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Serh:d .A1fultilevel CJo;.:rrse Grid CJonstruction 

1 Introduction 

Gcon1ctric :0.-'Iultigrid 1ncthods have gained \vidcsprcad acceptance for solving large systcn1s of linear equa­

tions, especially for structured grids. One of the challenges in success-fully CA-tending these 1ncthods to 

unstructured grids is the problc1n of generating an appropriate set of coarse grids. Even though a nu1n­

bcr of different agglon1crativc approaches have been developed for coarse grid construction, there is still a 

great need for i1nprovcn1cnt because of the follo\ving t\VO reasons. First, existing 1ncthods use locally greedy 

heuristics that often lead to coarse grids \vhosc clcn1cnts have poor quality (e.g., bad aspect ratios). Second, 

these algoritlnns arc serial in nature, and they cannot be efficiently parallelized. 

The focus of this paper is the dcvclopn1cnt of robust algoritlnns, both serial and parallel, for generating 

a sequence of coarse grids fro1n the original unstructured grid. Our algoritlnns treat the problc1n of coarse 

grid construction as an opti1nization problc1n that tries to opti1nizc the overall quality of the resulting fused 

clcn1cnts. V\.'c solve this problc1n using the n1ultilcvcl paradig1n that has been very successful in solving the 

related grid/ graph partitioning problc1n. 

2 Previous Works 

The 1nost \vidcly used discretization technique on unstructured grids, is the finite vohunc 1ncthod on the 

dual grid (sec [12]). A.Jthough several variants of the agglon1cration technique on such grids exist (sec, for 

cxa1nplc, [4]), the basic approach is the follo\ving : 

1. Select a starting vertex and list the neighbors: 

2. Fuse these neighbors to a nc\v coarse grid control vohunc: 

3. \; pdatc the list of neighboring vohuncs 

4. Go to step 2 and repeat until all vohuncs have been agglon1cratcd 

The above algoritlnn can be applied recursively such that an arbitrary nu1nbcr of coarse grids can be 

created. This leads to arbitrary control vohuncs \vith not any control over the quality of these vohuncs. 

_:\._ connnonly used i1nprovcn1cnt to the above algoritlnn is to build the neighborhood, in step 2, using a 

greedy algoritlnn, so that the aspect ratio of the resulting control vohunc is n1axi1nizcd [17]. 

3 Serial Multilevel Coarse Grid Construction 

The ai1n of the n1ultilcvcl coarse grid construction algoritlnn that \VC developed is to construct a sequence 

of coarse grids starting fro1n the original grid. The key difference bct\vccn our algoritlnns and the ones that 

\Vere previously proposed is that each successively coarser grid is generated fro1n the previous one by using 

the n1ultilcvcl paradig1n to opti1nizc the quality of the fused clcn1cnts. 

In the rest of this section \VC discuss the various objective functions that \VC used to n1casurc the overall 

quality of the generated grids and provide the details of the algoritlnns. l\otc that our discussion \vill only 

focus on generating the ncA-t level coarse grid and the overall sequence of grids can be obtained by applying 

the san1c algoritlnns repeatedly. 
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Serh:d .A1fultilevel CJo;.:rrse Grid CJonstruction OIJJectives 

3.1 Objectives 

In order to ensure fast convergence rates of n1ultigrid algoritlnns the sequence of coarse grids 1nust contain 

\vcll shaped clcn1cnts. _:\._ n1casurc of the quality of a cell is its aspect ratio _4. In the thrcc-din1cnsional space 

the aspect ratio \vill be defined as 
S"i' 

A=­
V 

\vhcrc, in this case, S is the surface area, and \l the vohunc, of the control vohunc rcspcctivcly. 1 

The ai1n should be to obtain control vohuncs that \vill be as co1npact as possible. Hence \VC \vould like to 

get control vohuncs that \vill be as :•spherical" as possible. Therefore \VC \vould like to attain aspect ratios 

that \vill be as lo\v as possible, i.e. 6y0f, \vhich is the aspect ratio for the sphere. 

