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Sumary

Following a method due to Bethe, it is shown that the hydrostatic ure
P, necessary to enlarge a long cylindrical hole in a ductile materialywhidll does
not show strain hardening ,is about.3.5Y where Y is .the yield stress. A method,
for taking strain-hardening into account is given; for armour this increases pq'
by 8 per cent., for mild steel by about 30 per cent.. The plastic region extends
in steel to a distance of about twelve times the radius of the hole.

Calculations show also that the pressure necessary to enlarge a spherical
bole in steel is LY, which is only slightly greater than for the cylindrical case.
It is sugrested. that the pressure on the nosec of a lubricated punch deep in a
semi-infinite block of material, will lie between 3.5Y and 4Y, and the resistance
to penetration will thllo depend little on the shape of the punch, though a sharp
punch will have a slight advgmtage. Taking strain herdening into account, the
resistance in armour shouid be of the order

4.5Y X area of aross section of punch

.

for a blunt punch, and 10 to 15 per cent. less for a pointed cone of ‘small semi-angle.

ration of several calibres into a

These results are valid only after a pene
ab the tance to penetration will

'semi-infinite alock Near the surfaces of a
be less.

i
(T34
s1

The depsndence of the resistance on ">.Lo~*'ty is discussed. The yield stress of
many materials is lmown to be different in si.‘.ti., and dynamic tests, and for the
interpretation of dynamic venetration Y must be taken to be the dynamlc yiold, SRor
armour there is not much difference beh'revn the static and dynamic yield. For no
material wall Y vary much oever the range of rates of strain of interest in armour
‘penetration.

The valadity of the Poncelet formula

2 4 bv?

for the resistance is discussed. It is shown that for shot with conical heads a
formula of this type is likely to be valid, and the work dohc against the dynamic
term bv? is used up in making a hole of dlanetf)r greater than the shot. The same
is true of shot of the usuel ogival shapes, and for spheres, if the velocity lies
above a certain critical value proportional to:VY; for values of the velocity below
this, there is no large dymamic term and the hole will have approximately the
diameter of the shot,

Steel balls r"centl:,' fired into dural by R.R.L. with velocities up to
5000 f't./sec. must m.v'a had velocities above the critical value; tapering holes
were observed 5 and e analysis of the results indicated agreement with a Poncelet
formula. On the he hand 7‘y1‘~-=r~—vclocity tungsten carbide shot in steel give
holes with no ta:')c 1i;, and an analysis of firing results shows that there is no
large dynenic term.

A .discussion of the ‘de Marre formula is given.
Shatter is'accounted for in terms of a dynamic pressure which acts only

while the nose‘of The shot is penetrating the plate. . I: is showm why this dynamic
pressure does not affect the total penetration.

le to penetration by shot are modified to apply to penetration
shom that the depth of penetration is propcrtional to the
leponds on the density of metel in it and on the density of

The laws applical
by Munroe jets. It is
length of the jet and
the target,

On the other hand, it is almost independent of the velocity of the jet and the
yield strength of the target, which are ths factors determining the volume of the
hole, Same calculations are given which peint to the conclusion thst the mean
density of a jet from a steel cone is roughly one-third that of the steel lining
itself.




o Introducticn

It is notoriously difficult to give any exact mathematical theory of the
penetgedion of armour by armour-piercing shot. ttempts have been made for two
limiiq cases; these are, for plates of thickness t large compared with the
calibre d of .the shot, and the opposite case where t is small (refs.1, 2 and 3).

For steel shot against axmour in the cases of practicel importance, t/d is from

2 to 3 for normal attack, In this report we shall attempt an analysis for the

case when t/d is large (holes deep compared with their width). The analysis is
applied tc penetration by hyper-velocity 4ungsten carbide projectiles (where t/d~ 7)
and to Munroe jets. It alsc enables an improved qualitative understanding to be
obtained of the penetration laws for smaller t/d.

In sections 2 to 5 we consider static punching into a semi-infinite block by a
lubricated punch. The method used by Bethe (ref.l) is extended and Justified, and
work-hardening is taken into account. In section 6 we discuss the conditions under
which there will be a dynamic term in the resistance o renetration, Section 7
discusses the experimenii! evidence which is avaiiable, and section 8 the phenomenon
of shatter, Sections 9 - 11 deal with renetration by Munroe jets.

2% The Iong Cvlindrical Hole

% is not, at wesent, possible to give an exact solution for the flow round a
punch being driven into a duchile material, and we discuss, therefore , certain
simplified problems for which an exact solution can be obtained. The first of these
is Bethe's solution for o long cylindrical hole.

Figol

Zlastic region

plastic
region

Plastic and elastic regions
round cylindrical and
spherical holes.

A long cylindricel hole is supposed to be drilled in an infinite block of material,
and a pressure p, applied to the surface, so that plastic flow occurs and there is a
(Large) increase in diameter. Details of the solution are given in Appendix I of this
report, The trestment follows that given by Bethe (ref.1). 1

For our purpose we need only consider the radius of the hole to be initially
zero and to be enlarged to a final value a. Then it is shown in Appendix I that the
cylindrical hole of radius a is surrounded by & concentric cylinder of radius o within
which plastic flow has occurred. Assuming the plastic volume changes to be negligible,
c is given by

oz
y i o)
& B
B — L
o (lev) Y &
where E' is Young's Modulus, ¥ is P ratio and Y is the flow stress in tension.
the

5 pressure pp required to form the hole

Assuming that thdre is no sirain
is

Vi A5 R b ny £
Po = 75 (1+22g, 3 (2)

and the energ b length Tpo a®, This energy is divided, as follows, into
b &) s /|

elastic energy used up in causing plastic flow:-
ra? Y/ V3 Blastic
2m Plastic
v

For steel the about five times the elastic. Hulf the total elastic
e .

energy is din t

-



More than half the energy is actually contained outside « cylinder of radius 2a.
If small plastic volume changes be allowed for, (2) remains true, and (1) g=comes

(3)

»

I
2
" (5 -
Numerical values are for stesl, with ¥ = 0,3, E = 3 x 10 Ib, /sqedn..

