n)
c± (τ) τ2Ad(n±1)(t̄− τ) dτ

−C(n)
d±

∫∞
0

∫∞
0 E

(n)
u± (τ1, τ2)E

(n)
c± (τ1 + τ2) τ1Ad(n±1)(t̄− τ1 − τ2) dτ1dτ2

]
, (D-2)

G±n = ∓ ā∓p C(n)
a± eκ̄

∓
p t̄
[
νnγ̂p

∫∞
0 E

(n)
b± (τ)E

(n)
c± (τ) τ2Ad(n±1)(t̄− τ) dτ

−C(n)
b±

∫∞
0

∫∞
0 E

(n)
v± (τ1, τ2)E

(n)
c± (τ1 + τ2) τ1Ad(n±1)(t̄− τ1 − τ2) dτ1dτ2

]
, (D-3)

where
νn ≡ n− ν̂, ν̂ ≡ α̂s/α̂p, (D-4)

C
(n)
a± = 2π(1± νn)3α̂2

pν̄
(n±1)
p−d µ̂d(n±1), C

(n)
b± = 2α̂d(n±1)ν̄

(n±1)
p−d µ̂p,

C
(n)
c± = πα̂pC

(n)
b± , C

(n)
d± = C

(n)
a± /[πα̂p(1± νn)2], (D-5)

E
(n)
a± (τ) = exp

[
−1

3λα̂
2
pν

2
n(1± νn)τ3

]
, E

(n)
b± (τ) = exp

[
−1

3λα̂
2
pν

2
n(1± νn)2τ3

]
,

E
(n)
c± (τ) = exp

[
−(1± νn)κ̄∓p τ

]
, (D-6)

E
(n)
u± (τ1, τ2) = exp

[
−1

3λα̂
2
p

{
ν2
nτ

3
1 + (1± νn)2τ3

2 + {±νnτ1 + (1± νn)τ2}3
}]
, (D-7)

E
(n)
v± (τ1, τ2) = exp

[
−1

3λα̂
2
p(1± νn)2

{
(1± νn)(ν2

nτ
3
1 + τ3

2 ) + (∓νnτ1 + τ2)3
}]
, (D-8)

with ā+
p =ap, ā

−
p =a∗p, κ̄

+
p =κp, κ̄

−
p =κ∗p, Ad0 =−A∗s and µ̂p, µ̂dn, ν̄

(n)
p−d in (B-18) and (B-19).
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APPENDIX E: VARIABLES gn−1, hn, sasy AND rasy

When λ is O(1), gn−1 and hn in (124) and (125) become

gn−1 = −16(Reκp)
6(n− 1 + ξ)3(n− 1 + ξ + ν

N
)3 [I1(n) + I2(n)] [I∗3 (n−1) + I∗4 (n−1)]

C
(N)
a− C

(N−1)
a+

(
ν
N
γ̂p − C(N)

b− /2
)(

ν
N−1γ̂p − C

(N−1)
b+ /2

) , (E-1)

hn = 4(Reκp)
3(n+ ξ)3 [I3(n) + I4(n)] /

[
C

(N)
a− (ν

N
γ̂p − C(N)

b− /2)
]
, (E-2)

where
I1(n) = −C(N−1)

a+ ν
N−1γ̂p

∫∞
0 E

(N−1)
b+ (τ̃1) e−[2(n+N−1)Reκp−ν̂κ̂∗p+κ̂∗s ]τ̃1 τ̃2

1 dτ̃1, (E-3)

I2(n) = C
(N−1)
a+ C

(N−1)
b+

∫∞
0

∫∞
0 E

(N−1)
v+ (τ̃1, τ̃2) e−[2(n+N−1)Reκp−ν̂κ̂∗p+κ̂∗s ](τ̃1+τ̃2) τ̃1 dτ̃2dτ̃1, (E-4)

I3(n) = C
(N)
a− ν

N
γ̂p
∫∞

0 E
(N)
b− (τ̃1) e−(2nReκp+ν̂κ̂p+κ̂∗s)τ̃1 τ̃2

1 dτ̃1, (E-5)

I4(n) = −C(N)
a− C

(N)
b−

∫∞
0

∫∞
0 E

(N)
v− (τ̃1, τ̃2) e−(2nReκp+ν̂κ̂p+κ̂∗s)(τ̃1+τ̃2) τ̃1 dτ̃2dτ̃1, (E-6)

and ξ, ν̂, νn, C
(n)
a± , C

(n)
b± , E

(n)
b± and E

(n)
v± are given by (126), (D-4)–(D-6) and (D-8).

The coefficients sasy and rasy in (129) and (130) are

sasy =
[
s0/(8

√
3 π5/2)

]
Γ3(ξ)Γ3(ξ + ν

N
)
{

(ν
N
/Reκp)

3ϕ̂(inv)
a /4

}−ξ−νN/2+7/12
∞∏
m=1

gm−1, (E-7)

rasy = (1/2)(ν
N

Reκp)
−3/2 ϕ̂

(inv)
b

(
ϕ̂(inv)
a

)−1/2
. (E-8)
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