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Abstract. This paper mnvestigates numerical semigroups
that yield 2 x 2 bricks. We demonstrate the existence of an
infinite family of 2 x 2 bricks that includes all of the perfect
2 % 2 bricks. We provide a formula for the Frobenius num-
bers of these semigroups as well as a necessary and sufficient
condition for the semigroups to be symmetric,
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1. Introduction

The motivation for studying unitary numerical semigroups and bricks
began with the study of torsion in tensor products of modules over one-
dimensional local domains. Much of the discussion that follows about the
relationship between these topics comes from [6].

Let (R, m) be a monomial domain with monomial fractional ideal I. Let
K be the quotient field of R and let v : K* — Z be the standard valuation
mapping. Then S = v(R) is a numerical semigroup. For a relative ideal o
of S, we use the notation pis (J) to represent the number of elements in the
minimal generating set for J. In this case,

(1) ws(S\{0}) = embeddim(R),

(2) v(I)is a relative ideal of § and ps(v(I)) = ur(I)s
(3) v(I"Hhy=S8-v(I), and

W w1 = v(I) + (S - v(D)).

We know that I ®@pI~! has non-zero torsion whenever ur(I)+pr(I™) >
pr(IT7Y). Therefore, if we hope to find an I such that I ®r I~! is torsion
free, we must have pg(l) + pr(I™Y) = pr(IIY). In this case,

ps (D)) + ps(S — (D) = us(IT™)-

This equality motivated the definition and study of semigroup bricks. In
fact, a k x m brick was defined in (9] so that the above equality would hold.
That is, (S,v(I)) is a k x m brick where k = pr(I) and m = pr(I~") pre-
cisely when ps(v(I)) + ps(S — v(I)) = ps(v(II71)). The investigation in (9]
also introduced the notion of perfect bricks as well as balanced and unitary
numerical semigroups having minimal generating sets of four elements. The
main result showed that every unitary numerical semigroup yields a perfect
9 % 2 brick. The authors in [10] proved the converse, thereby showing that
unitary numerical semigroups and perfect 2 x 2 bricks are equivalent ideas.
These two investigations completely classified the infinite family of perfect
2 x 2 bricks.

However, the perfect 2 x 2 bricks form only a small subset of the set of
all 2 x 2 bricks. Furthermore, we know from [13] that R is Gorenstein when
S is symmetric. By (3.2) in 7], this means that if (5, v(I)) is a symmetric
9 % 2 brick, then I @g I~! has non-zero torsion. Since all of the perfect
9 % 2 bricks are symmetric, we know I @r I-! has non-zero torsion whenever
(S,v(I)) is a perfect k x m brick. Identifying and classifying all 2 x 2 bricks
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is therefore important for identifying contexts in which I @pr I might be
torsion free.

The authors in [9] conjectured that there is a natural relationship be-
tween 2 X 2 bricks and perfect 2 x 2 bricks, that is, that there is a natural
relationship between 2 x 2 bricks and unitary numerical semigroups. In this
paper, we discuss this relationship and construct (in Theorem 3.2) a family of
2x2 bricks for each perfect 2 x 2 brick, thereby creating an infinite collection
of candidates satisfying the condition ps(v(I))+ps(S—v(I)) = ps(v(IT~1Y).

As mentioned above, knowing when 2 x 2 bricks are not symmetric is
particularly valuable for identifying contexts where I ®@rI~1 could be torsion
free. In Corollary 3.12, we provide a necessary and sufficient condition for
the numerical semigroups defined by Theorem 3.2 to be symmetric as well
as a formula for the Frobenius number of each semigroup.

The interested reader can find additional details concerning the investi-
gation of torsion in tensor products in (1], [3], [11] and [12]. Many results per-
taining to the key equality above can be found in [6], [7], and [8]. Suggested
background reading on the connections between numerical semigroups and
commutative algebra include [2], [5] and [13).

2. Preliminaries

The definitions and notation pertinent to this investigation are given
below. Although many are similar to those in [9], we repeat them here for
convenience.

Definitions and Notation 2.1.

(a) A numerical semigroup S is a subset of the non-negative integers N that
contains 0, is closed under addition, and such that N \S is finite. If G is
the smallest subset of S such that every non-zero element of S is a sum of
elements from G, then we say G is the minimal generating set of S and we

write S = (G).