¥ < 10° 1b,/sq. in.

plo
it
N
<

2 =y = 3
E 2, Po 304t X

Since mmch of the energy is expended at distances from the axis equal to
several multiples of a, only a fairly large specimen can be treated as infinite.

pressure required to form a cylindrical hole of radius 2 in a cylinder of
is given by

.. AaE ot B
Be = :/'5(1“‘2103 E"?): : p (Lr/‘

¢ given approximately by (3) as before (Apvendix [ELT). "4 Tha

ends on bhe rudius of the hole. The energy reguired to make a

il
...._73.' (%233 '2'%-) (5)

R P 6

s 2nd is thus about 12 times the diameter of the hole, the energy is
ed by about 9 per cent.. 5

decreaa

Lo obtair these results it has been assumed that +the target material is
elastic up o the yield point, and that from there on the flow stress is_constant.
In A3 dix IV we show how to take account of strain hardening, the following
asswmplions being made; -

&

B
C

——,

N AL

There is no velume change in plastic flow,
The material has a definite yield point,

above which the conventional strain s is given in terms of the true stress
5 as found in a tensile test by

Shie ¥ skidop, (14 &) 1) (6)

With these asswaptions the pressure po needed to enlarge the hole is foumd %o
be

¥ . A <t
Po =7z (142 1og -3) ol (7)

whare

agreement with experiment for
gives

tion helding up to the very large strains achieved by Bridgmen under high

For these values of the constants, strain harden ng increases po by
only. Mild steel hardens more rapidly than this, and the increase in

rhaps be of the order 50 ver cent..

can be given for the
an infinite block,
s radius ¢ of the

ired to form a spherical hole of radius a
gitle size (Appendix IT).

i & hole of negliy
le is given by

¢ sphere round the ho

2,
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PR 3(1-9)Y (8
a.ndQ\e messure by

T = _%I (1+3 log, & (3)

J

Numerical values for stezl are

= 55 2, PO = A.O X

vl
i

It will te noticed that the pressures ror the cylinder and sphere do not
differ much:

1

o(sphere)/p(cylinder). = 1.18

4.  Application to Static Punching

Bethe (ref.l) in Lis theory of ammour venetration assumed that formula (2)
would give the nressuwre acting on the ogive of a shot if the velocity were low and
friction neglectod. This assumption is valid only for shot or punches with very

sharp pointed heads, of semi-angle @ such

ﬁlﬁ\ that
st b e 2 << a/c
Fll!.z

The. steel then flows radially away from the axis of the punch., For a real
ogive or head of 2 punch, however, of whatever shape, there will be motion of the
target material forward as well as laterslly, If the ogive be sufficiently deep
into the target for surface effects to be no longer of importance, it is to be
expected that the mode of enlargement of the hole will bs a compromise between the
purely lateral expansion- of Bethe and the radial expansion treated in the
preceding section., Since the value of Do @iffers but litile in the twvo cases, we
may assume that the pressure py is approximately uniform over the ogive and
independent of its shape. This implies that the energy required to punch a
narrow hole will, for sufficiently deep penetrations, tend to be rroportional +o
the volume of the hols, provided that the punch, be lubricated or treated in some
way such that the friction between the surfaces of hole and punch is eliminated.

In dynamic penstrations, (firing trials), the fri ction is believed to be
negligible owing to local melting. This point is of importance when coupled with
the considerstions of para.§, where comparison is made between static snd dynamic
renetration, and where it is suggested that py is effectively the same in the two
cases,

Alloving for work-hardening (pare.3), m/¥ should lie between L and 4,5 for

" axmour, and perhaps 5 %o 5.5 for mild steel. Y is always to be entified with the
yield stress. A conical head of small semi-angle should Have a small advantage, of
order 10 per cent., over a blunt head.

5. Effect of the Surface

Near the surface the

becanse the material Tlows parallel to the hole
to the crater, as showm in Fip. 3. Since much of
cold work sev

» Giving a lip
2y expended is used up in
4

res from the hole, it

tion of several
t T

calibres
surface be

We do not
infinite hlock.

Taylor (ref.3) has g
enlarge, by 1
a thin plate,
is

-1

ka5 area cf nole x

3a
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whicli 15 about one-third the equivalent quuntity for
of . the crater is about .8 x the thickness of plate. a
differsnt stress-strain assunption and obtains a valu me 50 per cent, :ater

than Taylor's for.the work done.

The height

+° It is desirable that'experiments on static punching of "semi-infinite" b ocks
should be made to detemnine the effect of the surface; it would be necessary .n
this work to eliminate the very considerable

rictional term by lubricating the punch.
Such experiments should give load-penetration
curves as shown in Fig.5; the zero of the
penetration is taken when the ogive of the
punch is fully within the material. One
expects the load to approach its ultimeste
value after a penetration of a few calibres.

i 2 3

1 1 i

' \ Load

€. Existence of a Dynamic Term

We have now to consider the way in which the force resisting penetration
depends on the velocity V of the projectile.