Consequently, the follo\ving objective function F 1 can be for1nulatcd for the coarse grid cells 

NCoarse 5 a/'2 

F='°'-' 1 L,, v 
i=l ' 

(1) 

\vhcrc 1V Coarse is the nu1nbcr of control vohuncs on the coarse grid, S; and \i; arc the surface area and 

vohunc for control vohunc 'i. 

One \Vay of for1nulating the problc1n of coarse grid construction is to develop an algoritlnn that opti1nizcs 

equation (1) subject to the constraints that each fused clcn1cnt \vill contain at least Lurin and at 1nost Luuu: 

clcn1cnts of the previous 1ncsh. _\ltcrnativcly, \VC can enhance our objective function by allo\ving it to take 

into account the \vcight, that is the nu1nbcr of clcn1cnts that arc fused together, of each control vohunc 

'i, thus allo\ving us to focus n1orc on i1nproving the aspect ratios of larger clcn1cnts. In this case the nc\v 

objective function \vill be 
NC oars' 

F, = (2) 
i=l 

Potentially, though, objective function F2 can yield a coarse grid \vhosc overall quality is good, but 

nonetheless, there still n1ay be a li1nitcd nu1nbcr of cells that \vill have poor quality. This can be avoided 

by adding another objective in our opti1nization: that of n1ini1nizing the aspect ratio of the \vorst cell. In 

particular this is given by 

F.J = n1ax 
i=l ... NCoarse 

s"i' 
_1_ 

v, (3) 

EA1)crin1cnts (sec section 5) have sho\vn that the dual objective of functions F2 and Fa tend to yield the 

best results. 

3.2 Overview of the approach 

V\.'c build a graph fro1n our initial grid as follo\vs: every cell of the grid is represented by a vertex in the 

graph. _\n edge bct\vccn t\VO vertices in the graph signifies that the corresponding grid cells share a co1n1non 

face. For every vertex in the graph \VC have three values associated \vith it. These arc the vertex \vcight, the 

vertex surface and the vertex vohunc. The vertex \vcight sho\vs ho\v n1any cells the current cell is n1adc up 

of. It is initialized \vith the value of one. The vertex surface is zero for the cells \vhosc all faces arc internal. 

For these cells \vhich have boundary faces, the surface area of the boundary faces is represented by vertex 

surface. The vertex vohunc is the vohunc of the cell. Every edge in the cell is associated \vith the edge 

\vcight. The edge \vcight represents the surface area of this cells in the grid. 

1 '!'he Mpec1 ra1 io can be analogom:>ly defined for 1 \vodin1en::>ional ine::>he::> a::> \vell. 
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P;-1r;-1ilel Ir11plen1entHtion GlolJulHr Agglor11erHtion 

In the spirit of graph partitioning rncthods, our approach consists of t\VO phases: the coarsening phase and 

the rcfincrncnt phase. Our coarsening and refining phases arc sirnilar in nature to those used by rnultilcvcl 

graph partitioning algorithrns (sec, for cxarnplc, [6L [7]). Successive coarser graphs arc constructed by 

cornputing a rnatching of the vertices. During rcfincrncnt a greedy rcfincrncnt algorithrn is used that randornly 

traverses the vertices and attcrnpts to rnovc thcrn to adjacent cells if such rnovcs irnprovc the objective 

function subject to the Lurin and Luuu: constraints. 