(b) The multiplicity of S, denoted e(5), is the smallest positive element of
S IfS= {a1,...,ar) where 0 < a3 < ... < ag, then e(S) = a;.

(c) The Frobenius number of S, denoted g(8), is the largest element in Z\S
and the conductor of S is the smallest integer x such that z + m € S for all
m € N. That is, the conductor of § is 9(S) + 1.



(d) We say that S is symmetric if for every @ € Z we have = € S if and only
if g(8) —az ¢S,

(e) Let m be a non-zero element of §. We define the Apéry set of S with
respect to m by Ap(S,m) = {seS|s—m¢St.

(f) A relative ideal I of S is a set of integers such that I + S C I and
s+ I C S for some s € S. It follows that I can be represented as a finite

union of cosets z + S where z € 7. The notation I = (21, ..,2k) Means
I=(z+9U...Ulz+ S) and I cannot be written as a union of cosets
for any proper subset of {z1,..-; zp}. We refer to {z1,..., 2k} as the mini-

mal generating set of I. 1f we refer to an element = of I being @ generator
for I, we will mean that © is contained in the minimal generating set of I.
We recognize that this is a slight abuse of terminology; but it will ease the
communication of some of the results.

(g) 1f I and J are relative ideals of S, we define their sum by I+J = {i+J l
iel,jeJ}

(h) ps (I) represents the number of elements in the minimal generating set
for I as a relative ideal of S. We say arelative ideal I is principalif ps (I) =1
and non-principal if ps (I) = 2.

(i) The dual ot Fin 8 8~IT=42€2Z |z +IC S}. Note that S — I
is also a relative ideal of S. It is clear from the definition of § — I that
I+ (S —1) C S\{0} whenever I is non-principal.

(i) A set of positive integers B = {ay,a2,a3,a4} such that a; < az < ag < a4
‘s said to be balanced provided that aj+a4 = a2+a3. A numerical semigroup
S = (a1,as,as,a4) 18 said to be balanced provided that {ay,a2,a3,a4} is @
balanced set. Let D = ged(a1,a4) and E = ged(ag, ag). Note that for S to
be a numerical semigroup, D and E must be relatively prime. We will write
ay = qD,a2 = @E,a3 = g@3E, a4 = q4D. The quantity a1 + a4 = az + 03 is
called the common sum of S and is denoted by CS(S). The quantity le}?
is called the common quotient of S and is denoted by CQ(S). We say S is
unitary provided CQ(S) = 1. It was observed in [9] (1.7) that S is unitary if
and only if g +g3 = D if and only if g1 +q4 = E if and only if CS(S)=DE.
Note that will will call a set unitary if it is the minimal generating set of a
unitary numerical semigroup.



(k) Let S be a numerical semigroup and let I be a non-principal relative
ideal of S. We refer to the pair (S, 1) as a k x m brick provided us (1) =k,
ps(S=1I)=m, and pg (I + (S — 1)) = ps (1) ps (S —I) = km. If (S, 1) is
a k x m brick and I+ (S —I) = S\{0}, then we say (S,1) is a perfect k x m
brick.

Standing Assumption 2.2. If (S,1) is a 2 x 2 brick, then we may assume
I'=(0,n) where 0 < n ¢ .

Proof. See (2.5) in [6].

Lemma 2.3. If (S,I) is a 2 x 2 brick, then the minimal generating set for
I +(S —1I) is balanced.

Proof. Suppose (S,1) is a 2 x 2 brick. Then as above, we may assume
I = (0,n) where 0 < n ¢ S and hence § — J = (b1, b2) where by,by € S,
0 < b < by and by — by ¢ 8. Thus, I + (S — 1) = (b1,by +n,ba, b2 +n)
where either b1 < by +n < by < ba+norb <by<b +n< bs +n. In
either case, the minimal generating set for I + (S —I) is balanced.

Standing Assumption 2.4. Suppose that (S,I)is a 2 x 2 brick with
I'=(0,n)and I +(S—1)= (a1,a2,a3,a4). From the proof of Lemma 2:3,
it is either the case that n = as — @1 = a4 — ag so that § — I = (a1, a3) or
M =40a3 —a; = a4 —az so that S — I = (ay,as). For the remainder of this
investigation, we will assume that n — az — a1 = a4 — ay. The statements
and proofs for all results are valid in the case n = a3 — a; = as — as by
reversing the subscripts 2 and 3 as appropriate.