The yield stress Y, of many materials, varies with the rate of ‘strain; there
are, however, many indications (refs.5 and 6) that the relation for large rates
of strain is of the type

» \

Y = Yo + A log (rate of strain)

and therefore, although the flow stress may be quite different in static and
dynamic punching, 1% will vary little over the range from 1000 to 10,000 ft./sec.
of interest in armoul penetration. Over this range then, we shall consider Y
constant. For good .armour steels there appears to be little difference between
the static and dynamic yield (ref. 7). Thus the increase in resistance due %o
this cause will be effectively constant over a wide range of velocities.

We consider, next, under what conditions an appreciable dynamic term,
varying rapidiy with velocity, is likely to arise.

The farmula lmovn as Poncelet's formula
‘Force = a4+ BV

is often assumed for the resistance to penetration®, On the experimental side it
- has been shown by the Road Research Labordtory to give good agreement with
experiment for the penetrution of steel balls into dural (ref.9); on the other
hand a series of reports by Dr. Buaines (ref.10) has shown that the energy
required to penetrate a steel plate s%atically_. with lubricated shot, agrees well
with the kinetic energy of the shot which will just penetrate it. Dr. Baines'
work thus suggests that when the target is armour, there is no large dynemic term.

The solutlon to this contradiction is as follows: let us consider what happens
for very high velocities (PV™ >>Y) when the projectile is deep in the tarpet. The
resistance to flow of the waterial will then be negligible, and we shall treat it as
a liguid. The resistance to flow is then C p V2 x area of projectile where g is the
density of the target material and C a drag coefficient of order about O.1.

*

that the formula is in
P ; swboard (ref.8). As these
materials le arguments of this report are not applicable.

F & I 1y

4.



The energy given up by the projectile
against this resistance: is used in *~
setting the fluid in motion, and

¢ n occurs behind the projectile
as in the sketch. The pressurs at the
nose of the projectile is % pV2; the

We now consider what happens in the case of sctual interest where Y and oV 2 are
comparable, In the static case the pressure is approxiwe tely equal to py all over the
nose of the shot. As ocity increases the iressure will increase near the nose
and decrcase near the sho

YJ
r. 4s long as the vulue of the jressure does not reach

zero, the diaueter of the hole uade by the shot will be nowhere bigger than that of
the shot; under these conditions the work done by the shot in making the hole will be

almost the same as in static punching,

/ and a large term cannot occur. It is
@ true that the flow lines round the nose
' of the shot may be somewhat different
o7 y in the dynamic case, but since most of
o the energy in making the hole is
expended at some ¢ ance from it, any increase in the energy due to this will be
small,

:
Steel peneirated by A.T. or hyper-velocity shot shows holesno bigger than the
shot, Thus, no dynamic term is to be expected. L i

P L
At some crifical value of AV° /Y the pressure at the shoulder of the shot wil.
“become zero, and "cav. on” will begin, a hole of greater diameter than the shot
being formed. Above this velocity 4 dynamic term in the resistance will appear,
the resistance increasing with the velocity, . Examination of the holes shown in
(&) 3 g section in the R.R.L. report for
) omical head  steel bolls in dural, show diameters
) ogival head which increase towards the entrance.
This then, may be the explanation of
ynamic term found in these
iuents; the critical value of
¥ must have been exceeded.

e

Force

Fig. 8 e

The critical value of pvz/‘f will depend on the shape of the head., In
particular, it will be zero for a conical head. Eiem ntary considerations of
centrifugal force show that the material of the tarpet cannot follow the

X surface of the punch round a sharp
finally, for velocities

‘a work done against it must
in expanding the hole

presswre py. Therefore,
as we are far from the

Po X area of hole = work done
by projectile per unit len-th of héle.

1y only to the resistence to penetration far fram
form of t of the crater may depend on

sther larger dep on V.

The above consider
the surface. Near
£ V2/Y, and this

L ;
x> (4 tig—y—ﬁ'....)
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Thus the shape of the rim depends on velocity, a5 does the =ne

hY x area : ‘

required to make the hole.
B B
An effect of this type, however, can, at mogt ‘increase the pressure :
surface to a value near to thut in the body of the material, Baines’
indicate that it cammot be very large. It would be of great interest
éxperimentally the static and dynamic energies required to penetrate a
plate to a depth of tne or two calibres.

Bethe (ref.l), in his analysis of the force on = mrojectile penetrating a
thick plate, found a dynamic term of the Poncelet tyre. His analysis is, however,
orily spplicable when the corrsction term is small compared with the 'static
resistance, and when the projectile has a long, narrow head. - Bethe does not give
any- treatment which would apply ot all adequately to ogives of normal shape, ncr
lo8s he consider sircumstances where the hole is wider than the projectile. His
vesults do not thercfore shed any light on the ideas put forward here. The
additional energy in Bethe's dynamic Solution is used up in exciting elastic
ritirations. In this reporst i1l be assumed that the enerzy lost in this way
is small, :

0
Wy
24
-

W

48 Lxperimental Svidence

The only exgerinental evidence for A.T. shot known to the authors, in :
vhich the runge of /4 is gufficiently laige for the results o have a direct
bearing on these ideas, 1s given by enalysis of penetration of armour plate by
‘ungsten-carbide corss (ypaf.1l). If M®cos /8 is plotted against t/d (for a -
ziven angle of incidence 6) as in tig praph (Pig.15), it will be seen that the
graphs ere straizht lines for t/d > Sor 3 (t6 within the limits of experimental
ascuracy ). Although the firings did not give data for low velocities s the graphs
rresunably extend back to the origin along a curve » representing the surface
effect. The straight line part of the graphs shows that after a certain depth
the resistance o penetration is constant. This is what -would be expected fram g
the observed fact that the holes made by “he cores are no larger (in cross-section)
than the cores themselves. ¥ 3

- The graphs were constructed by fitting the best straicht lines to firing data
of English tunpgsten carbide. The data from firings of German tungsten carbide
was plotted subsequently, and, fortuitously perhaps, fits closely to the same
straight lines! Values of the constant resistance, deduced from the slopes of the
lines show a remarkable consistzncy at about 350 tons/sq.in., This is the reason
for plotting 7I%rv'zcos 8, and not g\; cos®6 as in the modified De Merre formuia.
4a

Of course, ythe angle of entry is not strictly equal te 6 but somewhat greater,

and slight jallowance must be made for this. Teking the static flow siress of good
armour plate to be about 60 ~ 70 %ons/sq. in. ,» there is good agreement with theary
when allowance is nale for work-hordening and rate of strain.

