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A Lossy Source Coding Interpretation
of Wyner’s Common Information

Ge Xu, Wei Liu, and Biao Chen, Fellow, IEEE

Abstract— Wyner’s common information was originally
defined for a pair of dependent discrete random variables.
Its significance is largely reflected in, and also confined to, several
existing interpretations in various source coding problems. This
paper attempts to expand its practical significance by providing a
new operational interpretation. In the context of the Gray—Wyner
network, it is established that Wyner’s common information
has a new lossy source coding interpretation. Specifically, it
is established that, under suitable conditions, Wyner’s common
information equals to the smallest common message rate when
the total rate is arbitrarily close to the rate distortion function
with joint decoding for the Gray—Wyner network. A surprising
observation is that such equality holds independent of the values
of distortion constraints as long as the distortions are within some
distortion region. The new lossy source coding interpretation
provides the first meaningful justification for defining Wyner’s
common information for continuous random variables and the
result can also be extended to that of multiple variables. Examples
are given for characterizing the rate distortion region for the
Gray—Wyner lossy source coding problem and for identifying
conditions under which Wyner’s common information equals
that of the smallest common rate. As a by-product, the explicit
expression for the common information between a pair of
Gaussian random variables is obtained.

Index Terms— Common information, Gray-Wyner network,
rate distortion function.

I. INTRODUCTION

ONSIDER A pair of dependent random variables

X and Y with joint distribution p(x, y), which denotes
either the probability density function if X and Y are contin-
uous or the probability mass function if X and Y are discrete.
Quantifying the information that is common between X and Y
has been a classical problem both in information theory and in
mathematical statistics [1]-[4]. The most widely used notion
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is Shannon’s mutual information, defined as

pP(x,) }
p)p(y)

where p(x) and p(y) are the marginal distributions of
X and Y corresponding to the joint distribution p(x, y) and
E[-] denotes expectation with respect to p(x, y). Shannon’s
mutual information measures the amount of uncertainty reduc-
tion in one variable by observing the other. Its significance
lies in its applications to a broad range of problems in which
concrete operational meanings of /(X; Y) can be established.
These include both source and channel coding problems in
information and communication theory [5] and hypothesis
testing problems in statistical inference [6].

Other notions of information have also been defined
between a pair of dependent variables. Most notable
among them are Gics and Korner’s common randomness
K(X,Y) [2] and Wyner’s common information C(X, Y) [4].
Gics and Korner’s common randomness is defined as the
maximum number of common bits per symbol that can
be independently extracted from X and Y. Quite naturally,
K (X,Y) has found extensive applications in secure commu-
nications, e.g., for key generation [7]-[9]. More recently, a new
interpretation of K (X, Y) using the Gray-Wyner source coding
network was given in [10]. It was noted in [2] and [11] that
the definition of K (X, Y) is rather restrictive in that K (X, Y)
equals 0 in most cases except for the special case when
X=(X',V)and Y = (Y',V) and X', Y’, V are independent
variables or those (X, Y) pair that can be converted to such
a dependence structure through relabeling the realizations,
i.e., permutation of the joint distribution matrix. Notice also
that K (X, Y) is defined only for discrete random variables.

Wyner’s common information was originally defined for a
pair of discrete random variables with finite alphabet as

CX.Y)= inf I(X.Y:W). (1)

IX;Y)=FE [log

Here, the infimum is taken over all auxiliary random vari-
ables W such that X, W, and Y form a Markov chain. The
operational meanings of C(X, Y) available in existing litera-
ture include the minimum common rate for the Gray-Wyner
lossless source coding problem under a sum rate constraint,
the minimum rate of a common input of two independent
random channels for distribution approximation [4], and strong
coordination capacity of a two-node network without common
randomness and with actions assigned at one node [12].
While Wyner only considered the definition of common
information for discrete random variables, the expression
specified by (1) directly applies to a pair of continuous

0018-9448 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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random variables. However, absent of any meaningful
interpretation, the computed value for a pair of continuous
random variables is largely pointless. Notice that Wyner’s
original interpretations for C(X,Y) are only applicable to
discrete random variables.

This paper presents a new lossy source coding interpretation
of Wyner’s common information using the Gray-Wyner net-
work. Specifically, we show that, for the Gray-Wyner network,
Wyner’s common information is precisely the smallest com-
mon message rate for a certain range of distortion constraints
when the total rate is arbitrarily close to the rate distortion
function with joint decoding. As the common information is
only a function of the joint distribution, this smallest common
rate remains constant even if the distortion constraints vary,
as long as they are within a specific distortion region. With
this new interpretation, concrete practical interpretation is
thus associated with Wyner’s common information defined
for a pair of continuous random variables. There has also
been recent effort in characterizing the common message rate
for lossy source coding using the Gray-Wyner network [16].
We establish the equivalence between the characterization
in [16] with an alternative characterization presented in the
present paper.

Computing Wyner’s common information is known to be a
challenging problem; C(X, Y) was only resolved for several
special cases as described in [4] and [13]. Along with our gen-
eralizations of Wyner’s common information, we provide two
new examples where we can explicitly evaluate the common
information of multiple dependent variables. In particular, we
derive, through an estimation theoretic approach, C(X, Y) for
a bivariate Gaussian source and its extension to the multi-
variate case with a certain correlation structure.

The rest of the paper is organized as follows. Section II
reviews Wyner’s two approaches for the common information
of two discrete random variables, the marginal, and conditional
rate distortion functions and their relationships and the concept
of successively refinable sources. In Section III, we provide
a new interpretation of Wyner’s common information using
Gray-Wyner’s lossy source coding network. Specifically, we
prove that for the Gray-Wyner network, Wyner’s common
information is precisely the smallest common message rate
for a certain range of distortion constraints when the total rate
is arbitrarily close to the rate distortion function with joint
decoding. In Section IV, two examples, the doubly symmetric
binary source and the bivariate Gaussian source, are used to
illustrate the lossy source coding interpretation of Wyner’s
common information. The common information for bivariate
Gaussian source and its extension to the multi-variate case is
also derived in IV. Section V concludes this paper.

Notation: Throughout this paper, we use calligraphic
letter X" to denote the alphabet and p(x) to denote either point
mass function or probability density function of a random
variable X.

II. EXISTING RESULTS
A. Wyner’s Result

Given two discrete random variables X; and X, with
distribution p(x1, x2), Wyner defined the common information

1% .
! Decoder 1 X7
X Xy
1222 Encoder Wo
Wa Decoder 2 49“(;

Fig. 1. Source coding over a simple network.
of them as in equation (1) and provided two operational
meanings for this definition.

The first approach is based on the model shown in Fig. 1
which is a source coding network first studied by
Gray and Wyner in [17]. In this model, the encoder observes
a pair of sequences (X7}, X3). There are 2 receivers, with the
ith receiver only interested in recovering the sequence X7,
i = 1,2. The encoder encodes the source into 3 messages
Wo, W1, W, one is a public message available at all receivers
while the other 2 messages are private messages only available
at the corresponding receivers. For m = 1,2,..-, let
I,={0,1,2,--- ,m—1}. An (n, My, M|, M>) code is defined
as below.

Definition 1: An (n, My, M|, M>) code consists of

« An encoder mapping
[ x5 — Iny X Iy X Iy,
o 2 decoder mappings

gi Iy, x1M0—>)2i”, i=1,2.

For an (n, My, 1}41, M) code, let f(X},X5) =
(Wo, Wi, W2) and X! = g (Wi,Wp), i = 1,2. The
probability of error can be obtained by

(n) 1 2 n yn
P = ﬂi_zlE[dH(xi,xi ), @)

where dgu”",i") is
u" and u".