Definitions and Notation 2.5. Let (S,I) be a 2 x 2 brick, where I +
(S—1)= (a1,a2,a3,a4), I = (0,n = az—ay), and § — [ = (a1,a3) . Let
k = gcd(ar, as,a3,a4). We know that {ai/k,az/k,as/k,as/k} is the mini-
mal generating set of a numerical semigroup which we will call the under-
lying semigroup of (S,I) and denote by S;. In the event that k = 1, then
S; = (al,ag,a3,a4).

Example 2.6. Let S = (14, 21,27,36,45). We immediately see that
e(S) = 14, and it is easy to verify that g(S) = 88. Let I = (0,1) =
(0+8)U (1+S) be a relative ideal of S. Tt is straightforward to determine
that § — I = (27,35). By adding each of the generators of I to each of
the generators of § — I, we find that {27,28,35,36} is a generating set for
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I+ (S —I). A quick check reveals that this generating set is minimal. That
is, I + (S —I) = (27,28,35,36). Therefore, (S,I) is a 2 x 2 brick. Since
gcd(27,28,35,36) =1, Sf = (27,28, 35, 36). We note that Sy is unitary with
D =9 and E = 7. From (2.1) in [9), we conclude that (Sy,J) is a perfect
9 x 2 brick, where J = (0,1).

3. An Infinite Family of 2 x 2 Bricks

In [9], the authors conjectured that for any 2x2 brick, (S,I), the generat-
ing set for I+ (S —I) must be unitary. The following example demonstrates
that this is not the case.

Example 3.1. Let S = (15,20,25,28,42), and let [ = (0,2). It is easy to
verify that § — I = (28,40) and I + (S — I) = (28, 30,40,42). Therefore,
(S,1) is a 2 x 2 brick, but {28,30, 40, 42} is not unitary since its common
quotient is 218—4"_'% = % However, we notice that S; = (14,15,20,21), which
is unitary with D =7 and E = 5.

Although the minimal generating set for I+ (S —1I) in the above example
is not unitary, we notice that it is a constant multiple of a unitary set. We
believe this to be true for every 2 x 2 brick.

In [9], the authors constructed an infinite family of perfect 2 x 2 bricks
that was subsequently shown in [10] to be the entire collection of perfect
2 % 2 bricks. Here, we take a step toward characterizing all 2 x 2 bricks in
a similar manner.

Theorem 3.2 below is the main result of this investigation. It constructs
an infinite family of 2 x 2 bricks that includes all of the perfect 2 x 2 bricks.
We believe this to be the entire collection of 2 x 2 bricks. However, proving
this appears to be a significant effort in its own right and will therefore be
left for future work.

Theorem 3.2. Let § = (a1 = ¢1D,02 = @E,a3 = @3F,a4 = qaD) be a
unitary numerical semigroup with D = ged(ar,as), E = ged(ag,as), and
n=gqgkE—-qD=qD - gE. Let gp and qg be positive integers such that
ged(gpD,gpE) =1, and let Tp = (81,82,-+.,5m) and Tg = (713725« s Th)
be numerical semigroups satisfying the conditions

(1) q1,94 € Tp, but ge(ga — @) ¢ Tp, and
(2) g2, a3 € Tr, but gp(gs — q2) ¢ TE.



Let Gp ={(qpD)s1,(gpD)ss, ..., (gpD)sm} and
Gg = {(¢gE)r1, (qeB)rs, . .., (qeE)re}. Let T be the numerical semigroup
generated by Gp U Gg. Then

T= ((QDD)5].$ (QD-D)SZ: ceey (QDD)SnLa (QEE)TL (QEE)?'% sy (QEE)?"k);

that is, the minimal generating set of T is Gp U G g. Furthermore, (T,1)
is a 2 x 2 brick, where I = (0, gpgen) and T — [ = (¢pgeq1 D, qpqrgsE) .
That is, the minimal generating set of I + (T'—1I) is gpqr times the minimal
generating set of the unitary numerical semigroup S and hence Tp =5,

Before proving Theorem 3.2, we lay some groundwork and illustrate it with
an example.

Definition 3.3. Let S; and S5 be numerical semigroups minimally gener-
ated by {n1,...,n,} and {n,41,... :Ne}, respectively. Let A € Sy\{ny,..., ny}
and 1 € So\{n,41,...,ne} such that ged(A, p) = 1. By Lemma 9.8 in [14]

{oma, .o e, Apy, -, Angd

is the minimal generating set of a numerical semigroup, S, and we say that
S is a gluing of S; and S,.