The experiments of Baines (ref. 10), in which work done in lubricated siatic
punching is showm %o.he effectively equal to the ensrgy loss in dymamic £irings,
support, in o pgeneral way, the out forward here. The ranpge of /4, however,
is not great cnough to separabe sui effects fram the value of p, for the body
of the material. The corrsspondence found wiith lubricated punches between the
static and dynanic velues of the energy is interesting. It may mean that the
Dmamic surface effect is small,or that it is compensated by a smaller expenditure
of energy in the dynamic case in uroducing a disc or scab at the back surface.

It would be interesting to see vwhether the static and dynamic energies required to
meke a hole of given depth in a thick plate are identical.

8, Shatter

The phenomenon of shatter shows that the force acting on the
the ogive is penstrating the surface does increase with v

gsoms critical veloeity bocomes too great for the shot i
the last sectlon that neur the surface some devendence cf
on velocity is to be expected. This may be partly respons
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hile the ogive is penetrating the target, moreover, there will be an
additional dynamic term Jduc to the fact that more and more of the target material
is set in motion. I is nes possible, at fresent, to form any estimate of the
g tude of this term or of its exact dependence on the shape of ogive; we should,
howcver, expect that it would be greater for blunt ogives since for these the
material of the target has to be set more Tapidly in motion than for prointed ones.

It is clear that +this second dynamic term will increase indefinitely as V
increases, while the first can only increase the pressure uw to the value of p,
holding far from the surface.

For this reason it may not be accurate o remresent the pressure on the
projectile at a given distance fram the surface in the form A +Bp V" However,
we shall, as a first approximation, make use of this form.

The conditions for fracture of a hard steel are not known with certainty;
the most natural assunption is that fracture (shatter) will occur Wwhen the
maximum ‘stress differsnce reaches a critical value, The maximum stress difference
will be less than the Pressure on the projectile, and may be written

ala + Bov®) ag< il

The unknowns q and £ could be determined for a given head shape by determining +he
shatter velocity for steels of two different comjressive strengths.

Finally, it mus+t be peinted out that the dynamic term which arises because
more and more matter is set into motion as the shot penetrates will probably not
have any large effect on the penetration. According to the hypothesis on which
this report is based, most of the kinetic energy of the shot is used up in plastic
deformation of the rmetal; thus any energy which initially is transferred to the
target material as kinetic energy must ultimately be used in the Same way, that is,
in making the hole, Alternatively we may consider that the shot in the material
has a fictitious uass, in the same way that a shot moving in a fluid has, This
fictitious mss will Gecrease the deceleration and thus increase the renetraticn,
and- so make up for the loss of kinetic enexgy due o the dynamic term at the
surface, at any rate approximately.

OF Penetration oy Munroe jeis

In the Preceding paragraphs we have discussed the prenetration of ductile
materials by projectiles which are assumed to be rigid; for this burpose we have
had to estimate the total force on 4 projectile moving with a kriown velocity V.
We have found that the Irsssure at the nose of the projectile always increases
with inereasing V; that near the shoulder it may decrease, so that the resulting
force may or may not increase with V.

We have now to consider penetration by a rroj:ctile or other attacking agent
that flows or bresks up on striking the target. The obvious examples are:

a) An AF. shot above the shatter velocity,
b) A Munroe jet, The prhysical state of the metal in these jets is not
yet certain and we shall consider

in the latter case,
(ii) & jet or fragments which breai up on impact.

(GRS s OE D o solid metal, the flow stress being negligible

The case of the Munros Jet is easier to treat, since the velocities are higher,
and will be referred +o explicitly, It provides interesting phenomena to consider
in the light of the hypotheses of the rrevious sections. All the experimental
evidence points to the Penetration being achieved lateral expansion of the target
of the hole the Jjet product 8y be several times the area of
the jet itself, 'sug ing that the very high velocities ob tained are well in excess
of the critical velocity discussed in’ para,6.

Following a previous report (ref,12) , we treat the renetration in the
following way: the gt of material , moving 0 velocity V, makes a hole of greater
diameter than its own. The bottom of the hole mov with velocity U, which is less
than the velocity V of the Jet; the material of the Jet, which breakes up on hitting




the bottam of the hole, is pus
up the side of the hole. The
J determined by equating the pre
the jet to the pressure necess

arv

T LA

only necessary to equate the iressure
point, which can most conveniently be
Tie.d] the axis.

If L is the length of the jei, the time during which pressure is exerted on
the bottom of the hole is L/(V - U). Therefore the depth t of penstration is ;
given by

tae LG < 1) (10

To find the pressure on both sides of t
hole we take axes through O, the bottom of

Y=l hole; relative to these axes the jet moves with
o velocity V - U, the material of the target with

8 velocity U in the directions shown in Fig.12.
5 In the limiting case where U is very darge, the
Pig,12 material of the target can be troated

ed as an
inviscid fluid; the pressure that it exeris at O
(the stagnation point) will then be, if Ay is the density of the target material,

£ p,1° = Bl o

4 correcting term of some sort must be introduced to accoumt for the strenpgth of
the material; if-we write for the wessure .