3.3 Globular Agglomeration 

The key step of our algorithrn is the rncthod used to cornputc the rnatching during coarsening. :0.-'Iotivatcd 

by earlier research on graph partitioning \VC use a rncthod called :'globular rnatching" that \Vas inspired by 

the hca;vy edge heuristic. In this approach the vertices arc visited in decreasing order of their degree. If a 

vertex has not been rnatchcd yet, \VC rnatch it \vith one of its adjacent unrnatchcd vertices that \vill lead 

to the srnallcst aspect ratio. l\otc that this algorithrn docs not guarantee that the rnatching obtained has 

the best properties (over all possible rnatchings), but our CAl)Crirncnts have sho\vn that it \vorks very \vcll in 

practice. The cornplcxity of cornputing a globular agglorncration is (J(IEI), \vhich is asy1nptotically sirnilar 

to that for cornputing the randorn agglorncration. 

4 Parallel Implementation 

In recent years, a nurnbcr of scalable parallel forrnulations of rnultilcvcl graph partitioning algorithrns have 

been developed (sec [9L [8L [16]). Ho\vcvcr, even though our serial coarse grid construction algorithrn shares 

rnany characteristics \vith these rnultilcvcl partitioning algorithrns, their parallel forrnulations cannot be used 

to efficiently parallelize the grid construction algorithrn. This is because, unlike graph partitioning, in \vhich 

the nurnbcr of partitions is very srnall relatively to the size of the graph, in coarse grid construction, the 

nurnbcr of fused clcrncnts ( \vhich correspond to the nurnbcr of partitions) is very large and of the sarnc 

order as the nurnbcr of vertices. This difference rnakcs existing parallel forrnulations of rnultilcvcl graph 

partitioning unsealable, as their cornrnunication overhead is lo\vcr bounded by the nurnbcr of partitions. 

This lead to develop an entirely nc\v approach of parallelizing the coarse grid construction algorithrn that 

docs not rely on existing parallel forrnulations of rnultilcvcl graph partitioning. 

4.1 Overview of the approach 

The overall structure of our parallel algorithrn is sho\vn in Fig. 1. Initially, the rncsh is distributed arnong 

the processors using a parallel rnultilcvcl graph partitioning algorithrn. This results in a distribution in 

\vhich each processor contains a \vcll-shapcd subdornain, in the sense that the nurnbcr of clcrncnts bct\vccn 

processors is rninirnizcd. l\o\v, each processor, operates on its locally stored portion of the overall rncsh, 

and uses the serial rnultilcvcl coarse grid construction algorithrn to generate a coarse grid for its local 

subdornain. Since the processors operate only on their O\vn subdornains, this approach leads to a coarse 

grid \vhosc interior contains clcrncnts \vith good aspect ratios, but because it is not allo\vcd to create fused 

clcrncnts across processor subdornain boundaries, the quality of the clcrncnts along the processor subdornain 

boundaries rnay be poor. 

One \Vay of correcting this problcrn is to allo\v fused clcrncnts on the boundaries to participate in rc­

fincrncnt iterations \vith the fused clcrncnts stored in neighboring (\vith respect to the rncsh) processors. 

Ho\vcvcr, this approach leads to fine grain cornrnunication and sy11chronization that can potentially lin1it the 

overall parallel efficiency. For this reason \VC developed an alternate approach for correcting the quality of 
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Experimenta} Results 

Distribute Graph 

Run serial algorithm on every processor 

Create Fused Element Graph 

Repartition Fused Element Graph an 
Redistribute Original Graph 

Refine Graph 

l ... nsteps 

Figure 1: The various phases of the the parallel procedure. 

these interface clements. The key idea of our approach is to use an adaptive graph partitioning algorithm 

to perturb the m .. isting mesh partition, so that the elements along the processor interface boundary move 

closer to the interior, and away from the boundary. The motivation behind this approach is that if the fused 

elements along the interface move towards the interior of the subdomain, then their adjacent fused clements 

will move to the same subdomain as well, and their quality can be improved by simply performing local 

refinement. This is illustrated in Fig. 2, in which the dark black lines correspond to the new partitioning of 

the original mesh. Note that the repartitioning of the mesh can be done in such a way so that the clements 

that have already been fused together am assigned to the same processor, thus preserving the quality of the 

existing fused clements. 