Notation and Observations 3.4. Based on the form of the generating set
for T' in Theorem 3.2, we note that if z € T, then z € (¢gpD)Tp + (qeE)T%.

Since 1,4 € Tpand E=q1 + qu, E € Tp and E is not in the minimal
generating set of Tp. It follows that g E is in Tp and not in the minimal
generating set of Tp. Since D = ¢3 + g3, we can similarly see that ¢pD is in
Tr; and not in the minimal generating set of Tg. Since ged(gpD, g E) = 1,
T = (gpD)Tp + (¢5E)T% is a gluing of Tp and T and

=t ((Q‘DD)Sl, (qDD)Sg. ey (QDD)S,N_, (Q‘EE)T‘l, (QEE)?‘Q, T (QEE)Tk).

Example 3.5. As we saw in Example 2.6, if T = (14,21,27,36,45) and
I = (0,1), then (T,1) is a 2 x 2 brick with Ty = (27,28,35,36). This
construction is of the type described by Theorem 3.2. That is, if we let
S = (27,28,35,36), then S is a unitary numerical semigroup with D = 9,
E=7q01=3,¢=4q¢=>5,¢qg = 4, and n = 1. If we let Tp = (3,4,5),



Tp = (2,3), and gp = gg = 1, then q1,q4 € Tp and ge(qa — @) =
1 ¢ Tp. We also have g2,93 € Tg and 1 = gplgs — @2) ¢ Tp. Since
T = (14,21,27,36,45) = (3qpD,4gpD,5qpD, 24EE, 3¢gpE), Theorem 3.2
guarantees that (T,1) isa 2 x 2 brick with T = S.

Example 3.6. As we saw in Example 3.1, if T = (15,20,25,28,42) and
I = (0,2), then (T,I) is a 2 x 2 brick with Ty = (14,15,20,21). This
construction is of the type described by Theorem 3.2. That is, if we let
S = (14,15,20,21), then S is a unitary numerical semigroup with D =T,
E=5q=2q¢@=3¢g=4a4a=3 and n = 1. If we let Tp = {2,3),
Ty = (3,4,5), qp = 2, and gp = 1, then ¢1,¢4 € Tp and qp(@4 — 1) =
1 ¢ Tp. We also have ¢2,93 € Ty and 2 = gplgs — ¢o) ¢ Tg. Since
T = (15,20,25,28,42) = (3¢ E,4qE,5qEE, 2qpD, 3qpD), Theorem 3.2
guarantees that (T,1) is a2 x 2 brick with Ty = S.

Remark 3.7. It is well-known that Ap(S, m) consists precisely of the min-
imal representatives in S of the congruence classes modulo m. If P and
Q are relatively prime positive integers and § = (P,Q), it follows that
Ap(S,P)={0,Q,...,(P — 1)Q}. Therefore, if ¢ € N such that g < P, then
qQ ¢ P+ S. Similarly, if p € N such that p < @Q, then pP ¢ Q + 5.

Lemma 3.8. Let {a1 = iD,a2 = @F,a3 = q3B, a4 = qaD} be a unitary
set with D = ged(ay, a4), B = ged(ag, a3), n = @& — @D = q1D —g3E, and
m=gsF — @D = @D - @kE. Let gp and gg be positive integers such that
ged(gpD, qeE) = 1. Then neither gpggn nor gpgem are in {(qpD, qeE)-

Proof. Assume gpgen = epgpD + cpgeE fot ‘Botie Gpy el € N. Sice
ged(qpD,qeE) = 1, we have

cpqpD + cggpE = qpgen = qp4e(2E — @ D)
& (geq1 + cp)gpD = (apg2 — cE)IEE
= (¢pga — cg) = kqpD for some ke N.

But, 0 < gpg2 — ¢& < apgz < ap(g2 + gs) = apD 50 that k£ = 0 and
¢pge = cg. However, epqpD+ceqeE = gpae(qgE —q D) then implies that
epgpD = —geqgpD < 0, which is impossible. A similar argument shows
that gpgem is not in {gpD,qeE).