%pTUz"‘ Pa N (12)

where p as in vares.2 and 3 is about four times the flow stress, we have at
least a formula which is correct for U = O and U= « . For Munrce jets the
correcting term is in my case small and failing more .exact analysis we shall
‘assuse (12) to be correct. '

A correcting term may also be required for the comjressibility of the
target .iaterial, assumed incompressible in the derivaticn of formmula (11). This
is mentioned in a footnote to the report quoted above (ref.12).

The pressure exerted at C by the jet will depend on its nature. For a
liquid jet or solid jet of nepligible flow stress, the pressure will be
z -
o (@-0) (13)
g \

where £, is the density of the metal of the Jet. If the flow or shatter siress
is not i}egligible (e.g. for A,F. shot above the shatter velocity), a term as in
(22) will have to be added to take account of this, and also the velocity V will
decrease during the process of penetration. We shall not attempt a quantitative
treatment of this case. .

For a Tragment jet in which the volune of metal is a small proportion of the
total volume of the jet the jressure is

2
Py (v - 1)

where p, 18 the mass per wnit volume of jet. If the fragments are pressed closa
tog«:theg, a reasonable assunption is that the pressure should be

Ao, (V- v)* (14)

o=

ere A is s numerical factor V:tween 1 and 2,

Equating (12) and (14) we have .
2 2 . :
b Uf+2y—95(V-U) ) (15)

0o =

where p'! = Ap..

J J



This quadratic gives U, and together with (10) determines the depth of penetration,
Three cases are of special interest:

penetration is given by

(a) "po negligible compared with ﬂj V', In this

l..

12 ‘ (16)

2% = Llpy/e,

"

&.

e, note that the depth of 1»cn0u. stion, is independent of the valocity of the jet.

o

(B) " po small; to the f‘i;rsi; approximation in ascending powers of po

e e (17
R ST
(c) Jets of low density, so that U<< V. Then

i
LT po}f fon (18)

If as cleqr that the approximations made in deriving these formulee break down
unless P, V2> 2 po; if this is nob the case we shall have to consider pemetration
By individual fragments.

t

1]

As regerds orders of megnitude, if p is the density of steel and V is
10; OOO #h5 /sec. 5

2’ 0 s 2400 tons/sq. atoy
Do is of the order 200 %ons/sq.in. for steel.

10, The demsity of the Jjet

In order to see if some iz_ht could be shed on the density of a Munroe jet
compared with the density of 4h'= lining from which it is formed, (a question ar
which there has been ‘considerable speculation, but no real evidence) ' some

calculations have been periormed, based on the sxperimental curves réproduced in
S.R.7/43/343 (ref.13). In the latter report, the velocities of emergence from
plates of different thicknesses and the times of penetr:tion have been plotted
against penetrations, for steel cones fired against targets of both aluminium and
copper,

We use the steady state penetration law

where pg = X p (equdtion 15), P, is the density of jet and 1€ » < 2 and
apply it to sucgess;we time M\.el als durinig the penetration,-assuming that the
veloclty of ‘emergence plotited in the graphs is the actual ve;oclty of the jet at
the corresponding depth of penetration intoc a semi-infinite target. This is
tantamount to asserting the principle of independence of action of the cliﬁ“erent
parts of the jet , of which there is.experimental evidence. Then, if p! =Ap Py
so that the actual density of' the Jet is Up_, where #_ 'is the demsity oé the
lining material, the ;»""r r ation times are ;j'i'.'en by:

R e (19)

where x is the depth of ‘penetration.

Considering M es vari ts mean value for & in. intervals of
penetration, so that the corre ding ase in t sted fram (19) shall be
equal to the increase in t :~b.,c>rmd fram the graphs., This process is carried out
for penetration inte both the aluminiu unl coprer tarpets, and the results ars
shovm below,




Mean Values of M .

Penetration in in. Aluminiuwn target

0.0 - 0.5 0. 27 0,24
25 ~ 1.0 0. 35 Q.31
1,0 - L5 0.83 0, 6
15 Ho=t 250 0,65 . 0.84
2.0~ 2:5 0.83 0.8
2:50+ 3.0 €.76 0,77
F20m 9.5 0,51 0,61
5 = 40 0,58 0.36

boO = 15 0. 39

4,5 = 5,0 0.43
Mean Velue of N (65577 0.58

over whole range

~ susceptible to small changes, and wnfortunately the curves
ns are made are fitted to a number of scattered experi-

r account for some of the erratic behaviour to be

les. It will be noticed that the general trend of the

sd consistency, as between the two types of target, and the
v the same in the two cases. Remembering that 1 < A <2

o of the density of the jet to the density of lining lies
in the colums and one-half these values. The density of the

> to a maximun and then to fall away towards the rcar of

Since the jet fram steel cones is of the "fragment" type, A ~2, and the mean
density of the jet is approximately one-third that of the lining.

1l. Loss of Energy to Tarpet Material and Volume of Hole

The considerations of the earlier part of the report would lead one to suppose
that for deep penetrations, it would become more and more nearly correct that
D, X volune of hole = energy given up by Jjet... (20), and that p should be about
5 to 5,5 times the dynsmic yield stress for penetration into mild steel (para.d).
For a solid or ligquid jet, rclative to axes moving with velocity U (Figs 12) o
energy is lost; the material of the jet flows away up the sides of the hole with
its original velocity (V - U). Thus the loss of enerpgy relative to fixed axes is

iu {v‘ - (V- zu)z} (21)

where M is the total mass of the jet. After a short calculation we find that the
proportion of the total energy given up to the target material is

30 R
m where 6 = (pJ/pT) .

‘For a fragment jet, on tht other hand, the kinetic energy will be martly used up
in heating and deforming the fragments themselves. The amount of energy consumed
in these processes will be equal to the energy loss relative to the moving axes of

P12 ey

Thus, relative to fixed axes, the energy expended in actual penetration is
(el B 2|
4
AT T E ) (22

z M *‘LV
..'hieh/é.s jus)tz half as much as in formula (21); the proportion of energy given up
is 20/(9 + 1)%

A series of measurcments of volume of holes in a mild steel target, caused by
pts of steel and cadmiun, is given in an early report by Evens and Ubbclohde
(ref. 14). For the d:spest penetrations, which are of primary interest in this
discussion, the total volume of dsmage tended to roughly 8 c.c. for steel, and 5 c.c.
for cadmium, independently of the mass of the lining, for a given charge diameter.