A number Ry is said to be achievable if for any € > 0,
there exists, for n sufficiently large, an (n, Mo, My, M3) code
such that

the Hamming distance between

My < 2o, A3)
2
2. logM; < H(X1, X2) +e, “
i=0

P < e 5)

Wyner defined C; as the the infimum of all achievable R
and proved in [4] that

C1 = C(X1, X2). (6)

The second approach is shown in Fig. 2. In this approach,
the joint distribution p(x},x5) = [l p(x1i, x2i) is
approximated by the output distribution of a pair of random
number generators. A common input W, uniformly distributed
on W = {l,.--,2"R0} is sent to two separate proces-
sors which are independent of each other. These processors
(random number generators) generate independent and
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g0
X7
Processor 1 ———=
W———
g0
X3
Processor 2 @ ———=

Fig. 2. Random variables generator.

identically distributed (i.i.d) sequences according to two dis-
tributions g (x}|w) and ga(x}|w) respectively. The output
sequences of the two processors are denoted by f({’ and )N(g
respectively and the joint distribution of the output sequences
is given by

1
q@xi,x5) = > Sy 71T 102 |w).
weWw
Let

q( ]9-x121)

Dn(q,P):_ ( )
1’

q(xt, x3)log

2

n n n n
X eX| xyeX;

Let C; be the infimum of rate Ry for the common input such
that for any € > 0, there exists a pair of distribtions ql(xflw),
q2(x5|w) and n such that D, (g, p) < €.

It is proved in [4] that

Cr, =C(X1, X»2). @)

It is worth noting that Wyner’s common information can
be generalized to that of multiple dependent random variables
by replacing the Markov condition with a conditional indepen-
dence structure; the latter is equivalent to the Markov condition
for three random variables yet is applicable to multiple random
variables. As established in [31], such a generalization is
meaningful in that both interpretations C; and C; carry over
to the case involving multiple random variables.

B. Joint, Marginal and Conditional
Rate Distortion Functions

In this section, we review the joint, marginal and conditional
rate distortion functions and their relations which will be used
in the following sections. Two-dimensional sources will be
considered and the results can be generalized immediately to
N-dimensional vector sources.

Given a two-dimensional source (X, X») with probability
distribution p(xp, x2) and two dlstortlon measures di(x1,X1)
and d;(x7, Xp) defined on X x Xl and X, x Xz, the joint rate
distortion function is given by

Rx,x,(D1,D2) = _inf  I(X1X2; X1X2),  (8)

p(R1%2]x1x2)
where theAminimum is taken over all p(X1X2|x1x2) such that
Ed|(X1,X1) < Dy, Edy(X2, X2) < Ds.
The conditional rate distortion function is defined as [20]

Ry, x,(D1) = inf I(Xy; X1|X2). )

p(X1|x1x2)

where the minimum is taken over all p(Xi|x;, x2) satisfying
Edi(X 1,)A( 1) < Dj. The joint, marginal and conditional rate
distortion functions satisfy the following inequalities.

Lemma 1 [18], [19]: Given a two-dimensional source
(X1, X2) with joint distribution p(xj, x2) and two distortion
measures  d| (xl,fl),A dr(x2,X2) defined respectively on
X1 x X and X; x X), the rate distortion functions satisfy
the following inequalities

Rx,x,(D1, D2) > Rx,|x,(D1) + Rx,(D2), (10a)
Rx,1x,(D1) = Rx, (D) — 1(X1; X2), (10b)
Rx,x,(D1, D2) > Rx,(D1)+Rx,(D2)—I1(X1; X2),

(10c¢)
Rx,(D1) = Rx,|x,(D1), (11a)
Rx,(D1) + Rx,(D2) = Rx,x,(D1, D2). (11b)

A sufficient condition for equality in (10) is that the
optimum backward test channels for the functions on
the left side of each equation factor appropriately, i.e.,
for (10a) py(x1x2|X1X2) = p(xil&1x2) p(x2]£2), for (10b)
po(x11%1x2) = p(x1|x1) and for (10c) that p,(x1x2|X1%2) =
p(x1]X1) p(x2|X2). Equalities hold in (11) if and only if
X1 and X, are independent.

It is shown in [18] that under quite general condi-
tions, equalities in (10) hold for small values of distortion.
To state this result, we introduce the Extended Shannon Lower
Bounds (ESLB) of rate distortion functions [18], [20]. Let
us denote R\ (D) the ESLB of Ry(D). R\ (D) is a lower
bound of Ry (D) and is derived by removing the constraint
that the minimizing test channel p,(i|u) is nonnegative in
the minimization defining Ry (D). The detailed definition and
calculation of ESLB can be found in [20].

If the reproducing alphabet is identical to the source alpha-
bet, the marginal, joint and conditional rate distortion functions
equal to their corresponding ESLB for small distortion regions,
while these ESLB, satisfy the equalities in (10). The detail of
this result is given in Lemma 2 and the following notations are
used. D denotes a surface in an m-dimensional space and the
inequality A < D means that there exists a vector f € D such
that A < p. If there is no such a vector, A > D. Likewise,
D1 < D5 means that f < D; for any S € Dy [18].

Lemma 2 [18]: Given a two-dimensional source (X1, X7)
with joint distributiop p(xy, x2) gnd alphabet X} x &>, repro-
duction alphabets X7 = Xj, X, = A> and two per-letter
distortion measures dj(xy, X1) and da(x2, X2) that satisfy

di(xi, Xi) > di(xi, x;) =0, x #x%, i =1,2, (12
there exist strictly positive surfaces D(X1X»2), D(X1]|X2),
D(X1) and D(X3) such that

Rx,x,(D1, D2) = Rxlxz(Dl, D»), (D1, Dy) <D(X1X2),

Rx,1x,(D1) = RY)y,(D1), Dy < D(X,|X),
Rx,(D1) = R (D)), Dy < D(X)),
Ry,(D2) = R{)(Dy), D> < D(Xa), (13)
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and
D(X11X2) < D(X1), (14)
D(X1X2) < (D(X1]X2), D(X2)) < (D(X1), D(X2)). (15)
Finally,
R, (D1, Do) = RE) (D) + RY; (D), (16)
R;(LI)|X2(D1) = R(L)(Dl) —1(X1; X2), (17
RE,, (D1, Dy) = RE (D)) + RE (D) — 1(X1: X2). (18)

It is apparent that if (D, D) < D(X1X>), the ESLB of the
joint, marginal and conditional rate distortion functions yield
their corresponding rates, then the equations in (16)-(18) imply
equalities in (10).

C. Successive Refinement

Successive refinement refers to a source coding scenario
where a source is coded in multiple stages from coarser
descriptions to finer descriptions and the description at each
stage is optimal [26].

Consider a sequence of i.i.d random variables U" where
each U; is drawn from a source alphabet / with distrib-
ution p(u). Denote the reconstruction alphabet as . Let
d:Ux U — [0, 00) be the single letter distortion measure
on U x U which induces the distortion measure on U" x U"
according to

u', 1"y = Zd(ulaul

The U" sequence is first described by a message at rate R,
which incurs distortion Dp, then an addendum is provided to
the first message at rate (R, — R1) so that the message now has
distortion Dy (D > D3). If Ry = Ry(D1), R» = Ry(D»),
we say that the sequence is successively refinable.

Definition 2 [26]: A source U is said to be successively
refinable from distortion Dp to distortion D> for Dy > D;
if there exists a sequence of encoding function f| : U" —
{1,---, 2"y and o - U" — {1,---,2"(R2=RD} and recon-
struction functions g; : {I,---,2"R1} — U" and 22
{1,.--,2"Ry % (1,...,2n(Ra=Rp)y - 5 U" such that for

07 = 1 (fi(U™) and 0 = g2(/i(U"), fo(U™)),

19)

Ry = Ry(Dy), lim sup Ed(U",U") < Dy,  (20)
n—0o0

Ry = Ry(Dy), lim sup Ed(U",UY) < Dy.  (21)
n—o0

The source U is said to be successively refinable if it is
successively refinable from distortion D to distortion D> for
every D1 > D».

It is shown in [26] that successive refinement from

a coarse description 01 with distortion D; to a finer
description U with distortion Dy can be achieved if and only
if’ the conditional distributions p(ar|lu) and p(ip|u) which
achieve Ry (D;) = I1(U, Ul) i = 1,2 are such that U, U,, U,
form a Markov chain.

Theorem 1 [26]: U is successively refinable from distor-
tion Dj to D> (D1 > Dj) if and only if the optimal random

variables ﬁ; achieving (D;, Ry(D;)),i = 1,2 satisfy the
Markov chain

U—Uz—f]]. (22)

A similar definition of successive refinement applies to
vector sources with individual distortion constraints and a
similar result to Theorem 1 can also be obtained for vector
sources [29]. We state the Markovian characterization of
successive refinement for a pair of random variable (U, V)
here.

