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A Lossy Source Coding Interpretation
of Wyner’s Common Information

Ge Xu, Wei Liu, and Biao Chen, Fellow, IEEE

Abstract— Wyner’s common information was originally
defined for a pair of dependent discrete random variables.
Its significance is largely reflected in, and also confined to, several
existing interpretations in various source coding problems. This
paper attempts to expand its practical significance by providing a
new operational interpretation. In the context of the Gray–Wyner
network, it is established that Wyner’s common information
has a new lossy source coding interpretation. Specifically, it
is established that, under suitable conditions, Wyner’s common
information equals to the smallest common message rate when
the total rate is arbitrarily close to the rate distortion function
with joint decoding for the Gray–Wyner network. A surprising
observation is that such equality holds independent of the values
of distortion constraints as long as the distortions are within some
distortion region. The new lossy source coding interpretation
provides the first meaningful justification for defining Wyner’s
common information for continuous random variables and the
result can also be extended to that of multiple variables. Examples
are given for characterizing the rate distortion region for the
Gray–Wyner lossy source coding problem and for identifying
conditions under which Wyner’s common information equals
that of the smallest common rate. As a by-product, the explicit
expression for the common information between a pair of
Gaussian random variables is obtained.

Index Terms— Common information, Gray-Wyner network,
rate distortion function.

I. INTRODUCTION

CONSIDER A pair of dependent random variables
X and Y with joint distribution p(x, y), which denotes

either the probability density function if X and Y are contin-
uous or the probability mass function if X and Y are discrete.
Quantifying the information that is common between X and Y
has been a classical problem both in information theory and in
mathematical statistics [1]–[4]. The most widely used notion
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is Shannon’s mutual information, defined as

I (X; Y ) = E

[
log

p(x, y)

p(x)p(y)

]

where p(x) and p(y) are the marginal distributions of
X and Y corresponding to the joint distribution p(x, y) and
E[·] denotes expectation with respect to p(x, y). Shannon’s
mutual information measures the amount of uncertainty reduc-
tion in one variable by observing the other. Its significance
lies in its applications to a broad range of problems in which
concrete operational meanings of I (X; Y ) can be established.
These include both source and channel coding problems in
information and communication theory [5] and hypothesis
testing problems in statistical inference [6].

Other notions of information have also been defined
between a pair of dependent variables. Most notable
among them are Gács and Körner’s common randomness
K (X, Y ) [2] and Wyner’s common information C(X, Y ) [4].
Gács and Körner’s common randomness is defined as the
maximum number of common bits per symbol that can
be independently extracted from X and Y . Quite naturally,
K (X, Y ) has found extensive applications in secure commu-
nications, e.g., for key generation [7]–[9]. More recently, a new
interpretation of K (X, Y ) using the Gray-Wyner source coding
network was given in [10]. It was noted in [2] and [11] that
the definition of K (X, Y ) is rather restrictive in that K (X, Y )
equals 0 in most cases except for the special case when
X = (X ′, V ) and Y = (Y ′, V ) and X ′, Y ′, V are independent
variables or those (X, Y ) pair that can be converted to such
a dependence structure through relabeling the realizations,
i.e., permutation of the joint distribution matrix. Notice also
that K (X, Y ) is defined only for discrete random variables.

Wyner’s common information was originally defined for a
pair of discrete random variables with finite alphabet as

C(X, Y ) = inf
X−W−Y

I (X, Y ; W ). (1)

Here, the infimum is taken over all auxiliary random vari-
ables W such that X , W , and Y form a Markov chain. The
operational meanings of C(X, Y ) available in existing litera-
ture include the minimum common rate for the Gray-Wyner
lossless source coding problem under a sum rate constraint,
the minimum rate of a common input of two independent
random channels for distribution approximation [4], and strong
coordination capacity of a two-node network without common
randomness and with actions assigned at one node [12].

While Wyner only considered the definition of common
information for discrete random variables, the expression
specified by (1) directly applies to a pair of continuous

0018-9448 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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random variables. However, absent of any meaningful
interpretation, the computed value for a pair of continuous
random variables is largely pointless. Notice that Wyner’s
original interpretations for C(X, Y ) are only applicable to
discrete random variables.

This paper presents a new lossy source coding interpretation
of Wyner’s common information using the Gray-Wyner net-
work. Specifically, we show that, for the Gray-Wyner network,
Wyner’s common information is precisely the smallest com-
mon message rate for a certain range of distortion constraints
when the total rate is arbitrarily close to the rate distortion
function with joint decoding. As the common information is
only a function of the joint distribution, this smallest common
rate remains constant even if the distortion constraints vary,
as long as they are within a specific distortion region. With
this new interpretation, concrete practical interpretation is
thus associated with Wyner’s common information defined
for a pair of continuous random variables. There has also
been recent effort in characterizing the common message rate
for lossy source coding using the Gray-Wyner network [16].
We establish the equivalence between the characterization
in [16] with an alternative characterization presented in the
present paper.

Computing Wyner’s common information is known to be a
challenging problem; C(X, Y ) was only resolved for several
special cases as described in [4] and [13]. Along with our gen-
eralizations of Wyner’s common information, we provide two
new examples where we can explicitly evaluate the common
information of multiple dependent variables. In particular, we
derive, through an estimation theoretic approach, C(X, Y ) for
a bivariate Gaussian source and its extension to the multi-
variate case with a certain correlation structure.

The rest of the paper is organized as follows. Section II
reviews Wyner’s two approaches for the common information
of two discrete random variables, the marginal, and conditional
rate distortion functions and their relationships and the concept
of successively refinable sources. In Section III, we provide
a new interpretation of Wyner’s common information using
Gray-Wyner’s lossy source coding network. Specifically, we
prove that for the Gray-Wyner network, Wyner’s common
information is precisely the smallest common message rate
for a certain range of distortion constraints when the total rate
is arbitrarily close to the rate distortion function with joint
decoding. In Section IV, two examples, the doubly symmetric
binary source and the bivariate Gaussian source, are used to
illustrate the lossy source coding interpretation of Wyner’s
common information. The common information for bivariate
Gaussian source and its extension to the multi-variate case is
also derived in IV. Section V concludes this paper.

Notation: Throughout this paper, we use calligraphic
letter X to denote the alphabet and p(x) to denote either point
mass function or probability density function of a random
variable X .

II. EXISTING RESULTS

A. Wyner’s Result

Given two discrete random variables X1 and X2 with
distribution p(x1, x2), Wyner defined the common information

Fig. 1. Source coding over a simple network.

of them as in equation (1) and provided two operational
meanings for this definition.

The first approach is based on the model shown in Fig. 1
which is a source coding network first studied by
Gray and Wyner in [17]. In this model, the encoder observes
a pair of sequences (Xn

1 , Xn
2 ). There are 2 receivers, with the

i th receiver only interested in recovering the sequence Xn
i ,

i = 1, 2. The encoder encodes the source into 3 messages
W0, W1, W2, one is a public message available at all receivers
while the other 2 messages are private messages only available
at the corresponding receivers. For m = 1, 2, · · · , let
Im = {0, 1, 2, · · · , m−1}. An (n, M0, M1, M2) code is defined
as below.

Definition 1: An (n, M0, M1, M2) code consists of
• An encoder mapping

f : X n
1 × X n

2 → IM0 × IM1 × IM2 ,

• 2 decoder mappings

gi : IMi × IM0 → X̂ n
i , i = 1, 2.

For an (n, M0, M1, M2) code, let f (Xn
1 , Xn

2 ) =
(W0, W1, W2) and X̂n

i = gi (Wi , W0), i = 1, 2. The
probability of error can be obtained by

P(n)
e = 1

2n

2∑
i=1

E[dH (Xn
i , X̂n

i )], (2)

where dH (un, ûn) is the Hamming distance between
un and ûn .

A number R0 is said to be achievable if for any ε > 0,
there exists, for n sufficiently large, an (n, M0, M1, M2) code
such that

M0 ≤ 2nR0 , (3)
2∑

i=0

1

n
log Mi ≤ H (X1, X2) + ε, (4)

P(n)
e ≤ ε. (5)

Wyner defined C1 as the the infimum of all achievable R0
and proved in [4] that

C1 = C(X1, X2). (6)

The second approach is shown in Fig. 2. In this approach,
the joint distribution p(xn

1 , xn
2 ) = ∏n

i=1 p(x1i , x2i ) is
approximated by the output distribution of a pair of random
number generators. A common input W , uniformly distributed
on W = {1, · · · , 2nR0} is sent to two separate proces-
sors which are independent of each other. These processors
(random number generators) generate independent and
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Fig. 2. Random variables generator.

identically distributed (i.i.d) sequences according to two dis-
tributions q1(xn

1 |w) and q2(xn
2 |w) respectively. The output

sequences of the two processors are denoted by X̃n
1 and X̃n

2
respectively and the joint distribution of the output sequences
is given by

q(xn
1 , xn

2 ) =
∑

w∈W

1

|W|q1(xn
1 |w)q2(xn

2 |w).

Let

Dn(q, p) = 1

n

∑
xn

1 ∈X n
1 ,xn

2 ∈X n
2

q(xn
1 , xn

2 ) log
q(xn

1 , xn
2 )

p(xn
1 , xn

2 )
.

Let C2 be the infimum of rate R0 for the common input such
that for any ε > 0, there exists a pair of distribtions q1(xn

1 |w),
q2(xn

2 |w) and n such that Dn(q, p) ≤ ε.
It is proved in [4] that

C2 = C(X1, X2). (7)

It is worth noting that Wyner’s common information can
be generalized to that of multiple dependent random variables
by replacing the Markov condition with a conditional indepen-
dence structure; the latter is equivalent to the Markov condition
for three random variables yet is applicable to multiple random
variables. As established in [31], such a generalization is
meaningful in that both interpretations C1 and C2 carry over
to the case involving multiple random variables.

B. Joint, Marginal and Conditional
Rate Distortion Functions

In this section, we review the joint, marginal and conditional
rate distortion functions and their relations which will be used
in the following sections. Two-dimensional sources will be
considered and the results can be generalized immediately to
N-dimensional vector sources.