Our parallel algorithm uses the adaptive graph partitioning algorithm available in ParMetis ([11]), and 

the overall process of adaptive repartitioning followed by local refinement is performed until the overall 

quality the coarse grid docs not improve any further. Our experiments have shown that the overall process 

converges within a small number of iterations (less than ten). 

5 EJSt erimental Results 

vVe evaluated the performance of our algorithm on two grids. The first case, M6, is an unstructured mesh 

with 94493 clements that corresponds to an l\/I6 wing. The second case, F22, is an unstructured mesh, with 
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Experin1ent<-:d R,esults Seri;il Algorithr11 R,esults 

(' 
Newpartitio_n-~'&---

00 

Original Partition 

Figure 2: Partition. 

428748 clcrncnts, corresponding to the \ving of an F22 airplane. Both cases arc 3D tetrahedral rncshcs. V\.'c 

have evaluated the pcrforrnancc of our parallel algorithrn for constructing coarse grids on a 1024---proccssor 

CR,_\'{ T3E parallel cornputcr \vhcrc each processor has 512:0.-'IB of rncrnory. 

5.1 Serial Algorithm Results 

V\.'c have tested the quality of the grids obtained frorn our serial algorithrn in the sirnulation of an unsteady 

fto\v of rnoving grids, arising in acro---clasticity problcrns, using an cdgc---bascd rnultigrid solver. 

In Fig. 3 and Fig. 4 \VC sho\v the convergence of the rnultigrid rncthod using different techniques for 

the construction of the coarse grids, for :0.-'16 and F22 respectively. These figures sho\v the results for six 

different algorithrns for constructing coarse grids. The results labeled :'Trad 1" correspond to the single 

neighborhood based agglorncrativc schcrnc described in section 2. The results labeled :'Trad 2" correspond 

to the neighborhood based agglorncrativc schcrnc that takes into account the aspect ratio of the nc\v cells, 

sec [14], [17]). The remaining results labeled "ML_Fl", "ML_F2", "ML_F3", "ML_F3_F2", correspond to 

our rnultilcvcl coarse grid construction algorithrns using the F 1 (1), F2 (2), Fa (3), and F.J + F2 objective 

functions respectively frorn section 3.1. 

Frorn these results \VC can sec that, in general, the rnultilcvcl algorithrn produces grids that lead to fc\vcr 

rnultigrid iterations. The only notable exception is :':0.-'IL_F3_F2" for F22, in \vhich the rnultigrid solver fails 

to converge. 
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Experin1ent<-:d R,esults Seri;il Algorithr11 R,esults 
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Figure 3: Convergence of n1ultigrid algoritlun on M6. 
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Experin1ent<-:d R,esults Seri;il Algorithr11 R,esults 
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Figure 4: Convergence of n1ultigrid algoritlnn on F22. 
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Experin1ent<-:d R,esults Pc1rnllel Algorithm Results 

5.2 Parallel Algorithm Results 

V\.'c evaluated the pcrforn1ancc of our parallel for1nulation of the n1ultilcvcl coarse grid construction algoritlnn 

on the san1c t\VO unstructured 1ncshcs used by the serial algoritlnn. Since our n1ultigrid solver could only 

run on an SGI platfor1n \VC \Vere not able to directly evaluate the quality of the coarse grids in tcrn1s of 

n1ultigrid convergence. For this reason our evaluation \Vas focused on ho\v effective the parallel algoritlnn is 

in opti1nizing the objective function, and on its scalability. 