Theorem 2 [29]: The source (U, V) is successively refin-
able from (D}, D)) to (D},D}) with (D}, Dl) >
(D?, D%,) if and only if the optimal random variables (U;, V;)
achieving ((Di , Di,), Ryv(Di,, Di,)) for i = 1, 2 satisfy the
Markov chain

U, V)= (U2, V) —

where (D}, D},) > (D}, D
1 2 1 2
Dy, = Dy and Dy, > Dy,.

(U1, V1), (23)

%,) is a shorthand notation for

III. THE LOSSY SOURCE CODING INTERPRETATION
OF WYNER’S COMMON INFORMATION

The common information defined in (1) equally applies to
that of continuous random variables. However, such definitions
are only meaningful when they are associated with concrete
operational interpretations. In this section, we develop a lossy
source coding interpretation of Wyner’s common information
using the Gray-Wyner network.

A. Lossy Gray-Wyner Source Coding

In Section II-A, Wyner’s first approach to explain the com-
mon information of discrete random variables is based on the
lossless source coding theorem of the Gray-Wyner network.
Let (Ro, R1, Ry) be the rate triple of the three messages. The
set of triples (Rg, R, Ry) satisfying

Ro+ R+ Ry = H(X1, X»)

is referred to as the “Pangloss plane” as H (X1, X») is the
minimum sum rate needed to recover (X, X») with joint
decoding, hence provides a natural lower bound on the sum
rate for the Gray-Wyner source coding problem.

Let R be the set of all achievable rate triples (Rg, R1, R2).
For the rate triples that lie on the intersection of the region R
and the Pangloss plane, a total rate of H (X1, X7) can be split
into three parts for (Rg, Ry, Rz) and the source X1, X» can
be recovered losslessly at the receivers. Wyner’s first approach
actually shows that C(X, X») is the minimum Ry that lies on
the intersection of the achievable region R and the Pangloss
plane.

Motivated by this relationship of Wyner’s common infor-
mation and the lossless rate region Rj, we explore the
connection of Wyner’s common information and the lossy rate
distortion region of Gray-Wyner network, which provides a
new interpretation of Wyner’s common information.

The rate distortion region of the Gray-Wyner network is
defined as follows. Let d;(x;, X;),i = 1,2 be a give nonnega-
tive per-letter distortion function for X;. Define A;,i = 1,2 to
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be the average distortion between the ith component sequence
of the encoder input and the ith decoder output,

. 1< .
Ai = Eld;(X]', XD = — > Eld; (X, Xi)]. - (24)
k=1

An (n, My, My, M>) code with an average distortion
vector (A, A») is said to be an (n, Mgy, M, M2, Ay, Ay) rate
distortion code.

For any (Dy, D7) € R2, a rate triple (Ro, R, R») is said
to be (D, D>)-achievable if for arbitrary € > 0, there exists,
for n sufficiently large, an (n, My, M1, M2, A1, As) code such

that
Mi 2n(R,'+E) ,

A;

(25)
(26)

=
=

Di+e, i=0,1,2.

The rate distortion region R, (D, D7) is defined as the set of
all (D1, Dy)-achievable rate triples (Rg, R1, R>).

This definition of lossy source coding applied both to
discrete and continuous random variables. A characterization
of the region R(D1, Dy) is given below.

Theorem 3 [17]: If the source (X, X7) has the property
that there exist £; € X; and £, € X such that

Ed;(X;,%;) < oo,

i=1,2, 27)

then R,(D1, D») is the union of all rate tuples (Ro, R, R2)
that satisfy
Ro
R;

I(X1, X2; W),
Rx, w(Dj), i=1,2,

(28)
(29)

=
=

for some W ~ p(w|xy, x2).

Similar to the lossless case, we can define a number R to be
(D1, Dy)-achievable as follows. For any (D1, D) > 0, a num-
ber Ry is said to be (D1, D2)-achievable if for any € > 0, there
exists, for n sufficiently large, an (n, My, M1, M2, A, A2)
code with

My < 2"Ro, (30)
=
2. logMi < Ryx, (D1, D)+, 31)
i=0

Al <Di+e€, Ar<D)+e. (32)

Here (31) is also referred to as the Pangloss bound for the
lossy source coding problem with the Gray-Wyner network.
C3(Dy1, Dy) is defined as the infimum of all Ry’s that are
(Dy, Dy)-achievable. Thus, C3(Dy, D7) is the minimum com-
mon message rate for the Gray-Wyner network with sum
rate Rx,x,(D1, Dy) while satisfying the distortion constraint.
Since Ry = Rx,x,(D1, D») is always (D1, Dy)-achievable, it
is obvious that

C3(Dy, D7) < Rx,x,(D1, D2). (33)

The following theorem gives a precise characterization
of C3(D1, D»).

Theorem 4: If the source (X1, X7) has the property that
there exist x; € /’\?1 and X, € ./{/2 such that

Ed;(X;,x;) <oo, i=1,2, (34)

then
C3(D1, Dy) = C(Dy, D»), (35)

where C (D1, D) is the solution to the following optimization
problem:

inf I(X1, Xo; W) (36)
subject to
Rx,jw(D1)+Rx,w(D2) + 1(X1, X2; W) = Rx, x,(D1, D2).

Proof: See Appendix A. |
The authors in [16] gave an alternative characterization of
C3(Dy, D3). Define

C*(Dy, Dy) = inf I (X1, X2; W),

where the infimum is taken over all joint distributions for
X1, X2, X7, X5, W such that
X7—-w-Xj,
(Xl’ Xz) - (X*’ X;) - W’

(37)
(38)

where (X7, X3) achieves Rx,x,(Di,Dz). It was shown
in [16] that C3(Dy, D) = C*(Dy, D3). This, combined with
Theorem 4, establishes that

C(Dy, D) = C*(Dy, Dy). (39)

C (D1, Dy) is derived from the rate distortion region
R2(Dy, D) given in Theorem 3 while the authors in [16]
chose to derive C*(Dy, D;) from an alternative characteriza-
tion of Ry(D1, D2) given in [22]. In Appendix B, we provide
a direct proof of (39) for completeness. Also, as given in
Appendix B, a necessary condition for the equality condition
in the optimization problem (36) is

Rx,x,yw(D1, D2) = Rx,jw(D1) + Rx,jw(D2).

B. The Relation of C3(Dj, D3) and the Common Information

Given our characterization of C3(Dj, D») in Theorem 4, we
now establish its connection with C (X, X2) which leads to a
new interpretation of Wyner’s common information. We begin
with the following two lemmas.

Lemma 3: Let W be the random variable that achieves the
common information of X and X». If

Rx,x,\w(D1, D2) + C(X1, X2) = Rx,x,(D1, D2),
then
C(D1, Dy) < C(X1, X2). (40)

Lemma 3 is a direct consequence of Theorem 4 as the
Markov chain X1 — W — X, implies Rx,x,w(D1, D) =
Rx,)w(D1)+ Rx, w(D>). Thus, the equality constraint in (36)
is satisfied. Inequality (40) follows as

C(Dy, D2) < I(X1, X2; W) = C(X1, X2).

_ The next lemma gives a sufficient condition under which
C(Dy, Dy) > C(X1, X») is true.
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Lemma 4: For any distortion pair (D1, D) > 0, if the rate
distortion function satisfies

Rx,x,(D1, D2) = Rx,(D1) + Rx,(D1) — [(X1; X2), (41)

then we have
C(D1, Dy) > C(X1, X2).