Given a two-dimensional source (X1, X2) with probability
distribution p(x1, x2) and two distortion measures d1(x1, x̂1)
and d2(x2, x̂2) defined on X1 × X̂1 and X2 × X̂2, the joint rate
distortion function is given by

RX1 X2(D1, D2) = inf
p(x̂1 x̂2|x1x2)

I (X1 X2; X̂1 X̂2), (8)

where the minimum is taken over all p(x̂1x̂2|x1x2) such that
Ed1(X1, X̂1) ≤ D1, Ed2(X2, X̂2) ≤ D2.

The conditional rate distortion function is defined as [20]

RX1|X2(D1) = inf
p(x̂1|x1x2)

I (X1; X̂1|X2). (9)

where the minimum is taken over all p(x̂1|x1, x2) satisfying
Ed1(X1, X̂1) ≤ D1. The joint, marginal and conditional rate
distortion functions satisfy the following inequalities.

Lemma 1 [18], [19]: Given a two-dimensional source
(X1, X2) with joint distribution p(x1, x2) and two distortion
measures d1(x1, x̂1), d2(x2, x̂2) defined respectively on
X1 × X̂1 and X2 × X̂2, the rate distortion functions satisfy
the following inequalities

RX1 X2(D1, D2) ≥ RX1|X2(D1) + RX2(D2), (10a)

RX1|X2(D1) ≥ RX1(D1) − I (X1; X2), (10b)

RX1 X2(D1, D2) ≥ RX1(D1)+ RX1(D2)− I (X1; X2),

(10c)

RX1(D1) ≥ RX1|X2(D1), (11a)

RX1(D1) + RX2(D2) ≥ RX1 X2(D1, D2). (11b)

A sufficient condition for equality in (10) is that the
optimum backward test channels for the functions on
the left side of each equation factor appropriately, i.e.,
for (10a) pb(x1x2|x̂1x̂2) = p(x1|x̂1x2)p(x2|x̂2), for (10b)
pb(x1|x̂1x2) = p(x1|x̂1) and for (10c) that pb(x1x2|x̂1x̂2) =
p(x1|x̂1)p(x2|x̂2). Equalities hold in (11) if and only if
X1 and X2 are independent.

It is shown in [18] that under quite general condi-
tions, equalities in (10) hold for small values of distortion.
To state this result, we introduce the Extended Shannon Lower
Bounds (ESLB) of rate distortion functions [18], [20]. Let
us denote R(L)

U (D) the ESLB of RU (D). R(L)
U (D) is a lower

bound of RU (D) and is derived by removing the constraint
that the minimizing test channel pt (û|u) is nonnegative in
the minimization defining RU (D). The detailed definition and
calculation of ESLB can be found in [20].

If the reproducing alphabet is identical to the source alpha-
bet, the marginal, joint and conditional rate distortion functions
equal to their corresponding ESLB for small distortion regions,
while these ESLB, satisfy the equalities in (10). The detail of
this result is given in Lemma 2 and the following notations are
used. D denotes a surface in an m-dimensional space and the
inequality � ≤ D means that there exists a vector β ∈ D such
that � ≤ β. If there is no such a vector, � > D. Likewise,
D1 ≤ D2 means that β ≤ D2 for any β ∈ D1 [18].

Lemma 2 [18]: Given a two-dimensional source (X1, X2)
with joint distribution p(x1, x2) and alphabet X1 ×X2, repro-
duction alphabets X̂1 = X1, X̂2 = X2 and two per-letter
distortion measures d1(x1, x̂1) and d2(x2, x̂2) that satisfy

di (xi , x̂i ) > di (xi , xi ) = 0, xi �= x̂i , i = 1, 2, (12)

there exist strictly positive surfaces D(X1 X2), D(X1|X2),
D(X1) and D(X2) such that

RX1 X2(D1, D2) = R(L)
X1 X2

(D1, D2), (D1, D2) ≤ D(X1 X2),

RX1|X2(D1) = R(L)
X1|X2

(D1), D1 ≤ D(X1|X2),

RX1(D1) = R(L)
X1

(D1), D1 ≤ D(X1),

RX2(D2) = R(L)
X2

(D2), D2 ≤ D(X2), (13)
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and

D(X1|X2) ≤ D(X1), (14)

D(X1 X2) ≤ (D(X1|X2),D(X2)) ≤ (D(X1),D(X2)). (15)

Finally,

R(L)
X1 X2

(D1, D2) = R(L)
X1|X2

(D1) + R(L)
X2

(D2), (16)

R(L)
X1|X2

(D1) = R(L)
X1

(D1) − I (X1; X2), (17)

R(L)
X1 X2

(D1, D2) = R(L)
X1

(D1) + R(L)
X2

(D2) − I (X1; X2). (18)

It is apparent that if (D1, D2) < D(X1 X2), the ESLB of the
joint, marginal and conditional rate distortion functions yield
their corresponding rates, then the equations in (16)-(18) imply
equalities in (10).

C. Successive Refinement

Successive refinement refers to a source coding scenario
where a source is coded in multiple stages from coarser
descriptions to finer descriptions and the description at each
stage is optimal [26].

Consider a sequence of i.i.d random variables Un where
each Ui is drawn from a source alphabet U with distrib-
ution p(u). Denote the reconstruction alphabet as Û . Let
d : U × Û → [0,∞) be the single letter distortion measure
on U × Û which induces the distortion measure on Un × Ûn

according to

d(un, ûn) = 1

n

n∑
i=1

d(ui , ûi ). (19)

The Un sequence is first described by a message at rate R1,
which incurs distortion D1, then an addendum is provided to
the first message at rate (R2− R1) so that the message now has
distortion D2 (D1 ≥ D2). If R1 = RU (D1), R2 = RU (D2),
we say that the sequence is successively refinable.

Definition 2 [26]: A source U is said to be successively
refinable from distortion D1 to distortion D2 for D1 ≥ D2
if there exists a sequence of encoding function f1 : Un →
{1, · · · , 2nR1} and f2 : Un → {1, · · · , 2n(R2−R1)} and recon-
struction functions g1 : {1, · · · , 2nR1} → Ûn and g2 :
{1, · · · , 2nR1} × {1, · · · , 2n(R2−R1)} → Ûn such that for

Ûn
1 = g1( f1(Un)) and Ûn

2 = g2( f1(Un), f2(Un)),

R1 = RU (D1), lim
n→∞ sup Ed(Un, Ûn

1 ) ≤ D1, (20)

R2 = RU (D2), lim
n→∞ sup Ed(Un, Ûn

2 ) ≤ D2. (21)

The source U is said to be successively refinable if it is
successively refinable from distortion D1 to distortion D2 for
every D1 ≥ D2.

It is shown in [26] that successive refinement from

a coarse description Û1 with distortion D1 to a finer
description Û2 with distortion D2 can be achieved if and only
if the conditional distributions p(û1|u) and p(û2|u) which
achieve RU (Di ) = I (U ; Ûi ), i = 1, 2 are such that U, Û2, Û1
form a Markov chain.

Theorem 1 [26]: U is successively refinable from distor-
tion D1 to D2 (D1 ≥ D2) if and only if the optimal random

variables Ûl achieving (Di , RU (Di )), i = 1, 2 satisfy the
Markov chain

U − Û2 − Û1. (22)

A similar definition of successive refinement applies to
vector sources with individual distortion constraints and a
similar result to Theorem 1 can also be obtained for vector
sources [29]. We state the Markovian characterization of
successive refinement for a pair of random variable (U, V )
here.

Theorem 2 [29]: The source (U, V ) is successively refin-
able from (D1

U , D1
V ) to (D2

U , D2
V ) with (D1

U , D1
V ) ≥

(D2
U , D2

V ) if and only if the optimal random variables (Ûi , V̂i )

achieving
(
(Di

U , Di
V ), RU V (Di

U , Di
V )
)

for i = 1, 2 satisfy the
Markov chain

(U, V ) − (Û2, V̂2) − (Û1, V̂1), (23)

where (D1
U , D1

V ) ≥ (D2
U , D2

V ) is a shorthand notation for

D1
U ≥ D2

U and D1
V ≥ D2

V .

III. THE LOSSY SOURCE CODING INTERPRETATION

OF WYNER’S COMMON INFORMATION

The common information defined in (1) equally applies to
that of continuous random variables. However, such definitions
are only meaningful when they are associated with concrete
operational interpretations. In this section, we develop a lossy
source coding interpretation of Wyner’s common information
using the Gray-Wyner network.

A. Lossy Gray-Wyner Source Coding

In Section II-A, Wyner’s first approach to explain the com-
mon information of discrete random variables is based on the
lossless source coding theorem of the Gray-Wyner network.
Let (R0, R1, R2) be the rate triple of the three messages. The
set of triples (R0, R1, R2) satisfying

R0 + R1 + R2 = H (X1, X2)

is referred to as the “Pangloss plane” as H (X1, X2) is the
minimum sum rate needed to recover (X1, X2) with joint
decoding, hence provides a natural lower bound on the sum
rate for the Gray-Wyner source coding problem.

Let R1 be the set of all achievable rate triples (R0, R1, R2).
For the rate triples that lie on the intersection of the region R1
and the Pangloss plane, a total rate of H (X1, X2) can be split
into three parts for (R0, R1, R2) and the source X1, X2 can
be recovered losslessly at the receivers. Wyner’s first approach
actually shows that C(X1, X2) is the minimum R0 that lies on
the intersection of the achievable region R1 and the Pangloss
plane.

Motivated by this relationship of Wyner’s common infor-
mation and the lossless rate region R1, we explore the
connection of Wyner’s common information and the lossy rate
distortion region of Gray-Wyner network, which provides a
new interpretation of Wyner’s common information.

The rate distortion region of the Gray-Wyner network is
defined as follows. Let di (xi , x̂i ), i = 1, 2 be a give nonnega-
tive per-letter distortion function for Xi . Define �i , i = 1, 2 to
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be the average distortion between the i th component sequence
of the encoder input and the i th decoder output,

�i = E[di (Xn
i , X̂n

i )] = 1

n

n∑
k=1

E[di (Xik , X̂ik )]. (24)

An (n, M0, M1, M2) code with an average distortion
vector (�1,�2) is said to be an (n, M0, M1, M2,�1,�2) rate
distortion code.

