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I. INTRODUCTION

Compressive sensing (CS) has received considerable research interest recently. CS has been

successfully applied in many applications, such as high-resolution image processing, wireless

communication, electronic signal capturing and biomedical imaging systems [1]. In the context

of radar, the number of potential targets is often limited. Hence, exploiting the sparsity of radar

signals in various spaces, CS has been recently applied to multiple-input multiple-output (MIMO)

radar systems.

In principle, CS focuses on the role of sparsity in reducing the number of measurements needed

to represent a finite dimensional vector. Since recovery from compressed measurements is an NP-

hard problem, many suboptimal methods have been proposed to approximate the sparse solution.

These algorithms recover the true value of the sparse vector when the columns of sparsity basis

matrix are incoherent, called mutually incoherency (MC) criteria [7], [14], [8], [9].

A related criteria, referred to as restricted isometric property (RIP), is also used to guarantee

the accuracy of sparse signal recovery [2], [3], [15], [11], [9], [16]. However, in practice, it is

difficult to verify incoherency or RIP criteria. It is well known that a random measurement matrix

typically satisfies the incoherency condition in most cases. Therefore, in related published works,

the elements of the matrix Φ are randomly selected from a Gaussian distribution or a random

pseudo random sequence }⊗1| .
However, it is difficult to determine the probability of perfect recovery in the context of CS theo-

ry. Recently, some efforts have been made to find conditions and/or tight bounds on the probability

of perfect recovery (see [4], [5], [6] and the references therein). Although the nature of mutual

coherence is random, the existing CS methods consider MC or RIP as constants when deriving the

probability of perfect recovery [8], [9], [15], [16].

In this work, we provide a probabilistic approach for the problem of perfect sparse signal recov-

ery under different incoherency conditions. To the best of our knowledge, this is the first paper that

models both MC and RIP conditions as the combination of numerous independent and dependent
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random variables (RVs). In this contribution, our ultimate goal is to find the perfect reconstruction

probability for CS-based MIMO radars. Our results along with the developed conditions in [16]

and [9] can be used to estimate the maximum number of detectable targets.

The rest of this paper is organized as follows. In Section II, we first present the signal model.

Then, we discuss about the required conditions for the perfect signal reconstruction under both MC

and RIP criteria. In Section III, we first define the probability of perfect recovery. Next, we derive

the probability of perfect recovery in the sense of both mentioned conditions. Numerical examples

are presented in Section IV.

Notation: Throughout this paper bold uppercase letters stand for matrices and bold lowercase

letters stand for column vectors. E[×] is the statistical expectation and I denote an identity matrix.

In addition, (A)N×M denote a matrix with N rows and M columns and { }×| represents the real

part of a complex quantity. Further, √a√2 denote the l2 norm of a and ‖×‖represents the absolute

value. Moreover, < ×,×> introduce the inner product, (×)T denote the transpose operator, and (×)H

stands for the Hermitian transpose.

II. CS-BASED MIMO RADAR

A. Signal Model

In this section, we describe the signal model for our MIMO radar system. We assume that there

are Mt transmitters, Mr receivers, and K targets. Further, we assume that each of the targets con-

tains Q individual isotropic scatterers. Let r̃k,qlp denote the transmitted signal from l-th transmitter,

reflected by the qth scatter on the k-th target, and received by the p-th receiver. Such a signal can

be written as:

r̃k,qlp =

√
E

Mt

βk
q { }wl(t τlp(xk)) exp(2π 1fc(t τlp(xk)))| exp(2π 1fk

lp(t τlp(xk))),

(1)

where wl(×) denote the transmitted waveform, E represents the average energy of the transmitted

signal, and fc is the carrier frequency. Moreover, τlp(×) and fk
lp(×) are delay and Doppler shift
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corresponding to the kth target, respectively. Note that { }wl(t τlp(xk)) exp 2π 1fct| stands

for the passband signal, βk
q denote the reflectivity of the q-th scatter on the k-th target, and xk is

defined as the coordinator of the k-th target on the range axis.