Proof: See Appendix C. [ |
Theorem 4, Lemmas 3 and 4, together with the relations
of marginal, joint and conditional rate distortion functions
described in Lemmas 1 and 2, allow us to determine a region
such that C3(Dy, D) equals to the common information.
Theorem 5: Let (X1, X») be a pair of random variable
with distribution p(xy,x2) and alphabet X; x A>, where
X1 and A are arbitrary measurable spaces that can be discrete
or continuous. Let W be any random variable achieving
the common information of (X1, X»). Let the reproduction
alphabets /’\?1 = X}, /’\?2 = A, and two per-letter distortion
measures d(x1, X1), d2(x2, X2) satisfy

di(xi, X;) > di(xi,x;) =0, x; %%, i=12 (42)

If the following conditions are satisfied:
1) For any x; € X7, x» EAXQ and w € W, p(wlxixz) > 0,
2) There exists an x; € X], x» € X such that

Edi(X;,X;) <oo, i=1,2, (43)

then there exists a strictly positive surface y £ (y1, y2) such
that, for 0 < (D, Dy) <y,

C3(D1, D7) = C(X1, X2). (44)

Proof: Because of the first condition in Theorem 5, apply-
ing Lemma 2 to the random variable triple (X1, X2, W) yields
that there exists a strictly positive surface D(X1X2|W) such
that for any 0 < (Dy, D2) < D(X1X2|W), Rx,x,jw(D1, D2),
Rx,x,(D1, D7) equal their corresponding ESLB which satisfy
that
L

1(X1, X2: W) + Ry (D1, Do) = RY, (D1, Dy). (45)
Thus for any 0 < (D1, Dy) < D(X1X32|W),
I1(X1, X2; W) 4+ Rx, x,jw(D1, D2) = Rx,x,(D1, D2). (46)

Also by Lemma 2, there exists a strictly positive surface
D(X1X>) such that for any 0 < (Dy, Dy) < D(X1X>),

Rx,(D1) + Rx,(D2) — I(X1; X2) = Rx,x,(D1, D2). (47)

Since D(X1X2|W) < D(X1X3), let y = D(X1X2|W), both

equalities (46) and (47) hold for 0 < (D1, Dy) < y. Therefore,

the conditions in both Lemmas 3 and 4 are satisfied, we have

C(Dy, Dy) = C(X1, X») for 0 < (D1, D) < y. Thus the

proof is completed by Theorem 4. [ |
Remarks:

1) Theorem 5 shows that under quite general conditions,
Wyner’s common information is precisely the smallest
common message rate C3(Dp, Dy) of the Gray-Wyner
network for a certain range of distortion constraints
when the total rate is arbitrarily close to the rate dis-
tortion function with joint decoding. As the common

information is only a function of the joint distribution,
hence is a constant for a given p(xy, x2), it is surprising
that the smallest common rate C3(Dj, D7) remains
constant even if the distortion constraints vary, as long
as they are within a specific distortion region.

2) While Theorem 5 establishes that C3(Dp, D) =
C(Xy, X») for (D1, D2) < y, it does not specify the
value of the positive distortion surface y . By the proof of
Theorem 5, we know y is exactly D(X| X2|W), the crit-
ical region of distortion where Rx, x,jw (D1, D2) equals
its corresponding ESLB Rg(l‘l)lew(Dl, D»). Further-
more, let D¢ £ (D¢, D5) be the two-dimensional dis-
tortion surface such that Ry, x,(Df, D5) = C(X1, X2),
then we must have

y < D"

This is because if y > D¢, then there exists (Dy, D7)
such that y > (Dy,D;) > D¢ and C3(Di, Dy) <
Rx,x,(D1, D2) < Rx,x,(Df, D§) = C(X1, X2), which
contradicts Theorem 5.

C. C3(Dy, D3) for Successively Refinable Sources

From the second remark of Theorem 5, we know y < D¢,
Now let us consider a particular point on the surface D¢,
denoted by (DY, Dg) and defined below. We will show that
under the assumption that such a point exists on D¢ and the
sources are successively refinable, then C3(D1, Dy) equals the
common information for any (Di, Dy) < (DY, D(2))~

Let W be the auxiliary random variable that achieves
C(X1, X2). Suppose there exists a distortion pair (DY, Dg)
satisfying, for i =1, 2,

Rx, (DY) = I(Xi; W),
D} = inf Edi(Xi, X[(W),

xi(w

(48)

where £?(w),)€g (w) are deterministic functions. Under
this assumption, we can show that Ry, x,(D},DY) =
I(X1, X»; W), which means (DY, Dg) is on the surface D.
The joint rate distortion function Ry, x,(DY, DY) not only
equals to the common information but also is achieved by
the auxiliary random variable W. Furthermore, it is easy to
establish

C3(DY, DY) = C(X1, X2), (49)

using Lemma 4 and the fact that C3(DY, Dg) <
Rx,x, (DO, D(2))~ This means that in the Gray-Wyner network,
with the total rate equal to Ry, x, (DY, DY), the scheme to
transmit the pair of sources (X7}, X3) within distortion con-
straints (D(l), Dg) is to communicate W to the two receivers
using the common channel.

Let us now decrease the distortion constraints from
(DY, D(z)) to (D1, D>) < (DY, Dg). The question is whether
the rate C(Xi, X») is (Di, Dy)—achieveble, i.e., if it is
possible to transmit the sources (X, X%) with smaller
distortions (D1, D) with the sum rate at Ry,x,(D1, D2)
while keeping the common rate at C(X1, X2). In the fol-
lowing theorem, we identify a sufficient condition under
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which C3(Dy, D2) = C(Xy, X») for successively refinable
sources. This sufficient condition ensures the optimality of a
two-stage encoding scheme: first encode the common message
with rate C(X{, X») and we can obtain a coarse distor-
tion (D(l), Dg), then encode the two private messages with
rates Ry, jw(D1) and Rx, w(D>). The successive refinement
assumption guarantees that the two-step approach achieves the
distortion (D1, D7) and the sum rate does not exceed the total
rate Ry, x,(D1, D7).

Theorem 6: Assume the source (X1, X») has the property
that there exist £; € X; and £, € X> such that

Ed;(X;, %) <00, i=1,2.

Let W be the auxiliary variable that achieves C (X, X») and
(DY, D(z)) be a distortion pair satisfying (48). If the source
(X1, X») is successively refinable from (DY, DY) to (D1, D»)
for (D1, Dy) < (DY, DY), and X; is successively refinable
from D? to D; for D; < D?, i = 1,2, then,

C3(D1, D7) = C(X1, X2).

Proof: See Appendix D. [ |
In the following section, we will consider two examples
involving successively refinable sources: the binary random
variables and bivariate Gaussian variables. For these two cases,
we compute explicitly the function C3(Dy, D;) and establish
its connection with C (X1, X). The distortion pair (D?, Dg)
satisfying (48) is identified for both cases, thus Theorem 6 can
be directly applied.

IV. EXAMPLES
A. Binary Random Variables
Let S ~ Bern(d) for 0 < 6 < 1, ie., S € {0,1} and
P(S=1)=6. Let X;,i =1,---,N, be the output of a
binary symmetric channel (BSC) with crossover probability
ap (0<a; < %) and with S as input. The BSC channels are
independent of each other. Thus,

N
pGr - xnls) =[] p(xils),
i=1

where
1—ay, ifx;=s,
plxils) = [ T
ai, otherwise,
for x; € {0,1}. Therefore, the joint distribution of
XI,XL"‘ ’XN iS
P(xlax%"‘ ,XN)
N
= > p@&[]rils,
sef0,1} i=1

= 0" (1 —a)™™™ + (1 —0)A —ap™al ™™,  (50)

where ty = ZIN=1 X;.
For N = 2, the joint distribution of X1, X» is given by the
following probability matrix,

[9(1—611)24-(1—9)6112 ai(l —ay)

ar(1 —ay) Ha% +(1—6)(1— a1)2:|' (51

It has been shown by Witsenhausen [13] that the common
information of X1, X» is achieved with W being S. That is

C(X1, X2) = 1(X1, X2; S) = H(X1, X2) — 2h(a1),
where h(-) is the binary entropy function. When 6 = %,
(X1, X2) is a Doubly Symmetric Binary Source (DSBS)
whose common information was derived by Wyner [4] using
a different approach.

The above result can be generalized to the common infor-
mation for N variables , each of which is the channel output
of a BSC with the common input S.