For any (D1, D2) ∈ R
2+, a rate triple (R0, R1, R2) is said

to be (D1, D2)-achievable if for arbitrary ε > 0, there exists,
for n sufficiently large, an (n, M0, M1, M2,�1,�2) code such
that

Mi ≤ 2n(Ri+ε), (25)

�i ≤ Di + ε, i = 0, 1, 2. (26)

The rate distortion region R2(D1, D2) is defined as the set of
all (D1, D2)-achievable rate triples (R0, R1, R2).

This definition of lossy source coding applied both to
discrete and continuous random variables. A characterization
of the region R2(D1, D2) is given below.

Theorem 3 [17]: If the source (X1, X2) has the property

that there exist x̂1 ∈ X̂1 and x̂2 ∈ X̂2 such that

Edi (Xi , x̂i ) < ∞, i = 1, 2, (27)

then R2(D1, D2) is the union of all rate tuples (R0, R1, R2)
that satisfy

R0 ≥ I (X1, X2; W ), (28)

Ri ≥ RXi |W (Di ), i = 1, 2, (29)

for some W ∼ p(w|x1, x2).
Similar to the lossless case, we can define a number R0 to be

(D1, D2)-achievable as follows. For any (D1, D2) ≥ 0, a num-
ber R0 is said to be (D1, D2)-achievable if for any ε > 0, there
exists, for n sufficiently large, an (n, M0, M1, M2,�1,�2)
code with

M0 ≤ 2nR0 , (30)
2∑

i=0

1

n
log Mi ≤ RX1 X2(D1, D2) + ε, (31)

�1 ≤ D1 + ε, �2 ≤ D2 + ε. (32)

Here (31) is also referred to as the Pangloss bound for the
lossy source coding problem with the Gray-Wyner network.
C3(D1, D2) is defined as the infimum of all R0’s that are
(D1, D2)-achievable. Thus, C3(D1, D2) is the minimum com-
mon message rate for the Gray-Wyner network with sum
rate RX1 X2(D1, D2) while satisfying the distortion constraint.
Since R0 = RX1 X2(D1, D2) is always (D1, D2)-achievable, it
is obvious that

C3(D1, D2) ≤ RX1 X2(D1, D2). (33)

The following theorem gives a precise characterization
of C3(D1, D2).

Theorem 4: If the source (X1, X2) has the property that
there exist x̂1 ∈ X̂1 and x̂2 ∈ X̂2 such that

Edi (Xi , x̂i ) < ∞, i = 1, 2, (34)

then

C3(D1, D2) = C̃(D1, D2), (35)

where C̃(D1, D2) is the solution to the following optimization
problem:

inf I (X1, X2; W ) (36)

subject to

RX1|W (D1)+ RX2|W (D2) + I (X1, X2; W ) = RX1 X2(D1, D2).

Proof: See Appendix A.
The authors in [16] gave an alternative characterization of

C3(D1, D2). Define

C∗(D1, D2) = inf I (X1, X2; W ),

where the infimum is taken over all joint distributions for
X1, X2, X∗

1 , X∗
2 , W such that

X∗
1 − W − X∗

2, (37)

(X1, X2) − (X∗
1, X∗

2) − W , (38)

where (X∗
1, X∗

2) achieves RX1 X2(D1, D2). It was shown
in [16] that C3(D1, D2) = C∗(D1, D2). This, combined with
Theorem 4, establishes that

C̃(D1, D2) = C∗(D1, D2). (39)

C̃(D1, D2) is derived from the rate distortion region
R2(D1, D2) given in Theorem 3 while the authors in [16]
chose to derive C∗(D1, D2) from an alternative characteriza-
tion of R2(D1, D2) given in [22]. In Appendix B, we provide
a direct proof of (39) for completeness. Also, as given in
Appendix B, a necessary condition for the equality condition
in the optimization problem (36) is

RX1 X2|W (D1, D2) = RX1|W (D1) + RX2|W (D2).

B. The Relation of C3(D1, D2) and the Common Information

Given our characterization of C3(D1, D2) in Theorem 4, we
now establish its connection with C(X1, X2) which leads to a
new interpretation of Wyner’s common information. We begin
with the following two lemmas.

Lemma 3: Let W be the random variable that achieves the
common information of X1 and X2. If

RX1 X2|W (D1, D2) + C(X1, X2) = RX1 X2(D1, D2),

then

C̃(D1, D2) ≤ C(X1, X2). (40)

Lemma 3 is a direct consequence of Theorem 4 as the
Markov chain X1 − W − X2 implies RX1 X2|W (D1, D2) =
RX1|W (D1)+ RX2|W (D2). Thus, the equality constraint in (36)
is satisfied. Inequality (40) follows as

C̃(D1, D2) ≤ I (X1, X2; W ) = C(X1, X2).

The next lemma gives a sufficient condition under which
C̃(D1, D2) ≥ C(X1, X2) is true.
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Lemma 4: For any distortion pair (D1, D2) ≥ 0, if the rate
distortion function satisfies

RX1 X2(D1, D2) = RX1(D1) + RX2(D1) − I (X1; X2), (41)

then we have

C̃(D1, D2) ≥ C(X1, X2).

Proof: See Appendix C.
Theorem 4, Lemmas 3 and 4, together with the relations

of marginal, joint and conditional rate distortion functions
described in Lemmas 1 and 2, allow us to determine a region
such that C3(D1, D2) equals to the common information.

Theorem 5: Let (X1, X2) be a pair of random variable
with distribution p(x1, x2) and alphabet X1 × X2, where
X1 and X2 are arbitrary measurable spaces that can be discrete
or continuous. Let W be any random variable achieving
the common information of (X1, X2). Let the reproduction
alphabets X̂1 = X1, X̂2 = X2 and two per-letter distortion
measures d1(x1, x̂1), d2(x2, x̂2) satisfy

di (xi , x̂i ) > di (xi , xi ) = 0, xi �= x̂i , i = 1, 2. (42)

If the following conditions are satisfied:
1) For any x1 ∈ X1, x2 ∈ X2 and w ∈ W , p(w|x1x2) > 0,
2) There exists an x̂1 ∈ X̂1, x̂2 ∈ X̂2 such that

Edi (Xi , x̂i ) < ∞, i = 1, 2, (43)

then there exists a strictly positive surface γ � (γ1, γ2) such
that, for 0 ≤ (D1, D2) ≤ γ ,

C3(D1, D2) = C(X1, X2). (44)

Proof: Because of the first condition in Theorem 5, apply-
ing Lemma 2 to the random variable triple (X1, X2, W ) yields
that there exists a strictly positive surface D(X1 X2|W ) such
that for any 0 ≤ (D1, D2) ≤ D(X1 X2|W ), RX1 X2|W (D1, D2),
RX1 X2(D1, D2) equal their corresponding ESLB which satisfy
that

I (X1, X2; W ) + R(L)
X1 X2|W (D1, D2) = R(L)

X1 X2
(D1, D2). (45)

Thus for any 0 ≤ (D1, D2) ≤ D(X1 X2|W ),

I (X1, X2; W ) + RX1 X2|W (D1, D2) = RX1 X2(D1, D2). (46)

Also by Lemma 2, there exists a strictly positive surface
D(X1 X2) such that for any 0 ≤ (D1, D2) ≤ D(X1 X2),

RX1(D1) + RX2(D2) − I (X1; X2) = RX1 X2(D1, D2). (47)

Since D(X1 X2|W ) ≤ D(X1 X2), let γ = D(X1 X2|W ), both
equalities (46) and (47) hold for 0 ≤ (D1, D2) ≤ γ . Therefore,
the conditions in both Lemmas 3 and 4 are satisfied, we have
C̃(D1, D2) = C(X1, X2) for 0 ≤ (D1, D2) ≤ γ. Thus the
proof is completed by Theorem 4.

Remarks:

1) Theorem 5 shows that under quite general conditions,
Wyner’s common information is precisely the smallest
common message rate C3(D1, D2) of the Gray-Wyner
network for a certain range of distortion constraints
when the total rate is arbitrarily close to the rate dis-
tortion function with joint decoding. As the common

information is only a function of the joint distribution,
hence is a constant for a given p(x1, x2), it is surprising
that the smallest common rate C3(D1, D2) remains
constant even if the distortion constraints vary, as long
as they are within a specific distortion region.

2) While Theorem 5 establishes that C3(D1, D2) =
C(X1, X2) for (D1, D2) ≤ γ , it does not specify the
value of the positive distortion surface γ . By the proof of
Theorem 5, we know γ is exactly D(X1 X2|W ), the crit-
ical region of distortion where RX1 X2|W (D1, D2) equals
its corresponding ESLB R(L)

X1 X2|W (D1, D2). Further-
more, let Dc � (Dc

1, Dc
2) be the two-dimensional dis-

tortion surface such that RX1 X2(Dc
1, Dc

2) = C(X1, X2),
then we must have

γ ≤ Dc.

This is because if γ > Dc, then there exists (D1, D2)
such that γ ≥ (D1, D2) > Dc and C3(D1, D2) ≤
RX1 X2(D1, D2) < RX1 X2(Dc

1, Dc
2) = C(X1, X2), which

contradicts Theorem 5.

C. C3(D1, D2) for Successively Refinable Sources

From the second remark of Theorem 5, we know γ ≤ Dc.
Now let us consider a particular point on the surface Dc,
denoted by (D0

1 , D0
2) and defined below. We will show that

under the assumption that such a point exists on Dc and the
sources are successively refinable, then C3(D1, D2) equals the
common information for any (D1, D2) ≤ (D0

1, D0
2).

Let W be the auxiliary random variable that achieves
C(X1, X2). Suppose there exists a distortion pair (D0

1 , D0
2)

satisfying, for i = 1, 2,

RXi (D0
i ) = I (Xi ; W ),

D0
i = inf

x̂i (w)
Edi (Xi , X̂0

i (W )), (48)

where x̂0
1(w), x̂0

2 (w) are deterministic functions. Under
this assumption, we can show that RX1 X2(D0

1, D0
2 ) =

I (X1, X2; W ), which means (D0
1, D0

2 ) is on the surface Dc.
The joint rate distortion function RX1 X2(D0

1 , D0
2) not only

equals to the common information but also is achieved by
the auxiliary random variable W . Furthermore, it is easy to
establish

C3(D0
1, D0

2 ) = C(X1, X2), (49)

using Lemma 4 and the fact that C3(D0
1 , D0

2) ≤
RX1 X2(D0

1 , D0
2). This means that in the Gray-Wyner network,

with the total rate equal to RX1 X2(D0
1 , D0

2), the scheme to
transmit the pair of sources (Xn

1 , Xn
2 ) within distortion con-

straints (D0
1 , D0

2) is to communicate W to the two receivers
using the common channel.