Equation (1) can be written as:

r̃klp =

√
E

Mt

δkQ{ }wl(t τlp(xk)) exp(2π 1fc(t τlp(xk)))| exp(2π 1fk
lp(t τlp(xk))),

(2)

where δkQ =
∫ Q

q=1 β
k
q is the total reflectivity of the k-th target. Considering the narrow-band

assumption, we ignore the time delay and rewrite (2) as [12], [13]:

r̃p(t) =
K∏
k=1

√
E

Mt

δkQ

Mt∏
l=1

{ }wl(t) exp(2π 1fc(t τlp(xk)))| exp(2π 1fk
lp(t τlp(xk)))

(3)

The baseband representation for r̃p(t) is:

rp(t) =
K∏
k=1

√
E

Mt

δkQ

Mt∏
l=1

wl(t) exp( 2π 1fcτlp(xk)) exp(2π 1fk
lp(t τlp(xk))). (4)

Next, we transform (4) to discrete domain as:

rp(n) =
K∏
k=1

√
E

Mt

δkQ

Mt∏
l=1

wl(nTS) exp( 2π 1fcτlp(xk)) exp(2π 1fk
lp(nTS τlp(xk))) (5)

We discretize the range-Doppler space on a M ±L grid and rewrite (5) in the CS framework as:

rp(n) = (cn)1×Mt(An)Mt×ML(s)ML×1, (6)

where cn = [w1(nTs), w2(nTs),×××, wMt(nTs)], s =
] √

E
Mt

δ1Q ×××
√

E
Mt

δML
Q

√T
, and the

elements of An can be expressed as (ai,k)n = e−2π
√−1fcτMtp(xML)e2π

√−1fML
Mtp

(nTS−τMtp(xML)) for

i = 1,×××,Mt, k = 1, 2,×××,ML.
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Equation (6) can be expressed as:

rp =

⎤
⎥⎥⎥⎦

c1 0
¯

. . .

0
¯

cN

⎣
∑∑∑⎢

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

A1

A2

...

AN

⎣
∑∑∑∑∑∑∑⎢
s = CA︸︸︷

Ψ

s (7)

Applying the measurement matrix, we obtain:

y(n) = φm(rp)n = φm[0¯
,×××,Cn,×××, 0

¯
]N×Mt(An)Mt×ML(s)ML×1, (8)

where φm (m = 1, . . . ,Mm) denotes the m-th row of the matrix Φ. We can rewrite (8) in matrix

form as:

y = Φrp = ΦΨ(s)ML×1, (9)

where Φ is the measurement matrix of size Mm ±N , Ψ = (C)N×NMt(A)NMt×ML represents the

basis matrix, Θ = ΦΨ denotes the sensing matrix of size Mm ±ML, and s is a K-sparse vector.

B. Conditions on Mutual Coherence

MC of sensing matrix Θ is defined as:

μ(Θ) = max
i �=j

‖< θi,θj > ‖
√θi√2√θj√2 , (10)

where θi and θj are different columns of matrix Θ. We aim to find the probability of perfect

recovery in terms of μ(Θ).

If the following condition is satisfied

K < 0.5

)
1 +

1

μ(Θ)

[
, (11)

then it is guaranteed that the OMP algorithm obtains the true s. As stated in [16], (11) is a sufficient

and necessary condition for the sparse signal recovery.
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C. Conditions on RIP

Suppose that for every K-sparse vector vK , the constant δ exists such that

(1 δ)√vK√22 ∼ √ΘvK√22 ∼ (1 + δ)√vK√22. (12)

Let the isometry constant δK is defined as the minimum of all δ values that satisfying (12). As

proved in [15], if RIP property is hold for δK < 1
3
√
K

, then it is guaranteed that the OMP algorithm

converges to the true s. Note that RIP is the sufficient condition for perfect signal recovery.

III. PERFECT RECOVERY PROBABILITY

A. Recovery Probability in MC sense

Defination: The probability of perfect recovery in the MC sense is defined as:

PMC = Pr
)
K < 0.5

)
1 +

1

μ(Θ)

[ [
. � (13)

Based on the definition of Ψ, we have:

ψuv =
Mt∏
l=1

Wl(uTs) exp( 2π 1fcτlq(xv)) exp(2π 1f v
lq(uTs τlq(xv))), (14)

where xv and f v
lq are the range and Doppler points, respectively. As stated in (15), MC can be

rewriten as the maximum of off-diagonal elements of the Gram matrix, i.e. μ(Θ) = maxi≤j}‖gij‖| .
In the context of CS, the basis matrix is typically pre-determined, while the measurement matrix

is random. Therefore, the behavior of MC depends on Φ matrix. In general, elements of Φ are

independently chosen from the random sequence “}⊗1| ” or a Gaussian distribution. As we will

explain, applying Gaussian distribution leads to high complexity.