Proposition 1: Let S ~ Bern(d) and let X;,i=1,---, N,
be the output of independent BSCs with common input S and
crossover probability 0 < a; < 1/2. Then for any N > 2, the
common information for Xi, ---, Xy is given as

Proof: That C(Xy,---,Xyn) < I(Xy,---,Xp; S) fol-
lows from the definition of the common information for mul-
tiple random variables [31]. The inequality C(Xy,--- , Xy) >

I(X1,---,XpN; S) can be proved by contradiction. Suppose
there exists a W such that

C(Xl,"' ’XN) = I(Xla 9XN3 W)
ie., C(Xy,---,Xy) is achieved by W and it is strictly
less than 7(X1y, -+, Xn; S). Since W induces conditional
independence of X1, ---, Xy, we have, from (53),

N N
ZH(xi|W) > ZH(Xi|S).

i=1 i=1
Thus, there must exist two random variables Xy, X,
k,je{l,---, N} such that
H(Xp|W) + H(X;|W) > H(X|S) + H(X]S).

Given that the sequence {X1, ---, Xy} is exchangeable [30],
p(xr, xj) has the same joint distribution as p(xy, x2). Thus,

C(X1, X2) = C(Xk, Xj)

< I(Xp, Xj3 W)
I (X, X3 9)
= 1(X1, X2: 9).

A

This, however, contradicts the fact that S achieves C (X1, X»).
Thus the proposition is proved. [ ]
We now characterize the minimum common rate
C3(Dy, Dy) for a DSBS.
Proposition 2: Consider a DSBS (X, X») with distribution

1 .
5(1 —ap), if x; =x2,

plx,x) =17 , (54)
500, otherwise,

where, without loss of generality, 0

< ayp < 1/2. Let a; be
such that ap = 2a;(1 — ay),0 < a; <

1/2. With Hamming
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distortion d| = d» = dy, we have

C(Xy, X2), (D1, D7) € &,
C3(Dy, D2) = | Rx,x,(D1, D2), (D1,D) € &U&;,
0, (D1, D2) > (3, %),
(55)
C(X1, X2) < C3(D1, D) < Rx,x,(D1, Dy),
(D1, D2) € &1y, (56)
where
Eio=1{(D1,D2):0<D; <aj,i =1,2},
&1 = EjyN{(D1, D2) : D1 + Dy —2D1 D> < ap},
Di—D> Dr—D;
& = E,NESNI(Dy, D) : , <ol
2= clien [( - b2) max[l—ZDz 1—2D1]_a0]

1
& =EGNE NEN [(Dl,Dg):Di <5.i= 1,2]. (57)

Proof: For X; ~ Bern(1/2),i = 1,2 with Hamming
distortion, the rate distortion function is

1—h(D;), 0<D; <1
RX;(Di) = [O l) D~ l] 2
s 1= 7

The joint rate distortion function of the DSBS (X, X») is
given by [29]
Rx,x, (D1, D2)
1+ h(ag) — h(D1) — h(D2), (D1, D2) € &,
1 — (1 —ay)h (7[)5?1%;)“0) — aph (70‘7223”0) )
(D1, D7) € &,
(D1, D2) € &s.
(58)

1 — h (min{D1, D3}),

where £ = E 19U & with &9, €11, & and &3 defined in (57).
Therefore, for this DSBS, Rx, (D1)+ Rx,(D2)—1(X1; X2) =
Rx,x,(D1, D2), for (Dy, D>) € £. From Lemma 4, we have
for (D1, Dy) € &y,

C3(D1, D7) = C(X1, X2). (59)

On the other hand, let S be the binary random variable
that achieves the common information of X, X,. That is
S ~ Bern(1/2) and p(xj|s) =1 —ay if s = x; fori = 1,2.
Then the conditional rate distortion function Ry, s(D;) is
given by [18]

h(ai) —h(D;), 0<D; <ay,
Rx.s(D;) =
x;15(D;) [0, D > ar.
Therefore, Rx,s(D1) + Rxys(D2) + 1(X1,X2;8) =

Rx,x,(D1, D) is satisfied for (Dy,D;) € &jo. From
Theorem 4, C3(Dy, D;) < C(X1, X3) for (D1, D) € &o.
Together with (59) and given that €19 C £, we have proved
that for (D1, D3) € 1o,

C3(D1, D7) = C(X1, X2).

For (Dy,D;) € &, we only need to show that
C3(D1,D2) > Rx,x,(Diy, Dy). It was shown in [29] that

Dy

N[—=

&3
ag
&

ai

&3
&n

0 ay ao % D1

Fig. 3. The distortion regions &19,&11,& and &3 for the DSBS.
C3(Dy, Dy) = C(Xq, X3) in the shaded region.

the backward test channel that achieves Rx,x,(Di, D7) is
given by

X1 = X1+ 71,

X2 = Xo + 7o,
where both X 1, )Afg and Z;, Z, are binary vectors indepen-

dent of each other with the probability mass functions given
respectively as

1

)
Pﬁ])}zz[é %:|s
P _1 2—a9p— D1 —Dy Dy— D+ ag
N7 = 5 D — D> + ag D+ Dy —ag |

Therefore, ()A( 1, )A(z) that achieves Ry, x, (D1, D7) satisfies
X, = X|.

For the characterization C*(D1,A D») of C3(pl, D»), any W
satisfying the Markov chain X; — W — X; must satisfy
H(X{|W) = 0. Thus, X is a function of W and we have

I(X1,X2; W) = I(X1, X2; W, X1)
> I(X1, X2; X1)
= Rx,x,(D1, D7).

Therefore, C3(D1, D2) = Rx,x,(D1, D?).

The region &3 is a degenerated one. For example,
Rx,x,(D1,D2) = Rx,(Dy) if ag < ?3531‘ and D; < %,
i = 1,2. This implies that the optimal coding scheme is
to ignore X, and optimally compress X;. Then X5 can be

estimated from X; with distortion less than D,. The case of

ap < ?5322 is dealt with similarly. Hence, similar to the
region &, C3(D1, D2) = Ry, x,(D1, D). n

The characterization of C3(Dy, Dy) is plotted in Fig. 3
as a function of the distortion constraints. C3(Dy, D;) =
C(X1, X2) in the shaded region. For the symmetric distortion
constraint, D; = D, = D, the relation of C3(D, D) and D
for the DSBS is given in Fig. 4.
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Cs(D, D)

0 aiq % D

Fig. 4. The relation of C3(D, D) and D for the DSBS with D; = Dy = D.

Remarks:

o The claim C3(Dy, Dy) = C(X1, X») for (D1, D) € &9
can also be proved using Theorem 6. Ry, x,(a1,a1) is
achieved by the backward test channel pjp(xq, x2|s) =
p(x1|s)p(x2ls). The vector source (X, Xp) is succes-
sively refinable for any (D1, D3) < (a1, ap) [29] and the
scalar source X; is successively refinable for any D; < ay,
i = 1,2 [26]. Thus by Theorem 6, C3(Di, D2) =
C(X1, X») for (D1, D) < (a1, a1).

o We have the full characterization of C3(Dy, D)
in the distortion region except the region &ij.
From the proof of Proposition 2, we know that

C3(Dy, D2) = C(X1,X3) for (D1, D) € &1, but
the exact value of C3(Dj, D>) in this region remains
unknown.

e Let (D1,Dy) < (D},D5) < (ai,ar), then the
rate Ry, x,(D}, D) is (Dp, Dy)—achievable in the
Gray-Wyner  network, i.e., Rx,x,(D], D)) >
C3(Dy, D2). o
To show this, let (X1, X») achieve Ry, x,(D}, D). The
backward test channel that achieves Ry, x, (D], D}) sat-
isfies pp(x1, X2|X1X2) = pp(x1]X1) pp(x2]X2) wWhere

1-— Dz{’ if x; = X;,

pu(xilX;) = { ,
D,

Otherwise.

for i = 1,2. Then for (D1, D;) < (D}, D}) < (a1, a1),
let the rate allocation of Ry, Rq, Ry in the Gray-Wyner
network be
Ro = Rx,x, (D}, D)
= 1+ h(ao) — h(D}) — h(Dy),
i = in\f(lf(z(Di) = in|)A(i (Di)
= h(D})) — h(D;),i = 1,2.

=

(60)

Since Ry, Ry and R; in (60) sum up to Rx,x,(D1, D2),
Rx,x, (D}, D)) is (D1, Dy)—achievable.

The minimal Ry satisfying (60) is exactly C(X1, X2),
which is achieved by letting (D}, D}) = (a1, a1).