Let us now decrease the distortion constraints from
(D0

1 , D0
2) to (D1, D2) ≤ (D0

1 , D0
2). The question is whether

the rate C(X1, X2) is (D1, D2)−achieveble, i.e., if it is
possible to transmit the sources (Xn

1 , Xn
2 ) with smaller

distortions (D1, D2) with the sum rate at RX1 X2(D1, D2)
while keeping the common rate at C(X1, X2). In the fol-
lowing theorem, we identify a sufficient condition under
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which C3(D1, D2) = C(X1, X2) for successively refinable
sources. This sufficient condition ensures the optimality of a
two-stage encoding scheme: first encode the common message
with rate C(X1, X2) and we can obtain a coarse distor-
tion (D0

1 , D0
2), then encode the two private messages with

rates RX1|W (D1) and RX2|W (D2). The successive refinement
assumption guarantees that the two-step approach achieves the
distortion (D1, D2) and the sum rate does not exceed the total
rate RX1 X2(D1, D2).

Theorem 6: Assume the source (X1, X2) has the property
that there exist x̂1 ∈ X̂1 and x̂2 ∈ X̂2 such that

Edi (Xi , x̂i ) < ∞, i = 1, 2.

Let W be the auxiliary variable that achieves C(X1, X2) and
(D0

1 , D0
2) be a distortion pair satisfying (48). If the source

(X1, X2) is successively refinable from (D0
1 , D0

2) to (D1, D2)

for (D1, D2) ≤ (D0
1 , D0

2), and Xi is successively refinable
from D0

i to Di for Di ≤ D0
i , i = 1, 2, then,

C3(D1, D2) = C(X1, X2).

Proof: See Appendix D.
In the following section, we will consider two examples

involving successively refinable sources: the binary random
variables and bivariate Gaussian variables. For these two cases,
we compute explicitly the function C3(D1, D2) and establish
its connection with C(X1, X2). The distortion pair (D0

1 , D0
2)

satisfying (48) is identified for both cases, thus Theorem 6 can
be directly applied.

IV. EXAMPLES

A. Binary Random Variables

Let S ∼ Bern(θ) for 0 ≤ θ ≤ 1, i.e., S ∈ {0, 1} and
P(S = 1) = θ . Let Xi , i = 1, · · · , N , be the output of a
binary symmetric channel (BSC) with crossover probability
a1 (0 ≤ a1 ≤ 1

2 ) and with S as input. The BSC channels are
independent of each other. Thus,

p(x1, · · · , xN |s) =
N∏

i=1

p(xi |s),

where

p(xi |s) =
{

1 − a1, if xi = s,

a1, otherwise,

for xi ∈ {0, 1}. Therefore, the joint distribution of
X1, X2, · · · , X N is

p(x1, x2, · · · , xN )

=
∑

s∈{0,1}
p(s)

N∏
i=1

p(xi |s),

= θatN
1 (1 − a1)

N−tN + (1 − θ)(1 − a1)
tN aN−tN

1 , (50)

where tN = ∑N
i=1 xi .

For N = 2, the joint distribution of X1, X2 is given by the
following probability matrix,[

θ(1 − a1)
2 + (1 − θ)a2

1 a1(1 − a1)

a1(1 − a1) θa2
1 + (1 − θ)(1 − a1)

2

]
. (51)

It has been shown by Witsenhausen [13] that the common
information of X1, X2 is achieved with W being S. That is

C(X1, X2) = I (X1, X2; S) = H (X1, X2) − 2h(a1),

where h(·) is the binary entropy function. When θ = 1
2 ,

(X1, X2) is a Doubly Symmetric Binary Source (DSBS)
whose common information was derived by Wyner [4] using
a different approach.

The above result can be generalized to the common infor-
mation for N variables , each of which is the channel output
of a BSC with the common input S.

Proposition 1: Let S ∼ Bern(θ ) and let Xi , i = 1, · · · , N ,
be the output of independent BSCs with common input S and
crossover probability 0 ≤ a1 ≤ 1/2. Then for any N ≥ 2, the
common information for X1, · · · , X N is given as

C(X1, · · · , X N ) = I (X1, · · · , X N ; S). (52)

Proof: That C(X1, · · · , X N ) ≤ I (X1, · · · , X N ; S) fol-
lows from the definition of the common information for mul-
tiple random variables [31]. The inequality C(X1, · · · , X N ) ≥
I (X1, · · · , X N ; S) can be proved by contradiction. Suppose
there exists a W such that

C(X1, · · · , X N ) = I (X1, · · · , X N ; W )

< I (X1, · · · , X N ; S), (53)

i.e., C(X1, · · · , X N ) is achieved by W and it is strictly
less than I (X1, · · · , X N ; S). Since W induces conditional
independence of X1, · · · , X N , we have, from (53),

N∑
i=1

H (Xi |W ) >

N∑
i=1

H (Xi |S).

Thus, there must exist two random variables Xk , X j ,
k, j ∈ {1, · · · , N} such that

H (Xk|W ) + H (X j |W ) > H (Xk|S) + H (X j |S).

Given that the sequence {X1, · · · , X N } is exchangeable [30],
p(xk, x j ) has the same joint distribution as p(x1, x2). Thus,

C(X1, X2) = C(Xk , X j )

≤ I (Xk , X j ; W )

< I (Xk , X j ; S)

= I (X1, X2; S).

This, however, contradicts the fact that S achieves C(X1, X2).
Thus the proposition is proved.

We now characterize the minimum common rate
C3(D1, D2) for a DSBS.

Proposition 2: Consider a DSBS (X1, X2) with distribution

p(x1, x2) =
{

1
2 (1 − a0), if x1 = x2,

1
2 a0, otherwise,

(54)

where, without loss of generality, 0 ≤ a0 ≤ 1/2. Let a1 be
such that a0 = 2a1(1 − a1), 0 ≤ a1 ≤ 1/2. With Hamming
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distortion d1 = d2 = dH , we have

C3(D1, D2) =

⎧⎪⎨
⎪⎩

C(X1, X2), (D1, D2) ∈ E10,

RX1 X2(D1, D2), (D1, D2) ∈ E2 ∪ E3,

0, (D1, D2) ≥ ( 1
2 , 1

2 ),

(55)

C(X1, X2) ≤ C3(D1, D2) ≤ RX1 X2(D1, D2),

(D1, D2) ∈ E11, (56)

where

E10 = {(D1, D2) : 0 ≤ Di ≤ a1, i = 1, 2},
E11 = Ec

10 ∩ {(D1, D2) : D1 + D2 − 2D1 D2 ≤ a0},
E2 = Ec

10∩ Ec
11∩

{
(D1, D2) : max

{
D1−D2

1−2D2
,

D2−D1

1−2D1

}
≤a0

}
,

E3 = Ec
10 ∩ Ec

11 ∩ Ec
2 ∩

{
(D1, D2) : Di ≤ 1

2
, i = 1, 2

}
. (57)

Proof: For Xi ∼ Bern(1/2), i = 1, 2 with Hamming
distortion, the rate distortion function is

RXi (Di ) =
{

1 − h(Di ), 0 ≤ Di ≤ 1
2 ,

0, Di ≥ 1
2 .

The joint rate distortion function of the DSBS (X1, X2) is
given by [29]

RX1 X2(D1, D2)

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1 + h(a0) − h(D1) − h(D2), (D1, D2) ∈ E1,

1 − (1 − a0)h
(

D1+D2−a0
2(1−a0)

)
− a0h

(
D1−D2+a0

2a0

)
,

(D1, D2) ∈ E2,

1 − h (min{D1, D2}) , (D1, D2) ∈ E3.

(58)

where E1 = E10 ∪E11 with E10, E11, E2 and E3 defined in (57).
Therefore, for this DSBS, RX1(D1)+ RX2(D2)− I (X1; X2) =
RX1 X2(D1, D2), for (D1, D2) ∈ E1. From Lemma 4, we have
for (D1, D2) ∈ E1,

C3(D1, D2) ≥ C(X1, X2). (59)

On the other hand, let S be the binary random variable
that achieves the common information of X1, X2. That is
S ∼ Bern(1/2) and p(xi |s) = 1 − a1 if s = xi for i = 1, 2.
Then the conditional rate distortion function RXi |S(Di ) is
given by [18]

RXi |S(Di ) =
{

h(a1) − h(Di ), 0 ≤ Di ≤ a1,

0, Di ≥ a1.

Therefore, RX1|S(D1) + RX2|S(D2) + I (X1, X2; S) =
RX1 X2(D1, D2) is satisfied for (D1, D2) ∈ E10. From
Theorem 4, C3(D1, D2) ≤ C(X1, X2) for (D1, D2) ∈ E10.
Together with (59) and given that E10 ⊂ E1, we have proved
that for (D1, D2) ∈ E10,

C3(D1, D2) = C(X1, X2).

For (D1, D2) ∈ E2, we only need to show that
C3(D1, D2) ≥ RX1 X2(D1, D2). It was shown in [29] that

Fig. 3. The distortion regions E10,E11,E2 and E3 for the DSBS.
C3(D1, D2) = C(X1, X2) in the shaded region.

the backward test channel that achieves RX1 X2(D1, D2) is
given by

X1 = X̂1 + Z1,

X2 = X̂2 + Z2,

where both X̂1, X̂2 and Z1, Z2 are binary vectors indepen-
dent of each other with the probability mass functions given
respectively as

PX̂1 X̂2
=

[ 1
2 0
0 1

2

]
,

PZ1 Z2 = 1

2

[
2 − a0 − D1 − D2 D2 − D1 + a0

D1 − D2 + a0 D1 + D2 − a0

]
.