10.



The density considerations of the previous section, combined with the plot

of velocities in the report quoted (ref.l3), lead one to suppose that the mass of

contributing to penetration moves with an average velocity roughly equal

‘thirds of the velocity of the head of the jet. Putting the mass I of the
Jet equal to four-fifths of the nass of the lining, to allow for the formation: of
a plug, we then assume that 5M V2 is the energy of that part of the jet which
is effectively the penetrating agcnt with V = 2/3 Vh and Vh = velocity of the
head of the jet. The graphs (ref.13) show that, for stcel jets penetrating
aluminium and copper U may be put equal to i— V, with 1little loss of accuracy when
substituted in (22), the formula appropriate for energy given to the material by
fragmenting jets. It aprears very likely that the same relation between U and V
for steel into steel will not lead to very large errors in assessing this
energy.

Applying these assumptions in combination with equations (20) and (22) to the
results of Evans and Ubbelohde (ref. 14), for thickness of lining .O48D and
spherical cap of radius 0.75 D where D is the charge diameter, and putting
Vp=5x 10° cm./sec., and ¥ = 50 tons/sq.in., po is found to be 5.5 Y. This
result can only be considered fortuitous, but it does point to po being of the
order of magnitude predicted.

Results will only be consistent for different masses of lining if MVﬁ is
constant, when D is constant. This is found to be true in experiments carried
out by Bessen'L end Zvens (ref. 15) for constant radius of curvature. WwWhether
the relation is true between differing radii of curvature is not known to the

authors.

The resuits for cadniw: Jets cannot be calculated without soie better
knowledge of the relalionship between V and U during penetration.

000 000

NOTATIN

a = radius of inner hole

¢ = radius of plastic region

v = Poisson's ratio

I = Youg's modulus

Y = Plow stress in tensile test

Pp = Internal pressure

APPRDIX T

Long; Cylindrical Hole in Infinitc Medium

The hole is supposed widened statically from zero radius by internal
pressure.

e
For r ?c the stress distribution is given by the ordinary elastic theory
for plane strain.
The radial stress O‘r ==-Y FA3r2 r >o )
(D
- 2
and the tangential stress =R0 At x e )
These equations satisfy the boundary condition 0'1, *0asr -+« , and also the
l{ises condition for plastic flow on r = ¢ viz:-
A (2)

In the plastic region work-hardening is neglected and Mises'condition is
,

taken to hold wniversally. The equation of equilibrium
o SRR e
d % e s
a r

then gives

X
O -'7 (1 + 2 log ¢/r) rec )
s
O = \/) (1 - 2 log o/x) re<c )

1 7%



when 0'9 and °'r are made to vary continuously across r = c.

The relation determining ¢ in terms of a follows from equating dis_‘cemcnts
in the elastic and plastic region on r = c. To find the displacements in the
plastic region it is necessary to make some assumpition about stress-strain
relations there. We take the reduction in volume of the material in the plastic
region, due to widening the hole from zero radius to radius a, as given by

_QIEZUE f (% +95 +%,). 27 rdr (to order Y/R)
a
where T, = %(o'r +9g).
If u denotes the displacement which an element finally on the plastic

boundary (when the hole is of radius a) bas undergone dwring the widening of
the hole,

g5 Dhun. LL_:_%V_)_ e (to order Y/B)

5

From the elastic region solution

Yc N
ke it 1+v
V3 E

Eliminating us-

- L .(z%_hﬁl (%)

An alternative assumption about the plastic flow is that there is no volume
change, in which case

04 o

ash=iorucy = 0
Bt Y Eie (4a)
G aE i
The internal pressure po is given from (3) by
D, = %‘3 (1 + 2 log ¢/a) (5)

and does not vary with the hole radius. Moreover the numerical value of p,
is but little affected by the choice of (4) or (4a).

Consider now the energy distribution in the elastic and plastic regions.
For simplicity we assume there is no volume change in the plastie region, so
that an element at radius r in the plastic region (wwhen the hole is of radius a)
was initially at radius s such that

S2 = r2 - a2,

When the hole is of radius a‘', given -by

2
as a'
cz 7 a| 2+ SZ

the element lies on the plastic boundary corresponding to radius a'. In its

final position r, its energy is therefore partly elastic and partly plastic.
The elastic energy ver unit volume of the element is then
2
Do ASQATY:
73 20z
and its plastic energy per unit volume is
2 3
L C a > E. a2
7'3' (“61+~1°Z S) ('. rder Y :——;)
(There is no volume change in either elastic or plastic 1 sgions).



The total energy up to L.‘llus r in the plastic region is:
=
o

“ 27r dr (- —r+2105—), e 2R LT

Y3 |a

2 - 2 2z 2 2 =
watY aE e T s HEA

S PR e T i i (6)

2 3]
of which
Ta 2
3 ¢ 2 .

is elastic energy.