Let us define the Gram matrix G as follows:

G = ΨHΦHΦΨ = [g1,g2,×××,gN ] , (15)
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where gj = [g1j ×××gij ×××gNj]
T for j = 1, 2,×××, N . Here, gij =

∫
k ψkj(

∫
q(ψqi

∫
p φ

H
pqφpk)).

To derive the probability of perfect recovery, we need to consider only the upper-right or lower-left

half of the off-diagonal elements of G. Note that gij’s are correlated RVs.

Here, we assume that goff contains the upper-right half of the off-diagonal elements of the Gram

matrix. So, we have:

1

N
√goff√2 ∼ max

i�=j
}‖gij‖| ∼ √goff√2. (16)

The goal of our analysis is to quantify the probability of maxi�=j}‖gij‖| . For any i �= j, ‖gij‖’s are de-

pendent RVs. To overcome this issue, we replace goff with the vector g = [g1 g2 g3 . . . gN(N−1)/2]
T ,

where g ∈ N(μ,Cg). Note that√g√2 = (

√∫ N(N−1)/2
i=1 ‖gi‖2)2 =

∫ N(N−1)/2
i=1 ‖gi‖2. Thus, applying

eigenvalue decomposition, we have:

c =
]
U U0

√⎤⎦ Δ 0
¯

0
¯

0
¯

⎣
⎢
⎤
⎦ UH

UH
0

⎣
⎢ , (17)

where ]
U U0

√⎤⎦ UH

UH
0

⎣
⎢ = I (18)

and ⎤
⎦ UH

UH
0

⎣
⎢] U U0

√
= I. (19)

Thus, we have⎤
⎦ UH

UH
0

⎣
⎢] U U0

√⎤⎦ Δ 0
¯

0
¯

0
¯

⎣
⎢
⎤
⎦ UH

UH
0

⎣
⎢] U U0

√
=

⎤
⎦ Δ 0

¯
0
¯

0
¯

⎣
⎢ . (20)

Finally, after whitening process, we have:

g̃ =

⎤
⎦ UH

UH
0

⎣
⎢g. (21)
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Note that √̃g√22 = (
∫

i ‖gi‖)2 =
∫

i ‖gi‖2. It is important to link the probability density function

(PDF) of √̃g√22 with that one of maxi}‖gi‖2| .
Lemma 1 Let us assume that the vector g of size nR ± 1 is given by h = Kch + hf , where

hf ∈ Nc(0¯
,R). Considering the fact that E[(h Kch̄)(h Kch̄

H)] = E[hfh
H
f ] = R,

we have h ∈ Nc( Kch, bR). Let λ1,×××, λr be the nonzero eigenvalues of R which means

λr+1 = ×××= λnR
= 0. The moment generating function (MGF) of √h√2 is obtained as:

M‖h‖2(s) =
r∫

i=1

]
1

1 sλi

exp

)
sλiKc‖uH

i h̄‖2
1 sλi

[ (
, (22)

where the eigenvector ui corresponds to the eigenvalue λi (i = 1, 2,×××, nR). �

Proof : See the Appendix. �

Now, equation (16) can be rewritten as:

1

N
√goff√22 ∼ max

i�=k
}‖gik‖2| ∼ √goff√22. (23)

Note that the MGF of RV X can be formulated as the Laplace transform of fX(a), i.e.

MX(s) =

[ ∞

0

fX(x) exp( sx)dx. (24)

Thus, the PDF of X = √g√22 can be found through the following equation:

fX(x) =
1

2π 1

[ c+
√−1∞

c−√−1∞
exp(sx)MX(s)ds. (25)

Lemma 2 The probability of perfect recovery PMC is given by

PMC = Pr(μ(Θ) > ηth) =
1

2π 1

[ c+
√−1∞

c−√−1∞

MZ(s)

s

)
exp

)
sη2th
α2

[
1

[
ds, (26)

where ηth � 1/(2K 1) denote the perfect recovery threshold μ(Θ), and the MGF MZ(×) is given

in Lemma 1. �

Proof : Let us define Y = X/η =
√∫ ‖gi‖2/η, where η = N(N 1)/2. Then, the PDF of Y

is given by:

fY (y) =
η2fx(y

2)
1
2y

=
η2y

π 1

[ c+
√−1∞

c−√−1∞
exp(sη2y2)MX(s)ds. (27)
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Replacing 1/η by a curve fitting parameter α, results in:

PMC =
1

πα2 1

[ ηth

0

[ c+
√−1∞

c−√−1∞
y exp

)
sy2

α2

[
MX(s)dsdy

=
1

πα2 1

[ c+
√−1∞

c−√−1∞

[ ηth

0

y exp

)
sy2

α2

[
MX(s)dyds

=
1

2π 1

[ c+
√−1∞

c−√−1∞

MZ(s)

s

)
exp

)
sη2th
α2

[
1

[
ds.

(28)

This completes the proof. �

We can use (26) to determine the perfect recovery probability. Note that only one integration is

involved in the obtained solution.

B. Recovery Probability in RIP sense

In this subsection, we first define the probability of perfect recovery and then derive it as a

function of δ and √vK√22.
Defination The probability of perfect recovery in RIP sense is defined as:

PRIP (δ,√vk√22) = Pr(1 δ√vK√22 ∼ U ∼ 1 + δ√vK√22), (29)

where δ is a constant, vk denote any K-sparse vector, and U = √ΘvK√22. �

Here, we define Ψ = [ψ1,ψ2,×××,ψML] and Φ =
]
φT

1 ,φ
T
2 ,×××,φT

Mm

∣T
, where φi (i =

1, 2,×××,Mm) denote the i-th row of matrixΦ.

Based on (12), we rewrite the middle term of inequality (14) as:

√ΘvK√22 = √ΦΨvK√22, (30)

where vK is a K-sparse vector, and κ = ΦΨvK = (κ1,×××, κi,×××κMm)
T . In addition, κi =∫ ML

p=1 vpφiψp. As a result, we have √ΘvK√22 =
∫ Mm

i=1 ‖φic‖2, where c stands for the constant

vector c =
∫ ML

p=1 vpΨp. Considering the independency property and recalling the center limited

theorem, we conclude that √ΘvK√22 is a Gaussian RV. In what follows, we find the mean and

variance of√ΘvK√22.
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Since different elements of matrix Φ are independent and identically distributed Gaussian RVs

with equal variance σ2
φ, the mean value of √ΘvK√22 can be expressed as:

E[√ΘvK√22] = E[
Mm∏
i=1

‖φic‖2] = cH

)
Mm∏
i=1

φH
i φi

⎡
c. (31)

The variance is obtained as:

V ar[√ΘvK√22] = E

⎤
⎦)Mm∏

i=1

‖φic‖2
⎡ 2
⎣
⎢ (E[√ΘvK√22])2

= E
]
η(φ, c)2 + 2η(φ≤ c)

∣
(E[√ΘvK√22])2

=
Mm∏
i=1

E[‖φic‖2] (E[√ΘvK√22])2 + E[η(φ≤ c)].

(32)

In deriving (32), the following relation is used:
)∫ Mm

i=1 ‖φMm
c‖2
(2

= η(φ, c)2+2η(φ≤c), where

η(φ, c) �
Mm∏
i=1

‖φic‖2 (33)

and

η(φ≤ c) �
C2

Mm∏
k=1

‖φac‖2‖φbc‖2. (34)

The PDF of √ΘvK√22 is fully characterized by equations (31) and (32).

Lemma 3 The probability of perfect recovery PRIP (δ,√vk√22) is given by:

PRIP (δ,√vk√22) = Q

)
1√
σ2
u

(δ√vk√22 + 2)

⎡
+Q

)
1√
σ2
u

(2 δ√vk√22)
⎡
, (35)

where σ2
u denote the variance of RV U , δ is a given constant in RIP definition, Q(×) is the Gaussian

Q-function, and √vK√22 stands for an arbitrary K-sparse vector. In deriving (36), we used the

relation erfi(x) = erfc( 1x)/ 1, where erfc � 2
∑x

0
exp( t2)/ πdt. �
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Proof: The probability PRIP (δ,√vk√22) obtains when matrix Θ satisfies the defined RIP condi-

tion in (12) for given vector vK and δ. Considering the PDF of √ΘvK√22, we have:

PRIP (δ,√vk√22) =
[ (1+δ)‖vK‖22

(1−δ)‖vK‖22
fU(u)du

=
1

2πσu

1

2

√
2πσ2

u exp

)
μ2 μ2

4σ4
u

[
erfi

)︷
1

2σ2
u

u+
μ

2σ2
u

√
2σ2

u

⎡(((((
(1+δ)‖vK‖22

(1−δ)‖vK‖22

= Q

)
1√
σ2
u

(δ√vk√22 + 2)

⎡
+Q

)
1√
σ2
u

(2 δ√vk√22)
⎡
.

(36)

This completes the proof. �

IV. NUMERICAL RESULTS

In this section, we present numerical results. The targets are assumed to fall on the grid points.

Throughout our simulations, the carrier frequency is assumed to be 1 GHz, Mt = Mm = 10, and

K 	 }1, 3, 5| . In addition, the grid size is set to 105 ± 91 and 10 compressed measurements is

used at each receiver.

Figure 1 shows the probability of perfect recovery in MC sense. Here, the elements of matrix

Φ are drawn from a zero-mean Gaussian distribution. According to equation (11), radar is able

to successfully detect K = 6 targets with the probability of 90%, while it can successfully detect

K = 5 targets with the probability of 99.9%. In addition, decreasing the variance value leads to

better performance. For example, changing σ2
φ from 0.7 to 0.1, improves the recovery probability

from 90% to 96%.

In Fig. 2, we present the probability of perfect recovery in RIP sense. Here, we consider

three different values for K. It is observed that increasing K improves the probability of perfect

recovery. Also, it is seen that increasing the probability of perfect recovery leads to increase in δ

value.
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APPENDIX

PROOF OF LEMMA 1

We first apply a whitening process for the RV g. Let g̃ denote the outcome of the whitening

process. Then, the mean and variance values of g̃ can be written as:

μ = E[g̃] =

⎤
⎦ UH

UH
0

⎣
⎢E[g] =

⎤
⎥⎥⎥⎦

uH
1 Kḡ

...

uH
1 Kḡ

⎣
∑∑∑⎢ , (37)

and

V ar(g̃) = E[(g̃ μ)(g̃ μ)H ] =

⎤
⎦ Δ 0

¯
0
¯

0
¯

⎣
⎢ , (38)

where Δ is a diagonal matrix. Further, μ = (μ1, μi, μnR
), where μi = KuH

i ḡ. As a result, we

have g̃ ∈ Nc (μ, V ar(g̃)). Note that all of the elements of g̃ are independent RVs with distribution

hi ∈ Nc(μi, λi). Furthermore, we have √g√2 = √̃g√2 =
∫ r

i=1 ‖̃gi‖2, where ‖̃gi‖’s are Ricean RVs

with the following PDF

f|g̃i|(xi) =
2xi

λi

exp

)
x2
i + ‖μi‖2

λi

[
I0

)
2‖μi‖xi

λi

[
. (39)

Here, I0(×) denote the modified Bessel function. So, the MGF of√h√2 is found as:

E[exp

)
s

r∏
i=1

‖̃gi‖2
⎡
] = E[

r∫
i=1

exp s‖̃gi‖2
[
]

=

[ ∞

0

×××
[ ∞

0

dx1×××dxr

r∫
i=1

exp sx2
i

[ 2xi

λi

exp

)
x2
i + ‖μi‖2

λi

[
I0

)
2‖μi‖xi

λi

[

=
r∫

i=1

][ ∞

0

exp

)
(1 sλi)x

2
i + ‖μi‖2

λi

[
I0

)
2‖μi‖xi

λi

[
dxi

(

=
r∫

i=1

]
1

1 sλi

[ ∞

0

2yi
λi

exp

)
y2i + ‖μi‖2

λi

[
I0

)
2yi‖μi‖

λi 1 sλi

dyi

[ (

=
r∫

i=1

]
1

1 sλi

exp

)
sλi‖μi‖2
1 sλi

[ (

(40)

This completes the proof.
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Fig. 1. Probability of perfect recovery in MC sense with different values of variance σ2
φ.
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Fig. 2. Probability of perfect recovery in RIP sense for given K-sparse scenarios, where K ∈ {1, 3, 5}.
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