Therefore, (X̂1, X̂2) that achieves RX1 X2(D1, D2) satisfies

X̂2 = X̂1.

For the characterization C∗(D1, D2) of C3(D1, D2), any W
satisfying the Markov chain X̂1 − W − X̂1 must satisfy
H (X̂1|W ) = 0. Thus, X̂1 is a function of W and we have

I (X1, X2; W ) = I (X1, X2; W, X̂1)

≥ I (X1, X2; X̂1)

= RX1 X2(D1, D2).

Therefore, C3(D1, D2) = RX1 X2(D1, D2).
The region E3 is a degenerated one. For example,

RX1 X2(D1, D2) = RX1(D1) if a0 < D2−D1
1−2D1

and Di ≤ 1
2 ,

i = 1, 2. This implies that the optimal coding scheme is
to ignore X2 and optimally compress X1. Then X̂2 can be
estimated from X̂1 with distortion less than D2. The case of
a0 < D1−D2

1−2D2
is dealt with similarly. Hence, similar to the

region E2, C3(D1, D2) = RX1 X2(D1, D2).
The characterization of C3(D1, D2) is plotted in Fig. 3

as a function of the distortion constraints. C3(D1, D2) =
C(X1, X2) in the shaded region. For the symmetric distortion
constraint, D1 = D2 = D, the relation of C3(D, D) and D
for the DSBS is given in Fig. 4.
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Fig. 4. The relation of C3(D, D) and D for the DSBS with D1 = D2 = D.

Remarks:

• The claim C3(D1, D2) = C(X1, X2) for (D1, D2) ∈ E10
can also be proved using Theorem 6. RX1 X2(a1, a1) is
achieved by the backward test channel pb(x1, x2|s) =
p(x1|s)p(x2|s). The vector source (X1, X2) is succes-
sively refinable for any (D1, D2) ≤ (a1, a1) [29] and the
scalar source Xi is successively refinable for any Di ≤ a1,
i = 1, 2 [26]. Thus by Theorem 6, C3(D1, D2) =
C(X1, X2) for (D1, D2) ≤ (a1, a1).

• We have the full characterization of C3(D1, D2)
in the distortion region except the region E11.
From the proof of Proposition 2, we know that
C3(D1, D2) ≥ C(X1, X2) for (D1, D2) ∈ E11, but
the exact value of C3(D1, D2) in this region remains
unknown.

• Let (D1, D2) ≤ (D′
1, D′

2) ≤ (a1, a1), then the
rate RX1 X2(D′

1, D′
2) is (D1, D2)−achievable in the

Gray-Wyner network, i.e., RX1 X2(D′
1, D′

2) ≥
C3(D1, D2).
To show this, let (X̂1, X̂2) achieve RX1 X2(D′

1, D′
2). The

backward test channel that achieves RX1 X2(D′
1, D′

2) sat-
isfies pb(x1, x2|x̂1x̂2) = pb(x1|x̂1)pb(x2|x̂2) where

pb(xi |x̂i ) =
{

1 − D′
i , if xi = x̂i ,

D′
i , Otherwise.

for i = 1, 2. Then for (D1, D2) ≤ (D′
1, D′

2) ≤ (a1, a1),
let the rate allocation of R0, R1, R2 in the Gray-Wyner
network be

R0 = RX1 X2(D′
1, D′

2)

= 1 + h(a0) − h(D′
1) − h(D′

2),

Ri = RXi |X̂1 X̂2
(Di ) = RXi |X̂i

(Di )

= h(D′
i ) − h(Di ), i = 1, 2. (60)

Since R0, R1 and R2 in (60) sum up to RX1 X2(D1, D2),
RX1 X2(D′

1, D′
2) is (D1, D2)−achievable.

The minimal R0 satisfying (60) is exactly C(X1, X2),
which is achieved by letting (D′

1, D′
2) = (a1, a1).

B. Gaussian Random Variables

In this section we consider bivariate Gaussian random
variables X1, X2 with zero mean and covariance matrix

K2 =
[

σ 2
1 ρσ1σ2

ρσ1σ2 σ 2
2

]
. (61)

The common information between this pair of Gaussian
random variables is given in the following theorem.

Theorem 7: For two joint Gaussian random variables
X1, X2 with covariance matrix K2, the common
information is

C(X1, X2) = 1

2
log

1 + ρ

1 − ρ
. (62)

Proof: See Appendix E.
The above result generalizes to multi-variate Gaussian ran-

dom variables satisfying a certain covariance matrix structure,
the proof of which can be constructed in a similar fashion.

Theorem 8: For N joint Gaussian random variables
X1, X2, · · · , X N with covariance matrix KN ,

KN =

⎡
⎢⎢⎣

1 ρ · · · ρ
ρ 1 · · · ρ
· · · · · ·
ρ ρ · · · 1

⎤
⎥⎥⎦, (63)

the common information is

C(X1, X2, · · · , X N ) = 1

2
log

(
1 + Nρ

1 − ρ

)
. (64)

We now characterize the minimum common rate
C3(D1, D2) in the Gray-Wyner lossy source coding network
for bivariate Gaussian random variables with covariance
matrix K2 in equation (61). It was shown in [16] that for
symmetric distortion, i.e., D1 = D2 = D,

C3(D, D) =

⎧⎪⎨
⎪⎩

C(X1, X2), 0 ≤ D ≤ 1 − ρ,

RX1 X2(D, D), 1 − ρ ≤ D ≤ 1,

0, D ≥ 1.

(65)

We characterize C3(D1, D2) for general distortion (D1, D2)
in the following proposition.

Proposition 3: For bivariate Gaussian random variables
X1, X2 with zero mean, covariance matrix K2 and squared
error distortion, we have that

C3(D1, D2) =

⎧⎪⎨
⎪⎩

C(X1, X2), (D1, D2) ∈ D10,

RX1 X2(D1, D2), (D1, D2) ∈ D2 ∪ D3,

0, (D1, D2) ≥ (1, 1),

(66)

C(X1, X2) ≤ C3(D1, D2) ≤ RX1 X2(D1, D2),

(D1, D2) ∈ D11, (67)

where

D10 = {(D1, D2) : 0 ≤ Di ≤ 1 − ρ, i = 1, 2},
D11 = Dc

10 ∩ {(D1, D2) : D1 + D2 − D1 D2 ≤ 1 − ρ2},
D2 = Dc

10 ∩ Dc
11∩

{
(D1, D2) : min

{
1−D1

1−D2
,

1−D2

1−D1

}
≥ρ2

}
,

D3 = Dc
10 ∩ Dc

11 ∩ Dc
2 ∩ {(D1, D2) : Di ≤ 1, i = 1, 2}.

(68)
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Proof: The joint rate distortion function for Gaussian
random variables with squared error distortion [27]–[29] is
given by

RX1 X2(D1, D2)

=

⎧⎪⎪⎨
⎪⎪⎩

1
2 log 1−ρ2

D1 D2
, (D1, D2) ∈ D1,

1
2 log 1−ρ2

D1 D2−(ρ−√
(1−D1)(1−D2))

2 , (D1, D2) ∈ D2,

1
2 log 1

min{D1,D2} , (D1, D2) ∈ D3,

(69)

where D1 = D10 ∪D11. The marginal rate distortion function
for Xi ∼ N (0, 1), i = 1, 2, is

RXi (Di ) =
{

1
2 log 1

Di
, 0 ≤ Di ≤ 1,

0, Di ≥ 1.

Therefore, RX1(D1) + RX2(D2) − I (X1; X2) =
RX1 X2(D1, D2), for (D1, D2) ∈ D1. From Lemma 4,
for (D1, D2) ∈ D1,

C3(D1, D2) ≥ C(X1, X2).

On the other hand, the random variable W in the following
decomposition of X1 and X2 achieves the common
information

Xi = √
ρW +√

1 − ρNi , i = 1, 2. (70)

where W, N1, N2 are mutually independent standard Gaussian
random variables. The conditional distribution of X given W is
Gaussian distribution with variance 1−ρ. Hence, for i = 1, 2,
the conditional rate distortion function is

RXi |W (Di ) =
{

1
2 log 1−ρ

Di
, 0 ≤ Di ≤ 1 − ρ,

0, Di ≥ 1 − ρ.
(71)

The condition RX1|W (D1) + RX2|W (D2) + I (X1, X2; W ) =
RX1 X2(D1, D2) is satisfied for (D1, D2) ∈ D10. From
Theorem 4, C3(D1, D2) ≤ C(X1, X2) for (D1, D2) ∈ D10.
Since, D10 ⊆ D1, we proved that for (D1, D2) ∈ D10,

C3(D1, D2) = C(X1, X2).

For (D1, D2) ∈ D2, it was shown in [29] that (X̂1, X̂2) that
achieves RX1 X2(D1, D2) satisfies

X̂2 =
√

1 − D2

1 − D1
X̂1.

Hence, using the characterization C∗(D1, D2), it is easy to
show that the W satisfying the Markov chains (37) and (38)
must satisfy two Markov chains

X1 X2 − X̂1 − W − X̂2,

X1 X2 − X̂2 − W − X̂1.

Therefore, we have

I (X1, X2; W ) = I (X1, X2; X̂1) = I (X1, X2; X̂1, X̂2),

which proves C3(D1, D2) = RX1 X2(D1, D2).
The region D3 is a degenerated one. For example,

RX1 X2(D1, D2) = RX1(D1) if 1−D2
1−D1

< ρ2, this means

Fig. 5. The distortion regions D10,D11,D2 and D3 for bivariate Gaussian
random variables. C3(D1, D2) = C(X1, X2) in the shaded region.

that the correlation between X1 and X2 is so strong that
the optimal coding scheme is to encode X1 to within
distortion D1 and ignore X2. Then X̂2 can be estimated
from X̂1. We have

X̂2 = ρ X̂1.

The case of 1−D1
1−D2

< ρ2 is dealt with similarly. Hence, we
have C3(D1, D2) = RX1 X2(D1, D2).

The characterization of C3(D1, D2) is plotted in Fig. 5
as a function of the distortion constraints. C3(D1, D2) =
C(X1, X2) in the shaded region.