Table 1 sho\vs the quality of the coarse grids produced by our parallel algoritlnn using 1, 2, 4, 8, 16, 32, 64 

and 128 processors for both the :0.-'16 and the F22 data sets. These results \Vere obtained using the dual 

objective function of Fa and F2 . Sonic of the results could not be obtained due to the fact that there \Vas 

not enough 1nc1nory on s1nall nu1nbcr of processors. Fro1n these results \VC can sec that \vith respect to the 

F2 objective function, the quality of the coarse grids produced by the parallel algoritlnn rcn1ains the san1c 

as \VC increase the nu1nbcr of processors. In fact the overall F2 objective scc1ns to i1nprovc as \VC increase the 

nu1nbcr of processors. This is prin1arily due to the fact that the larger processor configurations produced 

grids with slightly more clements. In particular 8.207008e + 06 on 128 processors for F22 was 8.288461e + 06 

on 1 processor. V\.'ith respect to the F3 objective function the overall quality still rcn1ains the san1c, even 

though there arc certain instances in \vhich the results arc so1nc\vhat different. This is prin1arily due to the 

fact that the F3 objective is entirely dctcr1nincd by the quality of a single fused clcn1cnt, and it is n1uch 

n1orc sensitive to the underlying rando1nization of the algoritlnn. 

Table 1: Quality n1casurcs on 1, 2, 4, 8, 16, 32, 64 and 128 processors. 

M6 F22 
processors :0.-'IaAi1nu1n _\spcct R,atio V\.'cightcd Su1n :0.-'Iaxinnun _\spcct R,atio V\.'cightcd Su1n 

1 2.436233e + 01 1.834413e + 06 C\OT EC\01;GH MEMORY C\OT EC\01;GH MEMORY 
2 2.331621e + 01 1.825575e + 06 C\OT EC\01;GH MEMORY C\OT EC\01;GH MEMORY 
4 3.191382e + 01 1.824597e + 06 C\OT EC\01;GH MEMORY C\OT EC\01;GH MEMORY 
8 2.550975e + 01 1.821121e + 06 1.022124e + 03 8.288461e + 06 
16 2.265289e + 01 1.815118e + 06 2.315982e + 02 8.259121e + 06 
32 2.263738e + 01 1.809697e + 06 1.022124e + 03 8.238999e + 06 
64 2.263738e + 01 1.803522e + 06 1.022124e + 03 8.220569e + 06 
128 1.022124e + 03 8.207008e + 06 
256 1. 781039e + 02 8.189893e + 06 

Finally, table 2 sho\vs the run tin1cs (in seconds) required by the different processors to construct the 

coarse grids. The tin1cs appearing here correspond to the runs n1adc for creating Table 1. The single 

processor run tin1cs \Vere obtained by using the serial algoritlnn. _:\._ nu1nbcr of observations can be n1adc 

fro1n this table. First, looking at the results of :0.-'16 (for \vhich \VC \Vere able to run on single processor), \VC 

can sec that the t\VO processor tin1c is actually higher than the serial tin1c. This is due to the fact that the 

parallel algoritlnn pcrforn1s n1orc co1nputations, as it needs to refine the solutions n1ultiplc tin1cs (once after 

each repartitioning). Ho\vcvcr as the nu1nbcr of processors increases, the an1ount of tin1c required tends 

to decrease linearly (both for the :0.-'16 and the F22). In fact on 64 processors :0.-'16 can be coarsened in 1.56 

seconds and on 256 processors F22 can be coarsened in 3.58 seconds. 
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CJonclusions 

Table 2: R,un Tin1cs (in seconds) 

M6 F22 
processors Tin1c Tin1c 

1 48.56 C\OT EC\01;GH MEMORY 
2 61.06 C\OT EC\01;GH MEMORY 
4 28.88 C\OT EC\01;GH MEMORY 
8 13.46 79.39 
16 6.51 35.92 
32 3.25 17.97 
64 1.85 8.73 
128 4.80 
256 3.58 

6 Conclusions 

In this paper \VC presented serial and parallel algoritlnns for building coarse grids, in the context of n1ultigrid 

solvers, that use the n1ultilcvcl paradig1n. Our results sho\v that this approach leads to coarse grids that 

have \vcll---shapcd clcn1cnts and the corresponding parallel for1nulation can scale linearly to large nu1nbcr of 

processors. 
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