On putting r = ¢ and neglecting Y/ compared with unity we find (remembernxg
that p, Ta® is the total work done) that:-

(i) The energy in the plastic region = w a#® % (3 + 2 log ﬁ)
(ii) Plastic energy = @ aZ -3—3- 9 2 log§
(iii) Elastic cnergy = 7 a2 %

(iv) Half the total elastic energy is in the plastic region.

APPENDIX IT

Spherical Hole in Infinite Medium

By symmetry the tangential stresses are equal. In the elastic region

e
Radial stress O'r = 3r= g
: I} o
Tangential stress O 3= (= %) (1)

The Mises condition for plastic flow 'is now
0‘9 v 0;_- = Y (2)
In the plastic rogion

o-r= 5(1+J10f_

X E c\
o= = =500 )
These follow from the equilibrium equation
o, - 2@ai= 97)
Rl r
To find o/a, we proceed as in the cylindrical case, making a similar assumption,
and f'ind

o= 2V
a’-}czu 3 o A SRy Rn>
where u = % (L +v ). = from the elastic region solution. Hence
i) 3
3
& x 3 )
? = ‘T.—‘ . 5(4. e V/\ (2")

Alternatively, supposing the plastic {low to involve no volume changes

04 f.:“
l

X
g +) ; (4a)

The internal mressure p, follows from (3)

13,



Po.= -gyg (1+31g3) (5)

To £ind the energy distribution we proceed as in the cylindrical ”:
The total energy up to radius r in the plastic region is

BE. 2R r 3 s?

% Tia® Y L-%?—"ﬁg =3 log? "g%log:;} (6)
where s3= 13 - a3, Ofth:‘s,é_*'

ast

elastic energy. The total elastic energy is

L - | 2s’
e . ==
F. 00 A0 T

APPENDIX III

Long Cylindrical Hole in Medium of Finite Cross-Section

Let b = outer radius of medium, and as usual suppose the outer boundary
to be unstressed. Then in the elastic region (b2 r 2c):
Sy e O :
% - Fodaod) 8

¥o© ol 1
el e )

In the plastic region (c» r »a):

¥ c of
pid s ) Aoyt
T-(lq- og ]z)

(2)

= X &
Ty = = §C
© .‘73 (l 2 lgg S ?-)
Equating displacements on r = c leads to
2 2
a N ot 2 C
e R W) o]

where the same assumption is uade regarding plastic volume change as in equation
(&) of Appendix I. The radius of plastic flow can be calculated as if the hlock

were infinite, with an error of about '/ per cent. in the worst case when b - C;

The internal pressure p, is given byz

Y s 7S
P, =5 (Ls2202g-3F) (3)
and now depends on the radius of the hole. The energy required to make the
hole is
[ 2 We poda
o
or, taking
2
a X
— 2 - v
T (56 -4v),
v 2 (&)
rd ‘-;.-5 (@8 ¢ 0 lcg)'g%—c:)
APPENDIX IV

According to Bridgmen (ref. L) the graph of true stress against natural
strain in a tensile test for steel used in armour plate can, to a close
approximation, be represented by two straight lines.

14,



Lrue Stress

) = 7ioad Detnt

Tlatural Strain

Fig, 13

FPor mild steel khe relationship is wore like that shown in Fig‘.(]_’*).

CECL

Truj Stress

< ¥ield ‘point

Natural Strain

the graph becoming d straight line for large strains (ref. 16).

Taking first the case of armour plate steel, it will be assumed that
the true siress ¢ is found from a tensile test to be related to the natural

51

strain e' by
gt = Rie (g e Y)
and. (0
G oy (e oY) )
where Y is the yield stress. (Heglecting a term of order A/E compared with
mity) .

To apply this to the widening of a long cylindrical hole under internal
iressure soiie genera’l assumption has to be made about the stress-strain
relationship in work-hardening. Following Nadai (ref. 17) it is assumed that
the octahedrzl sitress is a definite function of the unit octahedral shear
strain for 2]l strain configurations.

The octahedrazl stress T, is given by )

( 2
T b (5ol (o w) s (o - ]

and the octahedral natural shear yp by the differential relation

5 5 “ 2
B =3 Uae, - deg) ‘s (des - des) + (de';wde"_.)‘j

NN

A )
(L +4) /

the cylinder let €, denote
volune change to 1




—n

an element initially

T at radiug s is displaced to radius r dyring the
rdening of the hole (%o radiu

X
2)

r 2 2 2 i

4
C
3

o

4 . bR el Y - ) ( )
5 i1 &
and €= - log /s )

Substituting (3) and (4) in the ecquation of sguilibriwm gives

a%/ax - % i/r &+ Lif3. 1/r. log r/s.
; 24

« 0.0 +Po= % log.1/a - = [log (1 - &®/A®). ar/e.
a

45 in Appendix T,

a?/c? = "Zl‘(T;ﬂ . % , and 0-1‘ =-YN3 61’1 =0,

7,
c/a

D5 = YA 5 * »2!/»/5. log cfa ~ 2A/3 jl log (1 - 1/%%). at/t

Worr /5 : pRs /o & :
-2 : Tog (1= W), + = 2]2 5 . 147 . at/t
2 z: l/nz,{l/t "'}z/&
& 20; 1/ (neglecting £/ Sep )
=" /6
v ally I

B = YA5 «(ZA3)log of/a + m4/18 A
and’ is .independent of the radius of the hole.
for mild steel, using values given in ref.(16), nunerical calculation shows
that the cold-work adds a term of the order 3500 kgm. /sq.cm. to YA3 & 2YA3 log
¢/a. Y is about 3000 kgn./sq.cam. , and so the increase in p, is about 30 per cent..
APPENDIX V

Congorison of Staltic and Dynamic Works

We now attempt 4o make an estimate of the difference between the static and
¢ vorks required to enlarge a hole deep in an infinite medium. The

1on in section ( 6) on general grounds was that the energy needed to widen
* dynamically (to a linal shate of rest) is effectively eal to

¥s % wvolume .of hole. The results arrived at here support this conclusion.

dc considar first the dynamical widening of a long cylindrical hole in an
ind'inite medivm.