Remarks:

• Similar to the binary case, the claim C3(D1, D2) =
C(X1, X2) for (D1, D2) ∈ D10 can also be proved
using Theorem 6. This is because for the bivariate
Gaussian random variables with covariance matrix K2,
RX1 X2(1 − ρ, 1 − ρ) is achieved by the backward test
channel pb(x1, x2|w) = p(x1|w)p(x2|w), (X1, X2) is
successively refinable for any (D1, D2) ≤ (1 − ρ,
1−ρ) [29] and Xi is successively refinable for Di ≤ 1−ρ,
i = 1, 2 [26].

• Similarly, C3(D1, D2) ≥ C(X1, X2) for (D1, D2) ∈ D11
but the exact characterization of C3(D1, D2) remains
unknown in this region.

• Let (D1, D2) ≤ (D′
1, D′

2) ≤ (1 − ρ, 1 − ρ), then the
rate RX1 X2(D′

1, D′
2) is (D1, D2)−achievable in the Gray-

Wyner network, i.e., RX1 X2(D′
1, D′

2) ≥ C3(D1, D2).
This is because for (D′

1, D′
2) ∈ E10, the joint rate dis-

tortion function RX1 X2(D′
1, D′

2) is achieved by Gaussian
distributed (X̂1, X̂2) satisfying X1 − X̂1 − X̂2 − X2 where
the covariance matrix of (X̂1, X̂2) is [29]

K X̂1 X̂2
=
[

1 − D′
1 ρ

ρ 1 − D′
2

]
.

Then for (D1, D2) ≤ (D′
1, D′

2) ≤ (1 − ρ, 1 − ρ), let the
rate allocation of R0, R1, R2 for the Gray-Wyner network
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be as follows:

R0 = RX1 X2(D′
1, D′

2) = 1

2
log

1 − ρ2

D′
1 D′

2
,

Ri = RXi |X̂1 X̂2
(Di ) = RXi |X̂i

(Di ) = 1

2
log

D′
i

Di
, i = 1, 2.

(72)

R0, R1 and R2 in (72) sum up to RX1 X2(D1, D2), so
RX1 X2(D′

1, D′
2) is (D1, D2)−achievable.

Therefore, in the Gray-Wyner network, we can use
the rate allocation in (72) to achieve the distortion
(D1, D2) ≤ (1−ρ, 1−ρ) for any (D1, D2) ≤ (D′

1, D′
2) ≤

(1 −ρ, 1 −ρ). The minimal R0 satisfying (72) is exactly
C(X1, X2), which is achieved by letting (D′

1, D′
2) =

(1 − ρ, 1 − ρ).

V. CONCLUSION

We have generalized the definition of Wyner’s common
information and expanded its practical significance by provid-
ing a new operational interpretation. We have derived a lossy
source coding interpretation of Wyner’s common information
using the Gray-Wyner network. In particular, it is established
that Wyner’s common information is precisely the smallest
common message rate when the total rate is arbitrarily close
to the rate distortion function with joint decoding. A surprising
observation is that such equality holds independent of the
values of distortion constraints as long as the distortions are
within some distortion region. Two examples, the doubly sym-
metric binary source under Hamming distortion and bivariate
Gaussian source under squared-error distortion, are used to
illustrate the lossy source coding interpretation of Wyner’s
common information. The common information for bivariate
Gaussian source and its extension to the multi-variate case
have also been computed explicitly.

While the lossy source coding interpretation of Wyner’s
common information presented in this paper is limited to
N = 2 random variables, the results can be extended to
arbitrary N random variables in a straightforward manner.

APPENDIX A
PROOF OF THEOREM 4

We first show that C3(D1, D2) ≥ C̃(D1, D2). Let R0 be
(D1, D2)-achievable, then for any ε > 0, there exists an
(n, M0, M1, M2,�1,�2) code such that

M0 ≤ 2nR0 , (73)
2∑

i=0

1

n
log Mi ≤ RX1 X2(D1, D2) + ε, (74)

�1 ≤ D1 + ε, �2 ≤ D2 + ε. (75)

Let R′
i = 1

n log Mi , for i = 0, 1, 2, then we know that
(R′

0, R′
1, R′

2) is (D1, D2)-achievable. From Theorem 3, there
exists a W such that

R′
0 ≥ I (X1, X2; W ), (76)

R′
i ≥ RXi |W (Di ), i = 1, 2. (77)

Therefore, for any ε > 0, we have

RX1 X2(D1, D2) + ε

≥
2∑

i=0

R′
i , (78)

≥ I (X1, X2; W ) +
2∑

i=1

RXi |W (Di ), (79)

≥ I (X1, X2; W ) + RX1 X2|W (D1, D2), (80)

≥ RX1 X2(D1, D2), (81)

where (78) is from the inequalities (74) and the definitions
of R′

i , i = 0, 1, 2, (79) is from (76) and (77), (80) is from
(11b) and (81) comes from (10b).

Let ε → 0, then the left-hand side (LHS) and right-hand
side (RHS) of the above inequalities become the same, all the
inequalities must be equalities. Thus, we have

I (X1, X2; W ) + RX1|W (D1) + RX2|W (D2)

= RX1 X2(D1,D2). (82)

Hence, if R0 is (D1, D2)-achievable, there exists a W such
that R0 ≥ I (X1, X2; W ) and (82) is true. It shows that
C3(D1, D2) ≥ C̃(D1, D2).

Next we show C3(D1, D2) ≤ C̃(D1, D2). Let W ′ be
any random variable satisfying the equality condition in the
optimization problem (36). For any R0 > I (X1, X2; W ′) and
ε > 0, let

ε1 = min
{ε

3
, R0 − I (X1, X2; W ′)

}
, (83)

and hence ε1 > 0.
From Theorem 3, since the rate triple

(I (X1, X2; W ′), RX1|W ′(D1), RX2|W ′(D2)) is (D1, D2)-
achievable, there exists an (n, M0, M1, M2,�1,�2) code
such that

1

n
log M0 ≤ I (X1, X2; W ′) + ε1 ≤ R0, (84)

1

n
log Mi ≤ RXi |W ′(Di ) + ε1, i = 1, 2. (85)

Sum over (84) and (85), we get

2∑
i=0

1

n
log Mi ≤ I (X1, X2; W ′) +

2∑
i=1

RXi |W ′(Di ) + 3ε1

= RX1 X2(D1, D2) + 3ε1, (86)

≤ RX1 X2(D1, D2) + ε, (87)

where (86) follows from the fact that W ′ satisfies the equality
condition in the optimization problem (36) and inequality (87)
is from (83).

This proves that R0 is (D1, D2)-achievable, thus completes
the proof of C3(D1, D2) ≤ C̃(D1, D2).

APPENDIX B
DIRECT PROOF OF C̃(D1, D2) = C∗(D1, D2)

First we show that C̃(D1, D2) ≥ C∗(D1, D2).
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Let W be any random variable satisfying the equality
condition in the optimization problem (36) and let X̂1, X̂2 be
random variables that achieve RX1|W (D1) and RX2|W (D2), i.e.,

RX1 X2(D1, D2) = I (X1, X2; W )+ RX1|W (D1)+ RX2|W (D2),

(88)

RX1|W (D1) = I (X1; X̂1|W ), (89)

RX2|W (D2) = I (X2; X̂2|W ), (90)

E[d1(X1, X̂1)] ≤ D1, (91)

E[d2(X2, X̂2)] ≤ D2. (92)

Without loss of generality, we can assume that the joint
distribution of (X1, X2, X̂1, X̂2, W ) factors as

p(x1, x2, x̂1, x̂2, w) = p(x1, x2, w)p(x̂1|x1, w)p(x̂2|x2, w),

because the distortion D1 is independent of X2 and D2 is
independent of X1. To establish

RX1 X2|W (D1, D2) = RX1|W (D1) + RX2|W (D2), (93)

we combine (88) and the inequalities below

RX1 X2|W (D1, D2) + I (X1, X2; W ) ≥ RX1 X2(D1, D2),

RX1 X2|W (D1, D2) ≤ RX1|W (D1) + RX2|W (D2),

from Lemma 1.
Therefore, together with (88)-(92), we have

RX1 X2|W (D1, D2)

≥ I (X1; X̂1|W ) + I (X2; X̂2|W )

= H (X̂1|W ) + H (X̂2|W ) − H (X̂1|X1, W ) − H (X̂2|X2, W )

≥ H (X̂1, X̂2|W ) − H (X̂1|X1, W ) − H (X̂2|X2, W )

= H (X̂1, X̂2|W ) − H (X̂1|W, X1, X2) − H (X̂2|W, X1, X2)

= I (X1, X2; X̂1, X̂2|W )

≥ RX1 X2|W (D1, D2).

As the LHS and RHS of the above inequalities are the same,
all the inequalities must be equalities so we have

I (X̂1; X̂2|W ) = 0.

Furthermore we have

RX1 X2(D1, D2)

= I (X1, X2; W ) + I (X1; X̂1|W ) + I (X2; X̂2|W )

= I (X1, X2; W, X̂1, X̂2) − I (X1, X2; X̂1, X̂2|W )

+ I (X1; X̂1|W ) + I (X2; X̂2|W )

= I (X1, X2; X̂1, X̂2) + I (X1, X2; W |X̂1, X̂2)

≥ I (X1, X2; X̂1, X̂2)

≥ RX1 X2(D1, D2).

The LHS and RHS of the above inequalities are the same, all
the inequalities must be equalities so we have

I (X1, X2; W |X̂1, X̂2) = 0,

I (X1, X2; X̂1, X̂2) = RX1 X2(D1, D2).

Therefore, X1, X2, X̂1, X̂2, W satisfy the Markov chains in
(37) and (38) and X̂1, X̂2 achieve RX1 X2(D1, D2). Thus,
C̃(D1, D2) ≥ C∗(D1, D2).

Next we show that C̃(D1, D2) ≤ C∗(D1, D2).
Let X1, X2, X∗

1 , X∗
2 , W achieve C∗(D1, D2). Therefore,

they satisfy the Markov chains in (37) and (38) and
I (X1, X2; X∗

1, X∗
2) = RX1 X2(D1, D2) and E[d1(X1, X∗

1)] ≤
D1, E[d2(X2, X∗

2)] ≤ D2.