B. Gaussian Random Variables

In this section we consider bivariate Gaussian random
variables X1, X, with zero mean and covariance matrix

012 pPo102
K> = ) .
po102 o5
The common information between this pair of Gaussian

random variables is given in the following theorem.
Theorem 7: For two joint Gaussian random variables

(61)

X1,X>» with covariance matrix K, the common
information is
1 1+
C(X1,X2) = 5 log — 2. (62)
2 1—p
Proof: See Appendix E. |

The above result generalizes to multi-variate Gaussian ran-
dom variables satisfying a certain covariance matrix structure,
the proof of which can be constructed in a similar fashion.

Theorem 8: For N joint Gaussian random variables

X1, Xo, -+, Xy with covariance matrix Ky,
l p e p
kv=[7 L, (63)
p p .. 1
the common information is
1 N,
C(Xl,Xz,m,XN)=—10g(1+—p). (64)
2 1—p
We now characterize the minimum common rate

C3(D1, D2) in the Gray-Wyner lossy source coding network
for bivariate Gaussian random variables with covariance
matrix K, in equation (61). It was shown in [16] that for
symmetric distortion, i.e., D = Dy = D,

C(XI,X2)9 OSDEI_p’
C3(D, D) = RX]Xz(D» D), 1-p=D=1, (65)
0, D=1

We characterize C3(Dy, D) for general distortion (Dy, D7)
in the following proposition.

Proposition 3: For bivariate Gaussian random variables
X1, X with zero mean, covariance matrix K> and squared
error distortion, we have that

C(X1, X2), (D1, D2) € Do,
C3(D1, D2) = | Rx,x,(D1, D2), (D1, D2) € D2 UDs,
0, (D1, D7) = (1, 1),
(66)
C(X1,X2) < C3(D1, D2) < Rx,x,(D1, D2),
(D1, D) € Diy, (67)
where
Dio={(D1,D2):0<D; <1—p,i=1,2},
Dy = DS, N {(D1, D2) : D1 + Dy — DDy < 1 — p?},
Dy = ?0“1)?10[(01,[)2) : min[iig;, 1:??]2/)2],
D3 = DS N DS, N DS N {(Dr, D) : Dy < 1,i = 1,2}
(68)
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Proof: The joint rate distortion function for Gaussian
random variables with squared error distortion [27]-[29] is
given by

Rx, x,(D1, D)

11og =22 (D1, D2) € D

2198 B p,> , 1, D2 1>
1 1—p

= = 10 N D N D S D .
298 by (DN -Dy) (D1, Do) € D2

min{Dy, D2} °

(D1, Dy) € Ds,
(69)

% log

where D1 = Djp U Dj;1. The marginal rate distortion function
for X; ~N(0,1),i =1,2, is

1 1
slog+, 0<D; <1
Rx.(D))={2 °b> ~—=7'=7
X,( 1) [0, Dizl-
Therefore, Rx,(D1) + Rx,(D2) — 1(X1;X>2)

Rx,x,(D1, D7), for (D1,D2) € Dj. From Lemma 4,

for (D1, D;) € Dy,
C3(D1, D) = C(X1, X2).

On the other hand, the random variable W in the following
decomposition of X; and X, achieves the common
information

Xi=JpW+/1—pN;, i=1,2.

where W, Ny, N» are mutually independent standard Gaussian
random variables. The conditional distribution of X given W is
Gaussian distribution with variance 1 — p. Hence, fori = 1, 2,
the conditional rate distortion function is

(70)

1 1—p

slog—=-, 0<D;<1—p
Rx,\w(Dj) =12 D ’ 71
X‘\W( 1) {0, Dizl—p. ( )

The condition Ry, jw(D1) + Rx,yw(D2) + I(X1, X2; W) =
Rx,x,(D1, Dy) is satisfied for (D, D;) € Djp. From
Theorem 4, C3(Dy, D2) < C(X1, X») for (Dy, D) € Dio.
Since, Dig € Dy, we proved that for (D, D2) € Dy,

C3(D1, D7) = C(X1, X2).

For (D1, D;) € D, it was shown in [29] that ()Afl, )A(g) that
achieves Ry, x,(D1, D) satisfies

A 1—Ds »
X, = X1.
1 — D

Hence, using the characterization C*(Dq, D), it is easy to
show that the W satisfying the Markov chains (37) and (38)
must satisfy two Markov chains

XXy — X1 — W —X»,
XX, — X0 — W — X;.

Therefore, we have
I(X1, X2; W) = I (X1, X2; X1) = (X1, X2; X1, X2),

which proves C3(D1, D2) = Rx, x,(D1, D2).
The region D3 is a degenerated one.

Rx,x,(D1,D2) = Ry,(Dy) if =5

For example,
< pz, this means

D3
Dy,

0

1—p 1-p? 1 Dy

Fig. 5.
random variables. C3(D1, Dp) =

The distortion regions Dyq, D11, Dy and D3 for bivariate Gaussian
C(X1, X7) in the shaded region.

that the correlation between X; and X, is so strong that
the optimal coding scheme is to encode X; to within
distortion Dj and ignore X;. Then )A(z can be estimated
from X 1. We have

X, = pXi.

The case of 1= g‘ < p? is dealt with similarly. Hence, we
have C3(Dl,D2) Rx,x,(D1, D). u
The characterization of C3(Dp, D;) is plotted in Fig. 5
as a function of the distortion constraints. C3(Dy, D;) =

C(X1, X») in the shaded region.
Remarks:

o Similar to the binary case, the claim C3(Di, Dy) =
C(X1, X2) for (D1, D;) € Do can also be proved
using Theorem 6. This is because for the bivariate
Gaussian random variables with covariance matrix Ko,
Rx,x,(1 — p,1 — p) is achieved by the backward test
channel p,(x1, x2lw) = p(xilw)p(lw), (X1, X2) is
successively refinable for any (Dy,D;) < (1 — p,
1—p) [29] and X; is successively refinable for D; < 1—p,
i=1,21[26].

o Similarly, C3(Dy, D2) > C(Xy, X») for (D1, D) € Dy
but the exact characterization of C3(Dj, D) remains
unknown in this region.

e Let (D1,Dy) < (D},D)) < (1 —p,1— p), then the
rate Ry, x, (D}, D)) is (D1, Dy)—achievable in the Gray-
Wyner network, i.e., Rx,x, (D}, D}) > C3(D1, D2).
This is because for (D], D}) € &jo, the joint rate dis-
tortion function RX1 X, (D1 , D! %) is achieved by Gaussian
distributed (X 1, X2) satlsfylng X — X 1 — X2 — X where
the covariance matrix of (X 1 X2) is [29]

_[1—01 p }
- e
p 1 — D,

Then for (D1, D) < (D}, D)) < (1 —p,1— p), let the
rate allocation of Ry, R, Ry for the Gray-Wyner network

X1X2
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be as follows:

1 —p?

1
Ro = Rx,x,(D}, D) = = log ———,
DD,

2

1 D,
R, = RXil)?lf(z(Di) = RX,’I)A(,-(D") = EIOg El-’l =1,2.
i
(72)

Ro, Ry and Ry in (72) sum up to Ry, x,(D1, D2), so
Rx,x,(D}, D)) is (D1, Dy)—achievable.

Therefore, in the Gray-Wyner network, we can use
the rate allocation in (72) to achieve the distortion
(D1, D2) < (1—p, 1—p) forany (D1, D) < (D}, Dj) <
(1—p, 1 —p). The minimal Ry satisfying (72) is exactly
C(X1, X2), which is achieved by letting (D}, D)) =
1=p,1-p).

V. CONCLUSION

We have generalized the definition of Wyner’s common
information and expanded its practical significance by provid-
ing a new operational interpretation. We have derived a lossy
source coding interpretation of Wyner’s common information
using the Gray-Wyner network. In particular, it is established
that Wyner’s common information is precisely the smallest
common message rate when the total rate is arbitrarily close
to the rate distortion function with joint decoding. A surprising
observation is that such equality holds independent of the
values of distortion constraints as long as the distortions are
within some distortion region. Two examples, the doubly sym-
metric binary source under Hamming distortion and bivariate
Gaussian source under squared-error distortion, are used to
illustrate the lossy source coding interpretation of Wyner’s
common information. The common information for bivariate
Gaussian source and its extension to the multi-variate case
have also been computed explicitly.