Proof of Theorem 3.2. We saw above that

T = {(gpD)s1, (apD)s2, - - -+ (a0 D)sm, (qEE)T1 (qeE)r2,. .-, (qEE)Tk)-
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Let I = (0, gpgrn) . We need to show that T'— J — (apgeq1 D, qpqrqsE)
and I +(T ~ I) = (9pqeq1 D, 4pqegs B, qpqpgs E, 9pqrqsD) . Since q1,q4 €
Tp, we see that gpDqy,qpDgs € T and hence 4091 D, qpgrqiD € T.
We similarly sece that p9E92E, 4pqrgsE € T. Hence, gpqeS C T. By
(2.1) in [9], (S,J) is a perfect 2 x 2 brick, where J = (0,n). That is,
S —J = (aD,qE). Since aD,gE € §—J, ¢tD +n,3E +n € S,
Therefore, gpgeq1D + qpgpn, qpapgsE + 9pgen € gpgeS C T so that
90901 D, 4pgrg3E € T—1. By Lemma, 3.8, 4pge(g3E—q1 D) ¢ (gpD, qrpE)
so that ¢pgr(gsE — D) ¢ T. Since qpqrgs E ¢ q4pgeq D + T,
{ququD,ququE} is the minimal generating set of an ideal of T and
(apeeq1D, qpqegsE) € T — 1.

Let z € T — I. We will show that x € (gpgeq D + T)U(gpgegsE +T),
thereby showing that 7 — I C (gpgeq1 D, 9pqrq3E). Since x € T and
T+gpgen € T, x = qpDkp+qrp Ekg and THgpgrn = qpDep+qeFep where
kp.cp € Tp and kg, cp € Tg. But, gpDkp +aeEkE+qpqen = z+qpgen =
apDep + qeEcp. If kp = ¢p, then gpgpn = qpE(cy — kg), which contra-
dicts Lemma 3.8. Thus, kp # ep. We similarly see that kg # cp. Now,
qp9En = 9pD{cp — kp) + g E(cg — kg). Since ¢pgen > 0, we cannot have
both kp > ¢p and kg > ¢p. By Lemma 3.8, we also cannot have both
kp < cp and kg < cg. There are two cases to consider.

Case 1: kp < ¢p and kg > cp
Case 2: kg < cpand kp > cp

Suppose kp < ¢p and kg > cp. Now,

4pDkp + g EkE + qpgpn = gpDep + grEcg
9eE(kg — cg) + gpasn = qpD(cp — kp)

48E(kp — cg) + apgu(q2£ — ¢1D) = gpD(cp — kp)
aBE(kp — cg + qpas) = gpD(cp — kp + qEq1)

(kg —cp+ 4pq2) = bgpD for some b € N.

S 3

Since kg > cg, kg — ¢E +4pgz > 0 and hence b > 1. We therefore have

(ke — cE + qpga) = bgp D
“ (kg = cp+apg2) = bap(gs + ¢3)
€ (kg - ce +qpe)gsE = bgpepEqy + bgpgrEqs
< (kg —cg)eE = (b~ 1)qpqpEqy + bapgrEqs
& (ks ~c)aeE = qpapEgs + (b— 1)qpgrEq + (b= 1)gpqarEqgs.

Now, (b —1)gpgrEqs + (b—1)gpgeEqs € T since qeEqr, qpEqs € T. Since
qpDkp,qeEcg are also in T, we have



(kg —cp)qeE € apapeE +T
= qpDkp+ (kg — ce)asE +gpEcE € qpqeasE +T
= gpDkp + geEkE € qpqeBE + T
~ 1€ qpqeeE+T C (gpgeaD +THU (qpqeasE +T).

Analogously, in Case 2 we see that & € apgeqnD + T € (gpgea D + U
(qpaegsE 4+ T). We have shown that T —I = (ququD,quEq3E) :
Since I = (0,9pqen) ,

{apara1 D, qparq D + 4pgEn.; qpyEaE, qpqeasE + qpgEn}
—  {qpgenD,qpap®E, apipdasE, qpaE9aD}

is a generating set for I + (T — I). To complete the proof, we need to show
that this generating set is minimal. Since gpgeq D is the smallest element,
it is clearly part of the minimal generating set. As a consequence of Lemma
3.8, neither gpgeqF — gpgrq1 D nor qparaE — gpqeq D are in T There-
fore, qpar@2E ¢ apgsq D + T and gpyrasE ¢ gpgeq1 D +T. Since g3 < D,
qpgs < apD and we know from Remark 3.7 that every representation of
gpqeqsE in T is a linear combination of the generators in Gg. However,
this means that ¢pge@sE ¢ qpge®E 1T since qplgs —q2) ¢ T by hypoth-
esis. Thus, ¢gpgeg2E and qpqrqsE must both be in the minimal generating
set for T — I. Finally, we similarly know from Remark 3.7 that every repre-
sentation of gpgeqaD in T is a linear combination of the generators in Gp
so that gpgeqD ¢ apgrael + T and gpgeqD € qpaeqst + T. But, this
4lso means that gpge@D ¢ gpgeq D+ T since qelaa—aq1) € To. Therefore,
I+ (T — I) = (¢paeq D> aparg2E apaEast, qpqpqsD) and T is a 2 X 2
brick. By definition, Ty = 5.

