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97.16 Probability analysis for rolls of a square cuboidal die

Considera six-sideddie in which two oppositefacesare squareof sidesy
andthe otherfour facesare rectangleof sidesx andy, assketchedn Figure 1.
One can think of it as an ordinary cubical die that has been stretchedor
compressedlongoneaxis. Thereis someprobability p thatoneof thetwo square
faceswill showuppermostfter sucha die is randomlytossedanda probability
1 - p thatone of the four rectangulafaceswill show.For example,in the limit
thaty becomesequalto x so thatthe die is cubical,thenthe probability that the
original squarefacescomeup is p = 3. Over 30 yearsago, the questionwas
asked1] whatis pif yis notequalto x? Theauthorof thatarticle cut 15 suchdice
out of a steelbarandhadhis studentgoll eachof themN timesto experimentally
determine p. His results are listed in Table 1. A simple explanationwas
subsequentiypothesizedn which p is proportionalto the solid anglesubtended
by a squareface[2], butit doesnot matchthe datawell. In the presentpaper,an
alternative simple model is proposed that better fits the measurements.

xly p N
0.47 0.916 332
0.63 0.738 840
0.75 0.548 799
0.81 0.496 740
0.93 0.399 516
0.97 0.385 530
1.16 0.148 1011
1.23 0.154 532
1.44 0.052 654
1.55 0.040 606
1.60 0.017 702
1.71 0.031 609
1.87 0.009 680
2.12 0.007 275
2.65 0.006 503
TABLE 1
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The model is developedin three steps.First supposethe die lands
vertically without initial rotationon any oneof its eightedgeof lengthy in
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Figure 1. Let the bottomsquareface makeangled with respecto the floor
at the instantof landing,assketchedn Figure2. The die will subsequently
fall overeitherontothatbottomfaceor ontotheright-handrectangulaface,
dependingon whetherthe centreof massof the cuboidis to the left or the
right of the edgethatinitially hitsthefloor [3]. In otherwords,it depend®n
whethera diagonal drawn acrossthe front face of the die, as shownin
Figure2, is inclined leftward or rightward of vertical. That diagonalmakes
angle ¢ = tarl(x/y) relative to the bottom face and it will be exactly
verticalwhenthe die makesangle6, = 7/2 — ¢ relativeto thefloor. The
die will fall ontothesquarefaceif 0 < 6 < 6,. Assumingthatall landing
anglesd between0 andz/ 2 areequallylikely, the probability p,p thatthe
die endswith the squarefaceup in this two-dimensionatasewithout initial
rotation is therefore

6o 2 _1(X
Pon 12 1 - tan (y)
Intuitively it makessensehatthe probability only dependson the ratio of x
andy, and not on those two lengths independently.

The secondstepis to extendthis resultto find the probability psp of
ending with a squareface up if the die lands vertically without initial
rotation on any of its twelve edgesas the cuboid is reorientedin three
dimensions.The much more likely casethat it landson a cornercan be
thoughtof asa superpositiorof landingon the two nearestower edgesof
the die andis thereforeincludedin psp. (If the cornerof alargebox is held
againstthe floor andthe box is thenreleasedseparateotationsabouteach
of the lower edgesare observedas the box settles.)If the die in Figure 1
landson oneof thefour edgesof lengthx, it will endwith arectangulaface
up. So psp canbe calculatedby weighting pop by the fractional probability
8y/(8y + 4x) thatthedie (which spinsabouta randomaxiswhile in the air)
will land on an edge of lengthinstead of one of lengtk
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This equation correctly predigis, = 1 for a cubical die withx = .

Thefinal stepis to incorporatethe fact that whena real die is thrown, it
landson the table with substantiainitial horizontaltranslationaland angular
velocities.Consequentlyt tumblesalongthe tablefor a while. The die slows
down eachtime a faceinelasticallyhits the table [4]. It canbe supposedhat
thelossis proportionalto the areaA of the colliding face (andhencethe die is
evenmorelikely to endits motionon a largerareaface)for two reasonsFirst,
a greaternumberof elastic modesof vibration can be excited over a bigger
surface (As proof, a block of wood with an aspectratio x/y of about10 was
dropped onto a concretefloor from a height of about 1 m. It bounced
noticeablyhigherwhendroppedon its endcomparedo on its side.)Secondly,
the largerfacesof the cuboidwill hit the tablewith higherimpactspeed(and
henceloss)thanthe smallerfacesasa die rolls aroundany edgey becauseghe
die haslower centreof massin the former orientations.To modelthis rolling
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loss,thefactorsof x/y in (1) canthusbe weightedby somepositive power of
the ratio of the rectangular and square anedsy, to give a final prediction of

1 2 x\"
P= 27 (x/y)n[1 TN (9” @

wheren > 1. The exponentn effectively makesa thin die (for which x < y)

thinnerandathick die (x > y) thicker.Forexamplejf n = 3thenarolled die

whoserectangulaedgex is half thelengthof its squareedgey will behavdike

adie with x = y/8 thatlandsvertically without initial rotation. This example
suggestghat the value of n may dependon the heightandflick of the wrist

usedto throw the die. Onemight alsoexpectn to dependon the coefficientof

restitution(thatis, on the hardnes®f the die andtable),on any slight beveling
of the edgesof the die, andon similar factors.In supportof this expectationa

secondset of datafor squarecuboidaldice madeof polyvinylchloride, rather
thansteel,hasbeencollectedby Heilbronner[5] aslistedin Table2; they have
somewhat different values of p, presumably becauseof their different
compositionslt is evidentlynecessaryhatany generaimodelsuchas(2) have
someempirical parametetin it. For example,anotherway to accountfor the
reducedlikelihood of the die endingup in an orientationwith high centreof

massis to weightthe probability by a Boltzmannexponentiakxp(-E), where
E is the gravitationalpotentialenergyof the centreof massof the die andp is

taken to be a fit parameter [5, 6, 7].

xly p N

0.2 0.974 2145
0.4 0.883 2184
0.6 0.741 2103
0.8 0.556 2238
1.0 0.333 —

1.2 0.191 2202
14 0.106 2259
1.6 0.072 2250

TABLE 2

Thevalueof the parameten is found by fitting (2) to the data.The results
aregraphedn Figure 3 for two valuesof n that spanthe rangeof variation of
both Budden'sand Heilbronner'sexperimentalpoints. The conclusionis that
n = 3.0 £ 0.5 for cuboidaldice rolled in an ordinary manner.(Consequently
evena slight shavingof onefaceof a die would significantly alterits fairness.)
This samemaodel could be appliedto the relatedproblemof the probability
1 - pfor atosseccoin of thicknessx anddiametety to landon edge[2, 4, 8, 9]
if one approximatesa coin as behavinglike the smallestcuboid that would
encloseit. In particular, (2) predictsthe probability is between0.12% and
0.83% for a British one-poundcoin (of 3.15 mm thicknessand 22.5 mm
diameter)if n is between2.5 and 3.5; this range bracketsthe experimental
observation of 6 edge landings out of 1000 tosses [8].
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