While the lossy source coding interpretation of Wyner’s
common information presented in this paper is limited to
N = 2 random variables, the results can be extended to
arbitrary N random variables in a straightforward manner.

APPENDIX A
PROOF OF THEOREM 4

We first show that C3(Dy, Dy) > C‘(Dl, D»). Let Ry be
(D1, Dy)-achievable, then for any ¢ > 0, there exists an
(n, My, My, M5, Ay, Ay) code such that

My < 2"Ro, (73)
2
D logMi < Ryx, (D1, D) +6, (74)
i=0
A1 < Di+e€, A <Dr+e (75)

Let R] = %log M;, for i = 0,1,2, then we know that
(R}, R}, R)) is (Dj, D2)-achievable. From Theorem 3, there
exists a W such that

Ry
R’

1

I(X1, X2; W),
Rx,w(D;), i=1,2.

(76)
(77)

=
=

Therefore, for any € > 0, we have

Rx,x,(D1,D2) + ¢

2
> > R, (78)
i=0
2
> I(X1, X2: W) + D Ry, jw(D), (79)
i—1
> I1(X1, X2; W) + Ry, x,jw (D1, D2), (80)
> Rx,x,(D1, D2), (81)

where (78) is from the inequalities (74) and the definitions
of le,i =0,1,2, (79) is from (76) and (77), (80) is from
(11b) and (81) comes from (10b).

Let ¢ — O, then the left-hand side (LHS) and right-hand
side (RHS) of the above inequalities become the same, all the
inequalities must be equalities. Thus, we have

I(X1,X2; W)+ Rx,jw(D1) + Rx,jw(D2)

= Rx,x,(D1,D2). (82)

Hence, if Rg is (D1, Dy)-achievable, there exists a W such
that Ry > I({(l,Xz; W) and (82) is true. It shows that
C3(D1, D2) = C(Dy, Dy). y

Next we show Cz(Di, D;) < C(Djy, D3). Let W be
any random variable satisfying the equality condition in the
optimization problem (36). For any Ry > I(X, X»; W’) and
€ > 0, let

€
€1 =min {5, Ro = 1(X1, X2 W)}, (83)

and hence €; > 0.
From Theorem 3, since the rate triple
(I (X1, X2: W), Ry, \w(D1), Ry, w/(D2)) is (D1, D2)-

achievable, there exists an (n, My, M|, M>, A1, Ay) code
such that

1
—logMo < I(X1, X2; W) + €1 < Ro, (84)
n
1
—logM; < Rx,)w(Dj)+e€1, i=1,2. (85)
n
Sum over (84) and (85), we get
2 2
Z - logM; < I(X1, X2; W)+ z Ry, 1w (D;) + 3e€
i=0 i=1
= Rx,x,(D1, D2) + 3ey, (86)
< RX]XZ(DlﬂDZ)_’_E’ (87)

where (86) follows from the fact that W’ satisfies the equality
condition in the optimization problem (36) and inequality (87)
is from (83).

This proves that Ry is (D1, D>)-achievable, thus completes
the proof of C3(Dy, D3) < C‘(Dl, D»).

APP~ENDIX B
DIRECT PROOF OF C (D1, D;) = C*(Dy, Dy)

First we show that C'(Dl, Dy) > C*(Dy, D).
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Let W be any random variable satisfying the equality
condition in the optimization problem (36) and let X, X, be
random variables that achieve Ry, |w(D1) and Rx,w(D>), i.e.,

Rx,x,(D1, Do) = (X1, X2; W)+ Rx,jw(D1)+ Rx, w(D2),

(88)
Rx,jw(D1) = I(X1; X1|W), (89)
Rxyjw(D2) = I(Xa: Xo|W), (90)

Eld(X1, X1)] < Dy, 1)

Eld>(X2, X2)] < Da. (92)

Without loss of generality, we can assume that the joint
distribution of (X1, X2, X1, X2, W) factors as
p(x1,.X2,xAl,.£2, U)) = p(xl’x% w)p(xAll-xla w)p()22|x2, w),

because the distortion D; is independent of X, and D> is
independent of X;. To establish

Rx,x,jw(D1, D2) = Rx,jw(D1) + Rx,jw(D>),
we combine (88) and the inequalities below
Rx,x,w (D1, D2) + I(X1, X2; W) > Ry, x,(D1, D2),
Ry, x,jw(D1, D2) < Rx,|w(D1) 4 Rx,w(D2),
from Lemma 1.
Therefore, together with (88)-(92), we have
Rx, x,)w(D1, D)
> I(X1: X1|W) + (X2 Xo|W)
= H(X1|W) + H(Xo|W) — H(X1]X1, W) — H(X2] X2, W)
> H(X1, X2|W) — H(X1[X1, W) — H(X2|X2, W)
= H(X1, X2|W) — H(X1|W, X1, X2) — H(X2| W, X1, X2)
= I(X1, X2; X1, X2|W)
> Rx,x,w(D1, D2).
As the LHS and RHS of the above inequalities are the same,

all the inequalities must be equalities so we have

1(X1; X2|W) = 0.

93)

Furthermore we have

Rx,x,(D1, D7)

= [(X1, X2; W) + 1(X1; X1|W) + (X2; X2| W)

= I(X1, X2; W, X1, X2) = I(X1, X2; X1, Xa| W)

+1(X1; X1 W) + 1(X2; X2|W)

= [(X1, X2; X1, X2) + 1 (X1, X2; W[X1, X2)
1(X1, X2: X1, X2)
Rx,x,(D1, D2).
The LHS and RHS of the above inequalities are the same, all
the inequalities must be equalities so we have

I(X1, X2: W|X1, X5) =0,
1(X1, X2; X1, X2) = Ry, x,(D1, D).

IV 1V

Therefore, X1, X7, X 1s )AQA, W satisfy the Markov chains in
(37) and (38) and X, X» achieve Rx,x,(D1, D2). Thus,
C(D1, D) = C*(Dy, D).

Next we show that C(D1, Dy) < C*(Dy, D).

Let Xy, X2, X7, X5, W achieve C*(Di, D;). Therefore,
they satisfy the Markov chains in (37) and (38) and
1(X1, X2; X7, X3) = Rx,x,(D1, D2) and E[di (X1, X])] <
Dy, E[d2(X2, X3)] < D».

Rx,x,(D1, D7)

= I1(X1, X2; X7, X3)

=I1(X1, X2, W, X*,X;) 94)

= I1(X1, X2, W)+ I[(X1, X2; XT, X5|W)

= I(Xy, X»; W)+H(XT|W)+H(X;|W) 95)
—H(X*,X;|X1,X2,W) (96)

= I(X1, X2; W) + I(X1; XTIW) + 1(X2; X5|W)

+ H(XT|X1’ W)+H(X;|X29 W)_H(X*’ X§|X19 Xza W)
(X1, X2; W) + 1 (X1; XTIW) + 1(X2; X5|W)
+ H(X{|X1, X2, W) + H(X3|X1, X2, W)

- H(X*a X;|X1, X2, W)

(X1, X2: W) + I(X1; XT|W) + 1(X2; X5|W)
+ 1(XT; X31X1, X2, W)

(X1, X2 W) + I(X1; XT|W) + 1(X2; X5|W)
(X1, X2; W) + Rx,jw(D1) + Rx,jw(D2)
I(X1, X2; W) + Rx,x,w(D1, D7) (98)
Rx,x,(D1, D2), (99)
where (94) is from the Markov chain (X1, X2)— (X7, X5)—W,
(96) is from the Markov chain X7 — W — X3, (97) is
because conditioning reduces entropy, (98) and (99) are by the
properties of rate distortion functions. As the LHS and RHS
of the above inequalities are the same, all the inequalities must
be equalities so we have

I(X1, X2: W) +Rx,)w(D1) +Rx,jw(D2) = Rx,x, (D1, D2).
Therefore, C*(Dy, Dy) = I(X1, X2; W) > C(Dy, Dy).

v

o7

IV IV IV IV

APPENDIX C
PROOF OF LEMMA 4

Let W be any random variable satisfying the equality
condition in the optimization problem (36), that is

Rx,jw(D1) +Rx,jw(D2) +1(X1, X2; W) = Rx, x,(D1, D2).