RX1 X2(D1, D2)

= I (X1, X2; X∗
1, X∗

2)

= I (X1, X2; W, X∗
1, X∗

2) (94)

= I (X1, X2; W ) + I (X1, X2; X∗
1 , X∗

2 |W )

= I (X1, X2; W ) + H (X∗
1|W ) + H (X∗

2|W ) (95)

− H (X∗
1, X∗

2 |X1, X2, W ) (96)

= I (X1, X2; W ) + I (X1; X∗
1 |W ) + I (X2; X∗

2 |W )

+ H (X∗
1|X1, W )+H (X∗

2|X2, W )−H (X∗
1, X∗

2 |X1, X2, W )

≥ I (X1, X2; W ) + I (X1; X∗
1 |W ) + I (X2; X∗

2 |W )

+ H (X∗
1|X1, X2, W ) + H (X∗

2|X1, X2, W )

− H (X∗
1, X∗

2 |X1, X2, W ) (97)

= I (X1, X2; W ) + I (X1; X∗
1 |W ) + I (X2; X∗

2 |W )

+ I (X∗
1; X∗

2 |X1, X2, W )

≥ I (X1, X2; W ) + I (X1; X∗
1 |W ) + I (X2; X∗

2 |W )

≥ I (X1, X2; W ) + RX1|W (D1) + RX2|W (D2)

≥ I (X1, X2; W ) + RX1 X2|W (D1, D2) (98)

≥ RX1 X2(D1, D2), (99)

where (94) is from the Markov chain (X1, X2)−(X∗
1, X∗

2)−W ,
(96) is from the Markov chain X∗

1 − W − X∗
2, (97) is

because conditioning reduces entropy, (98) and (99) are by the
properties of rate distortion functions. As the LHS and RHS
of the above inequalities are the same, all the inequalities must
be equalities so we have

I (X1, X2; W ) + RX1|W (D1) + RX2|W (D2) = RX1 X2(D1, D2).

Therefore, C∗(D1, D2) = I (X1, X2; W ) ≥ C̃(D1, D2).

APPENDIX C
PROOF OF LEMMA 4

Let W be any random variable satisfying the equality
condition in the optimization problem (36), that is

RX1|W (D1) + RX2|W (D2) + I (X1, X2; W ) = RX1 X2(D1, D2).

(100)

Combined with (41), we have that

RX1(D1) + RX2(D2) − I (X1; X2)

= RX1|W (D1) + RX2|W (D2) + I (X1, X2; W ) (101)

≥ RX1(D1) − I (X1; W ) + RX2(D2) − I (X2; W )

+ I (X1, X2; W ) (102)

= RX1(D1) + RX2(D2) − I (X1; X2) + I (X1; X2|W )

(103)

≥ RX1(D1) + RX2(D2) − I (X1; X2), (104)

where equation (101) is from equations (100) and (41),
inequality (102) comes from Lemma 1, (103) is by the chain
rule and inequality (104) is by the fact that I (X1; X2|W ) ≥ 0.
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Because the LHS of (101) is the same as the RHS
of (104), we can conclude that all the inequalities above should
be equalities. This implies I (X1; X2|W ) = 0. Therefore,
C̃(D1, D2) ≥ C(X1, X2) completes the proof.

APPENDIX D
PROOF OF THEOREM 6

From Theorem 4, we only need to prove C̃(D1, D2) =
C(X1, X2).

First we show that for any (D1, D2) ≤ (D0
1 , D0

2),

RX1 X2|W (D1, D2) + I (X1, X2; W ) = RX1 X2(D1, D2). (105)

We have the following inequality

RX1 X2(D0
1 , D0

2) ≥ RX1(D0
1) + RX2(D0

2) − I (X1; X2) (106)

= I (X1, X2; W ), (107)

where (106) is from (10c) and the equality (107) is from the
definition of (D0

1 , D0
2) in (48), the Markov chain X1−W −X2,

and the chain rule.
On the other hand,

RX1 X2(D0
1, D0

2 ) ≤ I (X1, X2; X̂0
1, X̂0

2) ≤ I (X1, X2; W ),

(108)

where the first inequality is from the definition of rate
distortion function and the second inequality is from the
Markov chain (X1, X2) − W − (X̂0

1, X̂0
2) and the chain rule.

Combining (107) and (108), we have RX1 X2(D0
1 , D0

2) =
I (X1, X2; X̂0

1, X̂0
2) = I (X1, X2; W ).

Let (X̂1, X̂2) be the random variables achieving
RX1 X2(D1, D2). As the vector source (X1, X2) is successively
refinable under individual distortion constraints, by Theorem 2,
we have the Markov chain (X1, X2) − (X̂1, X̂2) − (X̂0

1, X̂0
2).

Therefore,

RX1 X2(D1, D2) − I (X1, X2; W )

= I (X1, X2; X̂1, X̂2) − I (X1, X2; X̂0
1, X̂0

2)

= I (X1, X2; X̂1, X̂2|X̂0
1, X̂0

2)

≥ RX1 X2|X̂0
1 X̂0

2
(D1, D2)

≥ RX1 X2|W (D1, D2),

where the last inequality is from the Markov chain (X1, X2)−
W − (X̂0

1, X̂0
2). On the other hand, by Lemma 1, we have

RX1 X2|W (D1, D2) + I (X1, X2; W ) ≥ RX1 X2(D1, D2).

This establishes (105). Thus, from Lemma 3, C̃(D1, D2) ≤
C(X1, X2).

To complete the proof, we need to show

RX1(D1) + RX2(D2) − I (X1; X2) = RX1 X2(D1, D2), (109)

which yields C̃(D1, D2) ≥ C(X1, X2) in view of Lemma 4.
From Lemma 1,

RX1(D1) + RX2(D2) − I (X1; X2) ≤ RX1 X2(D1, D2).

Therefore, we only need to establish the other direction. For
i = 1, 2, let X̂i be the random variable achieving RXi (Di ),
then by the Markov property of successively refinable scalar

source given in Theorem 1, we have the Markov chain
Xi − X̂i − X̂0

i for Di ≤ D0
i . Therefore,

RXi (Di ) − I (Xi ; W ) = I (Xi ; X̂i ) − I (Xi ; X̂0
i )

= I (Xi ; X̂i |X̂0
i )

≥ RXi |X̂0
i
(Di )

≥ RXi |W (Di ), (110)

where (110) is from the Markov chain Xi − W − X̂0
i .

Using (110), we have

RX1(D1) + RX2(D2) − I (X1; X2)

≥ RX1|W (D1) + I (X1; W ) + RX2|W (D1)

+ I (X2; W ) − I (X1; X2)

= RX1|W (D1) + RX2|W (D2) + I (X1, X2; W )

= RX1 X2|W (D1, D2) + I (X1, X2; W ) (111)

= RX1 X2(D1, D2), (112)

where (111) is because X1 − W − X2 and the equation (11b),
(112) is from the equation (105). This completes the proof.

APPENDIX E
PROOF OF THEOREM 7

First, we will show that the common information of X1, X2
is only a function of the correlation coefficient ρ. To show
this, let X̃i = 1

σi
Xi , i = 1, 2, thus X̃1, X̃2 are jointly Gaussian

distributed with zero mean and covariance matrix[
1 ρ
ρ 1

]
. (113)

We have the Markov chain that X̃1 − X1 − X2 − X̃2 and
by the data processing inequality for Wyner’s common infor-
mation [13], C(X̃1, X̃2) ≤ C(X1, X2). On the other hand,
we have the Markov chain that X1 − X̃1 − X̃2 − X2 and
C(X̃1, X̃2) ≥ C(X1, X2). Thus, C(X̃1, X̃2) = C(X1, X2).
Without loss of generality, we will consider σ 2

1 = σ 2
2 = 1,

i.e.,the covariance matrix is in the form (113) instead
of (61).

Let

Xi = √
ρW +√

1 − ρNi , i = 1, 2, (114)

where W, N1, N2 are mutually independent standard Gaussian
random variables. It is clear that X1, X2 are bivariate Gaussian
with correlation coefficient ρ,

C(X1, X2) ≤ I (X1, X2; W ) = 1

2
log

1 + ρ

1 − ρ
.

Next we will show that

C(X1, X2) ≥ 1

2
log

1 + ρ

1 − ρ
.

For any U that satisfies the Markov chain X1 −U − X2, let
D1 be the minimum mean square error (MMSE) of estimating
X1 using U , thus, D1 = E(X1 − E(X1|U))2. Similarly, let
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D2 = E(X2− E(X2|U))2. We now show that I (X1, X2; U) ≥
1
2 log 1+ρ

1−ρ .

I (X1, X2; U)

= H (X1, X2) − H (X1|U) − H (X2|U)

= I (X1; U) + I (X2; U) − I (X1; X2) (115)

≥ I (X1; E(X1|U)) + I (X2; E(X2|U)) − I (X1; X2)

(116)

≥ RX1(D1) + RX2(D2) − I (X1; X2) (117)

= 1

2
log

1 − ρ2

D1 D2
, for D1 ≤ 1, D2 ≤ 1,

where (115) is from the chain rule, (116) is from the Markov
chains X1 − U − E(X1|U), X2 − U − E(X2|U) and (117) is
by the definition of rate distortion function.

Next we show that D1 + D2 ≤ 2(1 − ρ), D1 ≤ 1, D2 ≤ 1.

2(1 − ρ)

= E(X1 − X2)
2

= E[X1 − E(X1|U) + E(X1|U) − X2]2

= E[X1 − E(X1|U)]2 + E[E(X1|U) − X2]2

+ 2E[(X1 − E(X1|U))(E(X1|U) − X2)]
= E[X1 − E(X1|U)]2 + E[E(X1|U) − X2]2 (118)

= E[X1 − E(X1|U)]2 + E[E(X1|U) − E(X2|U)

+ E(X2|U) − X2]2

= E[X1 − E(X1|U)]2 + E[X2 − E(X2|U)]2 + E[E(X2|U)

− E(X1|U)]2+E[(X2−E(X2|U))(E(X2|U)−E(X1|U))]
= E[X1 − E(X1|U)]2 + E[X2 − E(X2|U)]2

+ E[E(X2|U) − E(X1|U)]2 (119)

≥ D1 + D2

where (118) is from

E[(X1 − E(X1|U))(E(X1|U) − X2)]
= E[(X1 − E(X1|U))E(X1|U)] − E[(X1 − E(X1|U))X2]
= −E[(X1 − E(X1|U))X2]
= −EU X2[X2 EX1|U [X1 − E(X1|U)]]
= −EU X2[X2(E(X1|U) − E(X1|U))]
= 0,

and (119) is from

E[(X2 − E(X2|U))(E(X2|U) − E(X1|U))]
= E[(X2 − E(X2|U))E(X2|U)]

− E[(X2 − E(X2|U))E(X1|U)]
= 0.