Example 3.9. Let § = (44,45,54,55). Then S is a unitary numerical
semigroup with D = 11, E=9q =4, ¢ =25 @ = 6, g4 = 5, and
=1 Let Tp = 14,5}, Tg = (5,6,7,8,9), and gp = ¢& = 1. It is clear
that go,q3 € Tp and 1 = qplgs — ¢2) € Te- It is also clear that 1,914 € Tp
and qg(gs — @) = 1 ¢ Tp. Theorem 3.9 therefore guarantees that (T,I) is
a 2 % 2 brick, where T' = (4qpD,5¢pD,595E, 6qeE, 7qeE,8qrE, %5E) =
(44, 45,54, 55,63,72,81) and I = (0, 1).

The following example shows that it is possible for the same T' to pro-
duce 2 x 2 bricks for two different unitary numerical semigroups.

Example 3.10. Let S = (161, 180, 240, 259). Then S is a unitary numerical
semigroup with D = 7, E=60,1 =23 @2=3 @B= 4, g4 = 37, and
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n=19. Let Tp = (3,10}, T = (3,4), and gp = qg = 1. It is clear that
92,43 € Tp and 1 = qp(qs — q2) ¢ T It is also clear that 9e(q1 — q1) =
14 ¢ Tp. Since ¢t =23 =1-3+2.10 € Tp and g = 37 = 9.3
1-10 € Tp, Theorem 3.2 guarantees that (T,I) is a 2 x 2 brick, where
T = (3¢pD,10gpD, 3¢ E, dgpE) = (21, 70,180, 240) and I = (0,19). That
is, Ty = 8.

Now, let U = (180, 203, 217,240). Here, U is a unitary numerical semi-
group with D =60, E = 7, ¢ = 3,42=29,¢3 =31,q4 =4, and n = 23. Let-
ting Tp = (3,4), Tg = (3,10), and 9D = gg =1, it is clear that q1,q4 € Tp
and 1 = qg(qs — q1) ¢ Tp. It is also clear that ap(g3 — q2) = 2 ¢ Tx. Since
92=29=33+2-10€ Trand g3 = 31 = 7:34+1-10 € T, Theorem 3.2 guar-
antees that (T, J) is a 2 x 2 brick, where T = (3¢pD,4qp D, 3qxE, 10ggE) =
(21,70, 180,240) and J = (0,23). That is, T = U.

The following result is a rephrasing of part of Proposition 10 in [4].

Theorem 3.11. Let Tp = (81,52, ...,8,) and Tp = (r1,72,...,7%) be
numerical semigroups. Let P and @ be relatively prime positive integers such
that P € T and Q € Tp. Then the numerical semigroup T' = PTp + QTx
satisfies the following properties:

(1) The conductor of T is ¢; P + c2@ + (P —1)(Q — 1), where ¢; and o
are the conductors of T and T}, respectively, and
(2) T is symmetric if and only if Tp and Tk are symmetric.

Corollary 3.12. Let T be a numerical semigroup as defined in Theorem

3.2. Then ¢(T') = g(Tp)qpD +9(Te)apE + qpDqpF and T is symmetric if
and only if both T and Tg are symmetric.

Proof. Letting P = ¢pD and Q = qeE, we see that the hypotheses of
Theorem 3.11 are satisfied. Thus,

9T)+1 = (9(Tp)+ 1)gpD + (9(Te) + 1)geE + (¢pD — 1)(qpE — 1)
= 9(Tp)apD + g(TE)qrE + qpDgrE + 1

and the result follows.