(100)
Combined with (41), we have that
Rx,(D1) + Rx,(D2) — 1(X1; X2)
= Rx,jw(D1) + Rxyw(D2) + 1(X1, X2; W) (101)
> Rx,(D1) — I(X1; W) + Rx,(D2) — I(X2; W)
+1(X1, X2; W) (102)
= Rx,(D1) + Rx,(D2) — I(X1; X2) + I (X1; X2|W)
(103)
> Ry, (D1) + Rx,(D2) — I(X1; X2), (104)

where equation (101) is from equations (100) and (41),
inequality (102) comes from Lemma 1, (103) is by the chain
rule and inequality (104) is by the fact that /(X 1; X2|W) > 0.
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Because the LHS of (101) is the same as the RHS
of (104), we can conclude that all the inequalities above should
be equalities. This implies 7(Xy; X2|W) = 0. Therefore,
é(Dl, D) > C(X1, X2) completes the proof.

APPENDIX D
PROOF OF THEOREM 6

From Theorem 4, we only need to prove C(Di, D;) =
C(X1, X2).
First we show that for any (Dy, D) < (DY, DY),

Rx,x,yw(D1, D7) + I(X1, X2; W) = Rx, x,(D1, D2). (105)

We have the following inequality

Rx,x,(DY, DY) = Rx, (DY) + Rx,(D3) — I(X1; X2) (106)

= 1(X1, X2; W), (107)
where (106) is from (10c) and the equality (107) is from the
definition of (DY, DY) in (48), the Markov chain X — W — X»,
and the chain rule.

On the other hand,

Rx,x, (DY, DY) < I (X1, X2: X, X9) < 1(Xy1, X2: W),

(108)
where the first inequality is from the definition of rate
distortion function and the second inequality is from the
Markov chain (X1, X7) — W — (XO, Xg) and the chain rule.
Combining (107) and (108), we have Ry, x, (D?, Dg) =
I(X1, X2; X9, X9) = 1(X1, X253 W).

Let (Xi,X2) be the random variables achieving
Rx,x,(D1, D2). As the vector source (X1, X2) is successively
refinable under individual distortion constrgintsA, by ThinI‘GI}l 2,
we have the Markov chain (X1, X») — (X1, X2) — (X9, X9).
Therefore,

Rx,x,(D1, D2) — 1(X1, X2; W)
= 1(X1, X2; X1, X2) — (X1, X2; X9, X9)
= 1(X1, X2; X1, X21X7, X9)
Rxllef(?f(‘z)(Dl’ D»)
> Rx,x,w(D1, D2),

where tpe 12A1St inequality is from the Markov chain (X1, X2) —
W — (XO, Xg). On the other hand, by Lemma 1, we have

v

Rx,x,yw(D1, D) + I (X1, X2; W) > Rx,x,(D1, D3).

This establishes (105). Thus, from Lemma 3, é(Dl, Dy) <
C(X1, X2).
To complete the proof, we need to show

Rx,(D1) + Rx,(D2) — I(X1; X2) = Rx,x,(D1, D2), (109)

which yields é(Dl, Dy) > C(X1, X3) in view of Lemma 4.
From Lemma 1,

Rx,(D1) + Rx,(Dy) — I(X1; X2) < Rx,x,(D1, D2).

Therefore, we only need to establish the other direction. For
i = 1,2, let X; be the random variable achieving Ry, (D;),
then by the Markov property of successively refinable scalar

source given in Theorem 1, we have the Markov chain
X; — X; — XY for D; < DY. Therefore,

Ry, (D;) — I(Xi; W) = 1(Xi; Xi) — 1(X;; X?)
= I(Xi; Xi|X))

Ry, 30(Di)

Rx;w(Di),

v

v

(110)

where (110) is from the Markov chain X; — W — )A(?
Using (110), we have

Rx,(D1) + Rx,(D2) — 1(X1; X2)
> Rx,w(D1) + 1(X1; W) + Rx,jw(D1)
+1(X2; W) — I(X1; X2)
= Ry, w(D1) + Rx,jw(D2) + 1 (X1, X2; W)
= Rx,x,jw(D1, D7) + (X1, X2; W)
= Rx,x,(D1, D),

(111)
(112)

where (111) is because X; — W — X7 and the equation (11b),
(112) is from the equation (105). This completes the proof.

APPENDIX E
PROOF OF THEOREM 7

First, we will show that the common information of X, X»
is only a function of the correlation coefficient p. To show
this, let }N(l- = U%Xi, i = 1,2, thus X R X, are jointly Gaussian
distributed with zero mean and covariance matrix

5 1]

We have the Markov chain that X 11— X1 — Xp — )~(2 and
by the data processing inequality for Wyner’s common infor-
mation [13], C(f(l,f(z) < C(Xy, X3). On the other hand,
we have the Markov chain that X; — X; — X» — X» and
C(X1,X2) > C(X1,X»). Thus, C(X1,X2) = C(X1, X2).
Without loss of generality, we will consider 012 = 022 =1,
i.e.,the covariance matrix is in the form (113) instead
of (61).
Let

(113)

Xiz\/ﬁW—i_\/l_pNi) i:192’

where W, Ny, N, are mutually independent standard Gaussian
random variables. It is clear that X, X, are bivariate Gaussian
with correlation coefficient p,

(114)

1+p

1
C(X1,X2) < 1(X1,X2; W) = = log
2 1—p

Next we will show that
1 1
C(X1, X2) > ~log L.
2 1—0p

For any U that satisfies the Markov chain X; — U — X», let
D be the minimum mean square error (MMSE) of estimating
X1 using U, thus, D; = E(X| — E(X1|U))%. Similarly, let
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Dy = E(X>— E(X3|U))?. We now show that I (X1, X»; U) >
%logﬁ.
1(X1, X2; U)
= H(X1, X2) — H(X1|U) — H(X»|U)

=1(X1;U)+ 1(X2; U) — I(X1; X2) (115)

> 1(X1; E(X110)) + 1(X2; E(X2|U)) — [(X1; X2)
(116)
> Rx,(D1) + Rx,(D2) — I(X1; X2) (117)
1. 1-p2
= —log p,forlel,szl,
2 D1 D>

where (115) is from the chain rule, (116) is from the Markov
chains X| — U — E(X|U), X — U — E(X3|U) and (117) is
by the definition of rate distortion function.
Next we show that Dy + Dy <2(1 —p), D1 <1, Dy <.
2(1—-p)
= E(X| — X»)?
= E[X| — E(X1|U) + E(X1|U) — Xo]
= E[X| — E(X\|U)]* + E[E(X1|U) — Xo]?
+2E[(X1 — E(X1|U)(E(X1|U) — X2)]
= E[X, — E(X1|U))* + E[E(X,|U) — X2)?
= E[X\ — E(X1|U))* + E[E(X1|U) — E(X2|U)
+ E(X2|U) — X,)?
= E[X1 — E(X1|U))* + E[X2 — E(X2|U)* + E[E(X2|U)
— E(X1|U)P+E[(X2—E(X2|U))(E(X2|U)—E(X1|U))]
= E[X| — E(X1|U)]* + E[X2 — E(X2|U))
+ E[E(X|U) — E(X1|U)?
> D)+ D

(118)

(119)

where (118) is from

E[(X1 — EX1IUNEX1U) — X2)]

E[(X1 — E(X1|U)E(X1]1U)] — E[(X1 — E(X1]U))X2]
—E[(X1 — E(X1|U))X2]

= —Eyx,[X2Ex,ulX1 — E(X11U)]]
—Eux,[X2(E(X1|U) — E(X1]U))]

=0,

and (119) is from

E[(X2 — E(X2|U))(E(X2|U) — E(X1|U))]
= E[(X2 — E(X2|U))E(X2|U)]
— E[(X2 — E(X2|U))E(X1]U)]
= 0.

In addition, we have D; = E[X| — E(X{|U)]* = EX% _
E[E(X1|U)*] < EX? = 1. Thus,
1 l—p2
I1(X1,X2;U) > =1
(X1, X2 )_2ongD2
1 1 — p?
> —logipz
)
2
1 1 — p?
= —logip
27 (1= p)?
1 I+p
= —log .
2 1—p
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