In addition, we have D1 = E[X1 − E(X1|U)]2 = E X2
1 −

E[E(X1|U)2] ≤ E X2
1 = 1. Thus,

I (X1, X2; U) ≥ 1

2
log

1 − ρ2

D1 D2

≥ 1

2
log

1 − ρ2

(
D1+D2

2

)2

≥ 1

2
log

1 − ρ2

(1 − ρ)2

= 1

2
log

1 + ρ

1 − ρ
.

ACKNOWLEDGMENT

The authors gratefully acknowledges Professor Paul Cuff
of Princeton University for pointing out an error in an earlier
proof of Theorem 7 given in [32].

REFERENCES

[1] C. E. Shannon, “A mathematical theory of communication,” Bell Syst.
Tech. J., vol. 27, no. 3, pp. 379–423, 1948.

[2] P. Gács and J. Körner, “Common information is much less than mutual
information,” Problems Control Inf. Theory, vol. 2, no. 2, pp. 149–162,
1973.

[3] R. Ahlswede and J. Körner, “On common information and related
characteristics of correlated information sources,” Presented at the 7th
Prague Conf. Inf. Theory, 1974.

[4] A. D. Wyner, “The common information of two dependent random
variables,” IEEE Trans. Inf. Theory, vol. 21, no. 2, pp. 163–179,
Mar. 1975.

[5] T. M. Cover and J. A. Thomas, Elements of Information Theory.
New York, NY, USA: Wiley, 1991.

[6] I. Csiszár and J. Körner, Information Theory: Coding Theorems for
Discrete Memoryless Systems. New York, NY, USA: Academic, 1981.

[7] R. Ahlswede and I. Csiszár, “Common randomness in information theory
and cryptography. I. Secret sharing,” IEEE Trans. Inf. Theory, vol. 39,
no. 4, pp. 1121–1132, Jul. 1993.

[8] R. Ahlswede and I. Csiszár, “Common randomness in information theory
and cryptography. II. CR capacity,” IEEE Trans. Inf. Theory, vol. 44,
no. 1, pp. 225–240, Jan. 1998.

[9] U. M. Maurer, “Secret key agreement by public discussion from common
information,” IEEE Trans. Inf. Theory, vol. 39, no. 3, pp. 733–742,
May 1993.

[10] S. Kamath and V. Anantharam, “A new dual to the Gács–Körner
common information defined via the Gray–Wyner system,” in Proc. 48th
Annu. Allerton Conf. Commun., Control Comput., Monticello, IL, USA,
Sep. 2010, pp. 1340–1346.

[11] H. S. Witsenhausen, “On sequences of pairs of dependent random
variables,” SIAM J. Appl. Math., vol. 28, no. 1, pp. 100–113, Jan. 1975.

[12] P. W. Cuff, H. H. Permuter, and T. M. Cover, “Coordination capacity,”
IEEE Trans. Inf. Theory, vol. 56, no. 9, pp. 4181–4206, Sep. 2010.

[13] H. S. Witsenhausen, “Values and bounds for the common information
of two discrete random variables,” SIAM J. Appl. Math., vol. 31, no. 2,
pp. 313–333, 1976.

[14] R. W. Yeung, Information Theory and Network Coding. New York, NY,
USA: Springer, 2008.

[15] H. Tyagi, P. Narayan, and P. Gupta, “When is a function securely
computable?” IEEE Trans. Inf. Theory, vol. 57, no. 10, pp. 6337–6350,
Oct. 2011.

[16] K. Viswanatha, E. Akyol, and K. Rose, “Lossy common information
of two dependent random variables,” in Proc. IEEE Symp. Inf. Thoery,
Cambridge, MA, USA, Jul. 2012, pp. 528–532.

[17] R. M. Gray and A. D. Wyner, “Source coding for a simple network,”
Bell Syst. Tech. J., vol. 58, no. 9, pp. 1681–1721, Nov. 1974.

[18] R. M. Gray, “A new class of lower bounds to information rates of
stationary sources via conditional rate-distortion functions,” IEEE Trans.
Inf. Theory, vol. 19, no. 4, pp. 480–489, Jul. 1973.

[19] B. M. Leiner, “An alternate proof of the composite lower bounds,” Inf.
Control, vol. 33, no. 1, pp. 72–86, Jan. 1977.



768 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 62, NO. 2, FEBRUARY 2016

[20] R. M. Gray, “Conditional rate-distortion theory,” Stanford Electron. Lab.,
Stanford, CA, USA, Tech. Rep. 6502-2, Oct. 1972.

[21] G. Xu and B. Chen, “Information for inference,” Proc. 49th Annu. Aller-
ton Conf. Commun., Control, Comput., Monticello, IL, USA, Sep. 2011,
pp. 1516–1520.

[22] R. Venkataramani, G. Kramer, and V. K. Goyal, “Multiple description
coding with many channels,” IEEE Trans. Inf. Theory, vol. 49, no. 9,
pp. 2106–2114, Sep. 2003.

[23] J. Pinkston, “An application of rate-distortion theory to a converse to the
coding theorem,” IEEE Trans. Inf. Theory, vol. IT-15, no. 1, pp. 66–71,
Jan. 1969.

[24] F. Jelinek, “Evaluation of distortion rate functions for low distortions,”
Proc. IEEE, vol. 55, no. 11, pp. 2067–2068, Nov. 1967.

[25] A. D. Wyner, “The rate-distortion function for source coding with side
information at the decoder–II: General sources,” Inf. Control, vol. 38,
no. 1, pp. 60–80, Jul. 1978.

[26] W. H. R. Equitz and T. M. Cover, “Successive refinement of informa-
tion,” IEEE Trans. Inf. Theory, vol. 37, no. 2, pp. 269–275, Mar. 1991.

[27] T. Berger, Rate Distortion Theory: Mathematical Basis for Data Com-
pression. Englewood Cliffs, NJ, USA: Prentice-Hall, 1971.

[28] J.-J. Xiao and Z.-Q. Luo, “Compression of correlated Gaussian sources
under individual distortion criteria,” in Proc. 43rd Allerton Conf.
Commun. Control Comput., Sep. 2005, pp. 438–447.

[29] J. Nayak, E. Tuncel, D. Gunduz, and E. Erkip, “Successive refinement
of vector sources under individual distortion criteria,” IEEE Trans. Inf.
Theory, vol. 56, no. 4, pp. 1769–1781, Apr. 2010.

[30] J. M. Bernardo, “The concept of exchangeability and its applications,”
Far East J. Math. Sci., vol. 4, pp. 111–122, 1996.

[31] W. Liu, G. Xu, and B. Chen, “The common information of N depen-
dent random variables,” in Proc. 48th Annu. Allerton Conf. Commun.,
Control, Comput., Monticello, IL, USA, Sep./Oct. 2010, pp. 836–843.

[32] G. Xu, W. Liu, and B. Chen, “Wyners common information for contin-
uous random variables—A lossy source coding interpretation,” in Proc.
Annu. Conf. Inf. Sci. Syst., Baltimore, MD, USA, Mar. 2011, pp. 1–6.

[33] R. Tandon, L. Sankar, and H. V. Poor, “Multi-user privacy:
The Gray–Wyner system and generalized common information,” in Proc.
IEEE Symp. Inf. Thoery, St. Petersburg, Russia, Aug. 2011, pp. 563–567.

Ge Xu received the B.E. and M.E. degrees in Electrical Engineering from
Xidian University, Xi’an, China in 2005 and 2008 respectively. She joined
Syracuse University, Syracuse, NY in 2008 where she received the
M.S. degree in Applied Statistics and the Ph.D. degree in Electrical and
Computer Engineering in 2012 and 2013 respectively. Since 2014, she has
been a research engineer in Nuance Communication. Her research interests
include statistical signal processing and information theory.

Wei Liu received the B.E. degree in Electronic Engineering and Information
Science from the University of Science and Technology of China (USTC),
Hefei, China, in 2006, the M.S. degree in electrical engineering and the Ph.D.
degree in electrical and computer engineering both from Syracuse University,
Syracuse, NY, in 2009 and 2011, respectively. He is now with Bloomberg L.P.,
New York. His research interests include information security, joint source and
channel coding, and network information theory.

Biao Chen (S’96–M’99–SM’07–F’15) received the B.E. and M.E. degrees
in electrical engineering from Tsinghua University, Beijing, China, in
1992 and 1994, the M.S. degree in statistics and the Ph.D. degree in electrical
engineering, from the University of Connecticut, Storrs, in 1998 and 1999,
respectively. From 1994 to 1995, he worked at AT&T (China) Inc., Beijing,
China. From 1999 to 2000, he was with Cornell University, Ithaca, NY, as a
Postdoctoral Associate.

Since 2000, he has been with Syracuse University, Syracuse, NY, where
he is currently a Professor in the Department of Electrical Engineering and
Computer Science. His area of interest mainly focuses on signal processing
and information theory for wireless communications and sensor networks.

Prof. Chen has served as Area Editor for the IEEE TRANSACTIONS ON

SIGNAL PROCESSING, Associate Editor for the IEEE COMMUNICATIONS

LETTERS, the IEEE TRANSACTIONS ON SIGNAL PROCESSING, and the
EURASIP Journal on Wireless Communications and Networking (JWCN).
He was a lead guest editor of a special issue on wireless sensor networks of
the EURASIP JWCN and an elected member of the IEEE Signal Processing
Society Sensor Array and Multi-Channel Signal Processing Technical Com-
mittee. He is currently a member of IEEE Signal Processing Society Signal
Processing for Communication and Networking Technical Committee. He is
the recipient of an NSF CAREER Award in 2006.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