We note that the formula in Corollary 3.12 agrees with the one in [10]
when T is unitary, that is, when T'= S. In this case, we have gp = qp = 1,
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Tp = (g1, q4), and T = (g2, 4s), so that g(Tp) = 194 —q1 — qa and g9(Te) =
g2q3 — G2 — q3- By Lemma 2.4 in [10], we have

9(T)

(g3 —Dag+ (1 — Las +n

(g3 — V@2 E + (@1 — 1)auD + (2E — a1.D)

@@ E + (q1gs — @1 — 1) D

(q1qs — 1 — ga)D + (q2q3 — g2 — @3) E + (@2 + @) E
= g(Tp)D +g(Te)E + DE

= ¢(Tp)apD + 9(Tg)asE + apDeeE.

Observations 3.13. Consider the case when the minimal generating set of
T contains exactly four elements. By Corollary 3.12, T is symmetric. To see
this, we observe that since g1,¢4 € Tp and gs —q1 ¢ Tp, the minimal gener-
ating set for Tp must contain at least two elements. The minimal generating
set for T must similarly contain at least two elements. Since the minimal
generating set for 1" has exactly four elements, the minimal generating sets
for Tp and Tx must have precisely two elements each. Tt is well known that
numerical semigroups with exactly two elements are symmetric. Therefore,
Tp and Tg are symmetric and hence T is symmetric. Moreover, T' is a
complete intersection since it is the gluing of two numerical semigroups of
embedding dimension two (see Chapter 8 in [14]).

We note that since Tp and Tk are semigroups with fewer and smaller
generators than T, it is much faster and easier to verify that they are sym-
metric than attempting to verify that T' is symmetric directly. We demon-
strate the connection between Theorem 3.2, Corollary 3.12, and torsion in
tensor products with some examples.

Example 3.14. Let S = (36, 44,55,63). Then S is a unitary numerical
semigroup with D=9, E=11, 1 =4, 2= 4,q3=5,q1 =7 and n=28.

Let Tp = (4,6,7), Tg = (4,5,6), and gp = ¢q& = 1. It is clear that
g2,q3 € Tg and 1 = qp(gs — q2) ¢ Tg. It is also clear that q1,q4 € Tp
and qg(qs — q1) = 3 ¢ Tp. By Theorem 3.2, (T,I) is a 2 x 2 brick, where
T = (36,44, 54,55, 63,66), I = (0,8), and T — I = (36,55).

If k is a field, we have the monomial domain R = k[[t%, ¢4, 5, $35 463 1667
with monomial fractional ideals J = (1,%) and J~' = (t36,1%5). If we let K
be the quotient field of R and v : K* — Z be the standard valuation map-
ping, then we see that T = v(R). For J ®g J~! to be torsion free, we must
have ur(J) + pr(J~Y) = pr(JJ ™) and hence pr(v(J)) + pr(T - v(J)) =
pur(v(JJ1)). This holds since (T, 1) is a 2 x 2 brick.
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However, it is easy to verify that Tp and Ty are both symmetric. By
Corollary 3.12, T is also symmetric. We therefore know that J @ rJ! has
non-zero torsion.

Now, let Tp = (4,7,10) and T = (4,5,11). It is clear that g2, q3 €
Tg and 1 = qp(qs — q2) ¢ Tg. It is also clear that q1,94 € Tp and
qe(94a — 1) = 3 ¢ Tp. By Theorem 3.2, (T,I) is a 2 x 2 brick, where
T = (36,44,55, 63, 90, 121), I =(0,8) ,and T'— I = (36,55) .

Let R = k[[t%6, 44, 155,463 490 412111 with monomial fractional ideals J =
(1,#%) and J=1 = (36 ¢55). Since (T,I)is a 2 x 2 brick, we know that
HR(J) + pr(J™Y) = pR(JJIY). It is easy to verify that Tp is symmetric,
while T is not. By Corollary 3.12, we know that T is not symmetric.
Therefore, we cannot rule out the possibility that J @ J~1 is torsion free.
This will have to be determined through other established methods.

Open Questions.

(1) Docs the converse of Theorem 3.2 hold? That is, if (T, 1) is a 2 x 2 brick
such that the minimal generating set of I + (T — I) is a constant multiple
of a unitary set, must it be of the form described?

(2) If (T,1) is a 2 x 2 brick, is the minimal generating set of I + (7" — I)
always a constant multiple of a unitary set?

(3) We have recently shown that there are perfect bricks of every dimension.
That is, for any k, m € Z such that k,m > 2, there is a perfect k x m brick.
Can we construct familics of k x m bricks using ideas analogous to those
used in Theorem 3.27
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