It is assumed

:xé that volume changes in

{ : ligible,
{h) . dLhat hrcughout the plastic region,
nd (¢) that rate of stra effects can be ignored.
’ Y L . s s x 1 .
(%, ehe continuily equation in the plastic region is
AL e R
using the notation of Appendices I and IT.

16.



The acceleration of an element at radius r is:-

. e
. as + 42 a®a?
2 ten _aa

-3 e
axgh !o the equation of iotion in the plastic region is

e 2l 2
foXez SR A T + a a b
el D R N G A )
T
By (b) So= 0l = N3, and integration then gives
2Y log r/a i s g
Or +P = —-Vg—L +ﬂ(ua+&2) log r/u—‘%—-(l-—az/rzj

e )

I u denotes the displacement in the elastic region, the radial strain e, = 0u/fdr

and the tangential strain eg = w/r. On the plastic boundary r = c,

0 = )
e B(_'_’@_.i,r_/. = AN (2)
L +vV
and
u = a®/2c (to order Y/E) (3)

Now the elastic stress-sirain relations are

E va
=S e, "‘l-_‘“z“&) ete.

71 =
where & = er + eg + €,.

Since e, = 0 here, we find for 0, on r = c:-

v \
(-J‘-E—-)(l =2p) o =1 = vie.w Vo

I

eg-(l-v). 2(1 +v) . ¥/B from (2)
: 3

a2bet —d(EIN= vl oGy Y/mEss S ()

5
Substituting for g n (1):-
= 20— -9 34 E 2 2190 5 .2 s
=~ TIo) s T a’/2c {-73- +p(af + 2 )} log c/a-pa®/f2

(neglecting a2/c? c.f. 1)
a?/c? is an unlmown function of 4 (of order Y/E) which can only be determined by
solving the elastic wave equation.
Denote the exmression

2Y 1+ V)

by k, so that k is equal to the static value of €/¢. From (2) and (3)
a®/c? = /e amd ulc - (&y@r)rzc = k
o ¢ ay/0sie et SNc i (auﬁr)rzc =& <0 (6)

a=c
since the material in the elastic region on the plastic boundary is canpressed
during a continual widening of the hole. This implies that the plastic region
extends further in the dynamic case than in the static case (for the same
instentaneous radius of hole). On the other hand since (O-Q)r-c > 0, we have
=) P

=G 73-

from lMises' condition. It follows fram (4) that

a7l



a5/ S oy (7
Combining (6) ana (7):- )
2V < 82/ke? "< i . (8)

The work per unit length needed #o widen. the hole dynamically to radius r is

5

'.VD = f P 21rada
(o]

where p is given by (5). The static work is

5 i i
Y =,/o 5 {1»,105(2)} AR S

. G el e azzvfl_:é:z X o ke
N e e~ : b T — y ——
D e 7 /:l Ry 2Ta da 4+ > 0LIOL e 2T a da

o 2 2
+fp(aa+°2) log'ga 2Ta da - 0 52— 2 a da.
o
b h & 3 X oAl
Butfrp(a'é.q-az) log . 2mrada= —ij £a2a (log )
) ) 2
since we are taking a = O when a = r.

Hence finally:-

2 A R (BTN = o
—5j L= }3] (log-k:—z/. 2Ta da
(o]

A Fovi e G
D™ "s oL1-2_v
- mf B0 N (Mol T s L s (9)
.'\.. 0 v .
Using the inequalities in (8):- ‘
: g P Y 122 a?a?  de
T W, <oz, 73-+ T r2, vglog(avj 'lTpO = .da.da

A rough estimate can be made of the value of the last term by teling the "static"
value for a/c.dc/da (i.e. unity) end ‘& mean value for 2.

For example, for a projectile penetrating at velocity V, we can take é— V tan a
as amean & (@ = ogive semi-angle)., In this case if Y = 7500 Kgn./sq.cm, and
V = 3000 ft./sec., the last two terms approximately cancel, and so the extra work
done dynamically is less than about 20 prer cent. of the static work. If a
similar calculation is made for the enlarging of a spherical hole the upper limit
to the extra work is found to be more like 10 per cent. of the static work.
However, the inequalities are not very close and the actual value of Wp - W, is
probably a pood deal less. To obtain the precise value would re uire an explicit
solution of the elastic wave equations.

APPENDIX VI

Critical Velocity of Penétration

A rough estimate of the critical velocity at which the hole beccmes wider
than the projectile can be mede when the projectile has a long narrow head. For
then the cylindrical model is appropriats and we can write approximnately

(6 )
* c & -2 . 2
p = log () tv—g + o (a2 +a)J

(terms of magnitude wnity or less being neglected in compar
This is tantamount to neglectin; elastic energy in comparison w:
kinetic energy and energy of deformation.

o s s 3 $ s . .
Suppose tk.xe @tuatlon to u}.xe head is y = r sin 2% . While the target
material is still in contact with the head

18,



a = V. dy/ax
&l Vo, diy/dx®

(taking wniform v zlocity of penetration V).

The pressure first beco.es zero on the bourrelet (y = r), and the critical
value of V ds given by

Y. oo "_7’_-7-‘_-2 .
73“‘”’-(2;, = 0

For Y = 7500 Kg./sq.cn. and L/r = 8, V is about 5000 ft./sec..
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